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A Black-Box Physics-Informed Estimator Based on
Gaussian Process Regression for Robot Inverse
Dynamics Identification

Giulio Giacomuzzo ", Member, IEEE, Ruggero Carli

Abstract—Learning the inverse dynamics of robots directly from
data, adopting a black-box approach, is interesting for several
real-world scenarios where limited knowledge about the system
is available. In this article, we propose a black-box model based
on Gaussian process (GP) regression for the identification of the
inverse dynamics of robotic manipulators. The proposed model
relies on a novel multidimensional kernel, called Lagrangian In-
spired Polynomial (LIP) kernel. The LIP kernel is based on two
main ideas. First, instead of directly modeling the inverse dynamics
components, we model as GPs the kinetic and potential energy of
the system. The GP prior on the inverse dynamics components is
derived from those on the energies by applying the properties of
GPs under linear operators. Second, as regards the energy prior
definition, we prove a polynomial structure of the kinetic and
potential energy, and we derive a polynomial kernel that encodes
this property. As a consequence, the proposed model allows also
to estimate the kinetic and potential energy without requiring any
label on these quantities. Results on simulation and on two real
robotic manipulators, namely a 7 DOF Franka Emika Panda, and
a 6 DOF MELFA RV4FL, show that the proposed model outper-
forms state-of-the-art black-box estimators based both on Gaussian
processes and neural networks in terms of accuracy, generality,
and data efficiency. The experiments on the MELFA robot also
demonstrate that our approach achieves performance comparable
to fine-tuned model-based estimators, despite requiring less prior
information. The code of the proposed model is publicly available.

Index Terms—Gaussian processes, manipulator dynamics, robot
learning.
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I. INTRODUCTION

OBOT manipulators are one of the most widespread plat-

forms both in industrial and service robotics. In many ap-
plications involving such systems, control performance strongly
benefits from the presence of accurate dynamics models. Inverse
dynamics models, which express joint torques as a function of
joint positions, velocities, and accelerations, are fundamental
in different control problems, ranging from high-precision tra-
jectory tracking [1], [2] to detection and estimation of contact
forces [3], [4], [5].

Despite their importance, the derivation of accurate inverse
dynamics models is still a challenging task and several tech-
niques have been proposed in the literature. Traditional model-
based approaches derive parametric models directly from first
principles of physics, see, for instance, [6], [7], [8], [9]. Their
performance, however, is often limited by both the presence
of parameter uncertainty and the inability to describe certain
complex dynamics typical of real systems, such as motor friction
or joint elasticity.

For this reason, in recent years there has been an increased in-
terest in deriving inverse dynamics models by means of machine
learning. Several data-driven techniques have been proposed,
mainly based on deep neural networks (NN) [10] and Gaussian
process regression (GPR) [11]. In this context, both gray-box
and black-box approaches have been explored. Within gray-box
techniques, a model-based component encoding the known dy-
namics is combined with a data-driven one, which compensates
for modeling errors and unknown dynamical effects [12], [13],
[14], [15]. However, advantages of these methods strongly de-
pend on the effectiveness of the model-based component, so they
still require accurate physical models, whose derivation might
be particularly time-consuming and complex.

In contrast, pure black-box methods learn inverse dynamics
models directly from experimental data, without requiring deep
knowledge of the underlying physical system. Despite their
ability to approximate even complex nonlinear dynamics, pure
black-box methods typically suffer from low data efficiency and
poor generalization properties: learned models require a large
amount of samples to be trained and extrapolate only within a
neighborhood of the training trajectories.

Several solutions were proposed to overcome the aforemen-
tioned limitations, see, for instance, [16], [17] in the context
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of NN, and [18], [19], [20], [21] for the GPR framework. A
promising class of them is represented by Physics Informed
Learning (PIL) [22], which proposes to embed insights from
physics as a prior in black-box models [23], [24], [25], [26], [27],
[28]. Instead of learning the inverse dynamics in an unstructured
manner, which makes the problem unnecessarily hard, physical
properties are embedded in the model to improve generalization
and data efficiency.

