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REND. SEM. MaT. UN1Vv. PADOVA, Vol. 69 (1983)

A Generalized Theory of Classical Mechanics
for the Two Body Problem.

FRANCO CARDIN (*)

1. Introduction.

A well known result of Classical Mechanics consists of the following
assertion about the Two Body () Problem in the reduced mass frame:

(@) if P, is subject to a gravity field with centre at P,, and the
orbits of its possible motions relative to P, are conic sections with a focus
at P,, then P, fulfils Newton’s law: U = —y/q.

Because of the large range of validity for Newton’s law, it may
asked whether it is possible to build a mechanical theory in which
this law, or a physically relevant generalization of it, can be deduced
from hypotheses weaker than these in (a).

In the present paper I try to give a classical, that is, non relativistic,
answer to the above question. The basic change with respect to the
usual Classical Mechanics consists of a generalization of Mach’s axiom
for mass. Moreover, in [4] it is shown that a natural application of
this theory leads to a physically acceptable description of the peri-
helion’s precession of planets. The last result is very similar to the
well known approximation of the motion of a particle under Schwarz-
schild’s solution for the metric tensor within General Relativity.

In connection with the Two Body Problem, the present theory is
interesting especially because

(*) Address: Seminario Matematico, Universitad di Padova, via Belzoni 7,
35100 Padova. This paper has been worked out within the sphere of activity
of the research group no. 3 for Mathematical Physics of C.N.R. (Consiglio
Nazionale delle Ricerche).

(*) Material points P, and P,.
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(i) its results are obtained within a classical conception of the
physical world, hence

(ii) the critical reviews of the concepts of space, time, and matter,
which are essential for General Relativity, are not necessary in the
present theory. Therefore, the latter is much simpler than General

Relativity.

In sections 2, 3 the axioms of a theory J of Classical Mechanics,
restricted for shortness of treatment to the Two Body Problem, are
presented in a way slightly different from [2] but in conceptual agree-
ment with that paper. In theorems T1 to T4 some well known results
are deduced from hypotheses more general than the usual ones.

In section 4 we formulate a weaker version, A2*, of axiom A2 for
mass in section 2. This generalization is suggested by a general the-
orem of representation, T2, for the force in 7. We study the resulting
theory 7 * and some important consequences of it. In detail, in (4.15)
and (4.16), we offer the most general expression for the force and,
in section 5, in the mass reduced frame #Z;5, we show that the orbit
belongs to a certain conic surface (T2*). As consequence, assuming
that P, coincides with the origin of a frame %44, we prove that the
motion of P, is plane if and only it its orbit is a conic section.

In section 6 we show that within J* any plane motion is generated
only by a force & of a quasi-Newtonian kind, that is, by a Newtonian
central force to which we add a force of little magnitude, depending
on the velocity also. The force & reduces to Newton’s when (in con-
nection with plane motions) J* reduces to <.

Thus in Z * the following alternative assertion to (@) holds in the
mags reduced frame:

(a*) if P, is subject to a force field which admits a generalized
potential and describes a plane orbit, then this orbit is a conic section and
the quasi- Newtonian force law (6.8) holds.

2. Classical axioms for the Two Body Problem.

We consider classical physics and regard the motions of <nertial
spaces and inertial frames as known. Let £, such a frame. We as-
sume that only the particles P, and P, exist, so that they constitute
an isolated system.
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Before listing the axioms of Classical Mechanics, here enunciated
briefly only for our system, we state in advance an axiom of physical
possibility whose use is essential in several proofs.

Al (of Phys. Poss.). Let Ry be an arbitrary inertial frame. Then

(i) of =y, x,, v, and v, are four vectors of R3 with x, +* x,, it is
phys. poss. (2) that at some instant t € R the two particles P, and P,
have in R4 the positions x, and x, and velocities v, and v, respectively,

(ii) 4t is phys. poss. for Py and P, to have non-vanishing accelera-
tions parallel with x, — ,, in X5 and hence in any other imertial frame,
at some instant i.

A2 (mass existence). There are u,, p, €R* for which, calling a; the
acceleration of P, (1 =1,2) with respect to X4 at the instant t, we
necessarily have

(2.1) ma, + p.a,=0.

