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ABSTRACT: We present the superfield generalization of free higher spin equations in ten-
sorial superspaces and analyze tensorial supergravities with GL(n) and SL(n) holonomy
as a possible framework for the construction of a non-linear higher spin field theory. Sur-
prisingly enough, we find that the most general solution of the supergravity constraints is
given by a class of superconformally flat and OSp(1|n)-related geometries. Because of the
conformal symmetry of the supergravity constraints and of the higher spin field equations
such geometries turn out to be trivial in the sense that they cannot generate a ‘minimal’
coupling of higher spin fields to their potentials even in curved backgrounds with a non-
zero cosmological constant. This suggests that the construction of interacting higher spin
theories in this framework might require an extension of the tensorial superspace with ad-
ditional coordinates such as twistor-like spinor variables which are used to construct the

OSp(1|2n) invariant (‘preonic’) superparticle action in tensorial superspace.
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1. Introduction

The problem of self-consistent interactions of higher spin fields is one of the longstanding

problems of theoretical physics (see [fl]] for references, [P for an elementary review and [f]

for recent progress). It is known that higher spin fields can consistently interact in a



space—-time with a non—vanishing cosmological constant. The gravitational interactions
of the fermionic fields require the space-time to be of an anti-de-Sitter type [f, fl]. The
interactions should simultaneously involve an infinite set of fields of an arbitrary high spin
and their higher derivatives [B, {l, §, B, H]-

Several powerful methods have been developed to deal with theories which contain an
infinite tower of higher spin fields. In particular, the star product formalism was used to
construct higher spin theories [fl, [[] even earlier than it was applied to the study of effects
of non-commutativity in String Theory [[J]]. Actually, String Theory itself contains an
infinite tower of interacting massive higher spin excitations. In a tensionless string limit
the higher spin modes become massless and in a linear approximation satisfy free higher
spin equations of motion (see e.g. [1F] and references therein for more details).! However a
much more non—trivial problem is to extract from the string effective action the information
about the structure of higher spin interactions.

In [[4 Fronsdal proposed another way of formulating higher-spin field theory. He
conjectured that four-dimensional higher spin field theory can be realized as a field theory
on a ten—dimensional ‘tensorial’ manifold parametrized by the coordinates

1

1
X = X0 = cam™nl + 2y
m,n =20,1,2,3; a,$=1,2,3,4, (1.1)

where ™ are associated with four coordinates of the conventional D = 4 space-time and
six y™" = —y™" describe spin degrees of freedom.

The assumption was that by analogy with, for example D = 10 or D = 11 supergrav-
ities, there may exist a theory in a ten—dimensional space whose alternative Kaluza-Klein
reduction may lead in D = 4 to an infinite tower of fields with increasing spins instead of the
infinite tower of Kaluza-Klein particles of increasing mass. It was argued that the symme-
try group of the theory should be OSp(1|8) D SU(2,2), which contains the D = 4 conformal
group as a subgroup such that an irreducible (oscillator) representation of OSp(1/8) con-
tains each and every massless higher spin representation of SU(2,2) only once. So the idea
was that using a single representation of OSp(1|8) in the ten—dimensional tensorial space
one could describe an infinite tower of higher spin fields in D = 4 space-time.

This proposal (rather accidentally) found its dynamical realization in the OSp(1|2n)-
invariant model of a twistor superparticle propagating in a flat tensorial superspace (X “% =
XP2 %) (o, B = 1,...,n, with n = 4 corresponding to the Fronsdal case ([L.1)) [L5} [6].
The quantization of this model was shown [[[7] to produce the infinite tower of free massless
fields of all possible spins in D = 4 space-time and an infinite set of higher spin fields in
higher dimensions. In the general case the bosonic dimension of the tensorial superspace is
w. In particular, the case n = 32 has been considered (see [[[§]) as a point-like model
for a BPS preon, a hypothetical constituent of M-theory [[[J.

!Note that these papers deal with a tensionless limit of ordinary (super)strings which differs from ten-
sionless or so called null (super)strings .



The superparticle action in the flat tensorial superspace has the following form
§— / dr (X0 (r) — i6(r)8% (1) Aa s (12)

where \,(7) are auxiliary commuting spinor variables. From ([.2)) it follows that the
particle momentum is P,3 = AqAg, which in the tensorial spaces associated with 4,6
and 10-dimensional space-times implies that the quantum states of the superparticle are
massless I3, [[d]. Note that this is the direct analog and generalization of the Cartan-
Penrose (twistor) realization of the light-like momentum of massless states.

The action (.2) is non-manifestly invariant under the rigid transformations of
OSp(1|2n) [, [t6, [F, BT, P2, B4 but is manifestly invariant under the transformations
of its subgroup GL(n) acting on X, 6 and \ as follows

x'oB _ Xo/ﬁ’Ga/ozG B g — ' G N, = G;lo‘/)\a/, (1.3)

8 o

Superparticle models and free field theories in flat tensorial superspaces and on su-
pergroup manifolds OSp(1|n) have been studied in detail in [[7] and [RO]-[RG]. It was
conjectured in [20, and shown in [B3, P4] that a field theory on OSp(1[4) is classically
equivalent to the OSp(1|8)-invariant free higher spin field theory in AdSy.

Interestingly enough, the spectrum of the quantum states and the wave equations
which one obtains by quantizing the particle propagating in the bosonic tensorial space is
supersymmetric and possesses OSp(1|2n) symmetry [R1], while the spectrum of the quan-
tum states of the particle propagating in tensorial superspace is the doubly degenerate
spectrum of the ‘bosonic’ tensorial particle [[L7].

In the ‘bosonic’ case (i.e. when 8% = 0) the quantization of the model ([L.2)) results in
the following equation of motion of the particle wave function ®(X %, \.) [[[7]

(Oap — iAaA3)P(X,A) =0, (1.4)
which may be called the “preonic” equation in the light of the conjecture of [[[9].

Upon the Fourier transform of ®(X, ) into C(X,y%) = [ d*Xe®=¥"®(X, \) the equa-
tion ([[.4) takes the following equivalent form [1]

0 0
— —— X,y)=0. 1.
(0ns i35 50 ) CCX9) =0 (15)

As was first shown in [P1]] the only dynamical fields among the components of the series
expansion of C(X,y) = b(X) + fo(X)y* +> 07 5 Cayean (X) Yy - - -y~ are the scalar field
b(X) and the spinor (or ‘svector’) field f,(X) which, as a consequence of ([.5), satisfy the
following equations of motion

(aocﬁa’w - aa'yaﬁ(S) b(X) = zaa[ﬁay]é b(X) =0, (1.6)

0o fy(X) = Oan f3(X) = 2048f,(X) = 0. (1.7)

The equations ([L4)-([L79) are OSp(1|2n) invariant [R1], the subgroup GL(n) of OSp(1]|2n)
being a manifest symmetry of these equations. The fields b(X) and f,(X) are superpartners

whose OSp(1|2n) transformations the reader can find in [RI]. Below we present only their
part which corresponds to rigid supersymmetry and superconformal boosts with parameters



€“ and s,, respectively
Ob(X) = € fu(X) + 250 XPf5(X),  0fu(X) = €® Dpa b(X) + 25, X7 g0 b(X) . (1.8)

In the case of n = 4 () the fields b(X) and fo(X) subject to eqgs. ([.€) and ([7)
describe the infinite tower of the massless (and thus conformally invariant) fields of all
possible integer and half-integer spins in the physical four-dimensional subspace of the ten-
dimensional tensorial space [[[4, RI]]. In the cases of n = 8 and n = 16 which correspond
to D = 6 and D = 10 space-time, respectively, the equations ([L.6]) and ([L.7) describe
conformally invariant higher spin fields with self-dual field strengths (work in progress).

The field strengths of the D = 4 higher spin fields are components of the series expan-
sion of b(X) = b(z!, ™) and fo(X) = fo(z!,™) in powers of the tensorial coordinate

ymn

b(xla y"") = o(x) + Y™ " Py () +

min maon 1
+ oy R [lem,mzm(x) + Za[m Nima][me an2]¢(x)] +

P = ) 4y 95,00+ 50m ()] +

m_in
+ Z ymlm Yy =33 |:\I’?n1n1,---,msén (1‘) + - :| : (1'9)

In (.9) ¢(z) and 1 (z) are scalar and spin 1/2 field, Fy,,,, (z) is the Maxwell field strength,
Crmini,mans () is the Weyl curvature tensor of the linearized gravity, ¥y, . () is the Rarita-
Schwinger field strength and other terms in the series stand for strengths of spin-s fields
(which also contain contributions of derivatives of lower spin fields denoted by dots, as in
the case of the Weyl curvature and of the Rarita-Schwinger field).

The OSp(1|2n) invariant equations of motion of the fields b(X) and f,(X) propagating

on the group manifold Sp(n) (see egs. (R.12) and (P.13) of section have been derived
in [R5 from the Sp(n) counterpart of ([.4) and ([L.5)

i .0 <
where V3 are covariant derivatives generating the algebra Sp(n)
[vaﬁ’ V’Y(S] = gCa(wv(S),@ + gcﬁ('yv(S)a ) (111)

Cqp is a simplectic metric and ¢ is a constant proportional to the inverse AdS radius (the
square root of the cosmological constant). In [R3] the general solution of the equations ([[.10])
and their generalization to the supergroup manifolds OSp(N|n) were constructed and an-



alyzed. For instance, in the case of n = 4 the equations ([.10]) are equivalent to an infinite
system of equations of motion of all the integer and half-integer higher spin fields propa-
gating in AdS, 3, BF.

