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LERAY’S QUANTIZATION OF PROJECTIVE DUALITY
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1. Introduction. Let IP be a complex n-dimensional projective space, P* the
dual projective space, and A the hypersurface of IP x IP* given by the incidence
relation A = {(z,{) € IP x IP*; {z,{> = 0}. We shall consider the correspondence
P < A > IP*, where f and g are the natural projections.

It is well known that the conormal bundle to A in IP x IP* is the Lagrangian
manifold associated to a contact transformation between T*IP and T*IP*, the
cotangent bundles to IP and IP*, respectively, with the zero-section removed. This
contact transformation induces an equivalence of categories between construc-
tible sheaves on IP modulo locally constant sheaves and the similar category on
IP* (cf. Brylinski [5]), or between coherent 9-modules on IP modulo flat con-
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454 D’AGNOLO AND SCHAPIRA

nections and the similar category on IP* (cf. [5] and [6] in which we treat the
case of general correspondences, not necessarily associated to contact trans-
formations; cf. also [3] for an interesting study of flag correspondences in the
language of representation theory).

Our aim here is to show that a kernel introduced by J. Leray [21] allows us to
quantize this transformation, and for an appropriate twist by a line bundle to
extend this quantification across the zero-section. More precisely, for k € Z, we
denote by Op(k) the —kth tensor power of the tautological line bundle, and
we set Dp(k) = Dp @, Or(k). If F is a sheaf on IP, and .# is a coherent Pp-
module, we set

OpF =Rgif"'Fn—1], Qph=g {4

The main result of this paper is that the projective duality can be “quantized” to
give an isomorphism of Pp+-modules for —-n — 1 <k <0

De (—k*) 3 @p(Zp(—k)), (L1)
where k* = —n — 1 — k. In particular, taking holomorphic solutions we get an
isomorphism (of sheaves)

(DA@]p(k) ~ Op+ (k*) . (12)

We shall give two different proofs of (1.1). The first one is rather abstract and
deals with general contact transformations globally defined outside of the zero-
section of complex manifolds, relying on the work of Sato-Kawai-Kashiwara
[24]. The second one is more computational and is an adaptation in the lan-
guage of 2-modules of classical results which go back to Leray (loc. cit.).

Let F be a sheaf on IP. By (1.2), and using classical adjunction formulas, we get
the isomorphisms

{ RI'(IP; F ® Op(k)) ~ RI'(IP*; Do F ® Op+(k*)), 13)

RI'(P; R#om(F, Op(k))) ~ RT(IP*; R#om(DpF, Op+(k*))).
Moreover, assuming F is IR-constructible and using adjunction formulas of [19],

we get the isomorphisms

{ RT(P; F @ Op(k)) ~ RT(P*; OpF & Op- (k*)), 14

RI(IP; 7 hom(F, Op(k))) ~ RT(P*; T hom(®aF, Op (k*))),

where é and J hom are the functors of formal and moderate cohomology intro-
duced in [14] and [19].
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Formulas (1.3), (1.4) allow us to recover many classical integral formulas for
various choices of F. We only treat here a few examples.

As a first application, we generalize Martineau’s isomorphism (cf. [22]) as fol-
lows. Let U < IP be an open neighborhood of the origin in an affine chart E = P,
and assume that its hyperplane sections are cohomologically trivial. Denote by
K < E* the set of complex hyperplanes which do not intersect U. Then formulas
(1.3) entail the isomorphisms

RI(U; Og)[n] ~ RO(K; Op-),
RI(U; Og) ~ RTk(E*; Og+)[n],

which show in particular that all these complexes are concentrated in degree zero.
Using (1.4), we also obtain similar isomorphisms using the functors of temperate
and formal cohomology mentioned above. Moreover, from these isomorphisms we
recover in the lines of [12] or [29] various vanishing theorems for local cohomology.

Another example is real projective duality. Denote by P and P* a real projec-
tive space of dimension n > 1 and its dual, and consider IP and IP* as complex-
ifications of P and P*. Denote by &/p (resp. ¥p°, Pbp, #p) the sheaf of real
analytic functions on P (resp. ¥ *°-functions, distributions, hyperfunctions). For
keZ, ¢ € Z,, we denote by ¥5°(k, ¢) the locally constant sheaf of rank 1 over
%5 whose global sections are represented by % ®-functions f on R""1\{0} sat-
isfying the homogeneity condition

f(Ax) = (sgn A)*A*f(x), for 1 e R\{0}.

Using explicit integral formulas, Gelfand et al. [9] proved the isomorphisms for
—n—1<k<0,and & =—-n—-1-¢emod 2:

[(P; €5°(k,8)) ~ T(P*; €5 (K", 7).

We recover here these isomorphisms (and the similar ones with € replaced by
&, Db or %) by applying (1.3) (or (1.4)) to the case where F is either the constant
sheaf Cp or the canonical line bundle Kp. In fact, €p°(k,0) ~ Cp ® Op(k) and
€p’(k,1) ~ Kp @ Op(k).

These two examples (Martineau’s isomorphism and the Gelfand-Radon trans-
form) show that isomorphism (1.1), and its corollaries (1.2), (1.3), and (1.4), allow
us to reduce many problems of integral geometry to purely topological prob-
lems, namely the computation of @, (F) for various constructible sheaves F on IP.

The authors wish to thank Jean-Pierre Schneiders for useful discussions dur-
ing the preparation of this paper.

2. Review on correspondences for sheaves and 2-modules. Here, we recall
some results of [6] on correspondences for sheaves and Z-modules in the par-
ticular case where the manifolds X and Y (see below) have the same dimension.
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2.1. Notations. References are made to [18] for the theory of sheaves, and
to [24] and [13] for the theory of 2 and &-modules (see [25] and [27] for a
detailed exposition).

2.1.1. Geometry. Let X, Y be real analytic manifolds. We denote by ax the
map from X to the set consisting of a single element, by r: X x Y —- Y x X the
map r(x,y) = (y,x), and by ¢, ¢> the first and second projection from X x Y to
the corresponding factor.

We denote by mx: T*X — X the cotangent bundle to X, by #ix: T*X » X
the cotangent bundle with the zero-section removed, and by Ty, X the conormal
bundle to a submanifold M = X. We denote by p; and p, the projections from
T*(X xY)~T*X x T*Y, and by pj the composite of p, with the antipodal
map of T*Y.

2.1.2. Sheaves. We denote by D®(Cy) the derived category of the category of
bounded complexes of sheaves of C-vector spaces on a topological space X. If
A < X is a locally closed subset, we denote by €4 the sheaf on X which is
the constant sheaf on 4 with stalk C, and zero on X\A. We consider the “six
operations” of sheaf theory R#om(-,-), -® -, Rfi, Rf.,f~!, f', and we denote
by (X the exterior tensor product. Recall that RHom(-, -) = Rax.R#om(-, ).
For F € D°(Cx) we set D'F = R#om(F,Cy).

If X is a real analytic manifold, we denote by SS(F) the microsupport of F, a
closed conic involutive subset of T*X. We denote by D%_,(Cx) the full triangu-
lated subcategory of D®(Cx) of objects with R-constructible cohomology. If
X is a complex manifold, one defines similarly the category D% _ (Cx) of C-
constructible objects.

2.1.3. 2-modules. In the rest of this paper, unless otherwise stated, all mani-
folds and morphisms of manifolds will be complex analytic.

Let X be a complex manifold. We denote by Ox the structural sheaf, by Qx
the sheaf of holomorphic forms of maximal degree, and by Px the sheaf of
rings of linear differential operators. We denote by Mod(Z2x) the category of left
Px-modules, and by Mod.on(2x) the thick abelian subcategory of coherent Zx-
modules. Following [26], we say that a coherent 2x-module .# is good if, in a
neighborhood of any compact subset of X, .# admits a finite filtration by coher-
ent Px-submodules 4 (k= 1,...,1) such that each quotient .#/.#_1 can be
endowed with a good filtration. We denote by Modgeod(2x) the full subcategory
of Modeon(2x) consisting of good Px-modules. This definition ensures that
Modgood(2x) is the smallest thick subcategory of Mod(Zx) containing the
modules which can be endowed with good filtrations on a neighborhood of any
compact subset of X. Note that in the algebraic case, coherent 2-modules are
good. We denote by D°(Zx) the derived category of the category of bounded
complexes of left Zx-modules, and by DY, (2x) (resp. by Dy, 4(2x)) its full
triangulated subcategory whose objects have cohomology groups belonging to
Modcon(Zx) (resp. to Modgeod(Z2x)). We consider the operations in the derived
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category of (left or right) 2-modules: R#omg, (-, ), - ®FL o f -1 [, In partic-
ular, if # € D*(@x) and A € D®(2y),

_j_”—lu/l=9Y_>x ®f’-19x fla, SN =Rf(Dxey ®gy ),

where Dy_x and Px._y are the transfer bimodules associated to f: Y - X. We
denote by [X] the exterior tensor product, and we also use the notation

__QX.//l = Réfomgx(.//{, fx),

where Ay denotes the dualizing complex for left Zx-modules, defined by Ay =
Dx @, Q' [dim X].
If # is a holomorphic vector bundle on X, we set

ﬁ*:éfom@x(.ﬁ, (Ox), @f=@x®@x9’—.
Note that 2% is a left Z2x-module. We shall also need the right 2x-module:
FD=F Qp, Dx -

If Z is a closed complex submanifold of codimension d of X, we shall consider
the holonomic left Zx-module %z x of [24]. Recall that Bz x = H‘[’Z](OX) (alge-
braic cohomology) is a subsheaf of .@g‘fx = H%(0x).

