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Summary. Let M be a real analytic hypersurface of a complex manifold X, and let
S be an analytic submanifold of M. If the Levi form Ljs of M has constant rank, by
a result of [Z], the conormal bundle A = T, X admits a local partial complexification
A C T* X which is regular involutive. Assume moreover that L j; is semi-definite and
that ¥ = § x s T, X is regular involutive in the real symplectic space A. We prove
here that S is generic in X, and that the bicharacteristic flow of A issued from ¥ is
locally the conormal bundle to a hypersurface W C X. We then consider a complex
of “microfunctions at the boundary” naturally associated to this geometrical setting.
Concerning this complex, we get vanishing theorems for its cohomology groups, and
we prove that it satisfies the principle of analytic continuation along the integral
leaves of A.

Notice that the above results extend those obtained in [D’A-Z 2] under the as-
sumption of maximal rank for Lj;.

Microfunzioni lungo sottovarieta a rango di Levi costante

Riassunto. Sia M una sottovarieta analitica reale di una varieta complessa X, e sia
S una sottovarieta analitica di M. Nell’ipotesi che la forma di Levi Lj; di M abbia
rango costante, per un risultato di [Z], il fibrato conormale A = Ty, X ammette una
complessificazione parziale locale AcCT*X regolare involutiva. Si assuma inoltre
che Ljs sia semi-definita e che ¥ = S x s T, X sia regolare involutiva nello spazio
simplettico reale A. In tali ipotesi si mostra che S & generica in X, e che il flusso
bicaratteristico di A sortito da ¥ & localmente il fibrato conormale ad un’ipersuperficie
W C X. Si considera quindi un complesso di “microfunzioni al bordo” naturalmente
associato a questa situazione geometrica. Riguardo ad esso, si mostrano teoremi di
annullamento per i suoi gruppi di coomologia, e si prova che soddisfa il principio del
prolungamento analitico lungo le foglie integrali di A.

Si noti che i risultati citati estendono quelli ottenuti in [D’A-Z 2] nell’ipotesi di
rango massimo per Lps.

§1. Some results on symplectic geometry.

Let X be a complex manifold of dimension n. Denote by T'X the tangent bundle
to X, by T*X the cotangent bundle, and let 7 : T*X — X be the projection.
Denote by X® the real underlying manifold to X. We will identify identify 7% (X¥)
and (T*X)® by df = 0f + 0f — Of, for any real function f. Let w be the
canonical one-form, 0 = dw be the canonical two-form on 7% X, and decompose it
as 0 = o +iol, for o® and o! real symplectic two-forms. The forms ¢ and o’
induce Hamiltonian isomorphisms that we denote by H and H' respectively.
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Let M be a real analytic submanifold of X®, and denote by T;; X the conormal
bundle to M in X. For pe T*X =T*X \ Tx X, z = w(p), we set:

TEM =T.M NiT. M,

Xo(p) = Tpm'm(p),
v(p) = CHw(p),
om(p) = An(p) NiAn (p),
du (p) = dimc (0 (p)),
M (p) = dime (9 (p) N Ao (p))

If no confusion may arise, we shall drop down the indices p or M in the above
notations.

Recall that T, X is said to be I-symplectic when NS (o] 5, ) = {0}, where
NS denotes the null-space. It is immediate to see that NS (JI} AM(p)) = o (p).

Fix p, € Tj\}X, set zo = m(po), and let 1 =0, ..., ¢; = 0 be a set of independent
equations for M near z,. The vectors w; = 0¢;(2,) constitute a basis for (T, X).,
Consider the morphism

l
iR M = Ty X, ((6),2) = (25 ) ti0gi(2)).
=1

Let ¢ be a real function such that ¢| = 0, (20;0¢(25)) = po. The Levi form of
M at p, is defined by:

(1.1) L (po) = 3&5} T M-

This is a good definition in the sense that if ¢ is any other function with ¢ | =0

and 8(}3(20) = po, the corresponding form 85(%’ TC M has the same signature and
rank as (1.1).

