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N52 supersymmetric Yang-Mills renormalization group scale as modulus
for Witten-Dijkgraaf-Verlinde-Verlinde equations

Gaetano Bertoldi* and Marco Matone†

Department of Physics ‘‘G. Galilei’’ and INFN, Padova, Italy
~Received 12 December 1997; published 10 April 1998!

We derive a new set of Witten-Dijkgraaf-Verlinde-Verlinde equations forN52 SYM theory in which the
renormalization scaleL is identified with the distinguished modulus which naturally arises in topological field
theories.@S0556-2821~98!01010-8#

PACS number~s!: 11.30.Pb, 11.10.Hi
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A fascinating aspect of Seiberg-Witten theory@1# is that it
relies on deep geometrical aspects such as uniformiza
theory@2#. On the other hand uniformization theory turns o
to be relevant also for topological field theories and nonp
turbative 2D quantum gravity@3# to which the Seiberg-
Witten theory is related. Furthermore, as a consequenc
the Seiberg-Witten results, it has been possible to derive
explicit expression for the beta-function@4–6# which has
been recently reconsidered in@7–12#. In @10,11# the ana-
logue of the Zamolodchikovc theorem@13# in the frame-
work of the 4DN52 super Yang-Mills~SYM! theory has
been considered~see also@7–9#!.

In the following we will consider the SU(n) gauge group
and denote byF the prepotential and by1 t ı̂ ̂5]2F/]aı̂]a̂

the effective couplings whereaı̂5^f ı̂& are the vacuum ex
pectation values~VEV’s! of the scalar component.

Let us consider the beta-function~matrix!

b ı̂ ̂5L
]t ı̂ ̂

]L U
u2,u3, . . .

, ~1!

whereua[u5^tr f a &, a52, . . . ,n.
Very recently, it has been shown in@11# thatb ı̂ ̂ plays the

role of the metric whose inverse satisfies the Witte
Dijkgraaf-Verlinde-Verlinde- ~WDVV- !like equations. In
doing this we first considered the WDVV-like equations d
rived in the framework of the SU~3! reduced Picard-Fuch
equations@14,15#. Next, we used the WDVV-like equation
derived for SU(n), n>4 in @16#. In @11# it has been observe
that, by the Euler theorem,

b ı̂ ̂52D k̂Fk̂ı̂ ̂ , ~2!

where

D k̂5Dugak̂5 (
g52

n

gug
]ak̂

]ug
. ~3!

This strongly indicates, as should be for a topological fi
theory @17#, that there is actually a natural distinguish
modulus: the renormalization scaleL. This strongly suggests
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1We will denote by ı̂ ,̂,k̂, . . . the indices running from 1 ton

21 and by i , j ,k, . . . those running from 0 ton21, whereF0
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considering the extension of the WDVV-like equations
fully topological WDVV equations. The idea is to look fo
WDVV equations where the derivatives of the prepoten
include that with respect to the distinguished modulusL. We
will show that there are remarkable relations which actua
lead to such a result.

The result in@11# is that theb-function of N52 SYM
with gauge group SU(n), satisfies the WDVV-like equations

Fı̂ k̂ l̂b
l̂ m̂Fm̂n̂̂5F̂ k̂l̂b

l̂ m̂Fm̂n̂ı̂ , ~4!

whereb l̂ m̂ is the inverse of the matrixb l̂ m̂ and

Fı̂1 . . . ı̂ k
5

]kF
]aı̂1 . . . ]aı̂k

,

ı̂1, . . . ,ı̂ k51, . . . ,n21.
Let us write down the WDVV-like equations derived i

@16#:

Fı̂Fk̂
21

F ̂5F ̂Fk̂
21

Fı̂ , ~5!

where (Fk̂) ı̂ ̂5Fk̂ı̂ ̂ . We want to show that

FiFk
21F j5F jFk

21Fi , ~6!

where (Fk) i j 5Fki j and all the indices run from 0 ton21
anda0[L. Observe that this is not a trivial extension as w
also have extended the range of summation. Writing exp
itly the summation indices, Eq.~6! is

~Fi !kl~Fp! lm~Fj !mn5~Fj !kl~Fp! lm~Fi !mn , ~7!

where (Fp) lm denotes the inverse of the matrix (Fp) lm
5Fplm .

Observe that we can define the generalized beta func
by

b i j 5a0
]Fi j

]a0 U
u2,u3, . . .

, ~8!

i , j 50, . . . ,n21. Generalizing the beta-functionb (a) evalu-
ated in@5#, we can introduce

b i j
~a!5a0

]Fi j

]a0 U
a1,a2, . . .

. ~9!

A key point in the derivation of Eq.~7! is the following
identity:
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Fi jk5Fi jk~12d i0!~12d j 0!~12dk0!2a021
al̂ @Fl̂ i j ~12d i0!~12d j 0!dk01Fl̂ ik~12d i0!~12dk0!d j 01Fl̂ jk~12d j 0!

