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Summary. Lanczos type algorithms for solving systems of linear equations have
their foundations in the theory of formal orthogonal polynomials and the method
of moments which leads to a determinantal formula for their iterates. The various
Lanczos type algorithms mainly differ by the way of computing the coefficients
entering into the recurrence formulae. If the denominator in the formula for one of
these coefficients is zero, then a breakdown occurs in the algorithm, and it must be
stopped. Such a breakdown is in fact due to the non-existence of some orthogonal
polynomial. In this paper we show how to jump over such a singularity by
computing the next existing orthogonal polynomial by the block bordering
method. The resulting algorithm, called MRZ, is equivalent to the nongeneric
BIODIR algorithm (which is a look-ahead Lanczos type algorithm), but our
derivation is much simpler.

Mathematics Subject Classification (1991 ). 65F10, 65F25

1 Introduction

Let us assume that we want to solve in €" the system of linear equations
Ax=b.

An interesting and powerful class of methods, which received much attention, is
that of Lanczos type methods. These are projection methods on Krylov subspaces
consisting of solving successively the systems

Ay — x0) =—19

for k=1,...,n where 4, is an approximation of A such that x, is uniquely
defined. A three-term recurrence relationship between the x,’s holds. Its coefficients
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are computed as the iteration proceeds, and the various Lanczos type algorithms
mainly differ in the way of computing these coefficients. However, in all these
methods they are ratios of two scalar products. If the scalar product in the
denominator of one of them is zero, then a breakdown occurs in the algorithm, and
it has to be stopped.

The x,’s are related by a three-term recurrence relation because the underlying
theory involves (formal) orthogonal polynomials, and a breakdown in the algo-
rithm is due to the non-existence of one of these orthogonal polynomials. It is
possible to jump over such a singularity by solving the linear system arising in the
recursive computation of the orthogonal polynomials by a block bordering
method. Bordering the system by a new equation and a new column at each
iteration leads to the usual three-term recurrence relation while bordering it by as
many new equations and columns as necessary leads to a more general recurrence
relation. Thus the purpose of the block bordering method is to avoid possible
intermediate singular systems and to jump from one non-singular system to the
next one after having determined the length of the jump. Applying such a recur-
rence relation to our problem gives a Lanczos type algorithm, called the MRZ,
with only a possible incurable hard breakdown. Using the connection with ortho-
gonal polynomials, Gutknecht [15] recently derived quite similar algorithms and
he gave their complete theory. Our approach here is characterized by the latest
possible introduction of linear algebra and the focus on orthogonal polynomials.
Such an approach will be useful in interpreting and generalizing other projection
and e-type methods and will be the purpose of a forthcoming paper [6].

The theory of Lanczos type methods will be presented in Sect. 2. Such methods
are based on a generalization of the method of moments of Vorobyev [26] and
they are oblique projection methods. Thus formal orthogonal polynomials are
introduced at an early stage of the theory. They provide a determinantal formula
for the iterates produced by the method that will be of primary importance for
jumping over singularities and avoiding breakdowns. Section 3 is devoted to the
block bordering method which will be our basic tool in deriving the MRZ.
Orthogonal polynomials form the subject of Sect. 4 where the block bordering
method is used for obtaining their recurrence relationship in the non-regular case
(that is when some of them do not exist). Then the MRZ is presented in Sect. 5
together with the computation of the coefficients occurring in its recurrence
relations. The method is discussed in Sect. 6. Programming such an algorithm
requires to study the minimization of the number of vector operations and the
amount of storage. This will be the subject of another paper, which will also
contain the treatment of near-breakdown and numerical experiments [10, 11].

2 Theory of Lanczos type methods

Let us consider in €" the system of linear equations
Ax=b.

Let x, be any vector that is not a solution, and let ry = Ax, — b be the correspond-
ing residual.

