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Abstract

The branch of Control Theory for Lagrangian mechan-
ical systems where configuration variables are used as
control variables is called here Hyper-impulsive control
theory. We suppose that part of system’s coordinates
are ‘controllized’ i.e. identified with a control function
u that can be discontinuous. Due to the presence of
the derivative of u in the dynamic equation, the result-
ing motion is discontinuous both in the configurations
and momenta in the general case (hyper-impulsive mo-
tion). In this paper we briefly review the theory of
hyper-impulsive motion, we study in detail the robust-
ness of hyper—impulsive control and we apply the the-
ory to test mechanical systems: the rigid body, a planar
space robot and the ball in the hoop system.

1 Introduction

Some authors ([3],[5],{6]) have cousidered the possibility
of realizing a control over (some of) the mechanical sys-
tem’ configuration variables by using the reaction forces
internal to the system as control forces. To mathemat-
ically describe this, we suppose that the manifold M
representing the possible configurations of the system
is fibered over a manifold N that represents the state
of the constraints. Then we assign a path u(t) in the
base space N, that is an open loop control, and we as-
sume that workless reaction forces can steer the whole
system along a path ¢(¢) in M that projects on u(t).
The (kinematic) control thus realized by assigning the
value of some of the system’ configuration variables (in
some coordinate chart) is generally more flexible and
accurate with respect to the dynamic control prescrib-
ing force values; moreover it is widely used in presence
of nonholonomic constraints as the ones arising in the
dynamics of free-flying space robots.

In this paper we focus on the case where the control
function to be implemented presents (finite) disconti-
nuities; this is frequently the case for optimal trajec-
tories related to optimal control problems. On a lo-
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cal trivialization of the fibration, with fibered coordi-
nates ¢ = (z,u), the dynamic equations of the system
in phase space z = (2, p), when the control is u(t) read

2= F(z,u) + G(z, )t + 4* R(z, u), (1.1)

where dot denotes time derivative and ? denotes trans-
position. Here F' is a smooth drift vector field and G
and R are smooth vector fields respectively linear and
quadratic on .

Note that when the control wu(t} is discontinuous,
defining the solution of (1.1) is a nontrivial problem.
A key result in {2] is that a measurable control u can
be successfully implemented only if equation (1.1) is
linear on u. This allows to define the solution z(u(-),-)
of (1.1) for a nonsmooth control u in a weak sense, i.e.
as the limit of the sequence z,(uy,-) of solutions cor-
responding to a sequence u, of more regular controls
approaching u. Note that, in the general case, a-dis-
continuity on the control u induces a discontinuity on
the solution z(u,-). These results are used in [3] to
construct a theory of hyper-impulsive motions in which
discontinuities of the configurations (z, u) are allowed,
thereby extending the classical theory of impulsive mo-
tion for mechanical systems (which only allows for dis-
continuity of momenta p).

One of the major difficulties of the theory is that,
when dealing with multi-dimensional controls, the
hyper-impulsive motion depends ([2]) on the choice of
the approximating sequence in the general case. In [4]
we characterized completely this dependence using the
dynamic connection in {6] which arises naturally in this
context.

The main result of the paper [4] is that the state
z(r1) of the system in phase space 2 = (x,p) after a
gump of the control u(t) at ¢ = 7 can be determined
by parallel transport of z(r~) along a path 4 joining
u{7t) with u(+7) relatively to the dynamic connection
on the fibration #: V*M —> N.

Note that, in the general case, the state z{7) de-
pends on the path +; each choice of 4 is called here a
control-completion of the discontinuous control u. In
particular, when the dynamic connection is flat, the
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parallel transport depends only on the homotopy class
of 4.

In this paper we briefly review the theory of hyper-
impulsive motion, we study in detail the robustness of
hyper-impulsive control and we apply the theory to
test mechanical systems: the rigid body, a planar space
robot and the ball in the hoop system.

