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Abstract

This paper is devoted to studying the behavior as € — 0 of the equations
u. + H(x, x/&, Du,, & D*u,) = 0

with y > 0. It is known that, under some periodicity and ellipticity or coercivity assump-
tions, the solution u, converges to the solution u of an effective equation u + H(x, Du) = 0,
with an effective Hamiltonian H dependent on the value of . The main purpose of this pa-
per is to estimate the rate of convergence of u, to u. Moreover we discuss some examples
and model problems.
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1 Introduction

This paper is devoted to studying the behavior as & — 0 of the fully nonlinear elliptic equations of
Hamilton-Jacobi-Bellman type

"y + H(x, X pu,. sVDzug) =0 inR", (1.1)
E

where y > 0 is a fixed parameter, under the basic structural assumption that the Hamiltonian H is
periodic in the second variable (see assumption (H1) in Section 2). It is clear that the limit is affected
by two different effects: the homogenization and the vanishing viscosity which are due respectively
to the oscillation term x/& and to the coefficient &” of the Hessian matrix.

The simultaneous effect of vanishing viscosity and homogenization has been studied in [8] for
linear problem, in [16] by means of probabilistic methods and [12] for parabolic scalar conservation
laws. For periodic fully nonlinear equations, [13] considered the case y = 1 for uniformly elliptic
Hamiltonians; afterwards, [15] analyzed the different limit behaviour according to the parameter .
Finally in [19] the almost-periodic setting is considered under different assumptions (in particular H
is just degenerate elliptic, but satisfies an appropriate coercivity condition).

The solution u, to (1.1) converges to the solution of a first order Hamilton-Jacobi equation

u+ H(x,Du) =0 (1.2)

where the effective Hamiltonian H is identified by means of an appropriate additive eigenvalue
problem, also called cell problem, which is different according to the value of y. For y > 1, the
vanishing viscosity term is too ’fast’ and it does not give any contribution to the cell problem which
amounts to a first order equation: for x and p fixed, find the unique value ﬁ(x, p) such that there
exists a periodic solution to

H(x,y, p+ Dx(y),0) = H(x, p).

For y < 1, the vanishing viscosity term dominates and the cell problem involves only the Hessian
matrix of the corrector y: .
H(x,y, p. D’x(y) = H(x. p).

This equation is a particular case of cell problems arising in the homogenization of second order
equations, i.e. y = 0in (1.1) (see [13], [9]). Finally in the critical case y = 1, an intermediate
situation appears with an interaction between the vanishing viscosity effect and homogenization one
giving the presence of a first and a second order term in the cell problem:

H(x,y, p + Dy(y), D’x(v)) = H(x, p).

The previous equation can be interpreted as a particular case of cell problems for singular pertur-
bation of second order equations ( see [3]-[4]). We recall that a very heuristic motivation for these
constructions of H is obtained by plugging the usual formal asymptotic expansion of u,

ue(x) = u(x) + X2y (x /) + ... (1.3)

in the initial equation (1.1) and identifying the terms in front of powers of .
The aim of this paper is to estimate the rate of convergence of u, solutions to (1.1) to u solution
to (1.2), namely |[u. — ul|. Let us emphasize that the class of problems we consider encompasses,
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among others, many of the ones studied by Horie and Ishii [15] and by Lions and Souganidis [19];
hence, for these cases, this paper provides the rate of convergence.

Let us recall that, in presence of the only vanishing viscosity term, the rate of convergence is
typically of order &/? (see [6]). For the homogenization of first order coercive equations, a rate
of convergence of order &' was obtained in [10], while for the homogenization of second order
convex, uniformly elliptic equations, a rate of order £* was proved in [9] (with @ depending on
the regularity of the solution of the limit problem). In the present paper, we establish a rate of
convergence which depends on y and the regularity of the solution of (1.2). For y = 1 we extend the
result of [10] for the homogenization of first order equations. Indeed, we have

a
3

llue — ulle < Ce

where « is the Holder exponent of u. For y < 1, we obtain the estimate

.
e — ulleo < ngmlnlzy(l }’)};

finally, for y > 1, we show that
e = ulloo < C™P157),

We also prove that these three estimates can be improved under appropriate structural conditions on
the Hamiltonian. As an interesting byproduct we shall ascertain that u, converges uniformly to « in
the whole space R".

Let us now stress some features of our arguments. To prove an estimate on |lu, — i it is
not possible to invoke standard regular perturbation results in viscosity solution theory since they
are based on a priori estimate of the quantity ||[H — H||, not available in this case. We will follow
the same approach as in [10] and we use the technique of doubling variables to compare u® with
u perturbed with an approximated corrector, i.e. the solution of the ergodic approximation to the
appropriate cell problem. For y < 1, since the corresponding cell problem is of 2"¢ order, to insure
the appropriate regularity of the approximate corrector we need to assume the uniform ellipticity of
H. For vy > 1, since the cell problem is of 1* order, the regularity of the approximate corrector is
insured by the coercitivity of H.

The paper is organized as follows. Section 2 contains the main assumptions and some prelimi-
nary properties. Sections 3, 4, 5 are devoted, respectively, to the case y = 1,y < 1 and y > 1. Since
some of the arguments are the same in the three cases, we will detail them only in Section 3. Section
6 contains some examples and model problems.

