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We study the equilibrium phases of a generalized Lotka-Volterra model characterized by a species interaction
matrix which is random, sparse, and symmetric. Dynamical fluctuations are modeled by a demographic noise
with amplitude proportional to the effective temperature T . The equilibrium distribution of species abundances is
obtained by means of the cavity method and the Belief Propagation equations, which allow for an exact solution
on sparse networks. Our results reveal a rich and nontrivial phenomenology that deviates significantly from the
predictions of fully connected models. Consistently with data from real ecosystems, which are characterized
by sparse rather than dense interaction networks, we find strong deviations from Gaussianity in the distribution
of abundances. In addition to the study of these deviations from Gaussianity, which are not related to multiple
equilibria, we also identified a novel topological multiple-attractor phase, present at both finite temperature, as
shown here and at T = 0, as previously suggested in the literature. The peculiarity of this phase, which differs
from the multiple-equilibria phase of fully connected networks, is its strong dependence on the presence of
extinctions. These findings provide new insights into how network topology and disorder influence ecological
networks, particularly emphasizing that sparsity is a crucial feature for accurately modeling real-world ecological
phenomena.
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I. INTRODUCTION

Since the pioneering work of May [1], recent advances
in statistical mechanics have opened new avenues for under-
standing the stability and phase behavior of large ecosystems.
In particular, the generalized Lotka-Volterra (gLV) model has
emerged as a powerful framework for studying the coex-
istence of species in complex ecological networks. In the
presence of symmetric and dense interactions it is possible
to exactly solve the equilibrium statistical mechanics, char-
acterizing completely the phase diagram of the system. In
general the equilibrium phases of the gLV model with dis-
ordered interactions are controlled by three parameters: μ, the
average interaction strength; σ , the width of the disordered
interactions distribution; and T , the amplitude of demographic
fluctuations. Typically, in dense networks, at finite values of
μ and T , a multiple-equilibria phase emerges for large values
of σ [2]. However, realistic ecological networks are neither
dense nor characterized by symmetric interactions. While the
effort to optimize ecosystem modeling is still in progress
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[3,4], it is legitimate to wonder which aspects of the phe-
nomenology of fully connected networks represent features of
realistic ecosystems and which ones are simply due to model
approximations. While several papers already considered the
case of asymmetric interactions [5–9], here we focus on sym-
metric ones, so that we can exploit the tools of equilibrium
statistical mechanics. We consider interactions which have
quenched disorder, the case of an annealed one being dis-
cussed elsewhere [10], and which are sparse, at variance with
most of the previous literature. In particular we will focus on
the study of species abundance distributions, which in sparse
networks may have very relevant fluctuations. It is in fact well
known that species abundance distributions found from real
ecosystems data are typically log-normal or gamma-like dis-
tributed [11–16]; however, in the case of normally distributed
quenched interactions, truncated Gaussians are the standard
for dense networks [5,6,17]. While deviations from Gaus-
sianity in the marginal distributions of the single degrees of
freedom can be obtained by assuming non-Gaussian quenched
disorder [18], and in particular long-tail distributions for the
couplings [19], the goal of this work is to show that strong
non-Gaussian effects can also emerge owing to sparsity, while
keeping Gaussian quenched disorder.

The main focus of our analysis will be to understand the
behavior of the gLV model on a random regular graph, which
we will also refer to as a Bethe Lattice. Specifically, we
consider graphs with small connectivity k, meaning that each
species interacts with k other species selected at random from
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the N possible ones (in the following, we will also refer to
the connectivity of a species as its degree). We will study the
properties of the gLV model on a sparse network varying three
parameters: the mean value μ and the standard deviation σ of
the nonzero normally distributed symmetric interactions and
the demographic noise strength T . We find two main results:
strong deviation from Gaussianity in abundance distributions
already in the single-equilibrium phase and, for large enough
values of the parameter μ, a topological multiple attractor
phase at finite temperature and σ = 0. This phase looks very
different from the one of fully connected models; in particular,
as first noticed in [20], in this phase the multiple equilibria are
linked to different interaction network topologies of surviving
species. The gLV model on a random regular graph was in
fact already considered in [20], where a phase transition to
multiple equilibria was studied at zero temperature, T = 0,
zero disorder, σ = 0, and finite interaction strength μ. Here
we extend a similar analysis to finite temperatures.

In the last part of this introductory section we will discuss
how our work fits within the existing literature and connects to
previous studies. Reference [21] focused on sparse ecosystem
stability using spectral analysis of sparse random graphs with
various topologies. However, it did not address the analysis
of species abundance distributions nor the study of transi-
tions from single to multiple equilibria phases. In Ref. [22],
gLV equations are analyzed on not fully connected networks.
The authors propose that degree heterogeneities are essential
to have non-Gaussian distributions. In contrast, our results
challenge this conclusion. However, in [22] the discussion
is limited to the case of dense interactions, as the average
degree distribution is always of the order of the total number
of species N . Their methods do not apply to the case of
sparse networks where the connectivity remains finite in the
limit N → ∞, that is the case we are analyzing. In Ref. [18],
realistic species abundance distributions were derived with
non-Gaussian distributed interactions by extending dynami-
cal mean field theory. Similarly, in [10] comparable results
were obtained in a system with stochastically varying species
interactions. Non-Gaussian species abundances distributions
are thus usually obtained as a consequence of non-Gaussian
and/or variable interactions. Concluding, no exhaustive study
of the equilibrium properties of a sparse system with finite
connectivity at finite temperature, in particular regarding the
features of abundance distributions, has ever been done to the
best of our knowledge. Our work fills this gap.

The work will be organized as follows: In Sec. II we
will introduce the model and present the so-called cavity
equations used to obtain the equilibrium abundance marginal
distributions; in Sec. III we will discuss in detail the strong
deviations from Gaussianity which can be found in the abun-
dance distributions on a sparse ecological network. We will
then show that no multiple equilibria phase emerges at small
values of μ, at variance with fully connected models. Sec-
tion IV will be then devoted to study of the equilibrium phase
diagram of the model at zero disorder (σ = 0), varying only
μ and T . The equilibrium properties in this regime have been
investigated using both the cavity equations and the Langevin
dynamics, finding consistency between the two methods. Con-
clusions and perspectives will then be reported in Sec. V.

II. GENERALIZED LOTKA-VOLTERRA
MODEL ON THE BETHE LATTICE

The generalized Lotka-Volterra model is defined by the
equations

dni(t )

dt
= ri

Ki
ni(t )

[
Ki − ni(t ) −

∑
j∈∂i

αi jn j (t )

]
+ ξi(t ), (1)

where ni(t ) is the abundance of species (i = 1, . . . , N) at time
t and ∂i represents the set of species which interact with
species i. We will focus on random graphs for which the car-
dinality of ∂i is fixed and equal to ki = 3 for all i’s, even if the
methods we use could be applied with no modification also in
the case of a Poissonian distribution of the connectivities ki’s.
The factors ri and Ki are respectively the intrinsic growth rate
and the carrying capacity of species i, while ξi(t ) represents a
Gaussian multiplicative noise with zero mean and covariance

〈ξi(t )ξ j (t
′)〉 = 2T ni(t )δi jδ(t − t ′). (2)

We consider a symmetric interaction matrix with elements
αi j = α ji. Because of the symmetric interactions we know
that the Langevin dynamics admits an equilibrium distribution
of the form P(n) = exp[−Heff(n)/T ], with n = {n1, . . . , nN }
where the Hamiltonian Heff(n) has been first derived in
Ref. [23] following the Itô convention. When the stochastic
dynamics of Eq. (1) is complemented with a reflecting wall
condition nmin

i = λ with λ � 1 for every species i, used to
avoid unphysical negative values of abundances in numerical
simulations, the effective Hamiltonian Heff(n) reads as

Heff(n) = −
N∑

i=1

ri

(
ni − n2

i

2Ki

)
+

∑
(i j)∈E

αi j

2

(
ri

Ki
+ r j

Kj

)
nin j

+
N∑

i=1

[T ln (ni ) − ln θ (ni − λ)], (3)

where the term with the Heaviside function θ (ni − λ) ac-
counts for the presence of the reflecting wall. The symbol
E in the double sum of Eq. (3) denotes the set of pairs of
interacting species, which in the present work are arranged in
a sparse random graph. Without any lack of generality, we will
consider identical carrying capacities, Ki = K , and identical
intrinsic growth rates, ri = r, for all species. In particular we
choose r = 1 and K = 280. We study a sparse network with
finite connectivity k = 3, where the variables ni take only
integer non-negative values, consistent with the interpretation
of ni as the number of individuals for the species i. In this
particular case, the choice of discrete variables is also an
algorithmic necessity for an efficient computational way to
solve the Belief Propagation equations, which we will present
in the following and in detail in Appendix A. Note, however,
that the choice to take integer values for ni is not inevitable:
indeed, one can choose to discretize ni into small steps with a
discretization step dn < 1. We do not expect that the integer
discretization influences the results because the discretization
step, which in our case is dn = 1, should be compared with
the natural scale for n that is K (fixed point of the single
species dynamics) that we chose to be large, K = 280, ex-
actly for this reason. The independence of the results on the
discretization choice is shown in Appendix B. Taking into
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account the discreteness of ni values, we modify the effective
Hamiltonian of Eq. (3): the term ln θ (ni − λ) is dropped and
the term T ln(ni ) is replaced by T ln(ni + ε), with ε small
but finite (ε = 0.0001) in order to regularize the distribution
at ni = 0. In Appendix B we show that the obtained species
abundances are almost independent on the exact value of ε as
long as it is small enough. The elements of the symmetric ma-
trix αi j are taken from a Gaussian distribution with mean and
variance which, consistent with the literature on disordered
systems [2,22], are defined as

mean[αi j] = μ

k
= μ̂, var[αi j] = σ 2

k
= σ̂ 2. (4)

