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CONTINUOUS DEPENDENCE ESTIMATES FOR THE ERGODIC PROBLEM
OF BELLMAN-ISAACS OPERATORS VIA THE PARABOLIC
CAUCHY PROBLEM *

CLAUDIO MARCHI!

Abstract. This paper concerns continuous dependence estimates for Hamilton-Jacobi-Bellman-Isaacs
operators. We establish such an estimate for the parabolic Cauchy problem in the whole space [0, +00) X
R™ and, under some periodicity and either ellipticity or controllability assumptions, we deduce a similar
estimate for the ergodic constant associated to the operator. An interesting byproduct of the latter result
will be the local uniform convergence for some classes of singular perturbation problems.
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1. INTRODUCTION

This paper is devoted to continuous dependence estimates for two problems for Hamilton-Jacobi-Bellman-
Isaacs (briefly, HIBI) operators: the parabolic Cauchy problem for any time and, mainly, the associated ergodic
constant. For the former issue, we consider the Cauchy problem

Oy + H(x, Du, D*u) = 0 in (0, +00) x R™ (1.1)
u(0,2) =0 on R™ ‘

for the HJBI operator

H(z,p, X) = minmax {—tr (a(z, o, ) X) + f(z, 0, ) - p+ €z, 0, B) } (1.2)
BeEB aeA
where 0; = 0/0t, Du and D?u stand respectively for the gradient and for the Hessian matrix of the real-valued
function v = u(t, z).
For instance, problems of this kind naturally arise in zero-sum two-persons stochastic differential games:
consider the control system for s > 0

dzy = f(zs, as, Bs)ds + V20 (24, as, Bs)dW, To=1T (1.3)
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where (§2,F,P) is a probability space endowed with a right continuous filtration (Fi)o<t<too and a p-
dimensional Brownian motion W;. The control law « (respectively, ) belongs to the set A (resp., B) of
progressively measurable processes which take value in the compact set A (resp., B). The controls « and 3
are chosen respectively by the first and the second player whose purposes are opposite: the former wants to
minimize the cost functional

t
P(t,x,a,ﬁ) = Ex/ g(l'wa&ﬁs)ds (14)
0

(here, E, denotes the expectation) while the latter wants to maximize it. It is well known (see [22]) that the
lower value function
ult,x) = inf sup P(t,7, 0[], 6)
O‘EF,HGB

is a viscosity solution to problem (1.1)~(1.2) with a = oo where I stands for the set of admissible strategies
of the first player (namely, nonanticipating maps « : B — A; see [22]).

For the latter issue (namely, the ergodic problem for H), we seek a pair (v,U), with v € C(R™) and U € R
(called the ergodic constant) which, in viscosity sense, satisfies

H(x,Dv,D*v)=U  inR". (1.5)

Let us recall ([2,3]) that, in terms of stochastic differential games, the constant U is characterized by the
following limits (uniform in x)

t +oo
T . 3 1 T . 3 —ds
U= tl1+moo ég%;légt E, /Of(xs,a[ﬁ]s,ﬁs) ds = 51—1>%1+ Ol{g?;lég]]ix& ; Uxs, aff]s, Bs)e™ % ds.
In other words, by standard theory (see [22]), U fulfills
U= tilgrnoou(t, x)/t = 51ir(r)1+ dws(x) uniformly in x

where u and ws are respectively the solution to problem (1.1) and to equation
ows + H (J;, Duws, D2w5) =0 in R™.

The continuous dependence estimates for fully nonlinear equations have been widely studied in literature,
starting from the paper by Souganidis [34] for first-order equations. In fact, such estimates play a crucial role
in many contexts as error estimates for approximation schemes (see [7,19] and references therein), regularity
results (for instance, see [8,13,27]) and rate of convergence for vanishing viscosity methods (see [15,23,27,28] and
references therein). In particular, let us recall that Cockburn et al. [15] tackled up the continuous dependence
estimate for quasi-linear second-order equations with Neumann boundary conditions, while Grinpenberg [23]
addressed the case of the Dirichlet boundary data for the same equations. Afterwards, Jakobsen and Karlsen [27]
extended their results to more general classes of equations (see also [28] for elliptic problems; we refer the reader
to the papers [12,29] for integro-differential HIB equations). Furthermore, Jakobsen and Georgelin [26] extended
the previous results to problems with more general boundary conditions and domains.

On the other hand, the ergodic problem has been widely studied in connection with homogenization or
singular perturbation problems (see [1,2,6,11,14,21,30,32] and references therein), with long-time behavior of
solutions to parabolic equations (for instance, see [3,5,9]) and with dynamical systems in a torus (see [4,16,33]).
It is well known (see [2,3]) that, under some periodicity and either ellipticity or controllability assumptions,
there exists exactly one value U € R such that equation (1.5) admits at least one bounded solution. For the
elliptic case, Evans [21] obtained a continuous dependence estimate for the ergodic constant for operators which
are Lipschitz continuous in the variable 2 uniformly with respect to (p, X). Afterwards, Alvarez and Bardi [2],
Theorem 4.5, extended his result to operators which are elliptic, convex in X and with a Holder continuous
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running cost £ (see also [2], Cor. 4.3 and Thm. 2.10, for other generalizations in different directions). For the
controllable case, Alvarez and Bardi [2], Corollary 6.9, established a continuous dependence estimate for the
ergodic constant provided that the dispersion matrix o is left unchanged. Let us observe that, in all these papers,
the regularity of the ergodic constant is ensured by a straightforward application of the comparison principle.