2 Standing assumptions
For every € > 0 and y > 0, we consider the problem

ug + H(x, g, Du,, eyDzua) =0 xeRY 2.1
where u, is a real-valued function, Du, and D*u, stand respectively for its gradient and its Hessian

matrix.
The following hypotheses will be required in this paper:
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(H1) H is 1-periodic in y for all x, p, X € RV x RN x SV, i.e.
Hx,y+z,p,X)=H(x,y,p,X) forallzeZN;

(H2) there exists C > 0 such that, for all x,y,z,w, p,g € RN, X, Z € SV
|H(x,y,0,0)| < C,
|H(x,y, p,X) — H(x,y,q,2)| < C(lp — gl + IX = Z]}),
|H(x,y, p,X) = H(z,w, p, X)| < C(lx — z[ + [y = wDh(1 + |p| + [IXID.
For y < 1, we shall assume that the operator H is convex and uniformly elliptic:

(H3) H(x,y,p,-) is convex for any x,y € RY, p € RY, and H is uniformly elliptic, i.e. there exists
6 > 0 such that
H(x,y,p,X)—H(x,y,p,X+Y) > 6(Y)

forany X,Y € SN, Y >0, x,y,p € RV,
For y > 1, we will replace (H3) with a coercivity assumption:
(H4) H is coercive in p, i.e. it fulfills
lim inf{H(x,y, p,0) : (x.y) € RY xRY, |p| > r} = +co.
In the next propositions we state regularity results for the solutions of the second order problem

(1.1) (see [14], [22]) and of the corresponding limit problems (see [6], [17]).
Proposition 2.1 Consider the elliptic problem

u+ F(x, Du, D*u) =0

where F satisfies (H2) and (H3). Then this problem admits a unique bounded continuous viscosity
solution u. Moreover there exist C > 0 and & € (0, 1) such that

llleos IDullee <€ and  llceagaery < C.
Proposition 2.2 Consider the Hamilton-Jacobi equation
u+ F(x,Du) =0 xeRY
where F satisfies
|[F(x1,p) = F(x2, p)l < Clx1 — x2l(1 + |pD),  |F(x, p1) — F(x, p2)| < Clp1 — pal 2.2)

for any x;, p; € RN (i = 1,2). Then this problem admits a unique bounded continuous viscosity
solution u. Moreover

a) ue W@®RN)ifC < 1;
b) u e C*RN) for any a € (0,1) if C = 1;
c) ue CH®R) witha = £ ifC> 1.

Finally if F is coercive in p, i.e. lim,_,o inf{F(x, p) : x € RY, |p| > r} = +c0, then u € W-*[RN) for
every C > 0.
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3 Rate of convergence, case y = 1

This section is devoted to the analysis of the most interesting case, i.e. v = 1, in which vanishing
viscosity term and fast oscillation one have a strong interaction. Throughout this section we will
assume (H1), (H2) and (H3). The main result in this section is Theorem 3.1.

3.1 Properties of the effective Hamiltonian and of the approximate correctors

In this subsection, for the sake of completeness, we recall well known properties of the effective
Hamiltonian and of the correctors.

For each (x, p) fixed, we introduce the following ergodic problem: find the unique value H,(x, p)
such that there exists a periodic solution to

H(x,y,p+ Dx(y),D’x(y)) = Hi(x,p),  yeR". 3.1)

We will denote by y'(-; x, p) a viscosity solution to (3.1) in order to recall the dependence on the
fixed parameters x, p. A solution to (3.1) can be obtained as the limit as 4 — 0 of the solution of the
approximated cell problem

Awa(y) + H(x,y, p + Dw,(y), D*w,(y)) = 0 y RN, (3.2)

Lemma 3.1 Let w, be a periodic solution of the approximated cell problem (3.2). Then there exists
C > 0, independent of A, such that

(i) llAwa (5 x, pllleo < €1 + |pl);
(ii) for some a € (0, 1], [wa(-; x, p) = wa(0; x, p)llc2agyy < C(1 + |pl);
(iii) AD,w,| < C and A|Dyw,| < C(1 + |pl) (in the viscosity sense);

(iv) [[Awa(5x, p) + Hi(x, Plle < AC(1 + |p|) where H, is the effective Hamiltonian given by the
ergodic problem (3.1).

Proof. For the proof, we refer the reader to [22] and [4, Theorem 4.1 and following Remark] (see
also [9, Lemma 2.1] and [5, Theorem I1.2]).

Lemma 3.2 (i) wy(:; x, p) — wa(0; x, p) converge uniformly, as A — 0, to a periodic solution
Y'Cix, p) of (3.1). Moreover the solution of (3.1) is unique up to an additive constant.

(ii) Let x' be a solution of (3.1). Then for some C > 0 and « € (0, 1],

I G x, Pllczagyy < C(1 + |pl)

(iii) H, satisfies (2.2). Moreover if H is coercive (see (H4)), then also H, is coercive.

Proof. The proof of (i), (ii) can be found in [5, Theorem II.2], (see also [4]), while for (iii) we refer
to [9, Lemma 2.2].
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3.2 The rate of convergence for y = 1
Let u be the unique bounded solution to
u+Hi(x,Du) =0 (3.3)

with H, given by the cell problem (3.1). Then, by Lemma 3.2.(iii) and Proposition 2.2, u is Holder
continuous with exponent @ € (0, 1].

Theorem 3.1 Let u. and u be the unique bounded solutions resp. to (2.1) withy = 1 and to (3.3).

i) If H is independent of x (namely, H(x,y, p, M) = H(y, p, M)), then there exists a constant
M > 0 such that
llus — ullo < Me. (3.4)

ii) In the general case, there exists a constant M > 0 such that
e — ullo < M5 (3.5)
where a € (0, 1] is the Holder exponent of u .
The proof of this theorem is postponed until the next two subsections.

Remark 3.1 In particular, we deduce that, as & — 0, u, converges uniformly to u in RN,

Remark 3.2 Observe that if H satisfies also (H4), then, by Proposition 2.2 and Lemma 3.2.(iii), u
is Lipschitz continuous. Therefore the convergence rate is 1/3, as for homogenization of first order
equations (see [10]).

3.3 Proof of Theorem 3.1.i)

The function u is the unique bounded solution to u + H, (Du) = 0. Hence, obviously, u = —-H, 0).
Define

vE(X) i= u + gy (f) + &K
g

where K > 0 is a positive constant to be fixed later and y' is the solution of (3.1) with p = 0 such
that y'(0) = 0. Then, for K sufficiently large, v/ and v, are respectively a supersolution and a
subsolution to (1.1). Indeed, by (3.1), we infer

v+ H()—C,Dv;f,sDzv;’) = —H,(0) + &x' + &K + H (2, Dy, D>')
- ,
> —elly! |l + eK.

