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often not driven by statistical or algorithmic advantages, thus there is a lack of
studies which provide guidelines on what designs and ML models to jointly use
for data collection and analysis. This article discusses the choice of design in
relation to the ML model performances. A study is conducted that considers 12
experimental designs, seven families of predictive models, seven test functions
that emulate physical processes, and eight noise settings, both homoscedastic
and heteroscedastic. The results of the research can have an immediate impact
on the work of practitioners, providing guidelines for practical applications of
DOE and ML.
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1 | INTRODUCTION

In many industries the development of mathematical models of physical phenomena or processes is of primary interest.
Objectives of such models may include prediction of one or more quantities or identification of the optimal configuration
of parameters which leads to an optimization of some quantities of interest, such as a quality criterion or a cost measure.
Design of experiments (DOE) is a well-known statistical procedure that has been widely applied for decades especially for
optimization, but also for the construction of surrogate models able to reliably predict one or more responses of interest.
Historically, the most widespread model employed for the analysis of DOE data, which also stands at the core of the
response surface methodology (RSM),! is the second-order model.?

Recently, with the advent of the fourth industrial revolution and the consequential increase in data availability in the
industrial environment, machine learning (ML) techniques for data analysis have rapidly spread in industry. In this con-
text, a recent trend consists in the adoption of ML algorithms for the analysis of experimental data, in lieu of the typical
second-order model, as proved by the increasing number of publications dealing with these topics, as shown in Arboretti
et al.> However, it has also been shown that there is a lack of studies that try to provide some guidelines on what exper-
imental designs appear to be more appropriate when ML models are selected as a tool for analysis.® Instead, in the vast
majority of papers that jointly apply DOE and ML, the choice of one specific design appears to be driven by inciden-
tal factors such as the analyst’s experience or diffusion in one specific area.> The aim of this article is to show in an
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empirical manner what designs are more promising for collection of data that is then modeled through ML techniques.
As a collateral result, this will also lead to indications being provided on what predictive analytics techniques to take into
consideration when analyzing DOE data. It should be pointed out here that only predictive performance of the algorithms
in terms of prediction error will be taken into account, and other aspects, such as the ability to quantify uncertainty of
predictions and the possibility of investigating causality, are features that should be considered when choosing an algo-
rithm for prediction or optimization.® The authors encourage further research devoted to these topics, but this is outside
the scope of the present work.

The paper is organized as follows: Section 2 presents the literature background to the application of ML for the analysis
of DOE data; Section 3 presents the methodology and details of the simulation study conducted; Section 4 shows the
results and Section 5 discusses the findings in depth. Finally, in Section 6, a summary of the main contributions of the
work and the conclusions are presented.

2 | LITERATURE BACKGROUND

In their recent article, Arboretti et al.> provided a comprehensive overview of the topics of DOE and ML applied in a
product innovation (PI) setting. Arboretti et al.® highlight both the advantages and challenges of the application of ML
in PI, discuss the implications of a joint adoption of DOE and ML, and identify the most common experimental designs
employed and ML algorithms chosen for analysis. From their work, some clear advantages of the adoption of ML for data
analysis appear evident, including the ability of ML to appropriately model data without requiring assumptions on the
underlying distribution, the ability to model complex non-linear relationships, and the general capability of providing a
better fit to the data, thus ensuring more accurate predictions and the requirement for a less strict design structure, to
the point that undesigned data can be effectively modeled. Additionally, a proper adoption of a DOE+ML framework
can enhance further advantages, including the minimization of the number of trials through the identification of the
most informative combinations of the factor levels, the ability to explore experimental regions omitted by DOE alone, the
possibility to automate the experimentation procedure, and others.>

An in-depth analysis of the type of DOE used in combination with ML modeling was also conducted,’ revealing high
fragmentation in the choice of designs. The most recurring class of DOEs comes from the RSM literature including cen-
tral composite designs* (CCDs), Box-Behnken designs® (BBDs), and full and fractional factorial designs (FFDs). Another
relevant group of experimental designs comes from the Robust Parameter Design (RPD) literature,’® while space-filling
designs are seldomly applied.’ Overall, the non-sequential experimentation procedure is still predominant,® despite the
fact it has been shown that several advantages are embedded in a sequential strategy.'°~'? The overall picture in regards to
the choice of design in a DOE+ML framework is not that surprising as another finding is that physical experiments are by
far more common than computer experiments,” meaning that traditional designs from RSM are favored. The main reason
is that such designs have been specifically developed for the optimization of physical systems and they can count on a very
well established literature set that proposes solutions for many of the typical problems which characterize the industrial
context, for example, restrictions to randomization with the split-plot designs," or the need for an estimation of many
effects while minimizing the experimental effort with definitive screening designs.'* Other designs, such as space-filling
designs, have been developed for computer experiments in which the concepts of randomization and replication, that are
at the base of traditional DOE, no longer count because experiments are typically deterministic and the frequent change
in factor levels is possible and does not imply a cost. Also, the preference for non-sequential experimentation is likely a
consequence of physical experimentation, since companies may adopt strict procedures and protocols that discourage the
adoption of a sequential approach. For instance, access to a system under investigation may be limited because experi-
mentation can cause a delay to production deadlines and management may be unwilling to reserve the required resources
for a prolonged period. Thus, in many situations, execution of an entire DOE in one single batch of trials is preferable
from a production planning perspective.

Arboretti et al.® also provide a picture of the ML models most widely applied to DOE data for product innovation,
revealing extensive use of artificial neural networks (ANNs), and sporadic adoption of other prediction algorithms, such
as Gaussian processes (GPs) and support vector regression models (SVMs).

