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ABSTRACT. In [14], Guéant, Lasry and Lions considered the model problem
“What time does meeting start?” as a prototype for a general class of op-
timization problems with a continuum of players, called Mean Field Games
problems. In this paper we consider a similar model, but with the dynamics of
the agents defined on a network. We discuss appropriate transition conditions
at the vertices which give a well posed problem and we present some numerical
results.

1. Introduction. The study of pedestrian flow in a crowd environment is attract-
ing an increasing interest and some models based on optimization principles have
been recently proposed, see for example [4, 8, 20]. In some applications (crowd
motion in shopping centers, stations, airports) the dynamics of the population is
defined on a network rather than in an Euclidean domain. There is a large literature
concerning vehicular traffic on road networks (see [11] and reference therein). These
models are based on a fluid-dynamical approach with the dynamics described by
some nonlinear conservation law and appropriate transition conditions at the junc-
tions modeling the interactions of the cars coming from different roads.

Vehicular traffic models do not seem to be adequate to reproduce the pedestrian
flow since they do not take into account the interactions and the goal-directed
decisions of the agents.

The aim of this paper is to study a simple optimization model for the evolution
of a large number of agents moving on a network. The model is based on the
one described by Guéant, Lasry and Lions in [14], titled “What time does meeting
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start?”, and consists in finding the optimal arrival time at a place where the meeting
is being held with the starting time defined by means of a quorum rule. In other
words, we consider the following problem: a meeting is scheduled in a point vg
of a network at time ¢y and it cannot start before that a certain percentage of
the numerous participants is really present. The dynamics of the participants are
restricted to the network and they are affected by some random noise. The purpose
of each participant is to minimize the sum of two costs: the cost of waiting the
starting of the meeting and the reputation cost of being late. This problem can be
considered as a prototype for a large class of optimization problems based on the
Mean Field Game (MFG) theory. This theory has been introduced by Lasry and
Lions [17] (see also [1], [6], [12]) with the aim of describing the behavior of very
large number of agents who take decisions in a context of strategic interactions.

The main novelty of our problem is due to the presence of transition vertices
(namely, points of the network where several edges meet each other); indeed, the
issue is to impose transition conditions both to the Hamilton-Jacobi-Bellmann equa-
tion and to the Fokker-Planck equation in order to obtain a well posed MFG prob-
lem. It is known that a parabolic equation on a network has to be complemented
with the usual initial-boundary conditions and some transition conditions at the
internal vertices (see [3, 18]). In fact, in our model the stochastic differential equa-
tion describing the motion of the agent inside the arcs is coupled with a condition
prescribing the probability that it enter in a given edge when it occupies a tran-
sition vertex; this fact give rise to a Kirchhoff type condition (see [9]). Using an
appropriate change of variable we transform the original MFG system in a forward-
backward system of two heat equations coupled via the initial datum. Relying on
classical results for the heat equation on networks and some appropriate estimates
for the specific problem, we prove the well-posedness of the heat system and the
existence of a mean field for the quorum problem. Going back to the original MFG
problem we obtain existence and uniqueness of the solution to a system composed
by a backward Hamilton-Jacobi-Bellman equation and a forward Fokker-Planck on
the arcs with transitions conditions expressing respectively the probability that a
single agent enters a given arc and the conservation of the density of the agents
through a vertex.

Another issue of this paper is to present some numerical methods for computing
the mean field; our scheme is based on a finite difference technique for both the
equations and on a discretization of the two transition conditions.

As a matter of fact, the approach of this paper strongly relies on the aforemen-
tioned change of variables: we refer the reader to future works for more general
problems, possibly also the congestion one. Moreover, we believe that a conver-
gence analysis of the numerical scheme could be carried out using some arguments
of [15] and monotonicity property. However, since some technicalities have to be
checked, this issue will be the subject of a separate paper.

The paper is organized as follows. In Section 2 we describe the model problem.
In Section 3 we prove some technical results concerning the heat equation on the
network which are used in Section 4 to show the existence of the mean field. in
Section 5, we illustrate the problem with some numerical examples. Finally, the
Appendix contains some technical proofs.

Notations. A network I' = (V, E) is a finite collection of points V' := {v;}ics in
R™ connected by continuous, non self-intersecting arcs E := {e;};cs. Each arc e;
is parametrized by a smooth function =; : [0,1;] — R™, I; > 0.
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For i € I we set Inc; :={j € J | e;is incident tov;}. We denote by Ip := {i €
I| #Inc; =1}, Iy := I\ Ip, by OT := {v; € V | i € Ig}, the set of boundary
vertices of T', and by I'r := {v; | ¢ € I7}, the set of transition vertices.

The network is not oriented, but the parametrization of the arcs induces an
orientation which can be expressed by the signed incidence matriz A = {a;;} with

1 ifv; € e; and 7;(0) = vy,
Qjj = -1 ifv; € €; and Wj(lj) = v,
0 otherwise.

In the following we always identify = € e; with y = w;l(ac) € [0,1;]. For any
function w : I' — R and each j € J we denote by u; : [0,1;] — R the restriction of u
to ej, i.e. u;j(y) = u(m;(y)) for y € [0,1;]. For v € N, we define differentiation along
an edge e; by

dYud _
). fory =@ aee

dju(x) ==

and at a vertex v; by
dVu?
=

1 .
0} u(vy) (y)  fory=m;"(vi), j € Inc.

2. The model problem. Following [14], we describe the model “What time does
meeting start?” with the variant that the dynamics of the agents are defined on a
network I'. For the sake of simplicity, we assume that the place where the meeting
is being held is the unique boundary vertex, namely OT' = {vg}; the general case can
be dealt with by using easy adaptations. The meeting is scheduled at a certain time
to but common experience says that in general it starts at a time T greater than tg,
when a certain rule is reached, for example the presence of a certain percentage of
participants.

