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ABSTRACT. We show that over any ring, the double Ext-orthogonal class to all
flat Mittag-Leffler modules contains all countable direct limits of flat Mittag-
Leffler modules. If the ring is countable, then the double orthogonal class
consists precisely of all flat modules, and we deduce, using a recent result of
Saroch and Trlifaj, that the class of flat Mittag-Leffler modules is not precov-
ering in Mod-R unless R is right perfect.

INTRODUCTION

The notion of a Mittag-Leffler module was introduced by Raynaud and Gru-
son [I0], who used the concept to prove a conjecture due to Grothendieck that
the projectivity of infinitely generated modules over commutative rings is a local
property. This is a crucial step for defining and working with infinitely generated
vector bundles, as considered by Drinfeld in [3], to which we also refer for more
explanation.

The main step behind this geometrically motivated result is a completely general
characterization of projective modules over any (in general non-commutative) ring
R. Namely, one can show (consult [3]) that an R-module is projective if and only
if M satisfies the following three conditions:

(1) M is flat,
(2) M is Mittag-Leffler,
(3) M is a direct sum of countably generated modules.

As mentioned by Drinfeld, the proof of projectivity of a given module might
be non-constructive even in very simple cases, because it requires the Axiom of
Choice. This applies for instance to the ring Q of rational numbers and the Q-
module R of real numbers. The main trouble there is condition (3). Thus, one
might consider replacing projective modules by flat Mittag-Leffler modules (these
are called “projective modules with a human face” in a preliminary version of [3]).

Received by the editors July 28, 2010 and, in revised form, January 18, 2011.

2010 Mathematics Subject Classification. Primary 16D40; Secondary 16E30, 03E75.

Key words and phrases. Flat Mittag-Leffler modules, precovers, Ext-orthogonal classes.

The first author was supported by MIUR, PRIN 2007, project “Rings, algebras, modules and
categories” and by Universitd di Padova (Progetto di Ateneo CPDA071244/07 “Algebras and
cluster categories”).

The second author was supported by the Eduard Cech Center for Algebra and Geometry
(LC505).

(©2011 American Mathematical Society
Reverts to public domain 28 years from publication

1527



1528 SILVANA BAZZONI AND JAN STOVICEK

However, a surprising result in [ §5] indicates that if one is interested in ho-
mological algebra, this might not be a good idea at all. Namely, the class of flat
Mittag-Leffler abelian groups does not provide for precovers (sometimes also called
right approximations). In the present paper, we use recent results due to Saroch
and Trlifaj [I1] to show this is a much more general phenomenon and applies to
many geometrically interesting examples. Namely, we prove in Theorem [0 that
the class of flat Mittag-Leffler R-modules over a countable ring R is precovering
if and only if R is a right perfect ring. Note that in that case the classes of pro-
jective modules, flat Mittag-Leffler modules and flat modules coincide, so the flat
Mittag-Leffler precovers are just the projective ones.

1. PRELIMINARIES

In this paper, R will always be an associative, not necessarily commutative, ring
with a unit. If not specified otherwise, a module will stand for a right R-module.
We will denote by D the class of all modules which are flat and satisfy the Mittag-
Leffler condition in the sense of [10} [§]:

Definition 1. M is called a Mittag-Leffler module if the canonical morphism p :
M @r [1;c; Qi — Il;cr M ®r Q; is injective for each family (Q; | i € I) of left
R-modules.

A crucial closure property of the class D has been obtained in [g]:

Proposition 2 ([8, Proposition 2.2]). Let R be a ring and let (F;,uj; : F; — F;)
be a direct system of modules from D indexed by (I,<). Assume that for each
increasing chain (i, | n < w) in I, the module lim _ Fi, belongs to D. Then
M = hgiel F; belongs to D.

n

Let us look more closely at countable chains of modules and their limits. Recall
that given a sequence of morphisms
FO£>F1£>FQ£)F3—>...
we have a short exact sequence
(%) n: 00— @PF S PR —lnk, —0,
n<w nw
such that ¢ is defined by @i, = tn — tny1tyn, where ¢, : F,, — @ F,, are the

canonical inclusions. Note the following simple fact:

Lemma 3. Given a chain Fy =3 Fi 3 Fy — ... of morphisms as above and a
number ng < w, the middle term of (x) decomposes as

DF —¢<EB Fm>@ b rn

n<w m<ng m>no

Proof. Note that the module o(EP F,) is generated by elements of the form

m<ng

(0,...,0, %, —tUm(Tm),0...) € @Fn,

n<w
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where m < ng and z,, € F,,. It follows easily that one can uniquely express each
y=(yn) € B, o, Fnasy=z+w, where z € o (B,,,,, Frn) and w € PBsng Fn-
Namely, we take z = (Yo, -+ Yno—1,¥ng+0,0,...) with —y;, = Un;—1(Yno—1) +
Ung—1Ung—2(Yng—2)++ FUng—1Ung—2 - . - Urto(yo) and w = y—z € ®m2no F,. O

We will also need a few simple results concerning infinite combinatorics, starting
with a well-known lemma.

