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ABSTRACT. The aim of this paper is twofold. We construct an extension to a
non-integrable case of Hopf’s formula, often used to produce viscosity solutions
of Hamilton-Jacobi equations for p-convex integrable Hamiltonians. Further-
more, for a general class of p-convex Hamiltonians, we present a proof of the
equivalence of the minimax solution with the viscosity solution.

1. Introduction. We review some aspects of the Cauchy Problem (C'P) for Hamil-
ton-Jacobi equations of evolutive type:

(CP) %_f (tv Q) +H (tv q, g_j (tv Q)) =0,
5(0,9) =0 (q),

t € [0,T], ¢ € N, where N is a smooth connected manifold without boundary.
For T small enough, the unique classical solution to (C'P) is determined using the
characteristics method. However, even though H and o are smooth, in general
there exists a critical time in which the classical solution breaks down: it becomes
multivalued, i.e. the g-components of some characteristics cross each other. Hence,
it arises the question of how to define, and then to determine, weak (e.g., continuous
and almost everywhere differentiable) global solutions of (CP).

In the eighties, Crandall, Evans and Lions introduced the notion of viscosity
solution for Hamilton-Jacobi equations, see [23] and [3] for a detailed review on the
subject. Lions [23], Bardi and Evans [2], using Hopf’s formulas, directly constructed
viscosity solutions for convex Liouville-integrable Hamiltonians of the form H =
H (p).

Afterwards, in 1991 Chaperon and Sikorav proposed in a geometric framework
a new type of weak solutions for (CP), called minimax solutions —sometimes also
variational or Lagrangian solution (see [13], [33], [26]). Their definition is based on
generating functions quadratic at infinity (G.F.Q.1.) of the Lagrangian submanifold
L obtained by gluing together the characteristics of the Hamiltonian vector field
Xy where H (t,q,7,p) = 7+ H (t,q,p). This global object L resumes geometrically
the multi-valued features of the Hamilton-Jacobi problem, like a sort of Riemann
surface (see e.g. [34]) occuring in complex analysis. A discussion on the construction
of global generating functions of L related to viscosity solutions has been made in
[8] in the special case of existence of a complete solution (“complete integral”) of
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Hamilton-Jacobi equation. In this new topological framework, a lot of examples
can be found and produced, even outside the classical mechanics: e.g. in control
theory [6], or in multi-time theory of Hamilton-Jacobi equation [11].

Viscosity and minimax solutions have the same analytic properties, namely, the-
orems of existence and uniqueness hold, but in general they are different, see [26]. In
[21] Joukovskaia indicated that viscosity and minimax solutions of (C'P) coincide,
provided that the Hamiltonian H is convex in the p variables. A task of the present
paper is to give a detailed proof of this fact.

First, we construct an extension of (the above mentioned) Hopf’s formula, for
more general non-integrable Hamiltonians; this is performed on the torus N = T".
This result is caught by utilizing (i) a very fruitful, even though scarcely known,
theorem of Hamilton (e.g. quoted by Gantmacher [19] as “Perturbation Theory”),
(ii) a classical composition rule of generating functions in symplectic geometry [4],
and (iii) the existence theorem by Chaperon-Laudenbach-Sikorav-Viterbo of global
generating functions for Lagrangian submanifolds related to compactly supported
Hamiltonians.

Furthermore, we present a proof of the coincidence of minimax and viscosity solu-
tions, essentially based on an Amann-Conley-Zehnder reduction of the Action Func-
tional of the Hamilton-Helmholtz variational principle. In our construction it is cru-
cial the following representation of the candidate weak solution S : [0, T] x R™ — R,
(t,q) — S (t,q), where we require (¢ (-),p (-)) € H' ([0,T],T*R™)

sto= = {saoy+ [[wi-m,, e} 0
q:0,t] =R" 5.0t — R"
t) =

L

H(q,p) = %[p|> + V(q), V compactly supported. Indeed, under the convexity hy-
pothesis on H, from one side, we see that (1) is the Hamiltonian version of the
Lax-Oleinik formula hence defines the viscosity solution by Crandall-Evans-Lions,
see [17], [18] and bibliography quoted therein; from the other one, we show that the
minimax solution proposed by Chaperon-Sikorav-Viterbo, which is defined through
the variational Hamilton-Helmholtz functional involved in (1), is ezactly given by
S. Incidentally, the paper [16] studies the same Hamiltonian from the perspective of
idempotent analysis and arrives essentially to the above explicit formula. Moreover,
in the interesting forthcoming paper [25] McCaffrey proposes technical conditions
guaranteeing minimax solutions to be viscous ones and he points out that they do
work also in some non convex cases.

The sequel is organized as follows.

In Sections 2-4 we recall some notions about symplectic topology, generating
functions and minimax solutions of (C'P). In Section 5, for N = T", we explicitly
write down a generating function with finite parameters for the Lagrangian sub-
manifold geometric solution of (C'P) for the Hamiltonian H (¢,p) = 1[p|* + f (¢, p),
qg € T", f compactly supported.

Section 6 is devoted to the proof of the equivalence of viscosity and minimax
solutions of (CP), for Hamiltonians of mechanical type H (¢,p) = 3|p|* + V (q).
Here, we assume (g, p) € R?" and compactly supported energy potential V (q).