3 | DESIGN AND MODEL CHOICE

In this section we detail the procedure and simulation study conducted to assess the performances of different designs
paired with different ML models for data analysis. In Section 3.1 we present the research objective and its boundaries,
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FIGURE 1 General framework of the simulation study

in Sections 3.2 and 3.3 we briefly review the chosen designs and the ML algorithms, respectively. In Sections 3.4 and 3.5
we describe the selected test functions and different noise structures and levels, and in Section 3.6 we detail the ranking
procedure adopted to obtain the final rank of designs and algorithms.

3.1 | Objective and boundaries

The objective of the simulation study is to provide, for the first time, an empirical assessment of the suitability of different
experimental designs for use with ML models for data analysis and prediction. Consequently, the most promising pre-
dictive models will also be indicated. This research is subject to some constraints, that come mainly from the literature
background as presented in Section 2:

* The focus is on the designs, although several ML algorithms will be tested. Some indications will also therefore be
provided for the choice of ML model, but solely predictive performance will be considered while crucial aspects such
as uncertainty quantification or model interpretability will not be examined.

* Only the non-sequential DOE case is investigated, despite the sequential design approach being very promising. This
is mainly for two reasons: (i) the literature® shows that the non-sequential approach is still predominant; (ii) in the
sequential experimentation setting there is also the need for one initial dataset to fit the algorithms in the first iteration.
Since undesigned data are often presently employed as the initial dataset,® sequential experimentation will also benefit
from the results of this study.

* The focus is on physical experiments. Consequently:

o Non-linear test functions that emulate physical processes will mainly be selected.

o Small data will be considered.

o Designs with a moderate number of factor levels will be favored.

o Both the homoscedastic and heteroscedastic noise cases will be taken into consideration.

To the best of our knowledge, this is the first study devoted to the analysis of the impact of choice of experimental
design when the method chosen for data analysis is of the ML type. Similar studies have been published that focus on
the methods employed for data analysis, but they refer to the case of computer experiments, thus select only space-filling
designs for data collection and choose GP models for prediction.” In this study we take a larger number of designs with
heterogeneous characteristics, and also test a large number of different models. A representation of the general structure
of the simulation study is reported in Figure 1, and further details are provided in the following sections.

3.2 | Experimental designs

Table 1 shows a summary of the experimental designs selected for this study. The designs will be used to collect data on
seven different test functions, all having six active dimensions (Section 3.4). This is in line with most industrial applications
of DOE, as it has been shown that 75% of case studies in engineering consider six or less factors.'®

Since the principal aim of this work is to provide guidelines to practitioners regarding what experimental designs
to choose in physical experimentation when data is analyzed with predictive models, we decided to allocate for each
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TABLE 1 Summary of the experimental designs chosen for the simulation study

ID Description Software # levels # factors # runs Replication
CCD Central Composite Design RY 3 6 52 0%
BBD Box-Behnken Design R 3 6 52 0%
FFD D-optimal full factorial design Minitab® 6 6 52 0%
D_opt D-optimal design IMP® 6 6 52 0%
I_opt I-optimal design IMP® 6 6 52 0%
LHD_rand Random Latin Hypercube Design R¥ 52 6 52 0%
MAXPRO MaxPro space-filling design R*® 52 6 52 0%
MAXPRO_dis MaxPro discrete numeric design R* 6 6 52 0%
D_opt_50%repl D-optimal design IMP® 6 6 52 50%
I_opt_50%repl I-optimal design IMP® 6 6 52 50%
MAXPRO_dis_50%repl MaxPro discrete numeric design R* 6 6 52 50%
MAXPRO_dis_25%repl MaxPro discrete numeric design R 6 6 52 25%

alternative design the same budget in terms of number of trials, to provide a fair comparison between the competitive
options. Often this is also the case for practical applications of DOE in industry, where a given amount of resources is
allocated for a specific study and the issue is to choose one experimental design to appropriately pursue the goals of the
project. For this reason, some powerful designs such as definitive screening designs'* are not considered in this study, as
they would require a different number of trials given the chosen number of experimental factors, making the comparison
with other designs unfair.

Furthermore, and as already pointed out, we suppose that the main objective of the project is to obtain accurate pre-
dictions about a specific physical phenomenon. Even though we recognize that other aspects (e.g., uncertainty quantifi-
cation, interpretability) are also important, we argue that if the analyst selects an intricate predictive model (e.g., an ML
algorithm) to analyze a non-linear phenomenon, the main objective is to produce accurate predictions. Some evidence
from the literature® also confirms this, given that in product innovation ML models are employed for the analysis of DOE
data mainly for their advantages in terms of predictive performance and ability to model complex non-linear relationships.

The designs considered in this work have been grouped into three categories: (i) “classical designs”, (ii) “optimal
designs” and (iii) “space-filling designs”. In the “classical designs” category we include the CCD, BBD and FFD. Even
though such designs have been around for decades, it has been shown that they are still the most used for data collection
in ML studies on product innovation.® The “optimal designs” included are the D-optimal and I-optimal that have recently
replaced classical designs in many applications. The designs from the “space-filling” category have been included to pro-
vide a benchmark for those practitioners that may be familiar with the literature on computer experiments, and may
therefore want to assess the potential of the predictive models to provide accurate predictions when a maximum number
of levels is included in the design. This is because a large number of levels provides more supporting points to the pre-
dictive models, and may thus favor a better understanding of the non-linearities in the data. However, we recognize that
such designs are not practical in physical experimentation, and that they are usually employed to analyze the behavior of
deterministic computer solvers, while here the main focus is on noisy physical experiments. This is also why only a few
designs in this category are selected, and other widely used designs (e.g., maximin LHDs'”), are not considered here. Nev-
ertheless, one “hybrid” design from the space-filling literature with characteristics that enable its application to physical
experiments is also considered.

In the following sections we provide details of the designs in each category.