2 Control equations

Let ¢ = (@, u) be local coordinates on M adapted to
the fibration w : M — N; we make the fundamental
hypothesis that,

(H} for every t, the reaction forces that implement the
constraint y = u(t) are ideal (workless) with respect to
the set V)M = ker Ty of the virtual displacements
compatible with the constraint y = u(¢).

Let

(g, q) = i 9(q)d = #"Ad + & My + § M + § By

(2.1)
be the local block representation of the kinetic energy,
where A, B are symmetric and invertible respectively
k x k and (n — k) x (n — k) matrices. If T(q,¢) is
the kinetic energy of the unconstrained system (M, g),
then the kinetic energy of the system subject to the
time dependent constraint y = u(t) is Tz, u(t), £, 2(1)).
The dynamic equation can be put in Hamiltonian form;
introducing the quantities A and K below:

A@)=A"'M,  K(g)=B-MAM,

whose geometric meaning is explained in Sect.2.1 —see
{2.4) and (2.5)-, the control equations are

& = A'p-— As,
. 1,641 04, 1,,0K
P b e PP R e

Note that, by the above hypothesis, the reaction
forces that implement the constraint do not appear in
the above equation. To our analysis, it is necessary to
dispose of the dynamic equations in their global (i.e.
chart-independent) form. These are provided by the
following Theorem in [6]. Let VM = kerT'w be the
vertical subbundle and V*M the dual of VM. Denote
with par : T*M — M the cotangent projection and
set T 1= wropy, T :V*M — N. Now, to every
y € N, the fiber #~'(y), canonically simplectomorphic
to T*(m~1(y)), represents the phase space of the system
constrained to the m— fiber over y.

Suppose that a control vector field Y is given on V
and that the path »(¢) is an integral curve of Y. Then
(see [6], [4]) the dynamic equations (2.2) are the local
expression of a vector field Dy over V*M that projects
onY by # . Moreover, the field Dy is tangent to the
fiber of 7 only if the control is vanishing.

i (2.2)

Theorem 2.1 To every control vector field Y on N,
the corresponding dynamic vector field Dy can be ex-
pressed as the sum of three terms:

Dy = Xy, — Xk, + hOI‘(Y)

where Xy, is the Hamiltonian vector field correspond-

ing to the case of locked control, Xk, is the Hamil-
tonian vector field on V*M associated to Ky and hor
is the horizontal lift of an Ehresmann connection on
#:V*M — N entirely determined by = and the mel-
ric.

The horizontal lift of a vector Y € TN has the local
expression

g a

8A 8
I i t
(6y Aa:v

+p —=)Y. (2.3)

hor(Y) = 3z Op

2.1 Bundle-like metrics

The first requirement to perform hyper-impulsive con-
trol is that the dynamic equations (2.2) are at most
linear on %, i.e. that K = K(y). Note that this con-
dition on the form of the kinetic energy metric is in-
dependent of the coordinate system. To see this, call
H M the subspace orthogonal to VM = ker T'r with re-
spect to g. Therefore H M can be equivalently assigned
through the following connection one-form, called me-
chanical connection

og) = (e + AN © 5, (24

whose kernel and range are respectively HM and VM.
The orthogonal splitting of a vector into its horizontal
and vertical components (i.e. along HM and VM re-
spectively) is intrinsic; using the above decomposition,
we get the induced splitting of the kinetic energy metric
tensor into its vertical and horizontal part:

9(9)dq @ dg = A(g)w(q) ®w(q) + K(q)dy ® dy, (2.5)
where K(g) = B — M*A~'M. Now we say that

Definition 2.1 The kinetic energy melric g is a
bundle-like metric for the fibration m# : M — N iff
K = K(y) in the above orthogonal splitting of g.