At this point we should make the following comment. In the formulation described
in eqs. ([L4)—(.11) the fields b(X) and f,(X) have the same statistics, namely they are
Grassmann even if (X, \) or C(X,y) is Grassmann even, while if we would like b(X) and
fa(X) to form a scalar OSp(1|n) supermultiplet we should assign to f,(X) the fermionic
statistics. An a priori un-physical statistics of a part of higher spin fields is a generic feature
of the unfolded formulations of higher spin field theory involving twistor-like Grassmann
even spinor variables A\, or y* [7, RIJ. To single out the fields with physically correct
statistics one can use several equivalent prescriptions [§, [0} PT]. In our case the most ap-
propriate one is the following ‘parity conservation’ requirement used in [[7}, []. One should
consider the complete (doubly degenerate) spectrum of states of the quantum superparticle
model ([L.4) which on the mass shell is described by a generic Grassmann even superfield
of the form

go(X, A, 0) = D(X,A) +i(Aa0Y) U(X, ), (1.12)

where U(X, ) is a Grassmann odd counterpart of ®(X,\). In ¥(X,\) the half integer
spin fields have the correct statistics while the integer spin fields do not. We now notice
that the Grassmann parity of go(X, A, ) can be related to the parity of go(X, A, ) under
the change of the sign of A (A — —\). If go(X, A, 0) = go(X,—A,0) then &(X,\) and
U (X, \) are expanded in the integer and half integer series of A, respectively, and contain
the fields of only physically appropriate statistics (see [[7] for details). Thus, strictly
speaking, one should regard the fields b(X) and f,(X) of egs. ([.6), (L.7) and (.12), (R-13)
as ones which come, respectively, from the field ®(X,\) and ¥(X,\) of ([.12), namely
b(X) = [ d"X®(X, ) and fo(X) = [ d"A AN, T(X,\). We shall discuss this in more detail
in section .

Since the equations ([.6), (L7) and their AdS counterparts are supersymmetric, a
natural question arises whether these equations can be formulated as superfield equations in
a corresponding tensorial superspace? and whether they allow for a nonlinear generalization
which would result in an interacting theory of higher spin fields. In this paper we study
these problems.

First we combine the scalar field b(X) and the spinor field f,(X) into a scalar superfield
®(X,0) and find simple superfield equations for ®(X,#) which reproduce ([.6), ([.7) and
the “preonic” equation ([.4). Then we look for a non-linear generalization of the superfield
equations. Our initial assumption has been that a class of non-linear models of this kind can
be constructed in a consistent geometrical way by considering a supergravity in tensorial
superspace. A stronger conjecture might be that the tensorial supergravity itself is an
example of a theory of interacting higher spin fields. If it was so, the superdiffeomorphisms
and the local GL(n) or SL(n) structure group transformations of the tensorial superspace
could generate infinite higher spin superalgebras in ordinary space-time.

2 A superfield formulation of the unfolded higher spin dynamics [@, @] was considered in [@}



Our reasoning behind the idea to look for a non-linear dynamics of higher spin fields
within a superfield formulation of tensorial supergravity and not, for instance within a
bosonic tensorial gravity has been two fold

e the superfield equations of motion of the free higher spin fields are much simpler than
their component counterparts and hence may be more appropriate for a non-linear
generalization and

e as the experience of dealing with conventional superfield gauge and supergravity
theories teaches us, the imposition of constraints on the superfield contents of these
theories reduces the number of possible choices and in many cases produces a complete
set of superfield equations of motion whose form would be otherwise hard to guess in
the absence of clear group-theoretical and geometrical guidelines.

As we shall see, the supergeometry of the tensorial supergravity with GL(n) or SL(n)
holonomy which we derive from the requirement of the k-invariance of the superparticle
action in the curved superspace background resembles that of N =1, D =2 and D = 3
supergravity. We find that general solutions of the supergravity constraints are tensorial
superspaces conformally related to flat tensorial superspace or to the supergroup manifold
OSp(1|n). Because of the conformal symmetry of the supergravity constraints and of the
scalar superfield equation such a geometry is trivial in the sense that it cannot generate a
kind of ‘minimal’ coupling of higher spin fields to their potentials. So our expectations to
find non-linear higher spin field equations in the framework of tensorial supergravity have
not been materialized yet. However, we believe that the results obtained lay a geometrical
basis for a new class of models formulated in tensorial superspaces and may be useful for
further development of this subject in various directions. One of them may hopefully bring
us to a non-linear higher spin dynamics.

The paper is organized as follows. In section f| we construct the equations of motion of
a scalar superfield ®(X, 0) in the flat tensorial superspace and on the supergroup manifold
OSp(1]n). We also find a superfield generalization of the “preonic” equation ([.4) and of
its AdS counterpart ([.10).

In section B we introduce the supergeometry of a curved tensorial superspace with the
holonomy group GL(n) and find constraints on its torsion and curvature which are required
by the k-invariance of the (‘preonic’) superparticle action. We then impose additional con-
ventional supergravity constraints and study the consistency of the torsion and curvature
Bianchi identities. In particular we find that, as in the case of N = 1, D = 3 supergrav-
ity [Bd], the supergeometry with SL(n) holonomy is described by an antisymmetric tensor
superfield R,g(X, ) and by a totally symmetric field Gog(X,0).

Section [ is devoted to the consideration of the dynamics of the scalar superfield in an
external tensorial supergravity background. It is shown that its consistency requires the
background supergeometry to have SL(n) holonomy.

In section f] we describe generalized Weyl (superconformal) transformations of the
supervielbeins and superconnection which leave the constraints form-invariant and study
superconformally flat and OSp-related geometries of tensorial superspaces.



In section ] we show that (being superconformally invariant) the dynamics of the
scalar superfield propagating in a conformally flat or OSp(1|n)-related tensorial superspace
is described by the free scalar superfield equation in flat superspace or on the supergroup
manifold OSp(1|n) and hence does not lead to a non-trivial interacting theory of higher
spin fields.

The general solution of the tensorial supergravity constraints is considered in section [}
It is shown that (up to possible topological subtleties) the conformal tensorial superspaces
are the only solutions of this theory.

In conclusion we summarize the main results obtained and discuss possible ways in
which they can be developed.

2. Superfield generalization of the massless higher spin equations

2.1 Scalar superfield equations in flat tensorial superspace

Let us consider a scalar superfield

n
B(X07) = b(X) + fa(X) 0+ Payoa, (X) 024 - 0% (2.1)
=2
in a flat tensorial superspace whose coordinates transform under rigid supertranslations as
follows .
i
50 = ¢, X0 = S(0° 4+ 6%¢) =igl> ) (2.2)

We are looking for a superfield equation for ®(X,#) which would reproduce the equa-
tions ([.6) and ([.7) for the leading components of ®(X,6) and from which it would follow
that the higher components of the superfield ®(X,6) are completely auxiliary and van-
ish on the mass shell. Since ([.) and ([.7) are manifestly GL(n) invariant, the corre-
sponding superfield equation should also possess this symmetry. Taking this into account
we find that the only possible superfield equation quadratic in supercovariant derivatives
Do = 0/00% + 10505 ({Da, Dp} = 2i04p) is

DDy ®(X,0) = 0. (2.3)

It can be regarded as a generalization to the tensorial superspace of the defining conditions
of a tensor supermultiplet in D = 4 or of the equations of motion of a scalar supermultiplet
in D =3.

The analysis of the equation (P.3) in flat tensorial superspace with an arbitrary even
number n of the Grassmann coordinates shows that all components of the superfield (P.1))
subject to (P-3) vanish, except for b(X) and f,(X), and the latter satisfy the equations ([L.f)
and ([L.7).

The equation (R.3)) can be derived in a rigorous way from a superfield equation which
one gets by quantizing the tensorial superparticle model ([.2). As was considered in detail
in [@] the quantum states of the tensorial superparticle form a bosonic superfield

T(Xagy)‘aX) :g(](Xaev)‘)_i_ZX.gl(XaeaA)’ (24)



where y is a real single Clifford variable (x2 = 1) of the Grassmann odd parity. As
has been mentioned in the Introduction, to have the correct relation between spin and
statistics of the components of the series expansion of gy and g; in powers of A\, we require
that (R.4) is an even function under the change of sign of A and x (A — =X, x — —¥),
namely Y(X,0, A, x) = T(X,0, -\, —x). This implies that go(X,0,\) = go(X,6,—A) and
gl(X, 0, /\) = —gl(X, 0, —)\).
The superfield (P.4) satisfies the first order differential equation [[[7]
(Do — X Aa)T(X,0,),x) =0. (2.5)
From (R.§) it follows that
Daogo— iAag1 =0, Dagr — 1Xago=0. (2.6)

Hence, for example g1 can be expressed in terms of D, gg

g1 = _7’,ua Da 90 (27)

where p® is “inverse” of A, in the sense that p“A\, = 1.
Thus only one superfield component of (2.4), e.g. go(X,0,)) = go(X,6,—N), is inde-
pendent. Now taking the derivative D, of (B.§) we find that gy should obey the equation

(DaDg + XaAg) go(X,0,A) =0. (2.8)
The symmetric part of (R.§) is
(Oap —iAa Ag) 90(X,0,) = 0,
which is similar to ([L.4)), while the antisymmetric part is
Do Dg go(X,0,)) = 0. (2.9)

Thus, we can regard (R.§) and/or (R.) as a superfield generalization of the “preonic”
equation ([[.4).

Integrating (R.9) over A and defining ®(X,0) = [ d"Ago(X,0, ), so that b(X) =
[ d"Xgo(X,0,\)|o=0 and fo(X) = [ d"ADqy go(X,0,))]|o=0, we get the equation (P-3).
Thus, on the mass shell the scalar superfield (R.1)) is linear in <, which is in accordance
with the form of the wave function describing on-shell quantum states of the tensorial
superparticle discussed in the Introduction (eq. ([.12)).