This axiom is in harmony with Mach’s paper[6] and with more
recent axiomatization of classical particle mechaniecs—ecf. [2]. If (2.1)
holds necessarily, then ¢+ u; is called a mass distribution. If also
i — u; is a mass distribution, then for some b e R+ u; = by, (i =1, 2)

as is easy to prove on the basis of Al(ii). Thus we have oco! mass
distributions mutually connected by changes of the unit mass.

A3 (dynamic law). In connection with an arbitrary choice of %,
there is a function (force) f

(2.2)  f: [REXRNJ(E,, E,) e R®XR%: E, = E,}] XR3XR® RS

(gu gzy ga’ 54) Hf(gu gz; g:n €4) ’

such that if ©+— u; is a mass distribution and with respect to X5, at
the instant t, P; has the position x, and velocity v, (¢ =1, 2), then

(2.3) “1@, :f(xzyxuvzy'h)’ M2 @y =f(x1,x2,v1,v2).

(%) Physically Possible means ideally realizable, i.e. technically possible
for ideal experimenters—cf. [3].
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The function f that fulfils the condition above is called force func-
tion, and depends only on the choice of units in the well known way.
Further on by f such a function will be understood.

By A1(i) and A2 we have the following theorem:

T1 (Action and Reaction principle for the resultant). If x,, x,,
v;, U, € R® and x, # x,, then

(2.4) f(xnxz"vu”z) +f(x2,x1, vy, v;) = 0.

Usually one also assumes the following Action and Reaction prin-
ciple for the moment: Under the assumptions in A2 we necessarily
have that

(2.5) f(x17 X5y V1, V)N (%, — 2,) = 0.

This principle is not included in the present theory. Instead,
in sect. 3, (2.5) will be deduced from the assumption that a generalized
energy integral holds for the system {P,, P,}.

Well known homogeneity and isotropy properties of inertial spaces
—cf. [1], § 2—restrict the form of f according to the following axiom

A4, There is a function F: [R¥\{0}] XxR® —R3 for which
(2.6) F(x,— %, v,—v;) = f(%1, %5, 1, v,)

and, for all u, weR3 with u= 0 and all proper orthogonal matrices Q
(QQ"=1, det@ =1).

(2.7) QF (u, w) = F(Qu, Qw).

By a theorem of Cauchy — cf. [7], p. 60 —, one has the following
representation theorem for the above function F.

T2. Let F fulfil (2.7). Then there are three mappings 7, B, and €
of R*XR*XR into R, for which

(2.8) F(u,w)= A(|ul, jw|,uXw)u -+
+ B(|ul, lw|, uXw)w + €(|ju|, jw|, uXwW)uAw.

Through the weak Action and Reaction theorem T1, the mass
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axiom A2 implies a further restriction on the form of F. Under the
definitions

(2.9) q= X— %, ‘1.2”2_”17 q:I‘II’ q:lq|7

the following theorem can be easily proved:

T3. The most general function F, that has the form (2.8) and under
condition (2.6) fulfils (2.4), is given by

(2.10)  F(q, ) = #(q,4, qx 9 q + (0,4, 9x4)d (¥ =0).

3. Assumption that a certain generalized energy integral exists.

From the physical point of view, it appears natural to assume that
generalized energy integral exists for our isolated system—cf. axiom A5
below. As a preliminary let us note that the mass axiom A2, and
hence the Action and Reaction principle for the resultant, implies
the following theorem, proved in textbooks after having stated the
full Action and Reaction principle—ecf. also [5], p. 352—but using only
the part T1 of it.

In the reference frame Rgg5, whose origin is (always) in Py, and s
rotationless with respect to imertial spaces, the dynamic equation of P,
reads—ocf. (2.3)

M reduced mass).

3.1 *g=F where p* =
(3.1 ©rq ; B = .
If a function V(q, q), Ve%z)([Ra\{O}] X R3; ]R), exists, for which

. oV d ov
(3.2) Fo=Fuad) =5~ g5

(h= 1, 2,3),
then (since 0F/og, =0) V has the following form (linear in q):

(3.3) Viq, q) = U(q) + a(q) X ‘j’

where U e %®(R*\{0}; R), ac @R\ {0}; R?).
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For the kinetic energies

2 1 .
Z , Tyg:g#*qz7

NIH

(3.4)

#a % + He xz)