In this article, we propose a PIL model for inverse dynamics
identification of mechanical systems based on GPR. When ap-
plying GPR to the inverse dynamics identification, the standard
approach consists of modeling directly each joint torque with a
distinct Gaussian Process (GP), assuming the GPs independent
of one another given the current joint position, velocity, and ac-
celeration. This strategy, hereafter denoted as the single-output
approach, simplifies the regression problem but ignores the
correlations between the different joint torques imposed by the
Lagrangian equations, which in turn could limit generalization
and data efficiency.

In contrast, we propose a multioutput GPR estimator based on
anovel kernel function, named Lagrangian Inspired Polynomial
kernel (LIP), which exploits Lagrangian mechanics to model
also the correlations between the different joint torques. Our
method is based on two main ideas: first, instead of modeling
directly joint torques, we model as GPs the kinetic and potential
energy of the system. Driven by the fact that the dynamics
equations are linear w.r.t. the Lagrangian, we obtain the torques
GPs by applying a set of linear operators to the GPs of the poten-
tial and kinetic energy. Second, as regards the prior definition,
we show that the kinetic and potential energy are polynomial
functions in a suitable input space, and we derive a polynomial
kernel that encodes this property.

The collected results show that the LIP estimator outperforms
state-of-the-art black-box GP estimators as well as NN-based
solutions, obtaining better data efficiency and generalization
performance. This fact confirms that encoding physical prop-
erties in the models is a promising strategy to improve data
efficiency. Interestingly, experiments carried out on the MELFA
robot demonstrate that our approach achieves out-of-sample
estimation performance more than comparable to fine-tuned
model-based estimators, despite requiring less prior informa-
tion. Finally, we validated the effectiveness of the energy esti-
mation both in simulation and on the Franka Emika Panda.

Related work: The idea of encoding Lagrangian equations in
black-box models has already been explored in the literature.
For instance, recently a NN model has been introduced in [24],
named deep Lagrangian networks (DeLan). The DeLLan model
adopts two distinct feedforward NN: one for modeling the
inertia matrix elements and another for the potential energy.
Based on these estimates, the torques are subsequently computed
by implementing Lagrangian equations. Among kernel-based
methods, Cheng and Huang [25] formulated inverse dynamics
identification as an optimization problem in a reproducing kernel
Hilbert Space (RKHS). They derived a multioutput kernel by
modeling the entire Lagrangian with a standard square expo-
nential (SE) kernel. Consequently, this formulation lacks the

4821

capability to estimate kinetic and potential energies. Further-
more, both the experiments in [25] and our own work carried
out using the model in [25] demonstrate out-of-sample per-
formance comparable to that of single-output models. In the
GPR domain, Evangelisti and Hirche [26] defined a GP prior
both on the potential energy and on the elements of the inertia
matrix using the standard SE kernel, leading to a high number of
hyperparameters to be optimized. Moreover, the efficacy of the
approach in [26] has only been validated on a simulated 2-DOF
example.

The approaches in [24], [25], and [26] try to improve data
efficiency by imposing the structure of the Lagrangian equa-
tions, without considering specific basis functions tailored to the
inverse dynamics, such as polynomial functions. The fact that
the inverse dynamics spans a polynomial space has already been
observed in [29] and further explored in [23] and [30]. In [29],
the authors proposed a NN to model the elements of the inertia
matrix and the gravity term as polynomials. The approach has
been validated on a simulated 2 DOF example and generalization
to more complex systems has not been investigated. At the
increase of the DOF, the number of NN parameters necessary to
model the inertia matrix increases exponentially, which could
make the training of the network particularly difficult. The
kernel-based formulation provides a straightforward solution to
encode polynomials structure. Both in [23] and [30], the authors
adopt estimators based on polynomial kernels to model each
joint torque, without considering output correlations. Results
confirm that performance improves with respect to standard
black-box solutions. To the best of our knowledge, none of the
approaches presented in the literature proposes a multioutput
inverse dynamics estimator that models the kinetic and potential
energies using tailored polynomial kernels.

Our contribution is twofold. First, we prove the polynomial
structure of the kinetic and potential energy and we derive the
LIP estimator, a black-box multioutput GPR model that encodes
the symmetries typical of Lagrangian systems. Second, we show
that, differently from single-output GP models, the LIP model
we propose can estimate the kinetic and potential energy in
a principled way, allowing its integration with energy-based
control strategies [31]. We compare the LIP model performance
against baselines and state-of-the-art algorithms through exten-
sive tests on simulated setups of increasing complexity and also
two real manipulators, a Franka Emika Panda and a Mitsubishi
MELFA robot. Furthermore, we carried out a trajectory tracking
experiment on the Franka Emika Panda robot to test the effec-
tiveness of our estimation for control.