2.1.4. &-modules. Since the proof of Theorem 3.3 below will make use of the
theory of microdifferential operators, we recall here some definitions. We refer to
[24] for the theory of £-modules, and to [25] for an exposition.

Let &x denote the sheaf of microdifferential operators of finite order on T*X,
and let U be a subset of T*X. We denote by Mod(&x|y) the category of left
&x|y-modules, and by Mod..w(&x|y) the thick abelian subcategory of coherent
&x|y-modules. We denote by D°(&x|y) the derived category of the category of
bounded complexes of left &x|y-modules, and by DY, (€x|y) its full triangulated
subcategory whose objects have cohomology groups belonging to Modcon(€x|v)-

If # € D®(Py), we set

EM = Ex @19, Tx' M,
an object of D®(£X), and if # is a holomorphic vector bundle on X, we set
EF =6(9F).

If Z is a closed complex submanifold of codimension d of X, we shall consider
the holonomic left £x-module €z x = £%Bzx.
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2.2. Correspondences for sheaves and 9-modules. We recall here some results
of [6] that we shall use in this paper.

Let X and Y be two complex manifolds of dimension n, and let S = X x Y be
a closed submanifold of codimension ¢. Let S=r(S) = Y x X. Set

A=T{(X xY)n(T*X x T*Y),
and consider the correspondences
S A
1 \\a N 2.1)
X Y, T*X T*Y,
where we set f = q1]s, g = g2|s- We shall consider the hypotheses

(a) f and g are smooth and proper,
(2.2)

(b) p1|a and p}|, are isomorphisms.
Note that (2.2) implies that A= T¢(X x Y) is the Lagrangian manifold

associated to the graph of a contact transformation globally defined outside of
the zero-sections:

x: T*X > T*Y
1 (2.3)
P P3la(P1lAa" (P))-

Definition 2.1. For A = X, F e D*(Cx), # € D®(@x),and B < Y, G € D’(Cy),
A € D®(Dy), we set
A=g(f7(4), B=f(¢g7'(B)),
®sF =Rgif'Fln—c], ®;G=Rfig"'Gn—d,

QM =g [, QN =f g7\ N

If B = {y}, we write y instead of {/yT

Remark 2.2. With the notations introduced in Appendix B, @y is the integral
transform associated to the kernel Cs[n — c|, and @ to the kernel g x.y.

One easily deduces the next proposition from classical formulas of sheaf and
2-module theory (see [6] for details).
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PROPOSITION 2.3. Assume (2.2)(a). For F e D’(Cx) and G e D*(Cy) there
are natural isomorphisms

@5(DxF) ~ Dy®@s(F), (2.4)
RI(X; F ® ®sG) ~ RI(Y; ®sF ® G), (2.5)
RI'(X; R#om(F,®5G)) ~ RI'(Y; R#¥om(®sF,G)). (2.6)

For M € Dgood(@ x) there are natural isomorphisms
@5( Dy M) ~ Dx(RsM), 2.7)
®sRHomg, (M, 0x) ~ R#omg, (D5 M, Oy). (2.8)
For GeD®(Cy) and M € Dgood(@ x), there are natural isomorphisms
RI(X; RA#omg, (M, DG ® Ox)) ~ RT(Y; R#omg, (Ds.M,G ® Oy)), (2.9)
RI(X; RH#omg, (M ® ©sG, Ox)) ~ RT(Y; R#omg, (s ® G,0y)). (2.10)

Moreover, in (2.5), (2.6), (2.9), or (2.10), we may replace RT" by RT",.

As a particular case of (2.9), if # is a holomorphic vector bundle on X and
y € Y, one deduces the germ formula

RI(j; #) ~ R¥omg, (RsDF*, 0y),lc — ). (2.11)

In Appendix A we describe the functors é and  hom of formal and moder-
ate cohomology, and recall the corresponding formulas to (2.9) and (2.10) for
these functors assuming G is IR-constructible (see [19]).

Set

g?.(STB?LY = ‘11_IQX ®q;l(9x BsxxY -

PrOPOSITION 2.4.  There is a natural isomorphism of (2y, Dx)-bimodules on S:

Dyes ®%, Dsx 3 By (2.12)

In particular, Dy._g ®;;7s Ds_.x is concentrated in degree zero, and for M € D®(Dx)
we have the isomorphism

0 -
OsM = RG2(BYR) y O g, 07 M)
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Since the analog of (2.12) holds for &-modules, we give the following
definition.

Definition 2.5. For 4 € D®(&x) we set
0 -
Q5 M = Rp;!(c.(?TXLY ®:;1gxl’1 1*’”)~

This is an object of D®(&y).
An important tool is given by the isomorphism below (see [26, Corollary 7.6]).

PropoSITION 2.6. Assume (2.2). For M eDgood(QX), we have the following
isomorphism in D®(&y):

8(Qs.M) = DU(EM).

In [6], using the germ formula (2.11) and Proposition 2.6, we established the
following properties of ®s.#. (Notice that the hypotheses of [6] are actually
weaker than (2.2).)

ProrosITION 2.7. Let M € Modgood(Px), and assume (2.2). Then, for j # 0,
the module H)®g# is associated to a flat connection (i.., its characteristic
variety is contained in the zero-section).

Proof. Since char(®s.#) = supp(€ @s.#), by Proposition 2.6 it is enough to
prove that:

HI(®48M)| 4.y =0  for j#0.

Since A = Tg(X x Y) is the Lagrangian manifold associated to a contact trans-
(n,0)

formation, €y y is flat over p” 1&x, and p§|, is finite. The statement follows. [
ProrosiTiON 2.8. Let & be a holomorphic vector bundle on X, and assume
(2.2). Then .
(i) for every j < n — c, there exists a locally constant sheaf of finite rank G’ on
Y such that

G, ~ H'(}; F) VyeY;

(ii) the complex ®sDF is concentrated in degree > 0;

(iii) assuming that Y is connected, the complex ® 3D F is concentrated in degree
zero if and only if there exists y € Y such that H/(y; F*) =0 for every
j<n-c¢

(iv) assuming that Y is connected, the complex Dy ®sDF [—n] is concentrated
in degree zero if and only if there exists y € Y such that H'(j; F @, Qx)
=0 for every j <n—c.
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Proof. (i) follows from Proposition 2.7, and from the germ formula (2.11).
(i) follows from Proposition 2.4, since 2F is flat over Py.

(iii) Recall that Y is connected, and let y € Y. Set /"= ®3PF for short, and
consider the distinguished triangle

HYN) — ¥ —> 1>°/V—;—1>,

which gives rise to the distinguished triangle

R#omg, (17O, Oy) - R#¥omg, (N, Oy) = RHomg,(H(N), Oy) - (2.13)

Notice that since char(t>°4")  TyY, one has
H/R#omg,(z>°N,0y) =0  Vj>0, (2.14)
and
204" = 0 & R#omg, (t>°N, 0y) =0
& HR#Homg, (v”°N,0y) =0  Vj<0
& H/RHomg, (t"°N,0y),=0  Vj<O0

& H/R#omg,(N,0y), =0 Vj<O0,

where the last equivalence comes from the distinguished triangle (2.13), and the
fact that H/R#omg, (HO(A"), Oy) = 0 for j < 0. To conclude, it remains to apply
the germ formula

HIR#omg, (N, 0y), ~ H"H(j; F*).
(iv) Note that 2(F* ®, Q}‘?"') ~ Dy P [—n]. Using (iii), we have
H (5, F ®0, Q%) =0 Vi<n—c
& H(Qs2(F* ®0, Q) =0 Vj#0
© H(QsDyPF|-n)) =0  Vj#0

© H/(Dy®s@F[-n)) =0  Vj#0. O
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Remark 2.9. In [6] we study general correspondences, without assuming
dim X = dim Y. Assuming pi|, is surjective, p5|, is a closed embedding on a
smooth regular involutive submanifold ¥ = T*Y, and the fibers of f are connected
and simply connected, we prove that there is an equivalence of categories

I H'Q .
MOdgood(gX; T X) (_—ﬁ MOdRS(V)(@Y; T* Y),
=5

where d = dx — dy, Modgood(Z2x; T T*X ) denotes the localization of Modgood(Zx)
by the subcategory of flat connections, and Modgsy)(Dy; T*Y) denotes the
localization of the category of good Py-modules with regular singularities along V
by the subcategory of flat connections. As a particular case, assuming (2.2), we
recover a result of [5], namely, the equivalence

- HQ .
MOdSOOd(gx; T X) _I;—(——(D—T MOdgood(@Y; T*Y) .
-8

3. Globally defined contact transformations

3.1. Main theorem. Consider the correspondences (2.1). Let # and ¢ be
holomorphic line bundles on X and Y respectively, let £ be a Zxxy-module
(e.8., & = Bs)xxy), and set

LONF, G) = 4;'9D @19, % ®p19,d1" U F ®oy Ax).
LeEmMMA 3.1.  Assuming g is proper, there is a natural isomorphism
w: T(X x Y; B3 y(#,9%) ~ Hompe g, (29,05 9F). (3.1)
Proof. Tt is enough to apply H(-) to the following chain of isomorphisms:
Raxuy. (B y(F,9"))
~ Ray.R@uRHom 19, (47 D9, Boy).y ® 1oy 47" F)

~ Ray.R#omg, (2%, qu*(Q(STXXY ®proy 41 F))

~ Ray,R#omg, (9%, O;DF).