We get an analogous result for v_. Then by standard comparison principles between bounded sub
and supersolutions of uniformly elliptic PDEs (see[11]) we get that

v (%) < ug(x) < vi(x) YxeRY

and in particular

2K < g(X‘ (g) - K) < up(x) + Hy(0) < s(X1 (g) + K) < 2Ke.
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3.4 Proof of Theorem 3.1.ii)

We will use some arguments introduced in [10, Thm 3.1] (see also [20],[9]). Fix &,6,8,7 € (0, 1),
A = &° (6 and 8 will be chosen later). Define the auxiliary function

_ _ &2 2
06,9 = o)~ u@) — o (232, 2 F) L€

X, —Diep
e & 268 268 2|§|’ (3-6)

where the functions u,, u and w,, are respectively solutions to (1.1) with y = 1, (3.3) and (3.2).
Recall that, by Proposition 2.2, u is bounded and Holder continuous with exponent . Moreover
u, are C? functions by Proposition 2.1 and are uniformly bounded in & by assumption (H2) and
a standard comparison principle (see [11]), i.e. there exists C > 0 independent of & such that
lugllw < C, Ye. Moreover Lemma 3.1 ensures that w, € C? and |[w,(;, X, p)lle < KA7'(1 + |p)).
Hence, the function @ attains its maximum in some point (X, 3, Z). Observe that we may assume that
this maximum is strict (if necessary, adding to @ a smooth function vanishing together with its first
and second derivatives at (X, g@, 2)).
In the following lemma, we collect some estimates concerning (X, é, 2).

Lemma 3.3 Let (%, &,%) be a maximum point of the function ® defined in (3.6) with u € C%°. Assume
o+p<landt < 26P. Then there exists a constant K, which does not depend on &,B,T,1 = & a
such that

%|§|2 < K 3.7)
I£-& < K (3.8)
-2 < K& (3.9)

Moreover |2 — & < KeP/® since B/2 —a) <B< 1 6.

For clarity we proceed with the proof of Theorem 3.1 and postpone the proof of the Lemma to
paragraph 3.4.1.

Since we shall need several constants, for simplicity the same letter (usually, C|) may denote
different constants from line to line; however, it will always denote constants depending only on the
Hamiltonian H (i.e., independent of &, 6, 3, 7).

Observe that by the definition of @, the function

x, 2-&\ k& Ix-gP
”E(X)‘[‘SW‘(g’Z’ & )+ 2 T 2

has a maximum at X. Then, using the fact that u, is a subsolution to (2.1) we get

% =& x-2
X))+ H(X, —,Dw) + — +
Ug(X) (x - 2

,D*wy + 28‘—31) <0. (3.10)

By assumption (H3), the estimates (3.9), (3.8) and the properties of w, stated in Lemma 3.1.(ii),
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there exist a constant C; such that

3 et Tt S
H(x,—,Dw;+ —=+ ——,Dw,; +2e "I
(5 G !

~ fc 2_5: v |)’(\f_2| 1_/;
> H(2 =, Dwy+ =2, D*w, |- ¢, [2=—=
(Z A wy + e W,l) 1( P + &
[
&P

—Cllfc—il(l +

> H(%, E,DWA + ﬁt,DZW,I) - Clsl_ﬁ_é.
e &

Substituting this estimate in (3.10), using the fact that w, solves equation (3.2) centered in (Z, (Z —

&)/&”) and Lemma 3.1, we deduce

~
A

us(%) + H, (z : ;85) S Ci(' 707 4 PG, (3.11)

Observe that, by the definition of @, the function

& s a2
0 i= @) - [-om (112, 25E) - EIE - L (312

attains a strict minimum at £. Since the function between square brackets is not sufficiently regular

to be used as a test function, we use again the standard argument of doubling variables. For o > 0,

we introduce the function

€ -
20

e s &2
Az—y)+|x ¢l +§|§|2+ (3.13)

X
Y. y) = u@) + -4
(.5) = u(@) swﬂ(g N LT
and we denote by (&5, V) @ minimum point of ¥ in B(g, 1) x B(g, 1). The following lemma gives
useful estimates.

Lemma 3.4 Let (¢,y,) be a minimum point of Y as defined in (3.13) in B(g, 1) x B(g, 1). There
exists K > 0, independent of all the parameters &,8,7, 1 = &, o, such that

|§o‘ B yo-l < Kgl_ﬁ_(s, (314)
o
Moreover
r =&l +lye—E>0  asoc—0 (3.15)
As above, we postpone the proof of this lemma to paragraph 3.4.2. By the definition of ¥, the
function ) )
X—¢&° 7.0 -yl
u(@) [ i
has a minimum at &,. Then, by equation (3.3), we get
u(&y) + FIl (f{r’ ﬁ - 7é, + Yo~ f0-) > 0.
& o
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By the properties of H; proved in Lemma 3.2 , we obtain

u(n) + (g(,, S ;50)

<ue) + T (g(,, %) . [|x9_3 A, s e ;ga] |

By the estimates (3.14), (3.7), (3.9) and letting oo — 0 in the previous inequality, we get

~
N

w(@ + H (3, . 5) >—Ci (Vr+e 7).