In the literature the term minimax solution is often used to indicate a third
approach to generalized solutions of (C'P); this alternative approach —which applies
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properly in differential game theory and control theory, hence lies outside the tasks
of the present paper— has been clarified to be equivalent to the concept of viscosity
solution, see for example [29], [30] and [27].

One of the authors (F.C.) is friendly indebted to Claude Viterbo, because the
need of investigating the relation between viscosity and minimax solutions arose
during the redaction of the paper [11].

2. Extension of exact Lagrangian isotopies. Conventions. The considered
functions are C'*° and the involved spaces are assumed to be endowed with the C'*°
topology. Given a space of functions F, a path into E is a map ¢ — f;, denoted by
(ft), from I :=[0,1] into E, such that the application (¢,x) — f; (x) is of class C*°.
For a generic manifold P, we denote by E (P) the space of functions f: P — R.
Let now (P, w) be a smooth, connected, symplectic manifold of dimension 2n. An
embedding j : A — P is called Lagrangian if A is of dimension n and j*w = 0. In
this case, j (A) is called Lagrangian submanifold of (P,w). The symplectic manifold
(P,w) is ezact when w admits a global primitive A; given a primitive A, an embedding
j A — P such that its pull-back j*X is exact is called exact Lagrangian embedding.
The following results in symplectic geometry will be used in Section 4.

Theorem 1. (Weinstein) For every Lagrangian embedding j : A — P, there exists
an open neighbourhood U of the zero section of T*A and an embedding J : U — P
such that J*w = d\p |y, where Ay denotes the Liouville 1-form on T*A. Moreover,
if 0po 1 A — T*A is the zero 1-form on A, we have j = J 0 0p.

We call J a tubular neighbourhood of j for w when the open set U N TxA is
star-shaped with respect to the origin for every x € A.

We denote Emb (A,w) the space of Lagrangian embeddings of A into P. A
Lagrangian isotopy of a manifold A in (P,w) is a path into Emb (A, w).

Definition 1. (Exact Lagrangian isotopy) Let (j:), ji : A — P, be a Lagrangian
isotopy of a manifold A in (P,w). Then (j;) is called ezact when, for every ¢t € I
and every local primitive A of w in a neighbourhood of j; (A), the 1-form %jt*)\ is
exact on A.

We note that a Lagrangian isotopy (j:) such that j; is exact for every ¢t € I,
results an exact Lagrangian isotopy, in fact, in such a case:

d .. [of

We refer to [12] for a detailed proof of the following

Theorem 2. (Eztension of exact Lagrangian isotopies) For every isotopy (ji) of a
compact manifold A in (P,w), the following two properties are equivalent:

a) (j¢) is an exact Lagrangian isotopy of A in (P,w).

b) jo is Lagrangian and there exists a Hamiltonian isotopy (¢¢), with compact sup-
port, such that j. = ¢¢ o jo for everyt € I.

3. Generating functions. Let N be a compact manifold and L € T*N a La-
grangian submanifold. A classical argument by Maslov and Hérmander shows that,
at least locally, every Lagrangian submanifold is described by some generating func-
tion of the form

S:NxRF —R

(¢,€) — S(q,)
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in the following way:

p={(s 5 09): G @o-of

where 0 is a regular value of the map

@@He%@@.

In order to apply the Calculus of Variations to generating functions, one needs a
condition implying the existence of critical points. In particular, the following class
of generating functions has been decisive in many issues:

Definition 2. A generating function S : N x R¥ — R is quadratic at infinity
(GF.Q.L) if for €] > C
S(q,6) = €7 Q¢, (2)

where €7 Q€ is a nondegenerate quadratic form.

There were known in literature (see e.g. [34], [22]) three main operations on gen-
erating functions which leave invariant the corresponding Lagrangian submanifolds:
e Fibered diffeomorphism. Let S : N xR*¥ — R be a G.F.Q.I.and N xR* 3 (¢, &) —
(q,6(q,€)) € N x R* a map such that, Vg € N,

R* > € ¢(q,6) € R
is a diffeomorphism. Then

Sl (qvg) =8 (Qa ¢ (qvg))

generates the same Lagrangian submanifold of S.
o Stabilization. Let S : N x R¥ — R be a G.F.Q.I. Then

Si1(q,&m) = S (q.€) +n" Bn,

where n € R! and 77 B is a nondegenerate quadratic form, generates the same
Lagrangian submanifold of S.

e Addition of a constant. Finally, as a third —although trivial- invariant operation,
we observe that by adding to a generating function S any arbitrary constant ¢ € R
the described Lagrangian submanifold is invariant.

Crucial problems in the global theory of Lagrangian submanifolds and their pa-
rameterizations are (1) the existence of a G.F.Q.I. for a Lagrangian submanifold
L C T*N, (2) the uniqueness of it (up to the operations described above).

The following theorem —see [28]- answers partially to the first question.

Theorem 3. (Chaperon-Chekanov-Laudenbach-Sikorav) Let Or-n be the zero sec-
tion of T*N and (¢;) a Hamiltonian flow. Then the Lagrangian submanifold
¢1 (Op+n) admits a G.F.Q.1L

The answer to the second problem is due to Viterbo:

Theorem 4. (Viterbo) Let Or+ y be the zero section of T*N and (¢:) a Hamiltonian
flow. Then the Lagrangian submanifold ¢1 (Op«n) admits a unique G.F.Q.I. up to
the above operations.

The theorems above —see also [31] and [32]- still hold in T*R™, provided that
(¢¢) is a flow of a compactly supported Hamiltonian vector field.