2.2 Scalar superfield equations on OSp(1|n)

Let us now consider the case when X7 and % parametrize a supergroup manifold OSp(1|n)
and find the corresponding generalization of the superfield equation (P.3]). For this we
should replace the flat covariant derivatives D, with OSp(1|n) covariant derivatives V,
which extend the sp(n) algebra ([L.11) to the osp(1|n) superalgebra3

{Va, VB} = 2iva5 s [Vaa/, VB] =G Cﬁ(ava/) . (210)

3Explicit expressions for the OSp(1|n) Cartan forms and covariant derivatives in particular parametriza-
tions has been given in [20), @} and for the OSp(N|n) Cartan forms in a generic parametrization in [@]



The scalar superfield equation on the supergroup manifold OSp(1|n) has the following form
(ViaV + z‘icaﬁ) ®(X,0) = 0. (2.11)

The equation (R.11]) reduces to the following equations on the dynamical components of
o(X,0) 5

2

S S
VaipV31sb(X) = 7 (CatgVs1s+Csi5Vr1a—Cy Vas) b(X)+ 15 (CasCay = CagpCis) UX),
(2.12)
S
Vapf)(X) = =7 (Capy fs)(X) + Oy fa(X)) - (213)

4

The coefficient in front of the second term of (R.11)) is fixed by checking the integrability
of this equation. To this end we observe that V.3V ,150(X) = (V43V,52(X, 0))[g=0 and

hence in view of ([.11))

1 1
Viaig V1) (X)) = 5(Va[sVags + ViigVa1a)0(X) = 5[Vais, Vaps] b(X)
S
=1 (Ca[ﬁvv](g b(X) + Cg[ﬁvv}a b(X) — CsyVas b(X)) . (2.14)

The equation (R.14) is then compared with the bosonic equation (R.12) which follows

from (R.17). This fixes in the latter the factor %.

A superfield generalization of the “AdS preonic” equation ([.I0) considered in [R3] is
(va —XYa)T(X,G,)\,X) = 07 (215)
while the OSp(1|N) analog of eq. (R.§) is
is 0
— Cop = -
1% 9xg
We observe that the superfield equations (R.3) and (R.I]) are much simpler than their

component counterparts and therefore it is natural to take them as a starting point in

(VaVg +Y3Y,) go(X,0,1) =0, Yo =)o — (2.16)

the search for a non-linear generalization of the higher-spin field equations. Since the
scalar field contains only the linearized field strengths of the higher spin fields one needs
to find a room for higher spin field potentials which are required for the construction of
‘minimal’ higher spin interactions. In this respect on can consider supergravity in tensorial
superspace and its coupling to the scalar superfield as a model which might provide us
with minimal-like higher spin interactions via supervielbeins and superconnections.

3. Geometry of tensorial superspace

3.1 The definition of tensorial supergeometry

As in the conventional supergravity case, curved tensorial superspace geometry is de-
scribed by the supervielbein one forms E*%(Z) = E°*(Z) = dZMEMaB(Z) and E*(Z) =
dZME,~(Z). The supercoordinates ZM = (X#* ) are assumed to transform under the
superdiffemorphisms Z'M = fM(ZN) (sdet(0fM /0ZN) # 0) which leave the superviel-
beins invariant (E'4(Z') = EA(Z)).



We have seen that in the flat case the superparticle model ([.2) is manifestly invariant
under the rigid transformations of the group GL(n) ([.3)), which can be regarded as a kind
of the “Lorentz” group in the tensorial superspace. We shall therefore assume that in the
tensorial supergravity GL(n) plays the role of a generalized local Lorentz group acting
in the co-tangent tensorial superspace whose local basis is given by the supervielbeins
EA = (E*P, EY). As so, by analogy with the conventional spin connection of general
relativity and supergravity we introduce the GL(n) connection

Qg% = dZM Q5% = EAQ 457, (3.1)
the torsion 2-forms (where D stands for the GL(n)-covariant differential)

7% .= DEP =dE*® — E' N QP — FPY A Q.2 (3.2)
T := DE® = dE* — EP A Q% (3.3)

and the curvature of the GL(n) connection
Rga = dQIga — ngﬂ/ A Q,ya . (34)

The Ricci identity DD = R in our notation implies DDE® = —E8 A Rs®.

In what follows we shall also discuss consequences of the restriction of the GL(n)
curvature to the SL(n) curvature by imposing the tracelessness constraint R & = 0.

The next step is to find the constraints on tensorial supergeometry. In the case of
conventional super Yang-Mills and supergravity theories there are different geometrical
and physical guiding lines to get superfield constraints. The one which we have at our
disposal is the xk-symmetry of the massless superparticle.

3.2 The massless superparticle in curved tensorial superspace

Let us consider the dynamics of a superparticle in a curved tensorial superspace and find
restrictions on its supergeometry which follow from the requirement for the model to possess
the same symmetries as in the flat limit. Thus, we shall derive the constraints on torsion
and curvature of a supergravity in tensorial superspace using the conventional requirement
that a superparticle or a superbrane propagating in the supergravity background should
be invariant under k-symmetry, as in the flat case.

3.2.1 Superparticle action, k-symmetry and the basic torsion constraint in ten-
sorial superspace
A straightforward generalization of the action ([.2) to the curved tensorial superspace is

1

S=4 / E*(Z(7)) Aa(7) Ag(7) = % / drES AN, (3.5)

where the flat superform dX®%(7) — idf(*0% (1) of eq. (L) has been replaced with the
pull-back on the superparticle worldline of the bosonic supervielbein form E*%(Z)

EYP(Z(7)) == drEX® = dZM (1) ESY (Z(1)) . (3.6)
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In the flat case the action ([.2) is invariant under local k-symmetry with n — 1 in-
dependent parameters, which means that the superparticle under consideration can be
associated with a BPS state (called the BPS preon [[J]) which preserves all but one super-
symmetry [[[§]. The s-symmetry transformations of the fields in the action ([.2)) are

6. XP(1) = i6,0 (1) 09 (1), 6. Aa(r) =0, (3.7)
n—1

0x0%(1) = Z k! (T) g (1), (3.8)
I=1

where x!(7) are n — 1 fermionic parameters and p$(7) is a set of (n — 1) auxiliary bosonic
GL(n) vectors (or spinors of an SO(t, D —t) C GL(n) for n = 2¥) which are orthogonal to
Aa(T)%,

ui(m)Aa(r) =0, I=1,...(n—1). (3.9)

Actually (B.§) describes the general solution of the equation
0.0%(T)Aa(7) =0, (3.10)

which can be used instead of (B.§) as the definition of (n — 1) parametric k-symmetry.

The flat superspace action ([[.2) is also invariant under the n(n — 1)/2 parametric
bosonic b-symmetry [[§, [7], which can be treated as a bosonic ‘superpartner’ of the -
symmetry,

X = poud b (1) (& 6X Ay =0) , 00%(7) =0, SpAa(T) =0. (3.11)

We would like the k-symmetry as well as the b-symmetry to be also preserved in the
supergravity background (see [B7]). Such a requirement has a deep physical meaning: it
implies that the limit of flat superspace (when the background fields tends to zero) is
smooth and, in particular, that the number of the degrees of freedom of the dynamical
system does not change in such a limit. The curved superspace generalization of the
k-symmetry and of the b-symmetry transformations (B.7) and (B.I1)) of the coordinate
functions are, respectively,

i B = 6, ZMES =0, i B :=0,ZME} = u§kl(7), (3.12)
and
B = 6 ZMESY = usuS v (r), B = 60,ZME$; = 0. (3.13)

The variation of the bosonic spinor field A, (7), dxAq and dp\, are to be defined from the
invariance of the action.

The invariance of the action (B.5) under the x- and b-transformations (B.12)) and (B.13)
requires the bosonic torsion of the tensorial superspace to be restricted by the constraints®

T8 = —iE* N EP + 2B A EOCt s8(2) + BV A B, 57(2). (3.14)

4The bosonic spinors u§ can be considered [B] as counterparts of the Killing spinors corresponding to
an (n—1)/n supersymmetric (BPS preon) solution of supergravity equations, which is still hypothetical for
the standard supergravity but which exists in a Chern-Simons like supergravity [E]

®We should note that the requirement of the k-symmetry itself already leads to the constraints (,
while taking into the consideration of the b-invariance makes the analysis simpler.
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The complete set of the k-symmetry and b-symmetry transformations leaving the action

(B.9) invariant in the background (B.14)) is
B =0, BN =0 (& i.BY = usl(1)),
0ida = i EPtg o Ny ; (3.15)
BN\ =0 (& i, B = pfu§v'(r)),  @E* =0,
1. /
Spha = §zbE55 tas o Ay - (3.16)

Eq. (B.14)) is the starting point for our analysis of possible supergravity constraints
in the tensorial superspace. In addition to (B.14]) we also impose conventional constraints
which express some of superfields in terms of other ones or, equivalently, fix an arbitrariness
in the definition of the supervielbeins and the connection.

As this point, although well known in the context of standard supergravity [Bg], is
important for understanding that the supergravity constraints we find are indeed the most
general ones for the superspaces with the GL(n) and SL(n) structure group, we are going
to discuss it in more detail. The reader who is not interested in technicalities may skip the
next subsection and pass directly to subsection B.3.

3.2.2 On the freedom in superfield redefinitions and conventional constraints

In the case under consideration it is essential that the GL(n) structure group symmetry of
the tensorial superspace allows one to make, for instance, the following redefinition of the
‘spin’ connection (B.I]) and of the fermionic supervielbein

1
Q" = WP+ ErS + §E’75wa5 , (3.17)
E* — E*-E"8%, (3.18)
with arbitrary superfields 7,0°(2), 7150°(Z) = 15,0°(Z) and S95(2).

