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Abstract. Let M be a connected Riemannian manifold without boundary with Ricci
curvature bounded from below and such that the volume of the geodesic balls of centre x
and fixed radius r > 0 have a volume bounded away from 0 uniformly with respect to x,
and let

!
TðtÞ

"
tf0 be the heat semigroup on M. We show that the total variation of the gra-

dient of a function u A L1ðMÞ equals the limit of the L1-norm of ‘TðtÞu as t ! 0. In par-
ticular, this limit is finite if and only if u is a function of bounded variation.

Introduction

Functions of bounded variation in Rn are by now deeply studied, and the spaces BV
are a well-established tool for studying variational problems, often with some geometric
flavour. This is due to the possibility of having discontinuities along ðn$ 1Þ-dimensional
surfaces, which is not the case for functions in Sobolev spaces. In fact, a very important
particular case of BV functions are characteristic functions of sets with finite perimeter in
the sense of Caccioppoli-De Giorgi, the most natural class of sets where the isoperimetric
problem can be formulated and solved. After various attempts to generalise to Rn the clas-
sical notion of BV functions of only one real variable, the new idea that opened the way
for the modern theory was the definition proposed by E. De Giorgi in [11]. It is based
upon a regularisation with a Gaussian convolution kernel and can be rephrased using the
heat semigroup

!
TðtÞ

"
tf0

in Rn as follows. Given a function u A L1ðRnÞ, define its variation
by

jDujðRnÞ ¼ lim
t!0

k‘TðtÞukL1ðRnÞð1Þ

and say that u has bounded variation, u A BVðRnÞ, if jDujðRnÞ is finite. It has been shown
in [11] that u has finite variation if and only if its distributional gradient is an Rn-valued
measure with finite total variation (in the sense of measures) given by jDujðRnÞ. As a con-
sequence, we have the equality

jDujðRnÞ ¼ sup

# Ð

Rn

u div g dx : g A ½C1
c ðR

nÞ'n; kgkye 1

%
:ð2Þ
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This last formula, first used in [21], defines directly BV functions, and can be easily gener-
alised to Riemannian manifolds (see (1.4) below). By the way, let us just mention that fur-
ther characterisations of BV functions are available, which can be used in even more gen-
eral contexts, such as metric spaces endowed with a doubling measure (see e.g. [22], [2]).
Moreover, notice that further connections between isoperimetric inequalities and the heat
semigroup have been pointed out, even in non-euclidean contexts, such as Gaussian spaces
(see e.g. [2] and also [23]).

In this paper, we address the question whether equality (1) holds on a connected
Riemannian manifold M, where the left-hand side is defined as in (2), see (1.4), and in the
right-hand side the heat semigroup on M is used. The answer is a‰rmative, at least under
some geometric hypotheses, see (H1), (H2) below. We require that the Ricci curvature of
M is bounded below, and that the volume of the (geodesic) balls of a given radius is
bounded below by a constant independent of the centre. These assumptions bound the ge-
ometry of M in two opposite directions, see Remarks 1.2 and 1.3, and in fact both hold
trivially for compact manifolds, and more generally for manifolds of bounded geometry.
Moreover, (H1) and (H2) imply the uniqueness of the bounded solution of the Cauchy
problem for heat equation. We deeply use hypotheses (H1) and (H2) and some of their rel-
evant consequences, such as the Sobolev embedding and the induced regularity of the heat
semigroup (see e.g. Theorem 2.1 and Theorem 2.6). We point out that we have used two
di¤erent approaches for the proof of Theorem 2.6; in the compact case we get a direct
proof as in [5], whereas in the non-compact case we have used Gaussian estimates, that
hold true under assumptions (H1) and (H2) (see Subsection 1.1).

It seems to be worth mentioning that the equality

lim
t!0

Ð

M

j‘TðtÞuðxÞj dmðxÞ ¼ jDujðMÞ

yields an approximation in variation of BV functions by regular functions. An approxima-
tion result of this kind can be shown on general manifolds using a partition of unity argu-
ment and the corresponding result on Rn (see Proposition 1.4 below), and in fact we also
use this as an intermediate result, but we point out that the approximation given by the
heat semigroup is global and intrinsic.

The main steps in our proof are two. First, we show that the limit in (1), with M in
place of Rn, exists (this is trivial in Rn by monotonicity with respect to time), and then, we
show that the value of the limit is the variation of u defined in (1.4).

Acknowledgements. We are grateful to Prof. G. Huisken, R. Vitolo and G. Manno
for several useful conversations, and to the anonymous referee for a suggestion that simpli-
fied Section 2.1.

1. Notation and preliminaries

In this section we recall some basic facts concerning Riemannian manifolds and So-
bolev and bounded variation functions.
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1.1. Riemannian manifolds and geometric hypotheses. The framework of this paper
is given by an n-dimensional manifold M (not necessarily compact) without boundary, i.e.,
qM ¼ j, with nf 2, verifying the geometric hypotheses (H1), (H2) stated below in this
subsection. We start by fixing some notation. We denote by TM and T (M the tangent
and co-tangent bundles of M, respectively. Given a vector bundle E, we denote by GðEÞ
the smooth sections of E; in particular,Tp

q ðMÞ ¼ G
!
ðT (MÞp ) ðTMÞq

"
is the space of ten-

sors of type ðp; qÞ onM, GðTMÞ is the space of vector fields onM and GðT (MÞ is the space
of 1-forms on M.

The Riemannian structure on M is defined by a symmetric metric tensor g A T2
0 ðMÞ.