1
T e = = (@1 + pa) V5 (v
ME 2 (U1 + us) vVige ME — s+ pia

we have the identity
(3.5) T=Tsp+ Tus-
The Lagrangian functions of {P;, P,} in #, and Zs4 are

L(x,, x,, ‘ela xz) =T+ V(x,— %y, az’z_dl) ’

(3.6) } .
Ly3(q,9) = Ts5+ V(g,q)

respectively, so that their corresponding Hamiltonian functions read

# = i( ablh+aL')—L=T——U,
0%1n

h=1

(3.7)

oL g
fwa——z 7% Go—Lya= Tyg— U .

h=1 a h

Axiom A2 implies v, = 0, hence 7,4 = const. Then # is a
first integral of the motion of {P,,P,} iff #g4 is such an integral.
Since by (3.6) 0L/0t = 0 = 0Ly 4/0t, in our case K and H g5 are first
integrals.

It is clear that if A2 is excluded from the theory J being con-
sidered, both (3.1) and the above equivalence assertion on # and #s4
are no longer theorems. With a view to weakening A2 and considering
the material reference frames which e.g. the motions of planets are
referred to, not to be inertial but choices of Z,4 with the origin in
the sun, I propose the following version of the afore-mentioned exist-
ence assumption for a generalized energy integral.

A5. If Ry4 has the origin in P, (md has the same orthonormal basis
{€n}rar,0,s a8 R4, the functwn ./f(q, for which the motion of P, neces-
sarily fulfils the equation u*q—= F (q, 1), is afforded by a gemeralized
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potential V(q, q), V € C®([RN\A]XR?; R), for some set A without in-
ternal points, such that the functions

ov. d oV

(3.8) fhzﬁ—a@ (h=1,2,3), Fre?([R°\A]XR%R),
h

have continuous ewtensions onto [R¥\{0}] X Rs.

On the basis of some preceding considerations—cf. (3.1)—A2 implies .
(3.9) & =F.

From (3.2) and (3.3) we deduce
(3.10) F(q,q) = q\rot a(q) + grad U(q) .

Now we are going to characterize (the form of) the functions .o/
and #. Axiom Al(i) of phys. poss. tells us that for all g = 0 and
all g, some motion of {P;, P,} is possible for which, at some instant ¢,
g and g represent the position and velocity of P, in #Z54. Then (2.10)
and (3.10) imply that
(3.11) F(q,0) = (¢, 0, 0)q = grad U(q).

Since 9¢/9¢, = ¢1/4,

ou ~ ~ 0 ~
312) (@ =J@a=TWaz , vhere Fg) = 0,0),.
hence
(3.13) Ulg) = 0(@) = | #(@)qdq.

By (3.11), equation (3.10) becomes

(3.14) F(q,q) = gArota(q) + (q9)q.

The term rot a(q) in (3.14) is isotropic iff for some function 2(g), .
2: Rt - R,

(3.15) rot a(q) = 2(q)q .
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By (3.14), (3.15), and (2.10) |
(3.16) D(¢) gAq =[H(q,d, X 4) — Z(¢)1q + B(¢,d, 9% 9) q,

Vq(#0), Vq (see Al(i)); it is true iff

~

(B17) (g4, qxq) = L(q), Z=0 (2=0rota =0).

Calling 7 the theory based on axioms Al to A5, let us summarize
the preceding results by the following theorem

T4. (i) The most general force F in T is positional and admits a
(universal) potential U(q):

(3.18) F(q) =grad U(q) ;

(ii) also the Action and Reaction principle for the moment holds

(3.19) F(g)\Nq=0;

(iii) tn the above system R4 4 the motion of P, is central (with
respect to the origin P;) and hence plane.

A natural specialization of 7, through a suitable choice of U,
leads to Newton’s theory of gravitation. The validity of this choice
can be proved when e.g. new facts are postulated, e.g. that the pos-
sible orbits of P,in %44 are conic. In the remaining sections a theory J*
is studied, which can be obtained from J by replacing the mass ax-
iom A2 with a weaker axiom, A2* TUnder the additional assumption
that the motion of P, in #Zs4 should be plane—see axiom A6 below—
(which is a theorem in J, T4(iii)), 7* will be shown to admit New-
tonian gravitation as a limit theory and to foresee (in a slightly ap-
proximated version) a precession of the apsidal points of quasi conic
orbits, in substantial agreement with the corresponding results of
General Relativity.