3.21 | Classical designs

Three classical designs have been selected from the RSM literature, namely CCD, BBD and FFD. The CCD was built from
a two-level factorial design of resolution V with four center points added; an appropriate alpha parameter was then chosen
to obtain a rotatable design and axial (star) points were included accordingly. The whole design was scaled to have the
range determined by the axial points equal to the range of the levels for each test function, as detailed in Section 3.4. In
total, 52 runs were required to generate the entire design, and the same budget in terms of runs was selected for all the
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other designs. Similarly, the BBD includes four central points and has 52 runs. Both the CCD and BBD have three levels for
each factor.*> The FFD was built as a full factorial design including six levels for each factor. To fit the budget of 52 runs,
the design was then computer-optimized using the D-optimality criterion. The rationale behind the choice of number
of factor levels for the FFD was that we expected a larger number of levels to provide more granularity to the predictive
models, thus enabling a more precise estimate of the underlying non-linear function. Furthermore, we argue that this
number of levels is not prohibitive for application in physical experiments, and can represent an appropriate trade-off
between a better (expected) predictive performance and a marginally more complicated execution of the experiment.

3.2.2 | Optimal designs

In this paper we consider designs that satisfy the D- and I-optimality criteria. The D-optimality criterion is the most
commonly used, and seeks designs that maximize the determinant of the Fisher information matrix, thus ensuring a
minimization of the volume of the confidence ellipsoid around the model parameters. The main objective is to obtain a
precise estimate of the effects, therefore D-optimal designs can be considered estimation-oriented. If the goal of the study
is, as in this case, prediction-oriented, it may be preferable to opt for I-optimal designs, since they minimize the average
prediction variance over the experimental region. Nowadays, this is the default criterion in some commercial software'®
when the main goal of the DOE study is to obtain a reliable prediction of the response (over all the design space or in the
vicinity of the optimal configuration), such as in RSM applications. Furthermore, the evaluation of the prediction variance
over the design space is a popular quality criterion for the choice of a DOE."

Another well-known prediction-oriented criterion is G-optimality that ensures a minimization of the maximum vari-
ance of prediction. However, it has been shown that a minimization of the maximum variance of prediction implies a
greater prediction variance over a large part of the region of interest.?’ In this study the objective is to minimize the
prediction error over the entire design space, thus we discard the G-optimality criterion and prefer the I-optimal case.?!
Other estimation-oriented optimality criteria also exist (e.g., A-optimality), but given the different objective of this work,
we only focus on the D-optimal case as it is the most prominent in the category. For a more detailed discussion of the main
optimality criteria, we refer readers to the paper by Jones et al.?2(Pp- 370-372)

In the simulation study the optimal designs (D_opt, I_opt) were built levering the capabilities of JMP’s Custom Design
platform - this employs the coordinate exchange algorithm?® over multiple initializations to generate the preferable design
given an optimality criterion. The analyst is required to input the levels for each factor (six equally-spaced levels), the
number of runs (52) and a list of effects that it is necessary or desirable to estimate.'®

Finally, the impact of replication is also assessed for the optimal designs. To this end, D- and I-optimal designs
were constructed with JMP’s Custom Design platform having a 50% level of replication (26 base runs replicated twice,
D_opt_50%repl and I_opt_50%repl, respectively). A full replication of the base design is often performed in DOE studies
and it is one of the funding principles of DOE for physical experimentation.” Furthermore, on several occasions it has
also been shown to provide advantages for stochastic computer experiments when predictive models (especially GPs) are
used.>*?7

3.2.3 | Space-filling designs

Two designs have also been selected from the space-filling family, namely a Random Latin Hypercube Design
(LHD_rand)**?° and a Maximum Projection Design (MAXPRO).*" The LHD_rand design is one of the first and most
prominent designs of the space-filling family”® and is constructed to spread out the experimental points in a way that
ensures each of the factors has all proportions of its distribution represented by input values,?® with the aim of collecting
as much information as possible on the design space. The MAXPRO design is a more recent evolution of the LHD and
has been shown to have several advantages over the other space-filling designs, the main one being optimization of the
projection properties for all subspaces of the factors.”*° This is a fundamental concept for both computer and physical
experiments when only some of the factors are active, which is often the case due to the sparsity-of-effects principle.>!
A consequence of the maximum projection property>’ is that if some of the factors prove to be inactive during the experi-
ment, they may be dropped with no consequences to the space-filling structure of the design, which is also advisable in a
physical experiment. However, both the LHD_rand and MAXPRO designs have a characteristic that limits their applica-
bility to physical experiments: they have as many factor levels as there are runs, since they tend to maximize the spread
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of the points in the design space. In practical applications in physical experimentation, a large number of levels for each
factor may be neither feasible nor advisable, since the presence of noise may obscure some of the active effects. A recent
generalization of the Maximum Projection criterion overcomes this problem by enabling MAXPRO designs to deal with
multiple types of factors.

In their recent article, Joseph et al.>” updated the MAXPRO designs allowing both categorical and discrete numeric
factors to be treated. In their work the authors refer to the case of computer experiments in which some of the vari-
ables of a computer simulator may be categorical (e.g., material type) or discrete numeric (the continuous factor can
only take some pre-specified levels, e.g., number of flutes in a solid end milling process).>? In this article we mainly
leverage one of the advantages of the updated MAXPRO designs: if a limited number of levels is identified, the con-
tinuous factors can be restricted to the discrete numeric case, meaning the MAXPRO designs are also applicable in phys-
ical experimentation.** In our view, and for the scope of the present paper, this makes MAXPRO designs with discrete
numeric factors (MAXPRO_dis) hybrid designs: while they are constructed to be essentially space-filling (although only
on a limited number of levels), the limited number of levels makes them competitive with RSM designs for physical
experimentation.** To our knowledge, this is the only class of designs of the space-filling type that can actually be applied
to physical experimentation®® by taking a limited number of levels for each continuous factor. The MAXPRO_dis design
selected for this study counts six equally-spaced levels for each factor in the test functions. As such this design is directly
comparable to the FFD and optimal designs, having the same budget in terms of levels for the factors.