As a straightforward consequence, the control equation
(1.1}, whose local expression is (2.2), is linear in % for
every u (i.e. R =0) if and only if g is bundle-tike .
The following example will clarify the physical mean-
ing of bundle-like metrics. Suppose that the mecham-
cal system is a collection of rigid bodies linked by ideal
joints and with a fixed point. Then the configuration
manifold is a fiber bundle with SO(3) as fiber; the path
z(t) on the fiber corresponds to a ‘rigid motion’ of the
system, i.e. a motion with all the joints locked, while
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a motion y(t) on the quotient (shape) space is a ‘pure
deformation’. The term w(q)g = & + Ay is the locked
spatial angular velocily, i.e. the angular velocity of the
rigid body instantaneously associated to the mechanical
system by locking all the joints.

The term K(q) is the kinetic energy corresponding
to a ‘pure deformation’ and it defines a metric on the
shape {joint) space. The condition K = K(y) then
states that the deformation kinetic energy is indepen-
dent of the orientation of the system in space and it
is equivalent to the invariance of the horizontal kinetic
energy for translations orthogonal to the fibers.

2.2 Hyper-impulsive motions

Let ¢ > 0, u : [~¢,¢] — N be a smooth path on N
presenting a first order discontinuity at ¢ = 0, and set

hm u(t) = Pl;

Iim u(t) = P.
t—0~ t—s0+ ®) »

where P; and P, are points of N. The discontinuous

control u can be physically realized as follows: first we
define the sequence of smooth paths that run from Py
to P, at increasing speed; given a path v : [0,T] — N
with 4(0) = P, ¥(T) = Pa, let A €1, +00) and set:

Nt =7,  0<iE<

Hence, for A > 1,

A(0) = v(0) = Py, %(-f—) =9(T) = P2, (t) = Ay(At).

Then the discontinuous control u can be realized as the
limit for A = 400 of the continuous piecewise—smooth
control u:

uy(t) =

Let 2z, (t) = z{7a(t), ) be the maximal solution of the
following family of control problems with Xg = 0 and
v = (), that we rewrite as

2= Xg, +hor(y), z(0)==z(07).

Theorem 2.2 ([4]) The state of the system immedi-
ately after the jump of the control u., defined as the
limit -
+Y e B it
#(07) 1= Tim_a(3), |
cotncides with the value at t = T of the solution z(.)
of the parallel transport equation
z=hor(¥), z(0)=2(0") (2.7)

relatively to the dynamic connection.

By Theorem 2.2, at each time where the control has
a jump (a finite discontinuity), i) the phase-space state
of the system immediately after the jump is obtained by
parallel translating the initial phase-space state along
a path that ‘bridges’ the discontinuity; ii) by (2.3), the
configuration x{0%) of the system after the jump can
be obtained by parallel transport relatively to the me-
chanical connection (2.4) on the fibration 7 : M — N.

The state of the system after the jump is unaffected
by the drift field Xg,. This implies that the result
of the above Theorem remains true when the system is
acted on by external positional forces, independent of 4.
The state of the system after a jump of the control has
finite amplitude but the above formula no longer holds
when dissipating forces depending linearly or quadrat-
ically on % {e.g. in underwater systems) are taken into
account for the physical device realizing the jump of
the controlled coordinates.

3 Robustness of hyper—impulsi-
ve control

Given two vector fields X,Y on N, the curvature Q of
the dynamic connection is the vertical-valued two form
defined on N as

Q(X,Y) = hor([X,Y]) — [horX, horY], (3.1)

where the map hor —see (2.3)-is the inverse of T re-

stricted to H(V*M). The curvature of the connection
relates the Lie brackets in V and H(V*M) and is a mea-
sure of the failure of the horizontal distribution to be in-
tegrable. Indeed, by Frobenius’ Theorem, the horizon-
tal distribution is integrable iff Q = 0. Now we investi-
gate the dependence of the parallel transport upon the
path. This is essential to enquiry about the robustness
of the control. Given a path u, let z2(¢) = (z(¢), p(?))
be the solution of the parallel transport equation (2.7),
whose local form is —see (2.3)—

3= —Ae, Wi, p=p Y0 2(0) = (20, po).
(3.2)

Given a smooth homotopy v, (t) = ¥(¢,s) of u with
Yo = u and fixed endpoints, we denote with z,{t) the
solution of (3.2) for v = v,. The sensitivity of the
system with respect to variations of the path around
u(t) is expressed by