A generalization of Definition 2 —introduced by Viterbo and studied in detail by
Theret [31], [32]- is the following:



MINIMAX AND VISCOSITY SOLUTIONS IN THE CONVEX CASE 797

Definition 3. A generating function S : N x R¥ — R, (q,¢) — S(q, &), is asymp-
totically quadratic if for every fixed ¢ € N

||S (Qa ) - P(2) (qv ')||C’1 < o0, (3)

where P?)(q,€) = Q (¢, )+ A(9)¢+B(g) and Q (¢, €) = £7Q(g)€ is a nondegenerate
quadratic form.

In particular, a Lagrangian manifold is generated by a generating function qua-
dratic at infinity (in the sense of Definition 2) if and only if it is generated by an
asymptotically quadratic function (in the sense of Definition 3).

4. Geometric and minimax solutions. Let N be a smooth, connected and
closed (i.e. compact and without boundary) manifold. Let us consider the Cauchy
problem (C'P). We suppose that the Hamiltonian H : R x T*N — R is of class C?
and the initial condition o : N — R is of class C*.

Let R x N be the “space-time”, T* (R x N) = {(¢,q,7,p)} its cotangent bundle
(endowed with the standard symplectic form dp A dg + dr A dt) and H (¢, q,T,p) =
T+ H (t,q,p).

In order to overcome the difficulties arising from the obstruction to existence of
global solutions, we search for Lagrangian submanifolds L C 7™ (R x N) satisfying
the following geometric version of Hamilton-Jacobi equation:

LcH(0).

But how to obtain such an L? We explain now the procedure.
Let @' : RxT* (R x N) — T* (R x N) be the flow generated by the Hamiltonian
H:T*(RxN) =R, H(t,q7,p) =7+ H(tqp)

t=1

q_aH
=5
. lam
- dh
p _B_q

and I', be the initial data submanifold:
Ty :={(0,q,—H (0,q,do (q)) ,do(q)): g€ N} CH ' (0)CT*(Rx N).
We note that I', is the intersection of the Lagrangian submanifold
Ao ={(0,q,t,do(q)) : (t,q) € R X N}
with the hypersurface H~! (0):
I, =A, NH(0).
Definition 4. The geometric solution to (C'P) is the submanifold

L= |J ®T,)cT*(RxN).
0<t<T
Proposition 1. The geometric solution L is an exact Lagrangian submanifold,

contained into the hypersurface H=1 (0) and Hamiltonian isotopic to the zero section
OT*([O,T]XN) = {(t7Q7070) :0<t< T7 q e N} OfT* ([OuT] X N)
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Proof. A direct computation shows that every geometric solution is an exact La-
grangian submanifold. In order to prove that L is Hamiltonian isotopic to the zero
section Op-(jo,71xN) = 1(£,¢,0,0): 0 <t <T, g€ N} of T ([0,T] x N), we deter-
mine a continuous path of exact Lagrangian submanifolds in 7* (R x N) connecting
the zero section to L. Hence we conclude using Theorem 2.

Let us consider the following 1-parameter family of Cauchy problems related to
Hamilton-Jacobi equations:

(cP) { B (t.0) - M (60,5 (t.0)) =0
A 5(0,9) = Ao (q)

The initial data submanifold related to (CP), is:
Iy = {(Oa g, — H (Oa ¢, Ado (Q)) , Ado (q))}

and the geometric solution to (C'P), is

La= |J 4 (Ta) = {(t.dr () 7 (8) 52 (£)))
0<t<T

with
1) ® the flow of Hy =7+ AH,
2) (Gx (t),px (t)) the characteristics of X g such that ¢ (0) = go and py (0) =
Ado (QO),
3) 7 (£) = —MH (8,02 (£) ,5x (1)).
We point out that every Ly, geometric solution to (C'P),, results an exact La-
grangian submanifold of T* (R x N) and that L; = L. On the other hand Ly =
Or«(j0,1x n)- Hence we have defined a continuous path A +— Ly connecting the
zero section Or-« ([0, 77x n) to the Lagrangian submanifold L. As a consequence of
Theorem 2, this fact results equivalent to the existence of a Hamiltonian isotopy
connecting the zero section Orp« (o, 77xn) t0 L. 0

As a consequence of preceding Proposition 1 and of the compactness of N,
Theorem 4 of Viterbo guarantees that the Lagrangian submanifold L admits es-
sentially (that is, up to the three operations described above) a unique G.F.Q.I
S:0,T] x N xRF =R, (t,q;€) — S (t,q;€).

We can assume that the graph of S (¢, ¢;£) at t = 0 coincides with T',:

oS a8 aS
FG': 077_ 077 y o 077 :_07; =0,.
{(qat(qﬁ) 3q(q€)> ag(qé“) }
The quadraticity at infinity property of S (¢,¢;€) is crucial: minimax solutions
arise from the application of the Lusternik-Schnirelman method to the G.F.Q.IL
S (t,q;€). In some more detail, let us consider the sublevel sets

Sgt,q) = {5 eRF: S(t,q;6) < C}a (t,q) €[0,T] x N fixed,
Q°:i={¢eRF: Q&) <c}.