At the initial time there is a continuum of indistinguishable players distributed
according to a distribution function mg : I' — R. The player’s dynamics is subject
to random perturbations. We assume that, inside each edge e;, the generic agent
moves according to the process

dX(t) = a(t)dt + odW (t) (1)

where the drift a is the control variable (and it coincides with the speed), o =
(0j)jes with o; > 0 and W is a Brownian process, which is an independent dis-
turbance for each player. Moreover we assume that, at each transition vertex v;,
it spends zero time a.s. and it enters in one of the incident edges with the same
probability 1/#(Inc;) (see [9, 10] for stochastic differential equations on networks).
We denote by 7 the random time the agent reaches vy, i.e.

7:=1inf{t >0: X(t) € T'}.

Moreover each player wants to optimize its arrival time 7 taking into account various
parameters, which are encoded in the cost functional

T(z,t,a()) = /; n %aQ(t)dt 4 e(7 A Tonas) 2)

where %aQ (t) is the actual cost of moving along the network at the velocity a while
¢ is the final cost and T;,,,. € R is a time which cannot be exceeded for the end of
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the meeting. The cost function ¢ : [0, Tynaz] — R is given by
c(s)=ci(s—to) +ca(s = T) + c3(T — s), s € [0, Traz) (3)

where ¢; : R — R, i = 1,2, 3 are smooth functions such that ¢;(s) =0 for s < 0 and
¢i(s) > 0 for s > 0. The term ¢1(s — to) represents a reputation cost of lateness in
relation to the scheduled time tg; the term ca(s — T') a cost of lateness in relation
to the actual starting time of the meeting T’; c3(T — s) a waiting time cost which
corresponds to the time lost waiting the starting of the meeting. It is worth noticing
that the cost ¢ depends on T via the cost of lateness and the cost of waiting; hence,
in order to display this dependence, from now on we write cr.

Nash equilibrium theory assumes that each player optimizes the arrival time
provided that he knows the actual time T of the starting of the meeting. Hence
each agent has to solve the optimization problem

w(@,t) = minJ(z,t, a()) (4)

where (z,t) € T' x [0, Tynas). Note that maxeer{—ap + %|a*} = —3|p|* for a = —p
and the optimal control in feed-back form is given by a*(z,t) = —d,u(z,t). By
an application of the Dynamic Programming Principle the value function, if it is
assumed to be regular, formally solves the Hamilton-Jacobi-Bellman equation

1
Opu + vO2u + §|qu|2 =0 (x,t) €T x(0,Thaz),

where v = 02/2 (i.e., v; = 03/2 Vj € J), with final-boundary conditions and
transition on internal vertices (Kirchhoff condition)

w(@, Trnaz) = cr(Taz) z €T, u(vg,t) = cer(t) s € [0, Tmaxl,
Z a;;0;u(vi, 8) =0 (viy8) € T x (0, Trnaz)-
j€lnc;

On the other hand, we assume that the evolution of the initial distribution my
evolves by duality; therefore, multiplying the Hamilton-Jacobi-Bellman equation
by a test function and integrating by parts, we obtain the Fokker-Planck equation
inside each edge

orm — vd*m — 0, ((—0pu)m) =0 (x,t) € T x (0, Trnaz)

while, taking into account the Kirchhoff condition for u, we infer a Kirchhoff con-
dition on internal vertices
Z QijV; [6jm — mﬁju](vi, S) =0 (Ui, S) S FT X (O,Tmax).
j€lnc;

Observe that the previous Kirchhoff condition implies that the parabolic flux of the
agents is null at the junctions, giving the conservation of the total mass (see [7] for
similar assumptions). Moreover, we assume that m satisfies the initial-boundary
condition (with a “smooth fit”)

m(vy,s) =0 s €[0,T], m(x,0) = mo(x) zel.

The flow of participants reaching vy is given by s +— 9,m(vg, s), hence the cu-
mulative distribution F' of the arrival times is

F(s) = /05 vOym(vg, )dr.
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The actual starting time T is fixed by a quorum rule, which means that the meeting
starts when a given percentage 6 of the participants has reached the meeting place
vp. Given m, we set

to, F=Y0) <t
T=< F710), to<FY0) < Thae (5)
Tmamv F_l(e) 2 Tmaa:~
Note that T is the mean field, i.e. the information that the single agent has about
the behavior of the other agents: the starting rule induces a strategic interactions
among the participants and 7T influences as an external field the decisions of the
agents. The main point is to prove the existence and the uniqueness of a time T

which is coherent with the expectations of the participants. As in [14], this can be
done by proving that the scheme:

T—ou—m—T" (6)

with T* defined by (5), has a fixed point in [ty, Tynaz]- To this end, it is important
to study existence and uniqueness of a solution to the forward-backward system

Owu + vd2u + %|3mu|2 =0 (z,8) € T x (0, Trnaz)

Oym — vd2m + 0,(0yum) =0 (z,8) €T x (0, Trhaz)

> jerne; @ijOju(vi,s) =0 (vi, 8) € T x (0, Trnaz) 7)
2 jcine; %V [0im — mojul(vi, s) =0 (viy8) € T'r % (0, Tinaa)

m(x,0) = mo(2), w(z, Tnaz) = ¢r(Trmaz) © €T

m(vo, s) = 0, u(vg, s) = er(s) s € [0, Trnaz)

where T is a fixed constant (known by each agent). For the sake of simplicity, from
NOW On we assume

vj=1 Vi € Ing;. (8)
As in [14, 15] we apply a change of variable which transforms system (7) into a
forward-backward system of heat equations coupled through the initial conditions.

