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Abstract Recently it has been introduced an algorithm
for the Baker—Campbell-Hausdorff (BCH) formula, which
extends the Van-Brunt and Visser recent results, leading to
new closed forms of BCH formula. More recently, it has
been shown that there are /3 fypes of such commutator alge-
bras. We show, by providing the explicit solutions, that these
include the generators of the semisimple complex Lie alge-
bras. More precisely, for any pair, X, ¥ of the Cartan—Weyl
basis, we find W, linear combination of X, Y, such that

exp(X) exp(Y) = exp(W). 0.1)
The derivation of such closed forms follows, in part, by using
the above mentioned recent results. The complete deriva-
tion is provided by considering the structure of the root sys-
tem. Furthermore, if X, Y, and Z are three generators of the
Cartan—Weyl basis, we find, for a wide class of cases, W, a
linear combination of X, Y and Z, such that
exp(X) exp(Y) exp(Z) = exp(W). 0.2)
It turns out that the relevant commutator algebras are type
Ic-i, type 4 and type 5. A key result concerns an iterative
application of the algorithm leading to relevant extensions of
the cases admitting closed forms of the BCH formula. Here

we provide the main steps of such an iteration that will be
developed in a forthcoming paper.

1 Introduction

The Baker—Campbell-Hausdorff (BCH) formula is of con-
siderable interest in Quantum Mechanics, Quantum Field
Theory, Conformal Field Theory, Statistical Mechanics,
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Quantum Computing, Optics, etc. (see, for example [1-
7]). It is then clear that it is of interest to find cases when
the BCH formula admits a closed form. Such a formula
expresses

Z = In(e¥XeY), (1.1)

in terms of an infinite series of commutators of X and Y.

In [8] it has been introduced a simple algorithm leading,
for a wide class of cases, including some Virasoro subalge-
bras, to closed forms of the BCH formula. Such an algorithm
exploits the associativity of the BCH formula and implement
the Jacobi identity. In [9] it has been shown that there are /3
types of commutator algebras admitting such simplified ver-
sions of the BCH formula. In [ 10] the closed form of the BCH
formula has been used to covariantize the conformal group.
The main points of the algorithm are the following. First, fol-
lowing the remarkable result of Van-Brunt and Visser, con-
sider two elements, X and Y, of an associative algebra, with
commutator

[X,Y]=uX +vY +cl, (1.2)

with u, v, and ¢ being c-numbers and / a central element.
Van-Brunt and Visser proved that [11] (see also [12,13])

exp(X)exp(Y) =exp(X + Y + f(u,v)[X, Y], (1.3)
where f(u, v) is the symmetric function

_ u+v __ u _ v
Fluv) = (u —v)e (ue ve?) (1.4)

uv(e* —ev)

In [8] the BCH problem has been considered of finding the

closed form of W in
exp(X) exp(Y) exp(Z) = exp(W). (1.5)

The first step of the algorithm is to consider the decomposi-
tion

exp(X) exp(Y) exp(Z) =exp(X) exp(aY) exp(BY) exp(Z),
(1.6)
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Table 1 The 13 cases of the

Jacobi identity ! 2 3 4 >
u=z=0 u=0,z#0 u#0,z=0 u=z#0 u#z, uz#0
cw # dv w=0 v=20
cw=dv#0 w#0 v#0
cw=dv=0

a+p=11f

[X,Y]=uX+vY +cl, [Y,Z]=wY +zZ +dI,
1.7)

then, by (1.3) and (1.6),

exp(X) exp(Y) exp(Z) = exp(f() exp(?), (1.8)

where X := In(eXe??) and ¥ := In(ef¥e?). By (1.3)
and noticing that [X, «Y] = (eu)X + v(aY) + (ac)l and
[BY, Z] = w(BY) + (B2)Z + (Bd)],

X =X+aY + f(oau,v)[X,aY],

Y =BY +Z + f(z, Bw)BY, Z], (1.9)
we rewrite in the form

X 1= go(u, V)X + ho(u, V)Y + Iy (u, v)cl,

Y i=hp(z, w)Y + gg(z, w)Z + lg(z, w)d1, (1.10)

with

ga(u,v) =14+ auf(au,v), hy(u,v):=a(l+vf(au,v)),

Lo (u,v) :=af (au, v).

