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Explicit Construction of Group Varieties Related
to Soliton Solutions of the KP Hierarchy (*).

F. BOTTACIN

Summary. — A remarkable relation between N-soliton solutions of the KP hierarchy and some
group varieties is found. Precisely, we prove that to each such solution there is associated, in
a natural way, a commutative group variety, which we are able to construct explicitly. These
varieties turn out to be products of multiplicative groups.

Introduction.

In a previous paper [3] we have shown that to each element in a large class of sol-
utions to the KP hierarchy there is associated, in a natural way, a group variety. This
result was achieved by showing that these solutions are in fact functions of theta
type. Let us recall here that the functions of theta type were introduced by I. BAR-
SOTTI in 1968 as a generalization of classical theta functions: a (holomorphic) theta
type is essentially a formal power series in % indeterminates, 4(x) € k[x], which satis-
fies the holomorphic prosthaferesis:

S + y) dx — y) € ko] &, Ky].

It turns out that the field generated over k by the iterated logarithmic derivatives
of a theta type d(x), from the seconds on, is the function field of a commutative group
variety, called the group variety of 4. Needless to say, when k is the complex field,
the theory of theta types covers the classical theory of theta functions.

In this paper we restrict to a class of solutions of particular interest in physics,
namely the so-called N-solitons. We prove that an N-soliton solution to the KP hier-
archy is actually a holomorphic theta type, and its associated group variety is a prod-
uct of multiplicative groups. Hence the same conclusions also hold for the KdV and all
other hierarchies which can be obtained as specializations of the KP. Moreover all
these constructions are made explicitly.

This fact sheds a new light on a result proved by D. MUMFORD in [7]: he showed

(*) Entrata in Redazione il 3 agosto 1990.
Indirizzo dell’A.: Universitd degli Studi, Dipartimento di Matematica Pura ed Applicata,
Via Belzoni 7, 356131 Padova, Italy.
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that starting from the Jacobian theta function of a nonsingular curve one can con-
struct solutions to the KP hierarchy, and these functions also give solutions to the
KdV hierarchy when the curve is taken to be hyperelliptic. Moreover, if one takes an
algebraic family C; of smooth hyperelliptic curves of genus g, which, as ¢ — 0, tend to
a singular curve C, having only nodes as singularities, then the Jacobian varieties
Jac C, of the curves tend to a generalized Jacobian Jac Cy, which is precisely (k*)¥, the
product of g copies of the multiplicative group k*. Under this deformation, Riemann’s
theta functions on the abelian varieties Jac C; tend to a function on the generalized
Jacobian Jae Cp: this is the analogue of the classical Riemann theta function on a
group variety which is no longer abelian (it is what we call a theta type). The funda-
mental fact is that this function is essentially the g-soliton solution of the KdV hierar-
chy.

Our result shows that this is not a special case but only an aspect to a general
situation: every soliton solution of the KP hierarchy is actually a theta type of a multi-
plicative group.

This paper is organized as follows: in Sect. 1 we recall the definitions and some ba-
sic results concerning functions of theta type. Then we also recall the definition of
hyperfield and its connections with group varieties, essentially because this terminol-
ogy, introduced by I. BARSOTTI, is not at all «well-known» to the mathematical
public.

In Sect. 2 we first give a brief deseription of the KP hierarchy and recall how it
can be expressed as a set of Hirota’s bilinear differential equations for a r-function.
Then we introduce infinite order differential operators, called vertex operators,
which act on the space of =-functions, sending a given solution to the KP hierarchy to
a new one. This allows us to construct the famous N-soliton r-function, obtained by
letting a particular vertex operator act on the constant function 1. Finally we de-
seribe in detail how one can find an explicit expression for the solitons constructed in
this way.

In Sect. 3 we make use of the explicit expression previously found to prove that
N-soliton z-functions are functions of theta type, and their associated group varieties
are precisely the multiplicative groups. The last part of the Section is then devoted to
the analysis of the dependence of the dimension of these varieties on the original
soliton.