Let E, = span(ry, Aro,...,A* 'ry) and F, =span(y, A*y,..., A* ¥ 1y),
where y is an arbitrary non-zero vector and where A* is the conjugate transpose
of A.
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Let x; be defined by
Xy — Xp€E Ek

Ap(xe — x0) = — 19 = — (Axy — b)

with 4, = H, AH, and with H, being the oblique projection on E, with kernel
Fi (that is along Fi). The matrix A, is completely defined by

Air():A]i(ro, i=0,...,k—1,
HkAkrO =A::r0.

This is a generalization of the method of moments of Vorobyev [26]. Such
a generalization was already considered in [2, 4, 17].
Since x;, — xp€ E, we can write it as

(1) Xg —Xo=diTo + ... + @A g =ar + ...+ A, .
Thus
Ax, ~ Axg = a1 Arg + ... + ayA*ry = Ax, — b — (Axo — b)
and it follows that
Fe = AX, ~b=rg +a drg + ... + aA*rg = Py (A)r,

Wlth Pk(i)z 1 + alé + PR + akék.
Let us now compute ay,. .., . We set

e = Pe(Aidro .

We have
rk - Fk = ak(Akro it Aﬁro)e F‘)’(L
But
- Fo = Akxk - Akxo = 04 Akro + ...+ akAﬁro
and thus

0= ro + alAkrO + ... + akA’,ﬁro = Pk(Ak)r() =7, .
1t follows that r, € Fi, that is
(A* 'y, r)=0 fori=0,...,k—1.

If we set ¢; = (¥, A'ro) and if the linear functional ¢ on the space of polynomials is
defined by ¢(¢') = c;, the preceding relations can be written as

C(EP(E)=0 fori=0,... k-1,

which shows that P, is the polynomial of degree at most k, normalized by the
condition P,(0) = 1, belonging to the family of formal orthogonal polynomials
with respect to ¢ [2].

Thus Lanczos type methods consist in determining implicitly the polynomials
P, as defined above (the questions of existence and effective construction of P,
will be discussed below), computing r, = P,(A)ro, and finally finding x, from

Iy = Ax; — b without, of course, inverting A, which is possible as will be explained
below.
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But now, to complete the theory, let us give some useful formulae connected
with x;. Let us write P, as

P& =af +aPl+ ... +aPl.

The condition P,(0) = 1 implies a¥’ = 1. Writing the orthogonality relations of
P, we obtain it as the solution of the system

1 o - 0 a
Co €1 v G a? 0
() ) ; } . F
k
Ck-1 Cx =+ Cak-1 agc) 0
Thus it follows that
¢ &
c1 P ck
Co Cy - Ck . .
3) P& = . ) . : s
' ) ' Cx v Cok-1
Ck-1 Cp o+ Cop-1
and we obtain
0 ro Ak—er
Cy C
Co €1 - Ck . .
4) X — Xg = . . . : : s
Ce 0 Cok—1
Ck—1 Cp - Cok—-1

where the determinant in the numerator is the vector obtained by expanding it, by
the classical rules, with respect to its first row.

Let (ro, Arq, . .., A* 'ro) be the matrix whose columns are ry,. .., A* 1r,.
Then, from (1) and (2), we obtain

Cq Ck -1 Co

(5) X — Xo = — (rg, Arg, . .., A 1rp)

Cy v Cak—1 Cr-1

This formula, which extends the formula given in [3] when x4 = 0, can also be
proved by using the generalization of Schur’s formuia obtained in [1].

Let us now come back to formula (2). We shall call N, the matrix of this system,
d, its right hand side and z, its solution. Obviously P, exists and is unique if and
only if N, is regular, that is, if and only if its determinant (which is the Hankel
determinant usually denoted by H{, see [2]) is different from zero. P, , is given
by solving a system of equations obtained by bordering (2) by a new equation and
a new column. Thus, applying the bordering method of Faddeeva [13] seems to be
very appropriate. However it needs to be generalized before using it for our
problem and this question will be the purpose of the next section.
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3 The block bordering method

Let N, be an n, x n, matrix. We shall consider the (n, -+ m;) x (n, + m;) matrix
Ni+1 given by
Ny Uy
N =
e (0 )

where U,, ¥, and M, are matrices of the respective dimensions n, x my, my x n;
and my, x m,. N, is assumed to be regular. We set

Bk=Mk—Vka_lUk.