The metric g defines an isomorphism i : GðTMÞ ! GðT (MÞ in such a way that for any
X A GðTMÞ,

iðX ÞðYÞ ¼ gðX ;Y Þ; EY A GðTMÞ:

Using the map i, it is possible to define the tensor g A T0
2 ðMÞ through

gðo1;o2Þ ¼ gði$1o1; i$1o2Þ;

where i$1 : GðT (MÞ ! GðTMÞ is the inverse of i. This tensor defines an inner product on
GðT (MÞ such that the map i becomes an isometry.

For X A TxM and o A T (
xM, we set

jX j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðX ;XÞ

p
; joj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðo;oÞ

p
:

We denote by h! ; !i and by j ! j the inner product and the norm induced by the metric g on
any tensor T of type ðp; qÞ in order to satisfy

jT j ¼ hT ;Ti1=2 ¼ supfTðX1; . . . ;Xp;o
1; . . . ;oqÞ : jX1j; . . . ; jXpj; jo1j; . . . ; joqje 1g:

A vector bundle E such that the fibres are endowed with an inner product is called a Rie-
mannian vector bundle. If M is not compact, given a general Riemannian vector bundle E,
we denote by GcðEÞ the smooth sections of E with compact support, and by G0ðEÞ the clo-
sure of GcðEÞ with respect to the norm

kTky ¼ supfjTðxÞj : x A Mg; T A GðEÞ:

Of course, if M is compact then G0ðEÞ ¼ GcðEÞ ¼ GðEÞ.

The Riemannian metric g induces a geodesic distance d on M; we always assume that
the metric space ðM; dÞ is complete. Moreover, we denote by BrðxÞ the geodesic open ball
centred at x A M and with radius r > 0. In this setting, there is a natural way of defining a
measure m on M, also without assuming M orientable; the measure m is given in local co-
ordinates by

dm ¼
ffiffiffiffiffiffiffiffiffiffi
det g

p
dx:

By ‘ : Tp
q ðMÞ ! Tpþ1

q ðMÞ we denote the Levi-Civita connection on M, that is the unique
connection compatible with the metric g, in the sense that
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XhT ;Si ¼ h‘XT ;Siþ hT ;‘XSi; ET ;S A Tp
q ðMÞ:

Here the notation ‘XT A Tp
q ðMÞ means that

ð‘XTÞðX1; . . . ;Xp;o
1; . . . ;oqÞ :¼ ð‘TÞðX ;X1; . . . ;Xp;o

1; . . . ;oqÞ:

The Levi-Civita connection is a torsion-free connection which induces the Riemann curva-
ture tensor R A T4

0 ðMÞ defined by

RðX ;Y ;W ;ZÞ ¼ h‘X‘YW $ ‘Y‘XW $ ‘½X ;Y 'W ;Zi; EX ;Y ;W ;Z A GðTMÞ:

We denote by Ric the Ricci tensor of type ð2; 0Þ defined pointwise by

RicðX ;Y Þ ¼
Pn

i¼1
RðX ; ei;Y ; eiÞ; EX ;Y A TxM;

where feig is an orthonormal basis of TxM. The connection ‘ on a function u simply de-
fines the covariant derivative of u, i.e.,

‘u ¼ iðgrad uÞ;

where grad is the standard gradient defined using local coordinates.

We denote by div : Tp
q ðMÞ ! Tp$1

q ðMÞ the operator defined using the formula

Ð

M

h‘T ;Si dm ¼ $
Ð

M

hT ; divSi dm; ET A Tp$1
q ðMÞ; ES A Tp

q ðMÞ:

In this way, given a function u A CyðMÞ, the Laplace-Beltrami operator applied to u is de-
fined by

Du ¼ div‘u;

notice that the operator defined above is negative definite. The Hessian of a function
u A CyðMÞ is given by the tensor Hess u ¼ ‘2u A T2

0 ðMÞ. Finally, we recall the Bochner-
Lichnerowitz-Weitzenböck formula; for any u A CyðMÞ,

1

2
Dj‘uj2 ¼ jHess uj2 þ h‘Du;‘uiþRicð‘u;‘uÞ:ð1:1Þ

In the whole paper, we consider Riemannian manifolds satisfying the following two hy-
potheses:

(H1) There exists Kf 0 such that Ricf$K , i.e.,

RicðX ;XÞf$K jX j2; EX A GðTMÞ:

(H2) There exists v > 0 such that

inf
x AM

m
!
B1ðxÞ

"
f v:
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Hypothesis (H1), in particular, implies that the metric measure space ðM; d; mÞ is
locally doubling. Indeed, Cheeger, Gromov and Taylor [7] (see also Hajłasz and Koskela
[17], Section 10.1) proved that for every x A M and for every R > 0

m
!
B2RðxÞ

"
e 2n expf2R

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p
gm

!
BRðxÞ

"
:ð1:2Þ

The local doubling condition implies the following growth bound for the measure of
balls.

Lemma 1.1. Assuming (H1), for every x A M and 0 < r < R the inequality

m
!
BRðxÞ

"

m
!
BrðxÞ

" e 2n R

r

' (n e4R

e2r

' ( ffiffiffiffiffiffiffiffiffiffiffiffi
ðn$1ÞK

p

holds.

