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The E-algorithm is the most general extrapolation algorithm actually known. The
aim of this paper is to provide a new approach to this algorithm. This approach gives
a deeper insight into the E-algorithm, and allows one to obtain new properties and to
relate it to other algorithms. Some extensions of the procedure are discussed.
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1. Introduction

The E-algorithm is the most general extrapolation algorithm actually known.
It was first obtained by an interpolation procedure by Schneider in 1975 [21] and then
by Meinardus and Taylor [14] in the context of best uniform approximation. However,
its present formulation as an extrapolation procedure was only given some years later
by Havie [12] and Brezinski [2]. Havie’s approach was by elimination while Brezinski
used Sylvester’s determinantal identity. The quantities computed by the E-algorithm
can be expressed as ratios of determinants and they also satisfy a recursive scheme
which generalizes the Richardson extrapolation process. All these approaches are
reviewed and explained in [4]. The E-algorithm contains most of the extrapolation
algorithms found in the literature (see [7] for a review) and it has interesting acceleration
properties [2, 13, 20, 24].

The aim of this paper is to give a new derivation of the E-algorithm. This
derivation is based on the concepts of the annihilation difference operator and remainder
estimate introduced by Weniger [25] and developed by Brezinski and Matos [6].
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This new approach also leads us to new results about the E-algorithm and it
clarifies its properties. Some extensions will be discussed.
2, The mechanism of extrapolation

Let u = (u,) be an arbitrary sequence. We shall denote by 1 the sequence
whose terms are all equal to 1. We shall define the sequence (N;) of difference
operators by

NP ) = uy,

N(ﬂ)(u)
Ny =a) ——
N7 (8k+1)

where N,((") (1) denotes the nth term of the sequence (N, («)) and where g; = ( g;(n))
are given auxiliary sequence for i=1,2,... .
The sequence S = (S,) to be transformed is assumed to satisfy, Vn,

Sw—Sp=a181(n) + ago(n) + - - - .

This relation can be written as

SN (1) = NP (S) = ayN§P (g1) + aaN§ (g2) + - -
We have

NP NP N§” (g2) N§P(g3)
o 7 (n) ~m s L By a3 o m
Ng (1) Ny (g1) Ny~ (g1) Ny (81)

Applying the operator A to both sides we have, since Aa; =0,

(n) (n) (n)
SMA( I\ig) @ J_ A[ N&) ) J _ azA[N(Ew(gZ)J e
No (g1) Ny (g1) Ny (g1)

that is, using the definition of N,

SN @) = N () = aa N (g2) + asN{™ (g3) + - .
Obviously, the process can be repeated and we obtain for k=0, 1, . ..
SN M) = N(S) = a 1N (Brs1) + arsaN (Brsn) + -+
Dividing both sides by N,(c”) (gx+1), we have

NP N&P(S) N (gr+2)
oo (n) - n) = Ar+1 + (27 8%) n)
N7 (ge+1)  Np ' (gr+1) N (gk+1)
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Applying A and since Agp,; =0, we obtain

N('l) 1 N(’l) S N(”)
S_A (,l)k @ A (n])( (S — Izn)(gk+2) +ooe
N7 (gk+1) Nk (8k+1) N7 (8k+1)

that is, by definition of Ny,

SN (1) = N (S) = o N (8ha2) + @raNEY (8g3) ++ s

and so on.
For any arbitrary sequence u = (u,), we shall define the sequence trans-
formation E) by

Ey u=(uy) b Ee(w) = (E{” ),
where
Ni® ()

EM@w) = .

By construction, the quantities £ ,E")(S) are the same as the quantities E,(c") obtained
by the E-algorithm as we shall see in section 3.

Dividing both sides of the relation given above for an arbitrary value of k
by N,(c")(l) and making use of the definition of E,(C")(u), we obtain

Se — ES(8) = ar+1E( (8k 1) + @1 2E” (8k2) +

which is a known property of the F-algorithm.
The preceding definition of E,(C")(u) makes use of N,((")(u). The converse
also holds and we have:

PROPERTY 1

E('l)
N () = A[ ) J

EM™, (gx)

Proof
We have

(n) (n) (n)
N (uy = A{ Ny () ] = A[N"‘l(u) Ni-1 (D )

N (g1) NP M) NP (gr)

and the result follows from the definition of E,(c")(u). O
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Let us now give some more properties of the difference operators N, and
the transformations E,.