We thus rewrite the regularized version of Eq. (3) for discrete
variables as

Hα (n) =
N∑

i=1

hi(ni ) +
∑

(i j)∈E

hα
i j (ni, n j ), (5)

where the label α in Hα (n) denotes a given instance of the
quenched disordered couplings αi j . In particular we have

hi(ni ) = −r

(
ni − n2

i

2K

)
+ T ln (ni + ε),

hα
i j (ni, n j ) = r

K
αi jnin j . (6)

In the following we will use the so-called cavity method
[24] to sample the equilibrium Boltzmann distribution P(n) ∝
e−βHα (n) of the discrete variables ni and in particular to com-
pute their marginals. The crucial observation is that a random
regular graph is a locally treelike graph, for which the typ-
ical length of a loop is log(N ), and thus it diverges in the
large-N limit (as also for a graph with a Poissonian degree
distribution). The main property of a random regular graph is
therefore that in the thermodynamic limit, due to the absence
of loops, local marginals become effectively factorized. It is
in this perspective that, given two neighboring nodes i and j,
one introduces the so-called cavity marginal ηα

i→ j (ni ), where
α denotes an instance of the quenched disorder. The cavity
marginal is defined as the marginal probability distribution of
the variable ni in a graph where the edge connecting the node
i with the node j has been removed. The cavity marginals sat-
isfy the following self-consistent equations, which are called
Belief Propagation (BP) equations:

ηα
i→ j (ni ) = e−βhi (ni )

zα
i→ j

∏
k∈∂i\ j

⎡
⎣∑

{nk}
ηα

k→i(nk )e−βhα
ik (ni,nk )

⎤
⎦, (7)

where zα
i→ j is a normalization factor

zα
i→ j =

∑
{ni}

e−βhi (ni )
∏

k∈∂i\ j

⎡
⎣∑

{nk}
ηα

k→i(nk )e−βhα
ik (ni,nk )

⎤
⎦ (8)

and where we indicate with ∂i\ j the set of neighbors of i,
excluding node j. The solutions of Eqs. (7) and (8) can be
obtained iteratively: details on the derivation of the equa-
tions and the implementation of the algorithmic procedure
are given in Appendix A. In particular we have run the BP
algorithm on a given graph, where each graph, being the
connectivity fixed, is completely characterized by the choice
of the quenched disordered couplings. At convergence we

have a number 2|E | of cavity marginals ηα
i→ j , where |E | is

the number of nonoriented edges. Once the cavity marginals
have been computed, one can extract from them the marginal
distribution ηα

i (ni ) for each species i as

ηα
i (ni ) = 1

zα
i

e−βhi (ni )
∏
j∈∂i

⎡
⎣∑

{n j}
ηα

j→i(n j )e
−βhα

i j (ni,n j )

⎤
⎦, (9)

where zα
i is a normalization factor ensuring that

∑
ni

ηα
i (ni ) =

1. These are the exact marginal distributions associated to the
equilibrium Gibbs-Boltzmann probability for a locally tree-
like graph (as a random-regular graph or a Poissonian graph)
as long as the whole Gibbs measure is composed of just one
state. Note that, because of the quenched disorder and the
sparsity of the interaction network, the marginals for different
species will be different. This is a crucial difference with
respect to the fully connected case where, for a given instance
of the disorder, all marginals are identical by construction.
Taking into account that on sparse graphs the marginals may
have fluctuations not only with respect to the graph realization
but also from species to species, we consider two kinds of
average for the distribution ηα

i (ni ): the sample average,

ηα (n) ≡ 1

N

N∑
i=1

ηα
i (n), (10)

and the disorder average,

η(n) ≡ ηα (n), (11)

where the overline · denotes the average over different realiza-
tions of the disordered interaction network (the graph) and the
disordered interaction couplings {αi j}. Throughout the whole
paper we will always present marginal distributions averaged
both over the sample and the disorder.

We stress that on the fully connected networks where the
thermodynamics can be exactly solved ([2]) the (global) lo-
cal marginal η(ni ) has a truncated Gaussian form, with the
extinction peak at the origin already on a single realization
of a graph. The main advantage of studying the generalized
Lotka-Volterra model on a sparse topology is that the shape of
local marginal ηi(ni ) is not constrained to be a truncated Gaus-
sian, even though the interactions are drawn from a Gaussian
distribution. Indeed, in the next section we will show how
in the presence of a sparse topology, at variance with fully
connected networks, species abundance distributions develop
interesting non-Gaussian and Gamma-like features already in
the single-equilibrium phase.

III. STRONG NON-GAUSSIANITY IN THE
SINGLE-EQUILIBRIUM PHASE

The disordered system approach to large ecosystems has
provided many interesting and suggestive insights into their
behavior and their response or stability with respect to exter-
nal perturbations [1,2,25,26]. Nevertheless, the robustness of
the exact results obtained so far for the gLV problem depends
on a very crude approximation in the model: the consideration
of fully connected interaction networks between species [5,6],
something which is clearly very unrealistic from the ecolog-
ical systems perspective. A few points need to be carefully
investigated: which aspects of the phenomenology obtained
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FIG. 1. Species abundance average distribution for two values of the coupling variance σ̂ in the single-equilibrium phase. For small
σ̂ = 0.02 (blue points) the distribution follows a Gaussian distribution (black line), while for large σ̂ = 0.20 (orange points) the species
abundance follows a Gamma distribution (red line) as in (12), with parameters α = 7.5 and β = 0.029 plus a Gaussian peaked at n = 0. Inset:
Marginal at σ̂ = 0.20 computed using BP (orange points) and from the dynamics (green points). The two agree very well. In both plots the
parameters are T = 1, μ̂ = 0.1, N = 256.

so far by exact results from disordered systems techniques
are consequences only of the fully connected networks? Are
there features intrinsically related to the sparsity of ecological
networks, such as fat-tailed or otherwise non-Gaussian tailed
abundance distributions, which cannot be reproduced by the
fully connected model with normally distributed random in-
teractions? In addition to addressing these questions, our work
aims to determine whether the multiple attractor phases found
in fully connected models remain robust in sparse networks,
making them more likely to occur in realistic ecosystems.

The first important result we want to show is how sparsity
is capable to induce remarkable deviations from Gaussianity
in abundance distributions even in the presence of Gaussian
random couplings.

In Fig. 1 we show the averaged species abundance marginal
distribution η(n), Eq. (11), at T = 1 and μ̂ = 0.1, for two
different values of the standard deviation of the disordered
couplings: σ̂ = 0.02 and σ̂ = 0.20. By studying the conver-
gence of the BP algorithm, which will be discussed more
thoroughly in Sec. III A, we know that both these two values
of the parameter σ̂ correspond to a single-equilibrium phase.
The remarkable finding is that, despite the lack of any mul-
tiple equilibria, upon increasing σ̂ we find a crossover from
a low-disorder phase, where the mean marginal η(n) is well
described by a Gaussian, to a high-disorder phase where η(n)
is highly non-Gaussian and is well described by a Gamma
distribution. In particular, for σ̂ = 0.20, the distribution η(n)
is well fitted by the red curve in Fig. 1, given by

γ (n; α, β ) = βα


(α)
nα−1e−βn, (12)

where 
(α) is the Gamma function and the fitted parameters
are α = 7.5 and β = 0.029. This is a very significant result as

real ecosystems data exhibit species abundance distributions
that follow a Gamma distribution [13,15].

As we show in the top-right inset of Fig. 1, the shape of
the fat-tailed distribution is accurately reproduced by running
the Langevin dynamics. This consists in fixing a disordered
graph, running the set of equations given by Eq. (1) and
stopping the simulation at a sufficiently large time tmax to
collect all the ni(tmax) for every i. By repeating this process
for multiple disorder realizations and combining all ni(tmax)
from each realization, we construct the normalized histogram
of species abundances, shown in green in the inset of Fig. 1.
Further details on the implementation of the dynamics are
provided in Sec. IV B, while in Appendix D we show that
the marginals extracted from BP coincide with those extracted
from the dynamics in all the region of parameters for which
there is a unique fixed point.

Moreover, we show in Appendix E that in the re-
gion of the parameters where the marginals exhibit strong
non-Gaussianity, variances of the single species abundance
distributions follow a power-law dependence on the means
of the distributions, well known as Taylor’s law, documented
extensively in real ecosystems (see [27]). In this region of
parameters, what predicted by our sparse LV model is thus
in perfect agreement with what observed in real ecosystems.

The crossover from almost Gaussian to strongly non-
Gaussian behavior varying both the disorder strength σ̂ and
the temperature T is represented in the phase diagram shown
in Fig. 2, where the color code represents the kurtosis κ (σ̂ , T )
of the marginal distribution

κ (σ̂ , T ) ≡ 〈(n − 〈n〉)4〉
〈(n − 〈n〉)2〉2

− 3, (13)
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FIG. 2. Kurtosis κ (σ̂ , T ) of the average species abundance in
the unique fixed point phase. For high variance of the couplings
σ̂ it is evident that κ > 0 implying that the marginals distributions
are developing a non-Gaussian tail, while the kurtosis is almost
independent on the temperature T . The parameters of the model are
μ̂ = 0.1 and N = 256.

where the averages 〈·〉 are taken with respect to η(n). For high
values of σ̂ one can easily recognize the strong deviation from
Gaussianity due to the non-Gaussian tail of η(n) shown in
Fig. 1. Looking at the marginal distribution form in Eq. (9),
it is evident that there is a factor 1

ni+ε
, associated with the de-

mographic noise, preventing ηα
i from being a perfect Gaussian

even in the absence of all the interactions; thus one could be
tempted to claim that this could be the reason for the non-
Gaussian behavior of the marginals. In Appendix F we show
that indeed the strong deviation from Gaussianity is mainly
due to the sparse interactions and not to the demographic noise
factor.