Here, in the first isomorphism we used the fact that 29 is y-coherent, and in the
last one we used the fact that g, is proper on S. O
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Definition 3.2. (i) Assuming g is proper, and using Lemma 3.1, we associate
tose(X x Y; %g?fly(ﬁ , %)), the Dy-linear morphism:

a(s): 29 -» 059 F .

(ii) We refer to [24] for the notion of a nondegenerate section of €5 xxy on
an open subset of A = Ts (X x Y). We shall say that a section of Bsixxy 18
nondegenerate in a neighborhood of p € A if the section of the sheaf of micro-
functions %gx«y that it defines is nondegenerate. This definition extends to
ﬂgl ;xy(f %*), since this sheaf is locally isomorphic to Zgxy-

THEOREM 3.3. Let & and 4 be holomorphzc line bundles on X and Y respec-
tively, and choose a section se I'(X x Y; %m(9’ %*)). Assume (2.2), and

(a) sis nondegenerate on A.
Then

(i) the induced morphism H%(a(s)): 9% — H)(®sDF) is a Dy-linear isomor-

phism.

Assume, moreover that Y is connected, and

(b) there exists y € Y such that H/(§; F*) = 0 for every j <n —c.
Then, DsDF is concentrated in degree zero, and

(ii) a(s): DY - O DF is an isomorphism in D*(Dy);

(ii) a(s) induces an isomorphism ®sF * — %* in D*(Cy).

Proof. Hypothesis (a) and the theory of [24] ensure that o(s) is an isomor-
phism “outside of the zero-section,” and we shall show that this isomorphism
extends to the whole space. More precisely, it follows from Proposition 2.6 that
o(s) induces a morphism

Ea(s): 6% > OL(EF).
For conic objects of D*(Cr-y), we have Sato’s distinguished triangle

R‘n’y!(-) — RTCY*(-) —_ thy*(') :)

Applying it to the morphism &a(s), we get the morphism of distinguished triangles

Rzy, (é’g) _— Rny, (éag) e Ry, (gg) —-+1—>

&(s)[ a(s)[ '5‘(5)[ (32)

Ry QU(EF)) —— Ray.(QUEF)) —— Riv.(Q4(EF)) ——.

Notice the following.
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(1) There are natural isomorphisms
Rny, 6% ~ 99, Ry QEEF ~ OsDF .

In particular, Rny,£% is concentrated in degree zero.

(2) &a(s) is an isomorphism all over T*Y by [24], and hence a(s) is an
isomorphism.

(3) Considering the diagram

T*X 2 TI(X x Y) -2 T*Y

X — S —-—g—->Y,

and using the isomorphism Rm‘gérfiy o~ @f,?;?)yl s[—c], we have

Ray(DRs8F) ~ Ranpé‘*(‘fﬁ'}?ly ®prinoy Pi Tx' F)
~ Rgng(‘ﬁéln)‘?iY r-if-togy W f T F)
~ Rg (0915 ®r-10, £ ' F)[—d],
and similarly,
Rryi(89) = 07y ®o, 9[-1].

Summarizing, we have the following morphism of distinguished triangles:

(9(1:';?;4}'@0,'?[—"] — 99 —— R#y.(69) —_

+
a(s)l a(s)l zl (3.3)

Rg1 (075 ®y-t0x f ' F) [~ —— ©5(2F) — Rityu(R4(6F)) ——.

Since ¢,n >0, H%(d(s)) is the morphism 0— 0. Taking the cohomology
groups in (3.3), we get the commutative diagram in which the horizontal lines
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are exact:

00— 2% — iy (6Y) — H‘”“(@(y"f)w®my?)

l H (a(S))J 2[ H! (&(S))J

0 — H(Q5(DF)) — siva(QE(EF)) — H (Rg(OF |5 ®f-10, f'F).

First, assume n, ¢ > 1. Then H!(d(s)) is the morphism 0 — 0.

Next, assume n= 1. In such a case ¢ =1, and the contact transform (2.3)
comes from an isomorphism X ~ Y, since P*X ~ X, P§(X xY)~ S, and
P*Y ~ Y. Moreover, the nondegenerate section s e H}(X x Y; 09;?),,) is locally
a multiple of the fundamental class of S in X x Y. Then H!(d(s)) is clearly an
isomorphism.

Finally, assume n> 1, ¢ =1. In this case, H-"+1(co(;';°§,|,, ®p, %) =0, and
hence, the diagram being commutative, § = 0. This proves (i).

As for (ii), by Proposition 2.8(ii) and hypothesis (b), the complex ®;2F is
concentrated in degree zero. The claim follows.

(iii) follows by applying the functor R#omg, (-, Oy) to (ii), and by using iso-
morphism (2.8) for # = 9F. O

Remark 3.4. Hypotheses (a) and (b) in the theorem above imply that
H/(5; F @y, Qx) =0 Vi<n-—c.
In fact, by Proposition 2.8(iv) this is equivalent to saying that Dy ®sDF [—n] is
concentrated in degree zero. This is the case since ®;PF ~ 99.

Combining the above theorem and Proposition 2.3 or Proposition A.1, we get
the following corollary.

COROLLARY 3.5. Let G e D*(Cy), let & and % be holomorphic line bundles on
X and Y, respectively, and take a section se I'(X x Y; %g?ﬁly(,g", %*)). Assume
(2.2), that Y is connected, and that hypotheses (a) and (b) of Theorem 3.3 are
verified. Then, a(s) induces the isomorphisms

RI(X;®;G ® #*) ~RI(Y;G® ¥*),
RT(X; R#om(®sG, F*)) ~ RT(Y; R#om(G,%*)),

and similarly with RT replaced by RI', or ® replaced by év), or R:#¥om replaced by
T hom.

3.2. Another approach, using kernels. In this section we will make use of
Kashiwara’s functor 9 hom (see Appendix A), and of the notations and results of
Appendix B.
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Consider two correspondences
S T
/ \‘ / X
X Y, Y Z,

satisfying (2.2) (a) (i.e., f, g,h,k are smooth and proper), and set dxy = dim® X,
cs = codimg:(xy S, and similarly for dy, dz, cr.
Our first aim is to discuss the compatibility of the isomorphism in Lemma 3.1
with the composition
o: Home(gz) (@”, QT@g) ® Home(gz)(QT@g,@TQS@g")
- Home(gz)(.‘fZJf, 0, 959F),

where &, 4, #, are holomorphic line bundles on X, Y, Z, respectively.
Recall that By x .y ~ I hom(Cs[—cs], Oxxy), and consider the morphisms

@r: Hompy g, (29, 05D F) - Hompe g ) (2799, 01 OsDF),
as: H® THom(Cs[—cs], 070 (#, 9*)) = Hompy (29,059 F),
ar: H THom(Cr[~cr], 0$3)(%, #*)) = Homps g (DH,8799),
ast: H® THom(Cs o Crldy — cs — 1], 00 (F, #*))
3 Hompp g,y (2,7 @59 F),
o: H® THom(Cs[—cs], 032 (#, 9*)) ® H® THom(Cr[—c7], 0%, #*))
- H® THom(Cs o Cr[dy — cs — c1], O"0(F, #7)).

The first morphism expresses the functoriality of @ . The isomorphisms og and ar
are those introduced in Lemma 3.1. The isomorphism ogr is similarly obtained
using Proposition B.6. The last morphism is constructed using Proposition B.6
and the integration morphism

R4131(9§?§?’}(’)2<z - Oxxz[—dy].

For a proof of the next proposition, we refer to [18, Proposition 11.4.7], where
a similar result is obtained for H® THom replaced by Hom.
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ProrosITION 3.6.  With the same notations as above, let
s1 € H® THom(Cg[—cg], (9%?)}'(%’ g%),
s2 € H THom(Cr[—cr], 08"%(%, #)).

Then we have the equality in Hompy g, (2#, 21939 F):

@1 (ar(s2)) o as(s1) = asr(s2 0 51).

Consider now the correspondences
S S
N N
X Y, Y X,

and denote by Ax the diagonal of X x X.

Definition 3.7. We denote by d4 the global section of .%Xi;‘l’;)x x(F,F*) cor-
responding to the identity of 2 via the isomorphism:

T(X x X; B0 4 (F,F ) ~ H'RT(X; R#omg, (DF, DF)).

