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ABSTRACT: We construct interpolating solutions describing single-center static extremal
non-supersymmetric black holes in four-dimensional N = 2 supergravity theories with
cubic prepotentials. To this end, we derive and solve first-order flow equations for rotating
electrically charged extremal black holes in a Taub-NUT geometry in five dimensions. We
then use the connection between five- and four-dimensional extremal black holes to obtain
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1. Introduction

The radial dependence of single-center static supersymmetric black hole solutions [[]-{]
in four-dimensional N = 2 supergravity theories at the two-derivative level can be deter-
mined by solving a set of first-order differential (flow) equations [J—[f. Such solutions
are given in terms of harmonic functions [i], B, §—[]]. Furthermore, these black holes can
be connected to supersymmetric black hole solutions [[3-[[§ in five-dimensional N = 2
supergravity theories. This link, which more generally holds for extremal black holes, is
implemented [[[6, [[7] by placing the five-dimensional black hole in a Taub-NUT geometry,
and by using the modulus of the Taub-NUT space to change between the five- and the
four-dimensional description. The 5d/4d-connection thus provides a unified treatment of
extremal black holes arising in five- and four-dimensional N = 2 supergravity theories with
cubic prepotentials. In this note, we focus on single-center extremal non-supersymmetric
black holes [fl, [§-RJ] in such theories and we use the description based on very special
geometry in five dimensions, which is simpler to deal with than its four-dimensional coun-
terpart, to construct interpolating black hole solutions in four dimensions (i.e. solutions
with full radial dependence which interpolate between Minkowski spacetime at spatial in-
finity and the near-horizon geometry AdSs x S?).



The features of supersymmetric black holes mentioned above continue to hold for cer-
tain classes of extremal non-supersymmetric black holes. For instance, it was shown in [RZ]
that the so-called STU-model admits interpolating black hole solutions of this kind which
are constructed out of harmonic functions. In 23] first-order flow equations were found for
certain extremal non-supersymmetric black holes in four dimensions. A generalization of
some of the findings of [RJ] was given in [P4].

First-order flow equations exist when the effective black hole potential can be expressed
in terms of a “superpotential” W. Then, the effective two-derivative Lagrangian can be
written as a sum of squares of first-order flow equations involving W. The rewriting of
the black hole potential in terms of W is, however, not unique [R]. A given black hole
potential may thus give rise to different first-order flow equations, and the resulting black
hole solutions may or may not be supersymmetric.

In this note, we use very special geometry to construct first-order flow equations for five-
dimensional rotating electrically charged extremal black holes in a Taub-NUT geometry,
generalizing the results obtained in [R§] for static extremal black holes in asymptotically
flat spacetime in five dimensions. The “superpotentials” W5 we employ are constructed
out of the five-dimensional central charge by rotating the electric charges with non-trivial
elements belonging to the invariance group of the inverse matrix GAP associated with the
kinetic terms for the Maxwell fields. We solve the flow equations and obtain interpolating
solutions describing extremal black holes in a Taub-NUT geometry in five dimensions.
Then we use the 5d/4d-connection to obtain four-dimensional first-order flow equations,
based on four-dimensional “superpotentials” Wy, from the five-dimensional flow equations.
In this way, we give a new interpretation of the results of [R3. The solutions to the four-
dimensional flow equations that we present describe single-center static dyonic extremal
black holes in four dimensions, whose magnetic charge is the NUT charge. Some of the
non-supersymmetric solutions in four dimensions we find are connected to supersymmetric
solutions in five dimensions, as already observed in [R]. This feature is related to the
U(1)-fibration of the Taub-NUT geometry [, BJ]. For this set of solutions, the associated
first-order flow equations in four dimensions may hence be explained in terms of hidden
supersymmetry. We refer to the last section for a summary of our results.

2. Extremal black holes in five and four dimensions

Extremal black holes in five dimensions can be related to extremal black holes in four
dimensions by placing the five-dimensional black hole in a Taub-NUT geometry. In the
vicinity of the NUT charge, spacetime looks five-dimensional, whereas far away from it
spacetime looks four-dimensional. This connection was first established in [[If, [ for
supersymmetric black holes in the context of N = 2 supergravity theories that in four
dimensions are based on cubic prepotentials, and was further discussed in [29].

Here, we focus on single-center rotating extremal black holes in five dimensions which
are connected to single-center static extremal black holes in four dimensions. We do this
in the context of N = 2 supergravity theories with cubic prepotentials (cf. appendix [A]
for the conventions used). In five dimensions, the black holes we consider are electrically



charged and may carry one independent angular momentum parameter. The NUT charge
is denoted by p° and is positive. In four dimensions, the associated static black holes have
charges (p°, qo,qa), where qq is related to the rotation in five dimensions [, [[7].