Next, imposing the requirement that exp(f( ) exp( Y) satisfies
the condition to apply (1.3), that is,
[X,Y1=aX+ Y +¢l, (1.11)
we get the solution of (1.5) [8],

exp(X) exp(Y) exp(Z) = exp(X + Y + f(@, D)[X, Y]).
(1.12)

Note that, by (1.7), (1.10), and (1.11), it follows that [X, Z]
cannot be a linear combination of other terms in addition to
X,Y,Z, and I, that is,

[X,Z]=mX +nY + pZ +el, (1.13)
which is consistent with the Jacobi identity
(X, 1Y, ZI1 + Y, [Z, X1 + [Z,[X, Y]] = 0. (1.14)

The condition (1.11) fixes «, ¢, i, and v, namely

¢ = (hg(z, w) — gp(z, w)ly(u, v)m)c + (hy(u, v)
_g(l(u’ U)lﬂ(z, w)p)d + gOl(uv v)gﬂ (Zv U))e,

@ Springer

u=hg(z, wu+ gg(z, w)m,
b=

8a (1, V) p + ho(u, v)z, (1.15)

with o a solution of the equation

ho(u, v)[hg(z, w)(u + 2) + gp(z, w)(m — w)] + g (u, V)
x [hg(z, w)(p —v) — gg(z, w)n] = 0. (1.16)

Inserting (1.7) and (1.13) in the Jacobi identity leads to the
following linear system for e, m, n, and p:

uw +mz =0,
vm —wp +n(z—u) =0,
pu+zv =0,

c(w+m)+e(z—u)—d(p+v)=0. (1.17)
Such a system has 13 different solutions, reported in the Table
1, depending on the values and algebraic relations of ¢, d, u,
v, w, and z. Note that the case cw = dv = 0 corresponds to
five different conditions (see [9]).

Consider the symbol [9]

[case‘]acobi constraints|parameters of [X, Z] unﬁxed]D

The first slot specifies under which conditions the linear sys-
tem (1.17) is solved. This classifies the types of commutator
algebras. The constraints are the ones on the commutator
parameters that follow by the Jacobi identity. The third slot
reports which one, of the parameters m, n, p,and e in [ X, Z],
remains unfixed. D is the number of the commutator param-
eters unfixed by the Jacobi identity.

In this paper we explicitly show that the above algorithm
leads to closed forms for the BCH formula in the case of
semisimple complex Lie algebras. In particular, according
to the above classification the commutator algebras, we will
see that, in several cases, the commutator algebras associated
to the BCH problem for semisimple complex Lie algebras
corresponds to the type Ic-i, type 4 and type 5. This implies
that if X, Y, and Z are three generators of the Cartan—Weyl
basis, then, for a wide class of cases, W, defined by (1.5) is
explicitly expressed as a linear combination of X, Y, and Z.

In the last section we derive, by iteration, a basic gen-
eralization of the algorithm introduced in [8]. This provides
important extensions of the cases for which the BCH formula
admits a closed form.



Eur. Phys. J. C (2016) 76:610

Page3of 7 610

Before discussing the case of arbitrary semisimple com-
plex Lie algebras, we consider the BCH problem for sl3(C).

2 BCH formulas for the generators of sl3(C)

Consider the commutators for sl3 (C) (see, for example, [14]),

[H',H?] =0,

[H', EL] = +2EL,
[H? EL]1=FEL,
[EL, E]l=+E],
(ES,E? 1= H'+ H?,

[E}.E'1=H' = [E} E*]=H?

[H',E}]=FE3, [H' E{]==%Ef,
[H?, E3] = +2E%, [H? E{] = +E,
[EL, EZ]=FEZ, [E1, E%]=+EL,

with the remaining commutators vanishing

(EL EZ]l=[EL, E{]1=[Ei. E{]=0.