Two replicated MAXPRO_dis designs have also been included in the simulation study: one with a 50% level of repli-
cation (26 base runs replicated twice, MAXPRO_dis_50%repl) and the other with a 25% level of replication (MAX-
PRO_dis_25%repl), in which the configurations to replicate have been selected randomly. In this case, given the flexibility
of the MAXPRO_dis designs, the authors wanted to evaluate whether a lower level of replication could be advantageous,
even though by doing so a proper separation of noise from signal?’ could be attempted only at some randomly-selected
locations and not at all configurations (as is the case for a 50% level of replication).

1_32

3.3 | Machine learning models

Arboretti et al.’ showed that ANNSs are by far the most adopted algorithm for the analysis of data from experimental designs
when the purpose is to predict one or more responses. Other models adopted in the literature® are support vector regression
models (SVMs),** Gaussian processes (GPs)* and linear models (LMs) based on quadratic regression with interactions.’
In addition to those methods, in this study we investigate the performance of random forests (RFs)*® and the algorithms
contained within the automated machine learning (aml) platform offered by H20,?’ that provides a comprehensive view
of the most used ML models.

Careful tuning was carried out to choose the best configuration of the hyperparameters that minimizes the root mean
squared error (RMSE) of each algorithm, as detailed below:

* ANN shallow (ANN_sh): this is the simplest implementation of ANNs, counting one hidden layer. The number of
neurons was searched for in the range [3 — 12], and to limit overfitting, weight decay was applied with a level of [0 —
0.5]. After some initial tuning, linear activation function was selected for the output node. All hyperparameters were
optimized by means of fivefold Cross Validation (5-fold CV)*® applied on the training data from the experimental designs
as detailed in Table 1.

* ANN deep (ANN_dp): in this case, two to four hidden layers were considered for the ANN, with either 6 or 12 neurons
per layer. Such configurations of the multilayered ANN were identified as the most promising in a preliminary tuning of
the models, though a concrete risk of overfitting was identified, especially for the deepest networks. Several activation
functions were also tested, including Tanh, Maxout and Rectified Linear.* Inorder to limit overfitting of the training
data, dropout*” and both ¢, (Lasso) and ¢, (Ridge) regularization were employed,*® making the models more stable
and less susceptible to noise. 5-fold CV was used for the selection of the best hyperparameter configuration, as it is the
most balanced solution both in terms of computational effort and reduction in variance of the error estimation.*

* Random Forest (RF): 2000 trees were grown from the training data, constituting the RF. This configuration was obtained
after an accurate initial tuning, and it has already been used in the literature for application on DOE data.*! The number
of candidate predictors selected for each split is chosen through 5-fold CV, as such obtaining decorrelation of the base
learners and improved predictions.*

* Support Vector Regression model (SVM): three different kernels were considered for SVM, namely linear k(x,x’) =<
x,X’' >, polynomial k(x,x’) = (scale < x,X' > +offset)?®8™°¢, and Gaussian radial basis function (RBF) k(x,x’) =
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exp(—o||x — x'||?) where x and x’ are two input vectors.*> 5-fold CV was employed for tuning the hyperparameters
(e.g., scale, offset and degree in the polynomial kernel or ¢ in the RBF kernel).

Gaussian Process (GP): it is usually the model of choice for the analysis of data from computer experiments, typically
fitting data from space-filling designs.* Consider a d-dimensional design D with n runs D = {x,, ..., X, }, where X =
(%1, ..., x4) denotes one of the input vectors and y = (y(x;), ..., ¥(X,,)) is the vector of the outputs. The GP assumption
states that y(x) is a realization of:

Y(x) = ux) +Z(x) ¢y

where u(x) is the trend component and Z(x) is multivariate normal with mean 0 and covariance function k (kernel
function):

Z(x) ~ N0, Tk(:, ")) 2

where 72 is a multiplicative constant known as the scale parameter, defining the amplitude of the function.* The choice
of kernel function k(:, -) is critical, and many different options have been proposed in the literature. For an extensive
discussion on the properties of the commonly used covariance functions for GPs, please refer to the work by Rasmussen
and Williams.*3> ¢h 4

Let x and x’ denote two components of the input vectors x and x’ respectively; in this article we consider the following
kernel functions**:

/2
- Gaussian: k(x, x") = exp(_w)

202
o
- Exponential: k(x, x") = exp(—%)

- Power-Exponential: k(x, x") = exp(—(%)t), with0 <t <2
5(x—x')?
362

o S
- Matérn 3/2: k(x,x") = (1 + @)exp(—@)

Note that here the kernel functions are reported on the 1-d case, but they can be generalized to the d-dimensional
d
case by taking K(x,x') = [] k(x;, x| ).** @ is the lengthscale parameter which defines the rate of decay of the spatial

correlation among two datla 1points; in this article, we consider the vectorized version of & = (84, ..., 8,), that allows the
strength of correlation to be modulated separately by distance in each input coordinate.*> Both 6 and 72 are estimated
via maximum likelihood estimation (MLE).** Another relevant parameter is the “nugget” g, whose main practical role
is to prevent problems of inversion of the covariance matrix due to the presence of numerical instabilities,*>** but can
also provide protection from violations of the modeling assumptions (e.g., inappropriate covariance function) or other
practical occurrences such as data sparsity attributable to high dimensionality and small data sizes.*> The nugget effect
is added to the diagonal terms of the covariance matrix, and in this article g = 10~3var(y) is chosen.

The choices for the trend component u(x) are either:

- Constant, with only the intercept f3,.

- Quadratic with interactions and stepwise selection of significant terms.