3~12dk0!d i0#1a022
al̂am̂@Fl̂ m̂i~12d i0!d j 0dk01Fl̂ m̂jd i0~12d j 0!dk01Fl̂ m̂kd i0d j 0~12dk0!#

2a023
al̂am̂an̂Fl̂ m̂n̂d i0d j 0dk0 , ~10!
e

iv
where the summation on the indicesl̂ ,m̂,n̂ goes from 1 to
n21. Observe that on the right hand side of Eq.~10! there
never appearsF derived with respect toa0 as these possible
terms are killed by the delta functions.

The identity~10! is obtained by first observing that, by th
Euler theorem,

aj]ajFi 1 , . . . ,i k
5~22k!Fi 1 , . . . ,i k

. ~11!

Therefore, for example,

Fi5Fi~12d i0!1a021
~2F2ak̂Fk̂!d i0 . ~12!

Observe that in this way we get an expression for the der
tives ofF with respect to anyak, includinga0, in which only
the derivatives ofF with respect toak̂ appear. In this way we
can express the Eq.~7! in terms ofF and its derivatives with
respect toak̂.

In the following we will denote byF̂ i the matrix obtained
from Fi with the matrix indices running from 1 ton21. In
other words (F̂ i) ̂ k̂5Fi ̂ k̂ . Similarly, by F̂ i

21 we will denote
the matrix obtained fromFi

21 by restricting the range of the
matrix indices to 1, . . . ,n21. We also defineGi the matrix
inverse ofF̂ i ~observe thatGiÞF̂ i

21). Let us derive the ex-
pression for the inverse of theFi matrix. We set
o

a-

r i5~Fi !00, ~s i ! ̂5~Fi !0̂ , ~13!

m i5~Fi !00
21 , ~n i ! ̂5~Fi !0̂

21 . ~14!

We have

m ir i1
ts in i51, F̂ in i1m is i50,

for i 50, . . . ,n21, so that

m i5
1

r i2
ts iGis i

, ~15!

and

n i52m iGis i . ~16!

Furthermore, we have

F̂ i
215@Gi~12s i ^ n i !# ̂ k̂ . ~17!

Therefore, we now haveFi
21 in terms ofr i , s i , andGi .

In terms ofr i ,s i , etc. Eq.~7! is equivalent to the follow-
ing identities:
mpr ir j1r j
ts inp1r i

tnps j1
ts i F̂ p

21s j5mpr jr i1r i
ts jnp1r j

tnps i1
ts j F̂ p

21s i , ~18!

r jmps i1r j F̂ inp1F̂ i F̂p
21s j1~s i ^ np!s j5r imps j1r i F̂ jnp1F̂ j F̂p

21s i1~s j ^ np!s i , ~19!

F̂ i F̂p
21F̂ j1~s i ^ np!F̂ j1~mps i1F̂ inp! ^ s j5F̂ j F̂p

21F̂ i1~s j ^ np!F̂ i1~mps j1F̂ jnp! ^ s i . ~20!
of

a-

lly
While we immediately see that Eq.~18! holds, the other
two equations~19! and~20! are satisfied as a consequence
the identity

F̂ iGjsk5F̂kGjs i , ~21!

where i , j ,k50, . . . ,n21, which follows from Eqs.~5!,
~10!, and~13!. Actually we have

~ F̂ iGjsk! l̂ 5~ F̂ i ! l̂ m̂~Gj !
m̂p̂@2a021aŝFŝk p̂~12dk0!

1a022aŝat̂Fŝt̂ p̂dk0#.

Then if bothi andk are different from 0, the identity follows
directly from Eq.~5!, whereas if eitheri or k is equal to 0,
then we simply use the fact that by Eq.~11!
f
~ F̂0! ı̂ k̂52a021am̂~ F̂m̂! ı̂ k̂ ,

to reduce to previous case.
To see how the identity works, we give the example

Eq.~19! that by Eq.~16! and ~17! is equivalent to

mp@r js i2r j F̂ iGpsp1F̂ iGp~sp^ Gpsp!s j2~s i ^ Gpsp!s j

2r is j2r i F̂ jGpsp1F̂ jGp~sp^ Gpsp!s i

2~s j ^ Gpsp!s i #1F̂ iGps j2F̂ jGps i50, ~22!

which is satisfied thanks to Eq.~21!.
In conclusion, we have derived a new set of WDVV equ

tions forN52 SYM, in which the renormalization scaleL is
identified with the distinguished modulus which natura
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arises in topological field theories@17#. In particular, repeat-
ing the construction in@11#, we have that Eq.~7! implies

~Fi !klb
lm~Fj !mn5~Fj !klb

lm~Fi !mn , ~23!

whereb lm is the inverse of the generalized beta matrixb lm
defined in Eq.~8!. Furthermore, it is easy to see that

~Fi !klb
~a! lm

~Fj !mn5~Fj !klb
~a! lm

~Fi !mn , ~24!
where b (a) lm
is the inverse of the beta matrix defined

Eq. ~9!.
Finally, we stress that it would be desirable to understa

the structure of the equations forF deriving from the condi-
tions of flatness of the WDVV metricsb lm andb lm

(a) .
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