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RADON TRANSFORM AND THE CAVALIERI
CONDITION:
A COHOMOLOGICAL APPROACH
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0. Introduction. Let P be a real n-dimensional projective space. For ke Z
and ¢ € Z/2Z, we denote by € (¢|k) the € line bundle on P whose sections f
satisfy the relation

f(Ax) = (sgnA)°A*f(x)  VAeRX,
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598 ANDREA D’AGNOLO

where [x] is a system of homogeneous coordinates. As is well known (see, e.g., [4]
and [8]), for —n — 1 < k < O the real projective Radon transform interchanges
global sections of €3 (¢|k) with global sections of the line bundle €3. (¢*|k*) on
the dual projective space P*, where k* = —n—1—-k,e*= —n—1—¢.

In [2] P. Schapira and I studied complex integral transforms within the
framework of sheaves and 2-modules. (Another approach to integral geometry
by 2-module theory is discussed in [7].) In particular, we obtained general
adjunction formulas which, by [13], have their analogue within the framework
of both tempered and formal cohomologies. Then, we investigated in [3] the
analytical aspects of the complex projective Radon transform. As an application,
we recovered the above-mentioned isomorphism related to the real projective
Radon transform.

Let E = P\H be the affine chart associated to a hyperplane H < P. The
Schwartz space &(E) of rapidly decreasing ¥®-functions on E is naturally iden-
tified with the space of global sections of €3 (¢|k), vanishing up to infinite order
in H. The real affine Radon transform is thus obtained by restriction of the pro-
jective one. A Paley-Wiener—type theorem gives necessary and sufficient con-
ditions for a section ¢ of €p.(¢*|k*) to be in the image of & (E) by the Radon
transform: depending on the parity of &*, either the so-called Cavalieri condition
appears, or all nonlocal differentials (in the sense of [5]) have to vanish.

Here, we use the adjunction formulas of [2] and [13] and the analytical results
of [3]. By computing the transform of some constant sheaves, we then recover
the Paley-Wiener—type theorem mentioned above, as well as prove other related
results such as a Borel-type theorem for nonlocal differentials, Helgason’s support
theorem, and a description of the conformal Radon transform or of the affine
Radon transform for distributions or hyperfunctions.

As in [2] and [3], the main point to make is that our general adjunction for-
mulas allow one to separate the analytical (i.e., 2-module-theoretical) and the
topological (i.e., sheaf-theoretical) features of the transform under consideration.
Thus, we see how the different phenomena occurring in the real projective, real
affine, or conformal Radon transform reflect different topological configurations
attached to the same analytical setting, given by the complex projective Radon
transform.

Using this approach, a delicate problem arises in making the link between the
isomorphisms that we obtain and the explicit integral formulas in the literature.
We thus give in Appendix A some results on quantized integral transforms. In
particular, we show how the distribution kernel of the real Radon transform is
best understood as a boundary value of a meromorphic kernel associated to the
complex Radon transform.

This paper is organized as follows. In Section 1, we state the theorems related
to the real Radon transform, using a classical formalism (i.e., without mentioning
sheaves or Z-modules). In Section 2, we collect from [2] and [13] the formalism
and the results of the theory of integral transforms for sheaves and 2-modules
that we need, and we present a brief review of [3]. Then, in Section 3, after some
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geometric preparation (i.e., computation of the transform of some constant
sheaves), we prove the theorems stated in Section 1. Additional results are
obtained in Section 4. We gather in Appendix A some results on quantized
adjunction formulas for integral transforms, necessary for identifying the asso-
ciated distribution kernels. Finally we give in Appendix B a description in bi-
homogeneous coordinates of the blow up of a projective space along a point,
necessary for a projective invariant expression of nonlocal differentials.

The results of this paper were announced in [1].

Acknowledgement. We wish to express our gratitude to Masaki Kashiwara
for useful discussions during the preparation of this work.

1. Statement of the main results

1.1. Projective Radon transform. In this section, using a classical formalism,
we state the results on the real Radon transform that we discuss later in this
paper. Most of these results are classical and may be found in [4] and [8], for
example, but we refer only to [4].

Denote by R* the multiplicative group IR\{0}. For ke Z and ¢ € Z/2Z, we
say that a function f on an R*-homogeneous space is (¢|k)-homogeneous, if

fOx) = (sgn A% (x)  VieRX. (1.1)

Let P = P(V') be the n-dimensional projective space attached to a real (n + 1)-
dimensional vector space V. Set ¥V = V\{0}, and let y: V — P be the natural
projection. As usual, if (x) is the system of coordinates associated to a base of V,
we denote by [x] the corresponding system of homogeneous coordinates in P.
Let €7 (¢|k) be the sheaf of (¢|k)-homogeneous % -functions on V, and set

€3 (6lk) = 1,63 (el0). (1.2)

This is the % line bundle on P, whose sections satisfy relation (1.1) when written
in homogeneous coordinates. We denote by f[x] the section of €7 (¢lk) on an
open subset U = P associated with a section f(x) of €3 (¢lk) on y~!(U).

Remark 1.1. For le Z, the map f[x] — |x|'f[x] gives an isomorphism from
%7 (¢lk) to €5 (¢ + l|k + I). Since this isomorphism is not canonical, we prefer to
keep k as part of our notation.

Consider the distribution on R:

1d (1 (=1)F
@) (1) = = ——
U 2mi dtk <t —i0 t+ iO)' (13)
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Note that the distribution 6 (¢) is (—& — 1| — k — 1)-homogeneous, 69 (¢) is
the classical Dirac delta function, and 6(1|°)(t) equals pv(1/t), the principal value
of 1/t. The n-form on V,

n
o(x) = Z(—l)jxjdxo/\ s AAXGA - A dXp,

=0

is (n+ 1jn+ 1)-homogeneous. We denote by w[x] the associated (n+ 1|n + 1)-
density on P, usually called the (real) Leray form. Let us set

k*=-n—-1-k ¢&'=-n—-1-¢ E=c¢+1. (1.4)

Definition 1.2. Let P* = P(V*) denote the dual projective space to P. We
denote by R,(flk) the real projective Radon transform

REW.T(P; 67 (elk)) — T(P*; 63 (¢° k"))

£ - J FRETHER ((x, €5 )olx].

Concerning the Radon transform of homogeneous ¢*-functions, the following
result is known (cf., e.g., [4, page 73]).

THEOREM 1.3. For —n—1 < k <0, the transform Rﬁflk) introduced above is an
isomorphism of inverse R,(f‘ .

1.2. Nonlocal differentials. For U < P a subanalytic open subset, let us
denote by

Lw(U; 67 (elk)) = T(P; €5 (¢lk))

the subspace of functions vanishing up to infinite order in P\U.

Let H< P be a hyperplane, &, € P* its dual point, and set E = P\H,
P; = P*\{{}. Let H* = T¢,P*/R* be the projective tangent bundle to P* at
¢,, and identify it with a hyperplane of P* not containing &,.

Definition 1.4. (i) For g e T(P*; €. (e*|k*)) and &' € H*, set

-+o00
M ele] = J o(&, + &8 (t)dt.

—00

This is a section of T'(H*; €5 (w|m)).
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(i) For ¢ € Ty (P} ; €5 (¢*|k*)) and &' € H*, set

+00
cgf’"”’w[é'] = J o(sé, + &) sgn(s)”s™ds.

This is a section of I'(H*; €. (w + ¢* + 1|m + k* + 1)).

Remark 1.5. (a) Fort,s € R, the points of homogeneous coordinates [£, + t&'],
[s&, + &'] describe two affine charts of the projective line issued from &, with tan-
gent direction ¢&’. This description is not projectively invariant, since it depends
on the noncanonical identification of H* with a hyperplane of P*. That is why
we had to write ¢(-) instead of ¢[-] as integrand in the above definitions. For an
invariant expression of the above functionals, refer to Appendix B.

(b) Note that dg’ll)w is the usual differential of ¢ at £,, and that

+o0 1
diVel¢] :pvJ ——(’)(é°;t£) dt

—00

is the nonlocal differential of ¢ at &, in the sense of [5].
(c) For @ = ¢* it is possible to make c(f""') act on the whole I'(P*; €5 (e*|k*)),
by patching the two charts described in (a). This gives

cg*lm)¢[é/] — dé:lm+k*+l)¢[él].