PROPERTY 2

Vk21,N"(g)=EM(g)=0fori=1,...,k

Proof
By induction. We have

N (g1)
N® (g )= A| 20211 = A1) = 0.
1 (gl) [N(()n)(gl) ( )

Thus, the property is true for k = 1. Let us assume that it is true for k.
We have, fori=1, ..., k%,

N (g0 = AN (80 NP (8141)) = AO) = 0.

For i=k+ 1, we have

N (8ee1) = AN (g1a1 NP (8141)) = AQ) = 0.

Thus, the property is true for any k.
It follows that, Vk > 1,

E(g)=0
fori=1,...,k. O
We have

N’(cn+1) (u) _ Nl(cn) (u)
N D(gri) N (gre1)

N =

which shows that the N,(c") (u)’s satisfy a triangular recursive scheme. Thus, following
the theory developed by Brezinski and Walz [9], these quantities can be expressed
as a ratio of two determinants. Moreover, using the property above and theorem 3.2
of Brezinski and Walz, we have:
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PROPERTY 3
Un e Un+k

gi(n) - g(n+k)

(n) - gi(n+k)
N(n)( )= 8k N(")( ),
T st

gi(n) -+ gi(n+k)

gx(n) - gr(n+k)
where g, = (go(n)) is an arbitrary sequence such that Vk, n, N,(c")(go) #0.
The usual determinantal expression for E,(c")(u) immediately follows from

this representation:

PROPERTY 4
Un o Un+k 1 t 1

- gi(n) - gi(n+k) gi(n) - g(n+k)
ESw=] . : / : : .

ge(n) - gr(n+ k)| |ge(n) - gr(n+k)

Denoting a determinant by its first column, we have, from Sylvester’s deter-
minantal identity

lung1(n) - - - ge(Mgrs1 (M g1(n+1) - ge(n +1)|

=|upg1(n)--- ge(MIg1(n +1) - gea(n + 1|

~Nups181(n+ 1) ge(n+ D|lgi(n) - - g1 (W,
that is,

lupg1(n) -« gre1(M)g1(n +1) - - gx(n + 1|
(g1(n) - grri(Miga(n+ 1) gryr(n+1)]

_lungi(n) - g ()| lup181(n+1) - ge(n+1)]
lg1(n) - gr+1(n)l lg1(n+1) - ge(n+1)|

N ()

— (_1)k+1 A
(N,E"’(gm)

] = (-D**IND, (w),
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Thus we finally obtain:

PROPERTY 5

P+ |ungi(n) - - gre1(M) g1 (n+1)--- gr(n+1)|

N(") = (—
e () = [g1(n) - grr1(MIg1(n+1) - gey(n+ DI’

with the convention that |gi(n+1)...g(n+1)|=1if k=0.

This property shows that, in fact, the definition of the difference operators
N, is equivalent to Sylvester’s determinantal identity.

PROPERTY 6 k
NM@) =Y B*Pu,,,,
. i=0
with
BOM =1
and
k+1, ,
Bg ™ = —BEDIND (gre),
(k,n+1) k,
k+1my _ Bid B .
B, = —o D -~ , =1, ...,k
Nkv (gk+1) Ny (8k+1)
(k,n+1)
plk+Lm) _ B"
k+1 - 1 .
N (gran)
Proof
Obvious from the definition of N ,(c'fl (u). O

From this property, we immediately obtain:

PROPERTY 7
k

k,

Elf:n)(u) = zAi( n)un+ia
i=0
with

k
(km) _ pkm) (k.n)
AEM = BiEM 1Y B,

j=0

This property was already given in [2] and [12].
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From the properties 3 and 4, we have:

PROPERTY 8
N (Au) = NP (Ew) - NI (w),

E{ (Au) = E® (Eu) - E{ (u),

where Eu = (u,,1) and Au = (Au,).