4. A theory J* with a mass axiom A2* weaker than A2.

The general form (2.8) for F (together with the dynamical axiom A3)
.suggests to weaken the mass axiom A2 into the following
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A2*. For some u,,u, € R, if x; [a;] is the position [acceleration]
of P; in the inertial frame Z 5 at some instant t (i =1, 2), then we neces-
sarily have

(4.1) (Ur@y + po@;) X (%3 — 2,) = 0.

Let Al and A3 to A5 keep holding. Then, as is easily checked,
theorem T2 keeps holding unlike theorems T1, T3, and T4. In spite
of this the theory J*, based on Al, A2* and A3 to A5, appears to
substantially belong to classical mechanics by the notions of space,
time, and mass. In fact it is easy to prove also in 7 *, with an essential
use of the axiom A1l1(ii) (of phys. poss.), that co! mass distributions
i > u; exist.

The replacement of axiom A2 (in J) with A2* enlarges the class
of the motions of {P,, P,} compatible with the axioms of the theory
being considered. In order to deal with gravitation, let us restrict
this class by means of some conditions on the motions phys. poss.
for {P,, P,}. The following axiom on the orbits of P, in Zs4 is
reached by qualitative observations, it is a theorem, T4(iii), in 4 and
certainly weaker than the requirement that, for exemple, these orbits
should be conic.

A6. In 44, which has its origin in P,, the motion of P, is plane.

This axiom will be exploited only from section 6 on.

Let Z(q, q) the force, relative to %54 above, exterted by the
particle P, of mass u, on the particle P, of mass u,. Hence (4.2),
below holds

(4.2) p*q = F(q,q) = qArota(q) + grad U(q).

By A5 (4.2), holds for some functions a(q) and U(q).

Let F(q, q) be the effective force exerted by P; on P,, that is,
the one relative to an inertial frame R, having the same orthonormal.
basis {e,} as Zs5. Then

(4.3) :ulk'l:F(_q,—‘.i)y ﬂz‘i’.z:F(qy‘.i)i
hence by (4.2),, (2.9);, and (3.1),,

44 F,':M"_—"lz
(4.4) (q;9) M1+Hz(x2 x1)

F(— q7—‘j)-‘
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Therefore the analogue of (2.7) holds for #(q, q), so that the same
can be said of the consequence (2.8) of (2.7). Thus #(q, q) has the form

(45) F(q,9) = #(,4,9%9)q + B(¢,d,9x9) g +
+ %(¢,4, 9Xq)qNq .

In order to characterize .7, # and ¥ on the basis of (4.2), let us
now reason like in the proof of theorem T4 in section 3. By an es-
sential use of axiom Al(i) (of phys. poss.), from (4.2) and (4.5) with
q = 0 we deduce that

(4.6) Ulq) = Ute) =[ (g, 0,0)qdg.

Furthermore let us note that the term rot a(q) in (4.2) is isotropic
iff for some function 2(q), 2: R+ - R,

(4.7) rot a(q) = Z(q)q .

Under the definition

(4.8) D(q) zfg(q)qdq,

equality (4.7) becomes

{(4.9) rota(q) = grad P(q), hence 4P =0.

The general solution of (4.9), is

K
(4.10) Og)=—,+ K (K FKeR),
so that (4.9), becomes

(4.11) rota(q) = % q.

-Some solutions of (4.11) can be found easily in spherical co-ordinates
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7,0, (r =q). In fact the system

1 [o ooyl K
(rot ), = rsin0 [80 (sin o) ———&;] T
1 0Ox, 10
(412) (I'Ot o)y = ’I'_S—ln—o- %—— ; é; (’I'th,) =0
1[0 oo, |
(I‘Ot a),p = ; [5; (Tag) — '%‘:I =0
(0 = o, 7 + gl + o P)
is solved, for esample, by
(4.13) a.—_(o,o,—Kc:ge):—K—o’:ﬁ%,

3
and in cartesian co-ordinates (a = z ac,,eh) we have that
h=1

(4.14) a:( Kqsq, Kq:q,
' (

— 0)e®: (RN A4; R3
A+ q(qf+q.§)’) BN4;5 ),

where A = Re,. Then for some function U(q) of class €® and some
K e R the force function (4.2) has the form