Let (to;) € R! be such that 0¢(z,) = 2221 to;w;. Consider the tangent morphism
to ¥ at ((toi), 20):

l
(1.2) ¢y : REXT, M — Ar(po), ((t;),v) — (U;Ztiwi—l—f)(a(b, v)+0(0,7)).

i=1
We remark that the pull back of o|,, by ¥. is described as
(1.3) 7 (o) (1)), (8, ) = (dt A DB) (((£),v) A ((E), ) + DD A D).
Lemma 1.1. The following relation holds:

dim NS (L (po)) = dar(po) — var (o).
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Proof. Let ((t;),v) be such that in (1.3) we get 0 for all ((¢;),7). Then

( l
00¢(T AT) + Y (tiw;,0) =0 Vo€ T, M,
=1
l
D (twi,v)=0 V(&) eR

\ =1

(here, to obtain the first condition we put (£;) = 0 in (1.3), and to obtain the second
we put © = 0). By the second equality we get v € Tg M; by the first we have

l
Sm((0(0¢,0), B) + > _(tiw;, D)) =0 Vb € T, M,
=1

which is equivalent to

l
0(06,0) + > taw; € i(TX)s,,

=1

or else to ‘
9(0p,v) € (T X )z, + (T X)z,
l

Z iw; € Re(=0(06,7)) + (T3 X)z, Ni(Th X))

=1

(where Re is the real part, well-defined modulo (75, X )., Ni(T5;X )., ). Summarizing

up,

dim (NS(c| 5, (p.))) = dim{v € T£M :0(00,0) € (Ty; X ). +i(TiX) 2.} + v (Do)
= dim NS(L s (po)) + v (po)-

Since NS(0|x,,(po)) = 0n(Po), We get the conclusion. O
For p € T3, X, consider the numbers s, 7° = s 7"(p) given by:

s = dv —ur,

st + sy + 8% =n — codimpx TCM,

St — sy = %T(AM, IAM, Ao
where 7 is the Maslov index in the sense of [K-S]. In [D’A-Z 1] it is proved that s1;~°
are equal to the numbers of respectively positive, negative, and null eigenvalues for
the Levi form Lj,;. The latter are moreover equal to the corresponding numbers of
eigenvalues for o(v,v°)|s,,nx,, Where v¢ is the conjugate with respect to Ays in the
quotient Aps + iApr/Ans NiAps. (Note that these results in case of codimyxy M =1
were obtained in [S 1] and [K-S].)

In the following we will write A = T 1 X. Let £ be a conic submanifold of A,

and recall that 3 C A is called regular if w! ‘ v, is everywhere different from zero.
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Proposition 1.2. (¢f [Z]) Let po € X, and assume that for a conic neighborhood
V of po in T*X we have:
(dy(p)=d Vpe ANV,

dim(y(po) N )\M(po)) =1,
T,XD6ém(p) VpeXnV,

> 1s reqular in 'V,

T,%/5(p) is involutive in §(p)~/d(p) ¥p € V N 3.

7

Then, there exist complex manifolds X', X" of dimension n —d and d respectively,
real analytic submanifolds S C M’ C X' with codimyxs M’ = 1, codimys " =
codimp X, and a germ of symplectic transformation at pe

X T*X S T%(X' x X",

such that, identifying X" with T3, X", the following isomorphisms hold locally at
Po-

(i) x(A)=AxX", N =Ty, X' I-symplectic,
(ii)

x(X) =% x X", ¥ =8 xpp Thp X' regular involutive in Ty, X'.

Proof. (i) We give here a new and simpler proof with respect to [Z].

Performing a first complex contact transformation, it is not restrictive to assume
that A is the conormal bundle to a hypersurface M such that s,,(po) = 0 (cf. [K-5]).
By Lemma 1.1, the form Lj,; has constant rank (in particular, M is the boundary
of a pseudoconvex domain). By [R], [F] we may find an analytic foliation of M
by the (complex) integral leaves of NS(Ljs). By a suitable choice of an equation
¢ = ¢1 for M, we may assume that the associated morphism

iR x M — T; X

is such that for every complex submanifolds I of M in X, and for every t € R,
P(t,T') is a complex submanifold of T, X in T*X. Thus we obtain a foliation of
A by the complex integral leaves of Ay NiAy,. This is a real analytic submersion
A — A’ with complex fibers. Moreover, using [F, th. 2.14] we may find a complex
analytic manifold X" of dimension d and a germ of real analytic isomorphism at

Dot
(1.4) f:AlA/XX”,

with the submersion mentioned above corresponding to the first projection. Note
that, for p = (p/,2"), T,f~*(p' x X") = 6(p), and hence o/ induces a non-degenerate
real symplectic form on A’. A complexification (A’)C of A’ is then endowed with a
non-degenerate complex symplectic two-form, and we may locally identify it with
the cotangent bundle to a complex manifold X’. Finally, since dimg(TA’ N 1°) =
1, by applying a contact transformation in 7*X’ it is not restrictive to assume
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N =Ty, X', for a hypersurface M’ of X’ which is the boundary of a pseudoconvex
domain.
(ii) Due to (i), and the identifications T%° ~ T/, TA’ ~ §+ /5, we have

X(Z) =3 x X"

with ¥’ regular involutive in A’ = T, X’. Finally, since ¥’ C T3, X’ and M’
is a hypersurface, we may find S’ C M’ with codimp; S = codimy ¥ such that
Y = S/ XM Tj\k/[/X/. O

§2. Genericity and involutivity.