We shall see now how the E-algorithm can be recovered from the above
recurrence relations.
3. The E-algorithm

We have
N, () J

A (n)
NPwy (N (&)
N () A N ()

N]E'_l_)l(gk)

EP (u) =

A N ) NP ()
NP N (gr)

A N& (1)
N](cn_)1 (&)
A(E“" W EP, (g))
AW/EM, (g))

_ ET V() ES () - E/En)l (8)ET" )
E{" V(g - EM (gr)

which is called the rule of the E-algorithm. It may also be expressed as

Ew) - BV ) ECT(ge)
AE, () AEl(c’i)l (2)
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Thus, setting
E® = E{M(S),
s = E{V (i),
we obtain

(n+1) =(n) (n) (n+1)
EM = PRI P!
o=

(n+1) (n) >
Sr-1k — 8k"—1,k

(n+1) (n) (n) (n+1)
) _ 8k-1k8k-1i ~ 8k-148k-1i

ki D) _ _(m ’
8k-1,k _gkn—l,k

with E{V=S, and g{")= g{(n), which is the E-algorithm.

In the case g(n)= x,ll‘i, where (x,) is an auxiliary known sequence, the W-
algorithm of Sidi [23] is recovered; see also [7].

The formulae of the E-algorithm are one-step formulae allowing one to
compute the E/E':»)1(”)’S from the E,E") (u)’s. It is also possible to use multistep
formulae allowing one to compute directly the E,E'L)m(a)’s from the E{ (u)’s
without computing the intermediate steps. Such formulae were given in [3]. We
shall see now how they can be recovered from our mechanism. Let m be a fixed

non-negative integer. We define the operators N by

N - o MW
N,En) (8k+1)

with N (u) = N$P () and g;(n) = gpi(n).
We define also the transformation E; by

EM @) = NP @/NP ).

We have:
PROPERTY 9 e o

NP @w =ND (), EP@w=E" .
Proof

The second relation obviously follows from the first one which is proved
by induction. The property is true for k = 0. Let us assume that it is true for k.
We have
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N () = A e =N®, . (W) O
¥ Nl(c'i)m(gm+k+1) mrE

By using property 4, a determinantal formula expressing the quantities
E,(C’i)m(u) in terms of the E,(,{')(u)’s can be obtained. Such a formula is useful
when a division by zero (or by a quantity close to zero) occurs in the E-algorithm.
It allows one to jump over the singularity (or the near-singularity) and to avoid
a breakdown or a near-breakdown in the algorithm; see [5].

Let us consider a variant of the E-algorithm where, now, we set

N (w)

B (w) = :
k N](cn) (v)

where vis an arbitrary sequence such that the denominator in the preceding
expression does not vanish. Then, the same relations as above hold after replacing
the sequence 1 by the sequence v. Thus, the E-algorithm can still be used for
computing recursively these quantities E,E")(u) but, now, with the initializations

EQ = ES(S)=5,/v, and g = E{”(g)) = gi(n)/v,.

4, The Ford-Sidi algorithm

Let us set ) - ()
‘/fkn (u) = N, (u)/Nk (8k+1)-
Thus

N @) = Ay ) = v ) - v ),
NP (gre2) = AW (8r42) = WP (grs2) = W (8ka2)s

NI = ApP @) =y 1) -y (),
and it follows that
v ) = Ay @)/ Ay (gi+2).
We have
N v @Ay (i) v @)

NP@ v 0Av D (g,) v )

W) =

and we recover the algorithm proposed by Ford and Sidi [11] for implementing the
E-transformation.

The definition of E,(c")(u) does not make use of g, while the computation
of E ,E")(u) by the Ford—Sidi algorithm does. This is an important drawback of this
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procedure which, on the other hand, requires less arlthmetlcal operations than the E-
algorithm. However, it must be noticed that, if Ek v1(uw) is not to be computed, then
the auxiliary sequence g;,; used in the computation of l[lk )(u) can be arbitrarily
chosen.