On the contrary, note that for w =g* the tempered distribution kernel on
P; x H* associated to cés ™ cannot be extended to the whole P* x H* as a

kernel sending I'(P*; %% (*|k*)) to T(H*; €%. (0m + k* + 1)).

1.3. Affine Radon transform. The space I'y(E; €y (¢|k)) is naturally identified
with the Schwartz space of rapidly decreasing ¥®-functions on the affine chart
E. For k = —n, ¢ = —n, the restriction of Rﬁf”‘) to the space I'y(E; €5 (¢|k)) is the
classical affine Radon transform, given by integration along hyperplanes. A
natural problem is then to describe the image by R}flk) of T'y(E; €y (¢lk)) in
T(P*; 65 (" k).

THEOREM 1.6. Assume —n — 1 < k < 0. Let ¢ € T'(P*; €5.(¢*|k*)).

(i) If ¢* =0, then there exists a function f e I'y(E;¥y (iilk)) such that ¢ =
Rg,"lk) f if and only if ¢ satisfies the odd Cavalieri condition: for any nonnegative
integer m,

d{F g = o, (1.5)

(i) If €* =1, then there exists a function f € I'y(E;%y (n|k)) such that ¢ =
R},"lk) f if and only if ¢ belongs to T'y(P; ;€. (1|k*)) and satisfies the (even) Cav-
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alieri condition: for any nonnegative integer m and any &' € H*, the integral

~+00
cg)lm)(”[él] = J . o(sé, + &')s™ds (1.6)

is a homogeneous polynomial of degree m + k* + 1 in &'.

Note that part (ii) was obtained, for example, in [4, page 86] for k = —n. Of
course, part (i) can also be proved by the same method, which makes use of the
inversion formula for the Fourier transform. As remarked in [4], the exponential
kernel of the Fourier transform makes their method of proof violate the pro-
jective invariance of the Radon transform. Our approach here is different, and
shows how the Cavalieri condition is of a geometrical nature, related to the
complex projective Radon transform.

An old theorem of Borel asserts that any formal series is the Taylor series of
some ¥*-function. As a byproduct of our cohomological proof of Theorem 1.6,
we get the following Borel-type theorem for nonlocal differentials.

THEOREM 1.7. Assume —n—1<k<0. For weZ/2Z and for every non-
negative integer m, take g, € I'(H*; €5 (w|k* +m + 1)). .

(i) If w = 1, then there exists f € T'(P*; ¢ p.(0|k*)) such that dé:'k +mt1) f=m
for any m.

(i) If @ =0, then there exists f € I'w(P; ;%p.(1|k*)) such that cg)lm) f=gm
modulo homogeneous polynomials, for any m.

Other results that can be obtained along the same lines are discussed in
Section 4. These are, for example, Helgason’s support theorem and a description
of the conformal Radon transform or of the affine Radon transform for dis-
tributions or hyperfunctions.

2. Review of integral transforms

2.1. Notation. Let M be a real analytic manifold. If A = M is a locally
closed subset, we denote by €4 the sheaf on M, which is the constant sheaf on 4
with stalk €, and zero on M\A. Denote by D®(Cy) the derived category of
the category of bounded complexes of sheaves of C-vector spaces on M, and
by D% _,(Cy) its full, triangulated subcategory of objects with R-constructible
cohomology groups. We denote by ®, Rfi, f~!, R#om, Rf,, and f' the “six
operations” of sheaf theory, and we denote by & the exterior tensor product. As
a shorthand notation, we set RHom(-,-) = RT'(M; R#om(-,-)). To F € D*(Cy)
we associate its duals D'F = R#om(F,Cy), DF = R#om(F, wpy), where oy =~
ory[dim®M] denotes the dualizing complex, and ory denotes the orientation
sheaf. We denote by T*M the cotangent bundle to M, and we set T*M =T
*M\Ty;M, the cotangent bundle with the zero-section removed. We denote by
DS _.(Cy; T*M) the localization of D}_,(Cy) by the null system A4 of com-
plexes of constant sheaves in M with finite rank. (In the terminology of [12], 4~
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is the null system of objects F whose microsupport SS(F) is contained in the
zero-section Ty;M.) Recall that the objects of D} _.(Cp; T*M) are the same as
those of DR_,(Cy), and that a morphism F — Gin D2 _.(Cy) becomes an iso-
morphism in D}_(Cy; T*M) if and only if the third term H of a distinguished
triangle F - G— HT? is in A/,

Denote by D°(2y) the derived category of the category of bounded com-
plexes of left modules over the sheaf of rings 2, of linear differential operators.
Following [10] and [13], one considers the functors:

T Hom(-,Dby): Di_.(Ty)® — D°(Dy),
- ® €5 Di_(Cy) — D*(Dy),

where 2by; denotes the sheaf of Schwartz’s distributions on M. These are
induced by exact functors from the abelian category of R-constructible sheaves,
characterized by the requirement that if Z is a closed subanalytic subset of M,
then THom(Cz, Dby) = I'2Pby and Cyp\z @ Gy = f?M, where f;M denotes
the ideal of 55 of functions vanishing up to infinite order on Z.

Let X be a complex manifold, and denote by dy its dimension. If f:S — X isa
morphism, we set dg/x = ds — dx. Denote by Oy the structural sheaf of X, by
Qy the holomorphic forms of maximal degree, and by 2x the sheaf of rings of
holomorphic linear differential operators.

We denote by f, and f 1 the proper direct image and inverse image for 2-
modules, and we denote by & the exterior tensor product. To .# € D°(2x) we
associate its dual Dy.# = R#Homg, (M, Dx R, Q2 'dx]). As a shorthand
notation, we set Sol(M) = R#omg, (M,0x). We say that a Zy-module ./ is
good (resp., quasi-good) if, on every relatively compact open subset of X, it
admits a filtration {.#,} by coherent Zx-submodules such that each quotient
My [ My admits a good filtration and 4 =0 for |k| > 0 (resp., k « 0). We
denote by D, 4(Px) (resp., D_,04(Zx)) the full triangulated subcategory of
Db(@ x) consisting of objects with good (resp., quasi-good) cohomology groups.
We denote by DY, (2x) the full triangulated subcategory of Dgood(.@ x) of objects
with regular holonomic cohomology groups.

For F e D}_,(Cx), the complexes T#om(F,Ox) and F ® Ox are defined in
[10] and [13] as the Dolbeault complexes with coefficients in T #om(F, Zbx)
and F ® ¥%, respectively. As a shorthand notation we set THom(:,-) =
RI(X; TH#om(-,-)).

2.2. Integral kernels. Let us be given a correspondence of complex manifolds

S

Sy
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This induces a morphism h = (f,g):

S—h—>X><Y.

For G € D*(Cy), # € D®(Py), and kernels L € D®(Cs), & € D®(Ps), we define

{ LoG=Rf(L®g'G), 21
Mo% =g (f MRL L), '
We similarly define Fo L and & o A for F € D*(Cx), # € D®(Zy).
Remark 2.1. By the projection formula, there are natural isomorphisms
LoG~(RhL)oG, Mo¥ ~Mo(hP), (2.2)

where we consider RiyL and h ¥ as kernels on the product X x Y, endowed
with the two natural projections. Recall that if h is proper and L is C-
constructible, one has To#om(RmL, Oxxy)[dx + dy — ds] ~ h&Z.

We obtained in [2] general adjunction formulas for the functors o and o.
Analogue formulas in the framework of formal and temperate cohomology were
obtained in [13].

THEOREM 2.2 [13, Theorem 10.8]. Let GeDp (Cy), # €D 4(Px),
LeDg ,(Cs), and set & = THom(L, Os). Assume that

{ f~supp(#) N supp(&) is proper over Y,
g 'supp(G) nsupp(L) is proper over X.