The corresponding line elements are related by dimensional reduction over a compact
direction of radius R. In the context of five-dimensional theories based on n abelian gauge
fields Ag‘ and real scalar fields X4 (A=1,...,n) coupled to gravity, the reduction is based
on the following standard formulae (see for instance [B(]),

ds? = e* ds? + e (d2® — A9? | da® = Rdy

Ag = A + 7 (da® - AD)

XA =e 2 x4 (2.1)
where the A} denote the four-dimensional abelian gauge fields (with I = 0, A). The rescaled

scalar fields X4 and the Kaluza-Klein scalars C4 are combined into the four-dimensional
complex scalar fields z4 Ba,

A =0 +iX4 (2.2)

The five-dimensional scalar fields X4 satisfy the constraint ((A.1]). The quantity e=6? is
related to the four-dimensional Kéhler potential K (z, z) given in (A.I5) by

1 A SRS 1
e v Capc 5 © (2.3)
We take the five-dimensional line element and the five-dimensional gauge fields Ag‘ to
be given by
ds? = Gy dz™M dzN = —f2(r) (dt + w)? + f7Hr) dshy | (2.4)
Ag = XA(r) (dt +w) (2.5)

where ds%{K describes the line element of a four-dimensional hyper-Kéhler manifold. We
set
dsfix = N (dr® +r*(d6* + sin® 0 dp?)) + R*N~(dip + p” cos 0 dp)?
w = ws(r) (dp + p° cos O dp) + wy(r) cosfdy . (2.6)
Here 6 € [0,7], ¢ € [0,27), ¢ € [0,47) and N denotes a harmonic function in three spatial
dimensions,
'R
N=r"+Z= | p050. (2.7)
r
When h° = 0 and p° = 1, the line element ds%{K describes a four-dimensional flat space,
whereas, when A > 0, it describes a Taub-NUT space. In the following, we will take

R® >0, p° > 0.
Using (P.1]) and reducing over 1 results in

oo = L <@>2 (2.8)



as well as

2
AY = e“%(dt + 1wy cos O dp) — Rp® cos O dep . (2.9)
The associated four-dimensional line element and the four-dimensional gauge fields A4 are
dsi = —e®V(dt + wacos O dp)? + e 2V (dr® + r?(df? + sin® 0 dp?)) , (2.10)
4¢
A = ;—NXA (dt + wycosBdy), (2.11)
with f
U= 2.12
e e (2.12)
The Kaluza-Klein scalars C4 are given by
Ws A
ch= 24 2.13
7 X (2.13)

For a static black hole in four dimensions wy = 0. The resulting black hole carries charges
(p°, g0, q4), but no magnetic charges p4.
In the following, we will set the value of the Taub-NUT modulus to R = 1, for conve-

nience.

3. Flow equations in five dimensions

Here we derive first-order flow equations for five-dimensional rotating electrically charged
black holes in the geometry (P-§).
The bosonic part of the five-dimensional N = 2 supergravity action .S reads

81G . |
5 5 — /d5x\/—G (R — gij O " M — 3 GapFiin FBMN>

1
—— [ Capc FANFB A A, 3.1
5 | Canc (31)

We use the conventions of [Rf], which we summarize in appendix [Al In particular, we set

2V = 1.
We take ¢ = ¢'(r) and insert the ansatz (B-4) and (B) into the action (B-I]). We

write the result as
8 G5

S=51+95, (3.2)

where S5 contains only terms that are proportional to w and derivatives thereof. We obtain
(we refer to appendix [B for some of the details)

1
S = 5/dtdrd0dgpd¢ sin @ x

% [—37“2]072(]0/)2 _ 2T29ij¢/i¢lj + 27"2f72GABXIA X/B + 20, (r2f71f/)] ,

1
So = §/dtdrd6dapdw sin @ x
X |:—’I“2fN [(powg) + wy)? + 7’4]\7210152 + 72 cot? wa] (f2 — QGABXAXB)

2
+WC’ABC (P°ws + wa) xNEPxC wh| | (3.3)



where ' = 0, .
The terms in S7 can be written as

S, = % / dtdrdfdpdiy sinf [-3r?f2(f')? — 2r2g;;¢" ¢
+2T*2f*2GAB (T2X/A + fQGACqC) (T‘2X/B + f2GBDqD) _ 2,,072]02 QAGABC]B
+20, (’I“2f71fl —2q4 XA)] . (3.4)

The term proportional to g4G*B¢p is the so-called black hole potential [B, B1] which, with
the help of (A.IJ), can be written as

) L
011G g = 2|75 + gV 01175031 %3] (35)
where
Zs=qa X" (3.6)

denotes the (real) central charge in five dimensions. The rewriting (B.5) is, however, not
unique, as discussed in [2J] in the four-dimensional context. Whenever the inverse vector
fields kinetic matrix GAP possesses an invariance group with elements R4 g, i.e.

RAcGCP RBp = GAP, (3.7)

and if R4p is a constant real matrix, then ¢4G4B¢p can more generally be written as’

92 »
qaG*Bqp = §|W5|2 + g% 0;|Ws| 0;|Ws| , (3.8)
where

Ws =QaX" , Qa=qpR"4. (3.9)
The case (B.5) is contained in (B.§) with R4 5 = 5. Specific examples based on (B.9) will

be discussed in section fj.