&
Using (3.8), (3.9) and the properties of H, in Lemma 3.2, we obtain

@+ (2.5

\%

~Ci (7770 + Vr) - Cilz - 8] (1 + 'Z;f')
> —Cy ("0 + P 1 ). (3.16)

Comparing (3.11) with (3.16) we infer
us(R) — u(@) < Ci(e'797P 4 £ PU-0/C-0) | gaflC-a)y L 0 [r. (3.17)

Finally, the relation ®(x, x, x) < O(X, é, Z) entails

() — u(x) < (%) — u() + g(wﬂ (g;x, 0) —w, (gz %)) + §|x|2 Vx e RV,

Taking into account (3.17), Lemma 3.1.(i) and the estimates in Lemma 3.3, we obtain
u(x) —u(x) < Cl(gl—ﬁ—ﬁ’ + 9 PUI-0)/C-) | aB/(2-a) | 81—5—,3(1—&)/(2—0))
+Ci T+ §|x|2.
Letting 7 — 0 we obtain that for every x € RV
Us(x) — u(x) < Cy(e'797P 4 2 PU-0/C2=0) o af/Q-a)y < €, 213,
provided that we choose 8 = (2 — @)/3 and 6 = 1/3. The other inequality in (3.5) can be obtained in
an analogous way and we omit its proof.
3.4.1 Proof of Lemma 3.3

As in the proof of Theorem 3.1, the same letter K; may denote different constants from line to line;
however, all these constants are independent of &, 83, 6, 7.
Let us prove inequality (3.7). The relation ®(x, s‘?, 2) > ©(0,0,0) gives

A \ Dt N L
TP 268 268

o>

%Iél2 < 2luglleo + 2llulleo + 8(W4(0; 0,0) - W/l( (3.18)

=
&
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By Lemma 3.1.(i) and using Young inequality, we get

€ (W,l(o; 0,0) —wy (f;ﬁ, —Z;Bg)) <2e'70C + Ce'? ot | +Ce'™? k-4
£

22
< 261790 4+ 221~ 6ﬁ/2)+|x §| +| i -2
268 268

Substituting this relation in (3.18), we get the desired estimate (3.7).

We now pass to prove estimate (3.8); inequality (%, f, 2) > O(x, %, 2) gives

% — &P
26P

Tig2, Tiap2
)) - §|§| + Elxl . (3.19)

. A X .z-% X, Z-
< u(X) —u@) + E(W/l (—;z, —) - wi (—;z,
£ & e

Taking into account estimate (3.7), we infer

T A T . T, 2 TN T, 2 A o2
—5|§|2 - §|x|2 < §|x—§|2 + 7% - &lIEl < 5|x—§|2 + V27K|% - &.

Using again Lemma 3.1.(iii), for some constant K; we have

X 2-% £, 2-& 6B o 2
elwil =2, ——|—-—wil—:2,—= || < & Ki|x - &
(ﬂ(sz ,98) A(Sz &5)) Ji- g

Substituting the last two inequalities in (3.19) with 7 < 2&# (recall: u € C%®), we obtain

s _ E2-a R
r=am Ki + (£77PK, + V2t - &'
468
We apply now Young inequality with p = 2 2 and g = 2 — a to the last term of the previous formula

and get

12 - &P 1 s e K
Sgﬁ <K1+2— Séﬁr (8 K + 2TK) SS

Finally we prove (3.9); by Lemma 3.1.(iii), for some constant K, the inequality ®(%,¢&,2) >

O(%, &, %) ensures
|2_2|2 < eglw )_Acfcfc—é -w 26_22—4-"
2608 Ne'™ o Ne'™ &

PRS2 + ' O PK IR - 2l + 15 - 8.

IA

Therefore, if necessary increasing the constant K;, we obtain

12 -2 < &' 0K, + K &' 0PI < K gl

3.4.2 Proof of Lemma 3.4.

Let us recall that (¢,,y,) is a maximum point of ¥. Lemma 3.1.(iii) and inequality ¥(&,, Vy) <
Y(&,, &) entail

|é:(r y(rl X 2_)’0' X 2_‘{:0 1-6—
=2, —wy| =2, 22| < Ce" P, = vyl
o <elwy i Wil 2% =5 ) € = Yol
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Whence, estimate (3.14) easily follows.
Let us now pass to prove formula (3.15). By Lemma 3.1.(iii) and (3.14), we get

% 5 _ & _ &2
Y5, yr) = u(&y)+ewy (522, < 8850—) + £ Zéf;o—l + §|§U|2 +
+ s(wl (2;2’ Z;ﬁy(r) —w, (2;2’ Z ;Bfa)) > W(E,) — C0_81—2ﬁ—6,

where ¢ is defined in (3.12). Therefore

Y(éy) — Ce"™ 00 <W(E,,yo) < WEE) = w(é) = miny(é).

We fix €, 8, 4, T and we let o — 0 in the previous inequality. So, eventually passing to a subsequence
and recalling that ¢ attains a strict minimum at &, we get &, — &, which gives the desired conclusion.

4 Rate of convergence, case y < 1

This section is devoted to the case y < 1. Throughout this section we will assume (H1), (H2) and
(H3). The main result in this section is Theorem 4.1.
4.1 Properties of the effective Hamiltonian and of the correctors
For (x, p) € RY x R" fixed, we introduce the following ergodic problem: find a periodic solution to
H(x,y.p.D’x(y)) = H-(x,p),  yeR". 4.1
We also consider the approximate cell problems
Awa(y) + H(x,y, p, D*w,) = 0. 4.2)

Remark 4.1 The cell problems (4.1) and their approximations (4.2) are independent of y € (0, 1).
In particular, the effective Hamiltonian will be the same for every y € (0, 1) and we will denote it by
H_(x, p).

Remark 4.2 Lemma 3.1 and Lemma 3.2 still hold in this case. In particular the solution of (4.1) is
unique up to an additive constant.

In the following lemma, we establish some properties of y~ under a structural assumption on H.

Lemma 4.1 Assume that the Hamiltonian H, besides the standing assumptions, satisfies the follow-
ing structural assumption

H(x,y, p, X) = max {~rla‘ (X1 + Fé(x.y. p). 4.3)

where Z is a compact metric space while a*, F¢ are continuous functions, uniformly bounded with
respect to {, and moreover there exists C > 0 such that, for every x,z,y,w,p,q € RN and [eZ,

|FE(x,y, p) = Fé(z,w, @)l < Clp = gl + C(1x = 2l + ly = wh(1 + |p| V [g]). (4.4)
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Fix the solution x~ to (4.1) such that x~(0) = 0. Then, there exists C > 0 independent of y such that
Dpx |<C and |Dy™| <C> +|pl) (in viscosity sense).

Proof. By Remark 4.2, it suffices to prove that the estimates in Lemma 3.1.(iii) are independent of
A, that is there exists C > 0 such that |[D,w}| < C and |[D,w;| < C(1 + |pl) (in the viscosity sense).