This paper is devoted to two purposes. The former is to establish a continuous dependence estimate for
problem (1.1)—(1.2) (namely, an estimate of ||u — v||~, where u and v are solutions to two equations (1.1)
with different coefficients) with the following three features: the dependence on the L>°-distance between the
coefficients is explicit, the constants can be explicitly characterized and, above all, the estimate holds in the
whole space [0, 4+00) x R™ and grows at most linearly in ¢t. As far as we known, these features (especially the
last one) have never been tackled up in literature.

The latter purpose (which we consider the main one) is to establish a continuous dependence estimate for the
ergodic constant associated to HIBI operators as in (1.2) only under periodicity and ellipticity /controllability
assumptions. An interesting byproduct will be the local uniform convergence for some classes of singular per-
turbation problems (see Sect. 3.1 for the precise definition). The most important contributions on this matter
are: our approach is completely different from the ones in literature and we deal with HJBI operators in full
generality (both for the dependence of the ergodic constant and for the convergence of singular perturbation
problems).

This paper is organized as follows: in the rest of this section, we provide some notations and list the standing
assumptions. Section 2 contains the continuous dependence estimate for the parabolic Cauchy problem (1.1)
and its application to some degenerate problems as well. Section 3 concerns the continuous dependence estimate
for the ergodic constant in (1.5); Section 3.1 is devoted to illustrate how to derive the local uniform convergence
for singular perturbation problems.

1.1. Notations and standing assumptions

Notations: We define M™? and S™ respectively as the set of n x p real matrices and the set of n x n
symmetric matrices. The latter is endowed with the Euclidean norm and with the usual order, namely: for
X = (Xij)ijmt,m €S | X = (07, XH)Y? = tr(XXT)/2 and, for X,Y € S", we shall write X > Y, if
X —Y is a semi-definite positive matrix. We denote by I, the identity matrix in S™; we shall simply use I when
there is no ambiguity.

For every positive ¢, we set Q; := [0,1) x R"” and Q := [0, +00) x R™.

For every real-valued function h, we set ||h|s = esssup |h(y)|; for v € (0,1], we use the y-Hélder norm:
|h|y = sup, ., % Moreover, J>+h(¢) and J?>~h(£) stand respectively for the second-order superjet
and subjet of h at the point £ (see [17], Sect. 2, for the precise definition and main properties). For each
function h defined on Q;, P*Th(r,£) and P2~ h(r, &) denote respectively the parabolic super- and subjects at
the point (7,&) (see [17], Sect. 8). A real function w is said a modulus of continuity whenever it is a nonnegative

continuous non-decreasing function on [0, +00) with w(0) = 0.
Standing assumptions: for the operator H in (1.2), the following assumptions will hold throughout this paper

(A1) A and B are two compact metric spaces.

(A2) a = oo”. The functions o, f and ¢ are bounded continuous functions in R™ x A x B with value respectively
in M™?, R", and R; namely, for some C' > 0, there holds: ||o||co, ||f]loos [[¢]lec < C.

(A3) The drift vectors f and the dispersion matrix o are Lipschitz continuous in z uniformly in («, ), namely:
for some positive constant Cy, every ¢ = o, f satisfies

|¢(-Taaaﬁ) - (b(yvo[vﬁ” S C¢|l‘ - y| V%y € an V(Oé,ﬂ) € A x B.

The running cost ¢ is uniformly continuous in z uniformly in (a, 3), namely: there exists a modulus of
continuity w such that

(2,0, B) = Ly, o, B)| Sw(lz —yl)  Va,y eR", ¥(a,0) € Ax B.
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2. ESTIMATE FOR THE PARABOLIC CAUCHY PROBLEM

For ¢ = 1,2, consider the parabolic Cauchy problems

@ui + rﬁréigg}gic {—tr (ai(z, o, B)D*u’) + fi(z,a,8) - Du' + Li(z, 0, 3)} =0 in Quo (Pi)
u'(0,2) =0 on R™,

where the coefficients fulfill our standing assumptions (A1)-(A3). The main purpose of this section is to provide
an estimate of ||ul(t, ) —u?(t, )|« for every t € [0, +00). Such an estimate could be obtained as a straightforward
application of the comparison principle provided that some bound on the C?-norm of the solution is available.
Unfortunately, this is not the case for operators (1.2). In fact, our approach is based on the comparison principle
techniques for viscosity solutions (see [17]): doubling the variables and adding a penalization term. Let us observe
that this approach does not require the non-degeneracy of the operator H; actually, in Section 2.1, we shall also
apply our result to some degenerate problems.

Remark 2.1. By standard viscosity theory (for instance, see [17]), assumptions (A1)—(A3) guarantee that the
comparison principle applies to problem (Pi); whence, by the Perron method, one can easily deduce that (Pi)
admits exactly one solution u’ € C(Qx) with

lu'(t, z)| < tC, V(t,z) € Qo (2.1)
where C' is the constant introduced in assumption (A2).