The rewriting of the black hole potential in terms of (B.9) results in a rewriting of Sy,
as follows. First, we observe that S can be cast in the form (B.4)), with ¢4 replaced by Q4
in the black hole potential. Then, using (B.§) we obtain

2
S = %/dtdrd&dgpdw sinﬂ[—?ﬂ'zfz <an—1 — §|W5|>
~272g3; (0r0' + f9"Ws1) (0r07 + Fo* 01l W5))
+27% f G ap (0-x" = f2G*“qc) (0-x7 — f°GPPqp)

120, (\2f 1 — 2qax " — 2f |W5|>] , (3.10)

where 1
- 3.11
: (3.11)

T =

!There may exist other rewritings of the black hole potential which are not captured by @)



The last term in (B.1() denotes a total derivative, and we will comment on its interpretation
below. Thus, up to a total derivative term, 5] is expressed in terms of squares of first-order
flow equations which, when requiring stationarity of S; with respect to variations of the
fields, result in

2
Orf = 3IWsl, (3.12a)
o-x" = 1*G*P gz, (3.12b)

0-¢" = —fg"0;|Ws| . (3.12¢)

They are analogous to the flow equations for static supersymmetric black holes in asymp-
totically flat spacetime in five dimensions derived in [23].
Next, we rewrite So as a sum of squares, as follows. Defining

=x"+sf X4, XA=RA5XP, (3.13)
with a certain proportionality constant s, to be determined in (B.21), we rewrite

A~ AT 3
Gapxx” = Gapx'X” — 2sf Gap X XP + 532f2 (3.14)

where we used Gag R4« RPp = Gep, and

CanexXPxC = Cage [XAXB(XC —3sf Xc) 43821254 XB XC 83f3XAXBXC]

(3.15)
Then, we obtain for So,
Sy = %/dtdrd@dgpdw sin 6
{—;—{V [(p0w5 -+ w4)2 -+ 7"4N2wg2 +r? cot? wa] GapXy®?
577 (Pws + wa)ws Cape XX (X7 - 35 X)
—1—70‘5—; [(p0w5 + wy)? + 7"4N2wg2 + 2 cot? wa] {f(l —3s5%) + 4s¥AGapX P
2 L 0w ut Cane (305 XC - sy 2050 5€) b 3.16)

The first two lines already form a sum of squares (of ¥4). The last two can also be combined
into perfect squares provided that s = +1 and that R? 5 satisfies the relation

QGABRBcXCZCAgcRBDXDRCEXE. (3.17)

Then, the additional first-order flow equations following from the stationarity of Sy are

=0, (3.18a)
Orws =0, (3.18b)
sNOws = pPws + wy . (3.18¢)



The coefficient s is related to the sign of Wy, as follows. On the solution, we have
from (B.18d) that x4 = —sfR4p X P, and both sides of this equation are a function of 7.
Differentiating x* with respect to 7 and using the chain rule as well as (B.124), we obtain

8TXA = _SRAB (_anTf_lXB + faﬂ'gblazXB)

— ssgn(Ws)f2 R4 5 <§XBXC’ _i_gijaiXBanC’) Oc . (3.19)
Invoking the identity (JA.19) we have
oA =s sgn(W5)f2GABqB , (3.20)
and comparison with (B.12H) gives
s =sgn(Ws). (3.21)

Summarizing, we find that there are two classes of first-order flow equations specified
by the sign of W5. They are given by (B.1J) and (B.1§). Observe that (B.18d) is the
solution to (B.12H), and that on a solution to (B.12), the black hole potential (B.§) can also

be written as
2 . . .
2 (Wl + 57 W0, Wil ) = 3770, 1 + 20,0,00:60 . (322

It can be checked that the five-dimensional Einstein-, Maxwell- and scalar field equations
of motion derived from (B.1]) are satisfied for these two classes of flow equations.

The X4 are taken to lie inside the Kéhler cone (i.e. X4 > 0). The flow equations (B.139)
are then solved by [12, 13, [[] (recall that 2V = 1)

2
= 3 Ha x4, (3.23a)
XA = —sfRA X, (3.23b)

1
f1Xa = 3 Hy, (3.23¢)

where H 4 denotes a harmonic function in three space dimensions,
Hy=ha+|QalT , ha>0. (3.24)

The H 4 are taken to be positive since this ensures that f~! > 0 along the flow.

The remaining flow equations of (B.1§) are solved by

ws =Ho=ho+q7 , ws=h"p — hop’ (3.25)
for s =1, and by
—1 W4
ws=cN ~ —— , c=const , wy= const (3.26)
p
for s = —1. The s = 1 solution is standard [[[5], and it describes a rotating supersymmetric
solution in five dimensions provided that Q4 = q4 (i.e. R45 = 64p). The s = —1 solution,



on the other hand, is non-standard. This solution is non-supersymmetric, since one of
the conditions for supersymmetry derived in [[[5], namely that the self-dual part of dw
vanishes, is violated. In the absence of rotation, the five-dimensional solutions (B.23) are
supersymmetric provided that Q4 = g4 (i.e. RAp =643 again).

Finally, let us comment on the boundary term in (B.1(]) which, on the solution (B.23),
equals % fIWs5| evaluated at spatial infinity. This value is independent of both p° and the
five-dimensional rotation parameter ws. Therefore, it does not equal the ADM mass of
the associated four-dimensional black hole which, in general, depends on both p® and ws
(cf. (.18)). The ADM mass of the s = 1 solution (B.25) is lower than the one of the s = —1

solution (B.20).