In the following we will consider the BCH problem of
finding the closed form of W in

exp(X) exp(Z) = exp(W), 2.1
with X and Z all the possible generators of sl3(C).
Let us start with E1, E2, and EL, E2. Since
(EL,[EL, E211=0=[E3, [EL, E2]), (2.2)
we have
exp(EL) exp(E2) = exp(EL + E2 + E? /2). (2.3)
Similarly
exp(EL)exp(E2) = exp(EL + E2 — E? )2). (2.4)
Next, consider E}r and E? . Also in this case, since
[E4 EL EZN=0=(EY [EL EZ]), 2.5)
we have
exp(EL) exp(E?) = exp(EL + E? — E? /2) (2.6)
and
exp(EL) exp(E}) = exp(EL + EY + E2)2). .7)

Similar relations hold for exp(E i) exp(E ?yand exp(E 2)

exp(Ei). Next, consider
exp(EL) exp(H"), (2.8)

j, k =1, 2. All these are of the same kind, so that we consider
only j =k =1.By (1.3)

exp(EL) exp(H') = exp (%Ei n H‘). 2.9)
Let us now consider the nontrivial cases

exp(EX) exp(EY), (2.10)
k=1,2,and

exp(E”) exp(EY). (2.11)

We focus on (2.10) with k = 1, the case k = 2 is equiva-
lent. This is a particular case of the type 4 commutator alge-
bras [9], and it has been worked out, as an example, in [8]
for sl (R),

[Lim, Lyn]l = (n —m)Lytn, (2.12)

m,n = —1,0, 1. A straightforward application of the algo-
rithm leads to [8]

exp(A_1L_1)exp(roLo)exp(A1Ly)
Ap — A

e L L

=exp{
+A1L1]], 2.13)

where A_1, Ao, A1 € C, A_ + Ay = A9, and

l+e™™ —a_jr £ \/(1 +e 20 —A_1x1)2 —de—ho
5 .

e M =

(2.14)

Let us explicitly write down the case of exp(E}r) exp(EL).
Setting Ao = 0, corresponding to A_ = —A4, in Eq. (2.13)
and using the identification

Hl
L_,=—-E! Lo=——, L =E! (2.15)
1 +7 0 2 k) 1 —
this yields
exp(EJlr) exp(Ei)
2 345, H' |
—exp[ﬁln . (E++7+E_)]. (2.16)

An identical expression holds in the case of E2, E%r, one
has just to replace H! by HZ?. The same happens for
exp(E?) exp(Ef_). Actually, setting

H:=H'+ H?,

we see that the relevant algebra to treat exp(E 9_) exp(E f_) is
again sl(2, R)

[H, Ef]1=+2E%, [EY E’]1=H. (2.17)

Therefore, exp(Ef)exp(Ef_) is again given by (2.16) by
obvious substitutions.

3 BCH formulas for the generators of semisimple
complex Lie algebras

Let ®(g) be the root system of a semisimple complex Lie

algebra g. Denote by (o, B) the standard non-degenerate

inner product on the dual of the Cartan subalgebra g, and
v 2u

o = .
(o, )

@ Springer
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For any g, consider its Cartan—Weyl basis,

[H*, HF] =0,
[H*, EF1= (¥, B)EP,
[E% E~] = H",

[E% EP]1=eqpE*TP, o # B, 3.1
where eyg, defined for any o # —p8, is non-zero if @ + B €
®(g), and zero otherwise. In the following, for any X, Y, and
Z, identified with any triple of the Cartan—Weyl generators
H* and EP, we consider the problem of finding the closed
form of W defined by (1.5). We will explicitly show that, for
a wide class of cases, such closed forms are the ones clas-
sified in [9]. In particular, the relevant commutator algebras
correspond to the type Ic-i, type 4, and type 5 commutator
algebras, leading to the closed forms of the BCH formula
introduced in [8].
For any a € C, set

sinh(a/2)
a/2

The type I c-i commutator algebras corresponds to the case

s(a) = 3.2)

denoted in [9] by (v, w). It turns out that we have

Type Ic-i.

mv
[(v, w)‘p =— e,m,n] ,

w 5
[X, Y] =Y, [Y,Z] = wY

mv
[X.Z]=mX +nY + —Z+el,
w

_ ns(v)ws(w) — e%)vs(v)(m —w)

’

(m—w)(w —v)s(w —v)

u=m,
. mv
V= —,
w
c=e

The type 4 corresponds to the case u = z # 0, namely

Type 4.

e,n] ,
8

[X,Y]=uX+vY +cl, [Y,Z]=wY+2zZ+dlI,
[X,Z]=—wX +nY —vZ +el,

u=z#0m=—-w, p=-—v
[0 ==#0]

@ Springer

x", where x := e satisfies the equation

2 (s s wye T

_elt — gV + eu+v _ equvfw) + equvfw =0.

