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On a complex manifold X of dimension >3, we show that coherent Zy-modules
which are “simple” all over P*X are classified by Pic(X), the family of holomorphic
line bundles on X. As a corollary, using the Penrose transform, we obtain that on
the complex Minkowski space M, simple %,,-modules along the characteristic
variety of the wave equation are classified by (half) integers, the so-called helicity.
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INTRODUCTION

Consider a complex manifold X of dimension >3 and a regular involutive
submanifold V of P*X, the projective cotangent bundle to X. A natural
problem is to classify all systems of linear PDE:s (i.e., coherent &,-modules)
with simple characteristics along V. In the extreme case where V' = P*X, we
solve this problem by showing that such modules are classified—modulo
flat connections—by Pic(X), the family of holomorphic line bundles on
X. Starting from this result, the theory of integral transformations for
Z-modules allows us to treat the case of other involutive manifolds, such
as the characteristic variety of the wave equation in the conformally com-
pactified Minkowski space or, more generally, the case where X is a
Grassmannian manifold G,(C”), and V is identified by the natural projec-
tion with the conormal bundle to the incidence relation in G,(C") x G ,(C").
We show in particular that on such a space, simple modules along V are
determined, up to flat connections, by an (half) integer corresponding to
the so-called helicity.

In [5] it was shown that the Penrose transform allows one to obtain the
whole family of massless field equations. By the results of this paper, one
gets that there are no other simple modules than those of this family.
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344 D’AGNOLO AND SCHAPIRA

1. SIMPLE 2-MODULES

We shall use the classical notations concerning Z-modules. References
are made to [6], [10].

Let X be a complex manifold. We denote by d, its dimension, by
7. T*X — X its cotangent bundle, and by 0, its structural sheaf. The sheaf
9y of linear holomorphic partial differential operators on X is naturally
endowed with a structure of filtered ring, the filtration being given by the
subsheaves &, (k) of operators of degree at most k. The associated graded
ring GZy is identified to @, 7, Op«x(k), where Or«y(k) denotes the
subsheaf of (., whose sections are homogeneous of degree k in the fiber
variables.

Let .# be a coherent Z,-module. A filtration on .# is an increasing
sequence {.#} ., of Uy-submodules of .#, such that .# =), 4., and
Dy My = My ;. A filtration {4} .., is called good if the .#,’s are
Oy-coherent and, locally on X, .#, =0 for k <0, and Z,(l) M), = M, , , for
any />0 and for k>>0. If .# is endowed with a good filtration, we set

Gﬂ =@T*X®n’1G,@Xn71G%’

where G4 = @, M| M, _, is the associated graded module. This is a
coherent (7. -module. Recall that any coherent Zy-module locally admits
a good filtration, that supp(G.#) does not depend on the choice of the
good filtration, and that char(.#) < T*X, the characteristic variety of .Z,
is defined as the support of G./Z.

Let us denote by Mod(Z2y) the abelian category of Z,-modules, and by
Mod ,(Zy) its full abelian subcategory consisting of coherent &,-modules.
We denote by D®(Z,) the bounded derived category of Mod(%y), and by
D", (Zy) the full triangulated subcategory of D"(Zy) whose objects have
coherent cohomology groups.

DEerFINtTION 1.1. Let ¢ : .4 — A" be a morphism of coherent Z,-modules.
We shall say that ¢ is an isomorphism modulo-flat-connections (an m-f-c
isomorphism for short) if ker ¢ and coker ¢ are flat connections (i.e.,
coherent Z,-modules whose characteristic varieties are contained in the
zero-section).

We denote by T*X the zero-section of T*X, by 7:T*X— X the
cotangent bundle with the zero-section removed, by 7: P*X — X the pro-
jective cotangent bundle, and by y: T*X — P*X the natural projection.
For Ve T*X, we set V=V T*X.
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Denote by & , the sheaf of formal microdifferential operators on P*X of
[10] (see [11] for an exposition). If .# is a coherent Z-module, we set:

M=Ex@ 1y T M. (1.1)

If ¢:.4/ - /" is a morphism of coherent Zy-modules, we denote by
@ : M — N the associated morphism of &y-modules.