We now notice that the tensorial structure of components (B.14]) of the bosonic tor-
sion (B.2) is similar to that of the superfields which are used in the redefinitions (B.I7)
and (B-1§). This allows us to simplify the torsion (B:I4) by removing the t.;%(Z) super-
field and also set to zero either the lowest dimensional component of the GL(n) curvature,
Rs vaﬁ = 0, or alternatively to eliminate the highest dimensional component of the bosonic
torsion, ¢, §%(Z) = 0. The additional conditions on the torsion and/or curvature obtained
in this way are called [B3] conventional constraints in contrast to the essential constraint
on the torsion given by the form of the first term (—i E® A EP) on the right hand side
of (E10).

Thus the two natural choices of the conventional constraints are

T8 = —iE*ANEP + BV ANEY@ 59 (Z), (3.19)
Rp® = BV ANE"Rg 1 5® + %EW' A E% Rss o 5 (3.20)

and
T = —iE*NEP, (3.21)

?O
)
Q
I

1 / 1 / !
ST A E° Roy5 5%(Z) + BV NE'Rg 0y 5° + SEA E% Rysr 5% . (3.22)

- 12 —



One can see that the constraints (B.19), (B.20) and (B.21)), (B.22) are related by the redef-
inition Q% — Q. + $Et, 5,7 and R, 50,7 = —it, 50°.

The consistency of the constraints (B.19), (B:20) or (B.21)), (B:22) should be studied
with the use of the Bianchi identities

DT + BV AR + BV AR, =0, (3.23)
DT+ E° ANR™ =0, (3.24)
DRs* = 0. (3.25)

It is well known (see [Bg]) that although in the absence of constraints the Bianchi identities
only imply that the torsion and curvature are constructed from the supervielbeins and
connection, when the set of essential and conventional constraints are imposed, the Bianchi
identities lead to additional restrictions on the form of the torsion and curvature, and in
some cases produce dynamical equations of motion which then imply that corresponding
supergravity constraints are on shell.

Also in our case the Bianchi identities impose further conditions on the form of torsion
and curvature. In particular, already the study of the simplest lower dimensional compo-

nent of the Bianchi identity (B-23) shows that (B.19)), (B-20) (as well as (B.21), (B-22)) imply
that T',3% = 0, i.e. that

/ 1 / U
T = E7 A E5T5 7710{ + §E77 A E%® Tssr yya . (3.26)

Moreover, the higher dimensional components of the Bianchi identity (8.23]) imply that all
the superfields in 74 and Rg" can be expressed in terms of an antisymmetric superfield
Rag, asuperfield U, = Up, 4 and their derivatives, as we shall see in the next subsection.

3.3 The Bianchi identities and the complete set of the constraints in the ten-
sorial superspace with the structure group GL(n)

Thus eq. (B.14) which follows from the requirement of the k-symmetry of the tensorial
superparticle and contains what is usually called essential constraints (in conventional su-
perspace these are Ti,g% = —2iI'% B) is the starting point for our analysis of the supergravity
constraints in tensorial superspace with the GL(n) structure group. In addition to (B.14))
we also impose conventional constraints (see Subsecion 3.2.2) which express some of su-
perfields in terms of other ones or, equivalently, fix an arbitrariness in the definition of
the supervielbeins and of the connection. By imposing the conventional constraints and
studying the Bianchi identities (B.23), (B.24) and (B.25)) one finds the form of the torsion
and curvature of the tensorial superspace. A particular choice of conventional constraints

(see egs. (B-19) and (B-2()) results in

T = —iE* N EP 4 2B« A EPPR 5(Z) (3.27)
T* = 2E°° N E"Rp, + E*P N E%Ug.5 (3.28)

Rp™ = iE" N E°Ugys — E*Y A E°(Fs, + DsRg,) —
— E°T A E*(D(gU, e + DseRgy) - (3.29)
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In B:29) R,5(Z) and Unpy(Z) = Uyyp(Z) are ‘main’ superfields®, and

Fopy = 2iU3y)q — WUagy — 2D Ry)q - (3.30)
The main superfields are related by the equations
D Ugys = —DrsRag (3.31)
Do Ugyys = —iD( Fs)y ap (3.32)
and
DopUsss — DogUqap + 2Uyo 0 Re)g + 2U 50 Rs)a = 0, (3.33)

which are the constraints on R, and U,g, required by the Bianchi identities (B.29)
and (B.24). Due to a straightforward generalization of the Dragon theorem [B2] no other
independent constraints arise from the curvature Bianchi identities ($.25).

The superfields U,g, and F,3, can be alternatively expressed in terms of a totally
symmetric superfield G,g,, a derivative of R,, and a mixed symmetry superfield H,g, =
Hp as follows

2i
Uapy = Gapy + 5 D(ply)a + Hapy

. 21
_zFaﬂ’Y = Gaﬁ“f + gD(BR'y)a - 2Ha57 . (3.34)

This decomposition is useful when we perform the reduction of GL(n) holonomy to SL(n)-
holonomy, which is achieved by putting H,z, = 0 (see section [).

Note that if we choose Rapg = —5Cas5 and U,p,)(Z) = 0 we find that RS =0, and
the constraints (B.27)—(B-29) reduce to the defining relations of the Maurer-Cartan forms
and of the torsion of the supergroup OSp(1|n) in the flat basis (Qaﬁ = 0), whose covariant
derivatives form the OSp(1|n) superalgebra ([.11)), (R.10). The OSp(1|n) Maurer-Cartan
equations are

dEP = —iEYNEP —CETNEPC s,
dE™ = —CEVNECs. (3.35)

A different but equivalent set of constraints can be obtained by making the following
redefinition of the connection

05" — Q% — E“TR. (3.36)

which results in the corresponding redefinition of the wector covariant derivative. The
constraints take the form

T = —iE* NEP, (3.37)
T = E“° NE'Rg, + E*? N E"Ug,s, (3.38)

Ry® = —iE* N E'Rgy +iE" A E*Ugys — E*7 A EOFygy —
— B A E°(D (U, )5 + Rge Rys) (3.39)

®We hope that the reader will not confuse the curvature two-form Rg* with the superfield Rap. The
notation for the latter has been chosen by analogy with N = 1, D = 3 supergravity where Rog = €ag R [E]
Note also that, since we deal with the holonomy groups GL(n) and SL(n), for n > 2 there is no metric to
rise and lower the indices.
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where the main superfields U,g, and R,g satisfy the constraints

D[aUﬁ]75 = —Dy(;Ra/g, (3.40)
D(OéUﬁ)WS = —Z"D(,YF(;) of (3.41)

and
’DaﬂUAﬂ;U — 'D(;aUpyaﬁ + Rq/(aUﬁ)ga — RW/((gUg)aﬁ =0. (3.42)

To conclude, egs. (B:27), (B:28) and (B.29) describe the most general constraints on
the geometry of curved tensorial superspace with the holonomy group GL(n) which are

required by the tensorial superparticle with (n — 1) k-symmetries. The equivalent set of
constraints (B.37), (B.3§) and (B.39) can be obtained by making superfield redefinitions
with the use of the main superfields R and U as parameter functions.

3.4 Tensorial superspace with the holonomy group SL(n)

When n = 2 the constraints (B.27)-(B.29) and (B.37)-(B.39) describe conformal N = 1,
D = 3 supergravity [B0]. In this case the superfield R,z gets reduced to the scalar density
R (Ryp = €3 R), and the trace part of the GL(2) connection and curvature correspond to
local Weyl (scaling) symmetry. To reduce the conformal D = 3 supergravity to the off-shell
N =1, D = 3 Poincaré supergravity one imposes the additional tracelessness constraint
on the curvature
Ra*=0. (3.43)

This reduces GL(2) down to SL(2) ~ O(1,2) which is isomorphic to the D = 3 Lorentz
group.

The constraint (B.43), restricting GL(n) to SL(n), can also be imposed in the general
case of n > 2. Then the main superfields reduce to

. 21
— ZFO{@,Y = Uoég7 = Gaﬂpy + ng(ﬁRq/)a , (3.44)

where G, is totally symmetric. In view of (B.34) we observe that the condition of SL(n)
holonomy amounts to putting to zero the tensor H,g.,.
The superfields U, G and R satisfy the following differential relations

D(aUsys = Dy Usyas (3.45)
(which is a consequence of (B39) and (B.44)), and
1
DGy = —DysRap = 5 (DaDi Riyg = DsDiy Rpa) - (3.46)
Since G5 is totally symmetric, from eq. (B.46]) we can get
2D[aGﬁ]'y(5 = _D('y(SRa)B + D('y(SRﬁ)oa . (347)

To derive (B.47) we first symmetrize the left and the right hand side of (B.46) in (yéa) and
then sum up the result with the symmetrization of (B.46) in (vyd/3).
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Comparing (B.44) with (B.47) we find a condition which must be satisfied by R,s and
which will appear in section Y| as part of the integrability of a scalar superfield equation
in an external tensorial supergravity background. This condition can also be obtained by
antisymmetrizing the indices [a(v] in (B.46)) which gives

D[ozDﬁR'y]d + ’D(S’D[aRﬁﬂ = 5iD5[aRﬁ,y] . (3.48)

Then symmetrizing eq. (B.48) with respect to (vd) and regrouping indices we get
D’yD[aRﬁ]6 + D5D[aRﬁ]7 = 2Z"D75Raﬁ + 3Z.,D’Y[C¥R5]5 + 3iD5[aRﬁ]y . (349)

We shall encounter this last form of the condition on R,z in section [] analyzing the consis-
tency of the propagation of a scalar field in a non-linear tensorial supergravity background.
Let us also note that using the anticommutation relation {D,, Dy} = 2iD,g, from
(B.49) one finds that the last two terms in the right hand side of (B.46]) can be rewritten in

the form
DoDyRsys — DDy Rs)o = 2iDys5Rap + iDy o Rygjs + iDsja Ry (3.50)

which upon the substitution into (B.46) gives (B.47). This can be regarded as a check or
as an alternative derivation of eq. (B.47).