Proposition 1. If (¢,v) is a smooth solution of the system

—0ip— 029 =0 (z,8) €T x (0, Trmaz),
Oph — 029 =0 (2,58) € T x (0, Traz)
Zjelnci aijaj¢(vi7 3) =0 (U’iv S) S 1—\T X (Ovaaz) (9)
Ejelnci aijajw(vh S) =0 (Ui, S) € FT X (Ovaam>
U(@,0) = B9 6(, Typas) = e Toes) g €T
1/’(1107 S) = Oa ¢(v075) = ecT(S) ERS [Omiax]
with ¢ > 0, then
(u,m) = (2In(¢), 9 ¢) (10)

is a smooth solution of system (7).

Proof. Let (¢,1) and (u, m) be defined as in the statement. The proofs that (u,m)
is a solution to the PDEs and to initial-final-boundary conditions of (7) follow by
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easy calculations; hence, we shall omit them. Let us prove that (u,m) verifies the
transitions condition of (7). Since ¢ = e*, we get

0= g a;;0;0 =e E a;;05u
j€lnc,; j€lnc;

which amounts to the first transition condition in (7). On the other hand, since
¥ = me™ ", we have

0= Z a;;0; =e " Z a;;(0;m — moju).
j€Inc; j€Inc;
Taking into account the previous relation, we obtain the second transition condition
in (7). O

Remark 1. It is worth to observe that, by similar arguments, one can linearize a
more general class of MFG systems (see [15]). Actually, assume that v; are positive
constants and that the cost J in (2) includes a potential term depending on the
distribution of other players, i.e.

TNT,
max 1
Tt a() = / [50°(0) + FOX (), m)]di + (A T,
t
In this case, in the system (7) the Hamilton-Jacobi-Bellman equation is
1
Opu + vO*u + §|8Iu|2 =—f(x,m) (x,8) €T x(0,Tmaz),

while the Fokker-Planck equation and the boundary-transition conditions are left
unchanged. Now, (¢, ) = (e“/"2,me_“/"2) solve

—0ip —v02p = —L£ f(x,00), Op — v = L f(z,¢p) inT x (0, Tpax),
> aij0jp(viys) = Y. aijvi(00;9)(vi,s) =0 in Iy x (0, Tnaz)

j€lnc; j€lnc,;
cr (Tmaz) er ()

’l/J(,O) = ;:L(O’(Oga ¢('aTmaz) =e o2 ) 1/1(1)07 ) =0, ¢(7107 ) =c % .

3. The heat equation on a network. In this section we collect some technical
results about existence, uniqueness and a priori estimates for classical solutions to
(9). These results will be used in the next section to prove the existence of the mean
field T'. In this section, T' € (0, Tinqz) is a fixed constant known by all the agents.

We introduce some functional spaces on the network. We recall that the Sobolev
space W;”(Lb)x (0.7 (With ¢ > 1) consists of the elements of L?((a, b) x (0,T")) having
generalized derivatives of the form 0707 with 2r + s = 2 and it is endowed with
its usual norm (see [16]). For ¢ € N and a € (0,1), C4t®)([a,b]) stands for the
Banach space of ¢ times differentiable functions on [a,b], whose ¢-th derivative is
Holder continuous with exponent o and it is endowed with the usual Holder norm
| - |E2:g]a). For a € (0,1), C2t®14e/2)([q,b] x [0,T]), with the norm | - |E§:£]O;’H;]/2),
denotes the Banach space of functions f : [a,b] x [0,7] — R whose derivatives 92 f
and 9 f are Holder continuous with exponent « and respectively /2.

Definition 3.1. i) For ¢ € N and a € (0,1), we set
CltNI) := {u € O(T) | Vj € J, u; € CUF([0,])}

(g+)

(g+a) . _
T = supjeJ|“J'|[0Ja’] '

which is a Banach space with respect to its norm |u
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ii) For o € (0,1), we set
CEFeltal2(1 5 [0, T]) =
{u€ C(T x[0,T)) | Vj € J, u; € CHH2 ([0, 1] x [0, T))}

which is a Banach space with respect to its norm |u|2+®1+e/2)(T x [0, T]) :=
(24a,14a/2)
SUP; e [5][0,1;]x (0,11
In the next proposition we establish the well-posedness of the initial-boundary
problem for the heat equation obtained by the Hamilton-Jacobi-Bellman equation
of (7) via the change of variable (10).

Proposition 2. Assume that wy € C+/2((0, Trnaz)), for some a € (0,1). Then
there exists a unique solution w € C'+1+e/2/(T x [0, T),4z]) of the problem

—Opw — Pw =0 (x,8) € T x (0, Thnaz)
Zjelnci aijajw(v’i7 S) =0 (Ui’ 5) € I‘T X (Oa Tmax) (11)
w(vg, ) = wo(s) s € [0, Trnaz)

w(vamax) = wO(Tmax) xel.
Moreover, the following estimate holds

(2+a,14a/2) K0|w0|(1+a/2) (12)

(015310, Ty [0, Toma]

where Ky is a constant independent of wg. Finally, for wg > 0, we have w > min wq
in T x [0, Trmaz]-

Proof. The statement is an immediate consequence of the result in [2]. Let us just
note that the compatibility conditions in [2] are obviously satisfied because the
terminal condition is constant and the right-hand side of the Kirchhoff condition is
null. Moreover the strict positivity of w is a consequence of the comparison principle
for classical solution of the heat equation (see [3]). We observe that it can be proved
using the same arguments of [15, Proposition 2]. O

Since vg is a boundary vertex, there exists a unique edge, say eg incident to it.
Without any loss of generality, we denote vy the other endpoint of ey and we assume
that the parametrization of eg fulfills:

m0(0) =vo and 7(lp) = v;. (13)
For A € (0,1), we set
60,)\ = 7T0([O7 )\lo]), U/)\ = ’/To()\lo) (14)

namely, v} is a point in the edge eg while eg y is the part of eg between vy and v}.