C

We observe that for ¢ > 0 large enough, S( )
topical point of view:

and Q¢ are invariant from a homo-
+e¢ _ *te
S(WJ) =Q™,
and S(itéq) retracts on S(it_cq) for every ¢ > ¢. Let A := Q(°"9 e > 0 small. Then
the isomorphisms below (the first one by excision and the second one by retraction)



MINIMAX AND VISCOSITY SOLUTIONS IN THE CONVEX CASE 799

hold: . 5

H* (chQ—c) ~ f* (Qc\ 4,07\ A) ~ (Di7aDi)7
where i is the index of the quadratic form @ (that is, the number of negative eigen-
values of @) and D* denotes the disk (of radius /c) in R?. Hence H* (Sé)q), S )

t,q)
is 1-dimensional:
b ac —e 0 ifh#1
H (S(t-,q)’ Stia) a-R ifh=1 )
We remark that (4) holds also for generalized G.F.Q.I. of Definition 3, because the

C

relative cohomology H" (S (t.q)’
Definition 5. (Minimax solution) Let S (¢, ¢;£) be any G.F.Q.I. for L, S (¢,¢; &) =
Q (&) out of a compact set in the parameters ¢ € R¥. For ¢ > 0 large enough and
for every (t,q) € [0,T] x N, let 0 # o € H* (SC S’(_th)) be the unique generator

)gHWmeﬂz{

S(_t_cq)) is invariant.

(t,9)’
(up to a constant factor) as in (4) and
. QA c
W Sg) = Sy
The function
(t,q) — u(t,q) :=1nf {\ € [—¢c,+¢] : ija # 0} (5)
is the minimax solution of (CP).

The following fundamental Theorem has been proved by Chaperon, see [13].

Theorem 5. The minimax solution u (t,q) is a weak solution to (CP), Lipschitz
on finite times, which does not depend on the choice of the G.F.Q.1.

The above independence is a remarkable consequence of Viterbo’s Theorem, since
w is invariant by stabilization and fibered diffeomorphisms.

We observe that the definition of minimax solutions arises naturally in the com-
pact case, when the Uniqueness Theorem of Viterbo is satisfied. Moreover, for a
fixed point on the manifold [0, 7] x N, the minimax critical value is unique and
is determined by the Morse index of the quadratic form ). We conclude with the
following Proposition (see also Theorem 7.1 in [21]), which will be useful in the
sequel.

Proposition 2. Let S (t,q;€) and u (t,q) as in Definition 5. Let us suppose that
the Morse index of the quadratic form @Q is 0. Then

ult,q) = min S (¢ ;).

Proof. Let us fix a point (¢,q) € [0,T] x N. Since @ is positive definite, S(;Cq) =0,
and for ¢ > 0 large enough, it results (see (4))
_ 0 ifh#0
h c c _ g7h c _
H @mwsmﬂ‘Jf(%mJ—{l.R ifh=0

where 1 is the generator of H° (S(Ct q)). Consequently, the minimax solution (5)

u(t,q) =inf {\ € [—¢c,+¢]: i31 #0}
coincides with the minimum of the function £ — S (¢, ¢;£), that is

ult:q) = min St ¢;€) .
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5. A global generating function for the geometric solution for H (¢,p) =
21pl*+ f (¢,p) on T*T™. Let us consider the Hamiltonian H (g, p) € C? (T*T"; R):

H(a0) = 3o + £ @), ()

f compactly supported in the p variables, and the Cauchy Problem (CP):

oS aS
(CP)H E (tv Q) +H (Q7 8_q (tv Q)) =0,
5(0,9)=0(q),
where t € [0,T], ¢ € T" and o € C* (T"; R).

In this section we investigate around the structure of the generating function for
the geometric solution of (C'P) , showing that its structure is naturally interpreted
as an improvement of the Hopf’s formula utilized by Bardi and Evans in order to
build the viscosity solution for Liouville-integrable Hamiltonians.

It turns out useful to introduce the compactly supported Hamiltonian K (¢, g, p):

K (t,q,p) = ((¢6)* f) (¢,p) = H (q+tp,p) — %Iplz, (7)

where ¢ is the flow of Hy (p) := §|p|*.
We recall now the following Proposition, which is, essentially, a result of Hamilton
(see [20] and also [19], [5]).

Proposition 3. Let ¢!, gb?(o and ¢} be the flows of H, K and Hy respectively. We
have:

&%y (0,p) = o0 &% (4.p). (8)
V(q,p) € T*T™ and Vit € R.

Now let us consider the Cauchy Problem (C'P), related to K:

oS oS
5(0,q) =0 (q)
and define K (t,q,7,p) := 7+ K (t,¢,p), DY its flow, and (I'x), the initial data
submanifold
(Tx)y = {(0,¢, =K (0,q,do (q)) .do (q)) : ¢ € T"} € K~ (0).

Since the manifold T™ is compact, a consequence of Proposition 1 and Theorem 4
is the existence of a unique G.F.Q.I. Sk (¢,q;u) for the geometric solution Ly of
(CP)g:

Lg = |J ®k(Tx),)-
0<i<T

Proposition 4. Let H (q,7,p) := 7+ H (q,p), DYy its flow and (Tw), the initial
data submanifold

(Tr), =1{(0,0,—H (g.do () ,do (¢)) : ¢ € T"} CH ™ (0).
Then the Lagrangian submanifold Ly
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geometric solution of (CP)y, is generated by the function

§(tuq;§uuvv) = _%U2t+(q_§)'v+SK(t7§;u)' (9)

Proof. The generating function Sk (¢,&;u) generates the Lagrangian submanifold
L, which can be written, more explicitly

Lic:= |J ®%(Tk),) = {(t3(0).7(1).5(): 0<¢t<T},
0<t<T

where ¢ and p are the characteristics of X such that g (0) = go and p(0) = do (qo),

and 7 (t) = =K (t,4(t) ,p (1))-
Now, by a direct computation, we prove that the Lagrangian submanifold gen-
erated by S (¢, q; &, u,v) coincides with Ly.