Lemma 1.2. (1) A morphism @: M — N is an m-f-c isomorphism if and
only if ¢ is an isomorphism.
(1) The set of m-f-c isomorphisms is a multiplicative system (as
defined, e.g., in [ 7, Definition 1.6.1]) in Mod ., (Zy).

Proof. Set A =ker ¢, A =coker . Since &, is flat over 7',
A =ker ¢, # =coker ¢. Recall that T*X n char(.#)=y " supp(.#), and
that .# is a flat connection if and only if char(.#) < TEX. It is then clear
that " and s are flat connections if and only if ¢ is an isomorphism. This
proves (i).

To prove (ii), we have to check that properties (S1)—(S4) of [ 7, Defini-
tion 1.6.1]) are satisfied. (S1), asserting that the identity morphisms are
m-f-c isomorphisms, is obvious. (S2) requires that a composition of two
m-f-c isomorphisms be again an m-f-c isomorphism, and follows from (1).
A simple proof of (S3) and (S4) is obtained by working in the derived

category D®  (Zy), along the lines of Proposition 1.6.7 of loc. cit. Let us
prove for example that any diagram in Mod,,(%y)
M
J.f
P N

where ¢ is an m-f-c isomorphism, can be completed into a commutative
diagram

v
— s M

Jf (12)
N,

@
E—

g e—ts

with Y an m-f-c isomorphism. (We shall leave the other verifications to the
reader.) Embed ¢ into a distinguished triangle # — 4" — #—>, and
embed /:=gof into a distinguished triangle 2 - M —> R~ . The
diagram
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h

N} #

1

P VL5 R ,

+1

may be completed as a morphism of distinguished triangles. Since
char(#) c T%X, = H°({) is an m-f-c isomorphism. Setting 2 = H(Z),
we get (1.2). |

We denote by Mod,,(Zy; Oy) the quotient category of Mod,,(Zy) by
the multiplicative system of m-f-c isomorphisms. Note that an m-f-c
isomorphism of Mod_;,(Zy) becomes an isomorphism in Mod_,,(Zy; Oy).

Recall that a conic involutive submanifold V of T* X is called regular if
the restriction to V of the canonical 1-form never vanishes.

DerFINITION 1.3. (i) Let V be a closed conic regular involutive sub-
manifold of 7*X, and let .# be a coherent Z,-module. We say that ./ is
simple along V if .# can be endowed with a good filtration {.#,} such that
G.AM |+ is locally isomorphic to ¢ as an (;..,-module.

We denote by Simp(V; @y) the full subcategory of Mod. . ,(Zy; Oy)
whose objects are simple along V.

(i) If & is a locally free (y-module, we set:
DT =9xQ, F.

We denote by Line(Zy) the full subcategory of Mod., (%) whose objects
are of the type 2% for some line bundle #.

The Zy-module 2. has a natural good filtration 2.2, = Zy(k) ® oy <,
and is thus an example of simple module along 7'*X. This gives a natural
functor:

F: Line(Zy) — Simp(T*X; Oy).
Recall the definition of .# given in (1.1), and consider the functor:
G: Mod(Zy) » Mod(%y)
M M.

If ¢ : 4 — AN is an m-f-c isomorphism, ¢ is an isomorphism, and hence G
factorizes through a functor that we will also denote by G:

G: Simp(T*X; Oy) - Mod(Zy).
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THEOREM 1.4. With the above notations, assume d = 3.
(i) If A e Simp(T*X: Oy), then G(.#) € Line(Zy).
(i1)  The functors:

Line(2y) # Simp(7T*X; Oy)

are quasi-inverse to each other, and thus establish an equivalence of
categories.

We get that if .# is simple along 7*X there exists a unique (up to
Oy-linear isomorphism) line bundle ¥ on X and an m-f-c isomorphism
M — DL, In other words, simple Zy-module along T*X are classified,
up to flat connections, by Pic(X), the family of holomorphic line bundles
on X.