1. Theta types and group varieties.

Let k be an algebraically closed field of characteristic zero, and kx] = k[x,, ..., x,]
denote the ring of formal power series in n variables, with coefficients in k. For an
integral domain 7, the symbol Q(I) denotes the quotient field of I.

A non-zero element 4(x) € Q(k[x]) is a function of theta type, or simply a theta
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type, if it satisfies the prosthaferesis:
1.1) S + y) Iz — y) € Q(k[x] B kly]) -

A theta type d(x) is holomorphic if it satisfies the holomorphic prosthaferesis (hence
it belongs to k[x]):

(1.2) I + y) I — y) € k[z] R, kly]-

It follows that a theta type is always the quotient of two holomorphic theta types. It
is not useless to remember here that, if k¥ is the complex field, a holomorphic theta
type is actually an entire function, i.e. its power series converges, and the theory of
theta types generalizes the classical theory of theta functions (this is proved in[1,
Sect. 4]). '

We need some more definitions: two theta types are associate if their ratio is a
quadratic exponential, i.e. a factor of the form a-exp q(x), where a € k and ¢(x) is a
polynomial of degree < 2, with vanishing constant term. If d(x,,...,,) is a theta
type, it may happen that there exist a ', associate to 9, and linear combinations
Y1y -y Ym Of 2y, ..., 2, With coefficients in k and m < n, such that J'(x) e Q(k[y]). In
other words ¢ itself, or one of its associates, may effectively depend on less then n
variables. The least m for which this is possible is called the dimension of 9, dim d. It
also equals n — m', where m' is the maximum, as 4’ varies among the associates of 4,
reached by the dimension of the k-vector space of derivations d € Der Q(k[x]) (i.e. lin-
ear combinations of the d; = 9/dx;, with coefficients in k) that annihilate 4'. A theta
type of dimension < n is called degenerate.

Now we briefly recall the definition and basic properties of hyperfields, refering
the reader to[1] and [6] for a more detailed treatment of this subject.

A hyperfield C over k is an extension field of k¥ which satisfies the following
properties:

i) C®,;C and C®,C ®,C are integral domains: this is true for all extensions C
of k, if k is algebraically closed;

ii) there is given a unitary k-algebra homomorphism P: C — Q(C ®,C), called
the coproduct, which is coassociative (i.e. it satisfies (: @ P)P = (P ® )P, where ¢ is
the identity map on C) and cocommutative (3- P = P, where ¢ is the natural extension
to Q(C ®,C) of the map sending @y e CQ,C to y ® x);

iii) there is also given a unitary endomorphism o of the k-algebra C, called the
imversion, such that u(: ® o) Px = ex € k, for all x e C for which this expression makes
sense, where p is the natural extension to Q(C®;,C) of the multiplication map
C®,.C— C sending x @ y to xy. The map ¢ defined by the preceding formula is called
the coidentity;

iv) C is equal to the quotient field of the local ring R, = ¢ 'k;

V) u(: ® ) Px = x, for all x e C.

From these conditions it follows that P and ¢ are isomorphisms and ¢* = ..
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We also define the notion of subhyperfield: if C and K are two hyperfields over £,
we say C is a subhyperfield of K if it is a subfield of K and its coproduct and inversion
are induced by those of K.

The basic example of hyperfield is constructed as follows: let A be a commutative
group variety over k, and C = k(A), the function field of A. Take as the coproduct
P: C = k(A) —» Q(C ®,C) = k(A x A) the natural map induced by the composition law
on A, and as ¢: C — C the map induced by the morphism which sends a point in A to
its inverse, for the given group law (when this is defined). This C turns out to be a
finitely generated hyperfield over k-

The fundamental fact is that the converse is also true, ie. for any finitely generat-
ed hyperfield C over k, there exists a commutative group variety A over k, such that
C = k(A), the composition law on A being dual to the coproduct of C. In this situation
we say that A is the group variety of C, and C is the hyperfield of A. Moreover, if
C = k(A) and K = k(B) are hyperfields, for some group varieties A and B, then C is a
subhyperfield of K if and only if there is a surjective homomorphism of group vari-
eties B — A corresponding to the inclusion of C in K.