Automated Machine Learning (aml): this is a user-friendly ML software offered by H20. Its main advantage is that it
automates the ML workflow, which includes automatic training and tuning of many models by 5-fold CV and within
a user-specified time limit.*® The default algorithms evaluated by aml include: RFs, Extremely Randomized Trees,
Generalized Linear Models, Gradient Boosting Machines, Deep Neural Networks and Stacked Ensembles of all the
base learners.*’#

Second-order model” and stepwise selection of relevant effects (LM):

Jex

- Matérn 5/2: k(x,x") = (1 + \/g"(;‘“ + p(— \/§|>;—x’|)

d d
y=;80+Z;8ixi+2ﬁiixi2+22;8ijxixj+€ 3
i=1 i=1

i<j

where §, B;, B;; and B;; are the regression coefficients and x;, x; are the input variables with i, j = 1,...,d.
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TABLE 2 Summary of the test functions chosen for the simulation study

ID Description # dimensions
Borehole models water flow through a borehole 6
OTL circuit models an output transformerless push-pull circuit 6
Piston models the circular motion of a piston within a cylinder 6
Piston Mod a modification of Piston function, with increased non-linearity 6
Robot arm models the position of a robot arm which has 3 segments 6
Rosenbrock Function is a popular test problem for optimization algorithms 6
Wing weight models a light aircraft wing 6

TABLE 3 Summary of the noise structures chosen for the simulation study

Noise o Type Description

Ohom = 00, - 0% noise, deterministic function

Opom = 0.050, Homoscedastic 5% noise

Ohom = 0.1250,, Homoscedastic 12.5% noise

Ohom = 0.20, Homoscedastic 20% noise

Ohom = 0.50, Homoscedastic 50% noise

Thet,min = 0.050, Opet max = 0.50, Heteroscedastic Moderate: 5% noise at min y and 50% noise at max y (low5_high50)
Ohetymin = 0.050, Oher max = 10y, Heteroscedastic Intermediate: 5% noise at min y and 100% noise at max y (low5_high100)
Ohet,min = 0-050y, Opet max = 50, Heteroscedastic Severe: 5% noise at min y and 500% noise at max y (low5_high500)

3.4 | Test functions

The test functions were selected from the open literature,*” mainly emulating physical processes. All the functions were

restricted to 6 active dimensions and are evaluated on the training data, that is, the experimental designs (Table 1), and on a

noiseless random LHD with 1000 points that is used as test data." In the study the dependent variables were standardized:
std _ Yn—Y

Yn o ©))

where yffd is the standardized value and y, is the observed value for the n-th observation, y and g, are the mean and
standard deviation of y respectively. For each test function, y and o, were estimated from 100 random LHDs each with

500, 000 data points: y = (z}j‘i iLHDi) /100 where iLHDi is the mean response over the i-th design, and o, = max o, yp,
with o) pp, the standard deviation of the response calculated over the i-th design (i = 1, ..., 100). Independent variables
are normalized to 0 — 1. A summary of the test functions is reported in Table 2, and further details are provided in sup-
plemental material.

3.5 | Noise levels

In this study we investigate both the homoscedastic and heteroscedastic noise cases. For the homoscedastic case, we
assume a random normal noise component € ~ N(0, U]%wm), with gy, in the range [0, O.Soy].so For the heteroscedastic
case, we assume a random normal error € ~ N(0, afw .) that increases linearly with the response. That is, at a specific
design configuration x: op,,; = a(f(x) + b), with a = (mo), — 0.050,)/(max y — miny), b = (0.050, — aminy)/a, where
miny and max y are the minimum and maximum y registered over the 100 LHDs respectively (Section 3.4) and m is in
[0.5,5] depending on the magnitude of noise.”® A summary of the different noise levels is reported in Table 3, and the
impact of different noise magnitudes is visualized in Figure 2.
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FIGURE 2 Visualization of the impact of different noise structures and magnitudes, both homoscedastic (on the left) and
heteroscedastic (on the right) for the test function “Piston”. The residuals are computed as the difference between the deterministic function
and the noisy function on a 1000-point LHD. Similar results are obtained for the other test functions

3.6 | Ranking procedure

Given the large number of designs, models, test functions and noise structures and magnitudes, it should already be clear
that a definitive ranking of the DOEs and models with respect to the prediction error obtained on a test dataset would be
quite difficult to achieve. As such, a robust ranking procedure that can give strong and reliable insights on the results is
required, and for this article we select a procedure based on the execution of nonparametric permutation tests. The main
advantages of this procedure include high flexibility and the possibility of applying it without requiring any strict assump-
tion on the size or underlying distribution of data, while nonetheless providing inferential information.”" Other ranking
approaches have been proposed in the literature,”> mainly parametric. However, in comparison to the approach considered
here those methods are more demanding from the point of view of statistical assumptions (e.g., about data distribution)
that cannot always be verified in practical applications. Furthermore, other ranking and selection procedures need to
specify the probability of correct classification and how far two ordered populations should be from each other in the
ranking,” requirements that are not needed in the approach adopted here.’*>* Additionally, the considered nonparamet-
ric ranking procedure also proved its efficacy from the point of view of the reliability of results as it has been extensively
validated by means of simulation studies™ and practical applications considering both observational and experimental
data in several fields,”* including medicine, new product development and marketing studies. Recently it has also been
included as a core component in a methodology that performs variable selection in near-infrared spectroscopy using ML
models.”