Proof. (i) If {.4,} is a good filtration of .#, ./ has a natural filtration
given by

M =Y Eelk—1)T ",

lez

where &y (k) is the subsheaf of &, of operators of degree at most k. Since
{ A} is a good filtration, the above sum is locally finite, and hence the
M s are &y(0)-coherent. Moreover,

‘%Ak =§X(k)%o

for all ke Z. Since .# is simple along T*X, ./,/./_, is a line bundle on
P*X, and by Lemma 1.5 below, there exists a line bundle & on X and
me Z, such that

ﬂﬁo/ﬂll ~t T ®.-10, Opsx(m),

where Op:y(m)=1y,(Or«x(m)). By shifting the filtration, we may assume
m=0. Let us cover X by open polydiscs (in some local chart). Let U be
such a polydisc. Then, ./ M _ || pxi; =~ Op«;(0). In particular, this implies:

<%c/<%k71|P*U:@P*U(k)' (1.3)

Since U is affine, P*U ~ U x P, where P is a (d,— 1)-dimensional complex
projective space. Since dy —1>1 and U is Stein, H'(P*U; Op.(k)) ~
I'(U; Oy)® H'(P; Op(k))=0 for k<0. Apply the functor RI'(P*U;-) to
the exact sequence:

0— %k/fﬁkfl - 'ﬂo/%kf] - ﬁoﬂﬂ;_’o'
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We get, for k<0, the surjectivity of the morphism:
T(P*U; My My, ) — T(P*U; Ay).4,).

Let 5, be a free generator of .4,/.4_, on P*U. By induction on k, using
the above surjection, we get a section

sy € lim I(P*U; My A) ~ I'(P*U; lim .4y |.4,)
k k
~ ['(P*U; M)

whose class modulo .# , is §, (here, the last isomorpl}ism follows from
[ 10, Proposition II, 3.2.5]). Consider the morphism of &;,(0)-modules

égU(O) “ou -/%Ao | prors

given by ¢, (P)= Psy, and set A =ker ¢, # =coker ¢,. By construc-
tion, gannduces an isomorphism E(0)/E(—=1) 3 My ) M, | pry. Tt follows
that A /&y (—1) A ~ H)E(—1)A ~0, and hence again by loc. cit,
H =H=0.

Summarizing, we have shown that .4, |y, is a free &,(0)-module of
rank one. This implies that .4 | ., is a free &,-module of rank one. Hence,
r*% is a locally free & ,-module of rank one. Since the only invertible
differential operators are of degree zero, r*% ~ 9% for a line bundle ¥
on X.

(i) For .# eSimp(T*X;y), the natural adjunction morphism
QM —>T*,/%A gives a morphism of functors Id — Fo G, and we have to
check that it is an m-f-c isomorphism. By Lemma 1.2(i), we have to check
that ¢ is an isomorphism. By the arguments and with the notations in (i),
M is free of rank one on P*U, and we are reduced to prove that the
natural morphism:

A A 1 A
éaU_> éaU®T—l_@XT T*éy

is an isomorphism, which is obvious since 7, by ~Ty.

For 2.% € Line(%y), the natural adJunctlon morphism ¢ : 2% — 1, 93
gives a morphism of functors Id — G- F, and we have to check that it
is an isomorphism. This is a local problem on X, and we may assume
@a?j ~ 9. Then, as above, the statement follows from the isomorphism
1.6y ~Zy. |



RADON-PENROSE CORRESPONDENCE, II 349

LemMma 1.5. If dy =2, there is a natural isomorphism:

Pic(X) x Z = Pic(P*X) (14)
(F,m) > T T @, 1y Cpuy(m). '

Proof. We may assume X is connected.

(o) If xeX and & is a line bundle on P*X, denote by %, its
restriction to PXX as an (-module. If U is an open ball in C”, then
Pic(P*U) ~ Z. Hence, the Chern class of .# . is locally constant w.r.t. x.

(1) The map is injective. In fact, if t = 'F ® -1, Cp«x(m) is trivial, by
restriction to P*¥X we find that m=0. Next, by taking the direct image
on X, we find that % is trivial.