Theorem 2.2. Let u® be the unique solution to problem (Pi) which satisfies the bound (2.1) (i = 1,2). Further-
more, let us assume that, for some v € (0,1], ui(t,-) is y-Hélder continuous uniformly in t, namely: for some
Cy > 0, there holds

i (t, )]y < Ch, vt € [0,4+00), i = 1,2. (2.2)

Then, there exist a positive constant M such that, for every (z,t) € Qo, there holds
lu'(t, ) — u?(t, x)| < tM [max lor — o2l + max |fi — f2|” + max [¢; — fo]
z,a,0 z,0,f3 z,0,f3
+w <max llo1 — 02| + max |f1 — f2>:| .
z,o,3 z,a,03

Proof of Theorem 2.2. We shall argue using some techniques introduced in [15,27]. Fix ¢t > 0 and set E; :=
[0,t) x R™ x R™. For every n € (0,+00) and € € (0,1), we introduce

i € €
seimsup {ub(r) = w2r0) = (B =l 4 50 + 1) + = ) |- (2.3
By =T
Our first purpose is to establish an upper bound for s;. To this end, without any loss of generality, we can

assume s; > 0. For § € (0, 1), define

08T

'(/J(T"T’ y) = ul(Tv l‘) - u2(7—’ y) - P

n 2., &2 2 €
() - ° ). 2.4
(Bl + 502 + ) + = ) (24)
Let us observe that definition (2.3) entails

n € €
supts 2 sup {uk(r.) = w2(r9) = (Bl =l 4 S0 + 1) + 5 ) |
E, Ey -7

> (1—49)s; > 0. (2.5)
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Since the functions u! and u? are bounded in @; and since the function v tends to —oo both as 7 — ¢~ and
as |z| + |y| — +oo, we deduce that there exists a point (79, zo,yo) € Er where the function ¢ attains its global
maximum, namely
Y (70, 70, Y0) = sgpw >0 (2.6)
t

where the inequality is due to relation (2.5).
Let us now claim that, for C':= (2Cg)"/ =7, there holds

lzo — yo| < 67771/(277), € (\J;o\z + \y0|2) < 4Ct (2.7)

where Cpy, v and C' are the constants introduced respectively in assumption (2.2) and (A2); in particular, let us
emphasize that C'is independent of ¢. Actually, in order to prove the former estimate, we observe that inequality
¥(70, w0, 0) + ¥(70, Y0, Yo) < 2¢(70, Z0, Yo) and assumption (2.2) give

nlxo — yol|* < [ut (10, z0) — ul (70, ¥0)] + [ (70, T0) — u?(70,Y0)]
< 2CH|xo — Yol

Let us now prove the latter estimate in (2.7): by estimates (2.1) and (2.6), we infer
e (|20l + |yol?) < 2u' (70, 70) — 20 (70, 90) < 4Ct.

Hence, the proof of estimates (2.7) is accomplished.
We introduce the test function
08T

n €
(1, 2,y) = — + §|33— yl* + 5(\1‘\2 +y?) + —

= (2.8)

and we invoke [17], Theorem 8.3: for every v > 0, there exist values a,b € R and matrices X, Y € S" such that

(avDI¢(TOax07y0)aX) S P2’+’LL1(TO,ZL'0), (b, Dy¢(7—03x07y0)?y) € 'P2,7u2(7_0’y0), (29)
) €
a—"b=0:¢(10,20,y0) = % (=L (2.10)
X 0
< 0 _Y> <O +v6?, (2.11)

where @ := 17 (—II _II) +e (é (;) From the last inequality, one can deduce that, for every (a, 8) € A x B,
there holds
tr (al(l'o, «, ﬁ)X) —tr (a’2(y07 Q, ﬂ)Y) <n ||0-1($07 Q, ﬂ) - 0-2(:'-/0’ «, ﬁ)”2 + 2eC? +uvtr (2@2) (212)

with
o <al(xo, a, B)o1(xo, @, B) o2 (o, @, B)or (xo, a,mT)

o1(zo, o, B)o2(yo, a, )T o2(yo, o, B)oa(yo, o, B)T

In order to prove this inequality, we shall use the arguments by Ishii [24]. Multiplying relation (2.11) by matrix X
(which is symmetric and nonnegative definite) and evaluating the trace, we obtain

tr (0'1 (l’o, a, ﬁ)al (l’o, a, ﬁ)TX — 02 (yOa Q, ﬁ)UQ (yOa Q, ﬁ)TY)
S 77tl" |:(0-1(an aaﬁ) - 02(907047ﬁ)) (Ul(an aaﬁ) - 02(907047ﬁ))T]
+etr (o1(z0, a, B)o1 (0, o, B)T) + e tr (a2(yo, v, B)oa(yo, ., B)T) + vir (26%) ;
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therefore, by assumption (A2), relation (2.12) easily follows.