The transition from almost Gaussian to strongly non-
Gaussian behavior does not only affect the single variable
marginal distribution but has also an influence on correlations.
This fact is evident when studying the joint probability distri-
bution Pα

i j (ni, n j ) of a pair of nearest-neighbor species on a
given graph, which is defined as

Pα
i j (ni, n j ) = 1

Zα

∑
{n1,...,nN }\(ni,n j )

e−βHα (n), (14)

where Zα is a normalization factor. Contrary to what one finds
in fully connected networks, Pα

i j (ni, n j ) does not factorize in a
sparse graph. Indeed, on a dense network, where the connec-
tivity grows with N , the joint distribution Pα

i j (ni, n j ) should
simply obey a factorization property of the kind

Pα
i j (ni, n j ) −−−→

N→∞
ηα (ni )η

α (n j ). (15)

On the Bethe lattice the two-point joint probability on a given
graph can be exactly computed as

Pα
i j (ni, n j ) = 1

�α
i j

ηα
i→ j (ni )η

α
j→i(n j )e

−β r
K αi j nin j , (16)

where �α
i j is the normalization factor. Similarly to what we

have done for the single species marginal, we can define also
for this two-species joint probability the sample average as

Pα (n, m) ≡ 1

|E |
∑

(i j)∈E

Pα
i j (n, m), (17)

where both n and m represent species abundances and the
summation runs over all edges in a given graph. The disorder
average is defined as

P(n, m) ≡ Pα (n, m). (18)

The contour plots showing the behavior of P(n, m) in the
plane (n, m) are shown in Figs. 3(a) and 3(b) for two different
values of the standard deviation: σ̂ = 0.02, in the Gaussian
regime, and σ̂ = 0.20, in the strongly non-Gaussian regime.
In Figs. 3(c) and 3(d) we show the contour plot of P(n, m) −
η(n)η(m) for the same two different values of σ̂ . It is clear that
P(n, m) �= η(n)η(m) and the presence of either correlations or
anticorrelations can be fully appreciated. This is an important
difference with respect to the fully connected case where there
are no correlations between different species. In Fig. 4 we
compare P(n, m) for n = m with η(n)η(n) in order to high-
light again the relevance of correlations. In particular, looking
at the case σ̂ = 0.20 in Fig. 4, we see that P(n, n) < η(n)η(n)
at small values of n, which means that positive (competitive)
interactions dominate the average correlation. On the other
hand we find that for large values of the abundances one
has P(n, n) > η(n)η(n): in this regime negative (mutualistic)
interactions are the dominant ones. From the study of the
connected probability P(n, n) − η(n)η(n) it is therefore clear
that strong non-Gaussianity affects (in a nontrivial way) also
the correlations when the disorder parameter σ̂ is increased.
We have then studied the function P(n, m) − η(n)η(m) in
the specific cases of either exclusively positive (αi j > 0) or
exclusively negative (αi j < 0) interactions. Namely, we have
specialized the average of Pα (n, m) with respect to the sign of
the interaction:

P(+)(n, m) = Pα (n, m)
∣∣
{αi j>0},

P(−)(n, m) = Pα (n, m)
∣∣
{αi j<0}. (19)

The results for P(+)(n, m) and P(−)(n, m) in the case σ̂ =
0.20 are shown in Fig. 5: it is clear that competitive (positive
sign) interactions lead to anticorrelations, while mutualis-
tic (negative sign) interactions induce positive correlations.
From the joint probabilities P(+)(n, m) and P(−)(n, m), we
can extract the mean values 〈nm〉(+) and 〈nm〉(−), which cor-
respond to the average product nm for neighboring species
with positive and negative interactions, respectively. Figure 6
shows the corresponding normalized covariances defined as
(〈nm〉(+)/(−) − 〈n〉〈m〉)/〈n〉〈m〉, plotted as a function of σ̂ .
Competitive interactions lead to negative correlations while
mutualistic interactions to positive correlations. The magni-
tude of these correlations increases with σ̂ .
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(a)

(b)

(c)

(d)

FIG. 3. (a), (b) Contour plots for the joint distribution P(n, m) [see Eq. (18)] for σ̂ = 0.02, in the Gaussian regime (a), and σ̂ = 0.20, in
the non-Gaussian regime (b). (c), (d) Connected correlation function P(n, m) − η(n)η(m) for σ̂ = 0.02 (c), and σ̂ = 0.20 (d). Correlations are
different from zero, at variance to what happens in the fully connected case. For all the panels μ̂ = 0.1, T = 1, and N = 256.

Absence of a multiple attractor phase
for a small competition strength μ̂

We recall that in the case of a fully connected network
with symmetric interactions [2], a multiple-equilibria phase
is found at T > 0 for any positive μ, provided that σ is large
enough. Further increasing σ leads then to the emergence of
an unbounded growth phase, where species grow indefinitely.
On the contrary, in the sparse network we find that for finite
temperatures and μ̂ = 0.1, by increasing σ̂ the system passes
directly from the single-equilibrium phase to the unbounded
growth one, without any signature of an intermediate multiple
attractor phase. The convergence of the belief propagation
equations on a random graph directly implies the stability of
the replica symmetric solution [28]. We have thus checked the
convergence of the BP equations (or the entrance in an un-
bounded growth phase) in the whole range of temperatures for
μ̂ = 0.1, and this is sufficient to show the stability of the RS

phase. This is a crucial difference between the BP method and
the replica method usually used in fully connected models:
while in the latter, after having done a replica computation
with the RS ansatz, one should always check that the RS so-
lution is stable, for BP equations in the RS ansatz instead, the
convergence of BP equations automatically implies that the
RS phase found is locally stable. We have also checked this
result by running the Langevin dynamics many times from
different initial conditions, finding either a single fixed point
or an unbounded growth region without signatures of multiple
fixed points, as shown in Appendix D. An investigation of the
phase diagram for different (larger) values of μ̂ is presented
in Sec. IV.

At this point, it is necessary to clarify what is meant
by unbounded growth phase in the context of sparse net-
works. While in fully connected networks the identification
of the unbounded growth phase is straightforward, since all
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FIG. 4. Normalized sections of P(n, n) and η(n)η(n) for σ̂ =
0.02, Gaussian regime, and σ̂ = 0.20, non-Gaussian regime. Non-
trivial correlation effects are evident, differently from the fully
connected case for which P(n, n) = η(n)η(n). The parameters of the
model are μ̂ = 0.1, T = 1, and N = 256.

species behave identically at equilibrium, the same is not true
for sparse networks: here species which undergo unbounded
growth can coexist with species which do not. Therefore we
define the unbounded growth phase of the gLV model on a
sparse network as the phase where at least one species shows
unbounded growth (details on the numerical identification
of the unbounded growth are reported in the Appendix C).
According to our data, for μ̂ = 0.1 and T = 0.5, 0.75, 1.0,
when σ̂ is increased the system passes directly from single-
equilibrium to the unbounded growth phase. In Fig. 7 the
behavior of the fraction NUG/N as a function of σ̂ is plotted,
where NUG is the number of species with unbounded growth
and N is the total number of species.

In order to provide further evidence of the consistency
between our results and others from the literature we have
also computed, in the single-equilibrium phase, the survival
probability �, i.e., the ratio between the number of surviv-
ing species and the total number of species, and the average
population abundance M = ∑N

i=1 Mi/N , as a function of the
disorder strength σ̂ . Data for � and M are shown respectively
in Figs. 8(a) and 8(b). In both panels the behavior of the
corresponding observable is represented up to the value of σ̂

at which unbounded growth is found (see Fig. 7).

IV. TOPOLOGICAL MULTIPLE EQUILIBRIA
PHASE AT ZERO DISORDER

In this section we look at the zero-disorder phase diagram
in the (μ̂, T ) plane. Let us recall that in the fully connected
case for σ = 0 and μ positive the system is always in the
single-equilibrium phase. However, the zero-temperature and
zero-disorder thermodynamics of the gLV model is very dif-
ferent in sparse networks. In [20], for a sparse interaction
network, it is shown that at T = 0 and σ = 0 there is a transi-
tion from single to multiple equilibria at the critical value

μ̂c = 1

2
√

k − 1
, (20)

(a)

(b)

FIG. 5. Connected correlation functions for exclusively com-
petitive P(+)(n, m) − η(n)η(m) (a) and exclusively mutualistic
P(−)(n, m) − η(n)η(m) (b) interactions. We are inside the strong-
nonGaussian region σ̂ = 0.20.

where k is the connectivity of the graph. This is a quite pecu-
liar transition to a multiple-equilibria phase, since it is not due
to disordered interactions (as we are considering the σ = 0
case) but rather to high competition between species. For μ̂ >

μ̂c, the increased competitive interactions cause the phase
space to fragment into a large set of different equilibrium
states, each characterized by the extinction of a different set
of species and different pools of surviving ones. In Ref. [20],
the transition point μ̂c is exactly located looking at the local
stability of the single-equilibrium phase.