(i1)) The map is surjective. In fact, if £ is a line bundle on P*X, then
&L >~ Ops y(m) for some m, and m does not depend on xe X by (o). Let
&z’ =$®(@P‘X Op«y(—m). Then &', is trivial for all xe X, and hence the
natural morphism ¥’ — t*7,%"’ is an isomorphism. One concludes, since
£ is the image of (7,%’, m) by (1.4). |

2. INTEGRAL TRANSFORMS

Let X and Y be complex analytic manifolds of dimension dy and dy,
respectively. Let A< T*(Xx Y) be a closed smooth Lagrangian sub-
manifold and consider the natural projections

X XxY Y, T*X——A—0> T*Y, (2.1)
q1 qr P Py

where we denote by pj5 the composition of p, with the antipodal map.
Here, we will make the following assumptions:

(i) An(T*XxT: Y)=An(T(XxT*Y)=(,
(11) p, is smooth and surjective on 7*X, and has
connected and simply connected fibers, (2.2)
(1i1) p5 is a closed embedding identifying 4 to a
closed regular involutive submanifold ¥ of 7*Y.

If /2 $— X is a morphism, we denote by f, and f‘l the proper direct
image and inverse image for Z-modules, and we denote by X the exterior
tensor product. To .# e D®(Z ) we associate its dual

Dl,ﬂ == R%'mfﬁx(“%’ @’\/@(’XQ‘\Q? 71)3
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where £ , is the sheaf of holomorphic forms of maximal degree. We also set
D =D'[dy]. Thus, D'.# and D.# belong to D®(Z ).

Let 7 be a simple &, y-module along 4. In particular, ¢ is regular
holonomic, and hence D.#" is concentrated in degree zero. For .4 e D*(Z ),
N eD®(Zy), we set:

Dl = o (K QF, g7 M), @ M=HD,, M,
VN =g (DA ®F,  q5 ' Ndy—dyl, W, N=HY¥, N

THEOREM 2.1.  Assume that q, and q, are proper on supp(X’), and
assume (2.2). Let M be a simple Dy-module along T*X, and let NV be a
simple 9y-module along V. Then:

(o) DY and ¥°, send m-f-c isomorphisms to m-f-c isomorphisms.

(i) DY .4 is simple along V and ¥, N is simple along T*X. More-
over, ®/, M and ¥’ , N are flat connections for j#O.

(il)  The natural adjunction morphisms M — ¥, @, .4 and D, ¥, N
— A" are m-f-c isomorphisms.

In particular, the functors

. 2’
Simp(T*X; Oy) ;/:»* Simp(V; Oy)

H

are quasi-inverse to each other, and thus establish an equivalence of
categories.

Proof. The above theorem has been proved in [3] in the case where
A=T¥(XxY), for a smooth submanifold S = X x Y of codimension d, and
H =R :=HE’S]((0XX y), the algebraic cohomology of Oy, , supported by
S. There, we also show that this statement is of a microlocal nature, i.e.,
local on A. The general case follows since, in a neighborhood of any point
of A, one may find a quantized contact transformation interchanging the
pair (A, ) with the pair (T3(Xx Y), 4s). |

THEOREM 2.2. With the same hypotheses as in Theorem 2.1, assume also
dy>=3. Then, with the notations of Theorem 1.4, there is an equivalence of
categories:

o0 .
Line(Zy) G”:»f Simp(V; 0y)
e
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In particular, if N is a simple 9y -module along V there exists a unique (up
to Oy-linear isomorphisms) line bundle & on X such that N ~®, 9L in
Mod o, (Zy; Oy).

In other words, the above theorem says that simple Z,-modules along
V' are classified, up to flat connections, by Pic(X).

Proof. This is an obvious corollary of Theorems 1.4 and 2.1. Let us
just describe how the isomorphism 4 ~®9 2% is obtained. By
Theorem 2.1(i), ¥, (/") is simple along T7*X. Hence, by Theorem 1.4,
there exists a line bundle ¥ on X and an m-f-c isomorphism
YO (N)>2%. By Theorem 2.1(0), we get an m-f-c isomorphism
D0, (PO, (N)) > DY 2. Theorem 2.1(ii) gives an m-f-c isomorphism
@9, (¥, (AN)) - A . Summarizing, we have obtained m-f-c isomorphisms:

D5, 9L D, (P, (N) =N |

Theorem 2.1 gives an equivalence of categories between simple &,-modules
on T*X, and simple Z,-modules on ¥, modulo flat connections. However,
if one is interested in calculating explicitly the image of a Zy-module
associated to a line bundle, one way to do it consists in “quantizing” this
equivalence. This is the purpose of the next result.