Lemma 4. For any cardinal pu there is a cardinal X > p such that A0 = 2%,

Proof. We refer for instance to [7, Lemma 3.1]. For the reader’s convenience, we
recall how to construct A\. We put po = p and for each n < w inductively construct
tnt1 = 2. Then A = sup,, ., tn has the required property; see for example [9,
p. 50, fact (6.21)]. O

The next lemma deals with a construction of a large family of “almost disjoint”
maps f : w — A. The result is well known in the literature and it has many different
proofs. We refer for instance to [2, Lemma 2.3] or [4, Proposition IL.5.5].

Lemma 5. Let A be an infinite cardinal. Then there is a subset J C A\¥ of cardi-
nality \X° such that for any pair of distinct maps f,g:w — X of J, the set formed
by the © € w on which the values f(x) and g(x) coincide is a finite initial segment
of w.

Proof. Consider the tree T of the finite sequences of elements of \; i.e. T = {t :
n — A | n < w}. Since A is infinite, we have |T| = |, ., A"| = A, so there is a
bijection b : " — A. For every map f :w — A denote by Ay : w — T the induced
map which sends n < w to f [ n € T. Clearly, if f, g are two different maps in A\“,
the values of A¢ and A, coincide only on a finite initial segment of w. Now we can
put J ={bo Ay | f € \“}. O

2. MAIN RESULT

Now we are in a position to state our main result, which is inspired by [8] §5].
It will be proved by using a cardinal argument similar to the one in [2 Proposi-
tion 2.5]. Note that the result sharpens [I1, Theorem 3.9] by removing the addi-
tional set-theoretical assumption of the Singular Cardinal Hypothesis and also [8],
Corollaries 7.6 and 7.7] by removing the assumption that D is closed under prod-
ucts.

Regarding the notation and terminology, given a class C C Mod-R, we put C+ =
{M € Mod-R | Exty(C, M) = 0} and dually *C = {M € Mod-R | Extx(M,C) =
0}. Recall that a module is called cotorsion if it cannot be non-trivially extended
by a flat module.

We recall also the notion of a precover, or sometimes called a right approxima-
tion. If X is any class of modules and M € Mod-R, a homomorphism f: X —
M is called an X-precover of M if X € X and for every homomorphism f’ €
Hompg(X', M) with X’ € X there exists a homomorphism g: X’ — X such that
f" = fg. The class X is called precovering if each M € Mod-R admits an X-
precover.
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Theorem 6. Let R be a ring and let D be the class of all flat Mittag-Leffler right
R-modules. Given any countable chain

Fo =5 F -5 F -5 F— ...
of morphisms such that F,, € D for all n < w, we have hg’an e L(pY. If,
moreover, R is a countable ring, then the following hold:

(1) Dt is precisely the class of all cotorsion modules.
(2) D is a precovering class in Mod-R if and only if R is right perfect.

Proof. Assume we have a countable direct system (F,,u,) as above, put F =
lian, and fix a module C' € D+. We must prove that Extp(F,C) = 0.

Let us fix an infinite cardinal A, depending on C, such that we have A >
|Hompg(F,,C)| for each n < w and A¥ = 2*; we can do this using Lemma [
Applying Lemma [5] we find a subset J C A\ of cardinality 2* such that the values
of each pair f,g: w — A of distinct elements of J coincide only on a finite initial
segment of w. We claim that there is a short exact sequence of the form

) 0—P—E—F2) 90

such that E € D and [Hompg(P, C)| < 2*.
Let us construct such a sequence. First, denote for each av < A by F;, , a copy
of F,,, and by P the direct sum € F), ., taken over all pairs (n, «) such that n < w

and o = f(n) for some f € J. Note that P is a summand in ,,_,, FY, so we
have
IHompg(P,C)| < ‘HomR (@Fﬁ)vc)] < I [Homp(F,, C) < A=** = 23,
n<w
Next, we will construct E. Given f € J, let
P F,—P
n<w

be the split inclusion which sends each F}, to F), (). Using the earlier short exact
sequence (x), we can extend P by F via the following pushout diagram:

n: 0 —— @ Fn —— D, Fu F 0
® T
g: 00— P —S55 R F 0.