Since u! is a subsolution to problem (Pi) with i = 1, the former relation in (2.9) yields

0 > a + min max {— tr (a1 (zo, a, 6)X) + f1(wo, a, B) - Dod(70, z0, y0) + l1(x0, v, 3)}

BeEB acA
2o+ Iﬂrgggleaf{_ tr (a2(yo, @, B)Y) + fi(zo, a, B) - (n(xo — yo) + exo) + £1(wo, v, B)}
— nmax oy (20, @, ) — 02(yo, @, B)|* — 2eC% — v maxtr (267) + 00, __ &
a,B a,B t (t—70)2

where the last inequality is due to the definition of ¢ (2.8) and to relations (2.10) and (2.12). Since u? is a
supersolution to equation (Pi) with ¢ = 2, by assumption (A2), last inequality entails the following upper bound

for s;:
bse, f < nmax |01 (z0, &, B) — 02(yo, o, B)||* + 2:C* + vmax tr (£6?)
t (t—To)z N a,B
+€C(|$O| + |y0‘) + 77|$0 - yo‘ Ho}aﬁx ‘fl(anaaﬁ) - f2(y0aaaﬁ)‘

+ rgaﬁx |01 (0, ar, B) — La(yo, o, B)] -

Owing to the definition of s; in (2.3), we have
1 2 S 2 B2 2) _& v B
w(rw) ~ w2 (ry) — M=y = = (bl 4 o) S st = V(nay) € B
Taking into account the last two inequalities, for every (7, ) € @y, we infer
t
ul(r,2) = w(r,2) < 5 [nmax o1 (o, @, B) = o2(y0, @, B)|* +26C% + v maxtr (567)
a, o,

+ 77\330 - yO‘ %%XLfl(xOvavﬁ) - f2(2907047ﬁ)| +€C(|l‘0| + |y0‘)

E
+ max |61 (20, @, B) —fz(yo,a,ﬁ)} L. )
a3 t—T

By the regularity of the coefficients (see assumption (A3)) and estimate (2.7), for C' := 20362 +2+ Oﬁz +C,

we get

[277 (Cilwo —yol* + max o1 — 02|2) +nCflzo — yol* + nlwo — yo max |f1— fol

STl

u(r,x) —u?(r,z) <
1 Ct )
+ w(lzo — ol) +g13>5\51 = bof| +e | s+ —(lzo| + [yo] +2C) + 2|
+ vts! m%xtr (2@2)

t -
<le {nv/@v) + nmas [lo1 — ool + 70/ C= ma | £, — fg]
4 z,,0 z,0,f3

)

Z,0,

¢ _ 1 Ct
5 |maxles = ol + (@) e |t S ool + ool +20) + o

+ vt max tr (282) .
.
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960
Letting v — 0T and afterwards € — 0T, by estimate (2.7), we infer
t -
w(r0) = u?(r.a) < 50 [/ 4 yma oy = oal 4100 ma | — ]

_|__

(ts {mwﬁ( |61 — Lo| + w(an_l/@_”))] .

by the continuity of the functions u' and u?, for every x € R", we

Letting 6 — 17 and afterwards 7 — ¢t—,

deduce
—v/(2=7) + npmax ||og — 02|| +77(1 Ve ma}é‘fl fz]
T,

ut(t,x) —u’(t,z) < CN'{
z,0,f3 )
+t {ma)é |61 — La| + w(an_l/@_”))] . (2.13)

We shall consider separately four cases; C will be a constant depending only on C and ~. (i) For v = 1 and

o1 = 09, as 1] — +o0, relation (2.13) becomes

ul(t, x) — u(t,x) < tC max |fi — fol +t max [, — lo;
z,o,3 z,a,3

(#) for v =1 and o1 # o2, we choose n = 6ma>é o1 — o2 " and we get
T,

Yt o) —u(t,x) < tCC {max llor — o2 + max | f1 — fg]
z,o,f z,0,3
+t [max |61 — 42| + w(max ||og — 02|)] :
o3 z,a,3

fa, as n — 400, relation (2.13) becomes

(iii) for v € (0,1), o1 = 01 and f1 =
Yt o) —u(t,x) < tma>é|Z1 — la;
T,

— f2|} > 0, we choose n = (671771)7 2 and we obtain

(iv) for v € (0,1) and m := max{max ||o1 — 03|, max | f1
z,0,f3 z,0,3
Yt o) —u(t,x) < tCCm™ +t {ma)é |01 — 45 —I—w(m)] .
T,
Owing to the arbitrariness of the value ¢, one side of the inequality in our statement is completely proved. Being
O

similar, the proof of the other one is omitted.
Remark 2.3. Actually, by the calculations of the proof above, for v = 1, we established

|u1(t,x) — u2(t,x)| <tM |max ||o; — o3| + max |f1 — f2|:| +t {max |61 — o] + w (max oy — 02|)]
B z,0,3 z,0,3 z,0,f3

for every (t,z) € Qoo-
Remark 2.4. In Theorem 2.2, the absence of zero-order term in (Pi) is crucial. Actually, if u* solves
Ou’ + minmaj‘( {— tr (aiD2ui) + fi - Du' + hju' + Ei} =0 inQs, u'(0,2)=0 onR"
€
for some bounded function h; = h;(z,a, 3), then the right-hand side in the statement of Theorem 2.2 may
increase exponentially in ¢. Let us also observe that in this case, in general, estimate (2.1) fails and it should be

replaced by: |u’(t, )| < Ce" for some constant ¢ depending on sup, , 5 |[hi(z, a, 3)|
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2.1. Example: degenerate parabolic problems

This Section is devoted to illustrate an application of Theorem 2.2 to some classes of parabolic Cauchy
problems for degenerate HJBI operators.