By is a my, x m; matrix called the Schur complement of N, in N,, . By Schur’s
formula

detNk+1 = detNk 'detBk

and, hence, N, ,, is singular if and only if B, is singular.
It is easy to check that, if B, is regular,

N-L - N+ NOYUGBC ' NGY — NJ UGB!
k+1 = — B7'V, N, ! B! .

Let us now consider the systems of linear equations

d
Nkzkzdk and Nk+1zk+1 =dk+1=<fk)
k

where f, is a vector of dimension m,. From the preceding formula for N !; we

have
z — N;7'U
Zp4y = <(;‘> +< ; k>Bk_1(fk — Vizy)

where I is the m; x m; unit matrix.

These relations generalize the bordering method of Faddeeva [13] which
corresponds to the case m; = 1. They are also a recursive application of the
formulae given by Keller [18].

We shall now apply this block bordering method to the solution of the system
(2), which yields the orthogonal polynomials P, used in Lanczos type methods.

4 Recursive computation of orthogonal polynomials

Let us now solve the system (2) recursively by the block bordering method. Of
course we shall be only interested in those polynomials P, which exist (they are
usually called regular). Changing our notation we let P, and P, be two success-
ive regular polynomials of the respective degrees n, and m.; = n, + my, at most

P& =af +aPé+ ... +a&= withaf =1

Per (&) =altV 4 gt e 4 L 4 aktDeme with gtV =1

"k+
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and
1 0 0 ad
k
Co €y Crye al
k
an -1 cnk Can -1 aslk)
1 0 0 0 0
CO Cq cnk cnk +1 cnk+ 1
Cnye 1 Cny Coame —1 Come Cricv 1 +me—1
Cre Coupe +1 can Can+1 Cope sy +ngc
Cmeer~1 Cmeyy Crperr +me—1 | Cmuy +mpe Compeyr—1
a(k+ 1) 1
o 0
a(1k+ 1) ;
= 0
0
k+1) :
ank+1 0

Writing these two systems N, z;, = d; and Ny, ,2,+1 = di+ as in the preceding
section we have, by the block bordering method,

- N U .
Zr+1 =(Zok>"—< ; k>Bk_1Vka Wlth Bk=Mk‘—VkN]:1Uk,

since f, is the zero vector (I is the m; x m,, unit matrix). Taking the scalar product of
both sides with (1, &,. .., &™**)T we obtain

Pk+1(é) = Pk(é) - Qk+1(f) >

where
— N 'U,

Qk+1(§)=(19§9-~-:énk+l)< I

>Bk—1 Vka .

The polynomial Q, ., has degree n,., at most and it satisfies

(6) (&' Qus1(8)) = (&' P(&)) — c& P4 1(8))
__{0 fori=0,...,nm —1
T (€ P(E) fori=my, ..., m +my —1

thanks to the orthogonality property of P, and P, ;. Moreover, since the first row
of U, is zero,
Qk+1(0)=0.



A breakdown-free Lanczos type algorithm for solving linear systems 35

The problem is now to determine this polynomial Q, . ;. Since P, is regular, the
Hankel determinant

Cl can c'lk
1 .
HY =

Cme 0 Come—1

is different from zero, which is equivalent to the existence of a unique monic
polynomial P{) of degree n, satisfying

cCEPD(E) = c(EPPE)) =0 fori=0,...,m —1.

Hence, we have the

Theorem. The polynomial P, with P,(0) = 1 exists and is unique if and only if the
monic polynomial P} exists and is unique.

