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N =2 supersymmetric Yang-Mills renormalization group scale as modulus
for Witten-Dijkgraaf-Verlinde-Verlinde equations
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We derive a new set of Witten-Dijkgraaf-Verlinde-Verlinde equationsNer2 SYM theory in which the
renormalization scald is identified with the distinguished modulus which naturally arises in topological field
theories[S0556-282(198)01010-9
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A fascinating aspect of Seiberg-Witten thefty is that it  considering the extension of the WDVV-like equations to
relies on deep geometrical aspects such as uniformizatiofully topological WDVV equations. The idea is to look for
theory[2]. On the other hand uniformization theory turns out WDVV equations where the derivatives of the prepotential
to be relevant also for topological field theories and nonperinclude that with respect to the distinguished modulusve
turbative 2D quantum gravity3] to which the Seiberg- will show that there are remarkable relations which actually
Witten theory is related. Furthermore, as a consequence dfad to such a result.
the Seiberg-Witten results, it has been possible to derive the The result in[11] is that theB-function of N=2 SYM
explicit expression for the beta-functidd—6] which has with gauge group SW), satisfies the WDVV-like equations
been recently reconsidered j@—12. In [10,1]] the ana-

logue of the Zamolodchikoe theorem[13] in the frame- Tkiﬁ'm}'ﬁqﬁj_ 5B " T (4
work of the ADN=2 super Yang-Mills(SYM) theory has i ) )
been consideretsee alsd7—9)). where '™ is the inverse of the matrig;;, and

In the following we will consider the SU() gauge group P
and denote byF the prepotential and Byﬁj=(92}7f9a'aaf B, i - =,
the effective couplings whera'=(¢') are the vacuum ex- gat...dak
pectation value$VEV's) of the scalar component. i, de=1...n—1.

Let us consider the beta-functidmatrix) Let us write down the WDVV-like equations derived in

Bi=A L o
PP FiF; 'Fy=F;F Fi, (5)

whereu“=u=(tr ¢“), a=2,...n. where E7)i;=Fii; - We want to show that

Very recently, it has been shownl(ih1] that 3;; plays the . .
role of the metric whose inverse satisfies the Witten- FiF "Fj=FjF Fi, (6)

Dijkgraaf-Verlinde-Verlinde- (WDVV-)like equations. In

doing this we first considered the WDVV-like equations de-""eré Ew)ij=7ii; and all the indices run from 0 to—1
rived in the framework of the S@) reduced Picard-Fuchs anda®=A. Observe that this is not a trivial extension as we
equationg14,15. Next, we used the WDVV-like equations f’i|SO have exteqdeo_l th_e range of_summatlon. Writing explic-
derived for SUG), n=4 in[16]. In [11] it has been observed 1Y the summation indices, Ed6) is

that, by the Euler theorem, (F)(F) ™ (F = (F)alFp) " (Fa, ()
Biy= A ]:k'J' 2 where (7-'p)'m denotes the inverse of the matrixF()y
where = Folm-
R R ak Observe that we can define the generalized beta function
Aeaak= S 3 by
=2 o IF;
. . ) i
This strongly indicates, as should be for a topological field Bij :aOF ; (8)
theory [17], that there is actually a natural distinguished a2, ...
modulus: the renormalization scale This strongly suggests i j=0,... n—1. Generalizing the beta-functigs® evalu-
ated in[5], we can introduce
*Email address: bertoldi@padova.infn.it @ .097ij )
TEmail address: matone@padova.infn.it Bij=a 9al L
YWe will denote byi,],k, ... the indices running from 1 to anan
—1 and byi,j,k, ... those running from 0 tm—1, where/, A key point in the derivation of Eq(7) is the following
=\ F. identity:
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71 -~
Fiik=Fijk(1= 8i0) (1= 80) (1~ 8o) —a° a'[Fjij (1~ 8i0) (1~ 8j0) Sko+ Fiik(1— 8i0) (1~ 8ko) Sjo+ Fij(1— o)

_2 - ~
X (1= 8yg) Siol +a° "a'a"[ Fimi(1— 8i0) 8000+ Fimi Sio( 1= 80) kot FimkSiojo(1— Sko) ]