Proof. Choose j A N such that

2 j$1r < Re 2 jr;

as an immediate consequence, we have that j satisfies the inequality

2 j <
2R

r
:

Iterating the local-doubling condition (1.2), since BRðxÞHB2 j rðxÞ we obtain that

m
!
BRðxÞ

"
e m

!
B2 j rðxÞ

"
e 2n expf2 jr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p
gm

!
B2 j$1rðxÞ

"

e 2 jn exp

#
r
Pj

k¼1
2k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p %
m
!
BrðxÞ

"

e 2n R

r

' (n

expf2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p
ð2 j $ 1Þgm

!
BrðxÞ

"

e 2n R

r

' (n

expf2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p
ð2R=r$ 1Þgm

!
BrðxÞ

"

and the desired estimate follows. r

Remark 1.2. Condition (H2) together with Lemma 1.1 gives the following uniform
lower bound for balls of a given radius 0 < % < 1:

inf
x AM

m
!
B%ðxÞ

"
f v

%

2

' (n

expfð2%$ 4Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞK

p
g;

where v is the constant in (H2). Moreover, by Lemma 1.1 a manifold M satisfying (H2) is
compact if and only if mðMÞ is finite.
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Moreover, for a suitable constant c > 0, the volume growth estimate

m
!
B%ðxÞ

"
e c%nec%ð1:3Þ

holds for all x A M, % > 0.

Remark 1.3. A counterpart of the previous remark directly follows from hypothesis
(H1); in fact, see e.g. [12], Theorem 3.98, for every x A M

m
!
B%ðxÞ

"
¼ on%

n 1$ sðxÞ
6ðnþ 1Þ

%2 þ oð%2Þ
' (

;

where sðxÞ is the scalar curvature at x A M, i.e., the trace of the Ricci curvature. This, to-
gether with (H1), implies that there are R0 > 0, c > 0 such that for every x A M and every
0 < % < R0

m
!
B%ðxÞ

"
e c%n:

1.2. Sobolev spaces and functions of bounded variation. In this subsection we recall
the definition and the basic properties of Sobolev spaces and functions of bounded varia-
tion on a manifold. We refer to [18] for more information on Sobolev spaces on manifolds,
and to [1] for a discussion of BV in the Euclidean setting.

For 1e p < y and k A N, we denote by Hk;pðMÞ the completion of the space

Cp
kðMÞ :¼

#
u A CyðMÞ : kukk;p :¼ kukp þ

Pk

j¼1

' Ð

M

j‘ jujp dm
(1=p

< þy
%

with respect to the norm k ! kk;p.

Given a function u A L1ðMÞ, define the variation of u by

jDujðMÞ ¼ sup

# Ð

M

u divo dm : o A GcðT (MÞ; joje 1

%
:ð1:4Þ

A function u A L1ðMÞ has bounded variation, u A BVðMÞ, if jDujðMÞ < þy. Notice that
H 1;1ðMÞHBVðMÞ. A function u A BVðMÞ defines an element Du A

!
G0ðT (MÞ

" 0
, the dual

space of G0ðT (MÞ; in fact, the map

u 7! ðDu;oÞ :¼ $
Ð

M

u divo dm; Eo A GcðT (MÞ;

is well defined and, thanks to condition jDujðMÞ < þy, can be extended by continuity to
the whole space G0ðT (MÞ. This dual space, unlike the Euclidean space, cannot be naturally
identified with a vector valued measure space; what is possible to say, is that a BV function
u defines, as in the Euclidean case, a finite measure jDuj and a jDuj-measurable section
su : M ! T (M with jsuj ¼ 1 almost everywhere and such that the distributional derivative
Du of u is given by

ðDu;oÞ ¼
Ð

M

hsu;oidjDuj; Eo A G0ðT (MÞ:
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A measurable set EHM has finite perimeter if jDwE j is finite, where we denote by wE its
characteristic function. We denote the perimeter of E in a Borel set A by

PðE;AÞ ¼ jDwE jðAÞ:ð1:5Þ

Assumptions (H1) and (H2) are crucial in the context of Hk;p and BV spaces. In fact,
under assumption (H1), condition (H2) is equivalent to the Sobolev embedding
H 1;pðMÞHLqðMÞ, 1=q$ 1=p ¼ 1=n, BVðMÞHLn=ðn$1ÞðMÞ, see [25] and also [18], Theo-
rem 3.3. As a consequence of the last embedding, the following isoperimetric inequality
holds:

minfmðEÞ; mðMnEÞge cIPðE;MÞ
n

n$1ð1:6Þ

for every EHM and for some constant cI > 0 depending only upon n, K, v. If we replace
(H1) by Ricf 0, the situation is simpler. In particular, by [7], m is doubling and then by [6],
the isoperimetric inequality and the Sobolev embedding hold and (H2) follows (see also
[17], Section 10).

We recall that, since for every o A GcðT (MÞ the map

u 7!
Ð

M

u divo dm

is continuous with respect to the L1ðMÞ topology, then the map

u 7! jDujðMÞ

is L1-lower semi-continuous. Obviously, it is impossible to approximate BV function in
norm by smooth functions: what can be done is to get an approximation in variation. This
is well-known in the Euclidean setting (see e.g. [1], Theorem 3.9) and can be adapted to
manifolds via a partition of unity argument. Notice that the following statement is true
also without hypotheses (H1) and (H2).