We fix (x1, p1) and (x2, p2) and consider w; = w,(:; x1, p1) and wy = w(:; x2, p2). Define
wy = wi — wp. To get the result it is sufficient to prove that

Iwa = wa(O)llo < C(A + Ip1| V |p2Dlx1 = x2| + Clpy = pal. (4.5)

In order to prove (4.5), let us first observe that, using assumption (4.4), the functions v* =
w1+ CATU( + p1l V [paDlx1 = x| + |p1 = pal] are respectively a super and a subsolution to equation
(4.2) centered at (xy, p»). Then standard comparison principle yields

lAwalleo < C(L + |1l V [p2DIxt = xof + Clp1 = pal. (4.6)

We now proceed by contradiction, assuming that there exists 4 — 0, x}, x5, pf, p§ € RY such
that
¢ = lwi = wiO)lleo 2 k(1 + 1PNV IPSDINY = 251 + kIp} = pi] C)
where wi(:) := w;k(-;x’f,p’f) - w;k(-;x’é,pé). Define vy := (wx — wi(0))/ck. Then observe that
[[vkllo = 1 and v¢(0) = O for every k. Moreover vy is a supersolution to

FEOk,y, pb) = FE(RLy, p’;)} L Ao

Ck

s

_ 4 2
Axvi + r?gzx{ tr [a oD vk] + o

and a subsolution to

Ck

F( xk3 ) k - F( xk’ ) K /l 0
ﬂkka?iZn{—tr [ag(y)Dzvk] + 7,3, PV (x3: 3, P3) N wi(0) <0.
,e Ck

Let us observe that relations (4.4), (4.6) and (4.7) entail: [F¢(xk,y, p*) — FEOE, y, ph)l/er <
C/k and |4wi(0)|/ck < C/k for every (v,{), k. By the same argument as in [2, Prop 12] (see
also [4, Thm 4.1] and [23, Thm 5.1]) we obtain that v, are equi-continuous; by Ascoli-Arzeld’s
theorem, if necessary passing to a subsequence, v; converges to v locally uniformly and v is a
bounded supersolution to

— { D2 > 1 N .
r?eazx{ tr[a ») v]}_O inR
The Strong Minimum Principle ([23]) entails that v is constant, in contradiction with the fact that
[V[lo = 1 and v(0) = 0.
4.2 The rate of convergence for y < 1
Let u~ be the unique bounded solution to
u+H_(x,Du) =0 (4.8)

with H_ given by the cell problem (4.1). Then, by Remark 4.2 and Proposition 2.2, u is Holder
continuous with exponent @ € (0, 1].



Homogenization and vanishing viscosity 417

Theorem 4.1 Let u, and u™ be resp. the unique bounded solutions to (2.1) with y < 1 and to (4.8).
i) If H(x,y, p, X) = —trla(y)X] + F(y, p), there exists M > 0 independent of y such that

e — u |0 < Me'™; (4.9)

ii) If H satisfies (4.3), there exists M > 0 independent of y such that

g — oo < MNP, (4.10)

iii) In the general case, there exists M > 0 independent of 'y such that

g — oo < Me™™G1=D), (4.11)

Remark 4.3 The previous theorem says that u, converge uniformly in R as & — 0 for every y < 1
to the same function u~. Moreover, the best rate of convergence that can be obtained is, when H

satisfies (4.3), =5 (fory = ﬁ) and, in the general case 5 (fory = %).

4.3 Proof of Theorem 4.1.i)

We shall argue as in the proof of Theorem 3.1.(i). The solution u~ is given by —H_(0). Define
VE(X) := u” + &7y (x/e) + £' VK, where y~ is the solution of (4.1) with p = 0 such that y~(0) =
0. We show that, for K > 0 sufficiently large, v and v, are respectively a supersolution and a
subsolution to (1.1). In fact

vi—e'tr [a (’;‘) Dzv;“] +F (ﬁ, Dv;)
=-H_(0)+ &7y~ (ﬁ) +&e K —tr [a (ﬁ) Dy~ (ﬁ)] +F ();‘, YDy~ (’—g‘))
>y (g) +el 7K + F(f,sl‘VD/\(‘ (’E‘)) - F(ﬁ,O)
> &7y llw + & VK — £'7Y|IDy 7| > 0.

The proof for v, is similar and we shall omit it. By the comparison principles (see[11]), we get that

vo(x) Sus(x) <vi(x)  VxeRV
and then in particular

—2K&'"™ <ug(x) —u <2Ke'™.

4.4 Proof of Theorem 4.1.ii)

The argument of the proof is similar to that in the proof of Theorem 3.1.ii) and therefore we just
sketch it. For 7,8 € (0, 1) (to be fixed later), define the auxiliary function

z—f)_lx—§|2_|x—z|2
&h 268 268

where y~ is a solution to (4.1). By Lemma 3.2.(ii), the function ® attains a strict maximum in some
point (%, &,2). The following lemma gives some useful estimates.

O(x,£,2) = up(x) — u () — €7y (f;‘;z, - 21e, 4.12)
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Lemma 4.2 Let (%,&,%) be a maximum point of ® as defined in (4.12) and « € (0, 1] the Hélder
exponent of u”. Assume T < 2£8. Then there exists a constant K, which does not depend on ¢, 8,7, «
such that

%@F < K (4.13)
-8 < Kf/IF9 (4.14)
I£-2 < K& (4.15)

Moreover |z — é"l < KePl@-o,

The proof of this lemma follows by repeating the same argument of the proof of Lemma 3.3 (Lemma
3.1 on the properties of w, is replaced by Lemma 4.1 on the properties of y~); hence, we shall omit
it.