Then, there are natural isomorphisms
RHomg, (/ o #,G ® Oy) <~ RHomg, (4, (Lo G) ® Ox)[ds/y],  (2.3)
RI(Y; T#om(G,Qy) ®%, (M o £))[ds/x]
— RT(X; T#om(Lo G,Qx) ®p_M). (2.4)
In order to apply the above general result to specific cases, topological and
analytical computations must be performed. The first consists of computing

Lo G or, at least, finding an F e D}__(Cx) and a morphism

F— LoG. (2.5)
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The second consists of computing .# o & or, at least, finding an A" € Db(@y)
and a morphism

N oMo (2.6)

Finally, one has to explicitly describe the morphisms

RHomg, (/#',G ® Oy) — RHomg, (4, F ® Ox)[ds;y],  (2.7)

RT(Y; T#om(G,Qy)®%, A)[ds/x] — RT.(X; T#om(F,Qx)®% M), (2.8)

obtained by means of (2.3) (resp., (2.4)), (2.5), and (2.6). The following lemma
describes the kernels associated to morphisms like (2.6). In Appendix A we dis-

cuss how to compute the distribution kernels associated to morphisms like (2.7)
and (2.8).

LemMa 2.3 (cf. [3, Lemma 3.1]). Let # €D, 4(2x), /' €D"(Dy), L ¢

D®(Ds). Assume that f~'supp(.#) o supp(L) is proper over Y. Then there is a
natural isomorphism

«:Homg, , (DM RN [—dx], %) — Homg, (N, M o ZL).

Proof. By (2.2), it is not restrictive to assume S = X x Y, f and g being the
natural projections. In this case, one has

Mo L ~ Ry (LR, M),

where we set £ = 1y ®f-104ZL- To conclude, it is then enough to con-
sider the chain of isomorphisms

RHomg, (DA B/ [~dx],#)~RHomy-1g, (g9~ "N, RH omy-1, (f ™' DM[—dx], L))
~RHomy-15, (g7 #; £ (Qx® g, M) ®}“—19x$)
~RHomg, (4, Rg,(L O, f~'.4))
~RHomg, (#; Rg/(L O @, f~'.4)). O

2.3. Complex projective Radon transform. In this section we review the
results of [3] on the complex projective Radon transform. Note that here,

following [14], we use a different kernel with respect to [3]. Since the proofs do
not change significantly, we do not repeat them here.
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Let IP be a complex, n-dimensional projective space, P* be the dual projective
space, and consider the diagram

ALf> P x IP*
g
IP/ \]P*,

where f, g are the natural projections and A = {(z,(); <{z,{> = 0} denotes the
incidence relation. Note that, denoting by A = T, (IP x IP*) the conormal bundle
to A with the zero-section removed, the associated microlocal correspondence

A

TP T*P*
induces a globally defined contact transformation (the Legendre transform)
x: TP =5 T*P*, (2.9)
Set Q@ = (P x P*)\A, and consider the kernels on IP x IP*
L= Cq, & = THom(L, Opyp+), (2.10)

so that S0l(¥) ~ L by the Riemann-Hilbert correspondence of [10]. Note that
& = Opyp+[*A)] is the sheaf of meromorphic functions with poles on A.

Remark 2.4. By [3, Lemma 4.6] (see also [12, exercise II1.15]), the functors
coL: D°Cp) — D*Cp+),
0% D"(Pp) — D*(Zp)

are equivalences of categories, with quasi-inverse DL o - and D.% o -, respectively.
Moreover, the first equivalence preserves IR- and C-constructibility, while the
second preserves goodness. Using (2.9) it follows as in [2, Proposition 3.5] that
the transform # o % of a good Pp-module .# is essentially concentrated in
degree zero. (Precisely, this means that the cohomology groups H/(.# o #) are
flat holomorphic connections for j # 0.)

Let k,l € Z. Denote by Op(k) the —kth tensor power of the tautological line
bundle, and set Zp(k) = Dp ®g, Op(k). For # € D°(Dpyp+), as shorthand
notation, we set

%("’0)(](, l) =f—l(Q]P ®(9]P (O]P(k)) ®f—l(pn, v% ®g—1(9nu g—l(olp*(l)'
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Following Leray [15, page 94], we set

n
wlz] = Z(—l)jzjdz()/\ c AZEA - A dzy,
=0
1 off]
2mi <Z, C>n+1+k

silz, (] = e (P x P*; ™0 (—k, k*)). (2.11)

THEOREM 2.5 [3, Theorem 4.3]. Assume —n — 1 < k < 0. Then, the morphism
a(sk): Dp+(—k*) — Dwp(—k) o &

(where o is introduced in Lemma 2.3) is an isomorphism in D®(@p+). Its inverse is
associated to the kernel si+[(, z].

Briefly, the idea of the proof is as follows. In view of (2.9), the theory of micro-
differential operators of [16] implies that a(s;) is an isomorphism in T*IP* for
n+ 1+ k > 0. We use the hypothesis k < 0 to extend the isomorphism across the
zero-section.

Applying Theorems 2.5 and 2.2, we get the following corollary.

COROLLARY 2.6 [3, Corollary 4.5]. Let F e D}__(Cp). Then, for —n—1<
k < O the section sy induces isomorphisms
RI(P; F ® Op(k)) <— RI(P*; (F o L) ® Op+ (k*))[n],
THom(F, Op(k))[n] — THom(F o L, Op-(k*)).

3. Proof of the main results

3.1. Geometrical preliminaries. As in (2.10), consider the kernel L = €Cq on
D}E_C(CPXW). Let P and P* be the real projective spaces of which IP and IP* are
the respective complexifications (compatible with the embedding of affine charts
R" — €"). Assume for simplicity that n > 2. Since n;(P) = Z/2Z, there are
essentially two locally constant sheaves of rank 1 on P—the constant sheaf Cp,
which we also denote by Cp(0), and the canonical line bundle, which we denote
by Cp(1). Recall notation (1.4).

LemMa 3.1 [3, Proposition 5.16]. For c¢e Z/2Z, set
Cp.(¢*) = Cp(e) o L[n].

Then for ¢* = 1 we have Cp.(1) ~ Cp+(1), and for &* = 0 we have a distinguished
triangle (d.t.)

Cpr\p-[1] = C.(0) = Cp —>
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In particular, there are natural morphisms
B: € Hom(Cp-(¢*)[-n], Cp(e) o L) (3.1)

that become isomorphisms in DY_ (Cp+; T*P*).

Proof. For the description of Cp(¢) o L, we refer to [3]. Here we just point
out that B;. is given by the isomorphism Cp.(1) ~ Cp+(1) and that . is given
by the natural morphisms

Cp* (0) - C]p*\p* [1] e C}* (0)

Notation 3.2. Let H< P be a hyperplane, IH < IP its natural complexi-
fication, and &, € P* its dual point. Let H* < IH* be the dual projective spaces to
H and H, respectively. Set E = P\H, P; = P*\{&.}, P; = P*\{¢&,}, and con-
sider the maps

]P* (— ]Pz —_— H*,
i ° q

where i is the embedding and g is the natural projection, dual of the embedding
H — P. Finally, set Q* = g }(H*) = P*.

Using Lemma 3.1, we can easily compute the transform by L of the constant
sheaves Cy (¢).

LemMa 3.3. Set €. () = iiqg~'Cy. (). Then we have
Cr(e) o L = Cp.(2")[1 ~ 1.
Proof. Consider the natural maps
PxP*«>HxP; — H x H".
7 ° q

Let B =« H x H* be the incidence relation, set @ = (H x H*)\IB, and consider
the kernel

K =C, e D_(Crxm*)-
Since Q N (H x IP*) = Q n (H x IP} ) = §~!(B), we have
Cr(e) o L =Rgy(Ca ® ' Cu(e))
~ Rg\(Cqn mxp) ® f'Cx(e))

~ Rg R4 (C,, ® f'Tr(e))
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~ Rigq-leg(Cw ® f—ch(s))
~ Riig™'(Cu(e) o K)
= Rig™'C. (8")[1 — 1],

where the last equality follows from Lemma 3.1. (By abuse of notation, we
denoted by f and g both the projections from IP x IP* and from IHH x IH*.) O

Remark 3.4. Let us describe the microlocal geometry underlying Lemma 3.3.
Recall that y denotes the Legendre transform (2.9). By the microlocal theory of
sheaves from [12], since the sheaf Cy(e) is simple along the conormal bundle
T,;]P, one knows a priori that its transform by - o L is again a simple sheaf along
x(T;;1P). In this sense, the complex lines in Q* (which are the fibers of ) cor-
respond to the complex conormal directions to H in IP.