Now we come back to theta types. Given a theta type $(x) e Q(k[x]), there is a nat-
ural way to associate to it a hyperfield C c Q(k[x]), whose coproduct and inversion are
induced by those defined on k[x] (which is not a hyperfield!):

P: Kzl — klz] & Kzl = Kz, 9],
xi-—»_xi&ﬁl +1®z;
and
e k[x] — K],
- —;.

We don’t mention here how this can be done (see[1] or [2]), but we recall that C
turns out to be finitely generated over k by the iterated logarithmic derivatives of 4,
from the seconds on, hence it is the hyperfield of a commutative group variety A,
called the group variety of 4. It follows immediately that two associate theta types
have the same hyperfield and group variety. Then we define the transcendency of 4,
transe 4, as transe C/k, and it can be easily proved that transc 4 = dim ; & is called a
theta function when equality holds.

To end this Section, we just mention that there is also a natural way to define a di-
visor on A, called the divisor of 4, which is effective if and only if 4 is holomorphic, and
is linearly equivalent to zero if and only if 9 e C (modulo substitution of ¢ with an asso-
ciate theta type). All this works well, in the sense that it gives a generalization of the
classical notion of theta divisor. We refer to[1] and [2] for further information.
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2. The KP hierarchy and its soliton solutions.

In this Section we briefly recall the definition of the Kadomtsev-Petviashvili (KP)
hierarchy and its expression as a set of Hirota’s bilinear differential equations for a
r-function. Then we introduce the N-soliton solutions to the KP hierarchy and find
their explicit expressions. For a detailed account of this subject the reader is referred

to [4].

Let k& be the complex field and « denote the infinite set of indeterminates
X1y ...y Xy, .... For convenience of notation, we simply write 0 for the derivative
8/ axl.

A (formal) pseudodifferential operator P is a formal Laurent series in 87!, with

coefficients in kfx]: P = 2 @,
For a pseudodlfferentlal operator P, we denote by P, 2 a;(x) 81 the ordinary
differential operator part, and by P_ E a;(x) &’ its res1dual part.

We also introduce the space of formal oscﬂlatmg functions

{flx, 2) exp &z, 2)| flx, ) € k=z](2~ )},

where A is a formal parameter and &(x, A) = Z z; A
Let w(z, 2) = Z w; () A" | exp &z, A) be a formal oscillating function, normalized

by letting wy(x) = 1 and consider the following system of linear equations:

Lw = 2w,

2.1 '

@1 W _Bw mn=12,..,
ox,,

where L is a pseudodifferential operator of the form L =L(x) =0 +u_;(x)d ' +
+u_s@d 2%+ ..., and B,=(L"),.

The KP hierarchy is defined as the system of non-linear differential equations for
the u_; (x)’s, resulting from the compatibility conditions of (2.1); these turn out to be
equivalent to the system of Lax equations for the operator L:

oL

(2.2) axn

=[B,,L], =n=12,...
Moreover it can be shown that the system (2.1) has a solution w if and only if L satis-
fies the KP hierarchy (2.2), in which case the solution is unique up to multiplication
by elements in 1+ k[A"!]1"! (see, for example, [8, Sect. 1.2]).

We must now make a brief digression to introduce Hirota’s bilinear differential
operators: for polynomials P(y, ..., ¥,) € kly, ..., ¥,] and functions f(x) and g(x),
they are defined as

P(Dy, ..., Dy) fg = P(3/y,, ..., /3y )l f@ + y) gx — Y|y =o-
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The differential equations P(D)f-g =0 are Hirota’s bilinear differential equations.