It must be noticed that

NPw NP EPw)
NP NP (grsr)  EP(8re1)

v ) =
and thus
v (S) = BV gl s
v = 17g%,
(n) =1
L'/ (8k+1) -

In fact, the quantities u/,(c")(u) are exactly the generalized divided differences
introduced by Miihlbach [15, 16] and the previous algorithm is exactly the recurrence
relationship they satisfy [17-19, 3].

5. The general g-algorithm

In [10], Carstensen proposed a general g-algorithm including the g-algorithm
of Wynn [26] which is used for implementing Shanks’ sequence transformation [22].
We shall see now, how this general €-algorithm can be recovered and we shall
also give some new properties for it.

We set . E(")(S)
€ = £y )
. AEP (@)
€2%+1 T oM oy
AE;™(S)
Ko = Ay,

and
n _{_n n+1 n+l n
He = (eZk - ezk-z)(ezk-l - e2k—1)’

where a = (,) is an arbitrary sequence such that the quantities involving « in
a denominator do not vanish.

Replacing the quantities e; by their definitions and using the rule of the
E-algorithm we immediately obtain:

PROPERTY 10

U = —AEM (S)

E D (gr) AE,&"’I(a)
AEM (gr) | AE ()
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In order to recover the general g-algorithm of Carstensen, we also have to
prove that

n _ n n+1 n+l n
He = (‘f’2k+1 ‘ezk-l)(ezk _eZk)'

We compose the identity

E}gn) (a) E(n+1) (a)
AE™, ()

AE(M (@) = AE D (@) + A [AE}")I (@)

But, from the rule of the E-algorxthm the quantity (E(")(u) E("H)( ))/AE(")I(u)
is equal to Ek"H)(gk )/AEk l(gk) which shows that it is independent of the
sequence u. Thus, writing this quantity with the sequence S instead of a, we have

E{M(S) - E“*”(_S_)}

(n) — (n+1) (n)
AEY (@) = AE," 7 (@) + A[AEk"_l(a) AE,E’i)l(S)

(n+1)( )

(n+1)(a) (E,(‘")(S) E(n+1)(s))

AE"D(S)
A AE](cn_)l (a) (E(")(S) E(n+1)(S))
AE™ (S) |V

Multiplying and dividing the first term in the right hand side by AE("“)(S) and
using the above expressions together with the rule of the E-algorithm, we obtain

AEM () = e AE((S) + uf,

which 1is the second relation of Carstensen.
Thus, we finally obtain Carstensen’s algorithm

n

n+1 u'k
€ = € 2 +—_*,,+1 PE—
€rk-1 ~ €2k-1
n
n _ _n+l Hy
€+l “ %t
€ — €

with u7 as given in the property above. Let us remark that Carstensen defined
as a ratio of a product of determinants and thus property 10 provides a new

expression for it.
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Let us now prove some new results about this algorithm. We set

N () = u,,,

N (w)
N™ (Agr+1)

N = A(

(E ,E”)(u)) is the sequence obtained by applying the E-algorithm to the sequence u
but with the (Ag;)’s as auxiliary sequences instead of the g;’s.
- We have:

PROPERTY 11
AEP (o) EP(Aa)

AEM(B)  EM (B’

where o and f are two arbitrary sequences.

Proof
By induction. For k = 0, we have

AES (@) _ A, _ E(()n)(AOt)
AEP(B) BB E((AB)’

which shows that the property is true for k = 0.
Let us assume that the property is true up to the index k. We have

N (Au)

N (Auy = A| ——2—"—
N (Agk+1)

E" (Au)
E™ (Aggs1)

AE (u)
AE,(C") (gx+1)

by the induction assumption.
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Thus

E(A0)  AED(@)AEL (gi41) - AEY (@AES D (g4 41)
EM (AB)  AE"V(B)AE (gi4+1) - AESY (BYAESV (g141)

By the rule of the E-algorithm

AE (u) (n+1)

El(cn)l (u) = El(cn+1)(”) - E " (gr+1)
* AE (gr41)
and
AE(n+1) (u)
* AE;E *Dgre1)
Thus
EZY (gra1)
AEl(cn)l () = £ (AE,(C")(u)AE,(C"‘“l)(ng)
* AE;E")(gk+1)AE,(("+1)(gk+1)
~AE{"P WAEL (g¢41))
and the result follows. O

This property is a generalization of property 10 of [5]. It can be written as:
PROPERTY 12
AE" (a)
EM (Ao

is independent of the sequence «.