In the next proposition, we establish existence and uniqueness of a classical
solution to the heat equation obtained by the Fokker-Planck equation of (7) via
(10). Moreover we show a “weak” continuous dependence estimate in the sub-edge
€p,1/2 With respect to the initial datum u(-)/w(-,0) where w is the solution of (11).

Proposition 3. Let w be the solution of problem (11) and assume

o € CTONT),  with puo(ve) = 0. (15)
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Then there exists a unique solution u € C*Y(T x (0, Tiaz)) N CO(T X [0, Trnaz]) of
the problem

O — =0 (z,8) € T x (0, Traz)

> jerne, @ij0ip(vi,5) =0 (vi,s) € Ty X (0, Trnac) 6

,u(vo,s) =0 ERS [O»Tmam] ( )
— mo(x)

u(x,O) - 5?1,0) zel.

Moreover, for every q > 1, the following estimate holds
2,1 2+a
13 0 s ax 08y < Kilio/w(-,0)[£F) (17)

where K1 is a constant independent of o and w.

The proof is postponed to the Appendix.

In the next proposition, we establish two continuous dependence estimates for
the solution of problem (16) with respect to the initial datum: the former is a
“strong” estimate in the sub-edge eg /o while the latter is the classical estimate in
the whole network.

Proposition 4. Let u be the solution to (16). Besides the hypotheses of Proposi-
tion 3, assume

o (v0) = D2 p0(vo) = 0. (18)
i) There holds
24o,14+a/2 24«
Tt ) < Kalpo /(- 0|+ (19)

where Ky is a constant independent of o and w.
it) Under the further assumption

8j,u0(vi) = 85/1/0(1]1) =0 Vi € Ir, je Inc;, (20)

the function p belongs to CFT1+e/2/(T x [0, Trnaz]) and verifies

24-a,1+a/2 24«
|M1(“X+[O,T:az/] ) < Kslo/w(-,0) (r+ )

where K3 is a constant independent of g and w.

The proof is postponed to the Appendix. Let us now establish a well-posedness
result for the system (9).

Theorem 3.2. Assume that, for some « € (0,1), there holds
er € CU2D(0, Thas), er >0,  moe CTNT) with mo(ve) = 0. (21)

Then, there exists a unique classical solution (¢,1) to the system (9) with ¢ > 0.
Moreover, the following estimates hold

. 24-a, 1+ /2 1+a/2 2,1 2+a)
(i) 621, |¢|(Fx[g,ijm/] '< K‘CT‘E&TZ/M)]’ [Pl g0 ax0Tmae) < Klmo/e(:,0) i

(1) if mo fulfills (18): |,¢|(2+a,1+a/2) < Klmo/¢(-,0)|(F2+a);

€0,1/2%[0,Tmax

(iii) if mo fulfills (18) and (20): [p|Che /P < Klmo/o(-, 0)[F+;

where K is a constant independent of mg and cr.

Proof. Proposition 2 ensures all the part of the statement concerning the function ¢.
Invoking Proposition 3 (respectively, Proposition 4-(i) and -(i)), by the regularity
and the lower bound of ¢, we deduce the part of the statement concerning the
function ¢ in point (i) (respectively, in point (i) and in point (i7)). O
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We also have existence and uniqueness for the solution to (7):

Corollary 1. Under the hypotheses of Theorem 3.2, there exist a unique classical
solution to the system (7).

Being a straightforward consequence of the previous theorem, the proof of this
result is omitted.

4. The Mean Field Game result. We prove the existence of a starting time T'
consistent with the corresponding flux of participants d,m. To this end we show
that the map from [tg, Tinaz] into itself, defined by the scheme (6) is continuous
and therefore it admits a fixed point by the Brouwer’s Theorem. For simplicity,
we shall recast it in terms of couple (¢,) solution of (9). Consider the function
U : [to, Timaz) = [to, Tmax) defined as

T—oer—¢—¢Y—>T = U(T) (22)
where T™* is defined as in (5) with
F(s) :/ e 9 (vo, ) drr ::/ Yy (r) dr. (23)
0 0
In this section we assume the hypotheses of Theorem 3.2 and that the map
T € [0, Trnae) = er € CUFT2((0, Traa)) (24)

is continuous. A crucial step to prove the existence of the mean field T is to establish
some bounds for 9,1 (vp,-). In order to get such an estimate, we consider in the
next Lemma two complementary assumptions.

Lemma 4.1. Let (¢,) be the solution to system (9).

(a) If
dzmo(vo) > 0, (25)

then, there exists a value € > 0, independent of T', such that
|00 (vo, t)| > € vt € [0, Trnaz)-
(b) If mg fulfills (18), then there holds:
0uth(vg,t) >0 ¥t € (0, Tynax)-
In particular, there exists a constant et such that
|02 (vo, )| > er Yt € [to, Tmaz)-

Proof. (a). Owing to (21), the function mg satisfies: mg(vg) = 0 and d,mg(ve) >

0. Moreover, Proposition 2 ensures that | 7('_1%) Eg;roo]‘) is bounded independently of

T. We infer that there exist £ € (0,lp) and a sufficiently small ¢ > 0 such that, for
every T € [0, Tpnqz] there holds

mo(z) > asin (?) Va € [0, &)
0

¢(z,0)
One can easily check that the function
v(z,t) := ae’ sin(z/&), with b= /€&
solves the initial-boundary value problem
0w —0%v=0 (2,t) € (0,&) x (0, Tynaz)

v(0,t) = v(&,t) =0 te
v(z,0) = asin(zm/&) x € (0,&)
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while the function 1 is a supersolution to this problem. By the standard comparison
principle, we infer: ¥ > v in [0,&p] X [0, Tnaz]- Since ¥(0,-) = v(0,-) on [0, Thax,
we get 0;1(0,t) > 0,v(0,t) = ae’r/&y. In particular, we deduce

0,0(0,1)] > ae’Tmerm /& Yt € [0, Thas)

where all the constants are independent of T.