Proposition 1.4. For every u A BVðMÞ there exists a sequence ð fjÞj HCy
c ðMÞ such

that fj ! u in L1ðMÞ and

jDujðMÞ ¼ lim
j!y

Ð

M

j‘fjj dm:ð1:7Þ

Proof. We fix some notation; given an open set V , for t > 0 we define the following
sets:

V t ¼ fx A M : distðx;VÞ < tg; Vt ¼ fx A M : distðx;V cÞ > tg:

If M is compact, we may take Cy instead of Cy
c and we don’t need the following state-

ment. If M is not compact, let us prove the following

Claim. For every u A BVðMÞ and for every e > 0 there exists a function
ue A BVðMÞ with compact support in M such that

ku$ uekL1ðMÞ < e; jDuejðMÞ < jDujðMÞ þ e:
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In fact, if we fix e > 0, there exists a relatively compact open set B such that

Ð

MnB
juj dm < e;

Ð

B enB
juj dm <

e2

2
; jDujðMnBÞ < e;

moreover, we can consider z A CyðMÞ with 0e ze 1, z ¼ 1 on B, supp zHBe and
j‘zje 2=e, and take ue ¼ zu. For such a function we have

Ð

M

ju$ uej dme
Ð

MnB
juj dm < e;

and, if o A GcðT (MÞ with joje 1, then

Ð

M

ue divo dm ¼
Ð

M

u divðzoÞ dm$
Ð

B enB
uho;‘zi dm:

Since zo A GcðT (MÞ and jzoje 1, we obtain that

Ð

M

ue divo dme jDujðMÞ þ
Ð

B enB
juj jho;‘zij dme jDujðMÞ þ e:

This in particular implies that ue A BVðMÞ and

jDuejðMÞe jDujðMÞ þ e

and the claim follows.

Given u A BVðMÞ with compact support, we consider a finite family of open bounded
sets ðUiÞi¼1;...;N with the following properties:

(1) Ui XUj ¼ j for i3 j.

(2) bt such that for every 0 < h < t the family U h
i covers the support of u and U t

i is
contained in a coordinate chart ðVi;ciÞ.

(3) jDujðqUiÞ ¼ 0 for all i.

(4) T (ðU h
i ÞFU h

i ) Rn and dci is an isometry between T (
x ðMÞ and Rn for every

x A U h
i .

For every fixed e > 0, we take 0 < h < t in such a way that

jDujðMnUhÞ < e; where Uh ¼
SN

i¼1
Ui;h:

Let us show that for any i ¼ 1; . . . ;N we can find a function fi A CyðMÞ satisfying

Ð

U h
i

ju$ fij dm <
he

2N
;

Ð

U h
i

j‘fij dm < jDujðU h
i Þ þ

e

N
:ð1:8Þ

In fact,
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jDujðU h
i Þ ¼ sup

# Ð

U h
i

u divo dm; joje 1; sptoHHU h
i

%
:

Setting wj ¼ gðo; dx jÞ and V h
i ¼ ciðU

h
i Þ, from

divo ¼ 1ffiffiffiffiffiffiffiffiffiffi
det g

p divRn

! ffiffiffiffiffiffiffiffiffiffi
det g

p
w
"

we get

jDvjðU h
i Þ ¼

# Ð

V h
i

ðv + ciÞ divð
ffiffiffiffiffiffiffiffiffiffi
det g

p
wÞ dx; jwje 1;w A Cy

c ðV h
i Þ

%
¼: jDðv + cÞjl

for every v A BVðU h
i Þ, where l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gðciÞ

p
and we denote by jDvjl the total variation of

v in the weighted space BVl. The classical approximation result (see e.g. [1], Theorem 3.9)
can be extended to weighted spaces, as shown in [4], Theorem 3.4, and the existence of the
fi as in (1.8) follows.

If ji is a partition of unity of supp u subordinated to the open covering U h
i with

j‘jijeC=h, we define

f ¼
PN

i¼1
ji fi;

the function f is a smooth function with

f 1 0 on Mn
SN

i¼1
U h

i ;

that is f A Cy
c ðMÞ. Clearly

Ð

M

ju$ f j dm ¼
Ð

Mnsupp u
j f j dmþ

PN

i¼1

Ð
supp u

jiju$ fij dme 2
PN

i¼1

Ð

U h
i

ju$ fij dm < he:

Moreover, for x A Ai;h ¼ U h
i nUi;h, we denote by

IðiÞ ¼ f j A f1; . . . ;Ng : j3 i;U h
i XU h

j 3jg;

I 0ðxÞ ¼ f j A f1; . . . ;Ng : x A U h
j g;

IiðxÞ ¼ I 0ðxÞnfigH IðiÞ:

Using this notation, we have that

‘jiðxÞ ¼ $
P

j A IiðxÞ
‘jjðxÞ;

whence
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‘f ðxÞ ¼
P

j A I 0ðxÞ
jjðxÞ‘fjðxÞ þ

P
j A IiðxÞ

!
fjðxÞ $ fiðxÞ

"
‘jjðxÞ

and then, since supp f nUh ¼
SN

i¼1
Ai;h,

Ð

M

j‘f j dme
Ð

Uh

j‘f j dmþ
PN

i¼1

Ð

Ai; h

j‘f j dm

e
PN

i¼1

Ð

Ui; h

j‘fij dmþ
PN

i¼1

P
j A IðiÞ

Ð

Ai; h

jjj‘fjj dmþ
PN

i¼1

P
j A IðiÞ

Ð

Ai; h

j fj $ fij j‘jjj dm

e jDujðUhÞ þ eþ
PN

i¼1

P
j A IðiÞ

Ð

Ai; hXU h
j

j‘fjj dmþ 2
C

h

PN

i¼1

P
j A IðiÞ

Ð

Ai; hXAj; h

j fj $ uj dm

e jDujðUhÞ þ eþN
PN

i¼1
jDujðAi;hÞ þ

e

N

' (
þ 2CN

h

PN

i¼1

Ð

Ai; h

ju$ fij dm

e jDujðUhÞ þ 2eþN 2jDujðMnUhÞ þ 2CNe: r

2. The heat semigroup on M

In this section, after sketching the construction of the heat semigroup on the mani-
folds we are considering and recalling some of its properties, we derive some pointwise
bounds on the heat kernel and its derivatives. We refer to [9] for the missing proofs, unless
otherwise stated. Consider the Dirichlet form