- aofsa'narﬂna'n‘]-“frhﬁéio&joéko , (10
|
where the summation on the indicksn,n goes from 1 to pi=(Fioo, (00);=(Fiqj, (13
n—1. Observe that on the right hand side of EtQ) there
never appear§ derived with respect ta® as these possible i Z(Fi)6011 (vi);= (Fi)ajl- (14)

terms are killed by the delta functions.
The identity(10) is obtained by first observing that, by the \yje have
Euler theorem,

al g, F; i~ (2=K)F i (11) wipi+tovi=1, Fv+puio;=0,
...... 1

Therefore, for example, fori=0,...n—1, so that

F=F(1-8o)+a° (2F-aF)so. (12 1 5

M=
Observe that in this way we get an expression for the deriva- pi— 0iGio;
tives of F with respect to angX, inc[udingao, in which only and
the derivatives ofF with respect t@ appear. In this way we
can express the E¢7) in terms of F and its derivatives with _
A Vvi= ,lLiGiO'i . (16)

respect taak. A
In the following we will denote byF; the matrix obtained Furthermore, we have

from F; with the matrix indices running from 1 to—1. In

other words E;);i=Fijk. Similarly, by F, ! we will denote ﬁflz[Gi(l— ai®v) k- (17)

the matrix obtained fronfr; ! by restricting the range of the

matrix indices to 1...,n—1. We also defin&; the matrix  Therefore, we now hain‘l in terms ofp;, o;, andG;.

inverse ofF; (observe that; # IA:i_l). Let us derive the ex- In terms ofp; ,o;, etc. Eq.(7) is equivalent to the follow-
pression for the inverse of thg, matrix. We set ing identities:
|
wppip;+ pitoivyt pitvpo; +t0'iF;10'j = wppipit+pi'oivetptvpoi+lo; F;lai , (18
pjipoit piFivy+ FiFEIO'j +(0i®vp) o= pipnpoj+piFjvp+ Fngloi +(o®vp)aj, (19
I’El"i;ll’i]‘l‘(a'l@ Vp)lej‘l‘(/.l,p(fl‘l‘Ielyp)(g)o']:ﬁ]ﬁ‘;llel‘l‘((n@Vp)'E|+(ILLp0'J+|E]Vp)®O'| . (20)
|
While we immediately see that E¢L8) holds, the other (IEO)A&: _aO—laﬁ1(|E S
two equationg19) and(20) are satisfied as a consequence of ! mate
the identity to reduce to previous case.
- - To see how the identity works, we give the example of
FiGjo=FGjoi, (2)  Eq(19) that by Eq.(16) and(17) is equivalent to
where i,j,k=0, ... h—1, which follows from Egs.(5),

(10), and(13). Actually we have Mp[pjai_iji?p0p+Fi?p(op@)epap)aj_(Ui®Gpap)GJ
- . .- . —pioi—piFiGyo,+FiG,(0,0G,0,)0;
(F Gjo)i=(F )i G ™[ —a® 1% Fayg(1- 8y0) Lo e
o A _(O'j(X)Gp(Tp)O'i]"‘FiGpO'j_FijO'izo, (22)
+a° %a%a' Fip Svol.-
which is satisfied thanks to Eq1).
Then if bothi andk are different from 0, the identity follows In conclusion, we have derived a new set of WDVV equa-
directly from Eq.(5), whereas if either or k is equal to 0, tions forN=2 SYM, in which the renormalization scaleis
then we simply use the fact that by Ed.1) identified with the distinguished modulus which naturally
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arises in topological field theori¢&7]. In particular, repeat-

ing the construction in11], we have that Eq(7) implies

(FkB™(FD mn= (FDB™(F)mn, (23

where '™ is the inverse of the generalized beta majsix,
defined in Eq(8). Furthermore, it is easy to see that

)Im

(FaB@ " (Fmn=F) B (Fmne (24

6485

where 8@ is the inverse of the beta matrix defined in
Eqg. (9).

Finally, we stress that it would be desirable to understand
the structure of the equations féf deriving from the condi-
tions of flatness of the WDVV metricg,,, and 82 .
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