We shall try to express Q. as
Qus1 (&) =L&(Bo + ... + B -1 E™ THPII(E) = EW(OPL(E)
This choice clearly satisfies Q, ,,(0) = 0 as required, and moreover also
A& Qu+1(8)) = cDE(Bo + -+ + B -1 E™ T HP(E) =0
fori=0,...,n, — 1 since, as proved by Draux [12],
(7N CVEPIEN =0 fori=0,...,m +m —2,
cB(EmeTmTIPDE)) £ 0 .

Imposing the remaining conditions (6) leads to

Bm,( ~ lc(l)(énk +m —IPSCI)) —_ c(énk Pk)

B =26 DHE T UPD) 4 B 1 (D) = o871 P)

Boc (€M PL) - By cD(EN T PY) 4 e+ B g cCD(EH2m 2 PYD)
= C(f"k+mk_1pk) .

This triangular system, which is non-singular since ¢{(&m *mx ~1 piV)) s differ-
ent from zero, uniquely determines the coefficients f,, _1,. . ., Bo of w,. Thus we
finally have

O Pes1(&) = Pull) — IwilOPLV(E) with w8} = Bo + ... + By —s ™71

As proved by Draux [12], m, is the smallest integer such that the relations (7)
hold and there is a recurrence of the form

(10 P;?A(f) = qk(é)Pil)(é) - Ck+1P§c1—)1(f), k=0,14,...

with P (¢) = 0, P{P(¢) = 1and C; = 0. g, is a monic polynomial of degree m,. Its
coefficients and Cy ., ; are determined by writing the orthogonality conditions of the
family {P{"} with respect to ¢'*). If we set

qk(é): o) + ...+ am’(_lémk—l + ém,‘9
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if we multiply both sides of (10) by &, apply ¢* and make use of (7), then we obtain
(gt ) = Gy e(E B, )
Oy, 1 € (EM T PRY 4 D (Em M PRDY = Cp oy ¢ (E™ P )

A1) o
aoc“’(é"" *""“lPﬁ“)+a1c‘”(§"" +MkP§cl)) + ...+

Ol —lc(l)(§"k+2m" —2P§(1)) + C(l)(ink+2mk—1P;(1)) — Ck+1C(1)(€"k +mk_1P§(1.2 1) .

This triangular system, which is non-singular since ¢!V(&" *m ~1 p{y jg differ-
ent from zero, uniquely determines d,, _1,. . ., %o-

We shall now apply formulae (9) and (10) to the recursive computation of the
residual vectors r, defined in Sect. 2. Such an application will lead to a new
algorithm for solving recursively Ax = b in at most n steps, with no possible
breakdown, except the so-called incurable breakdown (see [22]) since we are only
working with the polynomials P, and P{!) which are regular. This procedure, called
the MRZ, thus appears as a generalization of Lanczos type methods such as the
biconjugate gradient method of Lanczos [21] (already implicitly contained in [20]
and popularized by Fletcher [14]), and the various other algorithms based on the
idea of biorthogonalization (see [16, 19, 23, 27] for a review).

5 The MRZ

Let us now apply the recursive procedure for computing the polynomials P,,
described in the preceding section, to the computation of the residuals
re = Ax, — b = P (A)ry and the corresponding vectors x;. From relation (9), after
setting z, = P{"(A)ro, we obviously have

(12) feor =1 — Aw(A) ze
and applying relation (10) gives
Zirr = @A)z — Cyr12i-1

where the coefficients of w, and g, and C, ., are computed by (8) and (11) with

{C(iiPk) = (3, A'Pu(A)ro) = (y, A'ri)
(13)

¢O(EPP) = (y, AT PO(A)ry) = (3, A7 z,)

In addition to the residual vector r; . ; we need to compute the vector x; . ; such
that Yre1 = Axk“ - b.
In view of (12) clearly
Xee1 = X — Wie(A)zy .