STY\"% 8 ag) e T BT e (-

More precisely,

as _ 1o, 8SK
E(tvqagvuav)__gv (t 57 )a
%(t,q;é,u,v):v,
aS Sk
% (t,q;&,u,v) =0 is and only if —v+ —— o€ (t,&u)=0
if and only if v = BS? (t, &),
gs(tqﬁ,u v)—Olfandonlylf 95K (t &u) =0,
aS : : . :
%(t,q;ﬁ,u,v):Olfandonlylf—vt—l—q—{:Olfandonlylfq:§+vt.
Hence L3z is equivalent to
OSk
o 1.2
LS - {(t q, 88’0 + 8t (taéa )7 )
K K _ _
- (95 (t 55 )7 (t 55 ) Oa q—é—F’Ut}

Now we remind that Sk (¢, &; u) generates the Lagrangian submanifold L g, hence

Ls={ (050" - K(&0)0) s (€0) € 6 mldm), g€+t

But K (t,£,v) = H (£ 4 tv,v)— 307, then —10?— K (t,£,v) = —H (£ + tv,v). Hence
L ={(t&+to,—H (¢ +t0,0),0) : (€,0) € ¢ (Im (do))}

Now we also note that (£ + vt,v) = ¢f (£, v), therefore, since ¢}, = ¢f o ti’(o,

Ly=A{®tq(t),-H(q®t),p(t),p(t): 0<t<T},
where g and p are the characteristics of Xy such that g (0) = go and p(0) = do (qo)-
Equivalently
Lz=Lpg.
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O
We remark the following interesting fact: the structure of the generating function
(9) recalls the Hopf’s formula used in 1984 by Bardi and Evans in order to construct
viscosity solutions for Liouville-integrable and convex Hamiltonians H (p).
In fact, their formula is

Uyise (t,q) = irglfsgp {=H@)t+(g—8&) - v+o(&)}. (10)

The above formula (10), in the case H (p) = 1|p[?, becomes

Upisc (t,q)_igfsgp{—%v%—k(q—g)-v—l—a(f)}. (11)

Therefore, the generating function (9) can be considered the improvement of —1v?t+
(g—¢&)-v+o0(& in (11) when we take into account the perturbed non-integrable
Hamiltonian H (q,p) = %|p|2 + f(q,p), f compactly supported. This correction is
just provided by the term Sk (¢,&;u).

The relationship between the explicit generating function for the geometric so-
lution and the Hopf’s formula was already noticed e.g. in [8] and [15].

We finally note that the plan of construct viscosity solutions starting from gener-
ating functions has been rather fruitless; nevertheless, under suitable assumptions,
we can find similar representation formulas for state-dependent Hamiltonians, see

[7] and [24].

6. A relationship between minimax and viscosity solutions. Here we prove
in detail the coincidence of minimax and viscosity solutions for p-convex Hamil-
tonians of mechanical type. The equivalence is essentially established through
an Amann-Conley-Zehnder reduction of an infinite parameters generating function
arising from Hamilton-Helmholtz variational principle.

6.1. A global generating function for the geometric solution for H (¢,p) =
1pI> + V (¢) on T*R™. We consider the Hamiltonian H (¢,p) = %[p|* + V (q) €
C? (T*R™;R), V compactly supported, and its related Cauchy problem (CP):

8_S(t )+18_S
(CP>H 8t d 2 6q
5(0,9) =0(q),

where t € [0,T], ¢ € R™, o compactly supported. The starting point consists
to take into account the below global generating function W for the geometric
solution for H —see Theorem 6— arising from Hamilton-Helmholtz functional. The
following deductions, here proposed in the mechanical case, still hold for more
general Hamiltonians, see [26]; however, this special structure will be crucial in the
next Sections.

Let us consider the set of curves:

Li={y()=(a(),p() € H ([0,T],R*") : p(0)=do(q(0))}.
By Sobolev imbedding theorem,
H' ((0,T),R*) — C° ([0, T], R*")

(t,q)*+V (g) =0,

compactly, so in the above definition the elements of I' are the natural continuous
extensions of the curves of H* ((0,7'),R?") (i.e. the continuous curves ¢ — v (t),



MINIMAX AND VISCOSITY SOLUTIONS IN THE CONVEX CASE 803

starting from the graph of do, such that ¥ = ‘Z—Z € L?:= L*((0,T),R?")). More-
over, the set I' has a natural structure of linear space, and then 7,I' = I, for all
yel.