0z
52(t) = (6(1), 3p(0)) = 5(2,0)
Proposition 3.1 The variation dz of the parailel
transport at t = T is given by

a) dz(T)

I

/ ! R(T, 1)QWM) (&, u) (87, 4)dr
0

b) ép(T)

Il

T
/ RYT, T)Q(D)(.’L', P, u)(dv, w)dr
0
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where §v = 3}(73 0) , R(t, ) is the fundamental matriz
solution of the linear system
OAY

Ve = — (%; (x(t), u(t))i' (t)¥° = DFWP

and Q@ = (QM) QD)) is the curvature of the dynamic
connection.

Proof. We prove a) first. The proof of b) goes exactly
the same way. We consider equation (3.2); for u = ;.
Since

0z : 0A

—a—s—(t,O) =dr = (——é;d)dz - %(A(z,'y,)‘ys),

the variation dz is the solution of the linear non homo-
geneous equation

(x) 62 = D(t)dz + b(t), where b= “%A(m773)76-
Let R(t,7) = R(t,0)R™!(r,0) be the fundamental ma-

frix solution with initial point 0 of the associated ho-
mogeneous system. The general solution of (%} is then

5:8:/0 R(t, 7)b(r)dr

Therefore ( 6v(0) = é4(T") = 0),
T
O0A . . d .
dz(T) = _/o R(-é;&'yu-{-AE;'ys)dr
= —/TR(Qéa i + Adv)dr
= | R(G0vi+ Ay

T 0A_ . d
= _—/ [Rau&y dt(RA)J'y]

/{R - (3%
A .

94 5
/D (RS i — [R(-i) A +
A oA

A + R( )]57}(11'

I}

R(B_x(_Au) + 8—uu)]5-y}dr
since %R(t, ) = —R({,7)D(r) and & = —Au. There-
fore
3A°‘ 0A% JAZ
v _ { m ,3
éz7 = / R T 3um T BaP A

6A,
3z

/T R(T, T)Q(M)(x, u)(d7y, u)dt.
4}

Ap B)oy amdr

To prove b), note that

. 0A. . 0 04
(x2) dp = 8p' i+ p' 5o (G0 4s) = —0p* DI + e().

Hence the homogeneous system associated to (#x) is
the adjoint system of the homogeneous system associa-
ted to (). Therefore, its fundamental matrix is simply
R~1(t,r). The general solution of (3.2) is

T
—/ R™Y(t, T)c(t)dr.
Jo

From now on, the proof follows the same pattern used
above.
(m}

When the curvature €2 is zero, the horizontal distri-
bution is integrable and the connection is called flat.
In this case the horizontal lift of a path lies on a sin-
gle leaf of the horizontal foliation and, by the above
Proposition, 2 = 0; therefore *{wo paths that can be
continuously deformed one into the other give the same
state for the system after the jump, that is the parallel
transport depends only on the homotopy class of the
path. As a straightforward consequence, if N is simply
connected, that is every closed path can be continuously
shrunk to a point, the parallel transport is independent
of (the homotopy class of) the path in the base N.

4 Mechanical examples

We can resume the results of the previous Sections as
follows:

a) discontinuous control laws can be safely imple-
mented provided that the dynamic equations are lin-
ear on u, that is the kinetic energy is bundle-like; the
resulting motion 1s hyper—impulsive,

b) the point in phase-space, describing the state of
the system after a jump of the (multi-dimensional) con-
trol, depends on:

b.1) the control completion + if the dynamic connec-
tion has nonvanishing curvature,

b.2) the homotopy class of v if the dynamic connec-
tion is flat,

b.3) is independent of the path v if the dynamic con-
nection is flat and base manifold N of 7 : M — N is
simply connected,

¢) two sufficiently close paths are homotopic.

Now we apply our analysis to systems which may be
interesting for practical applications:

1) The rigid body fibration.