4. Flow equations in four dimensions

In the following, we relate the five-dimensional flow equations (B.13) and (B1§) to four-
dimensional ones by using the dictionary given in section . We set wy = 0 in order to
obtain static solutions in four dimensions. The four-dimensional flow equations then take
the form

o.U =" Wy,
D2t = QeUgABBBW4 , (4.1)
with a suitably identified Wj as in [23, R4]. Observe that for a supersymmetric flow in four

dimensions [{-f],
Wy = ‘24‘ ’ (42)

with Z4 given in ((A.1§).

4.1 Black holes with ws =0

In the absence of rotation in five dimensions we infer from (P.§) and (R.13) that the four-
dimensional quantity eV is expressed as

e W Z et = N3 (4.3)

in terms of five-dimensional quantities. Differentiating with respect to 7 = 1/r and us-

ing (R.7) gives

B U = <e3U F30 43620, f*1> . (4.4)

] =

Using (2.3) we obtain

1
eV = 3 (e_K/2p0 +12eK/2720 3Tf_1) . (4.5)
Inserting the five-dimensional flow equation for f~! given in (B.124) into the above expres-
sion yields

o.U =V Wy, (4.6)



with

Wy = —é 2 (7K p0 +4]Qa(z — 2Y)]) . (4.7)

Here we used that C4 = 0 according to (2:13), so that z4 = X4

Similarly, it can be checked that the flow equation for the scalar fields z4 is given
by (E)) with Wy given by (f7). This is done in appendix [d.

Setting T4 = —iz? and taking the real part of T4 to lie inside the Kihler cone, i.e.
TA + T4 > 0, yields (with p° > 0)

1 _
—Wy = geK/2 (e Xp° +4|Qa(T*+TH]) >0, (4.8)
which is non-vanishing along the flow. This we now compare with the absolute value of
the central charge Z, given in ([A.20),

1 _ _
| Z4| = geK/2 le X p0 +dqa (T4 +T4)| . (4.9)

Both expressions only agree provided that @ A(TA + TA) > 0 and Q4 = g4, in which case
the flow is supersymmetric in four dimensions, since it is derived from |Z4|. Otherwise the
flow is non-supersymmetric. First-order flow equations based on ({.§) were first obtained
in [ in the context of the STU-model (which corresponds to C123 = 1) by using a different
approach.

The solution to the first-order flow equations (f.1) based on ([.§) reads

e*2U — §N1/2 HA f71/2 XA ’

A =iXA=iNTV2 2 x A (4.10)

where f~1/2 X4 is the solution to (8.23d), and where we used ([3). This solution was first
derived in [PJ] for the STU-model by solving the four-dimensional equations of motion.
The horizon is at 7 = oo, and the scalar fields 2 get attracted to constant values there.

—2U

Computing e at the horizon yields the entropy of the extremal black hole

8 =7 Wil (4.11)

in accordance with [R3, P4]. An equivalent expression for the entropy can be found in [B2,
5.

We may apply duality transformations to obtain first-order flow equations for extremal
non-supersymmetric solutions in four dimensions carrying other types of charges. This was
also discussed in [PJ]. We consider the prepotential (we refer to appendix [A] and to [§] for
some of the conventions used)

1 Capc YAYBYC©
6 Yo ’

F(Y) = (4.12)

and apply, for instance, the non-perturbative duality transformation (Y7, Fy) = (—EF;, Y7).
This gives rise to extremal black hole solutions of the type recently discussed in [R0, B1], B4,



as follows. The z* = Y4 /Y0 can then be expressed as z4 = F4/Fy and the charges (p°, Q1)
become equal to (—go, P4) (and similarly for the respective harmonic functions). Observe
that since Qa4 = g RP 4, the charge P4 does not equal p* = g4 in general. Since the
combination i (}7[ Fr—Y!'F 1) is invariant under symplectic transformations, and because
it is equal to |[Y9|2e~% | it follows that

YOP2e K = |y K. (4.13)

Hence we can write

K/2 K/2 K/2

/e e e
Yo YO Rl
Also, using 24 = iX4 as well as (A.13) and (A.19), we have |Fy| = %|YO| e X, Then, we

find that ([.§) can be expressed in terms of the transformed quantities as

(4.14)

1eK/2( _K|F|~+8|pAF|)
Wy = 5= —¢ 0l 40 A
8 |Fp]
: . F
~ ALTA
— oK/2 (—qo + |P 0 ) . (4.15)
Observe that z4 = —z4 implies that also 24 = 3 Thus, extremal four-dimensional
black hole solutions with charges (qo, ]5‘4) and with scalar fields satisfying 24 = 3 can

be obtained by solving the first-order flow equations ([.1]) based on ([L.15). Observe that
—Go=p°>0and Fy/Y? = —Y4/F, > 0. Hence, only when P4 = p4 and PAF,/Y? > 0
is —Wy = |Z4|, as can be seen from (A.1§), and the resulting flow is supersymmetric.
Otherwise, the flow is non-supersymmetric.

4.2 Black holes with w5 # 0

Now we derive the four-dimensional flow equations associated with rotating black holes
with ws # 0 in five dimensions. Since in the presence of rotation, the matrix R4z has to
satisfy the additional constraint (B.17), we take RAp = 64p for simplicity. Other R4p
satisfying (B.17) may also exist. This will be analyzed elsewhere.