Corollary 2.5. Besides our standing conditions, assume that, for some positive constants v and C1, there holds

glelgglgj‘({_tr (ai(as,a,ﬂ)X) + fi(x7a7ﬂ) p+£z(l‘7a7ﬂ)} Z V|p‘ - Ol (214)

for every (z,p, X) € R" x R" x §" (i =1,2). Then, there exists M > 0 such that, for every (t,z) € Q, there
holds

|u1(t,x) — u2(t,x)| < tM |max ||oq — 02| + max | f1 — fg] +t {max |61 — lo| + w (max o — 02||>] ,
z,0,3 z,0,3 z,0,f3 z,0,3

where u' and u? are respectively the solution to (Pi) withi =1 and i = 2.
Remark 2.6. Relation (2.14) is fulfilled provided that there exists A, C A such that
oi(z,a,) =0  Vae A, B(0,v) C conv{ fi(z, o, B) | a € AL}

for every x € R™, § € B (here, B(0,v) stands for the ball centered in 0 with radius v while convF is the convex
hull of ' C R™).

Proof of Corollary 2.5. A straightforward application of Theorem 2.2 and Remark 2.3 yields the statement
provided that the functions u! and u? satisfy condition (2.2) with v = 1. Let us prove this property by using
some arguments of [3], Theorem II.1. Assume that there holds

lu'(t,x) —u'(t +h,2)| < Ch,  VY(t,2) € Quo, h > 0,7 =1,2. (2.15)
In this case, relations (2.14) and (2.15) guarantee in viscosity sense
C > H(x, Du'(-,t), D*u'(-,t)) > v|Du'(-,t)| — C, in R™

for all ¢ € [0, +00), i = 1,2. In particular, we have: | Du?| < 2Cv~1, which amounts to (2.2) with v = 1.

In conclusion, let us prove inequality (2.15). By estimate (2.1), we infer that the functions u'(t + h,z) & Ch
are respectively a super and a subsolution to (Pi). Applying the comparison principle, we accomplish the proof
of estimate (2.15). O

3. ESTIMATE FOR THE ERGODIC PROBLEM

This section is devoted to provide a continuous dependence estimate for the ergodic constant associated to
the HJBI operator (1.2) (which we consider the main result of this paper). Let us recall that, in the ergodic
problem, we seek a constant U such that the equation

H(z,Dv,D*v)=U  inR" (3.1)
admits at least one solution v. To this purpose, it is expedient to introduce the approrimated equation
ows + H (x, Duws, D2w5) =0 in R" (6 >0). (3.2)

Besides our standing assumptions, throughout this section, the operator H also fulfills

(A4) Periodicity: the functions o, f and ¢ are Z"-periodic in z.
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We also introduce the following alternative conditions:

(A5) Ellipticity: there exists a positive constant v such that:
a(z,a,8) > v, V(z,a,8) € R" x A x B.
(A6) Controllability: for some positive constants v and C, there holds
H(xz,p,X)>vlp| —Cy V(z,p, X) € R" x R" x S™.
For later use, in the following Proposition, we shall collect several known properties of the ergodic problem.

Proposition 3.1. Under assumptions (Al)-(A4) and either (A5) or (A6), the following properties hold:

(i) there exists exactly one constant U such that equation (3.1) admits a bounded continuous (and periodic)
solution v. Moreover, v is unique up to an additive constant provided that (A5) holds;

(ii) let uw be the solution to the Cauchy problem (1.1); then, as t — oo, u(t,x)/t converges to the ergodic
constant U of equation (3.1) uniformly in x;

(#ii) the approzimated equation (3.2) admits exactly one bounded continuous solution ws: §||ws||co < Maxy, o3 |¢].
Moreover, as 6 — 01, dws and (ws—ws(0)) converge respectively to the ergodic constant U and to a solution v
of (3.1) with v(0) = 0;

(iv) there exist a positive constant K , depending only on the parameters of our assumptions (that is, independent
of ) such that

|Dws| < K for a.e. x € R™.

Proof of Proposition 3.1. Under assumption (A6), the detailed proofs are given in [2], Proposition 6.4, (see
also [3], Theorem II.1, for operators of Bellman type). Under assumption (A5), the proof of points (i), (i7)
and (i4i) can be found in [2], Theorem 4.1, (see also [3], Thm. II.2, for Bellman operators); moreover, the proof
of point (iv) can be easily obtained adapting to HIBI equations the arguments introduced in [3], Theorem II.2,
(see also [2], Thm. 4.1, for a similar result). O

Remark 3.2. In fact, by the arguments above, one can prove that there exist x € (0,1] and K > 0 (both
depending only on the parameters of our assumptions) such that

s = ws(O)cne < & (14 max )

(see [2], proof of Theorem 4.1, for the special form of the right-hand side) provided that assumption (A5) holds
and that there holds

|Dws| < vt (Cl + max €>
provided that assumption (A6) holds.
Assume conditions (A1)—(A4) and either (A5) or (A46); for ¢ = 1,2, consider the ergodic problems

lgneigmélf {_ tr (ai(aj, a,ﬁ)Dzvi) + filz, a, B) - Dv* + 4;(x, a,ﬂ)} =U" inR". (Ei)