Eq. (B.48) is identically satisfied in the case of N = 1, D = 3 supergravity (in which
case «, 3,7 = 1,2, and hence the antisymmetrization of three indices gives zero), but it is
nontrivial for the tensorial superspaces with n > 2.

Using (B.44), from eq. (B.45) one derives another consequence of the constraint (B.43)
2
DaGgpys + P Gijas = —3 (DstaRys + Dpalys) - (3.51)

In view of (B.47) the equation (B.51)) (and hence (B.45)) is identically satisfied and therefore
does not put further restrictions on the form of R,5 and Gog,.

To conclude, when the holonomy group is restricted to SL(n) by (B.43)), the con-
straints (B.27) and (B.2§) remain the same

T = —iE* NEP 4+ 2B A EPPR ;5 |
T* = 2E*¥ A EYRg, + E*P N EV°Ugs (3.52)

while (B.29) reduce to

Rp™ = iE" N E®Ugys — E*Y A E°(iUsp, + DsRpg,) —
— B A E°(D (U5 + DseRy) - (3.53)

The superfield U,gy is expressed through the totally symmetric superfield G, and a
derivative of the superfield Rng by the equation (B.44), the main superfields G g, and Rag
being related to and constrained by eqs. (B.46) and (B.33)).

We should note that further reduction of the SL(n) holonomy group down to its sub-
group Sp(n) imposes in the case of n > 2 additional restrictions on R,3 and Gyp, which
trivialize the tensorial supergravity down to either flat tensorial superspace or the super-
group manifold OSp(1|n).
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In the case of the N =1, D = 3 supergravity (where n = 2) SL(2) is isomorphic to
Sp(2), the constraints (B.52)—(B.53|) are off the mass shell and the trivialization does not
occur. The supergravity equations of motion are obtained by putting

Rap =0,  Gapy =0, (3.54)

or in the case of AdS
S

R.p = —5Cas, Gapy =0. (3.55)
These equations imply that pure N = 1, D = 3 supergravity is non-dynamical, since its
torsion and curvature vanish [B(].

Also in the case of n > 2 the equations (B.-54) or (B.55)) single out, respectively, the flat
or OSp(1|n) vacuum solution of the tensorial supergravity constraints.

4. The scalar superfield equation in a tensorial supergravity background

In the previous sections we have derived the constraints of tensorial supergravity from
the requirement of the k-symmetry of the “preonic” superparticle. The supergravity con-
straints can also be obtained (see [B3], for the ordinary case) by requiring that in curved
superspace there exist (super)field representations of (generalized) supersymmetry simi-
lar to those in flat superspace. In our case of flat tensorial superspace and of OSp(1|n)
the only known representation is described by the scalar superfield obeying the dynamical
equations (R.3) and (R.11)), respectively. So it is natural to consider a curved superspace
generalization of these equations and to analyze which restrictions on superspace geom-
etry are imposed by its integrability. Instead of starting again from the most general
structure of tensorial supergeometry, in this section we shall consider a possible general-
ization of eqs. (B-3) and (R-I1]) in a curved superspace already subject to the supergravity
constraints (B.27), (B:2§) and (B-29). Interestingly enough, the integrability of the scalar
superfield equation will require the curved superspace holonomy to be SL(n) and not GL(n).

A natural generalization of the free superfield equations (R.3)) and (R.11)) is
i
D Dp @ = 3 Rog®. (4.1)

One gets egs. (R.3) and (R.11) from ([LI) by putting Uspy = 0 and Ras = 0 or Rap =
—5Cas, respectively’. A more general form of the scalar superfield equation is discussed
in appendix [B.

Let us now study the integrability of the equations ([J]) in the case of supergravity
with the holonomy group GL(n) subject to the constraints (B.27)—(B.29). To this end we
need the following covariant derivative commutation relations (where Wy is an arbitrary
superfield)

{Da, D} = 20D , (4.2)
[Dag, DyIWs = =2R(aDp)Ws — iUsapWy + Fr5aWp) + Dy RsWs) . (4.3)

"Note that eq. (@) resembles a conformally invariant scalar field equation in a D = 4 gravitational

background g"" Dmdn b(z) = £ R(z)b(z), where R(x) is the curvature scalar.
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and
[Dag s Dys]We = —4R(5)(aDp)s) We + Utal 46 Pip)We = Uty apDs) We +

1
+D75R€(a Wﬁ) — DaﬂRe('y W(;) + §'DEU( § W|5) —

aly
1 1 1
— §'D€U(,y‘ B W(;) — §W(5DQ)U€75 + §W(6D7)Ueaﬁ7 (4.4)

where it is implied that the indices (o) as well as (7J) are symmetrized with the unit
weight (Aag = A(ap) + Ajag)). Acting on (1)) with D, and using ([.9) and (L.J) we get

the non-linear counterpart of the fermionic equations ([.7) and (P-I3)
1 d )
DafsDy® = 3 (RafyDg® + R3,Do®) — 5 DisBja + 5 Daligy . (4.5)

Acting on ([£5) with D5 and using the commutation relations (f.2) and ([£3) we get
the non-linear counterpart of the bosonic equations ([L.6) and (.12)

1 1
DafDs)s® = 5 (RgyPas — RajgDsjs = RijpDaja) @ + 7 (Rasflsy — RafgRojs) @ +

T éDaRﬁ7D5® - %D[BR

) . ,
+ E(3’Da[ﬁ Rq/](; — lD(;’Dang + Z’D(S’D[ﬁRV]Q) + (4.6)

1 1 1
+ U[ﬁ,y]ap(;q) + §U(,ya)5D5(I) — §U(ﬁa)5’DA{(I) + §U5a[ﬁpﬂq) .

1 1
aDs® + §DaR5[ﬁDﬂ@ - §D[ﬁ®DW}Ra5 +

On the other hand, as a consequence of the constraints (B.27) and (.28) the ‘antisym-
metrized’ commutator of the bosonic covariant derivatives ([l.4) acting on a scalar superfield
has the following form

1 1

5[730[[5,777]5] ¢ = §(Da[ﬁpv]6 + Ds13D4ja) P (4.7)
1 1

= =5 (Ra(sDy)s®+ RsigDsja =Ry Das D)+ 5 (Ugpa)aPs) = Utas) 5D ®) -

From ([77) it follows that for the equation (JLI)) to be consistent, the right hand side of
the equation (fL.§) symmetrized in « and § must coincide with the right hand side of ([£7).
This results in the equation

i i
0 = Uppy)(aPs)® = 3 P(a®Po) Ry = 3Dl Doy +

T U(a 53 Py)® + Py ® Upjas + DaRs)s Dy P +
o .

+155 (DasRgy + 3DapR)5 + iDaDigRy)s + a0 — ) . (4.8)
The above equation is identically satisfied in the case of the tensorial supergravity with the
holonomy group SL(n) described in subsection B4 Indeed, the first and the second line
in ([.§) vanish in virtue of eq. (B.44), while the last line coincides with the left hand side
of eq. (B.49).

Thus, the scalar superfield can consistently propagate in any tensorial supergravity

background with SL(n) holonomy. Peculiarities of the coupling of a scalar superfield to
N =1, D = 3 supergravity are briefly discussed in appendix [0
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5. Generalized Weyl invariance of the tensorial supergravity constraints
and conformally related supermanifolds

Let us now proceed with studying the properties of the tensorial supergravity constraints
and looking for their general solution in terms of an unconstrained superfield. To this
end consider the following transformations of the supervielbeins and superconnection of a
tensorial superspace

Elafﬁ — Ea’ﬁ,
E™ = E*+ E“"Wj
Q)" = Q5 — B, — B (D, Wy + iW, W), 6.1

where W, is an arbitrary spinor superfield. Then, as one can check, the form of the
supergravity torsion and curvature (B.27)—(B-29) remain intact when the transformed R;
and U(;ﬂ,y are defined as

i
bo = Rag = Dia Wy — 5 WaWs.,

Uééﬁ’Y = Uapy + Dy Wo — W, Dgy W, . (5.2)

As a result, the main superfields R, 5 and U/ 5 satisfy the constraints (B.31)-(B.33)
provided that R,g and U,g, solve them and vice versa.

Thus the solutions of the supergravity constraints (B.27)(B.29) form classes of equiva-
lence whose members are related by the transformations (5.1)—(F.2). These can be regarded
as a kind of generalized super-Weyl transformations which reduce to proper Weyl transfor-
mations when W, = —iD, W(Z) with W (Z) being a scalar superfield (see e.g. [B4, B3]).