THEOREM 3.8. (i) Assume (2.2) (a). Let

s eT(X x Vi B0 (F,97),  seT(Y x X800 (9,%),

and assume that there is a distinguished triangle
Cs[—cs] 0 Cg[—cs] = Cay[~dx — dy] » Mxxx|—dy] =5 (3.4)
for an object M € D*(Mod(C)) satisfying
H’ THom(My,x, 0*0(#,#*) =0,  for j=0,1.
Then
s105 € T(X x X; B ((F,77)). (3.5)
(i) Assume, moreover, that there is a distinguished triangle

Cs[—cs] o Cg[—cs] > Cay[—dx — dy] > Nyxy[—dx] ,
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for an object N € D’(Mod(C)) satisfying
H) THom(Ny.y,0\79(9,4*)) =0,  for j=0,1,
and that the equalities sy o s = 64 and sy o s; = 0g hold. Then, the morphisms
a(s1): 99 - @sDF,

a(sy): 2F - 09,
are isomorphisms.

Proof. One has
s1 055 € H® THom(Cs o C[dy — 2cs], 02 (F, F*))
~ H® THom(Cy, [—dx], 0¥ (F, F*))

dx,0 *
~T(X x X; BED o (F,F),

where the first isomorphism follows by applying the functor
THom(-, 0%y - (#,# ™))

to the distinguished triangle (3.4). This proves the first statement.
The second statement follows from Proposition 3.6.

O

THEOREM 3.9. Let A € Dgood(g x). Assume (2.2), assume that X is connected
and simply connected, and assume that RT'(X; R#omg, (M ,0Ox)) = 0. Then, the

adjunction morphism
M~ Dg(Ds(A))

is an isomorphism.

Proof. Combining Proposition B.6 and Corollary B.3, we obtain that the
adjunction morphism is induced by a natural morphism Cg[—cs] o Cs[—cs] =

Ca, [—dx]. By hypothesis (2.2), the third term N of a distinguished triangle

C5[—cs] o Cs[—cs] = Cay[~dx] > N —

satisfies SS(N) = Ty, x(X x X). Applying the functor J hom(-,0xxx) o M, we

get a distinguished triangle

.7'hom(N, (9x><x) o J”—’J”—’SI_)§(QS(‘/”)) —+l—) :
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If N = 0, the claim follows. If N # 0, then for all j, H/(N) is a constant sheaf, since
it is locally constant and X is simply connected. Moreover, X is compact. In fact,
consider the commutative diagram

SxY§._h_),§

|

XxX-—2.x,

where the arrows are the natural ones. Since there exists j with H/(N) constant
and nonzero, y is surjective. Since h and f are proper, g, o y is proper. It follows
that X x X = y(y~(g3(X))), is compact. Hence X is compact.

We shall prove that ®y(#), = 0. Arguing by induction on the amplitude of
N, we may reduce to N = Cxxx. In such a case,

(7 hom(N, Oxxx) o "”)x = ﬂl("l{ (gx)x
~ Rqxi(q7'Qx ®qL;19x(v’1 0x))
jad RF(X;QX ®;x .//{) ® @X,x~
In the last isomorphism, we used the Kiinneth formula (cf. [26]), which holds since
X is compact and ./ is good. Since RI'(X; R#omg, (#,0x)) = 0, we have by
duality R[(X; Qx @3, .#) = 0, which completes the proof. O

4. Projective duality

4.1. Main theorem. Let IP be a complex n-dimensional projective space, IP*
the dual projective space, and A the hypersurface of IP x P* given by the inci-
dence relation

A ={(z,0) e P x P*; {z,{)> = 0}.

Let us consider the correspondence:

A
2N\ (4.1)
P .

Denote by P*IP = T*IP/C* the projective cotangent bundle to IP, and notice
that P*IP ~ A c IP x IP*. Since A is a hypersurface, A ~ Pf(IP x P*), and we
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have the diagram
P*P <~ P} (P x P*) —~— P*P*
Lo
Pl A 4 p

In particular, setting A = T, (IP x IP*), the associated microlocal correspondence

A
N 42
T*P T*P*

induces a globally defined contact transformation
x: T*P ~ T*IP*. (4.3)

Hypothesis (2.2) is thus satisfied for the correspondence (4.1).
For k, k' € Z, denote by Op(k) the —kth tensor power of the tautological line
bundle, and set for short

Dp(k) = Dp ®o, Op(K),
B0 (k, k') = B b (OB (K), Op+ (k')
Set
k*=-n—-1-k,

and recall that Qp ~ Op(—n — 1), so that Qp ® ¢, (Or(k))" ~ Op(k*).

Notation 4.1. Let [z] = [20,2'] = |20, .. .,2zn] be a system of homogeneous co-
ordinates on IP. Let E ~ C" be the affine chart of IP defined by zy # 0, endowed
with the system of coordinates (¢) = (z1/zo,...,2x/20). Set O =[1,0,...,0] € E.
Let [¢{] be the dual system of homogeneous coordinates in IP*. Let E* < IP* be
the affine chart given by {; # 0, endowed with the system of coordinates (7) =
(¢1/Coy---,Cn/l0)- Set O* = [1,0,...,0] € E*.

Remark 4.2. Note that, using the identification T*E ~ E x E*, the restriction
of the contact transformation (4.3) to the affine chart E is the Legendre trans-
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form, defined for {t,7) # 0:
x: T*E—> T*(E")
(t;7) P (/<8 1) =<8, D).
Following Leray [21, p. 94], we set

o(t) =dty A--- Adty,

*(z) =Z(—l)izidzo/\---/\gz\i/\m/\dz,,.
i=0

Notice that, in the affine chart E, one has
©*(2) = 2§ (2’ /20).
The form

w*(2)

<Z, C>n+l+k (44)

se=s(z,{) =

is thus a well-defined section of 00", (~k,k*) on P x P*\A.
Ifn+14+k>0(e.,if k* <0), sy has meromorphic singularities on A, and its
image via the natural morphism

T(P x P*\&; 050, (—k,k*)) - Hiy (P x P*; 050 (=k, k*))
defines a section (that we denote by the same symbol)
*, g (m0) *
sk e (P x P*; B, (—k,k™)),

which is nondegenerate on T (PP x IP*).

THEOREM 4.3. (i) Assume k > —n — 1. Then
HC(sy): Dp+(—k*) - H'® ,(Zp(—k))

is an isomorphism in Mod(Zyp+).
(i) Assume —n—1 <k < 0. Then

o(sk): D+ (—k*) —> @ p(Pw(—F))
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is an isomorphism in D®(2Dp-), and it induces an isomorphism in D°(C;):
Dp0p(k) = Op+(k*).
Proof. We shall apply Theorem 3.3 with & = Op(—k), 4 = Op(—k*), s = sx.

Since s is nondegenerate for k* < 0, it remains to check hypothesis (b). By the
following Lemma 4.4, hypothesis (b) is verified if and only if k < 0. O

LEMMA 4.4. Let { € P*, and consider { = P. Then

R 0 fork<0,n>=1
L'((; Op(K)) = {

nonzero and finite-dimensional for k =0, n > 1,
H(; Op(k)) is infinite-dimensional for every k, and for n > 1,
HI(¢ Op(k)) =0 for every k and for j #0, n— 1.

Proof. First, recall the following result of Serre:

@ I'(IP; Op(k)) ~ Clzo,...,2, as graded rings,
H/(P; 0p(k)) =0 for 0 <j < n and for every k, (4.5)
H"(P; 0p(k))' ~ T (I; Op(k™)),

where (-)" denotes the dual of a finite-dimensional vector space.
We have a distinguished triangle

RI(P\(; Op(k)) —» RT(IP; Op(k)) - RT'((; Op(k)) -

The subset { is a hyperplane of IP. Identifying ]P\f to an affine chart E ~ C", we
thus have an isomorphism

RT(P\(; Op(k))[n] =~ RT(E; OF)[n]
~ H"(E; O).

Recall that H?(E; Og) is isomorphic to the space I'(E; Qg)' of analytic functionals
of Martineau. Using (4.5), we are reduced to prove the surjectivity of the map

['(E;Qg) — H"(P; Op(k)).

Since the right-hand side is finite-dimensional, by duality it is equivalent to show
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the injectivity of the natural restriction map
['(P; Op(k*)) - I'(E; OF),
which is obvious. O

Applying Corollary 3.5 with & = Op(—k), 4 = Op+(—k*), we get the follow-
ing result.

COROLLARY 4.5. Assume —n—1<k<0, and let FeDP(Cp). Then a(sy)
induces isomorphisms

RI(P; F ® Op(k)) ~ RT'(P*; ®oF ® Op-(k*)),
RI(IP; R#om(F, Op(k))) ~ RT(IP*; R#om(®aF, Op+(k*))).

Moreover, assuming F is IR-constructible, similar isomorphisms hold with @ re-
placed by ® and R#om replaced by I hom.

4.2. Another approach, using kernels. In this section, we will use Theorem 3.8
to give an alternative proof of Theorem 4.3. In particular, we shall explicitly
construct an inverse (up to a nonzero constant) for the isomorphism in Theorem
4.3 (ii). The arguments that we shall use here are very classical, and go back to
Leray [21] (see also [28]).

We begin with a geometric lemma.