From (R.§) and (R.13) we obtain

V=2 fN"I =20 2N, (4.16)
where
A=1+e"(fws)? . (4.17)
Using (4.16) we have
W =Nf3 — (N ws)? (4.18)

as well as
e3U f*3 _ 673¢ A3/2 ’

SUN =2 = e$ AL/2 (4.19)

,10,



Combining (R.19) with (B.23H) results in
CA = —sws fe?? XA (4.20)

and hence
A=aX? | a=—swsfe®® +i. (4.21)

Comparing (f.17) with (£.21)) we obtain
A=lof , 4—3A=1-3(Rea)?. (4.22)
We begin by considering the s = 1 solution given by (B.2J), with w4 = 0, which implies
ws = Hy = qoN/p° . (4.23)

From (f.19) and ([£17) we have

SUNw2 =e 3 AVZ(A-1). (4.24)
Using ({:1§), (£:23) and the flow equation (B:12d), we obtain
9.V = ieg’U (P°f P +2NF2W5 — 4p° N H) . (4.25)
Inserting ([.19) and ({:24) into (fE2H) results in

1 -
Or eV = 2™ AL (po e 0% (4 — 3A) + 2q4 XA> . (4.26)

The right hand side of (§.20) is identified with the “superpotential”

Wy = ie?’d’ Al/? [po e 69 <1 -3 (Rea)Q) +2q4 XA} . (4.27)

This we compare with Z; given in ([A.20), which for the case at hand reads

Zy = %eK/Q o' [—po e 09 (1 -3 (Rea)2> —2q4 X'A] . (4.28)

Using (R.3) we find that ([£.2) holds. Thus, the s = 1 flow is a supersymmetric flow in four
dimensions. The solution to the first-order flow equations (.1 is well known and reads

4 2
04U _ §N (HA F12 XA) — (N Hp)? |

ca 3 (—=NHo+ie 2\ _
A _ A_° 0 1/2 v A
2 aX 5 (NHB f—1/2XB> f X, (4.29)
where f~1/2 X4 is the solution to (B:23d).
Next, we consider the s = —1 solution given in (3.2()), with wy = 0. From (§.1§) we
obtain
e W=Nf3_¢, (4.30)

— 11 —



which we demand to be positive at spatial infinity (i.e. at 7 = 0) to ensure that e *V

remains non-vanishing along the flow. Using the flow equation (B.124d) as well as ({.19) we
get

_ 1 _ _
Ore U:Ze?’U(pof 3 _oNf 2W5)

_ ie?ﬂb INE (e—6¢ A — 24 XA> . (4.31)
With the help of ({21)) and (f:23) this can be rewritten as
dre U =—w, (4.32)
with

0
—Wy = /2 % Cupcz? 28 z¢ — qa A (4.33)

Similarly, one can verify that the flow equation for the scalar fields z4 is given by ([L.1)
with Wy as in (f.33). This is done in appendix [J. Thus, we find that the s = —1 solution
is described by a first-order flow equation based on ([.33). Inspection of (.31]) shows that
Wy is non-vanishing along the flow. An example of a flow of this type was constructed
recently in [2J], where also the stability of the solution is discussed.

The solution to the first-order flow equation ([.1]) based on ([.33) reads

o4U _ gN <HA f—1/2 XA>2 _ 2,

. 3 c+ie 2V
A = A = — _1/2 A
z aX 5 (N ST B> RGP G (4.34)

where f~1/2 X4 is the solution to (8:23d). When setting ¢ = 0, the solution ([£34) reduces
to the static case ([E10). The solution (f34) is such that the axions C4 vanish at the
horizon (i.e. at 7 = 00), so that zfor = inor, and the entropy is given by (fL.11). Away
from the horizon the C* are non-vanishing and therefore the axions are subject to a non-
trivial flow.

Finally, we may apply the non-perturbative duality transformation discussed be-
low ({11) to ([:33). Using (A-13) we have Fy = £ a®Y%e X and hence

@~ ~AFA

—W, = eR/2 - 4.35
e e e e (4.35)

The phase @/« can be expressed in terms of the transformed quantities as follows. For
the non-perturbative duality transformation under consideration, F(Y) = F(Y) (see for

instance [BH]). Since (a/a)® = F(Y)/F(Y), it follows

ay? _ FY)
<a) =7 (4.36)
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5. Multiple W5 for a given black hole potential

In this section we extend our discussion of section f] on the black hole potential and its
description in terms of Wi.

One of the key features that allow to identify classes of four-dimensional stable ex-
tremal black holes described by first-order differential equations in [BJ is the degenerate
description of the four-dimensional effective potential in terms of a “superpotential” Wj.
The solutions are supersymmetric only when the latter coincides with the four-dimensional
central charge Z4.

A similar analysis can be carried out in five dimensions. As discussed in section [3,
whenever the five-dimensional effective potential is expressed in terms of a “superpotential”
W5 as in (B.§), first-order flow equations for the various fields describing the extremal black
hole can be obtained. The associated solutions may be supersymmetric in five dimensions
when Ws equals the five-dimensional central charge Zs = g4 X 4.