Therefore
—_b b2 — 4eutv—w
xi= © (3.3)
2
where
b= %s(v)s(w)ew —el gl ettty _eutvw
i=pu—w,
vV =oau—v,
N cw + dv e2s(v)s(w)
c= (e + )
u s(v—oau)s(w — Pu)
d
_ewhdv gt o a4

Let us first consider the case exp(Aq H*) exp(ugE PY. This
corresponds to (1.3), so that

exp(lg HY) exp(ug EP)
hattp@” B) g
_ o
= exp ()WH + T eTa@ B E”). (3.5)
Let us consider
exp(Ay HY) exp(MﬁEﬁ) exp(ry H”). (3.6)

This corresponds to the type I c-i commutator algebras, where
the only non-vanishing commutator parameters are

v=12g(@’ B),  w=-a®y", B). (3.7
Therefore,
1 — e @Y.B
T e @ B) _ VB
u=0,
v =0,
¢=0. (3.8)

This leads to

exp(ha HY) exp(up EP) exp(iy HY)

npala”, B)+ 1y (Y, B)) £P
errVYVB) _ e—ha(@V.B) ’

= exp |:XO[H“ + Ay HY +
(3.9)
Let us now consider the BCH problem exp(X) exp(Y) =

exp(W), with X = uoE% Y = ugEP 0 # —B,a+ B ¢
@ (g). In this case it is convenient to use the expansion
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1 1
W=X+Y+ E[X’ Yl+ E([X’ [X, Y11+ [Y, [Y, X1])

1
—ﬁ[Y, (X, [X, Y1l +---. (3.10)
Note that
[EP,[E* [E%, EP]] (3.11)

would be proportional to E2“*#)_ On the other hand, since
o + B is aroot, it follows that 2(« + B) ¢ ®(g). Therefore
(3.11) vanishes. In order to consider the higher order terms
in (3.10), we first recall that the length of root strings is at
most five. Here we do not consider the special cases in which
either 2« + 38 or 3« + 28 are roots, so that we specialize to
the cases in which the lengths of the root strings are at most
four. Denote by nx (ny) the number of X (Y) appearing in
each term of the expansion (3.10). Then observe that all the
terms in the dots of (3.10) correspond to either nxy > 4 and
ny > 1l,orny >4andny > 1,orny > 2 and ny > 2.
Therefore the terms in (3.10) which are next to (3.11) are
proportional to either E4**"# n > 1, or E"**4f n > 1, or
EmetnB 4y 5 > 2. On the other hand, as explained above,
if « + B € ®(g), then 4o + np, na + 48, n > 1, and
ma + nf, m,n > 2, cannot be roots, and the corresponding
commutators vanish. Summarizing, inthe case o+ 8 € ®(g),
there are three possibilities. If neither 2o 4+ § nor o + 28
belong to ®(g), then

exp(uqg EY) exp(,uﬁEﬁ) = exp (,uaE“ + ,uﬂEﬁ

1
+§uau5eaﬁE“+ﬁ). (.12)

If 20 + B € ®(g), then

exp(ta E*) exp(ug EP)

1
= exp (uaE“ + ugEP + EﬂaﬂﬁeaﬁEaﬂg

1

+ SHEipeatarpeap E2TP).

> (3.13)

Ifa+28 € ®(g), then

exp(ua EY) exp(up EP)
1
= oxp (Mo E” + upEP + S pappeas B

1
+ —Maugeﬂ(a+ﬁ)eﬁa15“+2ﬂ). (3.14)

12

The above results can be used as building blocks to solve
more elaborated cases, such as

exp(E%) exp(EP) exp(EY). (3.15)

Letusnow considerexp(iuy E%) exp(ly H*) exp(—o E~%).