A. Thermodynamics from Belief Propagation equations

Studying the equilibrium thermodynamics by means of the
single-equilibrium (or replica-symmetric) BP equations for
the cavity marginals, Eq. (7) (see Appendix A for details of
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FIG. 6. Normalized covariances of the average abundances for
neighboring species with positive (blue dots) and negative (red dots)
interactions. Data are displayed in function of σ̂ . Notice that for low
values of σ̂ no red dots are present because interactions are never
mutualistic for low values of σ̂ . Correlations between neighboring
species grow (in modulus) increasing the variance of the interactions
σ̂ . Error bars are included in the plot.

the algorithm), the criterion for detecting the emergence of a
multiple-equilibria phase is provided by the lack of conver-
gence of the above algorithm. This failure to converge means
that the equations derived by assuming the existence of a
single-equilibrium state are not appropriate to describe the
equilibrium thermodynamics of the system, and more compli-
cated replica-symmetry-breaking ansatzs (multiple-equilibria
adapted assumptions on the equilibrium distribution) are
needed to study the cavity marginals [24]. In Appendix G
we study the local stability of the unique fixed point found
by BP, and we show that indeed when the BP algorithm
stops to converge the unique fixed point becomes unstable.
On the basis of this criterion we have computed, for the zero
disorder case, σ̂ = 0, the critical line in the plane (μ̂, T )
which separates the single-equilibrium phase from a multiple-

FIG. 7. Fraction of species that grow indefinitely. Data are dis-
played for three different temperatures, for μ̂ = 0.1 and N = 128.
Around σ̂ ∼ 0.35 the fraction becomes finite (it deviates from the
dashed gray line that represents NUG = 0) and the unbounded growth
phase appears.

(a)

(b)

FIG. 8. Survival probability � (a) and the mean abundance M
(b) in the unique fixed point phase. The observables are displayed for
three different temperatures, varying σ̂ , up to the appearance of the
unbounded growth phase. The parameters of the model are μ̂ = 0.1
and N = 128.

equilibria one: data are shown in Fig. 9 [29] We highlight that
a linear extrapolation of the transition line down to T = 0
nicely matches the critical value μ̂c found in [20]. The ex-
trapolation is needed because Eqs. (7) are only well defined

FIG. 9. Transition line from single to multiple equilibria in the
(μ̂, T ) space. The transition line has been computed for zero disorder
σ̂ = 0 and N = 256.
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for T �= 0. We stress that the multiple equilibria phase found
here upon increasing μ̂ at zero disorder is quite different
from the multiple equilibria phase found upon increasing σ at
finite T in the fully connected case [2]. In the sparse network
the presence of many equilibria is determined by the follow-
ing mechanism: when μ̂ > μ̂c(T ) the interactions between
species become too competitive and this causes the extinc-
tion of some species. For even higher values of μ̂ the graph
breaks into disconnected groups of surviving species. Since all
species are equivalent—having the same number of neighbors
and identical interactions—the extinction of specific species is
solely determined by the randomness associated to the initial
values of the marginals and to thermal fluctuations. In par-
ticular, different instances of the thermal noise can lead to the
extinction of different subsets of species in the sparse network,
giving rise to a multiple attractor phase which we have termed
topological, with no counterpart on dense networks. In Fig. 9
the critical line is plotted in the (μ̂, T ) plane: the critical value
μc(T ) decreases by increasing the temperature. This result
can be easily understood as thermal fluctuations enhance the
extinction of some species, shifting μ̂c further to the left as
temperature increases.

B. Thermodynamics from Langevin Dynamics

In order to validate the equilibrium results obtained for
the zero disordered case by means of the BP algorithm, we
simulated the Langevin dynamics at finite temperature for the
same case without disorder. More precisely, we used a gener-
alization of the Runge-Kutta method for stochastic dynamics
to integrate the following set of Langevin equations:

dni(t )

dt
= r

K
ni(t )

⎡
⎣K − ni(t ) − μ̂

∑
j∈∂i

n j (t )

⎤
⎦ + ξi(t ), (21)

where the noise variance is

〈ξi(t )ξ j (t
′)〉 = 2T δi jni(t )δ(t − t ′). (22)

Following [2], we have introduced a reflecting wall condition
at ni = λ for each species.

The results of Langevin dynamics are in agreement with
the results obtained from the BP equations. In the phase
which, according to BP, there is a single equilibrium, the
Langevin dynamics produces trajectories with small fluctua-
tions and no extinctions. On the other hand, as soon as one
tries to run the Langevin dynamics in the multiple-equilibria
phase, an abrupt spreading of ni(t ) trajectories is found, ac-
companied by the immediate appearing of extinctions. This
peculiar behavior is shown in the panels of Fig. 10: data are
taken from the simulations of a random regular graph with
N = 256 species, and the value of the parameters μ̂ and T
corresponding to each panel is indicated with a symbol (dif-
ferent in shape and color) in the (μ̂, T ) phase diagram in the
center.

Let us comment the simulations of dynamics in Eq. (21)
by starting from the T = 0 case. By looking at the panels
at the bottom of Fig. 10 corresponding to T = 0 and μ̂ =
0.35, 0.353, it is clear that Langevin dynamics converges to
the same abundance value for every species. On the other
hand, the bottom-right panels of Fig. 10, corresponding to

T = 0 and μ̂ = 0.354, 0.358, clearly show the appearance of
extinctions and the spreading of ni(t ) trajectories, consistent
with the nature of the topological multiple-equilibria phase
discussed above. The same transition from single to multiple
equilibria can be found by increasing μ̂ at fixed finite temper-
ature, as can be seen by looking at the differences between the
top-left panels (μ̂ = 0.341, 0.347, T = 0.4) and the top-right
ones (μ̂ = 0.351, 0.357, T = 0.4) of Fig. 10. Note that in all
the right panels, with parameters inside the multiple-equilibria
phase, both at zero and at finite temperature, the dynamics
first seem to converge for small times towards values of the
abundances similar to the ones in the unique fixed point,
before the appearance of extinctions and the spreading of ni(t )
trajectories at large times, clear indications of the multiple-
attractor phase. This first approximate convergence at small
times is due to a reminiscence of the unique fixed point that
looses progressively stability as μ̂ grows, as shown in detail in
Appendix G. For this reason, the time spent in the vicinity of
the unique fixed point decreases progressively moving to the
right of the critical line.

All panels in Fig. 10 represent trajectories of abundances
ni(t ) obtained at different values of μ̂ and temperature T
by exploiting the same initial conditions and stochastic noise
realization. Clearly, different initial conditions and different
realization of the noise would have led to the extinction of
different species, as we show in Appendix H. While the re-
sults of Langevin dynamics are perfectly compatible with the
results obtained from the BP equations, we want to stress that
from the Langevin approach the transition line between single
and multiple equilibria cannot be defined as sharply as from
the lack of convergence of BP, which turns out to be a much
more powerful tool to study this phase diagram.

We also want to point out that it is not always true that
as long as extinctions appear, the single equilibrium breaks
into multiple equilibria states. In fact, we showed that at low
μ̂ and high enough σ̂ , there are extinctions but the single-
equilibrium phase is the only stable phase; see Fig. 8.

C. A reentrant transition

We have shown that in the case of a sparse interaction
network it is possible to find a topological multiple-equilibria
phase, characterized by the presence of extinctions. This
phase, in contrast with the multiple-equilibria one typically
found in fully connected models, is due to highly competitive
interactions rather than disordered ones. To fully characterize
the transition line in the plane (μ̂, T ) at σ = 0, we performed
a systematic study of the system as the temperature is var-
ied for four fixed values of the (ordered) interaction strength
μ̂ = 0.1, 0.15, 0.2, 0.3. At μ̂ = 0.1 we are able to heat up the
system without ever losing convergence of the algorithm, a
signal that no multiple-equilibria phase is encountered (we
already showed that no multiple equilibria is found for μ̂ =
0.1 and σ̂ �= 0 in Sec. III A). Instead, at μ̂ = 0.15, 0.2, 0.3,
we find a critical temperature that divides a single-equilibria
phase from a multiple equilibria one increasing T from low
temperature, T down

c (μ̂) (black dots in Fig. 11), and another
critical temperature that divides a single-equilibria phase from
a multiple equilibria one decreasing T from high tempera-
ture, T up

c (μ̂) (red dots in Fig. 11). These findings suggest
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FIG. 10. Comparison between the dynamics and the critical line obtained by BP. In the center, the same (μ̂, T ) diagram of Fig. 9 is reported.
We identify eight specific values of (μ̂, T ) (identified by different markers), for which we show a single dynamics for the single-species
abundance populations of a single ecosystem. When the multiple equilibria line is crossed, extinctions appear. For each species i, at each time
t , ni(t ) is the average over the previous 250 time steps. Here N = 256.

FIG. 11. Full transition line, at σ̂ = 0, between the single-
equilibrium and the multiple-equilibria phase. The blue line repro-
duces the transition line from Fig. 9. The black dots are the transition
points T down

c found by increasing the temperature from below, while
the red dots correspond the transition points T up

c found by decreasing
the temperature from above. Based on these points, we suggest that
the transition line eventually bends to the right, forming a noselike
shape, which we represent as the gray dashed line in the figure.

the following scenario: there is a critical line enclosing the
topological multiple-equilibria phase which starts at μ̂c at
T = 0, moves at smaller μ̂ for increasing T , and then bends to
the right at a critical value of the interactions strength μ∗ such
that 0.1 < μ∗ < 0.15 and goes to some horizontal asymptote
at a temperature smaller than T = 15, for which we checked
that the system is in the replica symmetric phase for any μ̂.
The reentrant transition in the (μ̂, T ) plane is pictured as a
gray dashed line in Fig. 11. A more refined study of the phase
diagram will be discussed elsewhere.

From a general perspective, the replica-symmetry-breaking
critical line sketched in Fig. 9 has a shape remarkably different
from the standard replica-symmetry-breaking transition line
found in fully connected graphs [2]. In the latter case, the
transition from single to multiple equilibria is always trig-
gered by the decrease of thermal fluctuations. In contrast,
the sparse gLV model exhibits the opposite behavior. The
reentrant transition of Fig. 11 is very similar to the inverse
freezing transition, present in the random Blume-Capel model
[30,31]. It is known that, in order to have an inverse-freezing
transition, it is essential the presence of active and inactive
nodes, that are modeled as bosonic spins that can take values
(+1,−1, 0) in the Blume-Capel model, while in the sparse
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gLV the active and inactive nodes correspond to surviving and
extincted species.