Summarizing we get the following algorithm:

1. Choose x and y arbitrary,

2.setzp =rg =Axo —b,z_; =0,k=0,n, =0,

3. determine m,;, according to (7) and (13),

4. compute the coefficients of w, according to (8) and (13) and set
reer =1 — Aw( Az, Xes1 = X — wi(A)zg,
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5. compute the coefficients of ¢, according to (11) and (13) and set
Zivr = @A)z — Crv12k- 1,

6. if reyy =0, then x,,.; = x and stop,

7. set ny .y =y + my,

8. if ny . < n, then replace k by k + 1 and return to 3.

Since the most important quantities computed at each step are my, r, and z,
this algorithm has been called the MRZ. Obviously this name is also a joke of the
first and third authors (the French ones, of course) concerning the initials of the
second author (the Italian lady). We looked for a possible meaning of these three
initials. Since the recurrence relation for computing the polynomials P{!’ (that is in
fact the z,’s) has a varying length (depending on my) it is quite similar to a zoom
lens on a camera and thus the letters MRZ stand for Method of Recursive Zoom.

6 Discussion

In the Lanczos type methods previously used, such as BIODIR, BIOMIN,
BIORES and others, a breakdown can occur when dividing by a zero scalar
product. The occurrence of such a situation is due to the fact that, in these methods,
the polynomials P, are required to be regular, a requirement no longer mandatory
in the MRZ. Jumping over those singular polynomials was made possible by using
the generalized recurrence relation of Draux [12] between regular orthogonal
polynomials. This recurrence relation, which was also given by Struble [24], but
with a nonconstructive proof, and which can be directly obtained from (2) or (3) as
in [8], is the basis for the derivation of two quite similar breakdown-free methods
by Gutknecht [15] called nongeneric BIORES algorithm and nongeneric BIODIR
algorithm, respectively. In the first of these two methods the polynomials P, are
initially required to be monic polynomials of exact degree k and then renormalized
by imposing the consistency condition P,(0) = 1. Except for the formulae (8) and
(11) for computing the coefficients of w, and ¢, the MRZ is equivalent to the
nongeneric BIODIR algorithm. However our derivation, which was done indepen-
dently, seems to be simpler and more elegant. Moreover it can be very easily
extended to the other Lanczos type algorithms to avoid breakdown as, for
example, in the CGS algorithm [7]. Let us mention that, in these algorithms, the
only possible breakdown which can occur is the so-called incurable hard one
corresponding to (y, A"z,) = 0 where n is the dimension of the system. Such
a breakdown is due to a very unfortunate choice of the starting vectors x, and
y and the algorithm has to be restarted with another choice.

The very important questions concerning the practical implementation of our
method with as few computations and storage as possible and the treatment of
near-breakdown is discussed in [10, 11].

The simplicity of our approach using orthogonal polynomials instead of linear
algebra techniques also allows us to derive algorithms for avoiding near-
breakdown in Lanczos methods [10, 11], in the CGS [9] and in a new class of
methods, called CGM [5], which includes the Bi-CGSTAB of Van der Vorst [25]
as a particular case.

Ack.nowledgements. We are grateful to M.H. Gutknecht for his constructive advices concerning an
earlier version of this paper which helped to improve its presentation and to clarify some points.



38

C. Brezinski et al.

References

1.

10.
11.
12.

13.
14.

15.
16.
17.
18.
19.

20.
21.
22
23.
24.
25.
26.

27.

Brezinski, C. (1984): Some determinantal identities in a vector space, with applications, In: H.
Werner and H.J. Biinger eds., Padé Approximations and its Applications. Bad-Honnef 1983,
LNM 1071. Springer, Berlin Heidelberg New York, pp. 1-11

. Brezinski, C. (1980): Padé-type approximation and general orthogonal polynomials. ISNM,

Vol. 50. Birkhiuser, Basel

. Brezinski, C. (1988): Other manifestations of the Schur complement. Linear Alg. Appl, 111,

231-247

. Brezinski, C. (1991): Biorthogonality and its Applications to Numerical Analysis. Dekker,

New York

. Brezinski, C. (1992); CGM A whole class of Lanczos-type solvers for linear systems.