Again, this is a particular case of the type 4 commutator alge-
bras [9], worked out in [8]. We have

exp(g EY) exp(lo H*) exp(p—o E~%)
Ay — Ao o Lo s —A o
e [ E (e e )

+MfaE_“]},

= exp{

(3.16)

Where H/—Ols )"Ola I’LO[ € (Ca )\'— + )\'-i- = )Na, and

eiki _ 1+ ez?»a + Uy + \/(1 + e2ha ¥+ Miuua)z ~ 4o
2 .
(3.17)

Note that A, = O reproduces the closed form for
exp(ig E*) exp(—o E™%).
The next case is exp(iqE®)exp(rgHP)exp(u, EV),

with y # —a,and o + y ¢ P (g), so that
[E*,EY]=0. (3.18)

As we will discuss later, this corresponds to the type 5 com-
mutator algebras. However, it is instructive to directly derive
the solution. Consider the identity

exp(a E¥) exp(Ag HP ) exp(u, E7)
= exp(ia E“) exp(hy H?) exp(Lf HP) exp(u, E7),
(3.19)

where again A4 + k; = Ag. Then note that
exp(pa E) exp(i.y HY)

A Ha(BY, @) E)

3.20
| — s BV G20

= exp ()\EHﬁ -
and

exp(rf HP ) exp(u, E7)
Ay (BY.v)
= exp(kEH’g y L ),

| — e B
Imposing the requirement that the commutator between
the exponents on the right hand side of (3.20) and (3.21)
vanishes yields

(3.21)

wy (B ) (1= )

+ (B, a)(l - e‘*E(ﬁV’V)) —0. (3.22)

It follows that

exp(ia E%) exp(ig HP) exp(uy E)
Mg e (BY . @) My (BY.y)
:exp(AﬂHﬂ— pre P T gy ).
l—e)"ﬁ(ﬂ o) 1—67)‘/3 BY.7)
(3.23)

Such a case corresponds to the commutator algebras [9]

@ Springer
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Type 5.

[0 2wz 0fm =22 0= (L +1),
]6’

Y, Z] = wY +zZ +dI,

— V2, _cw __dv
p= u> €= z u

[X,Y]=uX +vY +cl,

v
a=—,
u
~ uw
i=u—v——,
Z
5=0,
- v w
c=(1————)d,
u Z
and
w
a=1——,
Z
i=0,
- vz
il=z—w— —,
u
~ v w
c:(l————)d
u Z

In the case at hand, the non-vanishing parameters are only
u = —rg(BY,a) and z = Ag(BY, y). It is immediate to
check that using one of the two solutions one gets (3.23).

4 Generalization of the algorithm by iteration

In this section we iterate the algorithm introduced in [8] to
extend the original formula of Van-Brunt and Visser. The
problem then is to find, in more general cases, the closed
form W, defined by

exp(X) exp(Z) = exp(W). “.1)

A first result in this direction was already obtained in [8].
The point is to start with the BCH problem for the product
of the three exponentials in (1.5), choosing Y in such a way
that (1.7) and (1.13) are satisfied. Next, one reproduces the
steps of the algorithm leading to (1.12) where Y is replaced

by AY, and then one considers
exp(X)exp(Z) = ){in{) exp(X) exp(AY) exp(Z). “4.2)

Note that Egs. (1.7) and (1.13) satisfied by X, ¥, and Z can
also be expressed in terms of X, Y, and Z with u, c, z, d,

@ Springer

and Y multiplied by X, whereas n is replaced by n /A

n
[X.Z] = mX + (X)()LY) +pZ+el,

[X,(AY)] = (Au)X +v(AY) + (Ao)1,

[AY), Z] = w(AY) + (Az)Z + (Ad)]1. 4.3)

It follows that the expression on the right hand side of (4.2),
before taking the A — 0 limit, is given by (1.12) with u, c,
z,d, and Y multiplied by A,

oA, V)X 4+ ho(Au, V)(AY) + Iy (Au, v)(Ac)1,

g(Az, wY(AY) + gg(rz, w)Z + lg(Az, w)(Ad)1.
“4.4)

~h
Il
S

It then follows by (1.12) that
exp(X) exp(Z) = lim exp(X + Y + f(i1, D)[X, Y]).
—
(4.5)

On the other hand, in the A — 0 limit we getf( =X, Y = Z,
and, by (1.15), # = m and v = p. Hence

exp(X)exp(Z) =exp(X + Z + f(m, p)[X, Z]), 4.6)

showing that the Van-Brunt and Visser formula in Eq. (1.3)
extends to the case in which there exists Y such that the
weaker conditions (4.3) are satisfied. Note that in the A — 0
limit the linear system for e, m, n, and p is again (1.17).