Theorem 3.3. Let U* be the unique ergodic constant for problem (Ei) (i = 1,2). Then, there holds
|U1 — U2| <M (max llor — o2 + max | f1 — fz) + w(max |loy — o2]|) + max [ — {5
z,a,3 z,a, z,a, z,a,

with M = 2K (202 + 2+ Cy), where K is the constant introduced in Proposition 3.1-(iv) while Cy and Cy are
the Lipschitz constants of o and f respectively (see assumption (A3)).
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Remark 3.4. This result is a twofold extension of [2], Theorem 4.5; here, the matrix o depends on the control
of both players (hence, the operator H may be not convex in X) and the running cost ¢ is uniformly continuous
(instead of being Holder continuous). In particular, let us stress that, taking advantage of the convexity of H
and of the regularity of £, in [2] an estimate of the C?-norm is provided both for the solution of the ergodic
problem and for the solution of the approximated equation while, under our assumptions, in general, these
functions only belong to C*.

This result also extends [2], Corollary 6.9, to the case of different dispersion matrices (i.e., o1 # 02).

Proof of Theorem 3.3. The statement is an immediate consequence of Corollary 2.5 and Proposition 3.1-(i7)
provided that assumption (A6) is fulfilled.

Consider now that condition (A45) holds. Let u be the solution to problem (Pi) (i = 1,2). By Proposition 3.1-
(ii), the statement follows from Theorem 2.2 and Remark 2.3 provided that the solutions u! and u? fulfill
condition (2.2) with v = 1. In order to prove this fact, we denote by v’ the unique bounded solution to
equation (Ei) with v*(0) = 0 and we introduce the function w'(t,z) := u'(t,z) + U't, which is the unique
solution to the Cauchy problem

O’ + minmex {—tr (D) + fi- Duf + 4} =U' i Qu (3.3)
w'(0,2) =0 on R”.
Let us prove that w' is bounded in Q+ arguing as in [3], Theorem IL.1. For k := [[v'||o, the functions v'(x) —

Uit + k are respectively a super- and a subsolution to the Cauchy problem (Pi); hence, the comparison principle
ensures

vi(x) —k <w'(t,x) <o'(z) +k V(t,z) € Qo,

and, in particular: ||w'|l« < 2k. Furthermore, we observe that, as § — 0%, Proposition 3.1-(iii) ensures:
|UY| < maxy a,g|li|. In conclusion, by standard regularity theory for parabolic equations (see [18, 35, 36]),
the functions w' fulfill hypothesis (2.2) with v = 1 and, consequently, also wu’ fulfill hypothesis (2.2)
with v = 1. O

Proof of Theorem 3.3: alternative version. We shall follow the arguments for the comparison principle (see [17]
and also [28] for continuous dependence estimates). For every positive 7, define

n
V(@) = ws(@) —wily) — 5 lv —yl”
where w} (i = 1,2) is the unique bounded (and periodic) solution to
Sw} + mi — tr (a; D*w} - Dw+4;} =0  inR" 3.4
wé—i—,r@nelgglgz({ r (a; D*w}) + f; - Dws + {5} in (3.4)
(Here, taking advantage of the periodicity of wf;, the penalization term is simpler than the one in the proof of
Theorem 2.2.) Owing to these properties of w§, we deduce that there exists a point (zg,yo) € R™ x R™ where

the function ¢ attains its global maximum.
Let us now claim that, for C' := 2K (where K is the constant introduced in Proposition 3.1-(iv)), there holds

nlzo —yo| < C. (3.5)
Actually, we observe that the inequality (2o, o) + ¥ (yo,y0) < 2¢(x0, yo) gives
N0 — yol?* < [ws (x0) — w5 (yo)] + [w§ (z0) — w3 (yo)] < Clzo — yol

where the latter inequality is due to Proposition 3.1-(iv) and to the definition of C; whence, estimate (3.5)
easily follows.



964 C. MARCHI
By [17], Theorem 3.2, for every v > 0, there exist matrices X,Y € S” such that

(n(zo — y0), X) € J>Fwj(xo),  (n(x0 —y0),Y) € J> w5 (yo) (3.6)
()(f —0Y> < n(1+ 2vn) (_II _I> .

Moreover, arguing as in the proof of Theorem 2.2, from last inequality we deduce
tr (a1 (0, @, 8)X) — tr (az(yo, @, B)Y) < (1 + 2vm) |01 (z0, v, B) — 72 (yo, v, B)||”

for every (o, 8) € A x B. Since w} (respectively, w3) is a subsolution (resp., a supersolution) to equation (3.4)
with ¢ = 1 (resp., i = 2), by relations (3.6), we infer

6w§(£0) + glelggleaf{_ tr (a/l(xOv a, ﬁ)X) + 77f1(330a «, ﬁ) : ('TO - yO) + gl(x()a «, ﬁ)} S 0
w3 (yo) + min max {—tr (az2(yo, @, B)Y) +nfa(yo, @, B) - (xo — yo) + €a(yo, @, 3)} > 0.
Taking into account the last three inequalities and arguing as before, we obtain

8 (wh(z0) — wi(yo)) < (L + 2vnm) max o1 (20, @, ) = 02 (yo, 0 A + nlzo — yol max| fi(wo, @, )

_f2(y07a7ﬁ)| + Igabxwl(anaaﬁ) - €2(y07a7ﬁ)| .