V. CONCLUSIONS

In this work we have studied the equilibrium thermody-
namics of the generalized Lotka-Volterra (gLV) model on a
sparse random graph with quenched disordered interactions,
with particular attention to the behavior of species abundance
distributions. By exploiting the cavity method and the Belief
Propagation (BP) equations, we have studied the properties
of the gLV model on a random regular graph with small
and fixed connectivity k, varying three parameters: the av-
erage interaction strength μ̂, the width σ̂ of the randomly
distributed disordered couplings, and the extent of thermal
fluctuations, parametrized by the temperature T . Our first
important observation has been that, by increasing σ̂ at finite
and small μ̂ and finite temperature, the abundance marginal
distributions become strongly non-Gaussian while staying in
a single-equilibrium phase. In models with the same sort of
random couplings but living on a dense network, there is by
construction no room for non-Gaussian effects. We have thus
argued that this result is purely due to the sparsity of the net-
work, therefore providing a new perspective on the emergence
of non-Gaussian and Gamma-like distributions in ecological
systems. In particular, the finding of Gamma-like marginals is
strongly consistent with the empirical observations from real
ecosystems [15,16]. We have observed non-Gaussian effects
also in two-species joint probabilities, due to the emergence of
non trivial correlations. In addition to the observation of these
non-Gaussian effects in the single-equilibrium phase, we have
ascertained that by further increasing σ̂ for the same choice of
μ̂ and T the multiple attractor phase encountered in fully con-
nected networks is never met: on the Bethe lattice with fixed
and small connectivity, at small values of μ̂, upon increasing σ̂

the system has a transition from the single-equilibrium phase
directly to the unbounded growth one.

In the second part of our study we concentrated on the phe-
nomenology of the gLV model on a sparse topology and with
zero disorder, i.e., σ̂ = 0. By varying both the temperature
T and the average strength μ̂ of the ordered interactions we
have been thus able to extend the zero temperature results of
[20], showing that the formation of the topological multiple
equilibria phase pointed out in [20] at T = 0 for high enough
interaction strength, μ̂ > μ̂c, is robust against the introduction
of temperature. This phase emerges due to the occurrence
of extinctions, resulting from high competition within the
system (large μ̂). The higher is μ̂, the larger is the amount of
extinctions, which eventually determines the formation of dis-
connected groups of surviving species and the freezing of the
system into a configuration where a certain number of species
have gone extinct, forming non-communicating islands of
surviving ones. The pattern of surviving/disappearing species
strongly depends on the initial conditions and the sequence of
thermal fluctuations, so that there is a huge multiplicity of pos-
sible target stationary states: that is why it makes sense to talk
about a multiple attractor phase, but of very different nature
with respect to the one induced by the disordered couplings in
fully connected networks [2].

In conclusion, the main outcomes of our investigation have
been the highlight of realistic non-Gaussian effects in the
single-equilibrium phase and the uncovering of a nontriv-
ial multiple attractor phase at finite temperature and in the
absence of disorder, therefore questioning two of the main
ingredients of the models so far used to mimic the behavior
of large ecosystems: dense networks and large fluctuations in
the disordered couplings. From a model-building perspective,
we provided the evidence that the study of sparse networks
offers a new avenue for understanding the behavior of large
ecosystems within a more realistic framework.
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APPENDIX A: CAVITY EQUATIONS AND BELIEF
PROPAGATION ALGORITHM

Here we briefly show how the cavity equations on a random
regular graph (graph in which all the nodes have the same
fixed connectivity) are derived. We follow the approach of
[32]. Let’s start from a general model with two-body inter-
actions and variables ni associated with each node i, with
i ∈ {1, . . . , N}. If the Hamiltonian is

H (n) =
N∑

i=1

hi(ni ) +
∑

(i j)∈E

hi j (ni, n j ), (A1)

where hi(ni ) is a local field term and hi j (ni, n j ) is an inter-
action term between node i and j, we can write the partition
function of the system as

Z =
∑
{ni}

∏
i

ψi(ni )
∏
〈i j〉

ψi j (ni, n j ), (A2)

where

ψi(ni ) = exp[−βhi(ni )]

ψi j (ni, n j ) = exp[−βhi j (ni, n j )]. (A3)

Defining the message η j→i(n j ) as the normalized cavity
marginal of the variable n j on a modified graph where the
edge between nodes j and i has been cut, one can demonstrate
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FIG. 12. Local treelike structure of a Random Regular Graph
with two-body interactions and connectivity equal to 3.

that the following self-consistent equations hold [24]:

ηi→ j (ni ) = ψi(ni )

zi→ j

∏
k∈∂i\ j

⎛
⎝∑

{nk}
ηk→i(nk )ψik (ni, nk )

⎞
⎠,

ηi(ni ) = ψi(ni )

zi

∏
j∈∂i

⎛
⎝∑

{n j}
η j→i(n j )ψi j (ni, n j )

⎞
⎠, (A4)

where zi→ j and zi are normalization factors that ensure∑
ni

ηi→ j (ni ) = ∑
ni

ηi(ni ) = 1. One can easily show that
Eqs. (A4) are exact on a tree exploiting its structure. Indeed,
on a tree, for each node i, the messages ηk→i(nk ) coming from
the neighbours k of i are all independent from each other once
the edge (i, k) has been cut, and so their contributions can
be simply multiplied. This is not necessarily true in the case
of RRG’s. In particular in such graphs loops are present, and
so the messages ηk→i(nk ) of the neighbors k of node i could
be in principle not independent from each other when we cut
the edges (i, k). However, in RRGs the typical length of loops
is O(log N ) and thus RRG are locally treelike (Fig. 12) and in
the thermodynamic limit Eqs (A4) are exact also for RRG’s, as
long as the whole Gibbs measure is composed of just one state
[24]. In particular for N large enough we can use Eqs. (A4)
also for our gLV system on a sparse random regular graph.
As we explained in Sec. II, the Hamiltonian that describes
the equilibria of our system has exactly the form in Eq. (A1)
where

hi(ni ) = −r

(
ni − n2

i

2K

)
+ T ln (ni + ε),

hi j (ni, n j ) = r

K
αi jnin j . (A5)

Following Eqs. (A4), the cavity marginals are then

ηi→ j (ni ) = 1

zi→ j
exp

[
βr

(
ni − n2

i

2K

)
− ln (ni + ε)

]

×
∏

k∈∂i\ j

⎛
⎝∑

{nk}
ηk→i(nk ) exp

[
−βαik

r

K
nink

]⎞⎠,

(A6)

and the marginal distributions can be obtained by the cavity
marginals as

ηi(ni ) = 1

zi
exp

[
βr

(
ni − n2

i

2K

)
− ln (ni + ε)

]

×
∏
j∈∂i

⎛
⎝∑

{n j}
η j→i(n j ) exp

[
−βαi j

r

K
nin j

]⎞⎠. (A7)

The marginal distribution ηi(ni ) thus represents the probabil-
ity for a species i to have a number ni of individuals, once
we have marginalized over all the other species. Once we
have the set of equations for the cavity marginals given by
(A6), we can solve them iteratively. In principle, the cavity
marginals could be thought as continuous probability dis-
tributions. However, to practically solve the self-consistent
equations, it is much more useful to discretize the values
that can be taken by the variable ni. In particular, we will
assume that ni ∈ [0, 1, . . . , nmax − 1], and we will take nmax

large enough so that ∀i ηi(nmax − 1) = 0 inside the numeri-
cal precision of a computer. For each oriented edge i → j, the
cavity marginal ηi→ j (ni ) has to be initialized to a normalized
distribution. For example, we can take, for every oriented
couple (i, j), η(0)

i→ j (ni ) = 1
nmax

, ∀ ni ∈ [0, 1, . . . , nmax − 1], i.e.,
an uniform initial condition. But in general, we checked that
every result of the paper is independent of the chosen ini-
tial conditions. Starting from η

(0)
i→ j , we can compute at the

following time step the normalization factor z(1)
i→ j and the

cavity marginals η
(1)
i→ j . In general, from step t to step t + 1

the iteration process goes like this:

z(t+1)
i→ j =

∑
{ni}

exp

[
βr

(
ni − n2

i

2K

)
− ln (ni + ε)

]

×
∏

k∈∂i\ j

⎛
⎝∑

{nk}
η

(t )
k→i(nk ) exp

[
−βαik

r

K
nink

]⎞⎠, (A8)

η
(t+1)
i→ j (ni ) = 1

z(t+1)
i→ j

exp

[
βr

(
ni − n2

i

2K

)
− ln (ni + ε)

]

×
∏

k∈∂i\ j

⎛
⎝∑

{nk}
η

(t )
k→i(nk ) exp

[
−βαik

r

K
nink

]⎞⎠.