In this paper the permutation tests are applied using the difference in means as test statistics and assuming independent
or paired data, depending on the specific situation. Considering G; and G; with i, j = 1,...,C, i # j two different groups of
data to be compared (e.g., the different experimental designs), the permutation testing framework is employed to test the
directional alternative hypothesis RMSEg, > RMSEg;, where RMSE is the prediction error calculated on the test data, i.e. a
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noiseless random LHD with 1000 data points.””> 2000 permutations are considered and the relevant p-values are computed
by means of the Conditional Monte Carlo (CMC) procedure described in Pesarin and Salmaso.”" In this study we refer to
the one-way MANOVA layout (although in a nonparametric framework), meaning that interest lies in the detection of
differences between C groups on p dependent variables (e.g. the test error obtained with different predictive models).
Therefore, a multivariate ranking procedure is needed and we opt for the permutation approach for ranking multivariate
populations described by Arboretti et al.>* After the execution of all possible comparisons between the C groups over the
p dependent variables and the application of Fisher’s combining function as suggested in refs.”>* for the combination
of the p-values over the p variables, matrix P with dimension C X C, that includes the combined p-values related to the
comparisons between the C groups, is obtained.
The ranking procedure™ is as follows:

1. Generate the matrix S where S;; = 1if P;; < a/2, S;; = 0 otherwise. P;; is an entry of P.

. c .
2. Compute the vector rP of downward rank estimates rf =1+ Zi:l S; pJ =1, C.

3. Compute the vector rV of upward rank estimates rl.U =1+ {#(C - Zle Sij) > (C— Zle Syi)i =1,..,C,i' #i},i =
1,..,C.
4. Compute the vector r of ranking estimatesr; =1 + {#(riD + rl.U)/Z > (r? + r;J)/Z,j =1,..,C,i#j}i=1,..,C.

In the next section we will present the final rankings for both the DOEs and ML models considered in this work. In
order to achieve a final ranking of the different groups, two applications of the ranking procedure described above will
be required.

Consider the case in which the interest lies in ranking the experimental designs. In the first application of the ranking
procedure, both the test function and noise setting will be fixed, meaning that a ranking of the designs for each specific test
function in a particular noise setting will be obtained. In this case the C groups refer to the experimental designs (Table 1),
while the p dependent variables are the p vectors of test errors obtained with the p = 7 predictive models (Section 3.3).
The groups G are assumed to be independent. For each of the p variables, each group G will have 10 observations, that
are 10 values of RMSE on the test data obtained with 10 repetitions of the simulation in which the 5-fold CV procedure and
the predictive models are initialized with a different random seed.

At this point, a second application of the ranking procedure is performed, taking advantage of the results obtained in
the first iteration. In this case, the noise levels will remain fixed, and the ranking of the designs will be performed over the
different test functions, meaning that the C groups will still refer to the designs, but now each G will have 7 observations
that are the ranks of the designs from the first iteration obtained on the 7 test functions given a specific noise setting. In
this case p = 1, meaning that the univariate version of the method in Arboretti et al.” is used. The final result consists in
an overall rank of each group G for each specific noise setting.

When interest lies in achieving a rank of the predictive models, the procedure is similar: the C groups will refer to the
seven predictive models (Section 3.3), and the p dependent variables are the p vectors of test errors obtained by fitting
the algorithms on data from the p = 12 experimental designs (Table 1). In this case the groups G cannot be assumed
independent since for a given experimental design all the models are fitted to the same data. In all hypothesis testing
procedures, « is assumed to be 5%.

4 | RESULTS

This section presents the results of the simulation study and provides the intermediate and final ranks for both the exper-
imental designs and predictive algorithms; Sections 4.1 and 4.2, respectively.

4.1 | Results for the experimental designs

Figure 3 shows the results in terms of the test error obtained by the models trained on the data collected through the
different experimental designs. For the sake of brevity, the figure focuses on the results of the test function “Piston”,
considering only one level of error for both the homoscedastic and heteroscedastic cases. Similar results are obtained for
the other noise levels and test functions, while synthetic information will be reported in the following sections for all test
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FIGURE 3 Results of the 10 iterations of the simulation study for the function “Piston”, considering the test error (RMSE) obtained by the

different models trained on the different experimental designs for an intermediate level of homoscedastic (left) and heteroscedastic (right)
noise. The mean value for each group is also indicated by a black star. Similar results are obtained for the remaining test functions and noise
settings

functions and noise levels. It should be noted that for replicated designs, it was not possible to fit the LM model, since too
few unique data points were present in the training data to allow the estimation of parameters.

411 | Firstranking

At this stage the first application of the multivariate ranking procedure described in Section 3.6 is conducted. Figure Al
(Appendix A) shows the results for the function “Piston” considering all the noise settings. The ranking is conducted for
each test function, and a summary of the results is displayed in Figures A2 and A3, with each plot referring to a specific
noise setting.

412 | Final ranking
The following step consists in the execution of an additional iteration of the ranking procedure as described in Section 3.6.
The final rank provides a synthetic result for the intermediate rankings displayed in each panel of Figures A2 and A3,
essentially carrying out a ranking of the ranks from the first iteration. Results are displayed in Tables 4 and 5 for the
homoscedastic and heteroscedastic cases, respectively. Each table should be read column-wise: the relative ranks are com-
puted for each noise setting.
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TABLE 4 Final rank of the designs for the homoscedastic noise cases. The bars give a visual indication of the overall performance of
each experimental design (the smaller the better)

Design 0% 5% 12.5% 20% 50%
CCD 8
BBD 6
FFD 5
D_opt 9
[opt 3
MAXPRO _dis
MAXPRO

LHD rand
D_opt_50%repl
Lopt_50%repl
MAXPRO _dis_50%repl
MAXPRO dis_25%repl

50

36

— 11

59

46
45

37

TABLE 5 Final rank of the designs for the heteroscedastic noise cases. The bars give a visual indication of the overall performance of
each experimental design (the smaller the better)

Design low5_high50 low5_highl100 low5_high500

BBD 3 4 - 8

FFD 5 7 8 —— 20
D,Opt 8 4 8 ——— 20
I_Opt 3 6 — 10
MAXPRO _dis

MAXPRO 3 6

LHD _rand 6 7

D_opt_50%repl
Topt_50%repl
MAXPRO _dis_50%repl
MAXPRO _dis_25%repl

TABLE 6 Final rank of the models for the homoscedastic noise cases. The bars give a visual indication of the overall performance of
each model (the smaller the better)

Model 0% 5% 12.5% 20% 50%

LM 3 e 1]

GP == D

SVM 4 3 3 4

RF 5 5 5 5 ) e 25
ANN_dp 5 q 33

4.2 | Results for the predictive models

The procedure for ranking the predictive models is more or less equivalent to the one followed for the experimental
designs, with slight modifications as described in Section 3.6. Figures Bl and B2 (Appendix B) show a summary of the
intermediate ranks obtained for each test function and noise setting, both homoscedastic and heteroscedastic. The results
of the final ranks are shown in Tables 6 and 7.