With the same notations as in Theorem 2.1, let .# be a simple
Zy-module along T*X, and let ./" be a simple Zy-module along V. Then
D'/ ® N is a simple Zy, y-module along T*X x V.

DEFINITION 2.3. (i) Let pe T*Xx V, and let u be a generator at p of
(D' ® N)", the &, y-module associated to D'.# K ./". Denote by .#
the annihilating ideal of u in &, ,. We say that u is simple if its symbol
ideal .# is reduced, and hence coincides with the defining ideal .# ;. , of
T*Xx V.

(i1) Let pe 4, we say that a section

seHomQXx Y(D’% Ny H) (2.3)
is nondegenerate at p if for a simple generator u of D'.# X A" at p, s(u)
is a nondegenerate section of " at p in the sense of [10]. (Note that
locally simple modules admit simple generators, and one checks
immediately that this definition does not depend on the choice of such gen-
erators.)

(iii) We say that s is nondegenerate on A if s is nondegenerate at any
peA.
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There is a natural isomorphism (see [4, Lemma 3.1]):
o HomQXXy(D’,/% A, A )sHomy, (N, D (M)).

Hence, a section s as in (2.3) defines a Z,-linear morphism a(s) : A" —
Dy (M)

THEOREM 2.4. With the above notations, if s is non degenerate on A, then
o(s) is an m-f-c isomorphism.

Note that when A is the graph of a contact transformation (and hence
V' is open in T*Y), the above result reduces to the so-called “quantized
contact transformations” of [ 10].

Proof. Let Q(s): N — D, -#)" denote the associated & .. y-linear
morphism. It is enough to check that d(s) is an isomorphism at each pe V.
This can be done as in [4, Theorem 3.3], using [ 3, Lemma 4.7]. ||

3. APPLICATION 1: PROJECTIVE DUALITY

By the methods above, we will recall here some results of [4], [8] on
the complex projective Radon transform. Let us begin by recalling some
well-known facts and introduce some notations.

Let X be a complex manifold, S a closed smooth hypersurface, and
set U=X\S. Consider the Zy-modules B, =0y(xS), Bs=H g (0y),
RBF = DA, where Oy (xS) denotes the sheaf of meromorphic functions with
poles in S. There are natural short exact sequences of Zy-modules:

0— Oy — By~ HBs— 0, 0> Bs—p B > Ox—0. (3.1)

Assume X is an open disc in C with holomorphic coordinate ¢, S= {7 =0},
and U= {t#0}. Then, By=%x/(Dy-0,1), Bs=Dx)(Dx-1), BE=
(9y/Zy - t0,). One denotes by 1/t, 6(¢) and Y(z) the canonical generators
of B, Bs and B¥, respectively. In this case, a(P-1)=Pt-1/t, B(P-6(t)) =
PO, - Y(1).

Let now P be a complex n-dimensional projective space, P* the dual
projective space, A ={(z,{); {z, () =0} the incidence relation, and set
Q= (P x P*)\A. Denote, as above, by ((k) the —kth tensor power of the
tautological line bundle on P, and set Z,(k)=%,®, Op(k). For A" a
9y, pw-module, set: ’

O D=7 [ @, Gl ® e, H ® e, 45 Cpell).
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For ke Z, we set

k*=—n—1—k,
and we consider the Leray form w(z)=3"_, (=1 zydzg A -+ A
dz; A --- Adz,, which is a section of Qp(n+1) ~ 0.

Since <z,{) is a section of O, (1, 1), the analogue of the sections
(1/t)%, 6(¢), t* Y(t), obtained by considering <z, {) instead of ¢, are then
“twisted”. More precisely, by tensoring them with the Leray form we get
sections:

5.2, 0) =4z, O w(z)e (P x P*; 3% 9(—k, k*)) for k* <0,

§(2, ) =0 "Dz, ) w(z) e [(PxP*, #%-9(—k, k*)) for k* <0,
TV &) w(z) for k* <0
(2,0 Yz O)w(z)  for k*=0
el(PxP* 35 "0 (—k, k*)).