The article is organized as follows. Section II reviews the
theory of GPR for inverse dynamics identification. In Section III,
we present the proposed approach. First, we show how to derive
the GP prior on the torques from the one on the energies, ex-
ploiting the laws of Lagrangian mechanics; then we describe the
polynomial kernel we use to model the system energies; finally,
we present the energy estimation algorithm. In Section IV, we
provide an overview of the main related works presented in the
literature. Section V reports the performed experiments, while
Section VI concludes the article.
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II. BACKGROUND

In this section, we describe the inverse dynamics identification
problem, and we concisely review the GPR framework for
multioutput models. In addition, we introduce some notions and
properties (polynomial kernels; application of linear operators
to GPs) that will play a fundamental role in the derivation of the
novel estimation scheme we propose.

A. Inverse Dynamics

Consider an n-degrees of freedom (DOF) serial manipulator
composed of n 4 1 links connected by n joints, labeled 1 through
n.Letq, =[qt,....,q?)]T e R"and 7, = [1},...,7]T € R
be the vectors collecting, respectively, the joint coordinates and
generalized torques at time ¢, where ¢; and 7/ denote, respec-
tively, the joint coordinate and the generalized torque of joint
i. Moreover, ¢, and g, denote, respectively, the joint velocity
and acceleration vectors. For ease of notation, in the following
we will denote explicitly the dependence on ¢ only when strictly
necessary.

The inverse dynamics identification problem consists of iden-
tifying the map that relates q,, g, q,, with 74, given a dataset
of input—output measures <. Under rigid body assumptions, the
dynamics equations derived from first principle of physics, for
instance by applying Lagrangian or Hamiltonian mechanics, are
described by the following matrix equation:

B(q)g+c(q,q) +9(q) +e=T1 (1)

where B(q) is the inertia matrix, ¢(q, ¢) and g(q) account for
the contributions of fictitious forces and gravity, respectively,
and € is the torque due to friction and unknown dynamical
effects. We refer the interested reader to [2] for a complete and
detailed description and derivation of (1). In general, the terms
in (1) are nonlinear w.r.t. g, and g,, and depend on two im-
portant sets of parameters, that is, the kinematics and dynamics
parameters, hereafter denoted by wj, and w4, respectively. It is
worth stressing that the vector wy, depends on the convention
adopted to derive the kinematic relations. For instance, a possible
choice is given by the Denavit—Hartenberg convention, see [32].
Instead, wy is a vector including the mass, the position of the
center of mass, the elements of the inertia tensor, and the friction
coefficients of each link. Typically, the vector wy, is known with
high accuracy, while tolerances on w, are much more consistent.
Discrepancies between the nominal and actual values of w can
be so considerable that (1) with nominal parameters is highly
inaccurate and unusable for advanced control applications.

B. GPR for Multioutput Models

A relevant class of solutions proposed for inverse dynamics
identification relies on GPR. GPR is a principled probabilis-
tic framework for regression problems that allows estimating
an unknown function given a dataset of input—output obser-
vations. Let f : R™ — R? be the unknown function and let
2 = {X, Y} be the input—output dataset, composed of the input
set X = {@x;...xy} and the output set Y = {yq,...,yn}s
where x; € R™ and y, € R%, i =1,..., N. We assume the
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following measurement model

Y, = f(mz) + e,

where e; is a zero-mean Gaussian noise with variance ¥, €
R? x RY, ie., e; ~ M0, 3.,), independent from the unknown
function. We assume that X, is a diagonal matrix, that is,

i=1,...,N 2)

Y., = diag(o? ,...,07)

r Y eq
where 027, denotes the variance of the noise affecting the

jth component of f. By letting y = [y7,...,y%]7 and e =

lel,... e, we can write
Y1 f(x1) €
y=|:|=] i [T =X +e O
YN f(xn) EN

where the noises e, . . ., ey are assumed independent and iden-
tically distributed. It turns out that the variance of e is a block
diagonal matrix with equal diagonal blocks, namely

Y. =diag(Ze,, .-, Xey)

y Hen

with 3., =3, = ... = X.,.