An equivalent way to describe the curves of I' is to assign the g-projection at
time ¢, ¢ = ¢(t) € R™, and the velocity 4 of the curve v by means of a function
® € L2. This is summarized by the following bijection g:

g:[0,T]xR" x L* ((0,T),R*") — [0,T] x T
(tv q, (I)) ) (tv q, (I)) = (t57 ()) )
v (s) = (prrog)(t,q, ®)(s) = (q(s),p(s))

= (o= [ e iras o)+ [To,00ar)
= (q—/:fl)q(r)dr,do(q—/ot@q(r)dr)+/Osq)p(7°)d7")' (12)

To be more clear, we remark that the second value of the map g (¢, ¢, ) is the curve
7 () =(q(-),p () which is
1) starting from (q (0),do (g (0))), such that
2)y(-)=®(), and
3)q(t) =q.
By composing the Hamilton-Helmholtz functional:

A:[0,T]xT —R
() = Al Ol =0 @)+ [ ole H () ,p ()] dr.
with the bijection g, we obtain the following global generating function W = Ao g:
Theorem 6. The infinite-parameters function:
W:=A0g:[0,T] xR" x L? — R, (13)

(t,q,®) — W (t,q,®) :==Aog(t,q,P),

generates Ly = Uycycr @ ((Th),), the geometric solution for the Hamiltonian
H (q,p) = 3lpI* + V (a)-

Proof. We first explicitly write down W:

W (tq, @) —a<q<o>>+/0t (wwaoy+ [(o,00ar) 2,00
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Then, for % = 0, we compute %—V; and %—Vf.
a—W—a t20 . s)ds— ta—Hs— ta—H-20 s
S = dr @)+ [ o (a(0) @ () as— [ Flas— [T do (g0)a
— do (¢ (0))+d% (¢ (0)) - / D, (5) ds+ / b () ds—d?o (g (0)) - / §(s)ds
— do (¢ (0))+d% (¢ (0)) - / §(s) ds+ / b (s) ds—d?o ( (0)) - / §(s) ds
=da<q<o>>+/0 B, (s)ds = p(1).
Finally, we compute aa—vl/.
ow 9q (0)

o =o)X+ (dr (o) + [en)ar) 0,0
-H (t,q,da (q(0)) +/Ot<1>p (r) dr) +/Otd2a-(—<1>q (1)) - @y (s)ds

t

+/Ot%_*’; (S,q_/oéq (T)dr,da(q(O))—i—/OS(I)p (r)dr) L, (t)ds

-/ %_f; o "B (1) do (g (0) [ 0) O )y (1) ds

— do (q(0)) - (—@, (1)) +p (1) -4 (t) — H (1, () ,p (1))
t taH
o (q(0)) By (1) - / B, (s)ds + / G (50(5) 0 (s) ds 2, (1)
tOH

Lo (q(0)) By (1) / G (a9 p(s) ds

+ [T () ) ds- 10+ o (a0) i) [ a)ds

-J ( / Tpi— H] dT> A0+ o) a0 [ () ds
%_Iz/.q(t)_HG,q(t) %)—%{a(q(@))-ﬁ-/{)t(pd—ff)dT] q(t)
:%_qu.q(t)_ﬂ(t,q(t) %—f)—%—‘f]]@(t)

6.2. Fourier expansion and fixed point. Results in this Section are classical,
see also [14], [12] and [1].
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Hamilton equations related to Xy are

q=p
: / (14)
{p =-V (q9)
Using the p-components of the bijection g, (14) can be rewritten, almost everywhere,
as . .
O, (s) =do (q —/<I>q (r) dr> —|—/ Q, (r)dr
O 0 (15)
2=~V (- [ 0, 0)ar
Hence

@q(s)_da<q_/0tq>q(r)dr>_/Osv’ (q—/rtq)q(T)dT)dr (16)

Note that the reduction of (15) into (16) is equivalent to the displacement from the
Hamiltonian formalism to the Lagrangian formalism through the Legendre trans-
formation.

For every ®, € L? ((0,7),R"), let us consider the Fourier expansion

(I)q (S) — Z (@Q)k ei(27rk/T)s'
keZ
For each fixed N € N, let us consider the projection maps on the basis {ei@”k/T)s }keZ
of L2 ((0,T),R"),
PN(I)q (8) — Z (@Q)k ei(27rk/T)s7 QN(I)q (S) = Z ((I)q)kei@ﬂ—k/T)s.
|k|<N |k|>N
Clearly,
PyL?((0,7),R") & QnL?((0,T),R™) = L*((0,T),R™),
and for ®, € L2 ((0,7),R") we will write u := Px®, and v := Qn®,.
We will try to solve (16) by a fixed point procedure.
Proposition 5. (Lipschitz) Let sup,cgn V' (@) =C (< +).
For fized (t,q) € [0,T] x R™ and u € PNL? ((0,T),R"™), the map

F:QnL*((0,7),R") — QN L*((0,T),R")

UH@N{—/OSV' (q—/Tt(u+u)(T)dT>dr}

is Lipschitz with constant

. T°C
Lip(F) < 5— (1 + \/2N) .

Before the proof of the Proposition 5, we premise some technical results.

Lemma 1. Let f € L' ((0,T),R")NL?((0,T),R"). Then the function fg f(s)dse
L?((0,T),R") and

t
I / £ (8) dsl| 2ory.zm < T+ |1 Fll a0 (17)
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Proof. Left to the reader.

Proof of Proposition 5 For each v1,v5 € QnL?((0,T),R"), let us consider the
Fourier expansion

Vi= vy — V] = E vt TR/ T)T
|k|>N

We compute F (v2) — F (v1):

F(vg)—F(vl)_QN{—/OS [v’ <q—/:(u+v2)(r)d7') dr]
+/OS [V’ <q—/:(u+v1)(7)d¢>dr”
Z@N{—/OS 1 (q—/:(u—f—ug)(T)dT) -V (q—/rt(’U/‘f'Ul)(T)dT) dr]}.