LeEmMMA 4.6. Let Apxp be the diagonal of P x IP. Then there is a natural iso-
morphism in Db(C]PxP)

Carp, forj=2n-2,
H/(CpoCz) =S Cpxp forj=0,2,...,2n—4,
0 otherwise.
Proof. By definition,
CaoCj ~ Rq131(Cpop ) -
Recall that for z € IP, the set Z is a hyperplane of IP*. Since

A xp A={(z,{,7)ePxP* xIP; L ez £},

P! if z =%,
qi-31(z>2) =

P"2,  otherwise,

it follows that
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and hence,

n—1
@ C[-2j], ifz=%,
j=0

qu3!(CAXp"A)(z)z~) = n—2

@ C[-2j], otherwise.
=0

Moreover, the locally constant sheaves H’(Rqi31(C Axph)) are constant since
IP x IP and Ap are simply connected. O

Remark 4.7. One could prove that in fact € o Cj splits as the direct sum of
its cohomology groups, but we shall not need this stronger result here. (This is
also a very special case of the results of Beilinson-Bernstein-Deligne-Gabber

(41

THEOREM 4.8. Assume —n— 1<k <0. Then a(si) is an isomorphism, the
inverse being given by o(sy+), up to a nonzero constant.

Proof. The fact that a(sy) is an isomorphism was proven in Theorem 4.3 (ii).
In order to show that an inverse of a(sk) is given by a(si) (up to a nonzero con-
stant), we will apply Theorem 3.8 to the present situation, using the results of
Appendix B.

To complete the proof using Lemma 4.6 and Theorem 3.8, it remains to show
that s; o sp+ and s+ o 5, are nonzero multiples of the canonical sections J; =
S0p(k) and O = Sy k) Of .%A"’m,xn,( —k, k) and QZA"’ )l,.xn,.( k*, k*), respectively,
introduced in Definition 3.7. Since the arguments are identical, we will just treat
the first composite.

Consider the projections

PxIP*xIP

4/ 913

P x P* PxP P*x P.
We have the morphisms
T hom(Ca, 0L (—k, k*)) 0 T hom(Cj, 0% p(—k*, K))
— Rq13:7 hom(C . 1> O p(—k, 0, )

~ Thom(Cp o Cz, 09 (—k, k))[-n],
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where the last isomorphism follows from a theorem of [14], and is induced by the
residue map

0 0
qu3!01(1:'x"1p*)x1p[”] @](l?xl{’

Applying the functor RI'(IP x IP; -), and using Lemma 4.6, we see that si o sp+ is
the image of s, ® s+ by the maps

THom(Ca, O (—k, k*))[1] ® THom(Cy, 05 p(—k*, K))1]
— THom(C . Oy xp(—, 0, K)) 2]
— THom(Cay, 09—k, k))[n]. 46)
Denote by A° the complementary set of A in IP x IP*, and set for short
T[A°] = H® THom(C ¢, 05, (—k, k*)),
T[(A° x P) n (P x A%)] = H® THom(C e p)  pxie) Oorpne(—: 0,K)),
Hly (P x P*) = H' THom(Ca, O35 (—k,k*)),
H'[(A xp B)°] = H' THom(C p . aye> O (=K, 0,K)),
H,, .3 (B X P* X P) = H? THom(Cy,. 4, Oppp(—K: 0, 6)),
H,, (P x ) = H" THom(Ca,, O (—k, k),

and define similarly I'[A°] and H ! (]P* x IP). Note, for example, that I'[A°] is the

set of those sections of m,ﬁ,"x‘},),.( k k*) on A° which extend as distributions to the
whole space IP x IP*. Taking the zeroth cohomology of (4.6), we get the commu-
tative diagram

TA°)QT[A] —— Hjy(PxP*)® Hj; (P* x P)
| |
T[(8° x )~ (P x %)) 2 HE 1 (P x P* x P) @7

Iq:s J“113

Hp, (P x P),
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where « is the coboundary map, and g is the composite of the coboundary maps 7y
and 6 below

B: T[(A° x P) A (P x A°)] —— H'[(A xp A)°]

-—6—>H2

[AXFA](IP x P* x IP).

Recall Notation 4.1, and denote by ([z], [{], []) the coordinates on IP x IP* x IP.
We have

Sk © Skr =J Sk @ Spr
q13

[ oo
ais <2, C>”+1+k<5a C>~k

in Hj (IP x IP). Since the above equalities are local in IP x IP, in order to calculate
explicitly the last integral we will restrict to the affine chart E x E, endowed with

the system of coordinates (¢, ).
Set
P =P, P =P*\{0"},

and notice that E = IP?. Consider the maps

ExP!xE

q1 q \%

ExP! ExP*XxE P!%XE

!
q13

N
EXE,

where q is induced by the map P} — IP™* given by [{o,(’] — [¢'], and g5 is the
natural projection. Hence, gi3 = q}; 0 g. Let

B= (& xp A) N (ExP*x E)

= {(t, [C],f) € Ex IP* x E; CO - <t’cl> = CO_ <E)C,> =O}a

B ={(t,[t'],) e ExP'* x E; <t —£,{'> = 0}.
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Notice that B < E x P} x E (and, hence, q3 is proper on B over E x E), and that
g induces a bijection between B and B’. Hence,

Rq:Cp ~ Cp'.

Set for short

P th )0
T[(A° x E) 0 (E x A°)] = H® THom(C e gy 1 (e ) Ooopin)

T'[(B')*] = H® THom(C gy, 0% %),

H (E x P! x E) = H? THom(C3, 0375%)
H[IB,](E xP'"* xE) = H! THom(Cp:, i)

ExP'*xE/»

H}\\(E x E) = H" THom(Cy,, 0%.}).
The bottom diagram in (4.7) factorizes in the commutative diagrams

T[(A° X E) N (E x A°)] —— H{y(E x P} x E)
4 4
T[(B')'] ——— Hp,(E x P'* X E)

(4.8)
o

j'q, 13

13

It follows that
w(t)w*(¢)
® Sk |pxg = - — —
L,s 5% ® St | L;, L(¢0+<t,c'>) K (o + CEUY)

in Hfj | (E x E). As explained in [15, §3.1], the arrow [, is a contour integral on a
loop surrounding the only singular point of s; ® s+ in the complex line g1 (¢, [¢'], ).
To explicitly compute it, let [{] = [{o, (", {,] be a homogeneous coordinate system
on PP*, and consider the affine charts F = P*, F' < IP’* defined by {, #0,
endowed with the systems of coordinates (a) = (60,06") = (o/Cn, (" /Cn), ("),
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respectively. For (t) = (¢, t,), (f) = (f”,f,), we have

J o(t)o*({)
a o+ U)o + <E )7

ExFxE
| w(t)o(o)
a (G0 +<t', 0"y + 1) (a0 + <, 0" + B) 7

_ wkfn—1 w(t)w(a")
= (—1) +k(n+k) (<t'_ f’,o">+tn — 't'n)n

(= 1Y 00 ()
‘(1)+(n+k)o—aay

in T'[(B")°]. To complete the proof, we have the following proposition, analogous
to the classical plane wave decomposition of the delta function in the framework of
hyperfunctions. O

ProrosITION 4.9. With the same notations as above, we have for a nonzero
constant C

- = C g,

j o(t)o* (")
g, E=5LD"

!
13

where 3g denotes the fundamental class of Hj, ,(E x E; (9,(;’;‘2 .

Proof. This is just a reformulation of the first Cauchy-Fantappié¢ formula
(56.1) of [21]. In fact,

w(t)o* (')
=80H"

is precisely the kernel of the Cauchy-Fantappi¢ transform. O

5. Applications

5.1. On a theorem of Martineau. In this section we will show how the pre-
vious results allow us to recover and make precise Martineau’s isomorphism, as
well as some related results by Henkin, Leiterer, Trépreau, and others.

Consider the correspondence (4.1). We begin with a geometrical lemma.

Definition 5.1. Let D be a locally closed subset of IP. We say that D is A-
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trivial if for any { € 13, one has
RI'({ A D; Cp) ~ C.
LemMMA 5.2. Assume D is compact (resp. open) and A-trivial. Then
®pCp ~ Cp[n—1]
(resp. @aCp ~ Cp[1 —n]).

Proof. (i) Assume D is compact. Set § = g| 7-1(p)- The natural morphism id —
R, ! defines the morphism

Cb - Rg*Cf—l(D) y
and this morphism is an isomorphism by the hypothesis. Hence, Cj ~
®pCp[1 —n]. R
(ii) Assume D is open. Then §: f ~1(D) » D is smooth, and by [18, Remark
3.3.10], we obtain that if { " D # &, then
RI.({ n D; Cp) ~ C[2 - 2n], (5.1)

since §'(-) ~ §~!(-)[2n — 2]. The natural morphism Rg,§' — id defines the mor-
phism

Rg\Cs-ypy[2n — 2] - Cp,

which is an isomorphism by (5.1). O

We say that a subset D < IP is affine if it is contained in an affine chart. We
introduce the notation:

D* =1P*\D,
and we keep these notations for subsets of P*. Note that
D* ={(eP*;{nD= o},

and that
D # @ = D* is affine,

D affine = D* £ & .
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Using Notation 4.1, let K < E < IP be a compact convex subset. Then, it is
easy to check that K## = K. More generally, recall that Martineau [22] calls
“linéellement convexe” those subsets D = E such that D## = D. We have a cri-
terion for such a convexity.