Let us define Cg(¢) by the natural short exact sequence

0 — Cg(e) — Cp(e) — Ch(e) — 0.

Of course, Cg(e) ~ Cg, but since the morphism Cp(e) — Cx(e) depends on ¢, we
keep the twist as part of our notation.

LEMMA 3.5. In the triangulated category D _.(Cp-; T*IP*), there are the d.t.’s

Cg(0") o L — Cp:(0)[-1] — Co-()[1 — ] —, (32)
Ce(1) 0 L— Cpy (1)[-n] — Cgelt —n] —. (3.3)

Proof. By Lemmas 3.1 and 3.3, we have a d.t.

C(e") o L — Cp (8)[-1] —> Cp (B[ =1 —> . (3.4)

Since Cp. (0) 2 Cp+(0) in Dg_(Cp+; T*P*), (3.2) follows. Since Cp; \g-[1] = C5=
and Cp; [1] ~ C¢, in Dy_,(Cp+; T*P*), by definition of €;.(0), we have a d.t.

Cgell — 1] = C. (O)[1 = ] — T [-n] —. (3.5)

Applying the octahedral axiom to (3.4), (3.5), and to the d.t.

Cr;, (D[=n] = Cp-(1)[-1] = C,[-n] —,

we get (3.3). O
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3.2. Real projective Radon transform. As we noticed in [3], the space of (g|k)-
homogeneous €% -functiglms or distributions, defined as in (1.2), may be described
in terms of the functors ® and T #om.

LEMMA 3.6. ForkeZ and ¢ € Z/2Z, there are natural identifications
&5 (elk) ~ Cp(e) @ Op(k), (3.6)

Dbp(elk) ~ THom(D'(Cp(e)), Op(k)). (3.7)

Proof. Since the arguments are similar, we just consider (3.7). Recall that
P =P(V) for an (n+ 1)-dimensional real vector space V, so that IP = P(W)
for a complexification W of V. Set W = W\{0}, and denote by .# the left
Dy-module associated with the differential operator (3°7_,z;0;) — k. Then
R omg,, (My, Dby) is the sheaf of R.o-homogeneous distributions of degree k
on V. Since any R ¢-homogeneous function decomposes into the sum of an even
and an odd R*-homogeneous function, to prove (3.7) we have to establish the
isomorphism

Ry,R#omg, (M, Dby) ~ T Hom(D'(Cp(0) @ Cp(1)), Or(k)),
where y: W — [P is the natural projection. One has .4 ~ )_;”l%p(—k), and hence
Ry,R#omg, (M, Dby) ~ Ry, RHomg, (v~ Dp(—k), THom(D'Ty, 0y))
~ RHomg, (Dp(—k),y THom(D'Ty, Oy))[—1]
~ R#oma, (Dw(—k), T#om(RyD'Cy, Op))[—2]
~ R#omg,(Dp(—k), T #om(RyCy[1 — n|, Op)).
In the second isomorphism, we use the fact that y is smooth, and the third

isomorphism follows from [11, Corollary 9.2.2]. Recall that D'(Cp(e)) ~
Cp(¢*)[—n]. One then concludes, using the following lemma. O

LEMMA 3.7. Denote by y: V — P the natural projection. Then there is an iso-
morphism

Ry Cy[1] ~ Cp(0) @ Cp(1).
Proof. Denote by S = V/ R the real sphere, and decompose y into

V—S—sP.
P q
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Clearly, H/Rp,C, vanishes for j # 1, and, for j = 1, it is a locally constant sheaf
of rank 1. Since S is simply connected, we get Rp;C;[1] ~ Cs. The trace mor-

phism ¢,Cs ~ ¢,q'Cp — Cp induces a short exact sequence

0— Cp(l) - q!Cs —t;-> CP(O) — 0.

Composing the natural morphism Cp(0) — qiCs, 1 — 1 with the trace mor-
phism, we get twice the identity, and hence the above sequence splits. O

Proof of Theorem 1.3 (See [3, proof of Theorem 5.17]). Applying Corollary
2.6 for F = Cp(e), and using Lemma 3.1, we get

RT(P; Cp(e) ® Op(k)) «— RT(P*; Ch. (e") ® Op+ (k"))
Since —n—1< k* <0, one has RT'(IP*; Op-(k*)) =0, and hence the functor
RI(IP*; - @ Op-+(k*)) is well defined in the localized category D _(Cp+; T*P*).

By Lemma 3.1, we may then replace Cp.(e*) by Cp-(¢*) in the above iso-
morphism. In view of (3.6), we then get

L(P; €3 (elk)) «— L(P*; %5 (" |k™)). (3-8)

Theorem A.9 implies that the inverse of isomorphism (3.8) is the integral trans-
form R of Definition 1.2. O

Using (3.6), if U < P is a subanalytic open subset, one easily checks that
Ty (U; %2 (k) ~ RT(P; Cy (&) @ Op(k)). (3.9)
In view of (3.8), Corollary 2.6 for F = Cg(e) gives
RPVT(E; 67 (elk)) = RO(R*; (Cr(e) o L) @ O (k°):
By Lemma 3.5, we obtain the d.t.

ROWL (E; €2 (0*|k)) — T(P*; %% (0/k)) — RT(IP*; €+ (1) ® Op(k*))[1] -

(3.10)
Ry Ty(E; 65 (17[K) — Tw(PE; 65 (11K)) — RT (P Cg @ Op- (k))[1] —» -
(3.11)

In the next section, to describe the above d.t.’s (and hence to prove Theorems
1.6 and 1.7), we establish some preliminary results.
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3.3. Nonlocal differentials. Recall Notation 3.2. Denote by p: ]P — IP* the
blow up of IP* along &,, by D its exceptional divisor, and consider the diagrams

/\ /\

For {' e H*, p(G~1({')) = IP* is the complex projective line issued from ¢, with
tangent direction {’. (Recall that H* is identified with Ty P*/C*.) Let k,le Z,

and let " be an @F-module. As shorthand notation, we set
60

A (k,1) = p~ Op+ (k) ®p-10p. H ®j-105. @ Om+ (1)
Consider the kernels on ]f;’g

K=C~, A =0~.
Pgo ]Pgo

In the next proposition, although g is not a trivial bundle over IH*, we improp-
erly use the term “fiber coordinate” o for q. This has to be understood in the
same sense as the coordinate s in Definition 1.4(i). For an intrinsic expression of
the section y,, below, refer to Appendix B.

PROPOSITION 3.8. Denoting by o a “fiber coordinate” of q, the sections

=od"do e F(]Pé ; [*]D]( k* k* +m+ 1)),

o

for m a nonnegative integer, induce an isomorphism

> ) D Dur(—k* —m—1) = Dpe(—k*) o A

m>0 m=0

Proof. Let us begin by proving that the complex 2p+(—k*) o A" is isomorphic
to @m>0 Dwu+(—k* —m — 1). This is shown by the chain of isomorphisms

D (—k*) o A ~ §,p~' Dp+(—k*)
> 37_;(9];;;: [*D](—k*,0))
~RE(D,y. ez O P IDI,0)
~ Tar: @0y ROy, DI(",0)

o~ (—D Q]H*(-k* —-—m-— 1)

m=0
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In the last isomorphism, we considered a “fiber coordinate” o for g (refer to
Appendix B), and we used the identification for k, ! € Z:

RG(Q~  [+D|(k, 1)) = @ Opp-(k — 1 —m — 1) - ™do. (3.12)
L m>0

By the above identification, we also see that ), 7y, is indeed the kernel of our
isomorphism. To this end, it is enough to compose the natural isomorphism

D505 o, DK,k +m o+ 1)

=~ Homg,.,p. (D(Dp+ (—k")) B Dw+ (—k* —m —1)[-n], hO)  (3.13)
o

with the isomorphism a of Lemma 2.3. (Recall that & denotes the map (p,§).) O

Applying formula (2.3) for L = K, and noticing that K o G ~ Riiq~ G, we get
the following corollary.