Proof
From the preceding property we have
AE (@) _ AEP(B)
EMay EM@B)’
which proves the result. a

Using these results, we have
EM(A)
E(AS)

n —
€rp+1 =



474 C. Brezinski, M. Redivo-Zaglia, A general extrapolation procedure

From the determinantal expressions given above, this is exactly the definition
of €},. given by Carstensen. We also have

_EP AETV(49) - B (ADE™V (aa) BT (g1)
E"tD(as) E{" (age)

which is the definition of u; given by Carstensen.
We have:

PROPERTY 13 (n) ( )
n EZ(@) - EM (o)

e =
2k+1 121)1 (S) - E(")(S)

Proof
By the rule of the E-algorithm, we have

AEM ()

B (@) ~ B (@) = - ———
o AE (ge+1)

E™ (gr+1)

and a similar expression for £ ,(C’i)l (S - E,ﬁ") (). Taking the ratio of these two quantities,

the result follows. O

When Vn, Aa, =1 then E,E”) (Ax) =1 and it follows that
el ., =1/ EM(AS),

which generalizes a well known property of the g-algorithm of Wynn. Moreover,
when gi(n) = A'S,, which corresponds to Wynn’s algorithm, it is easy to see, from
the determinantal expressions given above, that yy = 1. For another derivation of
Wynn’s g-algorithm from the E-algorithm, see [1].

6. Extensions

The preceding approach to the E-algorithm can be easily generalized thus
giving rise to new extrapolation procedures. For example, let us replace the operator
A appearing in the definition of N by A2, that is, let us define the new operators M,
by

M W) = u,,

M (w)
M) () = | —k—— |,
* ( M (g )]



C. Brezinski, M. Redivo-Zaglia, A general extrapolation procedure 475

and the new sequence transformation Fy : (S,) — (Fk(”)) by

M (S)

FP(8) = —+t—.
M)
When k=1 and g,(n) = AS,,, the first column of the ®-algorithm is recovered,

that is
F7(8) = 0.

The other columns of the ®-algorithm do not seem to be related to this new
transformation which should be studied in detail since, as shown by some numerical
experiments we conducted, it seems to be quite promising. Obviously, the operator
A in the definition of N, could be replaced by AP, where the exponent p can even
depend on k.

Another possible extension of the procedure consists in assuming that the
sequence S = (S,) to be transformed satisfies, Vn,

Seo = Sy = a1(n)g1(n) + az82(n) + asgz(n) +---,

where a,, a3, . . . are unknown constants and (a;(n)) is an unknown sequence for
which a linear difference operator L such that, Vn, L(a;(n)) = 0 is known. For
example, if a,(n) is a polynomial of degree k-1 in n, L is A*. If ay(n) is a
polynomial of degree k — 1 with respect to an auxiliary sequence x,, then L is
the divided difference operator of order k.

For dealing with this case, we shall define the sequence (L;) of difference
operators by

L () = uy,

LY (u)
L ( )=L[—° }
o L%")(gl)
L(ﬂ)(u)
LR w)=A| X ——1,
kel [L(k")(gkn)]

and then treat the sequence (S,) as above, that is, consider the sequence of
transformations Dy : (S,) — (D,(C”)) given by

L)

Ly’

DM (S) =

We intend to return to these extensions in a subsequent paper.
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Let us mention that the confluent forms of the E-algorithm [2] and of the &-
algorithm [27] can be treated as above. These confluent forms allow one to obtain
approximations of

Sw = lim f(2)
oo
for a function f such that, V7,
Se = f(t) = a18:1(1) + azg2 () +- -,

where the g;’s are given functions taken as g(#) = f)(¢) in the case of the &
algorithm. The mechanism of this type of continuous prediction algorithm is
similar to the mechanism explained in section 2 after replacing the operator A
by the operator D = d/dt. See [7] for an exposition of this type of algorithm.

The approach developed in this paper has also been extended to the vector
and matrix cases [8].
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