Letting v — 07, by the regularity of the coefficients (see assumption (A43)) and by estimate (3.5), we have

0 (ws(wo) = w3 (yo)) < 2n (czm = yol* + max oy — 02|2> +nClro = yol* + nlzo — yol max |1 = fo|
+ w(|1'0 — y0|) -+ max ‘61 — 62‘
z 0,3
—2 — —
<C°(2C% + Cp)n~t + 2nmax |joy — 02H2 + Cmax |fi — fo| +w(Cn~') + max |[¢; — lo].
z,0,f3 z,0,f3 z,0,f3
As § — 0T, we infer
—92 — —
U'—U? <C7(2C2 + Cy)n~t + 2nmax [joy — 02||2 + Cmax |fi — fo| + w(Cn~') + max |[¢; — £o].
0,3 z,a,3 z,0,f3
Arguing as in the proof of Theorem 2.2 (with v = 1), we ascertain one side of our statement. Reversing the role
of w% and wg, one can easily obtain the other side; therefore, we shall omit its proof. O

3.1. Singular perturbation problems
We consider the following singular perturbation problems

2 u€ D2 u€

{(%us +H (ac,y, D,u®, Dyu” D2 uf, D?%, #> =0 in(0,7)xR" xR™

e 7 NG
u®(0,z,y) = h(z) on R™ x R™

where u® = u®(t,x,y) is a real function, ¢ € (0, 1) and

H(z,y,p,q,X,Y, Z) := gnigmazc{—tr(MX) —tr(NY) = 2tr(EZ)+ F-q+G-p+ L}
€bB ac

with ¢ = ¢(x,y, «, ) for every ¢ = M, N, E, F, G, L. The aim of this section is to study the asymptotic behavior
of u® ase — 0. For the wide literature on this matter, we refer the reader to the monographs by Bensoussan [10],
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Dontchev and Zolezzi [20], Kokotovié et al. [31], Alvarez and Bardi [2] and references therein. Let us only recall
that these problems arise in zero-sum two-persons stochastic differential games (1.3)-(1.4) where the state
variable “splits” in the slow one x and in the fast one y. For the control system

dz, = G(xsaysa asaﬂs)ds + \/QE(CEs,ys,as,ﬁs)dWs, To =
dys = 5_1F(1'37y37 Oémﬁs)ds + v 25_12(1'37:%’ asvﬁs)dWw Y =Y

and the cost functional

t
P(tv z,y,a, ﬁ) = IE:(aﬁ,y) |:/ L(xsa Ys, As, ﬁs) ds + h(l't) s
0
the lower value function u® is a viscosity solution to problem (3.7) with M = Z=7, N = X7 and £ = ¥=7T.
Throughout this section, for some positive constants C' and v, we shall assume:

(S1) A and B are two compact metric spaces.

(S2) M ==22T, N=3x¥7 E = XYET. The functions =, ¥, F, G, L and h are bounded continuous functions
in R® x R™ x A x B with values respectively in M™? M"™P R™ R"™ R and R, namely there holds:
|9l < C for ¢ = M,N,E, F,G, L.

All these functions are Z™-periodic in .

(S3) The functions =, X, F and G (respectively, L and h) are Lipschitz (resp., uniformly) continuous in (x, y)

uniformly in (a, 3) that is: there exists a positive constant Cy and a modulus of continuity wy, such that

‘Qs(xlayl,avﬁ) - ¢(5E23y23a3ﬁ)‘ < C¢(‘.’E1 - 1'2‘ + |y1 _y2|)
|1/)(x1,y1,a,ﬁ) - w(x%y?aaaﬁ)‘ < w¢(|$1 - $2| + |y1 - yQD

for every (x;,y;) € R" x R™ (i =1,2) and (o, 3) € A x B, with ¢ = =, X, F,G and ¢ = L, h.
(S4) For every (z,y,a,3) € R™ x R™ x A x B, there holds: M(z,y, o, 3) > vI,.

and either
(S5) For every (z,y,a, ) € R® x R™ x A x B, there holds: N(z,y, «, 3) > vi,,.
or

(56) For every (z,y,p,q, X,Y) € R" x R™ x R™ x R™ x S x §™, there holds

Remark 3.5. Under assumptions (S1) and (52), condition (S6) is fulfilled provided that there exists A’ C A
such that

S@ya,f) =0 Vaed,  B(0,v)Cwomv{F(zya8)|acd)
for every (z,y,5) € R™ x R™ x B.