Let us come back to the proof of the Theorem. As before, the letter C; may denote different
constants from line to line; however, it will always denotes constants independent of ¢, 3, 7. By the
definition of @, the function

5_ 2 _p 52
Mg(x) _ |:827X (3,2’ Zg[gé:)_’_ |x28§| + I-ng[fl ]

has a maximum at X. Then, since u, is a subsolution to (1.1), we deduce

b £-& -2
&, 52

e Dy” + = = »so.(4m)

ug (%) + max {—tr [ag (E) (D™ +2877PD)| + F¢ (fc
(eZ &

e
By assumption (4.4), Remark 4.2 and the estimates (4.15) and (4.14) we get that there exists a
constant C; such that, for every { € Z,

R, k=& 3-3
F»((x,—,sl "Dy~ + §+ )
&

P
2 o £52)
ZF%ZEﬁ;f)—CwlV—QM—A(L+&;Q)
> F¢ (2 g 2;83) —Ce'

Substituting last inequality in (4.16) and using the fact that y~ is a classical solution to (4.1) for
(x,p) = (2,2 — )/&”) we obtain

A

¢

%

ugﬁy+ﬁG, )scu@*7+a%%. 4.17)
Observe now that, by the definition of @, the function

Y& =1 (@)~ [—8“)( (g 65"
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has a strict minimum at £. Since the function between square brackets is not sufficiently regular, we
perform again the argument of doubling variables and we introduce the function

. s o 2
wew =u@+oy (L D2 B e @18

where o > 0 is a given parameter. Let (£, y,-) be a minimum point of ¥ in B(£, 1) x B(, 1).
Lemma 4.3 Let (¢5,V,) be a minimum point of ¥ as defined in (4.18) in B, 1) x B, 1). There

exists K > 0, independent of all the parameters &, 3, 7,7, o, such that

Ko =Yl _ go2rs (4.19)
(on

Moreover there holds: £, — {?"I + o — é“l —0aso — 0.

Its proof is analogous to that of Lemma 3.4; actually, it suffices to substitute w, with y~ and Lemma
3.1 with Lemma 4.1. Hence, we shall omit it.

Observe that the function u™(£)— [ b ‘f‘ |§|2 L y ol ] has a minimum at &,. By equation (4.8)

and the properties of H_, we infer

0

IA

u (€,) + H- (fm ):T"’t" rrE, + 5 ;y “)

T|§0-| + |§o’ _yo'| + |2_§(r|(1 + |2 ;Bfal):|

o

IA

u (§U)+H_(z,A&B§ )+C

Letting o — 0, owing to estimate (4.19), we infer that

8—8‘5) > —Ci (g7 + N1+ &%), (4.20)

a5 [ 2
u (&)+ H- (z,
By estimates (4.17) and (4.20) and inequality 2 —y — 8 > y — 3, we obtain
us(R) —u (&) < CL(& P + &7 + &P/ L €, 1. 4.21)

Finally the relation ®(x, x, x) < O(x, é, Z) entails

|
&

() = () < up(B) — (@) + £ (x‘ (Zix.0)-x (z ? 2;,f)) + Sk
Estimates (4.21) and Lemma 4.2 ensure
1) = () < C1 (&P + 2670 4 617) 4 €y T + Sl
Letting 7 — 0 we obtain that for every x € RY
Us(x) — u(x) < C1(&77F + £/ 4 177y < € gmnE 1),

choosing 8 = y(2 — a)/2.
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4.5 Proof of Theorem 4.1.iii)

We shall follow the same arguments of the proof of Theorem 3.1.ii); hence, we shall only emphasize
the main differences. For each 6,8,7 € (0,1), 1 = &%, introduce the function

z—f)_|x—§|2_|x—z|2
F )7 2p | 2

where the functions u., u~ and w, are solutions respectively to (1.1), (4.8) and (4.2). We denote by
(%, £, %) the maximum point of ®. Arguing as before, we have

O(x,£,2) = up(x) — () — £ wy (z;z, - Zler

A

u(3) + H- (z £

&

g ) < C)(VPU-NC0) | 275 F | p6-F1-0)/C-0)). 4.22)

In order to have an inequality similar to (3.16), for every o € (0, 1), we introduce the function

1% — &P & - yI?
288 200

Y, y) :=u (&) + 52_7W4 (g;ﬁ, 2_—y) +

T2
+ =€ +
> I
and we denote by (¢, V) its minimum point in B, 1)xB(, 1). Arguing as in the proof of Theorem
3.1.ii), we infer
i-¢
&

Finally, we compare (4.22) with (4.23), we use relation ®(x, x, x) < O(X, .{:f, Z), Remark 4.2 and we
let T — 0. So we obtain that, for every x € RV,

uw (@) +H- (z ) > Cy(t1/? 4 £2777P0 4 g2y, (4.23)

U —u(x) < (81TAINC) 2y grh g bl o))

in{l1-
< Clsammlz, y]’

choosing , fory < 3,8=%5%yand§=1-3yand, fory> 3,8=(2-a)(1 —y)and 5 = 1.

S Rate of convergence for y > 1

This section is devoted to the analysis of the case y > 1. In this case the vanishing viscosity term is
faster than the oscillation term, so the convergence behavior is similar to the one in homogenization
of first order Hamilton-Jacobi equations.

Throughout this section we will assume assumptions (H1), (H2) and (H4). Let us emphasize
that, in this case, the ellipticity and the convexity of the operator (i.e. assumptions (H3)) are not
required and they are replaced by the coercivity assumption (H4). The main result in this section is
Theorem 5.1.

5.1 Properties of the effective Hamiltonian, of the approximate correctors
and of their inf and sup-convolutions

For each (x, p) € RY x RV, consider the following ergodic equation

H(x,y,p +Dy,0) = H.(x,p),  x periodic (5.1)
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and its approximations
w,(v) + H(x,y, p + Dw,,0) = 0. (5.2)

We will denote by x*(; x, p) a periodic viscosity solution to (5.1) to recall the dependence on the
fixed parameters x, p.

Remark 5.1 As fory < 1, the cell problems, their ergodic approximations and the effective Hamil-
tonian H_(x, p) are independent of y > 1.

We collect in a lemma the main properties of w, y* and H,.