Let G be a Lie group and let H be a closed subgroup.
Then (see [1]) the coset space fibration 7 : G — G/H
is a principal bundle fibration with structure group H.
Every left—invariant metric on & defines a bundle-like
metric.

For our study, take G = SO(3), the configuration
space of a force—free rigid body with a fixed point. As it
is well known, an SO(3)-invariant metric is defined by
the inertia tensor scalar product on so(3), which defines
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Figure 1: Planar space robot

a bi-invariant metric. Take H = SO(2), the subgroup
of rotations around an axis fixed in space. It is inter-
esting to notice that the mechanical connection, defined
by taking as the horizontal sub bundle the orthogonal
complement to the vertical sub bundle, cannot be flat.
Indeed, since the base S? = SO(3)/SO(2) is simply
connected, if the connection is flat, then it is globally
flat (see [4]) i.e. the bundle admits a global section and
hence it 1s a trivial bundle, which is obviously false for
the case at hand.

2) Planar space robot

We consider the planar space robot with two links
depicted in Fig.l for simplicity, but the results apply
equally well to a robot with n links.

It is easy to see that the configuration of the sys-
tem is the trivial fibration = : T2 x §* — T2,
m(01,02,00) = (61,02), where T? is the two-torus, an
homotopically non trivial manifold. Since the kinetic
energy of the system is defined by the inertia tensor
1{(61,82), which is independent of the base attitude 8,
the kinetic energy metric g is bundle-like for the fi-
bration. Therefore the system can undergo an hyper—
impulsive (i.e. discontinuous) control in the link vari-
ables 61 = uy(t), f2 = ua(t). The control equations are
(dropping the subscript 0 for simplicity)

{

where () represents external forces. The mechanical
connection coincides with the constraint that the com-
ponent of the system’ angular momentum normal to
the plane be equal to zero:

90(01,82)80 + g1(81, 02)01 + g2(61,62)62 = 0.

The associated curvature is (see e.g. [9] for the explicit
formulae for connection and curvature)

b

i (91,9219.14-92 (81 ,Sz)éz

9 go(91,82)

P

= P
go(61,92) 3

(4.1)

1

go

9% )) 6, A do,
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Figure 2: Ball in the hoop system

The curvature €2 is generally non zero. Therefore, the
state of the system after a jump of the control { —
u(t) = (61(t),02()) between states u; and up depends
on the path ~ bringing u;(t™) into u;(tt), i =1,2.

3) The ball in the hoop

This mechanical system has been studied [7] in the
context of Geometric Phase Theory and in [6] as a con-
trol system. In our scheme, it represents a mechanical
system to which hyper—impulsive control is not appli-
cable. ,

The system is formed by a rigid planar closed guide
(the hoop) not necessarily circular, but star-shaped
with respect to a point O on it, and a material point P
that can slide without friction along the guide. Suppose
that the hoop can rotate around the point O fixed in the
plane with an assigned control law 7 = §(t). The posi-
tion of the point P on the hoop is defined by the angle
6 formed by the vector OP = r(#) and the tangent in O
to the guide OA. Therefore the system is described by
the trivial fibration 7 : 72 — S, n(6, #) = B. The ki-
netic energy of the point P with respect to the inertial
frame is

o = m[f2+r2(63+,5)2] = m[(r'2+r2)92+2r29ﬂ'+r232]
where 7' = %. Therefore

r?(9)r*(6)
r2(8) + r%(6)
and the kinetic energy metric does not fulfill the re-

quirement of Definition 2.1, hence hyper—impulsive con-
trol theory is not applicable to this system.

K(0)=B— MAM=m

5 Conclusions

We have presented a theory of hyper—impulsive control
for mechanical systems. The theory tells if a mechan-
ical system can safely undergo a discontinuity in the



configuration variables and it determines uniquely the
phase—space state of the system after the jump when a
control law ’bridging’ the discontinuity is provided. We
have discussed robustness of the control system with re-
spect to changes of the control law and we have applied
the theory to test mechanical examples.
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