Let M be an analytic hypersurface of X, let S C M be a submanifold, and
set A = T* X, YX=85%uy T ¥ X. Assuming that Lj; has constant rank, we shall
discuss here the link between “genericity” of S and “regular involutivity” of ¥ in
the real symplectic space (A, o!). (These results were obtained in [D’A-Z 2] under
the hypothesis of Lj; being non-degenerate.)

By the results from the previous section, keeping the above notations it is not
restrictive to assume (after a contact transformation) that A = A’ x X” and ¥ =
¥ x X" at p, € X. For z, = w(po) € S, write 2z, = (2,/,2,”) with z,” € §" and
2, € X". Let ¢ = 0 be a local equation for M’ in X’ at z," (hence an equation of
M~ M'x X" in X at z,), and set p,’ = (2o";00(2.")) € X', so that p, = (po’, z.”).

We consider the diagram

T..M —2— Au(po)

| !

TZO’M/ L )\M/ (pol)

where the horizontal arrows are induced from (1.2) with (¢;) = 0 and the vertical
arrows are the projections v = (v/,v”) — v’. One has

v o(v,w) = (9(9¢,7),w) — (0(06, W), v)
= (0(09,7'), w') — (00, W), v")
= ¢"a((0,v"), (0,w)).

In [D’A-Z 2] it is proved that V¢’ € T} , M’
HI(’]T*0/> ‘ ?XJ*TSO/M’ = ’QZ)*(’U/),

where v’ is the unique solution of

8<5¢,6/> - Z 0/| TC ,M/

in the identification TG, M’ 5 (TS, M')*, given by v — (v, -).
From now on we will consider the following geometrical situation. Let S and M
be submanifolds of X, S C M, codimy M =1. Let ¥ =5 xp; Ty, X and consider
it as a submanifold of A = T, X, endowed with the (degenerate) two-form of. Let

Po be a point of X, V' a conic neighborhood of p, and set z, = 7(ps).
Recall that S is called generic at z, if (T5X),, Ni(T¢X)., = {0}.
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Proposition 2.1. (a) Assume that

(i) dp(p) =d Vpe ANV,
(i) 7,2 D dm(p) VpeXnV.
Then
¥ is regular at po & dim(v(po) N As(po)) = 1.

(b) Let us also suppose that Ly; is semi-definite (i.e., M is the boundary of a
(weakly) pseudoconvex or pseudoconcave domain). Then

> is regular at po
T,%° is involutive in 6(p)*/5(p) Ype BNV

implies
S is generic at 2.
(Here x° = ((xNé+) +6)/5.)
Proof. Let us choose coordinates such that A = T3, X’ x X” and ¥ = (S’ xp
Ti, X') x X". Then:
TS° ~T(S" xap Tip X',
and
(Ag M) = Agr N Ao.
The conclusion follows by the results of [D’A-Z 2]. O

Let us denote by ¥ the bicharacteristic flow of A issued from . Note that ¥ is
the union of the partial complexifications of the integral leaves of TX+.
Theorem 2.2. Assume that

(i) dpy(p)=d Vpe ANV;

(i) T,X D ém(p) YpeXnV;

(iii) ¥ is regular and T,X° is involutive in 6(p)*/6(p) Vpe X NV.
Then )

dimg(T,X N As(p)) =1+ ds(p) — du(p), YpeXnV.

Proof. (Cf. [D’A-Z 2] for a different proof in the case dps(p) = 0.)

Let A =Ty, X' x X" 3 = (8 xp TipX') x X”. Since TE N Ao ~ T N A,
dim(Ag NiAg) = dim(Ays N iAps) + dim(Agr N éAg ), then it is not restrictive to
suppose dp; = 0 from the beginning.

For p € 3, one has:

TS ~TY + iH (TET3, X)
~ {(u + iv; s + 0{0¢, u + iv) + I{0p,u — iv)) :u € TS,
s € (T3 X)z,v € T"M NTS, 8(0¢, )| repr € iT5X | peps}

where the first equality is due to TS+ C T'S. Thus TS N Ao is described by

uw=—iveTCS
(2.1)

(0, u — ) ’ ren € TgX | e,
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Let us set Z = {v € TES; 0(06,v) € (T5X).,|rear}. Then dim(TE N A) =
1+ dim Z. One has:

Z+iZ={veT,8; 9(06,v) € (T5X):, +i(T5X)z, ) lrens}
= NS(Lu),

where the last equality follows from the implication:
We then have:

dimp Z = dim(c(Z + ZZ) + dim(c(Z N ZZ)
=dim NS(Ls) + dim()\s NiAg N )\o)
= dim()\s N i)\s).