PrOPOSITION 5.3. Let D < P be either compact or open. Assume that D is non-
empty, affine, and A-trivial. Then D¥ is nonempty, affine, A-trivial, and D## = D.
Moreover, if n > 1, we have RT'(D; Cp) ~ C.

Proof. Assume D is compact (the proof when D is open is similar). We have
already noticed that D# is nonempty and affine. Applying Lemma 4.6 and
Remark 4.7, we find that

®;(@a(Cp)) ~ Cp ® (N ® RI'(D; Cp)),
where N = @;:11 Cp[—2j]. Applying Lemma 5.2, we obtain
@4 (Cp) = Cp[l — n] ® (N’ ® RI(D; Cp)),
where N’ = N[1 — n]. On the other hand,
®;(Cp) ~Cp[l —n]@N'.
Writing Cp# as the complex [Cp+ — €], we find that
®;(Cp#) ~ Cp\p[l —n] @ M,
where M is the complex [N’ > N’ ® RI'(D; Cp)]. Since
supp M < supp @ (Cp#) = D*" £ P,
we find that M = 0, and if n > 1, this implies RT'(D; Cp) ~ C. Hence, we get
©;(Cp#) =~ Cp\p[1 —n].
Forze P, set D, = D* n# = A ~ ({z} x D#). This is an open subset of A, and
0, ifz¢P\D,

RI,(D,; Cp,)[2n — 2] =
C, if zeP\D.

Since (RT¢(D;; Cp,)[2n — 2])’ ~ RT(D,; Cp,), we find that D*" = IP\D, and hence
D## = D, and D¥# is A-trivial. O

Remark 5.4. Much work has been done on the geometry of “linéellement
convexe” sets. Beside Martineau [22], let us quote in particular [1] and [30].
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THEOREM 5.5. Let U = P be open, K = IP* be compact, and assume one of the
following equivalent conditions:
(a) U is affine, nonempty, A-trivial, and K = U%#;

(b) K is affine, nonempty, A-trivial, and U = K#.
Then, assuming O € U < E for simplicity (hence K = E*), there are isomorphisms

RT.(U; Og)[n] ~ RT(K; 0%.), (5.2)

RI'(U; 0g) ~ RTk(E*; Og+)[n], (5.3)
and these four complexes are concentrated in degree zero.

Proof. By Proposition 5.3, conditions (a) and (b) are equivalent. Let us apply
Lemma 5.2 together with Corollary 4.5 to the sheaf F = Cy. For—-n— 1 <k <0,
we find that

RT((U; Op) ~ RI(P*\K; Op- (k))[1 — 7],
RI(U; 0) ~ RT(P*\K; Op- (k))[n — 1].

Using the fact that RI'(IP*; Op+(k)) =0 for —n—1 < k < 0, the isomorphisms
(5.3), (5.2) follow.

Finally, since the complex RI'(U; Og) is concentrated in degree > 0 as well
as RI'(K; Og.), and RI'k(IP*; Og-)[n] is concentrated in degree <0 as well as
RI.(U; Og)[n], all these complexes are in degree zero. O

Remark 5.6. 1t is important to distinguish between IP and IP*. For example,
when n = 1, one may identify IP to P* and IP\K to K#, but (5.3) cannot be iden-
tified to the morphism

RI'(P\K; Op) - RT'k (IP; Op)[1]

associated to the inclusion K < IP, since the zeroth cohomology of this last mor-
phism has nonzero kernel.

Remark 5.7. If K is a compact convex affine subset of IP, then ®a(Ck) =
Cy[n — 1]. However, one shall take care that if K; and K are two such sets, then
in general

(Kl ﬂKz)A S Kl ﬁkz.
In particular, the distinguished triangle

1
(I)A(CIQ UKz)[l - n] - Ck1 ® Cf(z - q:(Kl N Kp)" —t—)

is not the Mayer-Vietoris sequence associated to K; and K;.



482 D’AGNOLO AND SCHAPIRA

Remark 5.8. With the notations of Theorem 5.5, the isomorphism
HY(K*; 0p) ~ HL(E*; Og+)

is a theorem of Martineau [22]. Note that Martineau’s proof was essentially not
different from ours, since it is based on Leray’s Cauchy-Fantappié¢ formula.

COROLLARY 5.9. Fori=1,2, let U; = IP be open (resp. let K; = P* be com-
pact) and assume that they satisfy condition (a) (resp. (b)) in Theorem 5.5, and
that Uy « U, (resp. K; = K1). Then, assuming Uy c E (resp. K; < E*), the
natural morphisms

H}(Uy;0g) - H;(Uz; Og),
H,'}Z(E*; Op+:) > H}él (E*; Og+),
are injective.

Proof. We may assume K; = U?. Then Theorem 5.5 interchanges the mor-
phisms in the statement with the morphisms

I'(Ky; 0p+) - T'(K3; 0g-+),
F(Uz; (OE) b d F(Ul; (QE),

which are injective by analytic continuation. O

Using the formalism of formal and temperate cohomology introduced in [14],
[19] (and reviewed in Appendix A), we obtain the following results, analogous to
Theorem 5.5 and Corollary 5.9.

Recall first that if U < IP is open and subanalytic, and K = IP* is compact and
subanalytic, then Cy ® Op is the Dolbeault complex with coefficients in the
sheaf of ¢ *°-functions on U vanishing up to infinite order at the boundary of U,
Cx ® Op: is the Dolbeault complex with coefficients in the sheaf of Whitney
functions on K, 7 hom(Cy, Op) is the Dolbeault complex with coefficients in the
sheaf of temperate distributions on U, and RI'[k)(E*; Of) is the Dolbeault com-
plex with coefficients in the sheaf of distributions supported by K.

THEOREM 5.10. Let U < IP be open and subanalytic, and let K = IP* be compact
and subanalytic. Assume one of the equivalent conditions (a), (b) in Theorem 5.5.
Then, assuming O € U < E for simplicity (hence K = E*), there are isomorphisms

RI(IP; Cy ® Op)[n] ~ RT(E*; Cx ® Og.), (5.4)
RI'(P; 7 hom(Cy, Op)) ~ Rk (E*; Op+)[n], (55)

and these four complexes are concentrated in degree zero.



LERAY’S QUANTIZATION OF PROJECTIVE DUALITY 483

Proof. The proof is the same as that of Theorem 5.5, replacing Proposition 2.3
by Proposition A.1, and noticing that RT(IP; €y ® Up(k)) ~ RT(P; Cy ® Op). In
fact, R['(IP; Cy ® Op(k)) is the Dolbeault complex with coefficients in I'(IP; Cy é
%p’(k)), and this space is the completion of I'.(U; ¥p’(k)) ~ I'.(U; €p°’) for the
topology induced by I'(IP; #p°(k)). This topology is the same as that induced by
(IP; 65°).

(By d];azlity, one also has RI'(IP; 7 hom(Cy, Op(k))) ~ RT(IP; 7 hom(Cy, Op)).
O

CoROLLARY 5.11. Let U; <P and K; =« P* (i=1,2) be as in Corollary 5.9.
Assume that they are subanalytic subsets of IP and P*, respectively. Then, the nat-
ural morphisms

w w
Hn(IP; CU; ® (9]p) g fI”(IP;q:U2 ® (O]p)
Hfy, (E*; Og.) > Hfy (E*; Op+)

are injective.
Concerning local cohomology, we have the following result.

CoROLLARY 5.12. Let U < E be an open subset with real analytic boundary,
let t, € U, and assume that U is strictly pseudoconvex at t,. Then

H/(Cy ® Og), =0  for j#n, (5.6)
H/(R[0g), =0  for j#n, (5.7)
H/(RT5,0g), =0  for j#n. (5.8)

Proof. Since the proofs of these formulas are similar, we will only show (5.6).

The problem being local at ¢, it is not restrictive to assume that U is strictly
convex. Let ER be the real underlying affine space to E, and denote by (-, - Y¥
the scalar product on ER. In the identification T*E ~ E x E*, let (t,,1,) be an
exterior conormal to U at t,. For ¢ > 0, let

U, = {te U; {t — to, 1Y} < —¢},

and let V, be a fundamental system of neighborhoods of ¢, such that V,n U = U,.
Consider the complex L, = I'(V,; Cy é (KE';{(O")). We have

H/(Cy ® 0r), = lim H/(L,).
€
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On the other hand, consider the complex L; = T'(E; Cy\y, é} %g';{(o")). It enters
the short exact sequence of complexes

0 I'(E; Cy, & (gg,(O,.)) - T(E; Cy ® (g;'){,(o,.)) > L' >0,
or, equivalently, it is the third term of a distinguished triangle
w w
+

Using Theorem 5.10 and Corollary 5.11, one gets that H/(L’) = 0 for j # n. To
conclude, one notices that the two complexes L/ and L, are cofinal. O

Remark 5.13. (i) Corollary 5.12 was obtained in [12] (in a different language)
by explicit integral formulas.