Dðu; vÞ ¼
Ð

M

h‘u;‘vi dm

with domain H 1;2ðMÞ. It defines the operator D2, that on smooth functions coincides with
the Laplace-Beltrami operator D, defined as follows:

$D2u ¼ f , Dðu; vÞ ¼
Ð

M

fv dm; Ev A L2ðMÞ:

Since D2 is self-adjoint and nonpositive on L2ðMÞ, it generates a strongly continuous, pos-
itive, contractive and analytic semigroup

!
T2ðtÞ

"
tf0

in L2ðMÞ, which extrapolates to a
positive strongly continuous contractive semigroup

!
TpðtÞ

"
tf0

on LpðMÞ, 1e p < þy,
which is even analytic for p > 1. The generator of

!
TpðtÞ

"
tf0

is denoted by Dp, and the
semigroup gives the solution uðt; xÞ ¼ TðtÞ f ðxÞ of the Cauchy problem

qtu ¼ Dpu; t > 0; x A M;

uð0; xÞ ¼ f ðxÞ; x A M:

#

The case p ¼ 1 is more delicate, and requires (H1). Analyticity was first proved by N.
Varopoulos [25] without calculating the angle of sectoriality. With stronger hypotheses on
the curvature (see Theorem 2.1 below) it was E. B. Davies [10] who obtained the angle p=2.
We state the following theorem.
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Theorem 2.1. If M is a complete Riemannian manifold satisfying (H1), then the heat
semigroup

!
TðtÞ

"
tf0

is analytic on L1ðMÞ. In addition, if the curvature of M is positive out-
side some compact subset of M, then it even holds that

!
TðtÞ

"
tf0

is bounded analytic on
L1ðMÞ with angle p=2.

It is also important to point out that the heat semigroup has the following integral
representation; for any u A L1ðMÞ,

TðtÞuðxÞ ¼
Ð

M

pðx; y; tÞuðyÞ dmðyÞ;

where the heat kernel 0 < p A Cy
!
M )M ) ð0;þyÞ

"
verifies always the condition

Ð

M

pðx; y; tÞ dmðyÞe 1;

for every x A M, t > 0, but in our setting the equality
Ð

M

p ¼ 1 holds. This last condition is

known as stochastic completeness and, in particular, is equivalent to the uniqueness of
bounded solutions of the Cauchy problem for the heat equation (see e.g. [15]).

We also point out that some results on the heat equation for di¤erential forms can be
found in [19], [8].

2.1. Gaussian estimates for the heat kernel in the non-compact case. In this section
we discuss some further properties of the heat kernel in the case where M is a non-compact
manifold. We deduce inclusion (2.9) in Theorem 2.6 from the integral estimate (2.7), which
is derived in [14], even though not explicitly stated as a consequence of the on-diagonal es-
timate (2.6). We are indebted to the referee for this observation, that allowed us to simplify
the original treatment.

We start with the following definition (see Grigor’yan, [13], Definition 1.1).

Definition 2.2. A L-isoperimetric inequality is valid for a region WHM if for every
subregion DHW the inequality

l1ðDÞfL
!
mðDÞ

"
ð2:1Þ

holds, where l1ðDÞ is the first Dirichlet eigenvalue of D and L is a positive decreasing
function.

The validity of isoperimetric inequalities on Riemannian manifolds is closely related
to the validity of Gaussian estimates for the heat kernel. More precisely, Grigor’yan proves
in [13], Theorem 5.2 the following estimate.

Theorem 2.3. Suppose that in any ball BRðxÞ of a fixed radius R > 0 the
L-isoperimetric inequality holds with the function L ¼ Lx;R defined as follows:

Lx;RðvÞ ¼ aðx;RÞv$n;

where aðx;RÞ > 0, n > 0; then for all x; y A M, for every t > t0 > 0,
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pðx; y; tÞe cn expflðt0 $ tÞg
minft0;R2g1=n

!
aðx;RÞaðy;RÞ

"1=2nð2:2Þ

! 1þ dðx; yÞ2

t

 !1þ1=n

exp $ dðx; yÞ2

4t

( )

;

where l ¼ l1ðMÞ is the spectral radius of the manifold M, i.e.,

l1ðMÞ :¼ inf
WHHM

l1ðWÞ:

In the same paper, Grigor’yan also proves that an isoperimetric inequality implies the
L-isoperimetric inequality. More precisely, in [13], Proposition 2.4 it is proved that if for
any DHW the inequality

AreaðqDÞf g
!
mðDÞ

"
ð2:3Þ

holds, for a function g : ð0;þyÞ ! ð0;þyÞ such that gðxÞ=x is decreasing, then the
L-isoperimetric inequality holds for the region W with

LðxÞ ¼ 1

4

gðxÞ
x

' (2
:

Starting from these considerations and since the isoperimetric inequality (1.6) holds, we can
state the following proposition.

Proposition 2.4. Let M be a non-compact Riemannian manifold satisfying (H1) and
(H2); then for every 0 < te 1 and x; y A M, the following Gaussian estimate holds:

pðx; y; tÞe cG
tn=2

1þ dðx; yÞ2

t

 !1þn=2

exp $ dðx; yÞ2

4t

( )

;ð2:4Þ

where cG ¼ cðn;K; cI Þ is a constant depending only on the dimension n of the manifold M, the
bound K of the Ricci curvature and the isoperimetric constant cI .