The above results can be summarized by the following
lemma.

Lemma 1. If

[X,Z] =mX +nY + pZ +el, 4.7
then the Van-Brunt and Visser formula,

exp(X) exp(Z) = exp(X + Z + f(m, p)[X, Z]), (4.8)

holds if Y satisfies the conditions

[X,Y]=uX +vY +cl, Y, Z]=wY +zZ +dlI.

(4.9)

Itis clear that the above construction can be iterated to gener-
alize the algorithm leading to (1.12). Namely, one can repeat
the steps of the algorithm, where now the Van-Brunt and
Visser condition is replaced by the weaker one given by
Lemma 1. In particular, the first step of the algorithm is again
to consider the decomposition

exp(X) exp(Y) exp(Z)

= exp(X) exp(aY) exp(BY) exp(Z2), (4.10)

with o+ 8 = 1. However, now each one of the two conditions
(1.7) should be replaced by the weaker conditions in Lemma
1. Namely, if there exist Y" and Y” satisfying the conditions
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[X,Yl=axX +ayY +ayY' +al,
[X,Y1=bxX +byY +bl,

[Y,Y]=cypY +cyY +cl, (4.11)
and

Y, Zl =dyY +dyY' +d;Z + dI,

[Y,Y'1=eyY +ep Y’ +el,

Y, Z1= fyrY' + f2Z + £1, 4.12)

then one can still apply the algorithm leading to (1.12). The
expression of exp(X) exp(Y) exp(Z) is still the one in (1.12),
but now there is good news, namely the condition (1.7) is
replaced by the weaker conditions (4.11) and (4.12). Fur-
thermore, the conditions to be imposed on

X :=In@eXe®) = X + a¥ + f(aax,ay)[X,aY],
Y :=InePYe?) = BY + Z + f(dy. Bdz)[BY. Z], (4.13)

that we rewrite as

X = galay,ay)X + halax, ay)Y +lo(ax, ay)(ayY' +al),

Y =hg(dy.dz)Y +gg(dy.dz)Z +lg(dy.dz)(dyrY" +d1),
(4.14)

are weaker with respect to (1.11). Namely, according to
Lemma 1, we now impose the requirement that there exists
Y’ such that

[)N(', Y] = cl;(f( —i—afYN' —}—a{,,?/ +al,
[X,Y']=bgX +b;Y +bl,
[Y,Y]=cyY +c;Y +EL (4.15)

By (4.11), (4.12), (4.14), and (4.15) it follows that now X
and Z satisfy the weaker condition

(X, Zl=mX +nY + pY' +qY" +rY +sZ +11.
(4.16)

One then can apply the rest of the algorithm and classify all
the possible algebras leading to the closed BCH formula, in
a similar way to the classification developed in [9].

The next step is to investigate again (4.2), but now using
the weaker conditions (4.11), (4.12) and (4.15). This is the
content of Lemma 2. analogous to Lemma 1. but with the
previous weaker conditions on the commutators.

Lemma 2. If

[X,Z] =mX +nY + pY’ + Y”+r17’+sZ+tI,
p q
4.17)

then the Van-Brunt and Visser formula,
exp(X) exp(Z) = exp(X + Z + f(m, p)[X, Z)),

holdsif Y, Y’,Y”, and ¥’ satisfy the conditions (4.11), (4.12),
and (4.15).

Such an algorithm can be iterated indefinitely by applying
again the original algorithm to (4.10) but now using Lemma
2, applying the result to (4.2) will lead to Lemma 3, with
weaker conditions with respect to Lemma 2, etc. The full
consequences of such a construction are under investigation.

(4.18)
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