COROLLARY 39. For any GeD}_ (Cw-), the sections {Ym}mso induce an
isomorphism

RT(P*; Riyg ™' G ® Op (k*))[1] = [] RT(H*; G ® O+ (K* + m + 1)).

m>0

For FeD}_.(Cp+) and Ge DY  (Cy-), the data of a morphism g: F —
Ri\g~'G and of the sections y,, induce a morphism

RT(P*; F ® Op+ (k*))[1] - [] RT(H; G ® O (k* + m + 1))

m=0

obtained by composing RI'(IP*; 8 ® Op+(k*)) with the isomorphism of Corollary
3.9. In the following proposition, we explicitly describe some instances of the
above morphism for G equal to Cy-+(0), Cy-(1), or Cy+. In the first two cases,
these morphisms are precisely those given by the functionals introduced in
Definition 1.4.

PROPOSITION 3.10.  With the notation of Definition 1.4, one has the following.
(i) The natural morphism Cp; (¢*) — Riyg~'Cy-(2*)[1] and the sections
{Ym}mso induce the morphism

m=0

o 3o

m=0

For (ii) and (iii), assume —n — 1 < k* < 0.
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(ii) The natural morphism Cp-(0) — Riyg~'CTy-(1)[1] in D} _,(Cp+; T*P*) and
the sections {y,,} ¢ induce the morphism

dé:‘k*+...+1):r(P*;%;ﬁ (Olk*)) — H F(H*;%ﬁ*(llk* +m+ 1))

m=0

P Z dgik*+m+1)¢'

m>=0

(ili) The identification Cp; — Rig™'Cr and the sections {7y}, induce the
isomorphism

dEr D op (k)] — [ THY; Ope (k* + m+ 1))

m=0
Z Ym — Z Viemi1-
m m

Proof. At the level of constant sheaves, the morphism in (i) is the natural
adjunction morphism

q:pgo (8*) ~ Ri!ﬂ:pgo (&%)
— Rig'Rq,Cp; (*) (3.14)
~ Rijg~'Cy-(8")[1).

(Here, to obtain the last isomorphism, note that P} — H* is the global space of
the tautological bundle Cg-«(1), so that RqCp; ~ Cpy+(1)[—1].) The morphism
in (iii) is similarly obtained, and the morphism in (ii) is the one appearing in
(3.2).

At the level of *-functions, the morphism in (i) is clearly described by the
functionals ¢{’"™. The fact that the morphism in (ii) is described by " ™"
follows from Remark 1.5(c). As for (iii), one has

O+ (k")]g, = RT(P*; ¢, @ Op+ (k"))
~ R[(P*; Cp; ® Op-(k*))[-1],
where the last isomorphism is due to tolge assumption —n — 1 < k* < 0. A section

Ve (91p~(k*)T€° is a formal sum ¥ = )" y,,, where ¥, is a homogeneous poly-

m=0
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nomial of degree m + k* (hence only m > — k* matters). For 7 = ¢!, we have

m+1 %Y do

@&+ Dy, = w(aéo + e
= '//(T’lﬁo S ”’:
= —k‘-—m-—lﬂ '
_Jq'/’(§°+TC)T -
= l//k*+m+l [C/L

where the last equality is a formal residue computation. O

3.4. Cavalieri condition and nonlocal Borel theorem. We have now the tools
to describe the morphisms (3.10) and (3.11). We do this in the following theorem,
which gives a cohomological proof of Theorems 1.6 and 1.7.

THEOREM 3.11. Assuming —n—1< k <0, there are natural short exact
sequences

0— RYPr(E€2(0k) — (P4 (0)k")) (3.15)
*, o0 *
d(,lw.ﬂ)’ m];_[oF(H ;Em(1k* + m+ 1)) — 0,

0— R ML (E;¢p(1*k) —  Tw(PL; %R (1K) (3.16)
- H'(P*; Cy ® Op+(k*)) — 0,

where the map c above enters the commutative diagram with the exact row:

(k*++1)

0 Oply, =—— [] T(H* %5.(0/k* + m+ 1)) — H'(P*; €5 @ Op-(k*)) — 0.
m=>0

A A[ /
A ¢

T (P ; %5 (11k™)) (3.17)

Here the morphisms c; are the ones described in

(0|) d(1|k‘+ +1), and dgk*+~~+1)
Proposition 3.10. ’

Proof. The first exact sequence is obtained from (3.10) using Proposition
3.10(ii). The second exact sequence is obtained from (3.11), noting that, since
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k* <0 and Q* contains complex projective lines, H°(IP*; Cs ® Op- (k%)) =
Applying the functor RT'(IP*; - R Op- (k*)) to the commutative diagram

0 Co- Cg C; »0

Vs

Cp; ([-1]

(where the vertical arrow is constructed in (3.14)), we get the commutative
diagram

Op+], —— RI(P*; Cg- ® Op+ (k*))[1] —— RT(P*; €= & Op- (k*))[1] -

[ :
RTw (P} ; 63 (1)k"))

The diagram (3.17) is obtained from the one above by taking cohomology
groups and by using Proposition 3.10(i) and (iii). O

Proof of Theorems 1.6 and 1.7. Part (i) of both Theorems 1.6 and 1.7 imme-
diately follows bY looking at (3.15). Let us then consider the case e* =1, w = 0.
The image by RY ¥ of the space I'w(E; ¢y (1*|k)) is described by (3.16) as the
kernel of the morphlsm c. One sees by (3. 17) that ¢ belongs to ker(c) if and only
if c(o| )p is in the image of d( “tm+1) ' which is precisely the space of (k* + m + 1)-
homogeneous polynomials. " This proves Theorem 1.6(ii). The exactness of

sequence (3.16) also asserts that the morphism c is surjective. One sees by (3.17)
that this implies that the morphism c,E,O' ™ s surjective, modulo the image of
d(k *+m+1) This proves Theorem 1.7(ii). 0

4. Other related results

4.1. Laplace-Borel theorem. Our proof of Theorems 1.6 and 1.7 consisted in
successively applying the functor RT(IP; - ® Op(k)) and the isomorphism (2.3) to
the exact sequence

0 — Cg(e) —» Cp(e) — Cu(e) » 0

and in describing the result. For x, € P, P, = P\{x.}, we can apply the same
procedure to the exact sequence

0— Cp, (e) = Cp(e) — €y (¢) — 0.
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Applying - o L, we get the d.t.

Cp, (¢) o L — Cp.(e*)[—n] — Cp+[—2n] -

where IH* denotes the hyperplane of P* dual to x, € P. For —-n—1 < k < 0, we
have the identifications

RT(P*; Cpr @ Op+ (K*))[—1] = RT(P*; Op+ (k") gy ) [ 7]

R

IT RO O3 (k* — m)) [

m>=0

T RC(H"; Ogr- (k + m)),

m>=0

1R

where the first isomorphism may be obtained using Proposition 3.10 and Corol-
lary 2.6 (interchanging the role of P and IP*, and for F = €,,), and the last iso-
morphism is given by Serre duality. From the d.t. above, we thus get the exact
sequence ‘

0 — REWT, (P,.; €2 (e]k)) — T(P*; €2 (*|k*)) — I ;s o (k + m)) — o,

H* m>0

which gives the following variant of Theorems 1.6 and 1.7, respectively.

(i) The image by R(8|k) of the space of (£|k) homogeneous (gw-functlon§ on P
with vanishing formal Taylor series at x, is isomorphic to the kernel of eH.l ).

(ii) The morphism e](HJ) is surjective.

At least in the particular case ¢ = 1, the mth component of the morphism e](:;.")

is obtained as the composite

M T(P*; @ (1% |k*)) 77 TSGR (UK = m))
< T(H*; By (1*|k* — m))
~ Hom(D'(Cy+(1*)), O+ (k* — m))
~ Hom(Cgy+[1 — n], O+ (k* — m))
W Hom(Cy-[1 — n], O+ (k* — m))
~ H{(H*; O+ (k* — m))
~ [(H"; O+ (k + m)),
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where 7. are the usual mth normal derivatives, where the arrow f is induced
by the natural morphism Cg+ — Cg-, and where the last isomorphism is
given by Serre duality. (Note that we used the identification D'(Cy-(w)) ~
Cy(@*)[-n+1].)

