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Some new numerical results for the near-breakdown free version of Lanczos method are 
reported. 
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In [1] we gave an algorithm, called the BSMRZ, for avoiding near-breakdown 
in Lanczos type algorithms. Since the propagation of rounding errors influences 
very much the occurence of near-breakdowns and their t reatment  then, obvi- 
ously, the programming of the algorithm also does. 

The results given in [1] were obtained with a subroutine which was modified 
afterwards and since they no more exactly correspond to the software which can 
be found in netlib, the aim of this note is to report  on the results obtained by 
this actual software. Additional results will be also presented.  The data are the 
same as in [1]. 

The subroutine BSMRZ now gives the following results with x 0 ---0 and 
y = (1 , . . . ,  1) r. n k is the dimension of the corresponding Krylov subspace (without 
rounding errors we should have n k < n ) .  Thus, the solution is now obtained in 
cases where it was not. 
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e =10 -8 e =10-1  e =1  
e 1 = 1 0  - 1 4  61 = 10-11 e I = 10-11 

n II rk II n~ II rk [I nk II rk II nk 

4 1.83.10-15 4 1.83.10-15 4 1 .83.10-15 4 
5 1.65.10-13 5 1.65.10-13 5 1.65.10-13 5 
6 1.47.10-13 6 1.47.10-13 6 1.14.10-13 6 
7 8.34.10- 14 11 2.13" 10- 13 7 3.45" 10- 13 7 
8 4.59" 10- 14 13 2.09" 10-12 8 1.96" 10- 12 8 
9 1.72" 10-14 15 2.51" 10- IZ 9 2.23" 10- 12 9 

10 5.07" 10-14 17 2.02" 10- 12 10 3.29" 10- lZ 10 
11 3.85' 10-14 21 5.55" 10- J2 11 3.86' 10-12 11 
12 2.67" 10--12 12 1.68" 10-12 12 

W i t h  x o = 0 a n d  y = r  o , w e h a v e  

e = 1 0  -8 e = 1 0 - 1  e = 1  
E l = 10 -14 e = 10 -11 e I = 10 -11 

n II rk II n~ II rk II n k II r k II nk 

5 4.27.10-13 5 2.56.10-13 5 2.56.10- x3 5 
6 1.09-10-1o 6 1.09.10- lO 6 2.22.10-13 6 
7 4.00-10-1~ 7 2.08.10-12 7 2.08.10-12 7 
8 3.39.10-12 13 3.66.10-13 13 1.21.10- lZ 8 
9 2.77.10- lZ 15 1.87.10-12 9 

10 4.72-10-12 17 1.74.10-12 10 
11 4.63.10-12 19 5.88.10-12 11 
12 2.11" 10-12 21 2.07- 10- lO 12 3.73' 10-12 12 

T o  s h o w  t h e  i m p r o v e m e n t  b r o u g h t  by o u r  a l g o r i t h m  le t  us  g ive  t h e  n u m b e r  k o f  

i t e r a t i o n s  n e e d e d  a n d  t h e  d i m e n s i o n  n k o f  t h e  c o r r e s p o n d i n g  K r y l o v  s u b s p a c e  

t o  o b t a i n  a r e s i d u a l  v e c t o r  w i t h  a n o r m  s m a l l e r  t h a n  10 -11 w h e n  u s i n g  t h e  

B S M R Z  w i t h  e = 10 -8  a n d  e 1 = 10 -14 a n d  w i t h  e = e 1 = 10 -30 ( in  t h a t  c a s e  w e  

n e v e r  p a s s  t h r o u g h  t h e  r u l e s  f o r  n e a r - b r e a k d o w n ) .  W e  h a v e  

e = 10 -8 e = 10 -30 e = 10 -8 e = 10 -30 

e I = 10-14 e I -- 10-30 e I = 10 -14 e I = 10 -30 

y =(1 . . . . .  1) r y =(1 . . . . .  1) r y = r 0 y = r 0 

n k n k k n k k n k k n k 

7 11 11 11 11 7 7 7 7 
8 12 13 13 13 13 13 13 13 
9 13 15 15 15 14 15 15 15 

10 14 17 17 17 15 17 17 17 
11 15 21 19 19 16 19 19 19 
12 21 21 17 21 21 21 

N o w ,  w h e n  t h e  s y s t e m  h a s  d i m e n s i o n  n = 5 0  a n d  f o r  y = r  0, e I - 1 0  -15, t h e  

n o r m s  o f  t h e  r e s i d u a l  v e c t o r  w h e n  n k = 5 0  a r e  t h e  f o l l o w i n g  o n  a V A X  

c o m p u t e r  
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e k n.j .  II rk l[ m n, ,  

1 12 2 1.22" 104 57 95 
10- l 7 2 5.46" 102 54 97 
10-2 15 2 4.78" 105 57 92 
10 -3 11 2 3.17" 104 54 93 
10 -4 9 2 1.33" 104 55 96 
10 -5 8 1 4.92' 102 55 97 
10 -6 8 1 4.92-102 55 97 
10 -7  8 1 4.92" 102 55 97 
10 -8 8 1 4.92" 102 55 97 
10 -9  8 1 4.92" 102 55 97 
10-10 8 1 4.92" 102 57 99 
10-11 30 1 2.81" 105 92 112 
10-12 30 2 5.68" 105 
10-13 47 2 2.39" 10 6 

10-14 49 1 6.16" 10 7 

10-15 50 0 1.87" 108 

n.j .  represents the number  of jumps, m the iteration such that II r,,, [[ _< e and 
n,,, the dimension of the corresponding Krylov subspace (with an upper  bound of 
150). 

In the numerical results given in [1] it can be seen that, sometimes, the M R Z  
(which is only valid when an exact breakdown occurs) gives better values that the 
BSMRZ (which works for breakdowns and  near-breakdowns). The reason seems 
to be that, due to the computer 's  arithmetic, the occurence of a breakdown is 
never detected by a quantity strictly equal to zero but only by a quantity close to 
it. Using the MRZ,  instead of the BSMRZ, when there is an exact breakdown 
only detected by a quantity close to zero, corrects, in fact, the computer 's  
arithmetic by imposing this quantity (and possibly some others) to be exactly 
zero and, thus, the results are improved. 

In fact the programming of the BSMRZ needs the introduction of four 
independent  e's 
1 - an e for testing if I cO)(~iP~kl))l < e 
2 - an e for testing the pivots in Gaussian elimination 
3 - an e for testing if II rk II -< e 
4 - an e for testing if I c(r _< e because the algorithm cannot be used if 
this quantity is zero. 

We are now conducting many more numerical experiments for trying to fully 
unders tand the behaviour of the algorithm. 

The  subroutines corresponding to this work can be found in the NETLIB 
library N U M E R A L G O .  They can be obtained by the command 

send na l  from numeralgo 

With this command,  all the subroutines are automatically obtained (in order 
to avoid name conflicts, a single subroutine can never be obtained alone). 



136 C. Brezinski et al. / Addendum 

Netlib can be reached by electronic mail using the Internet address 

netlib@research.att.com 

The list of the software contained in NUMERALGO can be obtained by the 
command 

send index from numeralgo 
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