(A9)

At each step t , from the values of the cavity marginals
η

(t )
i→ j (ni ), we can compute the marginal distributions η

(t )
i (ni )

as shown in Eq. (A7). In particular we checked the algorith-
mic convergence directly on the final marginal distributions:
at each iteration step t we compute mean, variance, and
kurtosis of each marginal distribution η

(t )
i (ni ), ∀i. We then
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(a) (b)

FIG. 13. Single-species marginal distributions ηi(n) in the Gaussian regime (a) and in the non-Gaussian regime (b). In the Gaussian
regime (σ̂ = 0.02) the single marginals are Gaussian and concentrated within a small range of n. In the non-Gaussian regime (σ̂ = 0.20) the
distributions spread over a larger range of n, extinctions appear, and not all single marginals are Gaussian anymore. The other parameters are
μ̂ = 0.1, T = 1, and N = 256.

compute a relative difference with respect to the previous
iteration step. In order to have convergence we require that,
for each marginal distribution η

(t )
i (ni ), each of the three mo-

ments (mean, variance, and kurtosis) does not differ more
than the 10−6 % from the previous iteration step ones, and we
require this condition to be true for ten successive iteration
steps. When these conditions are satisfied we say that we have
reached convergence. Thus, for a given graph, we obtain all
the single marginals ηi(ni ) from which we can then compute
the sample and disorder averages as described in Eqs. (F3) and
(11). In Fig. 13 we show a set of 20 single marginals ηi(ni ) for
σ̂ = 0.02 and σ̂ = 0.20, corresponding to the cases that we
discussed in Sec III. In the Gaussian regime (σ̂ = 0.02), the
single marginals are themselves all Gaussian and are concen-
trated within a small range of population abundances. In the
non-Gaussian regime (σ̂ = 0.20) instead, the single marginals
spread over a much larger range, extinctions appear, and sin-
gle marginals themselves are not all Gaussian anymore.

APPENDIX B: INDEPENDENCE OF THE MARGINALS
FROM THE REGULARIZATION PARAMETER ε AND THE

DISCRETIZATION STEP

As explained in Appendix A, in our approach, in order to
numerically solve the BP equations we chose to discretize the
abundance distributions into nonnegative integers. We made
this choice because in this way one can interpret ni as the
number of individuals for the species i (that is, by definition,
an integer). However, this is not an inevitable choice: indeed,
one can choose to discretize ni into small steps. We do not
expect that the integer discretization influences the results
because indeed the discretization step, that in our case is
dn = 1, should be compared with the natural scale for n that is
K (fixed point of the single-species dynamics) that we chose
to be large exactly for this reason (K = 280). To verify this, in
this appendix we show that the results do not change changing
dn. In particular, in Fig. 14 we show the average marginal
distribution with the same two set of parameters used in Fig. 1,
but with a discretization step dn = 0.5 that gives noninteger
numbers for the abundances. The distributions are completely

equivalent to the ones with dn = 1, for the exception of a very
small variation at small values of n, that leads to a marginal
distribution with dn = 0.5 that is more comparable to the
results of the dynamics than the one with dn = 1 at small n.

As explained in the main text, because of the discretized
version of BP, we replaced the reflecting wall used, for ex-
ample, in Ref. [2], introducing a regularization parameter ε in
the term T ln(ni ) inside the Hamiltonian of Eq. (3), otherwise
ill-defined at ni = 0. We show now that the obtained results
for the marginal distributions are almost independent of the
choice of ε. In Fig. 15(a) we show the average species abun-
dance for two different values of the variance of the couplings
σ̂ for three different values of the parameter ε. For small
σ̂ the distributions with ε = 10−4, 10−5, 10−6 are perfectly
equivalent, while for large σ̂ = 0.20 there are very small
differences between the three distributions at small values of
n (only visible in log scale).

In Fig. 15(b) we show how the surviving probability �,
defined as � = 1 − η(0), changes for different values of ε.
The point at which � becomes different from 1 is independent
of ε, while for larger σ̂ , where extinctions are possible, �

varies a few percent passing from ε = 10−4 to ε = 10−6.
However, we verified that the transition from the single fixed
point phase to the unbounded growth phase (at small values of
μ̂, such the one in Fig. 15) is independent of ε. Moreover, in
Appendix G, we will show that the transition from the single
fixed point phase to the multiple attractor phase at high values
of μ̂ is independent on the value of ε.

APPENDIX C: DETECTING THE UNBOUNDED
GROWTH PHASE

As said in the previous appendix, in order to have a numer-
ical implementation of the BP equations, we both discretize
n and introduce a maximum value nmax. In this appendix we
show how the final marginals are independent of nmax (for nmax

sufficiently high) in the single fixed point phase, and we show
how to detect the Unbounded Growth phase.

In Fig. 16 we show the mean abundance on a given network
and the marginal probabilities for three different species in the
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FIG. 14. Comparison between species abundances computed with discretization steps dn = 1 and dn = 0.5. For small σ̂ = 0.02 (blue and
black points) the distributions with dn = 1 and dn = 0.5 are perfectly equivalent, for large σ̂ = 0.20 (orange and red points) there are small
differences between the two distributions at small values of n. Inset: Marginal at σ̂ = 0.20 computed using BP with dn = 0.5 (red points) and
from the dynamics (green points). The two agree very well and the BP marginal computed with dn = 0.5 is more similar to the dynamics than
the one computed with dn = 1. In both plots the parameters are the same as in Fig. 1: T = 1, μ̂ = 0.1, N = 256.

unique fixed point phase. If nmax is too small, the marginals
for some species will be wrong: We detect the error looking
if there are some species for which ηi(nmax − 1) �= 0. How-
ever, enlarging nmax will then correct the marginal. Once we
identify a value of nmax such that ηi(nmax) = 0 inside com-
puter precision, enlarging nmax further will have no effect on
the marginals: this is a clear indication of the fact that the
solution found for the BP equations is not influenced by our
numerical implementation, as long as nmax is large enough. A

good practical choice for nmax could be nmax � 2K . In fact,
without interactions, the marginal for each species will be
centered around n = K : the interactions could modify slightly
the mean of the marginals, but not so much: one can verify
from Fig. 16(b) that the mean of the distribution remains at
values near to K = 280 in this phase.

The behavior in the unbounded growth phase is instead
different. The numerical implementation of the BP equa-
tions with finite nmax is converging even in the unbounded

(a) (b)

FIG. 15. (a) Comparison between species abundance distributions computed on a single graph with different regularization parameters ε.
For small σ̂ = 0.02 the distributions with ε = 10−4, 10−5, 10−6 are perfectly equivalent, for large σ̂ = 0.20 there are small differences between
the three distributions at small values of n. Inset: Same as in the main figure, but in logarithmic scale to highlight the small differences at small
n. (b) Surviving probability � as a function of σ̂ for different values of ε. In both plots the parameters are: T = 0.5, μ̂ = 0.1, N = 128.

013017-14



GENERALIZED LOTKA-VOLTERRA MODEL WITH SPARSE … PRX LIFE 4, 013017 (2026)

FIG. 16. (a) Marginals ηα
i (n) for three species changing nmax in the unique fixed point phase. In the unique fixed point phase, if nmax is

too small, the marginals for some species will be wrong: We detect the error looking if there are some species for which ηi(nmax − 1) �= 0,
as happens for species 1 in the figure. Enlarging nmax will then correct the marginal. (b) Sample average ηα (n) changing nmax in the unique
fixed point phase. In the unique fixed point phase, if nmax is too small, the mean abundance will show a peak in correspondence to the value
n = nmax − 1. Enlarging nmax will correct the error. The mean of the distribution always remains at values near to K = 280. Both figures refer
to the same graph and interaction matrix with parameters μ̂ = 0.1, T = 0.2, σ̂ = 0.2, N = 200.

growth phase. However, this should not bother the reader too
much: once implemented with a finite nmax, the BP equa-
tions are searching a solution for the marginal distributions
generated not by the original Hamiltonian in Eq. (5), but by
a modified Hamiltonian in which we are manually injecting
a reflecting wall at n = nmax. While in the unique fixed point
phase the final marginals are independent on the value of nmax

as long as it is large enough, as explained in the precedent
paragraph, in the Unbounded Growth phase some marginals
will always depend on nmax, irrespective of how large nmax is,
and in particular they will always have ηi(nmax − 1) � 1, as
shown in Fig. 17(a): this is clear evidence that the abundance
distribution for nmax → ∞ would run off to infinity.

In Fig. 17(b) we show the mean abundance in the Un-
bounded Growth phase changing nmax: it is evident that

ηα (nmax − 1) has a finite weight that, for nmax large enough,
does not decrease anymore increasing nmax, different with
what happened in the Unique Fixed point phase. This can be
chosen as a practical rule for detecting the Unbounded Growth
phase: if ηα (nmax − 1) is different from zero and its value does
not decrease increasing nmax the system is in the Unbounded
Growth phase. We stress that, at variance with what happens
in fully connected models, there are only some species whose
marginals run off to infinity, while the marginals for other
species remain finite and independent on nmax: this is due to
the sparsity of the model that could create subsystems whose
species grow indefinitely while not influencing the others that
stay finite. The convergence of BP equations even in the
Unbounded Growth phase allows us to count the fraction of
diverging species, which is shown in Fig. 7.

FIG. 17. (a) Marginals ηα
i (n) for three species changing nmax in the Unbounded Growth phase. While for some species changing nmax does

not change their marginals, like species 1 in the figure, some other species have ηi(nmax − 1) � 1 irrespective of the value of nmax, like species
3. (b) Sample average ηα (n) changing nmax in the Unbounded Growth phase. In the Unbounded Growth phase, the mean abundance will
continue to change changing nmax. In particular, ηα (nmax − 1) will have a finite weight that, for nmax large enough, does not depend on nmax.
Both figures refer to the same graph and interaction matrix with parameters μ̂ = 0.1, T = 1, σ̂ = 0.5, N = 200.
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APPENDIX D: COMPARISON BETWEEN BELIEF
PROPAGATION AND LANGEVIN DYNAMICS

SIMULATIONS

This Appendix shows that the exact equilibrium marginal
distributions computed by BP are fully consistent with the
marginal distributions obtained from SDE simulations of
the Langevin dynamics. In Fig. 18 we show this agree-
ment for four different values of σ̂ . For each value of σ̂ , at
μ̂ = 0.1 and T = 1, we display both the species abundance
trajectories ni(t ) (left panels) and the corresponding equilib-
rium marginal distributions (right panels). In particular, the
marginal distributions are obtained in two ways: directly from
BP (shown in solid lines) and by sampling the long-time
dynamical evolution of the abundances (shown with dots).
As shown in the right panels, the two methods perfectly
coincide. Small differences appear only for marginal distribu-
tions with a finite probability of extinctions (the peak at n =
0); such differences come from the different regularizations
used at n = 0: in the SDE simulations through the reflecting
wall condition nmin = λ � 1, and in BP through the param-
eter ε. These differences on the regularization parameters
have no impact on the phenomenology, as also discussed in
Appendixes B and G.