Lemma 5.1 Assume that H satisfies (HI), (H2) ﬁnd (H4). Let wy and x* be respectively the solution
to (5.2) and to (5.1) with x*(0) = 0. Denote by H, the effective Hamiltonian. Then

(i) there exists C > 0 independent of y, A such that

llAwa(s x, pllleo < C(1 + |pl);
[Dywa(; x, p)l < C(1 + |pl) (in the viscosity sense);
AD,w,| £ C and A|Dw,| £ C(1 + |pl) (in the viscosity sense);
llAwa (5 x, p) + Ho(x, pll < AC(L + |p).
(ii ) x* is Lipschitz continuous.
(iii) H. satisfies (H4) (the coercivity assumption) and (2.2) where C is given in (i).

Proof. The proof of this lemma can be found [10, Lemma 2.3].
Let w, be a solution to the approximate cell problem (5.2) centered at (x, p). We define its - inf
convolution as

Nl . le = P
Wy(z; x, p) == inf wa(y; x, p) + ——— ¢ . (5.3)
y 2n

We refer the reader for the definition of inf-convolution to [7, Lemma I1.4.11, Lemma I1.4.12]. In
the following lemma we collect some useful properties of the function (w,),.

Lemma 5.2 The function (w,), fullfils the following properties, for some constant C > 0:
i)y — wy,(v;x,p) - [y[>/n is a concave function. In particular (Wa)y is semiconcave;

ii) lAw)y(; X, pllle < C(1 + |pl);

iii) |Dy(w),(; x, p)l £ C(1 + |pl) (in the viscosity sense);

iv) AD,(wy),| < C and AD(wy),| < C(1 + |pl) (in the viscosity sense)

v) Wy(y; X, p) is a viscosity supersolution to

Aw)y + H(x, y, p+ D(wa)y) = —Cn(1 + |pl). (5.4)

Proof. Property i) is well known. Items ii), iii), iv) come directly from the definition of (w,), and
from the properties of w, stated in Lemma 5.1. The proof of item (v) can be obtained as in [7,

Proposition 11.4.13], recalling that w, is Lipschitz.
We conclude recalling also a lemma on semiconcave functions.
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Lemma 5.3 Fixu, ¢ € C*(RY), a semiconcave functionv : R¥N — R and L > 0 such that v(x)— L|x|?
is concave. Assume that X is a strict maximum point for u — ¢ — v, then

P := Du(x) — D¢(x) € D™ v(X).
Moreover, since v is semiconcave,
peD VR and (p,LI) € J* u(R).

Proof. The proof of the first part is in Lemma 2.4 in [10]. The second part is based on properties of
semiconcave functions (see [7], [11]).

5.2 The convergence rate for y > 1
Let u* be the unique bounded solution to
u+ H,(x,Du) = 0. (5.5)

with H, given by the cell problem (5.1). Then, by Lemma 3.2.(iii) and Prop. 2.2, u is Lipschitz
continuous.

Theorem 5.1 Let u, and u be the unique bounded solutions resp. to (2.1) with y > 1 and (5.5).
i) If H(x,y, p,X) = H(y, p, X), there exists a constant M > 0 independent of 'y such that
lltg — u*lloo < Me™n(75), (5.6)
ii) In general, there exists a constant M > 0 independent of 'y such that
lite — e floo < Me™(577). (5.7)

Remark 5.2 In particular u, converge uniformly in RV as & — 0 for every y > 1 to the same
function u™.

5.3 Proof of Theorem 5.1.i)

The solution u* is given by —H_(0). Let y be a solution of (5.1) with p = 0. Let y" and Xn be the
sup and the inf convolution of y (see [7]). Set n = &" with & > 0 to be fixed later. It is well known
(e.g., see Lemma I1.4.11 and Proposition 11.4.3 in [7]) that y” satisfies

H(y, Dy",&""'D’x") = H.(0) < Ci(e" ™" + &) = C177 D2
for C; sufficiently large, provided that we set 4 = (y — 1)/2. Similarly y,, satisfies
H(y, Dy,, & 'D*y,)) = Hi(0) > Ci (87" + &") = €167V,

We define
_x .
Vi(x) i=ut +exy (—) + Kgminho=/2)
&

By the same arguments of proof of Theorem 4.1.i), one can easily check that, for K sufficiently
large, v} and v are respectively a super and a subsolution to (1.1). By the comparison principle we
obtain

—CygMnO-DID <y ()t < €MD/,
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5.4 Proof of Theorem 5.1.ii)

The arguments of this proof are analogous to that in the proof of Theorem 3.1.ii). Then we will just
sketch them. We define the auxiliary function

_ _ &R _ 12
01,69 = o) '@~ stwy (12, E) P B B s

where 0 < 7 < 1,0 < 8 < 1 and 7 > 0 are parameters to be fixed later. We denote by (X, f Z) the
maximum point of ®. Arguing as before, by Lemma 5.2, items (ii)-(iv), we get the same estimates
of Lemma 3.3.

By Lemma 5.3, with u(x) = u,(x), p(x) = |x=&1>/(2e)+|x—=2*/(2€P) and v(%) = ew)y(X/e:2, (2~
&)/€P), we get that

"‘ﬁ)
><>
1\1>

-

&8 &8

P = Dug(®) - €D (wd),,( Z;f)

and moreover

(p n % = ,771_81 + él) € J* ug(R).