(b) . Being nonnegative, the function 1 attains a global minimum at each point
(vo,t) with t € (0, Tynaz]. The Hopf Lemma prevents that 9,1 (v, tp) < 0 in these
points. Hence, there holds: 9,1 (vg,t) > 0 in (0,T;nqez]. The second part of the
statement follows by continuity. O

We shall establish the existence of a fixed point provided that mg fulfills either
(25) or (18). We cope with these two cases separately in the next two statements.

Theorem 4.2. Assume the hypotheses of Theorem 3.2-(i) and inequality (25).
Then the map W : [0, Taz] = [0, Tinas] defined by (22) admits a fized point.

Proof. We shall follow the arguments of [14, Lemma 2.6]. In order to apply the
Brouwer fixed point Theorem, we need to prove that the function ¥ defined in (22)
is continuous. We consider two admissible flows ¢p,, Y7, (see equation (23) for
their definition) and, without any loss of generality, we assume ¥ (77) < U(T3). If
U(T1),V(T3) € (to, Trmaz), we have

(Ty) _ (T2) _
0 :/0 U, (t)dt —/0 U, (t)dt

v i v
= [ G0 b= [ o
0 W (Th)
(where the first equality is due to the fact that both integrals are equal to 6). Taking
into account Lemma 4.1-(a), we obtain

(1Y) B B B B
E(U(Ty) — U(T)) < /0 (D (8) — b ()t < [z, — B3| 130,130

The estimates in Theorem 3.2-(i) and the trace theorem (for instance, see [16,
Theorem I1.2.3]) yield

U (Ty) — W(T1) < const. e, — CT?'Eé;i{zi)]

Taking into account assumption (24), we obtain that in this case the function ¥ is
continuous.
When ¥(T1) = to (respectively, U(T5) = Tyqs), we have

U(Ty) _ U(T:) _
/ Uy —/ Y, > 0;
0 0

indeed, either 17, is a flux which reaches 6 at most at time ¥(T}) or ¢, is a flux
which does not reach the value 6 before time T),., ; in other words, the former
integral is > 6 (respectively, the latter one is < 6). Hence we can conclude by the
same arguments as before. Therefore, the continuity of ¥ is achieved. O

Theorem 4.3. Assume the hypotheses of Theorem 3.2-(ii). Then the map ¥ de-
fined by (22) admits a fized point.
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Proof. We shall argue adapting the arguments of Theorem 4.2: hence, our purpose
is to prove that U is continuous on [tg, Tynaz]. To this end, let us fix T € [to, Timaz)-
For every 17 € [to, Timas) such that W(T') = ¥(T}), there is nothing to prove. We
split the arguments according to the fact that ¥(7T) belongs to (to, Timaz), to {to}
or to {Timaz }-

Case 1. U(T) € (to, Tmaz). Consider T1 € [to, Tinaz] wWith ¢(T1) < U(T); set

7 :=inf{t € (0, Tnaz) | /O Uy, =0} (26)

and observe that W(T;) = max{tg,7}. Then, we have

0—/071/~JT1/0‘II(T)1/~JT—/OT (1/~JT11/~1T)/T\P(T)¢N)T

(the first equality is due to the fact that both the integrals are equal to §). By
Lemma 4.1-(b), we infer

U(T) _ U(T) _ T, R
R N R e B A ey
\I’(Tl) T 0
<Y1y — V7|10, Tmae)

Arguing as before, we deduce that there exists a constant K (depending on T') such
that

W(T) - W(Ty) < K|Ty — 7). (27)

Consider now a point T3 € [to, Tynaz] with ¥(T1) > ¥(T'). Then, we have

U(T) _ W(T1) _ V(Ty) , _ 5 wr) |
OS/ ’l/JT*/ ’l/Jle/ (¢T*¢T1)+/ Yt
0 0 0 W(Ty)

where the inequality is due to the fact that the first integral is equal to 6 while the
second one is less or equal to §. Again by Lemma 4.1-(b), we infer
w(T1) _ w(Ty) , N N N
er (U(Th) — (7)) < / P < / (dJT - 1/)T1) ST, = 700,10 -
T (T) 0
Arguing as before, for some constant K’ (depending on T'), we get
U(Ty) —¥(T) < K'|Ty = T).

By this relation and (27), the proof of the continuity of ¥ in T" is accomplished.

Case 2. V(T) = Thaz. For Ty € [to, Tinaz) with U(T1) = Thas, there is nothing
to prove; hence, without any loss of generality, we assume that U(T1) < Tpa.. We

have
W(Ty) _ Tmaz v(Th) , . Tmaz
R - B () B
0 0 0 v (Ty)

Arguing as before, we accomplish the proof in this case.

Case 3. U(T) = tg. For T} € [to, Tinaz| with ¥(T}) = tg, there is nothing to prove;
hence, without any loss of generality, we assume that U(T1) > to. We have

to _ v(Ty) v(Ty) , . _ to
o< [Cor- [ b= [ (G dm) s [
0 0 0 U(Ty)

By the same arguments as those used before, we accomplish the proof. O
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Corollary 2. Under the hypotheses of either Theorem 4.2 or Theorem /.3, there
ezists a value T which is coherent with the expectation of the participants to the
meeting.

‘We conclude with a uniqueness result for the fixed point under some monotonicity
condition on the cost cr.