(iiy Let M be a real C2-hypersurface of a complex manifold X of dimension n,
let p € T;; X, and let M* be the germ of closed half-space at t, = n(p), with inte-
rior conormal p. Assume the Levi form of M has exactly g negative eigenvalues
in a neighborhood of p. A theorem of [17] asserts that

1%;1 Hipnq@;0x) =0,  for j#q+1. (5.9)

Trépreau [29] has noticed that there exists a holomorphic chart in a neighborhood
of t, in which a partial Legendre transform interchanges X \M* with a pseudo-
convex open subset. He has then obtained a more direct proof of (5.9) using means
analogous to the result of [12] with parameters. It would be possible to adapt
Trépreau’s method by using a generalization of Theorem 4.3 to a situation with
parameters.

5.2. Real projective duality. In this section, we shall apply Corollary 4.5 to
give an alternative approach to the results of Gelfand, Gindikin and Graev [9]
on the (real) Radon transform.

Denote by P a real projective space of dimension n, and assume for simplicity
that n > 1. Recall that there is a natural embedding P — IP (compatible with the
embedding of affine charts R"” — C") by which P is a complexification of P.
Set A=A n (P x P*), and consider the embedding of the real projective corre-
spondence in its complexification

A
N N
P P* P P*.
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First we need to recall some basic facts on the topology of P and A (references are
made to Ehresmann [8]).

Since 71 (P) = Z,, there are essentially two locally constant sheaves of rank 1
on P: the constant sheaf Cp, and the canonical line bundle that we denote by
Kp. Consider the universal covering of P:

q:S—-P, (5.10)
where S denotes a real n-dimensional sphere. There is a split exact sequence:
0— Kp— q1Cs — Cp — 0 (5.11)

(where tr: q,Cs ~ q1q' Cp — Cp is the natural trace morphism), from which one
deduces that

C, for n even,
RI(P;Cp) =~ (5.12)
C @ C[—n|, fornodd,
{ C[-n], for n even,
RI'(P; Kp) ~ (5.13)
0, for n odd.

Moreover one has Kp ~ D,Kp, Kp ~ orp if and only if n is even, and Cp ~ orp if
and only if n is odd.

Concerning the topology of A, one knows that there are essentially four
locally constant sheaves of rank 1 on A: Cp Xl Cp+|s, Kp X Cp+|a, Cp X Kp*|a,
and Kp X Kp+|o. Moreover,

Orp/pxp* = Kp X Kp+|a- (514)
In order to calculate the Radon transform (i.e., ®a (i1 F)) of a sheaf F on P, we

need some preliminary results.
For e e Z;, set

Cp, fore=0,
Cp(e) =
Kp, fore=1.
We also set
&=-n—1—¢ mod2.

PROPOSITION 5.14. Let ¢1,& € Z,. Then

RHom(®a(Cp(¢1)), Cp+(e2)) =~ RI'(A; [Cp(e] + 1) K Cp+ (62 + 1)]]a)-
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Proof. Let F and G be locally constant sheaves of rank 1 on P and P*,
respectively, (so that F ~ €p or F ~ Kp, and similarly for G). One has the fol-
lowing chain of isomorphisms:

RHom(CDA(i;F), igG) Il RHom((igF C]p*) ® (EA[n - 1], C]p i;G[2n])
~ RHom(i) ((F X Cp+) ® Ca),Cp X i1G)[n + 1]
~ RHom(i; Ca, i ((DII)F ® orp) ¥ G))[1]

~ RT'(A; 0ra/pxp* ® [(DpF ® orp) X G]|a)-
This completes the proof by (5.14), noticing that D;(Cp(¢1)) ® orp ~ Cp(ef). O
COROLLARY 5.15. For €1, & € Z,, one has the following isomorphisms
C, foreg=e=1,
Hom(®@(Cp(e1)), Cp+ (e2)) ~
0, otherwise.

PRrOPOSITION 5.16. We have

Cp+, forj=1—n,

) Kp+, for j=0, neven,
H'®p(Cp) ~
Cp\p+, for j=-1, nodd,
0, otherwise,
Cpr\p+[1], for n even,
@, (Kp) = {
Kp+, for n odd.

Proof. (a) First we calculate the stalks of ®p(Cp), @a(Kp).
For { e IP*,

HI(®@a(Cp)[1 — 1)), ~ H({AP; C; ).

Note that every z € P may be written as z = [xo, ..., X,] with x; € IR, and that it is
not restrictive to assume { = [1,{’]. It follows that

{nP={[x]eP; xo+<x',{'>=0}

= {[x] € P; xo+<x",Re {") =0, <x',Im {') = 0}

~

{ P,y forIm{' =0,

P,, forIm{’' #0,
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where P;, denotes a k-dimensional real projective space. Using (5.12), we then get

C, forj=1-—n,
, forj=0, neven, (eP*,

C
HI®,(Cp), ~
‘ C, for j=-1, nodd, (elP*\P*,
0,

(5.15)

otherwise.

In order to compute @a(Kp) I3 consider the distinguished triangle
@ (Kp), — ®a(q:Cs); — Oa(CTp), - .
One easily checks that tr corresponds to the natural map
RT(g7() N 8; € gy ns) = RTE AP s, p).
One has
' Q) nS={(x) eS8 xo+<x',{"> =0}

={(x)eS; xo+<{x,Re{'> =0, (x',Im (') =0}

~

S*! forIm{ =0,
{ S"2 forIm{' #0,
where S* denotes a real k-dimensional sphere. Recalling that
C, forj=0,
H/(S;Cs) ~{ €, forj=n,

0, otherwise,
we get

forj=1-n

) for j=0, (eP*,
H](I)A(q!cs)g o~

e e o

for j=~1, (eP*\P*,

otherwise.

L
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It follows that
C, forj=0, (eP* nodd,
H/(®p(Kp);) ¥ €, forj=-1, (eP*\P*, neven, (5.16)
0, otherwise.

(b) The sheaves H/®,(Cp), H/®p(Kp) are clearly locally free of rank 1 or
zero on IP*\P* and on P*. Moreover, IP* is simply connected as well as IP*\P*
for n > 2. Thus, by Corollary 5.15 it only remains to prove that

(DA(KP) o™~ C]p»\p' [1] forn=2.
Let j: P*\P* - P* be the open embedding, and set L = H~'(®a(Kp))|p-\p+, 5O
that @ (Kp) ~ ji L[1]. Noticing that
n—1
04(Cr) =~ D Toln—1-2j],
=0

and using (5.13), we have (for n = 2)

RHom(Cp+, ®a(Kp)) ~ RHom(®; (Cp+), Kp)

1
~ P RHom(Cp, Kp)[2j — 1]
=0

~ C[-1] @ C[-3].
Applying the functor H'RHom(-,®a(Kp)) to the exact sequence
0 - Cpr\pr » Cpr > Cp -0,
we get
Hom(Cpn\p+, j1L) ~ H™' RHom(Cp+\p+, ®a(Kp))
~ H® RHom(Cp+, ®a(K>p))
~C,

where the last isomorphism is obtained by adjunction from the second iso-
morphism of Corollary 5.15. Since L is locally constant of rank 1, this implies that
L~ C]p*\p . EI
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For ke Z, ¢ € Z,, we consider the sheaves of twisted analytic functions, 4 *°-
functions, distributions and hyperfunctions given by

Ap(k,¢) ~ Cp(c) ® Op(k),

¢ (k,2) ~ Cp(e) ® Op(k),

Dby (k,2) ~ T hom(D'Tp(e), Op(K)),
Bp(k,£) ~ RA#om(D'Cp (), Op(k)).

Notice that, for example, the global sections of ¥p°(k, ¢) are those ¥ *°-functions f
on R""1\ {0} satisfying the homogeneity condition

f(Ax) = (sgn A)* A% f(x), for A e R\{0}.

Applying Corollary 4.5 and Proposition 5.16, we get the following result.

THEOREM 5.17. For —n—1 < k <0, ¢ € Z,, the section sy, introduced in (4.4)
induces the isomorphism

[(P; €p° (k. &) ~ T(P* €5 (K", %)), (5.17)

and similarly with € replaced by </, 9b or 3.

Notice that this theorem was already obtained (in the € case) by explicit
computations in [9]. The case of hyperfunctions is treated in [16, Proposition
4.1.3] who also generalize it to the case of arbitrary homogeneity (i.e., k € C).

5.3. Other applications. (a) It is well known (cf. [5]) that the transform ®p
interchanges Dg.__(P) and D2__(IP*), and interchanges perverse objects with
perverse objects modulo constant sheaves (this is in fact an immediate con-
sequence of the microlocal characterization of perversity in [18, Chapter 10]).

Let us call “generalized holomorphic function” a section of H/R#om(K, L)
for K e D§_,(IP*) and % a holomorphic line bundle. Corollary 4.5 shows that
®@,, interchanges generalized holomorphic functions on P* and IP.

It would be interesting to study more precisely the transform of the sheaf
of ramified holomorphic functions on a hypersurface of IP*. Related results are
obtained in [28].

(b) Let Z = IP be a complete intersection subvariety of codimension d, and
denote by Oz the quotient of Op by the defining ideal .#z. Note that 07 ~
Oz[—-4d].