Returning to our previous situation, it is shown in[4, Sect. 1] that if w(zx, ) is a
solution of (2.1), for a pseudodifferential operator L satisfying (2.2), then there exists
a power series 7(x) € k[x], called the r-function associated to L, such that

1 )\ y A2 212 y 43 3)\3 y e
w(e, A) = ) exp &(x, A).

Moreover the KP hierarchy can be written equivalently as an infinite set of Hirota’s
bilinear differential equations for the z-function t(x), obtained from the following
generating function expansion:

(2.3) _Zopi(—2y)pi+I(D)exp('Elijj)1—-1-=0,
1= j=
where p, (x) are Schur polynomials, defined by
eXP(.Elquf) = 3 p@q",
= n=

and D = (Dy, 27'D,, 37 D3, ...) with the D;s being Hirota’s symbols, so that every
coefficient of (2.3), regarded as a power series in the y’s, gives Hirota’s equation for a

r-function.

An important result states that the set of solutions to (2.3) admits the transforma-
tion 7(x) — exp (aX(p, q)) =(x), sending a given solution =(x) to a new one. Here a, p, q
are parameters, and X(p, ¢) is an infinite order differential operator, called a vertex
operator, defined as follows:

X(p, q) = exp (&, p) — &, @) exp(— 3, p ) +&3,¢71),

where 3 = (3/9x,,2718/9x,, 3718/dx;3, ...).

This result provides an effective method to construct explicit solutions to the
KP hierarchy (2.3): just start with one known solution and let the operators
exp(a; X(p;, q;)) act repeatedly on it. In particular, starting from the constant function 1
(which obviously solves (2.3)!), we can get a special solution defined as follows:

N
(2.4) 7(x) = exp (igl a; X(p;, Qi)) 1.

This is precisely the N-soliton solution of the KP hierarchy (actually the classical
N-soliton is given by 8% /3xz{log ().

Now we want to describe in detail how one can find the explicit expression of the
N-soliton r-function, starting from its definition (2.4). We divide what follows into 3
steps, whose proof consists of straightforward computations which are left to the
reader.
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Step 1. First observe that the operator exp(19/3t) acts by translation on t¢:
exp (A3/3t) f(t) = f(t + 2);

from this it follows immediately that the action of the vertex operator X(p,q) on a
function of infinitely many variables is the following:

X(p, @) f@y, 72, ...) = exp (&, p) — &, q))f(..., AR T A
ipt g

In particular we note that X(p;, ¢;) 1 = exp¢;, where we set §; = &(x, p;) — &(x, ¢;), and
this allows us to evaluate the first order terms in the series expansion of (2.4).

Step 2. Note that from the power series expansion of

S D _n=3 X
log(l_k) log (1 — 1) i§1i’

® i
we formally have: exp( > A—) = ﬁ

i=1 1
Using this simple remark, we can evaluate X(p;, q;) exp( 2 E,-), and find that it is
n n i=1
equal to [] ciiexp|& + 21 %;|, where we set
i=1 i=

i (Px — P)q — q:)
" k- @)@ —p)

Finally, using induction on m, and noting that c; = c; and c; = 0, it is not difficult
to prove the following result:

N m m m
X:. a)| 1=m!- x )
L}::lal @, q’)] = 1<i, < .Z<i,,sN jl;Ila’ 1 shgksmc"'"‘ exp (jgl E”)
for all m such that 2 < m < N, and is equal to 0 if m > N (the reason for this is that,
for m > N, in each term of the summation there is a factor of the form c; = 0, for
some 1).

Step 3. Putting all this together, and using the series expansion of (2.4), we final-
ly get the desired expression for the general N-soliton r-function:

N
(25) 1(x)=1+.21a,-exp55+ 2 00 exp &+ g) + ..

1<i<js
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3. Group varieties of N-soliton r-functions.