Proposition 5. Assume that the cost cr does not depend on the term co, then the
map U defined by (22) admits a unique fized point.

Proof. Existence of a fixed point is proved in either Theorem 4.2 or Theorem 4.3.
Assume by contradiction that there exist T1,T5 € [0, Tinaz] with 73 > T5 such that
T; = U(T;). Let ¢, and (¢, ;) be the costs and the solutions of (9) corresponding
to T;, ¢ = 1,2. Then, (¢,v) := (¢1 — ¢2,¥1 — 12) satisfies (9) with mg/¢(-,0),
ec7(Tmaz) and e°T(") replaced respectively by mg/¢1 (-, 0) —mg/da(-,0), o1 (Tmaz)
T2 (Tmaz) and e () — e72() We have

Oz/OTmam/F[—atqﬁ—aiqﬁ]wdxdt:/OTmm/F[ﬁtwqﬁnLanﬁaszxdt

Trmax

- / [0z, ), ) dr =3 S /0 (—ai;)9, (s, 1) (s, )t

i€l jelnc;

(the term —a;; takes into account the orientation of the edge e;). Similarly

0= /0 e /F [0t — O pder dt — /0 e /F [0st) & + Dy Do) da dt

Trmaw

*Z Z /0 (—aj)051p(vi, t) (v, t)dt.

i€l jelne,;

Subtracting the previous inequality and using the transition conditions at the in-
ternal nodes we get

0 :/r (qf(ofg) B gffg)) (#2(,0) = $2(a, 0))de

- (QCTI (Tmas) ez (Tmam)) /(d)l (I, Tmam) - 1/12(% Tmam))dx
r

Tras
* / (eem1® — 20 (9oay (vo, t) — Dota(vo, t))dt
0

(recall that eg is the unique arc incident to vy parameterized in such a way that v
is the initial point).

The first term in the previous inequality is negative. By the assumption on cr,
the map T' — ¢ is increasing in 7" and e, (Tmaz) = ¢1, (Timaz ). Hence the second
term is null. Moreover, since T; > T and therefore ¢, > ¢, on [0, Thy4z], we have
¢1 > ¢2, hence 1/)1 < ’(/)2 and, by 1/)@(’00,15) =0fori= 1,2, 8()’¢1(’Uo,t) < 80¢2(vo,t).
It follows that also the third term is negative, hence ¢;1(x,0) = ¢o(x,0) for z € T
and therefore a contradiction to ¢, > cr,. O

5. Numerical simulation. In this section we propose a numerical method to
compute the mean field T. The scheme is based on a finite difference approximation
of the system (9) with an iterative procedure to solve the fixed point map (22).
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On each interval [0,1;], j € J, it is defined an uniform partition y, = kh;
with space step h; = 154—7] and k = 0,...,M;. In this way a spatial grid G(I') =
{xjr =mj(yx), € J, k=0,...,M;} is defined on the network I'. A time step
At is also introduced to obtain a uniform grid ¢, = nAt, n = 0,1,..., Npae with
Nimaz = [Tmaz/At], on the time interval [0, Trnaz]-

We will approximate the solution (¢,) of (9) by two sequences {¢"}, and
{¢™},, where, for each n =0,..., Nyaz, 0™, 0" : G(T') = R and i = AT ks tn),

Tk = Y(Tjk,tn). The discrete functions {¢"},, and {¢"}, are computed by the
following forward-backward explicit finite difference scheme:

A
o= o oy (¢>;{;§i1 — 2"t + ¢;{;i1) . = Npas—1,...,0

7/1?;1 :’w_;n’k_'_?( ;L,k—b—l _2¢Zk+w;,k—1)7 nzo,---aNmaI -1 (28)
J
fork=1,...,M; —1land j e J

At each time iteration n, to compute {¢"}, and {™}, it is necessary to fix the
values of these functions at the boundary of the arcs e¢;, 7 € J, i.e. at the transition
vertices v;, @ € Ir. We define an approximation of the Kirchhoff’s condition which
together with the continuity condition across the vertices will give the #(Inc;)
conditions necessary to determine in a unique way the value of the functions ¢"
and Y™ at v;.
We introduce two sets of indices Inc = {j € J |a;; = 1} and Inc; = {j €
J |ai; = —1}. Moreover we denote by ¢™(v;), ¥™(v;) the values of the functions ¢",
Y™ at v; € V. If j € Inc/, then é(m;(yo),tn) ~ "o = ¢"(v;) while if j € Inc;,
then ¢(m;(yns, ), tn) = @75, = ¢"(vi). We define the following finite differences
approximations of the derivatives at v; along an edge e;:
0y0(0i,t) = LD g, o Br D)
J J

o1 — O™ (v Tar 1 — Y™ (vi
8]¢('Uz7tn) ~ %ﬁ()v 6]1/)(’Ul,tn) =~ ¢]7M] lhv w ( )
7 J

Jj € Inc:“,

Jj € Inc; .

We rewrite the transition conditions in (9) as

Y. do(vis) = Y dé(vis) =0, (29)

jEInci+ j€Inc;
Y v s) = Y itp(vi,s) =0 (30)
jGInczr j€lnc;

and we consider the following finite difference approximation

1 1

Do @ =) = Y (@ () = 1) =0, (31)
h h
jelnc:r j€Inc; J
1 1

Z *( = Y (i) — Z f(w”(vi) - 1/’;L,M_,-—ﬂ =0. (32)
h h
jelnc;r J j€lnc; J

Given a discrete function f : G(I') — R, we consider a continuous piecewise linear
reconstruction I[f] : T' — R such that I[f] |z, .z, ., is linear for all j € J and
k=0,...,M; —1and I[f](z;x) = fjr To guarantee the continuity on I' of the
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linear interpolation I[-] applied to the discrete functions ¢™ and "™, we need to
impose the following continuity conditions:

To=0"(vi), Vi =v"(vi) ifi€lIr,je Inc, (33)

b5, = o" (vi), Vin, = "™ (v;) itielr, jeiInc . (34)

At each time step t,, the #(Inc;) — 1 conditions given by (33)-(34) coupled with
(31)-(32) give #(Inc;) relations which uniquely determine ¢™(v;) and ¥™(v;).