A result of Henkin [11] asserts that the transform ®, interchanges holomor-
phic functions on Z with holomorphic functions on IP* satisfying a system of
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constant coefficient differential equations associated to Z. This can be rephrased
by the isomorphisms

(I)A((Qz) o~ Q)A(R.#omg, (@(92, @P) [d])

~ R#omg, (D (202), Op+)[d].

Moreover, let fi =--- =f; =0 be a system of globally defined equations for Z
with f; homogeneous of degree m;. For k > 0, the sheaf 0z(k) is quasi-isomorphic
to the complex

0— P4 ... P2, @@m(k+mj)-(—£j-)>(9]l’(k)—’0a
j

where the %/ are locally free. Applying the functor Zp ®g, (- ), we get a complex
quasi-isomorphic to 20z(k). Next, applying the functor ®, we find a complex
Az(k) quasi-isomorphic to @, (20z(k)).

One knows that H/(A4z(k)) is a flat connection for j # 0. Moreover, by this
construction, we find that for k > —n — 1, H(A%2(k)) is isomorphic to the co-
kernel of

\ ($) \
D 2w (k* — mj)) — Dy (k*),
J

where f] is the constant coeflicient differential operator homogeneous of degree d;,
the Fourier-Radon transform of f;.

APPENDICES

A. The functors of temperate and formal cohomology. Let us briefly recall
some constructions of [14] and [19].

First, assume X® is a real analytic manifold, and let R — Cons(X™®) denote the
abelian category of R-constructible sheaves on X®. Denote by Pbyr the sheaf
of Schwartz’s distributions on X®, and denote by %yx the sheaf of functions of
class ¥ . There exists a unique contravariant exact functor

T hom(-, Dbyr): R — Cons(X®)*®® - Mod(Pxr)
such that if Z is a closed subanalytic subset of X®, then

Fhom(Cz,QbXn) = Fz.@bxn.
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Similarly, there exists a unique exact functor
w
- ® €ga: R — Cons(X™®) > Mod(Pxx)
such that for Z as above
il o0 o0
Cxr\z @ Gy = Iz ym

where £/ denotes the ideal of (6)‘}% of functions vanishing to infinite order on Z.

These functors being exact, they naturally extend as functors
T hom(-,Dbyx): D _ (Cxx)® — D°(Dxx),
& b
- ® €a: Dy_(Cxr) - D°(Dyr).
Let X be a complex manifold. Denote by X the associated antiholomorphic
manifold, by X® the underlying real analytic manifold, and identify X® to the

diagonal of X x X. For F e D}__(Cx) one sets:

T hom(F, Ox) = R#omg_(O%, T hom(F, Dbyr)),
w w
F® 0}( = R.}fOMQi(@)—(, F® (ﬁ)?%)

In other words, one defines 7 hom(F, Ox) as the Dolbeault complex with coeffi-
w
cients in 7 hom(F,9byr), and F ® Ox as the Dolbeault complex with coefficients
w
inF® ‘6}‘(’%.
For & a locally free Ox-module of finite rank, one sets for short
T hom(-,F) = T hom(-,0x) g, F,
THom(-, %) = RI'(X, T hom(-, %)),
w w
®F =(®0x)Qo F-

If K = X is a compact subanalytic subset, one sets

RF[K]((O)() = J hom(Ck, Ox).

In [19], the following adjunction formulas are established in a general setting
which apply in particular to our case.
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ProrosITION A.1. Consider the correspondence (2.1), and assume (2.2). Let
M e Dlg)ood(gx): Ge D%_C(Cy). Then

RT(X; RH#omg, (M, DG ® Ox)) ~ RT(Y; RHomg, (Ds.i,G @ Oy)),
RI'(X; R#omg, (M, T hom(®sG, Ox))) ~ RI['(Y; R#Fomg, (@M, T hom(G, Oy)),
and there are similar formulas by replacing everywhere RI" by RT,.

B. Kernels. Most of the results of this section are well known from the spe-
cialists, and we shall present them here without proof. In particular, the formal-
ism of kernels for sheaves is discussed in [18, §3.6].

As general notations, we will consider three complex manifolds X, Y, and Z of

dimension dy, dy, and dz, respectively. For i,j=1,2,3, we denote by g;; the
projections from X x Y x Z to the corresponding factor (e.g., g23: X X Y X Z —

Y x Z).
Definition B.1. For K € D®(Cy, y)and L e Db(Csz), we set

KoL=Rqu(q; K ® ¢;; L),
'K = D'(r.K),

where r: X x Y —» Y x X is the natural map.

For K e D"(C xxv), we shall consider the following hypothesis:
the projection p,: T*(X x Y) —» T*Y is proper on SS(K). (B.1)

ProposITION B.2. Let K € D} _ (Cxxy), F € D*(Czxx), G € D*(Czxy). Assume
(B.1). Then

RHom(F o K, G) ~ RHom(F, G o 'K)[2dx].

CoRrOLLARY B.3. Let K eD?R_C(CXxy), and assume (B.1). Then there are
natural morphisms

Cy, — Ko 'K[2dx],
tK o K[de] - CAy .
Proof. The first morphism is the one associated to idr,x by the isomorphism

of Proposition B.2, applied with Z = X, F = €,,, and G = F o K. The second
morphism is similarly constructed. O
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Definition B4. For A4 € D*(Pxxy) and £ € D*(Dyxz), we set
x‘g g = q_n!(g_l_i%®$xwxz qL_;g) :

PropoSITION B.5. Let A € D®(Dxxy) and & € D*(Dyxz). Then, there is a
natural isomorphism in D"(@X>< z):

H oL = Ra(a X ) ®pig, 433 2),

where o ©9) is endowed with its natural (q7'Dx, g5 Dy)-bimodule structure.

Proof. By definition,
H o £ = Rq3((2x K Qr R Dz) ®gy,,., (H ROz ®G,,,,,0x R £)).
Moreover, one has the following chain of isomorphisms:
(2xE QU BE D7) @3y, (H B Oz Oy, 0x H )
~ 4;'Qy ®pig, (40 X ® 10,95 %)
~ (¢;'Qy ®‘£—10y‘11_213{) ®;‘2-19,q{31$
~ q1—21 o (0dy) ®:; 1, ‘1531 P. O

For the following result, we refer for example to [2, §1].

PrOPOSITION B.6. Let K € DY._ (Cxxy), L € D}_ (Cyxz). Assume that g is
proper on supp K. Then

fhom(K, @Xxy) o ﬂ'hom(L, meZ) a4 ﬂ'hom(K [} L, @sz)[—dy] .

Remark B.7. Consider the correspondence (2.1). It is then immediate to check
that for F e D*(Cyx), one has

®5(F) ~ F o Cs[n—].
Moreover, using Proposition B.5, it is easy to check that for .# € D°(2x)
O (M) ~ Mo Bsixxy-

C. Final comments. In this paper, we have used adjunction formulas asso-
ciated to a submanifold S of X x Y, and this was enough for the applications we
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had in mind. However, more general kernels associated to perverse sheaves on
X x Y may be of interest.

For A a regular holonomic Pxyy-module, set K = R#omg,, ,(X,Oxxy).
Then, using the notations of Appendix B, formulas (C.3) and (C.4) below are well

known from the specialists: let us mention in particular M. Kashiwara and also
J.-P. Schneiders, with whom we had many discussions on this subject.

Assume that
(supp(#) x Y) nsupp(K) is proper over Y, (C.1)
(char(#) x TyY) nchar(A') c Ty, y(X X Y). (C.2)
Then, we have isomorphisms
RTe(X; R#omg, (M, (K o G) ® Ox))[dx]
~ RI(Y; R#omg, (M o A, G ® Oy)), (C3)
RI'(X; R#omg, (M, RHom(K o G, 0x)))[dx]
~ RI'(Y; R#omg,(M o A, RH#om(G, Oy)))[2dy]. (C4)

These formulas were recently extended to formal and moderate cohomology in
[19, Theorem 10.8] as follows.

Assume (C.1) and
(supp(G) x Y) nsupp(K) is proper over X . (C.5)
Then we have an isomorphism

RI(X; R#omg, (M,(K o G) ® Ox))[dx]

~ RI(Y; R#omg, (M o X,G® Oy)). (C.6)
Moreover, if (C.2) holds, then we have an isomorphism
RI(X; R#omg, (M, T hom(K o G, Ox)))[dx]
~ RI'(Y; R#omg, (M o A, T hom(G, Oy)))[2dy]. (C.7)

In the case of projective duality—the subject we are concerned with in this
paper—the following kernels are remarkable. Let Q = P x P*\ A, and let j: Q —
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IP x IP* be the embedding. Set

K= CQ, A = ﬂ'hom(K, @]PXIP‘)-

Then ‘K = Rr,Rj, j 1Cq, and Kashiwara (see [20]) has noticed that

K o 'K[2n] ~ €y,

‘K 0 K[2n] ~ Ca,,..

Hence, " gives an equivalence of categories between D°__;(2p) and Dgood (Zp+).
(Compare with Lemma 4.6 and Remark 2.9.)

Note added in proof. See also A. Goncharov, “Integral geometry and 2-
modules,” Mathematical Research Letters 2 (1995), 915-935, for another ap-
proach to integral geometry via 2-module theory.
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