The unknown function f is defined a priori as a GP, that is,
f ~ GP(m(z),k(x,x')), where m(-) : R™ — R? is the prior
mean and k(-,-) : R™ x R™ — R%*9 is the prior covariance,
also termed kernel. The function k(-, -), which typically depends
on a set of hyperparameters @, represents the covariance between
the values of the unknown function in different input locations,
that is, Cov|[f(zx,), f(z4)] = k(xp, z4). As an example, in the
scalar case (d = 1), a common choice for &(-,-) is the square
exponential (SE) kernel, which defines the covariance between
samples based on the distance between their input locations.
More formally

ksp(a, @) = re 1= @l @)

where A and ¥ are the kernel hyperparameters.

Under the Gaussian assumption, the posterior distribution of
f given 9 in a general input location x is still a Gaussian
distribution, with mean and variance given by the following
expressions:

E[f(2)|2] = m(z) + Kox (Kxx + Ze) ' (y — mx)
(5a)

Cov(f(z)|D] = k(z,x) — Kpox(Kxx + %) "Kxz (5b)

where K, x € R¥> N i given by

Kax = Kko = [b(z,21), .. h(z,zx)]  ©
and K x x € R4V*4N j5 the block matrix
k(xy,x1) k(xi,xN)
Kxx = : : . (N
k(xyn,x1) k(xyn,zn)

See [11], for a detailed derivation of formulas inA(S). The poste-
rior mean (5a) is used as an estimate of f, thatis, f = E[f(x)|9],

while (5b) is useful to derive confidence intervals of f.
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In the remainder of this section we review additional notions
and properties of GPR, that will be fundamental in deriving the
estimator proposed in this article.

1) Polynomial Kernel: The LIP model relies on the use
of standard polynomial kernels (see (8) below). As discussed
in [11] and [33], by exploiting the RKHS interpretation of GPR,
a polynomial kernel constrains f(x) to belong to the space of
polynomial functions in the components of x. Specifically, the
standard polynomial kernel of degree p, expressed as

kz(f/]c) (z,2') = (2" Sppa’ + opk)p (8)

defines the space of inhomogeneous polynomials of degree p
in the elements of x, that is, the space generated by all the
monomials in the elements of & with degree r, 0 < r < p.
The matrix 3, and the scalar value o, are hyperparameters
that determine the weights assigned to the different monomials.
Typically, ¥, is assumed to be diagonal. By setting o), = 0, we
obtain the so-called homogeneous polynomial kernel of degree
p, hereafter denoted by k:,(f;)k(a:, x'), which identifies the space
generated by all the monomials in the elements of « with degree
.

For future convenience, we introduce a notation to point
out polynomial functions in a compact way. We denote by
P () (2 (p,)) the set of polynomial functions of degree not greater
than p defined over the elements of @, such that each element
of x appears with degree not greater than p;. For instance,
the polynomial kernel in (8) identifies P, (x ;). The notation
naturally extends to the multi-input case: P, (2(,,), 2(p.))
denotes the set of polynomial functions of degree not greater
than p defined over the elements of « and z, where the elements
of  (resp. z) appears with degree not greater than p,. (resp. p.).

2) Combination of Kernels: Kernels can be combined
through sum or multiplication [11], [33]. Let fi(x) and
fa(x) be two Gaussian processes and let kj(x,2’) and
ka(x,x’) be the kernels associated with f; and fo, re-
spectively. Then both fs(z) = fi(x) + f2(x) and fy(z) =
fi(x) fo(x) are Gaussian processes; if ks (x, z') and ky(x, x')
are the kernels associated with f(x) and f,(x), respec-
tively, then ks (z, ') = k1 (x, ') + ko(x, 2') and ky(z, z') =
k1 (x,x') ko(x, ). Now, assume that both k1 and ko are poly-
nomial kernels and let .#, and /> be the sets of monomials
generating the polynomial spaces spanned by k; and ko, respec-
tively. Then, both k, and k,, are polynomial and

1) ks spans the polynomial space generated by the set /4, =
My Mo,

2) k, spans the polynomial space generated by the set ./,
composed by all the monomials obtained as the product
of one monomial of . with one monomial of ./Z5.