In particular, when R;ﬂ =0=U By correspond to the flat superspace, eqgs. (p.9)

(0%
describe a class of conformally flat tensorial superspaces whose holonomy group is SL(n)

i W, = —iDo W(Z)
Ry = Dia Wy + 5 WaWs.
Ungy = Dy Wa + W, Dy Wa . (5.3)

To see this let us calculate the trace of the curvature (B.29) with R, and U,g, given
by egs. (b.). The trace takes the form

Ragpn,s’ = =Dy Wa + DaDgWy) + 2iW(5 Ry - (5.4)

For a generic W, the trace of the curvature is non-zero, however it identically vanishes
when W, = —iD,W. Indeed in this case, in virtue of the commutation relations

{Da, D} = 2iDyp,
[Dag, D)W = —2R, (oD W,

we get

Ragy,6’ = —[Dgy, Da] W — 2 RosDy W = 0. (5.7)
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A simpler way to arrive at the same conclusion is to calculate the trace of the connection
in (b.1), Q& = Q,® —iE“W,, — Eo‘ﬁDan. With W, = —iD,W and Q.* = 0 this gives
Q% = dW which implies R,* = 0.

In conventional superfield theories, a detailed analysis of which superspaces among
supermanifolds containing AdSyx S™ are superconformally flat has been carried out in [B5].
For instance, it was demonstrated that the N = 1 supersymmetric AdSs isomorphic to
OSp(1]2) is superconformally flat. This is also a particular case of the tensorial superspace
under consideration when n =2, Rog = —3 €4 and Uyg, = 0.

In [P4, RJ] it has been found that OSp(1|n) are so called GL(n) flat supermanifolds, i.e.
their bosonic supervielbeins E*? are obtained from the flat ones by a transformation with
a certain GL(n) matrix, while the fermionic supervielbeins £ have a more sophisticated
form than that of (5.1]). For n = 2 the two properties, superconformal flatness and GL-
flatness, are equivalent since GL(2) ~ SL(2) x R and SL(2) ~ Sp(2) is the holonomy group
of OSp(1|2). As we have already discussed a supergroup manifold OSp(1|n) with n > 2
has the holonomy group Sp(n) which is smaller than SL(n), therefore in the generic case
the properties of superconformal flatness and of GL-flatness (which, in the way it works,
preserves Sp(n)-holonomy) are not equivalent and hence do not imply each other.

Indeed, the supergroup manifold OSp(1|n) with n > 2 is not superconformally flat. To
show this let us recall again that the main superfields R,g and G,g, of OSp(1|n) satisfy
the equations (B.54) and U,y = 0 which imply that

6 0 0
D Coyy = Dia Cpyy = Yap)’ Crs + Coap)y” =0 = Qeagp”Cyps =0 (5:8)

Substituting into (f.§) the superconformally flat form of the connection (see eq. (§.2) of
section [|) we arrive at the condition

n=2)(n+1)D, W =0, (5.9)

from which it follows that the Weyl scalar superfield W (Z) does not reduce to the constant
only when n = 2. When n > 2, W = const and thus (B.55) are consistent with (f.3) if only
¢ = 0. Hence, OSp(1|n) with n > 2 is not superconformally flat.

As so, in the case, when Rlaﬁ = —5C,3 and U(;ﬂ,y = 0 which are that of the su-
permanifold OSp(1|n), the generalized Weyl transformations produce a class of tensorial
superspaces which are not superconformally flat but are conformally related to OSp(1|n)
with R,g and U,gy having the following form

Raﬂ = —%Cag + 'D[a Wg] + % WaWﬁ7 (5'10)
Uaﬂpy = —'Dg,y Wa + W(q/ Dﬁ) We . (5.11)

We should note that though the supermanifold OSp(1|n) we started with has the holonomy
group Sp(n) with respect to which C,3 is covariantly constant, the resulted supermanifolds
described by (.10) and (b.11]) have (in general) the holonomy group GL(n) which reduces to
SL(n) when W, = —iD, W (Z). With respect to the GL(n)- or SL(n)-covariant derivative
Clp is not covariantly constant. Hence, the equation (f.10) should be considered as valid in
some gauge which reduces GL(n) or SL(n) down to Sp(n). The GL(n) covariant expression
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for Rnp is

S 1

where X,3(Z) is now an antisymmetric tensor superfield with det X, # 0. Using a local
GL(n) transformation X 3(Z) = G2 (2) Gﬁﬁ (Z2) Xyp(Z) it is always possible to put
X! 5(Z) = Cyp and to reduce (5.12) to (b.10).

6. Decoupling of higher spin field dynamics from superconformal geome-
try

Since the higher spin fields (at least at the linearized level) are described by the single
scalar superfield it is natural to assume that in order to switch on non-trivial higher spin
interactions the geometry of tensorial supergravity coupled to the scalar superfield is itself
expressed in terms of this single scalar superfield (see [[] for a somewhat similar assumption
in the framework of the unfolded higher spin formulation). If we restrict ourselves to
the class of conformally flat manifolds or to the class of manifolds conformally related to
OSp(1|n) discussed in the previous section and assume that the geometry is expressed
in term of a single physical scalar superfield ® we find that the geometry reduces to flat
superspace (or to OSp(1|n) superspace) and the superfield ® (in a sense) decouples from the
geometry. The reason is in the generalized super-Weyl invariance of both the supergravity
constraints and the scalar superfield equation (|.1]).

Let us first discuss the conformally flat case and then the OSp(1|n) related one.

Using the generic expressions of section ] the supervielbeins and the SL(n) connection
of a conformally flat superspace can be presented in the following conventional form (cf.

cg. B4 BY)

2W(2)

E¥ = ESPLYZ) LS

w(2)
o B’ (

Z), E*=ew (BY —iES" DgW)LS(Z), (6.1)

1 / ' ! )
Qf = Qop” + —dW 55° = L'5" | E§' Dy W + E5 (D, W + %D,YW DyW)| LS,
S =0, (6.2)

(2)
where Lg*(Z) is a matrix of local SL(n) transformations which together with e

(2)
a GL(n) matrix G g = e Lg*. The supervielbeins EF g , E§ and the connection Qoﬁa

form

satisfy the constraints of a flat superspace
T = —iE> A EP T8 =0=Rys" 6.3
0 tEq 0> 0 03 (6.3)

and D,g and D, are corresponding covariant derivatives.
In particular, in the ‘flat’ basis

Eg = dX of _ ng( 0 ), EO =df ) QOB 07 L,@ B > ( ' )
0 0 8 6.5

DO? _— 3 _— [ D - ] .
=0 85 o —i—ZH 8504 ( )

— 21 —



and

2W

Dop = €1 (Dap — iD(W D)) + Qup — i€~ w DuW Qp), Do = e n Do+ Dy, (6.6)

Using the constraint relations (B.37)—(B-39) and (B.43) one finds that in the ‘flat’ basis
the main superfields R,g and Ug,s have the form

2w 1
=1 .
Upys = € n [—i8ysDgW + D(,W DsyDgW | (6.8)
or in the basis of the ‘curved’ covariant derivatives (p.6])

Rap = iDy Dy W — %DaW DWW

7
= —D[an + 5 WoWg, (6.9)
Usrs = 1DsDgW — Dy W DsyDg W
= —DM;WB —+ W(,Y'D(;)Wﬁ . (6.10)
where we have introduced W, = —iD,W to compare these expressions with those of

section fi.

In view of a generic reasoning behind the constraint conserving transformations of
the supervielbeins and superconnection given in section ] one can directly check that the
main superfields (p.7)—(B.10) identically satisfy the constraints (B.37)—(B.43)) of tensorial
supergravity with SL(n) holonomy, which can be checked directly.

Now our assumption that the geometry depends only on the scalar superfield ® implies
that W becomes a scalar function of ®, W = W(®), and using this (physical) scalar
superfield W (®), we are allowed to perform the Weyl transformation (p.1]) and get for the
transformed superfields R’aﬁ =0 = Ut;ﬁv’ i.e. flat superspace®. Thus the superfield ®
decouples from supergravity, and the most general form of the scalar superfield equation
which one may construct in such a case is

DioDg @ = X5(9), (6.11)

where X,3(®) is an antisymmetric tensor which depends on ® and its derivatives. Xq5(P)
must satisfy an integrability condition (see (B.4) of the appendix [, where one should put
Dy = Dy, Dap = 0ap and Rz = 0).

8Note that if we formally put to zero only Rag while keeping Uag, in the form () we get
1
Rog =0 = D[QDB]W+§DQWD,3W:0.

This equation reduces to the free scalar superfield equation (E) upon the field redefinition W = 2In®, or
better W = 2In(® + a) with an arbitrary constant a > 0. So one might think that at least free higher spin
dynamics is intrinsically encoded in superconformally flat tensorial geometry, but this is not the case since
using the super-Weyl transformations with a parameter satisfying the free scalar superfield equation one
can put Usgy = 0 and arrive in flat superspace with no dynamics.
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If, for example, we choose Xy3(®) = —f/(®)DPDs®P, where f(®P) is an arbitrary
function and f'(®) = %, the eq. (p.11) takes the form

DDy @ + f'(®)Da®Dg® =0,

which upon the field redefinition ® = const - [ d® ef®) (ie. % = const - ef(®)) reduces to
the free scalar superfield equation (B.3).

If there exists a more general X,(®) satisfying the consistency condition (see eq. (B.4)
of appendix [B), the equation (.11)) would describe a non-linear dynamics of a self-interac-
ting scalar superfield ®(Z). Since, as we have explained in the Introduction, ®(Z) contains
only the linearized field strengths of the higher spin fields and not their potentials, such a
non-linear dynamics of higher spin fields would not include minimal coupling terms which
require potentials or connections. It would contain only terms constructed of higher or-
ders of the higher spin field strengths. As a result, the non-linear model obtained in
this way would be analogous in a certain sense to the abelian Dirac-Born-Infeld the-
ory.

Let us now discuss the case of the tensorial manifolds conformally related to OSp(1|n).
The consideration follows the same lines as in the case of the conformally flat manifolds
and the result is that in terms of the OSp(1|n) covariant derivatives the main tensor fields
describing their geometry have the following form

2w

1

Rog = i€ % | izCop+ ViV W+ 5 VoW VoWV | | (6.12)
_3W .