Then, since u, is a subsolution to (2.1), we infer

_ 1 s_& p_3
Ozug(fc)+H( D(wx)n( 836(8”*+%)I)+x §+x Z). (5.9)

Moreover, by Lemma 3.3 and Lemma 5.2-(iii), let us observe that

X x-& -3 L E L 2-€ 1-6-8
H|x, -, p+ + >H|(Z,—-,p+ -K .
(xgp &P 93) (ng ) €

Taking into account equation (5.4), we deduce

N et x,2-¢ 2-&
il fre ) = o a5 e+ 5

| &=

2, 8-¢ - ¢l
> —/1W,1(8,Z, P )—C (1+ 7 )
> ﬁ(i, Zg_ﬁf) CE +1)

where in the last inequality Lemma 3.3 and Lemma 5.1.(iii) have been used.
Substituting the last two inequalities in relation (5.9) and recalling assumption (H2), we obtain

o 5 _ 2 y-1
us(%) + H(E, Zagf) <C; (sy"g PR B n).
n

On the other hand, by the same argument of Theorem 3.1 (with @ = 1), we infer

A

ut @) + E(z, <

;65) > —Ci(e'" P+ T+ &P
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The last two inequalities entail that there holds
A !
us (%) —ut(¢) < C, (s“”* +&8+f Py — 4 n) +C VT (5.10)
n
Finally, by the definition of @ in (5.8), for every x € R" the following relation holds
1e0) = 0 () < e(8) = @ + & )y (23,0) = ) St | P
&€ — Ye A)n 87 > A)n 87Z’ 93 2 .
Taking into account relation (5.10), Lemma 3.3 and Lemma 5.2.(ii), we deduce
+ 168 , .6 5 & T2
ug(x)—u"(x) < Cile +&+f v P+ — 4 +C1\/?+§|x|.
n
Letting 7 — 0 we obtain that for every x € RV

y—1
u(x) —ut(x) < Cy (81_6_'6 P n).
n

Choosing by symmetry, 8 = § = 1/3 and n = ¢”~Y/2, we accomplish the first inequality of the
statement. Being similar, the proof of other inequality is omitted.

6 Examples

In this section we describe some examples of problems satisfying our structural assumptions (H1)-
(H4). The typical example is an Hamiltonian of Isaacs type

H (x, f, Du, eyDzu) = min max {Lg‘g (x, E, Du, DZM)} (6.1)
Fo 0e® (eZ &
H (x, E, Du, syDzu) = max min {LH’{ (x, f’ Du, DZM)} (6.2)
& (eZ 0O &
where
1% (x, f, p,X) = —tr (s”ae’»‘v (x, f)X) - fg’{ (x, f) -p - 194 (x, )—C) (6.3)
e e & £

Note that L% is the generator of a diffusion process satisfying
X X
aX, = (X —S)ds T (X —“)dWx
€ £

with a%¢ = o%¢(o®)T /2. Assumptions (H1), (H2) are in this case satisfied if
(A1) a®¢, f%¢ and I°¢ are 1-periodic in y for any x € RV;

(A;) O, Z are compact metric space; a’, f%¢ and ¢ are bounded continuous functions, Lipschitz
in (x,y) uniformly in 6, { with Lipschitz constant C.



Homogenization and vanishing viscosity 425

For assumption (H3) we need
(A3) O reduces to a singleton; a®(x,y) > vI, V(x,y,6,2) € RV xR¥ x ©@ x Z.
Finally the coercitivity (H4) for the Hamiltonian (6.1) is implied by

(A4) There exists v > 0 such that B(0, v) € co{f%“(x,y) : z € Z} for any 6 € ®, where co indicates
the closed convex hull.

An interesting collateral problem to that of convergence of (1.1) is the characterization of the effec-
tive Hamiltonian, the Hamiltonian of the limit problem. In general explicit formulas are not available
and the problem must be treated numerically (see [1], [9], [21]). Nevertheless in some special cases
it is possible to give representation formulas of the effective Hamiltonian.

ExampLE 6.1  We consider y < 1 and F as in Lemma 4.1, i.e. the problem
U, — e'tr (a (x, )—C)Dzug) +F (x, f, Dug) =0. (6.4)
£ &

We observe that the effective equation (4.1) coincides with the one arising in homogenization of
second order equations (i.e. y = 0 in (6.4)). By the results in [4, 9], H_ is given by

H_(x,p) = f F(x,y,p) du,(y).
[0,H¥

where for X fixed the measure 5 is the unique invariant measure for the diffusion associated to the
matrix a(X,y) and it is characterized by the adjoint equation

N
? _ .
Z I (aij(x, y)u;c) =0, Uz periodic, f du,(y) = 1.
5= 9yi0y; 0.1
In this case, by Theorem 4.1.(ii), we have the estimate

g — U loo < ME™™F1D vy < 1.

If we assume that the diffusion coefficient a(x,y) is also independent of x, then for every X, the
unique invariant measure y; coincides with the Lebesgue one and therefore for any x

H_ (x,p) = f F (x,y,p) dy. (6.5)
[0,

In this case by Theorem 4.1.(i) we have the estimate

s — ullo < Me'™ Wy < 1.

ExampLE 6.2  For y = 1 we consider the classical case of a linear problem, i.e.

U, — &tr (a (x, E)Dzug) + F (x, g, Dug) =0 (6.6)
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where F(x,y,p) = —f(x,y) - p — l(x,y) with f, [ smooth. The invariant measure ,(y) associated to
the process generated by a(x, y) and f(x,y) is the unique solution of the adjoint equation

S X 8
,Zl vy, @RI + Z‘ gy, ie ) = 0. s periodic
such that f(o Y du,(y) = 1. Then the effective Hamiltonian is given by

E(x,l’):Ll)N F(x,y,P)de(y)=—L1)Nf(x,y)'l7dﬂx(y)—f 16 y) dpx()-

©0,1)

ExampLE 6.3  Consider for y > 1 the semilinear problem
ug, — 'tr (a (x, f)Dzua) +F (x, f, Dua) =0 (6.7)
e &

with
F(x,y,p) = r?gzx{—f(x,y, O-p—Uxy0}.

Following [2], we give an explicit representation formula for H, in terms of relaxed controls. Let
M be the set of the probability measures on [0, 1]¥ X Z and define a relaxed control problem by
introducing for ¢ = f,/ the relaxed function

R MR s [ gt dde

[0,11¥xZ
A measure y € M is a limiting relaxed control if there exists a control law £ such that

I
JTRRES —f Oy, ds — weak-*
0

n

where Y, = f(x,Ys,{s), Yo = x and Sy, is the Dirac’s mass at (y,£) € [0, 1]V x Z. We denote by
M;(x) the set of the limiting relaxed controls for the initial condition Yy = x. By [2, Thm 7], we
have

H,(x,p)= sup {—f (x.p)- p—1"(x,w)}.
HEM;(X)
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