Summarizing, we approximate (9) by computing the couple of discrete functions
{(¢™, ¥™)}n which solve the finite difference scheme (28) together with

iz the conditions (31)-(34) at the vertices v; € I'r;
i1z the boundary condition

¢R(U0) = eCT(t”)a 1/1”(1)0) =0 n= 07 s 7Nmaz;

444 the initial and terminal conditions:

mo(x;
¢§Vl?az = o7 (Tmaz) qp;?k = 70(07*’“), k=0,....M; —1,j€J.
) ) (bj,k
Defined a function {¢"},, by means of the previous scheme, we consider the following
approximation of the cumulative distribution (23)

- At
F(tn) = hio Ze T(kAt)¢(l)€,17 (35)
k=0

wher e denotes the edge incident vy with m(0) = vy (here, the boundary condition
U§ o = ¥¥(vo) = 0 is taken into account).

To approximate the fixed point of the map ¥ defined in (22) we apply the fol-
lowing Algorithm 1. Given an initial guess 77 and denoted by 75 an initial value to
enter the loop and by 7 as threshold for the stopping criteria, we consider

Algorithm 1: Fixed Point Iterations
Data: initial guess T3, T5, threshold value 7
Result: approximated mean field Ts
while |7} — T5| > 7 do
set 11 < T5;
solve (28) with T'= T3 and conditions i), i), ii1);
compute

Tn- = min{nAt,n =0,..., Nyao|F(tn) > 0}
if Ty« < ty then
‘ set Th < to;

else
| set Ty < Ty~

5.1. Example 1: A simple graph. We consider a simple graph with four vertexes
and four edges, as shown in Fig.1.
The initial mass distribution is given by

9()

mo(@) = Jr9(y)dy’
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¢
21 o8 06 04 02 0§ 02 04 06 08 1

FiGUuRE 1. Left: Graph configuration. Right: mean field approx-
imated time T5 vs. fixed point iterations, computed by Algorithm
1

where g(x) is the restriction to I' C R? of the function |z|. The scheduled time is
to = 0.5, the maximal waiting time is T;,4, = 10, the cost function is

cr(s) = 0.1 max(s — to,0) + 0.1 max(T — s,0)

and the percentage value of the arrival players is §# = 0.5. Let us note that a
piecewise linear cost does not satisfy the assumptions of Theorem 3.2; in spite of
this fact, we chose such a cost because it is more natural and it coincides with the
one illustrated in the introduction of the paper [14] by Guéant, Lasry and Lions.
Moreover, the algorithm performs well nonetheless.

For each arc j € J, we consider the same space step h; = h and we run a series
of numerical tests varying the space step according to the first column of Table 5.1.
The time step has to verify the stability condition At < h? and then we choose
At = h?/4. For each test we compute the following error

; (36)

En(T) = 1—9—221&5«2 jvzhj :’1—9—/Fm(x,T)dx
i i

where N is such that T = NAt in Algorithm 1. Since 6 represents the percentage
of player exited from the boundary vertex vy, then 1—6 represents the percentage of
the residual population and the term on the right side of (36) should be zero. This
error is shown in the second column of Table 5.1. In the third and fourth columns
we show the computed mean time 75, and the number of iterations needed by the
Algorithm 1 to converge when 7 = 10~ and 7} = 10. Table 5.1 shows small values
for E},(T) and, even if we do not observe a monotone behavior, the smallest value
is attained with the finer space grid.

The graph on the right of Figure 1 shows the convergence of the approximated
mean field time 75, computed by Algorithm 1 with space step h = 2.50 - 1072, On
the horizontal axis are the iterations of the fixed point, while on vertical axis the
corresponding approximated mean field time T5. In Fig.2, we show the initial mass
distribution (left), equilibrium mass distribution (center) and the corresponding
value function (right).

5.2. Example 2: A more general graph. We consider a more general graph
with 17 vertexes and 22 edges, see Fig.3. The initial mass distribution is given by
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h | En(Tp) | T, [iterations
1.00-10"1[8.27-107% [ 5.687 6
5.00-10"2 ] 1.34-10% | 5.639 7
2.50-107219.04-107% | 5.617 8
1.25-1072 1 5.02-10~% | 5.622 6

TABLE 1. Space steps (first column), Ej (T%) defined in (36) (sec-
ond column), approximated mean field T5 (third column), number
of fixed point iterations (last column)
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FIGURE 2.  Test 1: Initial mass distribution (left), distribution
at the equilibrium time (center), value function (right)
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FIGURE 3. Left: Graph configuration. Right: approximated
mean field time T3 vs. fixed point iterations, computed by Algo-
rithm 1

9(x)
Jrow)dy’
for every z € T, with p; = (1,3/2) and p; = (—3/2,3). It describes the distribution
of two populations, one concentrated around the point p;, the other one around ps.

The scheduled time is ty = 0.5, the maximum waiting time is 1), = 25, the
cost function

1 1
mo () = g(a) = max(; — |z = p1*,0) + max(; — | — pal*,0)

cr(s) = 0.1max(s — tg,0) + 0.1 max(T — s,0)
and the expected percentage of arrival players is § = 0.7. The Algorithm 1 is run
with & = 0.05, At = & and 7 = 0.05. We get T = 23.99 with error Ey(T) =
2.35 - 1072. The graph on the right of Figure 3 shows the convergence of the
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approximated mean field time 75 computed by Algorithm 1: on the horizontal axis
is the number of iterations of the fixed point algorithm, whereas on the vertical axis
the corresponding mean field time.