Ugys =€ [—lvy(;VgW + Vi W Vg)VﬁW] . (6.13)

With such a definition of R,3 and Ug,s the spin connection of this tensorial superspace is
SL(n)-valued.

Again one can now perform the field redefinitions (JL1]) to end with the OSp(1|n)
geometry. As in the case of the conformally flat superspace the field W disappears from
the transformed torsion and curvature and eventually we can impose on ® the linear scalar
superfield equation?

(v[avﬁ] + zicaﬁ> B(X,0) =0.

As in the case of the flat tensorial superspace a problem for future study is to under-
stand if the integrability conditions discussed in appendix [B| allow for the existence of more

general, non-linear scalar superfield equation on OSp(1|n) in the form

VeV ® = Xap(®). (6.14)

9Note that, as in the superconformally flat case this equation can be obtained from eq. m} by a formal
trick, namely by putting in () Rop = —5Capexp{(1+4/n) W/2} and making in the resulting equation

1 _ s -w
ViaVaW +5VaW VW = —2Cas (1-¢7 %)

the field redefinition W = 2 In(2X2) a > 0.

a
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From the above discussion we can conclude that to construct non-linear higher spin
equations involving in a non-trivial way higher spin field potentials one should have at
his disposal more general tensorial superspaces than superconformally flat manifolds or
manifolds conformally related to OSp(1|n). However, as we shall demonstrate in the next
section, the superconformal tensorial superspaces are the general solution of the supergrav-
ity constraints (at least locally, or when the first cohomology of the tensorial superspace is
trivial).

7. The general solution of the tensorial supergravity constraints

Let us show that (up to topological subtleties) the superconformally flat and OSp related
geometries studied in sections ] and ] form the general solution of the tensorial supergravity
constraints (B.27), (B-28) and (B.29). To this end consider a weak deviation of tensorial
supergeometry from the ‘vacuum’ solutions, namely, from the flat superspace (§.54)), and
from the supergroup manifold OSp(1|n) (B.55).

In the weak superfield approximation over the flat superspace the main superfields
describing such a curved tensorial superspace are considered to be infinitesimal of order
one, Ros = o(1) and U, g, = o(1). The constraints (B.31)), (B-32) and (B.33) on these
superfields should be satisfied order by order and in particular in the linear approximation
for the infinitesimal quantities of order one. In this approximation we ignore the connection
terms in the covariant derivatives (which thus become those of the flat superspace) and
drop the second order terms in eq. (B-33). Then eq. (B.33) takes the form

00pUs50 — 056Uqyap = 0. (7.1)
As a consequence of the Poincaré lemma its general solution is
Uyap = —0ap¥~ . (7.2)
Now in the linear approximation eq. (B.31]) reduce to
OysRap = Di)016¥ g = 045 Do Vg - (7.3)
Its general solution is
Rap = DoV + aag Oysa03 =0, aap = —0gq = 0(1), (7.4)

where a,g is independent of X o8 In the simplest case when aqg is a constant matrix it can
be absorbed by ¥z if one performs the following redefinition W3 — Vg +607a,g. If aqp is a
generic polynomial in 6, the solution ([.4) breaks the GL(n) symmetry and supersymmetry
of the original system of supergravity constraints.

When aqg = 0, egs. (7.1) and ([[.4]) describe a weak superfield approximation of the su-
perconformally flat geometry (B.9) and (.10) with W, = ¥, = o(1). Extending the above
analysis to higher orders in the superfields we find that the superconformally flat geometry
is the general solution of the constraints on tensorial supergravity which is continuously

related to the flat superspace vacuum.

— 24 —



Let us now consider curved tensorial superspaces with the holonomy group GL(n) or
SL(n) whose geometry weakly differs from the ‘vacuum’ superspace OSp(1|n) (B.55). In
the weak field approximation the superfield U,g, is infinitesimal of order one Uygy = o(1),
while Rng = —5 Cog+74p is of order zero, with r,g being infinitesimal of order one . Note
also that the covariant derivatives of R, are infinitesimal of order one DR,5 = 0(1)*.
More explicitly, in the linear approximation

DRop = (V 4+ Q) Rap = _ED Cap + Vrag =, Chy + Vrag = o(1), (7.5)

where V are the covariant derivatives satisfying the osp(1|n) superalgebra ([L11)) and (R.10)
(note that V Cyg = 0), and Q" is an order one deviation of the GL(n) (or SL(n)) connec-
tion of the curved superspace from the Sp(n) connection of the supermanifold OSp(1|n).

In the linear approximation the equation (B.33) takes the form
VagU»ﬂ;U - V&,U»Yaﬁ —9q UW(UC’(;)B —q U%g((,C’(;)a =0. (7.6)
Its general solution is
Uyap = —Vap¥sy. (7.7)

Using (7.7) and ({.3) in the weak superfield approximation one finds that eq. (B.31)) reduces
to

Dys(Rag — Da¥p)) = —2Bja|( D) Y], (7.8)
and in view of ([.5)

Q510" Cle =5 Claly Vo) ¥ig) = —Vis(ras = Via¥g) - (7.9)
One easily sees that a particular solution of ([.9) is

S
Taf = V[Q\I/ﬁ] — Raﬁ = —5 af =+ V[Q\I/ﬁ] s (710)
QF = Q) + iES, Vs — B3V, U

The solutions (.7) and (F.10)) are the linearized version of (p.1), (5.10) and (f.11)) which
describe the tensorial superspaces conformally related to the supermanifold OSp(1|n).

To understand whether a more general solution of the equation ([.9)) exists notice that
the main superfield Uy,g, expressed as in ([[.§) can be put to zero by using generalized super-
Weyl transformations (@) with W, = —¥,. Equivalently, one can simply put ¥, = 0 in
eqs. ([.6), (F.8) and ([.9). We thus exclude from further consideration the superconformal
solution already found above. Then ([.§) and ([.9) reduce to

DysRop=0 — §Qv5 [aECﬁJk ==V, sTas - (7.11)

10We should stress that one is not obliged to use the explicit form of the OSp-vacuum solution involving
the constant matrix Cas which breaks manifest GL(n) or SL(n) gauge invariance. All the consideration
can be carried out in a GL(n) covariant fashion by using two properties of the ‘near-OSp’ superfields: Rag
should be a non-degenerate matrix of order zero and DR, is infinitesimal of order one.
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If we restrict the consideration to superspaces of SL(n) holonomy then R,z must also

satisfy the condition

D Rgyo =0, (7.12)

which follows from the fact that for the spaces of SL(n) holonomy U,s, = Gaﬁv—i—%l)(w Rg)q
(see subsection B.4) and in the case under consideration Uy, = 0.

It can be shown, using the commutation relations ([L.3) for the covariant derivatives
and assuming R, to have the inverse matrix, that a stronger condition holds D Rg, = 0.
Then together with (7.11]) this implies that R, is covariantly constant D R, = 0'! whose
integrability (in view of the constraints (B.27)—(B.29) on the torsion and curvature) forces
the tensorial superspace to be the supergroup manifold OSp(1|n).

We have thus shown that the general solution of the tensorial supergravity con-
straints are the superspaces conformally related to flat superspace or supergroup manifold

0Sp(1|n).

8. Conclusion and discussion
The main results of this article are the following

e we have found simple free equations of motion of a scalar superfield propagating in
flat tensorial superspace (B.J) and in the supergroup manifold OSp(1|n) (R.11)) which
in the case of n = 4 describe the infinite set of OSp(1|8) invariant free higher spin
field equations in flat D = 4 and AdS, space-time, respectively; in the cases of n = 8
and n = 16, which correspond to D = 6 and D = 10 space-time, these equations
describe conformally invariant higher spin fields with self-dual field strengths (work

in progress);

e the geometry of curved tensorial superspaces has been introduced and corresponding
supergravity constraints have been obtained from the requirement of the k-symmetry
of superparticle dynamics in the tensorial supergravity background; the superfield
structure of the tensorial supergravity has been shown to be a generalization of N =1,

D = 3 supergravity;

e A ‘no-go’ result is that the class of the superconformally flat and OSp(1|n)-related
superspaces is the general solution of the constraints of tensorial supergravity with
GL(n) or SL(n) holonomy which are required by the k-symmetry of the GL(n)-

tnvariant tensorial superparticle.

As we have shown, the geometry of these superspaces is trivial in the sense that it
cannot produce ‘minimal-like’ interactions of higher spin fields.

"ndeed, ([-19), {-11) and (£.3) with Us 15 = 0 imply DR, Rsys + DRy Rsye = 0 which also can be
written in the form D(R.(, Rs)g) = 0. In the case with an invertible Rng one multiplies this equation by

R™'*R™'* to arrive at (R™'DR) 5} = 0 which implies (R'DR) = 0 and, hence, DR, = 0.
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During work on this project we have also analyzed the possibility of constructing a
tensorial super-Yang-Mills theory and its coupling to the scalar superfield and have not
found a nontrivial model of this kind which possess manifest GL(n) or SL(n) symmetry and
non-manifest OSp(1|2n) generalized superconformal symmetry. One can thus assume that,
surprisingly enough, the scalar superfield is the only dynamical object in the tensorial
superspace of this kind. This is similar to the unfolded higher spin field dynamics of
Vasiliev where at the linearized level all physical degrees are contained in a scalar field (zero
form). Since interactions of higher spin fields break conformal invariance one should look
for tensorial superfield models in which the generalized superconformal group OSp(1|2n)
and a corresponding structure group GL(n) or SL(n) are (spontaneously) broken down
to an appropriate subgroup (or realized non-linearly with an appropriate linearly realized
subgroup). The unbroken/linearly realized subgroup of GL(n) or SL(n) should presumably
be the Lorentz group SO(1,D — 1) of the associated D-dimensional subspace-time of the
tensorial superspace.