As in [1,2], let us introduce the effective Hamiltonian H in the following manner: for every (z,p, X) €
R™ x R™ x S" fixed, the value —H (T, P, X) is the ergodic constant for H(Z,y,, ¢, X, Y, 0) with respect to the
variable y. We refer the reader to Proposition 3.1 for several properties of the ergodic problem; in particular,
let us recall that, for § > 0, the problem

ows +H (T, v, P, Dyw, X, Dzyw, 0) =0 in R™, ws = ws(y) periodic (3.8)

admits exactly one continuous solution and moreover, as § — 07, Jws uniformly converges to the

value —H(Z,p, X). Let us also emphasize (see also [2], Thm. 4.1, and Rem. 3.2) that Proposition 3.1-(iv)
can be stated as follows: there exist K > 0 such that

|Dws| < K := K (1+ |p| + | X]) for a.e. y € R™, (3.9)

for every (Z,p,X) € R" x R™ x §"™ and § > 0.
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Corollary 3.6. The solution u to problem (3.7) converges locally uniformly in [0,T) x R™ x R™ to the unique
solution u = u(t, z) to the effective problem

{ dyu+ H(x, Dyu, D2, u) =0 in (0,T) x R™ (3.10)

u(0,2) = h(z) on R™.

Remark 3.7. This result is a twofold extension of [2], Theorem 4.5: here, the running cost L is only uniformly
continuous (namely, its Holder continuity is not required) and the matrix X~ depends on the controls of both
players (thus, the Hamiltonian in (3.8) may be not convex in Y').

This result also extends [2], Corollary 6.9, to the case where the matrix X' depends on x as well.

Proof of Corollary 3.6. We shall argue using several results established by Alvarez and Bardi [1,2]. Invoking [2],
Theorem 2.9, it suffices to prove that the comparison principle applies to the effective problem (3.10). To this
end, by virtue of the results by Ishii and Lions [25], it suffices to establish the following two properties: (i) H
is uniformly elliptic, (#i) for some constant K and for some modulus of continuity @, there holds

[H (21, p1, X1) = H(w2,p2, X2)| < C|| X1 = Xo|| + Clp1 — pa| + @(jz1 — 2])
+ Kl — w2 (1 + [pa| V [p2| + 1 X3 ]| V (| Xal]) (3.11)

for every (z;,pi, X;) € R" x R" x §" (i = 1,2). We observe that the uniform ellipticity is well known so we shall
omit its proof and we refer the reader to [2], Theorem 4.4, for the detailed proof. In order to prove (3.11), let

us recall that, for ¢ = 1,2, the value —H (z;, p;, X;) is the ergodic constant for the problem

2[22 max {—tr(N(zs,y, a, ﬁ)Dzywi) + Dyw' - F(zi,y, a, B) — tr(M (2, y, o, 3)X;)

+pz . G('Tlv Y, o, ﬁ) + L('Tla Y, Q, ﬁ)} = _H(xivpiv Xz)
Applying Theorem 3.3 with the variable x replaced by y and

Uz’("aaﬁ) = Z(xiv'vavﬁ)v fi('vavﬁ) = F(xiv'vavﬁ)
‘ei('aaaﬁ) = —tf(M({Ei, ‘7a75)Xi) +pz : G(wza 'aaaﬁ) + L(.’EZ, 'aaaﬁ)
w(r) = [Cu (| X1l V [ Xel]) + Callpr| V p2])] 7 + wi(r)

for some constant M (see below for its dependence on (z;,p;, X)), we infer

|ﬁ($1,p1,Xl)—ﬁ(xg,pg,Xz)’ < M (Zr}né%)é||E(w1,y,a,ﬁ)—E(wg,y,a,ﬁ)|+Zr}n3>éF(m,y,a,ﬁ)—F(wg,y,a,ﬁ)O

+Ou (X2l VIR + Callpa| v [p2])] max [ 221, y, 0, 5) — X2, y, o B

S,

+wr (max ||2(331,y7047ﬁ) - 2(1‘27%0@5)”) -+ max ‘tI‘ [M(l'l,y,&,ﬁ)Xl
y,o,8 v,
_M(I'Qay,aaﬁ)XQ” + ?Enj‘)ﬁ( ‘pl : G(xlayaavﬁ) —Pp2- G(xg,y,a,ﬁ)\

+ max ‘L(l'hy,a,ﬁ) - L($27yaaaﬁ)‘ .
y,0,0

Taking into account the regularity of the coefficients (see assumption (53)), we deduce

|H (21,1, X1) — H(22,p2, X2)| < C[| X1 — Xa| 4 Clp1 — po| + wi(Cxlz1 — 23|) + wi, (|21 — 22])
+ |21 — 22| M(Cs + Cr) + |21 — o] [Car (|| Xa || V | X2l)) + Ca(lpa] V [p2])] Cs
+ Cular — 2| (| Xa ]| A | Xol]) + Calar — @2 (Ip1] Alp2]) -
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Since there holds max, o g, || < C (1 + |p1| V [p2| + | X1]| V || X2])), by our definition of M (see Thm. 3.3) and
estimate (3.9), we have

NI < 2K(C + 1)(2C% + 2+ Cr) (1+ |pa| V [pa] + X2 V [ Xal])

Hence, the previous inequality becomes

|H(z1,p1,X1) — H(w2,p2, X2)| < C|| X1 — X + Clp1 — p2| + wr(Cxlzy — a2|)
twr(fzr —za]) + Kl — a2/(1+ [pi] V2| + [ Xl V [ X2])

for some constant K independent of (z;,p;, X;). Finally, setting &(r) := wr(Csr) + wr(r), our claim (3.11) is

completely proved. O
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