In section P we focused on W5’s which are obtained by studying the invariance group of
the inverse matrix GAP (see (B-7)). This is similar to the discussion in [2J] of the invariances
of the complex matrix M appearing in the four-dimensional black hole potential, only that

it is simpler in five dimensions because G5

is real. It may be useful to note that although
the matrices R4 p are part of the invariance group of the norm defined by the inverse metric
GAB | they can also be interpreted as transformations on the moduli space of very special
geometry by using relations such as ([A.§).

Rather than attempting to characterize the general form of such matrices R4, let us
in the following discuss a few classes of very special geometries for which it is possible to
find non-trivial solutions to (B.7). Generically, GAZ (with A, B = 1,...,n) has non-zero
entries in all of its matrix elements and possesses n different eigenvalues. Then, the only
allowed matrix R4 p is the identity matrix. Non-trivial solutions can be found when GAZ
has m identical eigenvalues, in which case R* 5 is an orthogonal matrix in O(m). A further
specialization arises when GAZ becomes (block) diagonal. Consider, for instance, the class

of scalar manifolds
_ SO(n—-1,1)

M= SO(n —1)

which is associated to the Jordan algebra J = ¥,,_1 X R, where ¥,,_1 is the Jordan algebra

x SO(1,1) (5.1)

of degree two corresponding to a quadratic form of signature (+ —...—). The inverse G482
therefore factorizes into a generic (n — 1) x (n — 1)-block and a single entry for the extra
SO(1,1) factor [BQ]. This means that the associated “superpotential” can be chosen as

Ws =+ X' 4+ ¢ X% , a=2,...,n, (5.2)

where X1 is the ambient vector space coordinate associated with the SO(1,1) factor. The
exceptional case n = 2 with moduli a and b has a metric which further degenerates to
a diagonal form and therefore admits arbitrary sign changes in front of any of the three
charges allowed by the model in the “superpotential”. Let us discuss this in more detail.
The scalar manifold is simply SO(1,1) x SO(1,1) and it can be obtained as a hypersurface
in an ambient vector space, parameterized by the X4 coordinates. The matrix G 45(X?)
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is the metric of this ambient space and has non-trivial entries in all of its elements as
functions of X¢. After the restriction to the hypersurface characterized by 2V = 1, this
metric reduces to the diagonal form

£ 0 0

Gap=| 0% 0 (5.3)
2b2
00 %

From (5.3) it is clear that any diagonal matrix R4p with entries +1 solves (B7) and
therefore leaves the black hole potential invariant. The various “superpotentials” are then
defined by W5 = g4R*5 X", and an example thereof is (F-2). Only when the matrix RAg
is the identity is it possible to obtain supersymmetric solutions.

In order to obtain further insights into the degenerate description of the black hole
potential in terms of “superpotentials”, additional guidance beyond the discussion of in-
variances of the inverse metric G4 is needed. It is known that group theoretical tools,
such as the analysis of orbits of U-duality groups in N > 2 supergravity theories in four
and five dimensions [B6, B1, B7], can be used to classify both BPS and non-BPS states.
U-duality can also be used to shed light on the degenerate description of the black hole
potential in terms of “superpotentials” W. In the recent work [R4] it was shown that in
four-dimensional supergravity theories with N > 2, some of the W’s giving rise to the black
hole potential can be written in terms of linear combinations of U-duality invariants. Both
the supersymmetric and non-supersymmetric critical points of the black hole potential are
then related to its different rewritings in terms of these invariants. It remains to be seen
whether these results can be extended to the case of general N = 2 supergravity theories

in four and five dimensions.

6. Summary

In this note we constructed single-center static extremal non-supersymmetric black hole
solutions in four-dimensional N = 2 supergravity theories based on general cubic prepo-
tentials. These solutions have full radial dependence and interpolate between Minkowski
spacetime at spatial infinity and the near-horizon geometry. The solutions constructed
here include the ones found in [RJ] in the context of the STU-model. The construction
given in this note, however, applies to any cubic prepotential and is based on first-order
flow equations, rather than on the equations of motion as was the case in [2J).

First-order flow equations exist when the effective black hole potential can be expressed
in terms of a “superpotential” W [J]. The rewriting of the black hole potential in terms
of W is, however, not unique. A given black hole potential may thus give rise to different
first-order flow equations and it is only in special cases that these match the supersymme-
try conditions. Hence the corresponding solutions describe black holes that may or may
not be supersymmetric, depending on the choice of W. Following this approach, exam-
ples of first-order flow equations for extremal non-supersymmetric black hole solutions in
four dimensions were discussed in [23, B4]. In this note, on the other hand, we gave a
systematic procedure for constructing extremal non-supersymmetric black hole solutions
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in four dimensions by using the connection between five- and four-dimensional extremal
black holes. This 5d/4d-connection relates static solutions in four dimensions to rotating
solutions in five dimensions and has been used in the past both in the context of supersym-
metric black holes and in the context of the entropy function approach for determining the
near-horizon solution of extremal black holes (see for instance P9 and [2§], respectively).
Here we used the connection with five dimensions to construct four-dimensional “superpo-
tentials” Wy in terms of five-dimensional data. In fact, the 5d/4d-connection allows for a
rather simple construction of Wy, as follows. The first step consists in the rewriting of the
five-dimensional black hole potential (B.§) in terms of a five-dimensional “superpotential”
W5, which need not be identical to the five-dimensional central charge Z5 (this possibility
follows again by noting that the rewriting of the black hole potential in terms of a single
scalar function is not unique, as detailed in section ). The W5 we employed is expressed
in terms of the electric charges ¢4 and a constant real matrix R4p associated with the
invariance group of GAB, see (B.9). This “superpotential” then leads to first-order flow
equations for extremal black holes in a Taub-NUT geometry in five dimensions. In the
static case, the flow equations are given by (B.19), and they are solved by (B.23). In the
rotating case, the flow equations are given by (B.13) and (B.1§), and are supplemented by
the condition () In the rotating case, the stationary part ws of the five-dimensional
line element is determined by the sign s of W5, which in turn is determined by the sign
of the “rotated” charges Q4 = qp RP 4 appearing in W5. Depending on the sign s, the
solution for ws takes a different form. When s = 1, ws takes the standard form (B.25)
in terms of harmonic functions, also known from the study of rotating supersymmetric
solutions [[§]. When s = —1, however, ws takes the new non-standard form (B.26).