The simulations in Fig. 18 are performed on a single graph
realization, which is kept identical for both BP and the dynam-
ics. We focus on five species of the ecosystem, highlighting
their temporal evolution in color, and plotting with the same
color their equilibrium abundance distributions, both from
BP and from the dynamics. For σ̂ = 0, where no disorder is
present, the temporal evolutions differ because of the different
demographic noise sequence, but their equilibrium distribu-
tions are equivalent for all species. For σ̂ > 0 the five marginal
distributions become distinct across species, but are still in
perfect agreement between BP and the dynamical sampling.

We then show an example of another result, obtained in
the main text through BP, which is perfectly consistent with
the simulation of the SDE dynamics. Such a result is the ap-
pearance of the unbounded growth phase presented in Fig. 17.
In particular, focusing on an interaction graph with N = 128
species and parameters μ̂ = 0.1, T = 1, we have run the dy-
namics for three different values of σ̂ = 0.30, 0.35, 0.40. As
shown in Fig. 19(a), at σ̂ = 0.30 species simply fluctuate in
time always keeping finite abundances. For σ̂ = 0.35 instead,
some species start to grow indefinitely already at small times,
and in particular the number of species which undergo un-
bounded growth increases increasing σ̂ , as shown in Fig. 19(c)
with σ̂ = 0.40. This analysis confirms what shown in Fig. 17,
namely, that, for μ̂ = 0.1 and T = 1, around σ̂ ∼ 0.35 the
unbounded growth phase appears.

APPENDIX E: UNIVERSALITY AND SCALING LAW
FOR THE SPARSE ECOSYSTEMS DYNAMICS

Here we focus on an ecologically relevant aspect of our
system. In real ecosystems, extensive observations have doc-
umented the presence of Taylor’s law (see [27]), which
describes the relationship between the variance and mean of
species abundances. Specifically, if one measures the variance
Vi and the mean Mi for the abundance trajectory ni(t ) of each

species in the ecosystem, Taylor’s law states that the variances
follow a power-law dependence on the means:

V = aMb, (E1)

where, in ecological systems, the exponent b has widely been
reported to be b � 2 [27,33].

To investigate this in our model, we set μ̂ = 0.1 and σ̂ =
0.25, ensuring that the system is in the non-Gaussian (ecolog-
ically realistic) regime; see Sec. III. We then ran Langevin
dynamics (see Fig. 20) for a system described by Eq. (1),
computing the mean Mi and variance Vi for each species i:

Mi ≡ 1

tmax − t0

tmax∑
t=t0

ni(t ), Vi ≡ 1

tmax − t0

tmax∑
t=t0

(ni(t ) − Mi )
2,

(E2)
where t0 is the initial transient time beyond which the dis-
tributions no longer depend on initial conditions and tmax is
the final simulation time. We performed these simulations for
N = 400 species and various temperatures T . In Fig. 21(a)
we plot all pairs (Mi,Vi ), with different colors representing
different temperatures.

Regardless of the temperature, the data always exhibit a
power-law behavior for small Mi, followed by a saturation
region for large Mi. As shown in Fig. 21(a), the power law re-
mains the same for all T , with the exponent b of Eq. (E1) being
b � 2. In particular the black solid line represents the fit of the
data for small Mi and is given by V = aMb, with a = 3.4 and
b = 2.05. This is a remarkable result, given the widespread
occurrence of this power laws in nature. Moreover, the same
power law is found for different values of disorder σ̂ , provided
that they are sufficiently large (σ̂ � 0.15), corresponding to
the non-Gaussian regime.

In the saturation regime instead, the variance is more or less
constant (V (M, T ) = VS (T )), no matter which is the value of
M. In particular, the higher is the temperature, the higher is
the saturation value VS (T ).

Given these observations on the power-law and satura-
tion regimes, we propose a scaling ansatz for the variance
V (M, T ):

V (M, T ) = MδF

(
M

T ψ

)
, (E3)

where V is the variance, M is the mean, T is the temperature,
and δ and ψ are critical exponents that have to be computed.
Looking at our data we state that the function F is such that

(1) F (x) ∼ constant for x → 0,
(2) F (x) ∼ x−δ for x → ∞.
The exponent δ is found by fitting the low-M regime data.

In particular, as we already said, we get

δ � 2.

Regarding the exponent ψ , we can compute it by noticing
that, for each temperature T , the variance saturation value is

VS (T ) = lim
M→∞

V (M, T ).
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(a) (b)

1×10-5

1×10-5

FIG. 18. (a) Trajectories of the species abundances ni(t ) in time, simulated through the Langevin dynamics. The same five species are
selected for all the different sets of parameters and their temporal evolution is higlighted in color. (b) Comparison between the marginal
distributions computed with BP (in solid lines) and those sampled from the dynamical trajectories (as points). The species distributions from
BP and from the dynamics, plotted in the same color of the species temporal evolution, perfectly coincide.
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(a)

(b) (c)

FIG. 19. Species abundance trajectories near the unbounded growth transition. For μ̂ = 0.1 and T = 1, for σ̂ = 0.30 (a) no unbounded
growth is present. For σ̂ = 0.35 (b) and 0.40 (c) instead some species in the ecosystem grow indefinitely, displaying an unbounded growth. In
these simulations the interaction graph is generated for an ecosystem of N = 128 species.

Recalling the behavior of F (x) for x → ∞, from Eq. (E3) we
get

VS (T ) ∼ Mδ M−δ

T −ψδ
= T ψδ.

FIG. 20. Species abundance dynamics for μ̂ = 0.1, σ̂ = 0.25,
and T = 0.5. The number of species here is N = 400.

So, once we have the value of δ, we can compute ψ by fitting
all the values VS (T ) with the function VS (T ) = T ψδ . In this
way we get

ψ � 0.5.

To conclude, in Fig. 21(b) we plotted, for all the data of
the left panel, V M−δ vs M/T ψ , with δ and ψ set to the values
that we found. In this way we can really see that the scaling
of Eq. (E3) works and all the data from different ecosystems
at different temperatures collapse onto the same curve. These
results highlight the emergence of a universality mechanism.

APPENDIX F: THE KEY ROLE OF SPARSITY OF
INTERACTIONS FOR THE STRONG NON-GAUSSIAN

EFFECTS

In Sec. III we have analyzed how the shape of the marginal
distributions strongly changes upon increasing the interaction
disorder σ̂ . Here we want to further stress that the presence of
strong non-Gaussian effects depends mainly on the sparsity
of the interactions. In Sec. II we introduced the marginal
distributions ηα

i (ni ) as

ηα
i (ni ) = 1

zα
i

e−βhi (ni )
∏
j∈∂i

⎡
⎣∑

{n j }
ηα

j→i(n j )e
−βhα

i j (ni,n j )

⎤
⎦, (F1)
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(a) (b)

FIG. 21. (a) Pairs of mean and variance (Mi,Vi ) of single-species distributions for different temperatures. For all the temperatures there is
a power-law region for low values of Mi and a saturation region for large values of Mi. (b) Pairs of mean and variance combined and rescaled
with appropriate exponents. Data for different temperatures, once plotted with the new scaling observables, collapse into a unique curve, which
corresponds to the scaling function in Eq. (E3). For these plots μ̂ = 0.1, σ̂ = 0.25 and N = 400.

which, given that hi(ni ) = −r(ni − n2
i /2) + T ln(ni + ε), can

be rewritten as

ηα
i (ni )= 1

zα
i

1

ni + ε
eβr(ni−n2

i /2)
∏
j∈∂i

⎡
⎣∑

{n j}
ηα

j→i(n j )e
−βhα

i j (ni,n j )

⎤
⎦.

(F2)

In particular, in Sec. III we analyzed the average marginal
distributions, averaged over the species and the disorder:

η(n) ≡ 1

N

N∑
i=1

ηα
i (n). (F3)

We can actually define a different marginal distribution
η̃i(ni ), rescaled by ni + ε, where the contribution of the de-
mographic noise is factored out:

η̃α
i (ni ) = 1

z̃α
i

(ni + ε)ηα
i (ni ). (F4)

From Eq. (F4) it follows that the corresponding averaged
distribution is

η̃(n) = 1

z̃
(n + ε)η(n). (F5)

Studying the shape of η̃(n) instead of η(n) allows us to
focus only on the effect of interactions sparsity, leaving out
the effects due to the demographic noise. Note that now the
rescaled marginal η̃(n) has an exact Gaussian form in absence
of the interactions. Figure 22 shows both η(n) and η̃(n) for
two different values of σ̂ , namely, σ̂ = 0.02 and σ̂ = 0.20
(the same of Fig. 1). Notice that at σ̂ = 0.20 the distribution
η̃(n) does not display any extinction peak in n = 0, con-
trary to η(n). The extinction peak is in fact mainly due to
the demographic noise factor. It is anyway clear that strong
non-Gaussian effects are present for the distributions η̃(n),
and in particular η̃(n) displays an even fatter tail than η(n).
This analysis confirms that, for large σ̂ , the non-Gaussianity

of the marginal distributions is driven almost exclusively by
network sparsity rather than by demographic noise. We can
also replicate, for the rescaled distributions η̃(n), the study
of the crossover from Gaussian to non-Gaussian behavior
varying σ̂ and T shown in Fig. 2 for the marginals η(n).
In Fig. 23 we quantify, for two different values of μ̂, the
deviation from Gaussianity of the marginal distributions η̃(n)
as the difference between their kurtosis, κη̃(σ̂ , T ), and the
kurtosis kG(σ̂ , T ) of a reference discrete Gaussian distribution
G(npeak(η̃), σ 2