Proof. Since, by Remark 1.2, mðMÞ ¼ þy, we can apply (2.2) with an arbitrary
R > 1 and then the isoperimetric inequality (1.6) reduces, for bounded sets EHM, to

mðEÞe cIPðE;MÞn=n$1:

This last inequality is exactly (2.3) with

gðxÞ ¼ x

cI

' (1$1=n

:

Then BRðxÞ admits a L-isoperimetric inequality with

LðxÞ ¼ x$2=n

4c2$2=n
I

;
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hence, (2.4) follows from (2.2) with te 1, t0 ¼ t=2, n ¼ 2=n, aðx;RÞ ¼ 1=ð4c2$2=n
I Þ ¼: a and

cG ¼ 2n=2cn expfl=2g
an=2

: r

We are now in a position to deduce an integral estimate from Proposition 2.4.

Proposition 2.5. Let M be a non-compact Riemannian manifold satisfying (H1) and
(H2); then for every 0 < te 1 there exists c > 0 such that for every y A M

Ð

M

j‘pðx; y; tÞj dmðxÞe cffiffi
t

p :ð2:5Þ

Proof. Notice that for x ¼ y inequality (2.4) reads

pðx; x; tÞe cG
tn=2

ð2:6Þ

from which (see [14], Section 3) the integral estimate

Ð

M

j‘x pðx; y; tÞj2 exp
d 2ðx; yÞ

Dt

# %
dmðxÞe c

tn=2þ1
ð2:7Þ

follows for all y A M, 0 < te 1, for suitable c > 0, D > 2. Using the Cauchy-Schwarz in-
equality, we obtain

' Ð

M

j‘x pðx; y; tÞj dmðxÞ
(2

e
Ð

M

j‘x pðx; y; tÞj2 exp
d 2ðx; yÞ

Dt

# %
dmðxÞ

)
Ð

M

exp $ d 2ðx; yÞ
Dt

# %
dmðxÞ

e
c

tn=2þ1

Ð

M

exp $ d 2ðx; yÞ
Dt

# %
dmðxÞ:

To conclude, let us now show that

Ð

M

exp $ d 2ðx; yÞ
Dt

# %
dmðxÞe ctn=2

follows from the volume growth estimate (1.3). The proof is based on the same argument as
in [16], Section 5.3, and is presented for completeness. To our end, it su‰ces to prove that
there exists c > 0 such that for every y A M

Ð

M

expf$dtðx; yÞ2g dmtðxÞe c; Ey A M;

where we have introduced the metric tensor gt ¼ ðDtÞ$1g, with associated
distance dt ¼ ðDtÞ$1=2d and measure dmt ¼ ðDtÞ$n=2 dm. For the measure mt, since
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Bt
RðyÞ ¼ fx : dtðx; yÞ < Rg ¼ BR

ffiffiffiffi
Dt

p ðyÞ;

by Lemma 1.1 the inequality

mt
!
Bt
RðxÞ

"

mt
!
Bt
rðxÞ

" e 2n R

r

' (n e4R
ffiffiffiffi
Dt

p

e2r
ffiffiffiffi
Dt

p

 ! ffiffiffiffiffiffiffiffiffiffiffiffi
ðn$1ÞK

p

ð2:8Þ

holds for every y A M and 0 < r < R. Then, setting B ¼ Bt
R0
ðyÞ, with R0 the radius coming

from Remark 1.3, we can write

M ¼ BW
Sy

j¼0
Aj

where

Aj ¼ Bt
2 jþ1R0

ðyÞnBt
2 jR0

ðyÞ:

For x A Aj we have that 2 jR0e dtðx; yÞ < 2 jþ1R0, and then

expf$dtðx; yÞ2ge expf$22jR2
0g;

as a consequence, using (2.8) we obtain that

Ð

Aj

expf$dtðx; yÞ2g dmtðxÞ

e mtðAjÞ expf$22jR2
0g

e mt
!
Bt
2 jþ1R0

ðyÞ
"
expf$22jR2

0g

e mtðBÞ expf$22jR2
0g2

nð jþ2Þ expf2 jþ3R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞKt

p
g

¼ mtðBÞ expf$4 jR2
0 þ 2 jþ3R0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn$ 1ÞKt

p
þ nð j þ 2Þ ln 2g

¼ mtðBÞaj;

where aj ¼ ajðn;KÞ are numbers depending only on the indicated parameters. A direct cal-
culation gives that

Py

j¼0
aj < y;

and then we have

Ð

M

expf$dtðx; yÞ2g dmtðxÞ

¼
Ð

B

expf$dtðx; yÞ2g dmtðxÞ þ
Py

j¼0

Ð

Aj

expf$dtðx; yÞ2g dmðxÞ

e mtðBÞ
'
1þ

Py

j¼0
aj

(
;

and then the assertion follows since by Remark 1.3 it holds that
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mtðBÞ ¼ t$n=2m
!
BR0

ffiffi
t

p ðyÞ
"
e cRn

0

for every te 1. r

2.2. Regularity of the heat semigroup. In this subsection we investigate important
regularity properties of the heat semigroup.

Theorem 2.6. Under hypotheses (H1), (H2)

DðD1ÞHH 1;1ðMÞ;ð2:9Þ

DTðtÞu A H 1;1ðMÞ; Et > 0; u A L1ðMÞ:ð2:10Þ

Proof. If M is a compact manifold the proof is achieved either by duality relying on
[24], Théorème 4.2, or by the same direct argument as in [5], which we sketch below. As-
sume nf 3 at first, let TkðyÞ ¼ ð$kÞ4ðy5kÞ be the truncation function, and let us denote
by fu < kg the set fx A M : uðxÞ < kg. Multiplying the equation u$ Du ¼ f by TkðuÞ and
using the divergence theorem, for f A L1ðMÞ we obtain