& (z, C)={

Note that A4 =T%(P xP*) is the graph of a globally defined contact
transformation (the Legendre transform):

TH*P & A= TP,
Py s

and it is thus immediate to check that the above sections are non-
degenerate on A. For " equals to %, %, or #%, we have:

T(Px P*; 0=k, k*)) ~ Hom,, (Tu(k) B T —k*), ).
Hence, applying Theorem 2.4, we get that

HO4(s5,): D —k*) > @, Tp(—k)  for k*<0 (ie. k>—n—1),
Hu(S,): Dpu( —k*) > @ Tp(—k)  for k*<0 (ie, k> —n—1),

HOu(s¥): Dpu( —k*) > Q%QP( —k) for k*eZ (ie, keZ),

are m-f-c isomorphisms. In fact, a more precise result holds.

THEOREM 3.1  With the above notations, the morphisms:
(1) alsy): Dpul —k*) > Dy Dp(—k),  for k>—n—1,
(1) al$p): Dpul —k*) > Dy, Dp(—k),  for —n—1<k<0,
(i) () Dpul —k*) > D Dp(—k),  for k<O,

are isomorphisms.
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Sketch of Proof. (i) First notice that the complex @, %, (—k) is con-
centrated in degree zero (either by a direct calculation along the lines of [ 4,
Proposition 2.8], or, as pointed out by Kashiwara, by using GAGA and by
noticing that the fibers of ¢, | are affine). Then the result follows as in the
proof of [4, Theorem 3.3].

(iii) The fact that & ,.%,(—k) is concentrated in degree zero for
k < 0 follows by duality from (i), since DCD%D@P( —k*)~ dﬁ%@p( —k). One
then concludes as above.
(i1) follows from (i) and (iii), using the exact sequences (3.1). |
Remark 3.2. (a) Theorem 3.1(i1) was obtained in [4].

(b) The kernels %, and %& were first considered in [8]. Then
Kashiwara pointed out the fact that these kernels allow one to treat all
values of k.

(c) A generalization of the above result to the case of Grassmannian
duality (where the analogue of A is no longer smooth) is treated in [9].

Recall that any holomorphic line bundle on P is isomorphic to (,(k) for
some k, so that Pic([P) ~ Z. Then, the results of Section 1 imply that simple
Z,-modules along T*[P are classified, up to flat connections, by an integer.
If .4 is simple along T*P, we denote by ch(.#) the Chern class of the line
bundle % such that .# is m-f-c isomorphic to 2.Z.

COROLLARY 3.3. Let ./ be simple along T*P. Then
ch(@f;,&(,ﬂ)) =—n—1—ch(M).

4. APPLICATION 2: TWISTOR CORRESPONDENCE

For 1 <¢g<p<n, denote by F(gq, p) the flag manifold of type (¢, p) in
an (n+1) dimensional complex vector space JV, and denote by
G(p)= F(p, p) the Grassmannian manifold of p-planes in V. Let P =G(1),
a complex n-dimensional projective space, M =G(p), and denote by
F=F(1, p) the incidence relation. To A=T#*(PxM) is associated a
diagram:

T*P — A— V<= T*M,
Py V23

which satisfies hypotheses (2.2). Consider the kernel #" = %,. Theorem 2.2
thus implies:

THEOREM 4.1.  Simple 9,-modules along V < T*M are classified, up to
flat connections, by 7.
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Let 4" be a simple Z;,-modules along V, and let k be the unique integer
such that 4 is isomorphic to @;&(@P(—k)) (up to flat connections).
Following Penrose and the physics literature, one sets

WAN)=—(14+k/2),
and calls it the “helicity” of .4/,

Remark 4.2. Consider the case n=4, p=2, as in [5]. Theorem 4.1
shows in particular that there are no other simple %,,-modules along V'
than those corresponding to the massless field equations in the conformally
compactified Minkowski space M. (See [5] and [1] for related results.
Even if the language of Z-modules is not used in these papers, their state-
ments could be translated in terms of quasi-equivariant Z-modules.)

5. COMMENTS

The classification of locally free Z-modules (see [2]) or, more generally,
&-modules globally defined on an involutive manifold ¥ and of constant
multiplicities with regular singularities, would be, in our opinion, a very
interesting task. This paper should be considered as a very first step in this
direction.
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