4.2. Helgason’s support theorem. Let A = {(x,&) € P x P*; {x,&) = 0} denote
the real incidence relation. For a locally closed subset D — P, we set
D = g(An (D x P*)) = {¢ € P*; 3x € D such that {x, &) = 0},
D =g(An f71(D)) = {¢ € P*;3x € D such that {x,{) = 0}.
As in [3], we say that D is A-trivial if for any { € D, one has
€ = RI(¢ A D; Cp).

We then have the following version of Helgason’s support theorem. (For the
sake of brevity, we consider only the transform Rl(;,1 o because, for k* = —1, it
coincides with the classical Radon transform.)

THEOREM 4.1. Assume —n—1<k<0. Let D E be an open A-trivial
domain in P, and let ¢ € T'(P*;€5%.(1|k*)). Then ¢ belongs to the image by RI(, )
of T;(P; €3 (1*|k)) if and only if it belongs to T5(P*;%5.(1|k*)) and satisfies the
Cavalieri condition (1.6).

Briefly, the proof goes along the following lines. Set

03 =P*\{[¢];[¢] € D, [n] [f] n D, for some &5 with [¢ + in] = [{]},

and note that Q} = Q* is the set described in Notation 3.2. One then checks that
there is a natural commutative diagram

CE(I*) oL, —— Cpgo(l)[—n] —_— C—[l - n]

Cp(1) oL —— Cp(1)[-n] —— Cxll-n—,

from which we get

0 — Ry 19Ty (E; €3 (1°1K)) — Tw(PE; $5.(1k°)) — H'(P*; €= @ Op- (k7)) — 0

1 I

0 — RYVTy(D; 67 (171K) - Tw(D; 5. (1K) — H'(B*; € & Op+ (k).
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One then concludes, using arguments similar to those in the proof of Theorem
3.11, and noticing that

T (D; 65 (17[k)) ~ T'5(P; €5 (17[k)),

since D is locally on one side of its boundary.

4.3. Conformal Radon transform. Let [x] = [xo,...,X,] be a system of homo-
geneous coordinates in P, and let S3 = P be the quadric of equation [Jg(x) =0,
where 9 € (Z/2Z)", 9 # (0,...,0), and [s(x) = x2 + (—1)%x2 + - + (=1)>x2.
Note that if 3= (1,...,1), the stereographic projection identifies the restric-
tion of the real projective transform to the sphere Sy with the conformal Radon
transform defined by integration along spheres.

For ke Z and ¢ € Z/2Z, let us denote by %y (¢|k) the ¥ line bundle on Sy,
whose sections satisfy the homogeneity conditions (1.1). A theorem in [6] asserts
that for —n — 1 < k < -2, the transform R,(,1 ) interchanges [(Sy; €5, (1*k + 2))
with the sections ¢ € I'(P*; %5 (1|k*)) satisfying the homogeneous differential
equation

Os(0e)p(&) = 0.
Let us explain how it is possible to recover and precise this result in our
framework.

Denote by Sg = IP the complexification of Sy defined by the equation
(s(z) = 0. Then, one has

€3 (elk) ~ (Ts,(2) @ Op) ® oy Us, (K)
~ RHomg,(D0s,(k)*, Cs,(¢) @ Op),
where, as shorthand notation, we set 20s,(k)* = Zp ® g, R#omo, (Us,(k), Op).

Denoting by #,(—k*) the left-coherent Pp:-module defined by the exact
sequence

0 — Dp(—k* +2) —m Dy (—k*) — Mo, (—k*) — 0, (4.1)
D53

we have the following lemma, similar to a remark in [3].

LEMMA 4.2. Assume that —n — 1 < k < —2. Then the sections s, Sx4+2 in (2.11)
induce an isomorphism

.//lr_‘,s(—k*) —:-) gwss(k + 2)* o Z.
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Proof. The complex 20s,(k+2)* is concentrated in degree —1 and is
defined by the exact sequence

0~ Dp(—k—2) —— Tp(~k) — 205, (k+2)"[1] = 0.
9(2)-

Since —n—1 < k < k+2 < 0, the conclusion follows from Theorem 2.5, notic-
ing that [1g(0¢) is the Radon transform of [Jy(z). O

Applying Theorem 2.2, we thus get an isomorphism

RYPT(S9; 62 (1*|k)) ~ RHomg,. (M, (=k*), (Cs,(1*) o L) @ Op+)[n — 1],
(4.2)

and we are reduced to compute Cg,(1*)o L. For the sake of brevity, let us
restrict to the simplest case 9= (1,...,1). Let H = P be the hyperplane of
equation xo =0, and D = {x; [Js(x) = 0} be the open ball in the affine chart
E = P\H with boundary S = Sy. Consider the short exact sequence

0— Cp(1*) — C5(1*) — Cs(1*) = 0.

In the notation of paragraph (4.2), since D is closed convex, we easily get
C5(1*) o L =~ (EP.\B. Taking *the zeroth cohomology groups in (4.2), we thus
get by Theorem 4.1 that RI(,1 ) interchanges I'(Sy; €5, (1*|k)) with the sections
¢ € T5(P*; ¢5.(1k*)), satisfying the Cavalieri condition (1.6) and the equation

Os(9)e(¢) = 0.
4.4. Affine Radon transform of other functional spaces. The sheaves of (g|k)-

homogeneous distributions, analytic functions, and hyperfunctions on P are
given by

Dbp(elk) = THom(D'Tp(e), Op(k))
~ T#om(Cp(e*), Op(k))n],
o/ p(elk) = Cp(e) ® Op(k),
Bp(elk) ~ R#om(Cp(e*), Op(k))[n].

Applying formula (2.4), or the analogue of Theorem 2.2 for ® and T Hom,
replaced with ® and R#om, respectively (see [2] and [13]), we can state the
results analogous to those in Section 1 with €% replaced by 2b, </, or #. In
particular, the analogue of Theorems 1.6 and 1.7 are deduced from the following
analogue of Theorem 3.11. For the sake of brevity, we consider here only one
parity for ¢ in each case.
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For —n — 1 < k < 0, there are exact sequences

0 — ROVT,(E; 2bp(0|k)) — T(P*; Dbp-(0*|k*)) (4.3)
— [] T(H*; Dby-(1*|k* + m+ 1)) — 0,
m=0
0 — I'(P*; A p+(0lk7)) — H; (P} ; ¢* /- (1]k*)) (4.4)

— RYWHI(E; #p(0%[K)) — 0,

0 — T(P*; Bp-(0*|k")) — H(PPF; ¢ B~ (1"[K")) (4.5)
— ROWT(E; #5(0]K)) — 0.

Here T',(E; 2bp(0|k)) = THom(Cg(0*); Op(k))[n] denotes the space of tempered
distributions on E, and q* denotes the #-module inverse image. (That is, if & is a
flat Og--module, we set ¢*F = Up; ®;-10,,. qF)

Note that (4.3) is essentially different from (4.4) or (4.5), in that the image of
Rfflk) appears as a quotient (or as an extension for the parity of & not considered
above) and not as a subspace of the corresponding space on P*. This is natural,
since conditions like (1.5) or (1.6) are meaningless without imposing growth con-
ditions. (See [9] for a study of the Radon transform for some classes of hyper-
functions with tempered growth at infinity.)

Let us briefly sketch how we obtained (4.4) and how the morphism a is de-
scribed. (The arguments for (4.5) and b are similar.) Applying the functor
RI'(P; - ® Op(k)) and isomorphism (2.3) to the exact sequence

0 — Cg(0%) — Cp(0%) — Cu(0) — 0,
we get the exact sequence
0—T(P*; /p- (0[K")) — H' (P*; Co- (1) ® O+ (k) — Ry "HL (E; #/p(0"[K)) =0,
and we have
RT(IP*; Co+(1) ® Op(k*)) ~ RI(IP ; Co-(1) ® Op; (k)
~ RT (P} ;47 Ch-(1) ® Op; ®-104. 47" O+ (k"))
~ RT(PE ;¢ /- (1K),

In the above short exact sequence, we used the fact that RI'.(E; o/p(0*|k)) is
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concentrated in degree 1. (Recall that

e T(P\K;p(0°1K)

where K ranges over the family of compact subsets of E.) The arrow a is de-
scribed as follows. Denoting by P! and IP! a real and a complex 1-dimensional
projective space, and choosing oo € P!, we have the natural morphisms

Cp — Coo = Cpi\(3[1]-
From these we get a morphism
T(PY; o/p1) — Hy(P'\{0}; Ops) (4.6)
whose topological dual
T(P'\{c0}; Op1) — Too(P'; Bp1)
— T(PY; Bp1)

is easily understood. The arrow a is the analogue of (4.6), with real analytic
parameters.