Reducing the static five-dimensional solutions down to four dimensions yields the static
extremal black hole solutions ([.10), which are valid for any matrix R4p satisfying (B-7).

On the other hand, when reducing the rotating five-dimensional solutions down to four
dimensions, one needs to take into account the additional constraint (B.I7). In this note
we took R4p = 645 for simplicity in the rotating case, but other solutions to (B:17) may
exist and will be discussed elsewhere. The resulting four-dimensional solutions are labelled
by the sign s which, for the case at hand, is related to the sign of the electric charges ga.
When s = 1, the resulting solution is supersymmetric and takes the well known form (4.29),
whereas when s = —1 the solution is non-supersymmetric and is given by ({.34).

The extremal solutions presented in this note are solutions to any N = 2 supergravity
theory based on a cubic prepotential. They are for the most part new and include, as
special subcases, the N = 2 solutions discussed in [R3—P4]. Other extremal solutions may
then be generated by applying electric-magnetic duality transformations to them (see for
instance (f.19) and ([£.39)). We note, however, that the construction of extremal black
hole solutions described in this note does not capture the entire class of such solutions. For
instance, it does not allow for the construction of an extremal non-supersymmetric solution
with non-vanishing charges (qo, p°).

Finally, it is worth pointing out that only a subset of the extremal non-supersymmetric
four-dimensional black holes which we constructed as solutions to first-order flow equations
are connected to supersymmetric solutions in five dimensions. Hence only in certain cases
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can one argue that the first-order flow equations are due to hidden supersymmetry as
in 27, . The solutions found in this paper show that the presence of first-order flow
equations is a feature that is more general and not necessarily tied to the presence of
supersymmetry. It would be interesting to study this further and, in particular, to see if
these first-order equations can be recovered in the context of fake supergravity [Bg, B9).
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A. Review of very special geometry

The five-dimensional N = 2 supergravity action is based on the cubic polynomial [B(]]
1
V= 6CABCXAXBXC : (A1)

where the XA(¢) are real scalar fields satisfying the constraint V' = constant. In our
conventions 2V =1 [B4].
From the definitions

1
Xy = ECABCXBXC, (A.2)
1/ 1 9X,Xp
N x¢ 4 Z A.
GaB V( 2CABC ty v > ; (A.3)
it follows that

XAX, =V (A.4)

and oV 3
X4 = ?GABXB, XA = WGABXB, (A.5)

where G4 GBC = 5%.
As V is a constant, i.e. 9;V =0 and 0,V = %(@XA)XA, we also have

(0 X)XA=0 (A.6)
and consequently, by the definitions (A.9) and ([A.J),

3
Gap0, XB = ——0,X4. A7
a5 0 (A7)
The metric on the scalar manifold is defined by
gl-j = GABaiXAanB . (A8)

The index structure dictates that

999, X40;XB = a(GAP —pXAXPB) (A.9)
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with constant coefficients a and b. Contraction with Xz must vanish because of eq. ([A.4).

From eq. ([A.5) we then have
0=g"0,X40;XPXp = a(3VX* - bX1V), (A.10)

which fixes b = % To determine the coefficient a we contract eq. (A.9) with Gap, invoke
the definition ([A.§) and observe that the number of physical scalars is one less than the
number of vector fields, n,

» » 2
n—1= gl'jgw = GAngaiXAanB = CL(GABGAB — gGABXAXB> =a(n—1). (A.11)
This implies that a = 1, so that finally

- 2
979, X49; X8 = gAB — gXAXB. (A.12)

The four-dimensional N = 2 supergravity action corresponding to ([A.1) is based on

the prepotential [0, [1]]

1 Capc YAYBYC©
6 Y0 ’
where the Y/ are complex scalar fields (I = 0, A4). The four-dimensional physical scalar
fields 2 are

F(Y) = (A.13)

YA

The four-dimensional Kihler potential K(z, ) derived from ([A.13) is

e K= %CABC (A =2 (2P - 2P) (:¢ - 29) . (A.15)
The Kéahler metric g5 = E)ziAaz%K derived from (JA.17) satisfies the relation
1
9ap =3¢ Gap . (A.16)