In the preceding Section we have shown that the general N-soliton solution to the
KP hierarchy is written as a particular linear combination of linear exponentials, with
coefficients in %k (see (2.5)). This leads us to consider the following general
situation:

3.1) (x) = -E—n:o a;exp (b;x) € k[x],

n
where © = (X4, ..., %,), bjx = '2,1 b;x;, and k is an algebraically closed field of charac-

teristic zero (not necessarily the complex field).
It follows easily from the definition that this function is a holomorphic theta type,
in fact it satisfies the holomorphic prosthaferesis (1.2):

@+ y) @ —y) = goaiexp(bix 3 biy)] : Lgoajexrl (bjx — bjy) | =

= X a;a;exp (b;x + b;x) exp (b;y — b;y) e k] @ kly].
17] .

Let us denote by C the hyperfield of the theta type =(x), and by A its group vari-
ety, i.e. A is a commutative group variety over k such that C = k(A). Our purpose, in
this Section, is to give a precise description of the group variety associated to a theta
type of the form (3.1), and, in particular, to apply this to the case of N-solitons
(2.5).

We recall from Sect. 1 that C is finitely generated over k by the iterated logarith-
mic derivatives of =(x), from the seconds on, and this implies that C is a subfield of
K = k(exp,, ..., expa,). But we note that K itself is a finitely generated hyperfield,
with the same coproduct and inversion of C, which are induced by those defined on
k[x]. Furthermore we have an isomorphism of hyperfields (i.e. an isomorphism of
k-algebras preserving the coproduct and the inversion):

K = k(expx,, ..., expax,) K' =k, ... Yn)

with coproduct with coproduct
8.2) P:x,—»2,Q1+1Qu; |=| Py—»y:Qu;
and inversion and inversion

pedgTT % oY

Now let us make another brief digression in order to describe a natural model for the
group variety of a finitely generated hyperfield.
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If C is a finitely generated hyperfield over k, we say that an automorphism ¢ of C
over k is left-invariant (resp. right-invariant) if it satisfies (¢® )P = Po (resp.
(:® o) P = Ps). When C is cocommutative, these two conditions are equivalent and
we simply say o is invariant. Let us denote by G;(C) (resp. G.(C)) the set of left-
invariant (resp. right-invariant) automorphisms of C over k: it is easy to prove that
they are isomorphic subgroups of the group of all automorphisms of C over k. The
fundamental fact, proved in [6], is that this subgroup may be given the structure of
an algebraic group, such that its function field is precisely the hyperfield C. In other
terms, the set of (left-)invariant automorphisms of C over k may be regarded as the
set of k-rational points of the group variety of C.

In our situation one sees immediately that the only invariant automorphisms of K’
over k are given by o(x;) = a;x;, for some a; € k*, ¢ =1,...,n, so that we get an iso-
morphism G;(K') = (k*)", which shows that the group variety of K’ (hence of K) is
(k*)*, the product of » multiplicative groups.

From what we have stated above, it follows that C is a subhyperfield of K, hence
we have a surjective homomorphism of group varieties (k*)" — A, of the group vari-
ety of K onto the one of C.

Now we recall a general result on algebraic groups (see, for example [5, Ch. 4, § 1,
Coroll. 2.4]), which states that every quotient of a multiplicative group is itself a mul-
tiplicative group. Hence we can conclude that A must be isomorphic to (k*)°, for some
§<n.

To complete the description of the variety A, there remains only the evaluation of
its dimension s, which is equal to the transcendence degree of C over k (with regard
to C, we can also note that it must be a pure transcendental extension of k, since its
variety (k*)* is rational).

In order to do that, let us recall from Section 1 that transc(C/k) = dim (), so we
now propose to evaluate the dimension of the theta type =(x): when «(x) turns out to
be non-degenerate, ie. dim=(x) = n, then transe(C/k) == (it is always <n, from
what we have stated before), hence A = (k*)" and C = K.