η̃ ) with the same variance and centered at the
peak of η̃. The two kurtosis are computed as

κx(σ̂ , T ) ≡ 〈(n − 〈n〉x )4〉x

〈(n − 〈n〉x )2〉2
x

, x = η̃, G, (F6)

FIG. 22. Comparison between marginal distributions η(n) and
rescaled marginal distributions η̃(n) for two different values of σ̂ .
Strong non-Gaussian effects are present for both η(n) and η̃(n) for
large values of σ̂ = 0.20 (orange and red), while they are absent for
small σ̂ = 0.02 (blue and purple). The parameters of the plots are
T = 1, μ̂ = 0.1, and N = 256.
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FIG. 23. Deviation from Gaussianity for the species abundance for two different values of the average interactions. The deviation is
quantified as difference between the kurtosis κη̃ of the marginal distribution η̃ and the kurtosis κG of a reference truncated Gaussian with
equivalent variance and centered at the peak of η̃, and it is plotted as a function of σ̂ and T for two different values of μ̂, μ̂ = 0.1 and
μ̂ = 0.05. For high σ̂ it is evident that the deviation increases implying that the marginal distributions are developing strong non-Gaussian
effects. The deviation from Gaussianity increases for higher μ̂. The number of species considered is N = 256.

where the averages 〈·〉x are taken with respect to η̃(n) and to
G(npeak(η̃), σ 2

η̃ ) respectively.
Let us precise that the practical computation of the kurtosis

in Fig. 23 is slightly different from the one in Fig. 2. In the
main text, we computed the kurtosis of η(n) by excluding the
region too close to n = 0, where the 1/(n + ε) term introduces
a peak around n = 0, while retaining the entire right tail. In
Fig. 23 instead, since η̃(n) does not have the term 1/(n + ε),
we compute its kurtosis over the full distribution. We want to
stress that, in absence of interaction, that is, for μ̂ = σ̂ = 0,
the rescaled marginal distribution η̃(n) is a perfect Gaussian,
where the variance is associated with the temperature. Fig-
ure 23 shows that indeed, as the interaction strength increases
(through either larger μ̂ or larger σ̂ ), the rescaled distribution
η̃(n) passes from a Gaussian to a strongly non-Gaussian be-
havior. The reason why the interactions lead to a Gamma-like
behavior is still not clear and will be studied in subsequent
work.

APPENDIX G: STABILITY OF THE RS FIXED POINT

In the main text we defined the transition line drawn in
Figs. 9 and 10 as the line on the right of which the BP RS
algorithm is no more convergent. In this appendix we want to
show that the nonconvergence of BP is not simply due to nu-
merical errors or instability of the algorithm itself, but instead
it is linked to the loosing of stability of the RS fixed point, that
at the transition becomes unstable, suggesting the creation of a
new RSB state. To do this, we use a well-established method
[28]: we numerically look at how a perturbation evolves in
time under the BP iteration. To practically implement this
procedure, we set the parameters of the problem in such a
way that we are sure to be in the unique fixed point phase;
we then let the BP algorithm reaching the unique fixedpoint,
ηFP

i→ j (n). We then slightly perturb the solution in this way

(even if the results are independent from the exact form of
the perturbation):

η
pert
i→ j (n, t = 0) = 1

Zi j

[
ηFP

i→ j (n) wi, j (n)
]
, (G1)

where wi, j (n) are independent random numbers extracted uni-
formly inside the interval [0.95,1.05] for each i, j, n and Zi j

is a new normalization factor ensuring the normalization of
η

pert
i→ j (n, t = 0). We then let evolve η

pert
i→ j (n, t = 0) following

the standard BP equations (7) and we look at the evolution of
the perturbation in time:

ε2
i→ j (n, t ) ≡ [

η
pert
i→ j (n, t ) − ηFP

i→ j (n)
]2

. (G2)

Defining the average square perturbation as

ε2(t ) ≡ 1

N c nmax

N∑
i=1

∑
j∈∂i

nmax∑
n=0

ε2
i→ j (n, t ), (G3)

after a first transient time it should follow the law

ε2(t ) = λ ε2(t − 1), (G4)

where λ is the largest eigenvalue associated to the linearized
BP square operator around the fixed point. If λ < 1 a per-
turbation is reabsorbed and the fixed point is reached again:
λ < 1 is the necessary condition for the fixed point to be
stable. When λ reaches the value 1, a perturbation is no more
reabsorbed, and practically it is impossible to find the fixed
point, that is unstable, with the BP algorithm, that thus stops to
converge. In Fig. 24 we show the evolution of the perturbation
ε2(t ) approaching the transition in Fig. 9 for T = 0.2, σ = 0,
and varying μ̂. In Fig. 24(a) it is evident that, after a tran-
sient time, the variance of the perturbation evolves as ε2(t ) =
const λt (μ̂), with a value of λ(μ̂) that grows approaching the
point in which BP stops to converge μ̂c = 0.3526. The values
of λ(μ̂) are extracted with an exponential fit, and the values
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(a) (b)

FIG. 24. (a) Evolution of the variance of a perturbation around the BP RS fixed point. After a transient time, the variance of the perturbation
evolves as ε2(t ) = const λt (μ̂), with a value of λ(μ̂) that grows approaching the point in which BP stops to converge μ̂c = 0.3526. The solid
line displays the best fit of the type ε2(t ) = const λt (μ̂) for μ̂ = 0.3524. (b) Eigenvalue λ extracted from the left figure as a function of μ̂.

The value of λ approaches the value 1 as μ̂ approaches the point in which BP stops to converge μ̂c = 0.3526, signaled as a dashed line in the
figure. For both figures the parameters are T = 0.2, σ = 0, N = 200.

are reported in Fig. 24(b), from which it is evident that λ → 1
when μ̂ → μ̂c: the nonconvergence of BP is thus due to the
lack of stability of the RS fixed point. Figure 24 reflects a
regularization parameter for the BP equations (7) ε = 10−4

but we have seen that the results are indistinguishable for the
ones obtained for a smaller value of ε = 10−5: the transition
towards a multiple attractor phase does not depend on the
regularization scheme.

APPENDIX H: DYNAMICS IN THE TOPOLOGICAL
MULTIPLE ATTRACTOR PHASE

In the main text we show that, for σ̂ = 0, when the in-
teractions are strong enough, with μ̂ > μ̂c(T ), the model
undergoes a transition towards what we called a topological
multiple attractor phase. We locate the exact position of the
transition looking at the nonconvergence of the BP algorithm.

In this appendix we show the results coming from the dy-
namics in this new phase. We called the transition topological
because it is due to a change in the interaction network topol-
ogy of surviving species. In fact, when σ̂ = 0, all the species
are equivalent, because there is no disorder in the model,
and, as a consequence all the species should have the same
marginal distribution. When the critical line μ̂c(T ) is crossed,
instead, some species go extinct: which species survive is a
consequence of the randomness in the initial conditions and
in the demographic noise. The extinctions introduce a new
source of randomness in the model: in fact, after the extinc-
tions not all the species have three neighbors anymore, and
thus the marginal of the surviving species are allowed to be
different. In Fig. 25 we show the results from two different
iterations of the dynamics in the same graph, but with different
realizations of the initial conditions and of the demographic
noise inside the multiple attractor phase. In Fig. 25(a) we

(a) (b)

FIG. 25. Results from different iterations of the dynamics on the same graph in the multiple attractor phase. (a) Final species abundance
for each species i ∈ [1, 256] after the iteration of the Langevin dynamics for a time tmax = 4000. The dynamics is run two times on the same
graph with μ̂ = 0.358, σ̂ = 0, and T = 0, starting from different initial conditions, and thus reaches two different final states. (b) Average
species abundance, and the relative standard deviation, for each species i ∈ [1, 256] during the iteration of the Langevin dynamics averaged
from time t = 1000 to time t = 4000. The dynamics is run two times on the same graph with μ̂ = 0.355, σ̂ = 0, and T = 0.4, starting from
different initial conditions, and thus reaches two different final states. Differently from the T = 0 case in (a), in this case the species abundances
fluctuate in time due to the thermal noise: the shown error take into account this time fluctuations, absent when T = 0.
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show the results for a system with parameters μ̂ = 0.358,
σ̂ = 0, and T = 0. Because of the null temperature, after a
transient time t < 1000 the dynamics reaches a stable fixed
point (see Fig. 10): to show the multiple attractor fixed points
it is thus just sufficient to look at the values that the single
species abundances have after a fixed time, that we choose
to be tmax = 4000, after two different iterations of the dy-
namics. As shown in Fig. 25(a), the two different iterations
lead to very different fixed points. In particular, the two sets
of species that are extinct, for which ni(tmax) = 0, after the
two dynamics are completely different. In Fig. 25(b) we show
the results of the dynamics for parameters μ̂ = 0.355, σ̂ = 0,
and T = 0.4. In this case, as can again be seen from Fig. 10,

after a transient time t < 1000, the dynamics reaches a state
characterized by species abundances that fluctuates in time,
because of the thermal noise, but whose average and variance
remains almost stable in time. We thus iterate the dynamics
two times on the same graph, and we measure the average
and the standard deviations of the single species abundances
in both cases. Again, one can see that the two states reached
are very different, because the averages of each species for
the two runs are not compatible with each other inside the
standard deviation. In particular, there are some species that
are ”extinct,” characterized by both a very small mean and
variance, and the two sets of extinct species for the two runs
are different.
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