5 | DISCUSSION

In this section we discuss the results of the simulation study, focusing both on the experimental designs (Section 5.1) and
predictive models (Section 5.2).
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TABLE 7 Final rank of the models for the heteroscedastic noise cases. The bars give a visual indication of the overall performance of
each model (the smaller the better)

Model low5_high50 low5_high100 low5_high500

LM 3 4 4 — 11
GP 1 1 3 -5

SVM 1 2 1 -4

RF 5 5 2 — 12
ANN_sh 4 3 6 —— 13
ANN_dp 6 7 6 —— 19
aml 6 6 5 — 7

5.1 | Discussion: Experimental designs

In general, and as expected, the results of the study show that the choice of experimental design impacts on the final
outcome of the analysis. From the unprocessed results (e.g., Figure 3) it can already be seen that not all the designs perform
equally, and some trends can already be detected (e.g., for intermediate noise magnitudes the replicated designs do not
offer an advantage). However, the raw results clearly indicate the need for the application of a robust ranking procedure
to provide valuable synthetic information.

The first application of the ranking procedure provides some preliminary indications about the experimental designs.
Given a test function (e.g., Figure Al), the presence of noise largely affects the efficacy of the designs: in general, for
modest levels of noise, the designs with many factor levels appear to be favored, while as noise increases, the performance
of designs with a moderate number of levels and the addition of replicates increases. Comparing the ranks of the designs
for the different test functions appears to confirm this trend (Figure A2, A3). Furthermore, an interaction effect seems
to exist between the test functions and the experimental designs because, in general, notwithstanding the level of noise,
some designs tend to perform better for some test functions than others: take for example the functions “Robot arm” and
“Rosenbrock” for which the designs with many factor levels tend to consistently perform better than designs with only
three factor levels. We put this down to the different degrees of non-linearity of each function. However, as the magnitude
of noise increases, the situation progressively becomes less clear and for severe levels of noise, whether homoscedastic or
heteroscedastic, it becomes burdensome for the analyst to choose by simply considering the results of the first rank.

The results of the second rank provide clearer indications, and confirm that not all the designs perform equally as well.
Focusing on the homoscedastic case (Table 4), FFD, MAXPRO_dis and MAXPRO are the overall best performers, followed
closely by the I-optimal design. BBD and LHD_rand follow, with the BBD being the best of the designs with only three
levels for each factor. The D-optimal design and the CCD are among the worst performers. In general, the presence of
replicates makes the predictions worse, but a lower level of replication is preferable to a larger one.

The situation differs when focus turns to the heteroscedastic noise setting (Table 5). In this case, the MAXPRO_dis
is the unquestionable winner, ranking first for the intermediate and severe noise situations, and second in the case of
moderate heteroscedasticity. The BBD, I_opt, MAXPRO and MAXPRO_dis_25%repl follow, all behaving similarly. The
MAXPRO_dis_50%repl, D_opt, FFD, I_opt_50%repl and LHD_rand perform less well, and the ranking is completed by
the CCD and D_opt_50%repl designs.

From the analysis it emerges that the MAXPRO_dis is the overall best performer if both the homoscedastic and het-
eroscedastic settings are considered. Apparently, the space-filling property of the design can propose combinations of the
factor settings that maximize the ability of several different predictive models to capture the non-linearity inherent in the
phenomenon. At the same time, the reduced number of factor levels makes the design robust to the presence of noise
and applicable for physical experimentation. The MAXPRO_dis significantly outperforms all the other designs with six
levels for the factors, namely FFD, D_opt and I_opt. Interestingly, while such designs perform similarly (except for D_opt)
in the homoscedastic setting, in the heteroscedastic scenario the MAXPRO_dis significantly outperforms its competitors
despite having the same number of factor levels. Particularly relevant is the fact that not only the FFD and estimation-
oriented D-optimal designs are outperformed, but also the I-optimal design that is specifically built to favor accurate
predictions of the unknown underlying function within the design space. The specific reasons for the outstanding perfor-
mance of the MAXPRO_dis are still unknown, but the authors believe that they are related to the intrinsic space-filling
criterion adopted by the designs. Confirmation of the merit of such designs is that the traditional space-filling version
of the MAXPRO also outperforms its direct competitor, that is, the LHD_rand design, both in the homoscedastic and
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heteroscedastic scenarios. While the LHD_rand design achieves good results only for rather small noise levels, the MAX-
PRO design proves to be quite effective in intermediate and large noise situations as well. However, it should again be
stressed that traditional space-filling designs are not a viable solution in many practical applications of physical experi-
mentation, and are reported here only as a benchmark. Furthermore, as expected from the optimal designs, the prediction-
oriented I_opt design consistently outperforms the estimation-oriented D_opt option. This implies that even though the
considered optimal designs have historically been developed to be used together with parametric second-order models
(LM), their properties also appear to be retained when the model for data analysis is from the ML family.

Another surprise is the difference between the CCD and BBD. These classic designs both have three levels for each
factor, but in general the BBD performs better, especially in settings with large noise in which it is among the overall best
performers. Apparently, the edge points of BBDs are preferable to the corner and axial points included in CCDs. One reason
might be that for the selected test functions, which model different physical processes, the non-linearity is better captured
if points are distributed on the edges of the design space rather than on the axes built from the center of the design space.
The predictive performance obtained using the BBD makes such a design comparable with other experimental designs
that have twice the number of levels, especially in the heteroscedastic case, which is rather surprising.