Therefore

[[F (v2) = F (v1) [|L2((0,1).R")

<T. ||QN{V/ <q—/:(u—|—vz)(7') dr) —-v <q—/:(u+v1> (1) dr) } 20,7 R")

< TC - || —/ Z Ukez(2ﬂ-k/T)TdT||L2 ((0,T),R"™)
|k|>N

. T
S TC . || Z ,Ukez(2ﬂ'k/T)”‘ . 7;27Tk||L2((07T)7Rn)
|k|>N

+ || Z ,Ukei(27rk/T)t_
|k|>N

Z-27Tk||L2((O,T),]R")

T2

Uk
||U||L2((0T gy + T2C - || Z |2 k||L2((OT) Rn).-
|k|>N

We now use Cauchy-Schwartz inequality in [? := L?(Z, C) as follows

> B Gunbez (5) oy e < MoeDrcelle 1 (5) Il

|k|>N
Hence
Vs 1 1 1 2
> e L anan, |2 Y 5 € e lollisomany =
[k|>N |k|>N
obtaining
T2C
N Nvllz2(0,1),rm) + T2C - || Z ||L 2((0,T),R")
\k\>N
720 L1 [2
< o Pllzzo,rymmy +T7°C - oy [ llolle2 .7 )
T2C

= WM N (1 + \/2N) . ||U||L2((O,T),R")u
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that is

T2C
i <
Lip (F) < 5 (1+van).

O

Corollary 1. (Contraction map) Let sup cgn V' (q)| = C (< +o0). For fized
(t,q) € [0,T] x R", u € PN L?((0,T),R™) and N large enough:

T (1) <,

the map s — F (t,q,u) ()
F:QnL*((0,T),R") — QnL*((0,T),R")

UH@N{—/OSV’ (q—/Tt(u—l—U)(T)dT)dr}

By Banach-Cacciopoli Theorem, for fixed (t, q) € [0, T]xR"™ and u € PxL? ((0,T),
R™), there exists one and only one fixed point F (¢, q, u) (s), shortly F (u), for the
above contraction:

f(u):QN{—/OSV/ (q—/rt(u—i—}'(u))(T)dT) dr}. (18)

Beside (18), let us consider the finite-dimensional equation of unknown
wePyL2((0,T),R"):

w=Py {da (q—/ot(u—i—]:(u)) (r) dr>—/osv’ (q—/rt(u—i-]:(u)) (7) dT> dr} . (19)

By adding (18) and (19), in correspondence to any solution u of (19), we gain

1s a contraction.

S

WA F (0) = do (q—/ot(u—i—]:(u)) (r) dr) —/O V' (q—/:(uﬂf(u)) (7) dT) dr (20)

in other words, the curve (see (12))

5 (s) i= prp-o g (t,q, <[u+f(u)] (s), -V <q—/: (ut+ F () (T)d7>)>

solves the Hamilton canonical equations starting from the graph of do (so that
v eT).

Furthermore, we point out that dim(PyL?((0,T),R")) = n(2N +1). As a
consequence, substantially following the line of thought in [1], [9] and [10], we
get that the geometric solution of Hamilton-Jacobi problem for H admits a finite-

parameters generating function, denoted by W (¢, ¢, u):

Theorem 7. The finite-parameters function:

W:=Aog:[0,T] x R* x RGN+ _ R
(tg.u) — W(t,q,w:{o @O+ 1(5)4(5)~H (5,0(5),p (5) ds} ator o)
0
(4().p(5) = prr-o g (t,q, ([u L F W) (s), -V (q - [wrFw) @ d))) ,

generates Ly = Uy<per @4 (Tr),), the geometric solution for the Hamiltonian
H (q,p) = 5lpl* + V (a)-
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6.3. The quadraticity at infinity property. We check the quadraticity at infin-
ity property of W (¢, ¢,u) with respect to u: this is a crucial step in order to catch
the minimax critical point in the Lusternik-Schnirelman format. We premise the
following technical Lemma (see also [12]).

Lemma 2. For fized (t,q) € [0,T] xR", the function uw — F (u) and its derivatives

U %—f (u) are uniformly bounded.

Proof. We immediately get from (18) that |F (u) | < TC, where C' = sup cgn V" (q)]

< 400. Moreover, by a direct computation, it can be proved that the derivatives

%—f are uniformly bounded. In fact, the fixed point function F solves the equation

of unknown v:

G (¢ q,u,0) ;:QN{—/OSV’ (q—/rt(u—i-v) (T)dT) dr} p—,

The implicit function theorem does work, since

%(t,q,u,v): %@N{—/Osv’ <q—/:(u—|—v) (T)d7> dr}—

and, by a classical argument, it can be proved that

{gg (t.g.u. v)]_l :_f [%@N{_[v’ (q_/: (u+v) de) d}]

Since a bound for the derivatives -2 6 { % (q - f: (u+v) (1) dT) dr} is given
by the Lipschitz constant o := 2% (1 + V2N),

sev{- [ ( uﬂ()dT)dngaa,

we obtain that

k

oG (t - = s ¢ k )
{M] N {—/V (q—/(u—l—v) (1) dT) dr} = <i4o0.
dv k=0 0 T l-«

G(t,q,u,F (u)) = 0 implies ag + gg%—i = 0, therefore the derivatives ‘g—i =

— (g—%)il g—g result uniformly bounded by the constant 1=

—1
S1<1(52) 115 s s <
o —1-

O

Theorem 8. The finite-parameters function
W:=Ao0g:[0,T] x R" x RPN R,
(t,q,u) — W (t,q,u)

- {a @)+ [ ()~ (s) — H (:q.(5),p (5))] ds} o
(@(s).p(s) = pre o g (t., ([u+F @] (), =V (= [ (wt F @) (1) dr))) is

asymptotically quadratic: there exists an u-polynomial P2 (t,q,u) such that for any
fized (t,q) € [0,T] x R™

||W (tu q, ) - P(2) (tu q, ) ||C1 < 400
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and its leading term is positive defined (Morse index 0).
Proof.