One might hope that in such models the tensorial supergravity constraints are less
restrictive.

Note that in the unfolded formulation of non-linear higher spin dynamics confor-
mal symmetry is spontaneously broken by doubling auxiliary (spinor or vector) vari-
ables and introducing Goldstone-like fields which acquire non-zero vacuum expectation
values [f.

Our results suggest that for tensorial supergravity to be a relevant geometrical frame-
work for the formulation of non-linear dynamics of higher spin fields in a way which would
be somewhat alternative to the unfolded higher spin dynamics [R7, [0} [[] one should en-
large the superspace with additional coordinates, for example, by keeping in the non-linear
construction the auxiliary commuting spinor variables which were used to construct the
superparticle action in the tensorial superspace and which entered the ‘preonic’ field equa-
tions ([.4) and ([LI0). In this respect let us conclude with the following comment. As we
have already mentioned, most of the known approaches to the description of higher spin
theories use additional variables, like vector variables [[f] or bosonic spinor variables (see
e.g. [B7, LD, [, BY] and refs. therein). The construction of non-linear higher spin equations
based on the unfolded formulations requires the doubling of the auxiliary variables of the
same kind [[] and (spontaneous) breaking of conformal symmetry.

When higher spin theories are formulated in a tensorial space or superspace, as dis-
cussed in this paper, in addition to the ordinary space-time coordinates ™ one introduces
auxiliary tensorial variables (y"™" = —y™ for D = 4). Higher spin field equations can
be regarded as those which describe the physical states of a first quantized particle. To
construct an appropriate classical mechanics of this particle one also needs bosonic spinor
variables \,. The quantization of this particle mechanics [[7] produces the field equa-
tion ([.4) or (.F). Then, in the free field theory case one can consistently eliminate the

" and recover the

dependence of the wave functions on either the tensorial variables y"
unfolded formulation [21, 4], RJ], or on the spinorial variables A, and get the higher spin
field equations ([[.6]) in tensorial spaces [R1], BZ. Thus, in view of the above remark on

‘doubling’ one can assume that the formulation of the non-linear dynamics of higher spin

,27,



fields in the framework of tensorial SYM or supergravity may require both the tensorial
and spinorial auxiliary variables. In this perspective the superfield generalization of the

A

‘preonic’ equations (R.§) and (P.16) may play a special role.
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A. Spinor superfield equations

One may ask whether it is possible instead of considering the scalar superfield equa-
tions (R.3) to incorporate component eqs. ([.§) and ([[.7) into equations for a spinor super-
field whose leading component is the fermionic field f,(X)? The answer to this question is
positive, although one should require the spinor superfield to obey a set of two equations

Dy Wy (X,60) = 0, (A.1)
DaysWo)(X,0) = 0. (A.2)

Indeed, in virtue of eq. (A.1]), one finds that DjgD.; ¥, = 2id,3¥,). Then, because of (A.9),
DiaDgWa(X,0) = 0. (A.3)

Eq. (R:J) implies that the spinor superfield ¥, (X, #) contains only two non-zero compo-
nents

U (X,0) = fulX) +0°kga(X). (A.4)

Imposing eq. (A1), one finds that the bosonic spin-tensor kgo is symmetric, kgo = kag,
and the fermionic field f,(X) obeys the equations ([[.7). The same equations follow from
eq. (Ad), which also implies that Oq(gk~)s = 0. The latter can be decomposed into

Oaipky)s + Ds[gkqla = 0, (A.5)
Oalpkys — Osi8kya = 0. (A.6)

Eqgs. (AF) are actually a kind of Bianchi identities which imply that the symmetric spin
tensor k. is the derivative of a scalar field

s = Dagh(X) (A7)

Then eqgs. (A.§) and (A7) reduce to the equation ([.6) for the scalar field b(X).
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On the other hand, the form of the superfield (A.4) with ko = 9,3b(X) implies that
V., is the derivative of a scalar superfield ® obeying eqs. (R.3),

iWo(X,0) = Do®(X,0),  DiuDg®(X,0) =0. (A.8)

Egs. (A) provide the general solution of egs. (Ad]) and (A.2). Thus both, the
scalar and spinor superfeild representation of the system of the free higher spin equa-
tions ([.6), ([L.7) are completely equivalent.

B. A generic form of the scalar superfield equation in a supergravity back-
ground

Consider the equation

i
DDy & = 5 Xs,, (B.1)

where Xj3,(Z) is an antisymmetric tensor superfield. In section [l] we dealt with Xg, =
R.3 ®, and now we shall consider the case of a generic X3,(Z) = —X,3(2).
Acting on (B.J]) with D, we arrive at a more general form of the equation ([L.5)

1 1 1 1
DDy @ = 5 Ry Da® — g Rajg D@ + cPaXy — 2 Djsoja (B.2)

Then acting on (B.9) with D5 we get a generalization of the equation ([.§)

1 7 7 1
Da[ﬁpﬂdq) = §Da[ﬁ/fﬂ5 — E,D(SDO{X[;’Y + ED(;D[BXﬂa + §RQ5X5,Y +

+ U[B Ve Dsd + §F5a[ﬂpﬂq) + 6D5R57 Dy® — E’D(;Ra[ﬂ D,Y}(I) +
+ZD04D[B¢ R’y}& - gRB'Y DsD,P + gD(;D[Bq) Rﬁ]a . (B3)

The integrability condition ([L.7) of eq. (B.3) imposes the following restriction on the form
of X

3D(afst3s) T DasXpy + 1D« Ppdy)s) + 4R afstyls) =
= iD(aR5) [ﬁDﬂ(I) — ’L'D[BR,”(QD@(I) + R3,Das® + 2R(a[ﬂ’DA{]5)‘1> . (B.4)

One of the solutions of (B.4) considered in section ] is X5 = Ras®.

As we discuss in appendix [J, in the case of n = 2 which corresponds to N = 1,
D = 3 supergravity coupled to a scalar superfield the integrability condition (f.7) valid
for a generic R and U satisfying the off-shell SL(2) holonomy constraints allows to choose
Xop = €ap f(Z), and in particular X,3 = 0 or X,3 = meyg, where m is a constant of the
dimension of mass.

In the case of a generic n > 2 the scalar field equation (B.1)) with X3 = 0 is satisfied
if the right hand side of (B.4) vanishes. A particular solution of this constraint is when

o= f(W), Do, Dg® =D}, Dy f(W) =0 (B.5)
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and the superspace is superconformally flat (p.9)—(§.10) (or equivalently (p.1)—($.8)) such
that, in virtue of (B.5),
df (W)

] 1 " , _

In the basis of the flat covariant derivatives the scalar superfield equation takes the form

f/l
DD W = — <1 + I D W DgW . (B.7)
Upon the following field redefinition ®(W) = c- [ " df (W), it reduces to the free scalar

superfield equation

DioDg & =0. (B.8)

A question is whether for n > 2 there exist a scalar superfield equation with X,3(7) #
R, 3® whose integrability conditions do not reduce the tensorial superspace to the (super-
conformally) flat or OSp(1|n) supermonifold and therefore do not trivialize it.

C. Peculiarities of N =1, D = 3 supergravity

Since the N = 1, D = 3 supergravity is a particular example of our generic construction,
before concluding the paper let us briefly discuss this well known case from our perspective.

In this case the holonomy group is SL(2) ~ Sp(2), and the antisymmetric tensors are
proportional to €43 = —€gq (€12 = 1), for instance R,3(Z) = eqgR(Z). As one can check
(see appendix [§ for details), in addition to eq. (1)) such a simplification allows for other,
well known, forms of the scalar superfield equations coupled to the off-shell N =1, D =3
supergravity satisfying the constraints (B.59) and (B.53)), namely, the massless superfield

equation
1
DoDg) ® = S€ap D, Dsd =0 = DD, d=0, (C.1)
and the massive superfield equation

m

DiaDy) ® ~ —-cap ® = cap(D'Dy@ —im®) =0 = D Do = im. (C.2)

Moreover, in the case of N = 1, D = 3 superspace the non-linear equation of the scalar
superfield has the following general form

DD® =if(Z)®. (C.3)

with f(Z) being an arbitrary superfield.

Since on the mass shell D = 3 supergravity is completely determined by its coupling
to the matter fields, we can assume R(Z) to be a function of ®(Z2), i.e. R = R(®(Z)).
Then (C.1)-(IC.3) describe a non-linear self-interaction of the scalar superfield ®(Z).
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The equations (C.1))-([C.3) are compatible both with Poincaré and AdS N =1, D =3
supergravity. However, this is not the case for tensorial supergravity with a generic n, in
which case, for example, the Sp(n) holonomy required by ([C.1))—([.3)) reduces the tensorial
supergravity down to the supergroup manifold OSp(1|n), since DCypg = 0.

Let us note that in the case of N = 1, D = 3 supergravity the equations (p.7)-
(6.10), (b.11) and (B.14) (with a generic function of W (or ®) on the right hand side),
or equivalently eqs. ([C.J), are Lagrangian in the sense that they can be derived from the

N =1, D = 3 supergravity action [B(] coupled to a scalar field
S=1 [ B2d®0 sdet B[R + 9D, 0D 0 X (o C.4
=3 x setB[—l—e o 5+§-()]. (C.4)
In the generic case of n > 2 it is still an open problem to figure out whether the

equations (B.7)-(b.10), (p.11) and (p.14), as well as (.3) and (R.11) can be obtained by

the variation of a corresponding action.
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