Another finding is that, as expected, the addition of replicates provides a valuable contribution only as the noise
increases, especially in the heteroscedastic case. However, in general, there is no proof that replicated designs should be
adopted over non-replicated designs. Apparently, the exploration of less unique input configurations in replicated designs
hinders the ability of the predictive models to appropriately learn the behavior of the underlying test functions, and this
effect is more critical than the possibility of separating noise from signal that is provided by the presence of replicates.
From a practical standpoint, it appears that replicated designs should only be chosen if the underlying phenomenon
presents severe heteroscedasticity. Again, the designs from the MAXPRO_dis family outperform both the competitors
(D_opt_50%repl and I_opt_50%repl), although sometimes only marginally.

5.2 | Discussion: Predictive models

The unprocessed results shown in Figure 3 already convey the idea that the choice of model for data analysis is critical to
the value of final predictions: given an experimental design, a “bad model” can easily provide a test error which is twice
as large as the one achieved with a “good model”.

Considering the results of the first rank, a very strong, clear pattern emerges indicating that the GP model is consistently
better than all its competitors for all the test functions, especially in low and intermediate homoscedastic noise settings
(Figure B1). The situation is more uncertain if we have to decide what algorithms follow in the rank.

For moderate and intermediate levels of heteroscedasticity, the GP is confirmed as the best or one of the best algorithms,
but as the inhomogeneity in noise increases, some algorithms, namely SVM and REF, significantly outperform the GP
(Figure B2).

The results from the second application of the ranking procedure (Table 6) corroborate our first impressions; in the
homoscedastic case, the GP is ranked first for all the noise levels considered. The LM, SVM and ANN_sh follow, while the
RF, ANN_dp and aml behave poorly in all the analyzed scenarios (Table 6).

A similar situation is shown in the final results for the heteroscedastic setting (Table 7), but this time the SVM performs
slightly better than the GP. Moreover, as the heteroscedasticity becomes severe, both the SVM and RF outperform the GP
model. Behind the GP and SVM, the LM, RF, and ANN_sh achieve acceptable results, while, as for the homoscedastic
setting, the aml and ANN_dp perform poorly.

A general comment that can be made is that, within the scope of the present study, the GP appears to be the preferable
choice for data analysis. This justifies the widespread adoption of the model for the analysis of computer experiments.
However, in this case the algorithm proves its merits also when fitting designs with a moderate number of factor levels,
mimicking the situation of physical experimentation. Nonetheless, attention should be paid to the training data because
in the case of severe heteroscedastic noise, other options appear superior.

The SVM and LM also accomplish acceptable results, with the SVM the best performer in the heteroscedastic setting
and, as expected, the LM performing well only in the homoscedastic case. Another finding worthy of note is the different
performances of RF for homogeneous and inhomogeneous noise, as the algorithm increases its performance as the impact
of heteroscedasticity increases, becoming one of the best options.

The results for the ANN algorithms, that we recall being by far the most adopted ML algorithms for analysis of
DOE data,’ are also interesting. The ANN_sh is never among the best performers, neither in the homoscedastic nor
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heteroscedastic setting, while the ANN_dp is the overall poorest performer among the models considered. The aml also
performs badly, however it should be pointed out that both the algorithms contained in the aml platform and ANN_dp
are tools that take advantage of big data, while in this study we only consider small data for training the algorithms.

Finally, we remind the reader that in this study we only considered the prediction error as a valuable metric to rank the
models, while other indicators, such as the possibility of providing a quantification of prediction uncertainty and model
interpretability are crucial aspects that should also be considered.>*' To this end, we mention that GPs natively provide a
quantification of uncertainty and are recognized as being fairly interpretable in the ML literature.*>>

6 | CONCLUSIONS

In this paper we introduce a procedure and a simulation study to provide an empirical assessment of the most promising
experimental designs and predictive models to be used jointly for data collection and analysis. The focus is on physical
experimentation therefore we mainly consider test functions that emulate physical processes, use small data and favor
designs with a moderate number of factor levels. Several designs, predictive models, test functions and noise settings are
considered, thus the study covers circumstances which are encountered in practical industrial applications, making the
analysis highly relevant for practitioners.

The results show the significant potential of designs from the MAXPRO family, especially when the factors are
restricted to the discrete numeric case, reducing the number of levels to fit the budget of the experimenter. Overall, these
designs outperform their competitors from the literature even when the same number of factor levels is considered, mean-
ing that the MAXPRO criterion can maximize the ability of the predictive models to capture the non-linearity in the under-
lying phenomenon. Other good designs are the I-optimals, as they provide only marginally worse performances than the
MAXPRO discrete numeric designs in both the homoscedastic and heteroscedastic situations. Considering ML models,
the GP appears to be the overall best performer, but other methods provide better predictions in the case of severe het-
eroscedasticity.

Nevertheless, it should be remembered that the choice of experimental design is more critical than the choice of model
for data analysis because the first must be chosen before the project starts, while the second can be tuned after the exper-
imental data has been collected. Thus, several methods can be compared to find the best performer for the specific set
of data.
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APPENDIX A
In this section we report the results of the first rank for the experimental designs.
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FIGURE A1l Summary of the ranks of the experimental designs for the function “Piston”. The homoscedastic cases are reported on the
left and the heteroscedastic settings are reported on the right
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APPENDIX B

In this section we report the results of the first rank for the predictive models.
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Summary of the ranks of the predictive models for each test function and all homoscedastic noise settings
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FIGURE B2 Summary of the ranks of the predictive models for each test function and all heteroscedastic noise settings
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