Now, we can put these extensions for all f € J together. Namely, let o : P(/) —
P be the summing map and consider the pushout diagram:

Des: 0—>P<J>—>@feJE,»L>F<J>—>0
€ 0O— P — E — 5 F) — 0.

For each g € J, the composition of the canonical inclusion v,: E; — feJs Ey
with the morphism 7 yields a monomorphism E, — E. In fact, if y € E, is such
that mvg(y) = 0, then p(v4(y)) = 0; hence the exact sequence ¢, gives that y is
in the image of P and the composition of the canonical embedding p4: P — pPW)
with the morphism ¢ is a monomorphism. From now on we shall without loss of
generality view these monomorphisms Fy — F as inclusions.
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To prove the existence of (1), it suffices to show that F € D in . To this end,
denote for any subset S C J by Mg the module

Mg = Z Imd; (C E; see diagram (A)).
fes

Then the family (Mg | S C J& |S| < Ng) with obvious inclusions forms a direct
system and we claim that its union is the whole of E. Indeed, it is straightforward
to check, using diagram (A) and the construction of the embeddings E, C E, that
E=P+> sesImdy. Further, the left-hand square of diagram (A) is a pull-back,
which implies PN ImY¢ =Im¢y and

PNy Imdy; 2 Y Imip =P
feJ feJ

Thus, E =3, ;ImJy and the claim is proved.

Moreover, the union of any chain Mg, C Mg, C Mg, C ... from the direct
system belongs to the direct system again. Therefore, if we prove that Mg € D for
each countable S C J, it will follow from Proposition 2l that £ € D. Our task is
then reduced to proving the following lemma:

Lemma 7. With the notation as above, the following hold:
(1) Given S CT C J with S and T finite and such that |T| = |S|+1, the inclu-
sion Mg C My splits and there is ng < w such that My /Mg = GBmZno F,,.
(2) Given a countable subset S C J, the module Mg is isomorphic to a count-

able direct sum with each summand isomorphic to some F,, n < w. In
particular, Mg € D.

Proof. Let us focus on (1) since (2) is an immediate consequence. Denote by f :
w — A the single element of T\ S, and let ng < w be the smallest number such
that f(no) # g(no) for each g € S.

We claim that the following are satisfied by the construction:

Msmlmﬁf_Lf<@ Fm> _ﬂfw(@ Fm>

m<ng m<ng

The second equality holds simply because ¥fogp = ¢y by diagram (A). For the first,
note that Mg NImdy, as a submodule of F, is contained in P. Since PNImd; =
Im ¢y, we have

MsNImdy = Zlmﬁg NImey = ZIng ﬂImLf—Lf<EB Fm>,

geSs geSs m<ng

by the construction of P. This proves the claim.
Invoking Lemma [B] we further deduce that

Imﬁf =Lf < @ Fm> @19f @ Fm

m<ng
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In particular, the inclusion Mg NIm¥; C Imds splits and so does the inclusion
Mg C Mg+ Imd; = Mp. Moreover, we have the isomorphisms

My /Mg = (Ms +Imdy) /Mg = Tmds/(Ms NImdy) = G Fo,

m2>ng

which finishes the proof of the lemma. O

Having established the existence of (1) such that E € D and [Hompg(P, C)| < 2%,
let us apply Homg(—,C) to (f). Since C € Dt by assumption, we get an exact
sequence

Homp(P,C) — Exth(F®),C) — 0.
Suppose now that Exth(F,C) # 0. Then we would have [Exth(F2), C)| > 2

which would contradict the fact that |[Homp (P, C)| < 2*. Hence Ext R(F C’)
as desired.

To finish the proof of Theorem [B, suppose R is a countable ring. Since each
F € D is flat, D' contains all cotorsion modules. On the other hand, if C is not
cotorsion, there is a countable flat module F such that Extp(F,C) # 0; see for
instance [6, Theorems 4.1.1 and 3.2.9]. By the first part of Theorem [6] we know
that F' € +(D), so C ¢ D+. Hence D consists precisely of cotorsion modules.

The fact that D is not precovering unless R is right perfect (and D is then the
class of projective modules) follows directly from [I1, Theorem 3.10]. This finishes
the proof of Theorem O

0

Remark 8. The proof of Theorem [0l is to some extent constructive. Namely, if R
is a countable ring and C' is a module which is not cotorsion, the theorem gives us
a recipe for how to construct E € D such that Extp(E,C) # 0, and it allows us
to estimate the size of E based on the size of C'. Note that if R is non-perfect, the
size of E must grow with the size of C'. This is because for any set S C D, we have
+(8*) € D S Flat-R by [I} Proposition 1.9] and [6, Corollary 3.2.3].
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