Corollary 2.3. Assume that

(i) dpy(p)=d Vpe ANV;

(il) T, D ém(p) YpeXnV;

(iii) ¥ is regular and T,X° is involutive in &(p)*+/6(p) Vpe X NV;

(iv) Las is semi-definite.
Then ¥ = Ty X for a hypersurface W C W.
Proof. By Proposition 2.1, S is generic (i.e., ¢ = 0) and NS(Lg) = NS(Lys)
in ¥. It follows that ds(p) = dp(p) Vp € X. In particular, by Theorem 2.2,
dim(TYX N X;) = 1 and thus we may find a hypersurface W = W’ x X" such that

Y =T0X =T X' x X"

§3. Microlocalization along submanifolds.

Let S, M be submanifolds of a complex manifold X of dimension n with S C M,
codimy M =1, codimy; S =7r. Let ¥ = S XMT]}‘}X, A= TX/IX, fix po € ¥ and
denote by V' a conic neighborhood of p,. Let us suppose

dy(p)=d Vpe ANV,

1,22 6m(p) VpeXnV,
Y regular in V,

T,%°®) involutive in 6(p)L/d(p) Ype XNV,

(3.1)

We recall from the preceding section that if Ly, > 0 (or Ly, < 0), then there exists

a germ of contact transformation x at p, such that x(X) = T}, X ~ Ty, X x X"
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with codimx W = 1. In this case, we shall consider the numbers s?,;,’_’o. For p € X,
we have the following equalities in 7}, 7™* X:

(T, +iT,%) N Ao + (Mo N AS)E = (T8 +iT,5) N Ao + (Mo N Ag)E
= ()\S + i)\s) N Ao,

where the first equality holds since Tpf] =Ty + z’TpEL C T,X +iT,%, and the
second follows from the arguments between formulas (2.7) and (2.8) in [D’A-Z 1].
It follows that:

o(v,vrs)]| (TS+ITE)NA, ~ o (v, V") (T riTs)na.
~ o (U, U5)] (s ting ),

where the symbol ~ means that the above forms have the same signature and
rank. In particular, if Ly; > 0 or Ly; < 0 one has Ly ~ Lg in ¥ and thus
s%v = s?. One may also immediately see that s%, = r + dy. It follows that
s9 = s + codimpey, TCS = s + codimyy S.

Consider the microlocalization of the sheaf Ox of the holomorphic functions in
X along W (cf. [K-S]):

,uw(OX> = ,uhOIH(Zw, Ox)

Choosing a quantization of x by a kernel, we define the complex of microfunctions
along 3 by:

(3.2) Cs = x ™ uw (Ox)[1].

This is a good definition (i.e. independent of the choice of x and its quantization)
by the results of [K-S, ch.11]. Let:

Ca = uar(Ox)[1 + s3y)-

Proposition 3.1. Let us assume (3.1). Then:

(i) Cs and Ca are concentrated in degree zero;
(ii) there exists a natural “restriction” morphism

(ili) the third term Cy\ . of a distinguished triangle associated to (3.3) is concen-
trated in degree zero;

(iv) Cs satisfies the principle of the analytic continuation along the integral
leaves of TY NiTY.

Proof. (Cf. [S 2].) Let po = (po’,2,"”) € ¥’ x X" By a contact transformation y’
at po’ (cf. [K-S]) we may interchange A’ (resp. ¥') with the conormal bundle to
a strictly (resp. weakly) pseudoconvex domain U (resp. U’) with U’ D U. Setting
U=UxX",U =U"x X", and choosing a quantization of ', we get:

p

i OxUNB) g
(1) (HJCA)p ~< &5  Ox(B) for p € A,
\ O ] #07
(. Ox(U'NB) |
, lim —— = ~
(2) (H”Ci)p ~< 5 Ox(B) forp e X,
( 0 J#0,
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where B ranges through the family of open neighborhoods of (7(x’(p.’)), z”). (i)
follows. The morphism in (ii) is induced by the restriction Ox (U’) — Ox (U). (iii)
follows. The propagation of (iv) (for microfunctions with holomorphic parameters)
can be proved by the aid of Bochner’s theorem.

Example 3.2. Let X = C”, and let x : T*X — T* X be a germ of contact trans-
formation with x(73.X) = T3, X, where codimx M =1 and M is the boundary
of a strictly pseudoconvex domain. Let N be an analytic hypersurface of R™, and
write X = (N xgn T, X). ER"\N = QTUQ™, denoting by Co=x|x = po=(Ox)[n]
the complexes of [S 1], one has

X+ (Catx ©Ca-1x) = Cp\5-
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