. K .
(4.15) F(q,q) = — F AN+ grad U(q),

so that it obviously has a continuous extension onto [R¥\ {0}] X RS3;
hence it is compatible with Ab5.
By (4.4)
(o + )7 (q, 9) = 1 F(q, 9) — pF(—q, — q)
so that by (4.15) we easily obtain
. K . .
(4.16) F(q,q) =— s grad U(q) ,

where K = K F1 T Tt K(Hu He) -
P Me
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Remark that the presence of the factor (u; — u,)™* in (4.16) does
not imply a singularity for u, = u,. In fact the integration con-
stant K can depend on yu, and u,. The assumptions that

(417 ImK=0 (i=1,2), E(El+£2,n1+nz)=gﬁ(£i,nj)

>0t s,
on K—cf. (4.16), ,—are natural and imply that

M1 — Us
ﬂ1+ﬂ2’

(4.18) K(ﬂl’ M) = hpy s K(,uu H2) = hpap,

where h eR is a universal constant.
Note that the force law (4.16) is compatible with axiom AZ2%*, in
that (4.16) yields

(4.19) (ta x, + J22 éi;2)><(x2 —x;) = [F(‘—‘b —"‘I) + F(q, q)] Xq=0.

5. Orbits of P, in #,4 in the theory J *.
The dynamical equation of P, in Zs4 is
s o . K . -
(5.1) v*q = F(q,q) =—Eq/\q + grad U(q) .

Let us call Reduced Moment of Momentum of P, the vector L*:

(5.2) L* =gqAp*q.
Then
. K s
(5.3) F(q,q) = _‘u* e L* + grad U(q) ,
so that
. .. . K
(5.4) L*=qAu*q=qA\F(q,q) =QQAL*¥, where Q = —Iu*; .

T1*. In the theory T *, |L*| is a first integral of the motion of P,
with respect to Ry g:

(6.5) % |IL*| =0, d.e. |L* = const.
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Let %, be a generally non-inertial frame {P,, J;, J:, J5} in whose
motion with respect to Zs4, to be regarded as the dragging motion,
the plane (P,,J,,J;) is rolling on P,’s trajectory in Zs5 without
sliding. The index A[R] will be used for quantities referred to
R4 ZR2) (and regarded therefore as absolute [relative]). For P, we have

5.6) {"A:q:"uvb =0

at= g = af + a® 4 2w’ \vE.

(a) Determination of wP. Since %, is rotating with respect to
Rz around an axis through P,, we have that

(5.7) v = wPAq,

and by (5.6);, w?|q. Furthermore, by (5.2) L* is orthogonal to the
plane (P,, Ji, J;), so that for suitable orientation of J,, J, and for
qrng # 0

L* * .
(5.8) o= = and  (I*=L%).

Poisson’s equation for J; reads
(5.9 4y — word
9) @’ w?AJs,

and by (5.8), (5.5), and (5.3) we also have that

d w* .. 1
G10)  Gh=lgni= 1 q/\(—

K K
p* g L*) g N

hence, by (5.4);, (w? — Q)AJ; = 0, i.e. w? — Q = yJ, for some y €R.
Furthermore w?|q||Q. Hence y = 0 and

K

(5.11) W= = o

q .

(B) Determination of the angular velocity w*[w?®] of the plane
(P1y Jsy qlq) with respect to Ry4(Rg]. Since P, = P, -} q always
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belongs to the plane (P, J;,J,), we have w*|J;. Hence
(5.12) w? = 9J3 , Where & = J,P,P,.

Furthermore by (5.2) and (5.5), the vector L* is constant in Ry,
the area swept out in unit time is constant, and

(5.13) L* = u*@¢2J, ;

by (5.12) we have L* = u*q2w?, that is

(5.14) w? =

By the composition theorem for angular velocities

L* K
(5.15) w‘=w”+“’z’:y*gz et
Hence
a . p
(5.16) 74=w*A\d, where {=qq.

(y) Expression of the time derivative of w* with respect t0 Ry g.
By (5.15), (5.11) and (5.16)

= (K 4):1( 1 )(L*JS—K4>+

di a\p ™ e ) T a\ur g
1 4 W~ 2(dg/at)
+ ¢t (L*J;— K§) = — W (L*J;— Kq) +
; dg/dt
+ g (L*0? A3 — Kwi\g) = — 2 —qq/— w* +
1 Kq L* K
g [P () (g )]

hence
(5.17) d wi=2 (Ing—*) w*,

dt dt
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Thence we lastly obtain that

d
— (Xd4) =0, where d= w/|w4|.