Figure 4 shows the mass evolution at different times. It can be observed that
at the initial time the diffusion spreads the population in all the directions on the
graph, later the cost (2) favors the population closer to vy to reach the exit before
of the population farther away.

il
iﬁﬁ%

l
i H

‘H i

u‘ i
i |
f

FIGURE 4. Test 2: Mass distribution at time: ¢t =
0,0.025,1.25,5,10,7 = 24

Appendix.

Proof of Prop. 3. For the sake of simplicity, K will denote a constant independent

of o and w and it may change from line to line. Invoking [18, Theorem 5.4] (see

also: [10, Theorem 3.2], [13, Theorem 3.6] or [19, Theorem 5.8]) we obtain that

there exists a unique classical solution p to problem (16) which fulfills the estimate

|iloe < Kpo/w(-; 0)oo- (37)

For & := 7o ([lo/4, 3l0/4]), we claim that u belongs to C'?+e14+2/2) (& x [0, Tpnaz])

with

| Ehe ) < Ko fu(-, 0)[34). (38)

In order to prove this estimate, we introduce two families of functions {fio., }» and
{11, }n such that

ﬂO,nvﬂl,n S Cl([O»Tmaz])» |ﬂ0,n|oo + |ﬂ1,n - H('Ul, )|:)o —0 asn— 4oo,
fion(0) =0,  fif,(0)=D? (55(0))) (vo),
fna(0) = 2o i, (0) = D (5)) (),
By standard regularity theory for parabolic equations on domains in Euclidean
spaces, the problem

atﬂn - 82/% =0 (.73, S) € (07l0) X (O7Tmax)
,u'n(o7 S) = ,ELO,TL(S)7 ,un(ZOa 8) = ﬁl,n(s) ERS [07 Tmaz]
in(2,0) = Lol z € (0,1)
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has a unique classical solution p,, which belongs to C+®1+2/2)((0,14) x (0, Trnaz))
for some « depending only on the features of the equation. By [16, Theorem
1V.10.1], we deduce the following estimate in the domain (Iy/4,3lp/4) X (0, Trmaz)

24a,1+a/2 o
|M"|Elo/4 310/4/)>2(0 Tmaz) > (|M0/w('a 0)‘&3* ) + |Nn|oc) .

By Ascoli theorem, as n — 400, (possibly, passing to a subsequence), the function
by, converges uniformly to some function v and the same happens for Oy, Oy pin
and 0%y, with the corresponding derivatives of v. By the stability result we get
v = p. Moreover, passing to the limit in the last estimate, we obtain

2+4a,1+a/2 o
C |Elo/4 5l0/4/)x)(0 Taa) = (Iuo/w(~,0)\g+ '+ |“|°°)

and, taking into account estimate (37) and the definition of the sub-edge é, we
accomplish the proof of claim (38).

We observe that the function Peo.1 /2% (0,Tmas) 18 the unique classical solution to
problem

atﬂ - 85/1 =0 (:Ea 8) S €0,1/2 X (07 Tmaz)
ﬂ(UO»S) =0, ﬂ(vi/y 5) = N(vi/gas) RS [07Tmam]
fi(x,0) = % T € €0,1/2

which is a standard initial-boundary value problem on an Euclidean domaln. Invok-
ing [16, Theorem IV.9.1], we infer that, for every ¢ > 1, u belongs to W

with

q,€0,1/2%[0,Trmaz]

2,1
|M|q,eo 1/2%[0, Tm“] = (|u0/w( 0) e() 12 + |u(v1/2, : ‘(0 T,,““))
Owing to (38), estimate (17) is achieved. O

Proof of Prop. 4. We shall improve some arguments of the proof of Proposition 3
taking advantage of the stronger compatibility condition given by (18). Here, the
constant K is independent of py and w and it may change from line to line.

We consider the family of functions {1,y }» introduced in the proof of Proposition
3. By standard regularity theory for parabolic equations on domains in Euclidean
spaces, the problem

atﬂn - 8%#n =0 (I, 5) S (0710) X (Ovaam)
:un(oa 5) = 07 un<l07 5) = ﬂl,n(s) ERS [07 Tmax]
n(,0) = Lot € (0,p)

has a unique classical solution y,, which belongs to C?+®1+2/2)((0,14) x (0, Tnaz))
for some « depending only on the features of the equation. By [16, Theorem
IV.10.1], we deduce the following estimate in the domain (0,1y/2) X (0, Tynaz)

24a,1+a/2 2+«
|'Um‘EO,ZU/Q]X[O/,T)M(W] S K (|M0/’LU( |(0 lD ) —+ |[J/n‘oo) . (39)

By Ascoli theorem, as n — 400, (possibly, passing to a subsequence), the function
by, converges to some function v uniformly and the same happens for O, O tin
and 0241, with the corresponding derivatives of v. By the stability result we get
v = p. Moreover, passing to the limit in the estimate (39), we obtain

24a,14+a/2 24«
G o < K (lno/w(, 0)IG 1 + ke ) -
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Finally, taking into account estimate (37), we accomplish the proof.
The second part of the statement is a consequence of [2]; actually, in this case,
the compatibility conditions are ensured by (20). Invoking [2], we obtain

24-a,1+a/2 24«
ul o P < Koluofw(-, 0)[F

where K is the same constant as in Proposition 2. O

Remark 2. As one can easily check, in the proof of previous Proposition 4, hy-
pothesis (18) is needed only for guaranteeing the compatibility condition in vy. As
a matter of fact, it can be replaced by: 92(uo(+)/w(-,0))(vg) = 0.
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