We start by noting that we can always consider an associate theta type, obtained
from the expression (3.1) by multiplication by the linear exponential exp (—by);
hence we are reduced to the case of functions of the form:

(8.3) (x) = ap + 21 a;exp (b;x), a;=0 Vi.

Then if the rank of the matrix of the b;’s is equal to » <mn, we can consider y, =
=b2,..., Y, = b,x as a new set of indeterminates (modulo a renumbering of the b’s),
and express the remaining b, , ; , ..., b,, @ as linear combinations of the y;’s. With this
change of variables we have an inclusion of C in k(expy,, ..., exp¥,), hence we have
transc (C/k) < r < n (actually the transcendence degree is equal to r, as we shall see
later). This is the case in which =(x) is degenerate, in fact it effectively depends on
less than n variables: it is not possible to reach the maximum dimension 7 in this
situation.
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Therefore we are reduced to the case of a function =(x) given by (3.3), with m = n
and rank (by) =n

PROPOSITION 3.4. — Under the preceding hypotheses, the theta type (x) is non-de-
generate, i.e. dimz(x) =n

PRrOOF. — If dim =(x) < m, it follows that there exist a derivative d = 2 A;d;, with

= a/ax, and ); ek, and a theta type <'(x), associate to r(x) such that
d-r (x) =

Let (x) = exp Z Bix; + Zn] x;x;| be a generic quadratic exponential, and
'(x) = ¢(x) 7(x) a genenc assoc1ate to 7(x). From d7'(x) = 0, it follows, by a straight-
forward computation, that:

2 XB:=0,
3.4) 8;1 :
> AL+ D Aby,=0, i=1,..,m,
s=1 s=1

hence we must have Z Asbi;, = 0 Vi, with 2, ..., A, not all zero.

But this is in contrast with the hypothes1s that rank (b;) =n, hence t(x) is
non-degenerate. Q.E.D.

This result applies immediately to the case of solitons. Let us consider an N-soli-
ton solution to the KP hierarchy, and suppose that it depends only on finitely many
variables #;, ..., 2,. From the end of Section 2, we recall that it can be written
as:

(85) @ =1+a,exp& +... +ayexpéy+ ... +azexpEG+E)+ ...+
+az vexp + &5+ ... + &),

where & = &, p;) — &, ¢;) = Z (pz - q)) ;.

Using the notations of (3. 3), thls amounts to setting b; = pi—gql, fori=1,..,N
and j = 1, ..., n, while the b/s, for i > N, are linear combinations of b, ..., by (e.g., we
have bN+1 = b1 + b2, bN+2 = b1 + b3, ete.).
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The matrix of the b;’s has therefore the following form:

(py—q¢ pf—-qf ... pP-—qf')
Po—q PE—¢ ... pPr—q
(3.6) PN— Qv PR —4¥ ... DPR—aQF

other rows which are
linear combinations of

| the first N ones

hence we can distinguish essentially two cases:

i) m > N: for generic values of the parameters p; and g;, the rank of (3.6) is
equal to N, and it is not the highest possible. The N-soliton z-function (3.5) is a degen-
erate theta type and has (k*)" as its associated group variety.

ii) n < N: for generic values of the parameters p; and g;, the rank of (3.6) is n.
In this case the group variety related to =(x) is (k*)", and has the highest possible di-
mension. Correspondingly =(x) is a non-degenerate theta type.

We have thus proved the following

THEOREM. — 3.7. — An N-soliton solution t(x) to the KP hierarchy, depending on n
independent variables, is a holomorphic theta type. Its group variety is (k*), the di-
rect product of s copies of the multiplicative group k* where s is generically equal to
min (N, n).

As a final remark, we note that all this applies not only to soliton solutions of the
KP hierarchy, but also to those of other hierarchies (such as KdV), which are special-
ization of the KP.
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