APPENDICES

Appendix A. Quantization of integral transforms

A.1. Distribution kernels. Let us consider a general correspondence of com-

plex manifolds
S
N
X Y.

Let Fe D} _,(Cx), GeDy_(Ty), # € D*(Px), # € D®(Dy), LeD§_,.(Ts),
and set & = THom(L, Os). Set

LoG=Rf,(L®g'G).
Assume to be given morphisms

o € Homg, (AN, M o &), B e Hom(F, Lo G) ~ Hom(f~'F,L® g~ G).
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Then, there is a natural morphism

RT(Y; T#om(G,Qy) @5 N) — RT(X; T#Hom(F,Qx) @5, M)[—ds/x],
(A1)

obtained as the composite of
RT(Y; T#om(G,Qy) @5 )

— RE(Y; THom(G, Qy) ®5, (M 2 £))
= RI.(Y; T#om(G,Qy) ®%, 9,(f ' M ®F, £))

— RT(S; T#om(g™' G, Qs) ®%, (£~ ®F, £))
g7t -

~ RT(S; (TH#om(g™' G, Qs) ®5, THom(L,0s)) @5 f~' M)

— RT(S; T#om(L® g G,Qs) @5, f fla)

— RT(X; T#om(Rf,(L® ¢g7'G),Qx) ®f  M)[—ds/x]
f

= RI(X; TH#om(L o G,Qx) @5, M)[—dsx]
- RT(X; T#om(F,Qx) @5, M)[—ds/x)- (A.2)

Here the first and last morphisms are induced by o and f, respectively. The
morphisms ¢! and j are obtained from formulas (5.20) and (5.10) of [13],
respectively. Recalllng that the interior product is the restriction to the diagonal
of the exterior product, the morphism e is obtained from formulas (5.20) and
(5.2) of [13].

Remark A.1. By tracing back the proof of [13, Theorem 10.8], it is possible
to check that, under the hypotheses of Theorem 2.2, (A.1) coincides with (2.7).

Morphism (A.1) may be considered as an integral transform, in that it consists
of (1) pulling back a “function” from Y to S, (2) taking its product with a kernel
on T#om(L, Os) induced by «, and (3) integrating along the fibers of f and using 8
to recognize the result as a “function” on X. Here we use the term quantization
to refer to the fact that such a morphism depends on the choice of « and B.

As we saw in Section 3.2 (where we dealt with the functor ® instead of
T #om), in the framework of the complex Radon transform, for a suitable choice
of F, G, #,and A4, (A.1) reads

T(P*; Dbp. (¢*|k*)) = T(P; Dbp(e|k)). (A.3)
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We have to check that this integral transform coincides with the Radon transform
ole] = [ oo™ (Gx, )l (A4)

In terms of (A.2), this means that we need to rewrite the composition of the last
two morphisms ff and B,

RI.(S; T#om(L ® g7 G, Qs) ®Iésivl'/’{ )
(A.5)

ff RI.(X; T#om(F,Qx) @5, M)[—ds/x],
°Jr

so that a distribution kernel appears. We begin with a technical lemma.

LeMMA A.2. Morphism (A.5) decomposes into
RT(S; T#om(L ® g7 G,Qs) ®5 f ' M)

— RI(S; To#om(f~'F, Qs5) ®5,1 ' 4)

— REe(X; T#om(Rf, f~' Flds/x], Qx) ®5, M)
f

— RI(X; T#om(F(ds/x], Qx) @5, M),

where the last morphism is induced by the adjunction morphism id — Rf, f 1.

Proof. 1t is easy to check the commutativity of the following diagram, where,
for lack of space, we omit to write RI:

THom(L® g7'G,Qs) @5, f ' M—— THom(f~'F,Qs) @5 ' M

l |

T#om(Rf (L ® g7'G)[ds/x], Qx) ®%, M — THom(Rf, f~'Flds/x], Qx) ®%, M

|

TJfom(F[ds/X], Qx) ®Iéx M. [
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Note that if supp(G) is contained in a submanifold N < Y, then the morphism
f~IF - L® g~'G induced by B factorizes in

F L. Legls, (A.6)

/
F X Cy
where we set FRsCy =f"'F® g~ 'Cy.
PROPOSITION A.3. Assume that supp(G) is contained in a submanifold N c Y.
Then (A.5) factorizes in
RI.(S; T#om(L ® g7'G,Qs) @5 f ' M)

— RI(S; THom(F @5 Cy, Q) @5, f ™' #)

—» RT(X; T#om(Rf,(F&s Cn)[ds/x], x) ®%, )
f

— RT(X; To#om(Fds/x], Qx) ®5, M),

where the first map is the “boundary value” morphism induced by the arrow b in
(A.6), and the last morphism is induced by the natural morphisms F — Rf, f'F ~
Rf*(FIZIs Cy) and Cy — Cy.

Proof. In view of Lemma A.2, the statement follows from the commutativity
of the following diagram, where again, for lack of space, we omit to write RI;:

TH#om(L® g~'1G,Qs) ®% f~' M

TN

THom(f~'F,Qs) ®L ™M ——— THom(FRs Cy,Qs) @5 f ' M

j LJ

T”OM(Rf*f—IF[dS/X], Qx) ®Iéx M — T.}fom(Rf*(F xls CN)[dS/XL Qx) ®gx M

/

T #om(F|ds/x),Qx) ®G, M.

Here the top triangle is induced by (A.6). O
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In order to apply the above proposition to check that in the case of the Radon
transform (A.3) is described by (A.4), we give in Proposition A.8 a construc-
tion of the distribution 6(5|k)((x,6)) as boundary value of the Leray section
(2.11).

A.2. Boundary values. We begin with a topological lemma.

LeMMA A4. Let M be a connected real analytic manifold, and let X be a com-
plexification of M. For 9 eI'(X;0x), let U={zeX :9(z) #0}, Y =X\U,
0y ={zeX: +Img(z) > 0}, v = w; U w_. Assume that ¢ satisfies

() Imgly =0,

(ii) dp # 0.

Then Hom(D'Cy, C,, .) = C, and it has a canonical generator y . Assume more-
over that Y n M is connected and that

(i) H'(M;Cy) = 0.

Then the natural morphism C,, — Cy (given by the inclusion w < U) induces an
isomorphism

Hom(D’CM, Cw) = Hom(D’(EM, (Eu).

Proof. Hypothesis (i) implies that @4+ > M, and (ii) implies that D'C,,, =~
C;, . We then have

R#om(D'Cy, €y, ) ~ R#om(D'C,,, ,D'D'Cyy)
~ R#om(Csz, ,Cy) (A7)
~ Cy.
Then y, corresponds to 1 € I'(M; Cy), or, equivalently, to the natural morphism
Cs, > Cym, 1~ 1.
Setting N = X\ w, the exact sequences
0—-C€,— Cy— Cp—0,
0-Cpo—-Cn—-Cy—0
induce the d.t.’s

R#om(D'Cy, C,) — R#om(D'Cyy, Cy) — RH#om(D'Cyy, Ty ) - (A.8)

R”OM(DICM, CU\w) o R%am(D'CM, CN) — R%om(D’CM, Cy) —;7 . (A9)
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By (A.8), to prove the second part of the statement, we are reduced to show that
F/ := H'RHom(D'Cy, Cy\,,) =0 for j = —1,0. (A.10)
One has
R#om(D'Cpy, Cy) ~ R#om(D'Cy, Cy)
~ R#om(Cy[-2],Cn)
~ R#om(Cyn~m, Cy)[2]
~ orynm/m/(1]
~ Cy~m/m(l].