The four-dimensional quantity Z(Y") is given by
Z(Y)=p' Fi(Y)—qY", (A.17)
where F; = OF(Y)/0Y!. The associated four-dimensional complex central charge Z, reads
Zy =52 Z(v)/ Y0 . (A.18)

For a prepotential of the form ([A.1J) we obtain

0 A
Z(Y)=Y° (% Capoz*2P2° — % Capcz®2% —qo — quA> , (A.19)
and hence,
P’ p!
7y = /2 (E CapoztzB2¢ — o5 Capcz®2° —qo — quA> . (A.20)
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B. Evaluating the action in five dimensions

The square root of the determinant of the metric (B-4), (B.6) is

Rr2N sin 6
VG ==
/
The inverse metric reads
N 2 2
P (k) 0 0 BRes
0 f/N 0 0
GMN — 0 0 f/(r’N) 0
_ fwyg cosf 0 0 f 1
T r2N sln2€ ) 7’2]3/ sin? 6
F(-EeERes) 0 0 -Efs

and the Ricci scalar is
4 A72
r*N
BT 4fN3 [f v <(p s+ wa)” g

f2 ((pO)QRQ

+r2cot? 6 wﬁf)

—5T‘4N2f,2—|—2T’3fN2(2f/+T’f”)—

where the prime denotes the derivative with respect to the radial coordinate r, i.e.’ =

(B.1)

Nw5
7"2N sin2 0
0
0

pof cos 6
2N sm2 0

f e+ et)
(B.2)

p wy cos? 6>

(B.3)

— N2 4 23N (2N + T‘N”)):| ,

/0.

The last line in the expression (B.J) above vanishes on account of the definiton (R.7).

Inserting the ansatz
AL = xA(r) (dt +w) + p? cosOdyp

into the gauge kinetic term in (B.1) yields

1 A pBMN _ _ Rsinf
_?/—GGABFMNF =T 2N
4N2
+ f3<(p0w5 +ws)® + TR

4NX/A /B] )

The Chern-Simons term in (B.1]) evaluates to

1.
—_CABC FANFB A AC = WSIDHCABC [pA + (p0w5 +w4)XA] X

6V
dt Ndr AdO A dp A dip .

C. Flow equations for the complex scalar fields 2

Here, we derive the flow equation for the complex scalars z

by first considering the case discussed in subsection i1, so that 2z

obtain

0. X4 = 0,(f ) XA 467 0,4 0,X7

,18,

(B.4)

———Gap [fgpApB + 3 ws + wa) (p*xF + xp”)

—i—r 2 cot? Qw >X B

A We set 2V = 1. We begin

—iX4. Using (£3) we

(C.1)



where 0; stands for the derivatives with respect to the physical scalars ¢¢ in five dimensions.

From (B.124)) and ({.5) we get

aT(f—ZeQU) — §GZUf—1|QAXA| _ 2f_263U8Te_U

1 ) 1 (C.2)
_ _f|QAXA| _ 2 ( K/2 0 +4eK/2|QAXA|)
3 4
Using the flow equation for ¢’ given in (B.12d) we obtain
i A 4o (1 aB 25448
0;0" 0, X" = —sfe 29— §X X7 )Qp, (C.3)

where we also employed (A1) and (A.16). Inserting (C.2) and (C.3) into (C.IJ) and
using (.3) and (R.3) yields

A A A A 1 N 5
0, X4 =¢eV <28 KPRXAXBQg — ZefKﬂXAp0 — seK/2gABQB> . (C.4)

With the help of (A.3), (A.1G) and (P-3) we can express X4 as
XA = eFKg2BOpep XOXP, (C.5)
so that equation ([C.4) becomes
. _ o . 1 o
BTXA _ eUgAB (28 eBK/2CBCDXCXDQEXE o ZeK/2CBCDXCXDp0 _ SGK/2QB> )
(C.6)

This expression precisely agrees with the flow equation for 9,24 given in ([£1) and based
on (7). Namely, evaluating

&-ZA = 2eUgAB(9§W4
1 —
_ __eUgABaé< —K/2,0 L gK/2 ‘Q XAD

4
_ _eUgAB [(é eK/zpo _ Se3K/2QCXC’> ag(e_K) +is GK/ZQB:| (C.7)
_ iU gAB [( 111 K/2)0 | o eBK/2QEXE> CpepXCXP — SeK/QQB:|
shows that ([C.7) precisely equals (C.§). In deriving ([C.7) we used the relations
5 ‘QAXA‘ — 5Qud5X" = %SQB (C.8)
and (from (A.19))
d1(e—K) = —%CABC(zB = 2B)(:€ — 50 = 20 o XBXC (C.9)
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Next, we consider the s = —1 solution described in subsection .3, Proceeding as

above, we compute

0,24 = 0, (a ™20 XA>
2
— <—§Qf2Nle2U ‘WS‘ _poafoQGfQU
+%A1/2fN_1e_U+3¢ (p" 260 - 2QBXB>> x4

1
+afe?® <—

2gAB - gXAXf?) Qs . (C.10)

3

Comparing with 95Wy based on ([.33),

A oA 1 N
83W4 = ieBK/2A1/2CBEFXEXF <§p0 Ae K — QAXA>

—%a /2712 <%p0 ACpprXPXF - QB> ; (C.11)

we find that (f.1)) precisely holds.
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