Ð

fjuj<kg
j‘TkðuÞj2 dme kk f kL1ðMÞ:ð2:11Þ

By the Sobolev embedding we know that

' Ð

M

jTkðuÞj2
(
dm

(2=2(

¼
' Ð

fjuj<kg
juj2

(
dmþ k2(

mðfjujf kgÞ
(2=2(

e c
Ð

M

j‘TkðuÞj2 dm;

(where 2( ¼ 2n=ðn$ 2Þ) whence, using (2.11), we deduce

mðfjujf kgÞe c
k f kn=ðn$2Þ

1

kn=ðn$2Þ ;ð2:12Þ

which is true for every k. Now we come to the gradient estimate. Using (2.12) and (2.11) we
get

mðfj‘ujf lgÞe mðfjujf kgÞ þ 1

l2
Ð

fjuj<kgXfj‘ujflg
j‘uj2 dm

e c
k f kn=ðn$2Þ

1

kn=ðn$2Þ þ k

l2
k f k1;

which is true for every k > 0, l > 0. Minimising over k we find a constant C such
that mðfj‘ujf lgÞeCln=ðn$1Þ for every l > 0, and therefore j‘uj A LpðMÞ for all
p < n=ðn$ 1Þ. If n ¼ 2, the same argument can be used, with an arbitrary exponent
1 < q < y in place of 2(.

If M is non-compact, we show that there is C > 0 such that if u$ Du ¼ f A L1ðMÞ,
then k‘uk1eCk f k1. From the representation of the resolvent operator
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Rðl;D1Þ f ¼
Ðy

0

e$ltTðtÞ f dt

we see that it is su‰cient to prove that

Ðy

0

e$ltk‘TðtÞ f k1 dteCk f k1:ð2:13Þ

From (2.5) we deduce for te 1

k‘TðtÞ f k1 ¼
Ð

M

))))
Ð

M

‘x pðx; y; tÞ f ðyÞ dmðyÞ
)))) dmðxÞ

e
Ð

M

Ð

M

j‘x pðx; y; tÞj j f ðyÞj dmðyÞ dmðxÞ

¼
Ð

M

j f ðyÞj
Ð

M

j‘x pðx; y; tÞj dmðxÞ dmðyÞe
cffiffi
t

p k f k1

whereas for t > 1 we have

k‘TðtÞ f k1 e k‘Tð1ÞTðt$ 1Þ f k1 e ckTðt$ 1Þ f k1 e ck f k1

by contractivity. Summing up,

****
Ðy

0

e$lt‘TðtÞ f dt
****
1

e c
Ð1

0

e$lt

ffiffi
t

p k f k1 dtþ c
Ðy

1

e$lt dteCk f k1;

where the last constant C depends only upon the constants in the preceding inequalities.

It remains to prove (2.10). Since, as a consequence of analyticity, we know that
TðtÞu A DðD1Þ for every t > 0, we may write

DTðtÞu ¼ DTðt=2ÞTðt=2Þu ¼ Tðt=2ÞDTðt=2Þu:

As noticed before, Tðt=2Þu A DðD1Þ, so that

DTðt=2Þu A L1ðMÞ and Tðt=2ÞDTðt=2Þu A DðD1ÞHH 1;1ðMÞ. r

Remark 2.7. It will be important in the sequel to notice that Proposition 1.4 can be
stated by saying that BV functions can be approximated in variation by functions in the
domain of the Laplace-Beltrami operator, i.e., for every u A BVðMÞ there exists a sequence
ð fjÞ contained in DðD1Þ such that fj ! u in L1ðMÞ and (1.7) holds.

3. A characterisation of total variation via heat semigroup

In this section we prove that, given a function u A L1ðMÞ, the limit
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lim
t!0

Ð

M

j‘TðtÞuj dmð3:1Þ

exists and is equal to the total variation of u defined by (1.4). We need an elementary cal-
culus lemma.

Lemma 3.1. Let f A C1ð0;þyÞ be a positive function satisfying the condition

f 0ðtÞeKf ðtÞ; Et > 0

for a positive constant K > 0. Then the function t 7! e$Ktf ðtÞ is non-increasing; in particular,
the limit

lim
t!0

f ðtÞ

exists, either finite or infinite.

Proof. From the condition

f 0ðtÞeKf ðtÞ

and the fact that f ðtÞ > 0, we can deduce that

f 0ðtÞ
f ðtÞ

eK:

Then, with 0 < s < t fixed, we integrate the previous condition from s to t to obtain

ln
f ðtÞ
f ðsÞ

eKðt$ sÞ;

and then

e$Ktf ðtÞe f ðsÞe$Ks;

whence the monotonicity, and the thesis follows. r

We are now in a position to prove the following result.

Theorem 3.2. Let M be a Riemannian manifold satisfying (H1), (H2). Then, for every
u A L1ðMÞ, the function

t 7! e$Kt
Ð

M

j‘TðtÞuj dm;ð3:2Þ

where K is the constant in (H1), is non-increasing; in particular, the limit

lim
t!0

Ð

M

j‘TðtÞuðxÞj dm

exists, either finite or infinite.
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Proof. Let u A L1ðMÞ be a given function; we are going to prove that the function
f : ð0;þyÞ ! R defined by

f ðtÞ :¼ k‘TðtÞukL1

is di¤erentiable and satisfies f 0eKf for every t > 0. Observe that for every t > 0 the func-
tion TðtÞu is analytic, and then the equality

qtj‘TðtÞuj ¼ 1

j‘TðtÞuj
h‘DTðtÞu;‘TðtÞui

holds m-a.e. in M. Since

1

j‘TðtÞuj
h‘DTðtÞu;‘TðtÞui

))))