(5.18) =

d
ZHA —
dtw 0,

Some results obtained in this section within J* are summarized
in the following theorem

T2*. According to the theory I *, based on axioms Al, A2¥%, and A3
to AB, (i) the most general force function F(q,q) [F(q, q)] relative to
Ry3 R 5] is expressed by (4.15) [(4.16)], (ii) the motions of P, compatible
with these forces have trajectories in Rgg lying (each) on a fized conic
surface in Rgq4 that has the vertex at P,, the axis parallel with &%, and
semi-aperture o where

K
(5.19) o = arc cos |d4 X §| = arc cos {\/—K-z”%z*‘—];*);} :

As was expected, for K — 0 we have ¢ — 7/2, i.e. the conic surface
reduces to a plane. It can be asserted that J is the special case of 7 *
obtained for K = 0—cf. (4.16).

It is evident that P,’s plane orbits in #yg—cf. A6—are necessarily
conics; however it must be remarked that the plane through P,’s
trajectory I, can contain P, only when I, belongs to a straight line.

6. On the theory J *+ A6. On plane motions.

We want to determine the most general expression of Z(q, q)
—ocf. (4.15)—in the theory J *-+ A6 obtained from J* by the addi-
tion of A6 as an axiom. It suffices to require the following identity

(6.1) bAb=0, where b—=gAgq,

i.e. that the about vector b, which is orthogonal to the osculatory
plane for P,’s trajectory, should have an invariant direction. By (4.15)
and the following definition of 4 = A(q)

(6.2) A(q) = 4(q,0,0) (A(q)q = grad U(g)—cf. (4.6)),
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we have that
7 (

. Flq,q) . ( K . A )
6.3 b s —_— = [ — —
(6.3) qn - qn e qNq + e q

1Xq K A
(i) (e (are

Remembering that dg/dt = qx q/q and writing A’ for dA/dg, we
have that

Xq . K K . A
i e Sl e )
INEK T qNq ,u*q3q/\ u*qanq+u*q +
A'gxq A ] 3Kqxq
—_ = X X
+ 0 q+#*q ey (g x99 — g xq9) +
K 2
+(M )qxqq/\q+ qqqq/\q,
that is,
;. [3Kqxqqxq 3K(gxq)] .
64 b= [PRALE g 4 [ PRI g

K\ . A’qxq'] .
>< =
+[(M*Qa)q 9+ u*q /\q

For g\ q +# 0 the vectors q, g, and g/ q are linearly independent.
Hence (6.1) holds iff the corresponding components of the vectors b

and i), put in evidence by (6.3), and (6.4), are proportional, i.e.

_Kq‘xq’ Kqxq A
(65) ‘u*qs . £*93 . _ K [l,l/* A )
e . 3K(qgxq)? ( )2 . ‘gxq
xXqq X — Xq -+
prgp 1794 1 wre weg) 179 wrq

While (6.5), holds identically, (6.5), is equivalent with equation

94, K
(6.6) A +3A == 3ag
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in the unknown A. The general solution of (6.6) is

Kz
‘LL* q4

(6.7) A:q%—+ (y€ER).

As a consequence, by (6.2) and (4.15)

- K1 . K . K2
6.8) Ug=—2—=, ﬁ(q,q)=§; —pIN T

q.

Now the validity of the theorem below is evident.

T3. InJ*+ A6, (i) P,’s trajectory in Z44 18 a conic, (ii) the central
component of F(q,q) (i.e. |q) is quasi-Newtonian—cf. (6.8),—:
(yq® 4 K2q*/u*)q, where y and K are independent constants, and
(iii) in the case K = 0, which occurs iff the full Action and Reaction
principle is satisfied, the Newtonian gravitation law holds, i.e. the force
F(q, q) is independent of q and admits the potential U= —y/q.

The limit behaviour of the theories J* and J*|+ A6 can be ex-
pressed symbolically by

(6.9) IMI™* =T 5@y, UMT* + A6 =T igmmion 1= —io) -
K—>0

E—>0
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