Submitted

. Brezinski, C., Sadok, H. (1992); Lanczos type algorithms for solving systems of linear

equations. Submitted

. Brezinski, C., Sadok, H. (1991): Avoiding breakdown in the CGS algorithm, Numerical

Algorithms 1, 199-206

. Brezinski, C., Redivo Zaglia, M. (1991): A new presentation of orthogonal polynomials with

application to their computation. Numerical Algorithms 1, 207-222

. Brezinski, C., Redivo Zaglia, M. (1992): Treatment of near-breakdown in the CGS algorithm.

Submitted

Brezinski, C., Redivo Zaglia, M., Sadok, H. (1991): Avoiding breakdown and near-breakdown
in Lanczos type algorithms. Numerical Algorithms 1, 261-284

Brezinski, C., Redivo Zaglia, M., Sadok, H. (1992). Addendum to “Avoiding breakdown and
near-breakdown in Lanczos type algorithms”. Numerical Algorithms 2, 133-136

Draux, A. (1983) Polynémes Orthogonaux Formels. Applications, LNM 974. Springer,
Berlin Heidelberg New York.

Faddeeva, V.N. (1959): Computational methods of linear algebra. Dover, New York
Fletcher, R. (1976): Conjugate gradient methods for indefinite systems. In: G.A. Watson ed.,
Numerical Analysis, LNM 506. Springer, Berlin Heidelberg New York, pp. 73-89
Gutknecht, M.H. (1992): A completed theory of the unsymmetric Lanczos process and related
algorithms. Part 1. STAM J. Matrix Anal. Appl. 13, 594-639

Gutknecht, M.H. (1992): The unsymmetric Lanczos algorithms and their relations to Pade
approximation, continued fractions, and the qd algorithm. To appear

Hendriksen, E., Van Rossum, H. (1982); Moment methods in Padé approximation.
J. Approx. Theory 35, 250-263

Keller, H.B. (1983): The bordering algorithm and path following near singular points of
higher nullity. SIAM J. Sci. Stat. Comput. 4, 573-582

Joubert, W.D., Manteufel, T.A. (1990): Iterative methods for nonsymmetric linear systems. In:
D.R. Kincaid, L.J. Hayes eds., Iterative methods for large linear systems. Academic Press,
New York, pp. 149-171

Lanczos, C. (1950} An iteration method for the solution of the eigenvalue problem of linear
differential and integral operators. J. Res. Natl. Bur. Stand. 45, 225-282

Lanczos, C. (1952): Solution of systems of linear equations by minimized iterations. J. Res.
Natl. Bur. Stand. 49, 33-53

Parlett, B.N,, Taylor, D.R., Liu, Z.A. (1985): A look-ahead Lanczos algorithm for unsymmet-
ric matrices. Math. Comput. 44, 105-124

Saad, Y. (1982): The Lanczos biorthogonalization algorithm and other oblique projection
methods for solving large unsymmetric systems. SIAM J. Numer. Anal. 19, 485-506
Struble, G.W. (1963): Orthogonal polynomials: variable-signed weight functions. Numer.
Math. 5, 88-94

Van der Vorst, H.A. (1992): Bi-CGSTAB: a fast and smoothly converging variant of Bi-CG for
the solution of nonsymmetric linear systems. SIAM J. Sci. Stat. Comput. 13, 631-644
Vorobyev, Yu.V. (1965): Method of moments in applied mathematics. Gordon and Breach,
New York

Young, D.M., Jea, K.C. (1984): Generalized conjugate-gradient acceleration of nonsymmetriz-
able iterative methods. Linear Algebra Appl. 34, 159-194