))))e j‘DTðtÞuj;

by (2.10), we can conclude that f is di¤erentiable and we can di¤erentiate under the inte-
gral sign. Using the Bochner-Lichnerowitz-Weitzenböck formula (1.1), we obtain

f 0ðtÞ ¼ d

dt

Ð

M

j‘TðtÞuj dm

¼ d

dt

Ð

M

h‘TðtÞu;‘TðtÞui1=2 dm

¼ 1

2

Ð

M

1

j‘TðtÞuj
qth‘TðtÞu;‘TðtÞui dm

¼
Ð

M

1

j‘TðtÞuj
hqt‘TðtÞu;‘TðtÞui dm

¼
Ð

M

1

j‘TðtÞuj
h‘DTðtÞu;‘TðtÞui dm

¼ 1

2

Ð

M

Dj‘TðtÞuj2

j‘TðtÞuj
dm$

Ð

M

jHessTðtÞuj2

j‘TðtÞuj
dm$

Ð

M

Ric
!
‘TðtÞu;‘TðtÞu

"

j‘TðtÞuj
dm:

Consider the following equality:

Ð

M

Dj‘TðtÞuj2

j‘TðtÞuj
dm ¼

Ð

M

1

j‘TðtÞuj
Dj‘TðtÞuj2 dm

¼ $
Ð

M

‘
1

j‘TðtÞuj
;‘j‘TðtÞuj2

+ ,
dm

¼ 1

2

Ð

M

1

j‘TðtÞuj3
h‘j‘TðtÞuj2;‘j‘TðtÞuj2i dm

¼ 1

2

Ð

M

1

j‘TðtÞuj3
j‘j‘TðtÞuj2j2 dm:
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Taking into account that

j‘j‘TðtÞuj2j ¼ sup
jX je1

j‘X j‘TðtÞuj2j

¼ 2 sup
jX je1

h‘X‘TðtÞu;‘TðtÞui

e 2 sup
jX je1

j‘X‘TðtÞuj ! j‘TðtÞuj

e 2jHessTðtÞuj ! j‘TðtÞuj;

we obtain

Ð

M

Dj‘TðtÞuj2

j‘TðtÞuj
dm ¼ $ 1

2

Ð

M

1

j‘TðtÞuj3
h‘j‘TðtÞuj2;‘j‘TðtÞuj2i dm

¼ $ 1

2

Ð

M

1

j‘TðtÞuj3
j‘j‘TðtÞuj2j2 dm

e 2
Ð

M

1

j‘TðtÞuj
jHessTðtÞuj2 dm:

In conclusion, taking into account that Ric
!
‘TðtÞu;‘TðtÞu

"
f$K j‘TðtÞuj2, we have ob-

tained that

f 0ðtÞeK
Ð

M

j‘TðtÞuj dm ¼ Kf ðtÞ;

applying Lemma 3.1, the conclusion follows. r

We can now prove that the limit (3.1) coincides with the total variation of
u A BVðMÞ.

Theorem 3.3. Let M be a Riemannian manifold satisfying (H1), (H2). Then, for every
u A L1ðMÞ, the following formula holds:

lim
t!0

Ð

M

j‘TðtÞuðxÞj dmðxÞ ¼ jDujðMÞ:ð3:3Þ

Proof. Notice that, since TðtÞu ! u in L1 as t ! 0, by the lower semicontinuity we
have that

jDujðMÞe lim inf
t!0

Ð

M

j‘TðtÞuj dm:

This inequality immediatly implies (3.3) if u A L1ðMÞnBVðMÞ, both sides being þy. For
u A BVðMÞ, we prove that

lim sup
t!0

Ð

M

j‘TðtÞuðxÞj dmðxÞe jDujðMÞ:

By Remark 2.7, there exists a sequence ð fjÞj HDðD1Þ converging to u in L1ðMÞ such that
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lim
j!þy

Ð

M

j‘fjj dm ¼ jDujðMÞ:

Since ð fjÞj HDðD1Þ, we have TðtÞ fj ! fj as t ! 0 in the graph norm, and then, by the
inclusion DðD1ÞHH 1;1ðMÞ, also in the H 1;1ðMÞ norm. Therefore, for every e > 0 we can
find a sequence ðtjÞj converging to 0 such that k‘TðtjÞ fj $ ‘fjk1 < e, whence

Ð

M

j‘TðtjÞ fjj dm <
Ð

M

j‘fjj dmþ e:

Moreover, for every f A DðD1Þ and t > 0, from Theorem 3.2 we get

e$Kt
Ð

M

j‘TðtÞ f j dme
Ð

M

j‘f j dm;ð3:4Þ

then, defining gj ¼ TðtjÞ fj, the sequence ðgjÞj converges to u in L1ðMÞ, and also
TðtÞgj ! TðtÞu in L1ðMÞ as j ! þy for every t > 0. From the lower semicontinuity of
the total variation and (3.4) it follows that

lim sup
t!0

Ð

M

j‘TðtÞuj dm ¼ lim sup
t!0

e$Kt
Ð

M

j‘TðtÞuj dm

e lim sup
t!0

'
lim inf
j!þy

e$Kt
Ð

M

j‘TðtÞgjj dm
(

e lim sup
j!þy

Ð

M

j‘gjj dm ¼ lim sup
j!þy

Ð

M

j‘TðtjÞ fjj dm

e lim sup
j!þy

Ð

M

j‘fjj dmþ e ¼ jDujðMÞ þ e:

Since e was arbitrary, the proof is complete. r

Added in proof. After this work was completed, our main result has been proved in
a simpler way, and without requiring hypothesis (H2), by A. Carbonaro and G. Mauceri,
see A note on bounded variation and heat semigroup on Riemannian manifolds, to appear in
Bull. Austr. Math. Soc.
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