In the last isomorphism, we oriented Y "M in M by Reg|,, > 0. Similarly,
noticing that N > M and that ory/x is trivial, one has

R#om(D'Cp, Cy) ~ Cy(1].
Applying the functor RT'(X;-) to (A.9), we thus get the exact sequence

0— F~' — T(M; Cy) — T(Y 0 M; Cynmym) — FO — H' (M; Cy) = 0,
J

where the last equality is due to hypothesis (iii). Since M and Y n M are con-
nected, j is an isomorphism, and (A.10) follows. O

Following [17], to u € Hom(D'Cy, Cy) we associate the boundary value map
b,: THom(Cy, Ox) — T'(M; Dby), (A.11)

given by b, = THom(u,Ox). Under the hypotheses of the above lemma, any
morphism u: D'Cy; — Cy factorizes into

D'Cy ——— Cy.
\u /
C,
In particular, we get the following result.

PROPOSITION A.5. With the notation and the hypotheses of lemma A.4, for any
u € Hom(D'Cyy, Cy) there exist unique constants cy € C, such that

bu(f) = ciby, (flo,) +¢-by_(flo)- (A.12)
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A.3. Quantization of real projective duality. Let us now consider the Radon
transform, associated to the correspondence

A= P x P*
/ \
P P*.

Recall that Q = (IP x IP*)\ A.

LeEmMA A.6. For F e D®(Cp), G e D} _,(Tp+), there is a natural isomorphism

«:Hom(F®D'G, Cq) ~ Hom(F,Cq o G).

Proof. One has the chain of isomorphisms
Hom(F,Cq o G) ~ Hom(f~'F,Cq ® g7'G)
~ Hom(f~'F, R#om(g~'D'G, Cq))

~ Hom(F®D'G, Cq),

where the last isomorphism follows from [12, Proposition 5.4.14], using the fact
that TS (P x IP*) n (TP x T*P*) < T, p- (P x P*). O

Recall that P = P(V) for an (n+ 1)-dimensional real vector space V, so
that IP = IP(W) for a complexification W of V. Set Q = {(z,();<z,{> #0} =
W x W*.

LemMA A7. For F, = D'(Cp(¢))[—n], G = D'(Cp+(¢*)), there is a natural
isomorphism

@ Hom(F,,Cq o G;+) ~ Hom(D'Cy,p+, Cg).
¢eZ)2Z

Proof. Denote by y: W x W* — IP x IP* the natural projection. One has the
isomorphisms

Hom(D'Cy, y+, Cg) ~ Hom(D'Cy, .,y ' Cq)
o~ Hom(Cva: [—2n — 2], 'y!CQ[—4])

~ Hom(Ry,Cp, y+(2 — 2n],Cq)
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R

@ Hom(Cp(e) ®CTp-(n)[—2n], Ca)
enel/2Z

@ Hom(F,®Gy,,Cq)[-n]
enel/2L

@ Hom(F,,Cqo Gy),
eneZ/2Z

1R

R

where the fourth isomorphism follows from Lemma 3.7, and the last isomorphism
from Lemma A.6. By Lemma A.4, the first term in the above chain of iso-
morphisms is isomorphic to €2. One then concludes by noting that the direct
summands in the last line are different from zero for ¢ = 5, due to Lemma 3.1. ]

Note that the hypotheses of Lemma A.4 are satisfied for M =V x V*,
X =W x W*, ¢(z,{) = {z,{). By the identification in the above lemma, the sec-
tion B, defined in (3.1) induces a boundary value morphism

bp,: THom(Cg, Oy, i) — T(V x V*; Dby, o).

PrOPOSITION A.8. In the above notation, up to a nonzero multiplicative con-
stant c € C*, one has

b N s
b (2m'<z, c>"“> O ).

Proof. By Proposition A.5, bg (1/2mi{z,{ >k+1) is a linear combination of
5(0“‘)(<x, £>) and 6(1|k)(<x, £>). One then concludes by a parity argument. O

THEOREM A9. Let F = D'(Cp(e))[~n], G = D'(Cp-(*)), M = Dp(k), N =
@]P'(k*), L=Cq, Z = T,#om(L, 0px]p*). Let

«(sk+) € Homg,, (N, # 0 ¥), B, e Hom(F,LoG)

be the sections defined by (2.11) and (3.1), respectively. In this case, (2.8) is
given by

REW).T(P*; Dbp. (e*|k*)) — T(P; Dbp(e|k)) (A.13)

olé] = [olelo 1 (¢, )l

Moreover, (2.7) enters a commutative diagram

(e* k)

L (P*; Dbp-(&*|k*)) ——— T(P; Dbp(elk))

) )

o (PO [ ok | Lk 27 o
(P63 (e k")) 2 T(P; 65 (e]1)).
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Proof. To prove (A.13), with the notation of Proposition A.3, we have to
check that the boundary value map b induced by B, sends ¢[&]s+[z, £]w[é] to
the distribution @[¢]6™ " "+ ((x, £))w[é]. This is clear from Proposition A.8.
The commutativity of the diagram follows from the functoriality of the
constructions. O

Appendix B. Homogeneous coordinates for the blow up. Denote by p:P; —
IP* the blow up of IP* along &,. In terms of microlocal geometry, ]Pé is 1dent1ﬁed
with the projective normal deformation of &, in P*. In fact, there are natural
maps (cf,, e.g., [12, §4.1], where the analogous construction is performed within
the framework of real manifolds)

P} — C/C*~{0,1} H' < > P} = P}

|

{{,} =—— P*

with P; = t71(0). Moreover, as we noted in Section 3.3, denoting by H* the
projective tangent space to IP* at &,, there are natural correspondences

/\ /\

For ¢, =1,0 0] IP; may be realized as the quotient space of € x (C"\{0})
by the relatlon (a ¢ = (la A¢') for A e €. Similarly, IP; may be realized as the
quotient space of (C*\{0}) x (C*\{0}) by the relation

(vo,v1,¢") = (Auwo, po1, AL") for A, pe €*. (B.1)

We denote by [v,{’] the bihomogeneous coordinate system on ]Pf associated to
(v,'). In these coordinates, the above maps read

p([v, D) = [vo, v2¢],

t([v, D) = [oa],

[0, = [0, 1,'], (B.2)
q(lo, D) = [¢'],

([, {'D =1¢1.
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This allows us to give a precise meaning to the sections y,, of Proposition 3.8 as

Pl ('] = m+2+k* (o]

for ¢ = v1/vy. The isomorphisms (3.12) and (3.13) used in the proof of Proposition
3.8 also follow from (B.1) and (B.2). In particular, (3.12) uses the identification

~—1 ~ * —_
5105 () = Op; (k= ).

Of course, the same description holds in the real case. Denoting by [u, ¢'] a
system of bihomogeneous coordinates on the blow up of P* along ., we may
then intrinsically rewrite the functionals of Definition 1.4 as follows:

[m)
4O glg] = L ¢[uo,u1¢'1——#l—’ l,

Uy

(M gl = L oluo, ut &' sgn(n/uo)” (1 /w0)"

2+k*
Y

for t = up/uy, s = uy fup.

Note added in proof. With Pierre Schapira, we point out the following cor-
rection to [3].

(1) Proposition B.5 holds only in the algebraic case. In the analytic case,
it holds only when Z is reduced to a point. That is, Proposition B.5 should be
replaced by the following.

bLet A € DP’(Dxyy) and £ € DY (Dy). Then, there is a natural isomorphism in
D (QX )s

H o = Ran(H " @y, 4,' %),

where %) is endowed with its natural (q7'Dx, g;' Dy)-bimodule structure.

(2) In formulas (C.4) and (C.7), K o G should be replaced by G o ‘K. In other
words, formula (C.4) should read

RI(X; R# omg, (M,RH# om(G o 'K, Ox)))[dx]
~ RIT(Y; R# omg, (M o A", R#om(G, Oy)))[2dy],
and formula (C.7) should read
RT.(X; R# omg, (M, TH#om(G o ‘K, Ox)))[dx]

~ R (Y;R# omg, (Mo A, THom(G,Oy)))[2dy].
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