W .00 = {o @)+ [ 6)-36) ~ H (500050 ds ernion
(q(s),p(s)) =prrog(t,q, ([u+f(u)] (s),-V’ (q—f: (u+ F (u) (7) dT))),

that is (through the Legendre transformation)

.00 = {o @)+ [ (53602 =V @O s} lioram o
~o (o= [0+ F@) o))
[ amerE@er-v(o- [ uesEe )

As a consequence of the technical Lemma 2 above and the compactness of ¢ and
V, for fixed (¢,q) € [0,T] x R™ we obtain that

||W (t7Q7 ) - 7)(2) (t7q7 ) ||C1 < 00,

where P?) (t,q,u) is a function with positive defined leading term %fot |u(s)|?ds
(hence with Morse index 0) and linear term with uniformly bounded coefficient, that
is (see Definition 3) W (¢, ¢, u) is an asymptotically quadratic generating function.
O

6.4. Minimax and viscosity solutions for H (¢,p) = |p|*> + V (¢). We finally
prove the main result: the equivalence of minimax and viscosity solutions for a large
class of p-convex mechanical Hamiltonians.

Preliminarily, we point out the following quite natural technical fact:

Lemma 3. Let H(t,q,p) be a C%-uniformely p-convexr Hamiltonian function:

IC>e>0: c|A\?*< 6825 (t,q,p)Ni\j < C A%, (21)

VA eR™, Vt €[0,T)], ¥(q,p) € R*™. Then, for every fized q(-) € H*([0,T],R"),

T .
. [ b0 i1 G = [ L. i) a
p(0) = 32 (q(0))
(22)
where

L(tv q, 1)) = sguﬂgl {p v—H (ta qvp)} (23)

Proof. Convexity (21) guarantees us that global Legendre transformation holds and
that, for any fixed ¢(+), the (unique, see below) critical curve of the functional:

A {Hl([o,T],R”): p(0) = g‘;( (0))} LR

T
p() — / p(t) - d(t) — H (.q(t), p(t))] dt
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realizes the strong maximum (in the uniform convergence topology). In fact, p(-) is
a critical curve iff, VAp € H'([0,T],R") such that Ap(0) = 0,

T
aAp) o =af [ o))~ 1 (. ate). )] e} 5p =0,

T
[ 0O +eape) a0 1 a0 000) + o)) at}] _ =0,
Tr OH
/ [q<t> - q<t>,p<t>>} Ap(t)dt =0,
that is,
i(t) = %—ff (t,a(t). p(t)) (24)

and, by a standard argument laying on Legendre transformation, the unique solution
p(t) of (24), for any time ¢, is given by
oL
t) = —(t,q(t),q(t))-
p(t) = 7 -(t.a(t), 4(1)

Finally, d>A(p) (Ap, Ap) is given by

T
P [ o))~ H (a0, p(0)] e} (59, 59) < —eT sup [Bp(0)
0

te[0,T]

From the identity

Alp+ Ap)
— A(p) + Z o p)Ap; + / Z 8 8p] 1 —s)(p+ Lp) + sp) (Api, Api)ds
=1 1,j=1 v

we gain, at the critical p,
Alp+ &p) — Alp) < —cT| Apl[20 < 0
that is, p realizes the maximum of A in C°, and then in H!(— C°). O

Theorem 9. Let us consider H (q,p) = 3|p|> + V (q), V compactly supported and
the related Cauchy Problem (C'P)

or), | G0+ 55 CaP V@ =o
500 = o (a).

where t € [0,T],q € R™ and o compactly supported.
The minimaz and the viscosity solution of (CP), coincide with the function

e ;s“ﬁ g oo [oimm, i)
g:[0,t] — R"™ p:[0,t] — R",
i=a  30)=2(G(0)

(25)
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Proof. In Subsection 6.1 we have proved that the Hamilton-Helmholtz functional
involved in (25) can be interpreted as a global generating function W (with infinite
parameters) for the geometric solution for the Hamiltonian H (Theorem 6). By
Lemma 3, the sup-procedure on the curves p in (25) represents exactly the Legendre
transformation. Moreover, the fixed point technique described in Subsection 6.2
reduces the function W to a finite parameters G.F.Q.I., W, with Morse index 0
(Theorems 7 and 8). As a consequence of Proposition 2, for such a function W,
the minimax critical value coincides with the minimum (which explains the inf-
procedure on the curves ¢ in (25)). Hence the function S (¢, ¢) furnishes the minimax
solution of (C'P) .

On the other hand (see [17], [18] and bibliography quoted therein), the function
S (t, ¢) is the Hamiltonian version of the Lax-Oleinik formula producing the viscosity
solution of (C'P) .

Therefore (25) establishes the equivalence of the two solutions. |

Acknowledgements. We would like to thank the referees very much for their
valuable comments and suggestions.
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