3) Linear Operators and GPs: Assume now that f ~
GP(my(x), k¢(x,2')) is a scalar Gaussian process, that is,
f:R™ — R. Let & be a linear operator on the realizations of
f. We assume that the operator produces functions with range
in R", defined on the same domain of the argument, namely
g = €f : R"™ — R". In this setup, the operator & has r compo-
nents, &1, ..., %G,, where &; maps f into the ith component of

4823

g, that is
g=9%f=%f ... &'

As GPs are closed under linear operators (see [34]), g is still a GP,
ie., g~ GP(mgy(x), ky(x,x')). Its mean and covariance are
given by applying & to the mean and covariance of the argument
f, resulting in

and
ky(z,@') = Cov [Ef (2), Tf (x')] : R™ x R™ — R™" (10)

G k(. @) ©1G, ks (z, @)

ko(z, ') =

(1)

?r?lkf(fvvw/) fﬁrﬁk‘f(&w/)

where &} is the same operator as ; but applied to kf(x, x)
as function of @'. In details, the notation &; %k s (z, ') means
that & is first applied to /s (2, ') assuming 2 constant and then
&, is applied to the obtained result assuming &’ constant. For
convenience of notation, we denote ky(x, ') by €&k (x, ).
Finally, the cross-covariance between f and &f at input loca-
tions & and x’ is given as

Cov[&f(x), f(a')] = Cky(x, ) (12a)

Cov[f(x), Ef ()] = [Ths(z,2')]" (12b)

with
Cov[f(x), f(a))] = [Griks(x,2) ... Coky(z, 2')]" (13a)
Cov[f(x),gf(x')] = [ ks(x, ) ... G ks(x,x')] (13b)

where again the notation k¢ and &'k is used to indicate when
the operator acts on k as function of « and ', respectively. We
refer the interested reader to [34] for a detailed discussion on
GPs and linear operators.

C. GPR for Inverse Dynamics Identification

When GPR is applied to inverse dynamics identification, the
inverse dynamics map is treated as an unknown function and
modeled a priori as a GP. The GP-input at time ¢ is x; =
(q;,4,,q,), while outputs are torques. The standard approach
consists in defining the GP prior directly on the inverse dynamics
function, by assuming its » components to be conditionally
independent given the GP input ;. As aconsequence, the overall
inverse dynamics identification problem is split into a set of n
scalar and independent GPR problems

yr = f'(xe) + e
where the ith torque component f?:R3" — R is estimated
independently of the others as in (5) withd = 1 and y = y* =
[yi...y5]7T, being v a measure of the ith torque at time ¢.
Observe that the conditionally independence assumption is
an approximation of the actual model, and it might limit gener-

alization and data efficiency. As described in the next section,
we propose a multioutput GP model that naturally correlates
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the different torque dimensions, thus obtaining the following
generative model:

Yy, = f(xe) + e

with f: R3 — R”, where n is the number of DOF of the
considered mechanical system, y, € R" is the vector of torque
measurements at time ¢t and e; € R" is the noise at time ¢
modeled as in Section II-B. The estimate of f can now be
computed as described in Section II-B, with d = n.

III. LAGRANGIAN INSPIRED POLYNOMIAL MODEL

In this section, we derive the proposed multioutput GP model
forinverse dynamics learning, named Lagrangian Inspired Poly-
nomial (LIP) model. In traditional GP-based approaches, a GP
prior is directly defined on the joint torques. In the LIP frame-
work, instead, we model the kinetic and potential energies as two
different GPs and derive the GP prior of the torques exploiting
the laws of Lagrangian mechanics and the properties reviewed
in Section II-B3. The section is organized as follows. First, in
Section III-A, the inverse dynamics GP-models are derived from
the GPs of the kinetic and potential energies, without specifying
the structure of the involved kernels. The novel polynomial
priors assigned to the energies are introduced and discussed
in Section III-B. Finally, an algorithm to estimate the system
energies is proposed in Section III-C.

A. From Energies to Torques GP Models

Let I(q,q) and 7(q) be, respectively, the kinetic and po-
tential energy of a n-DOF system of the form (1). The LIP
model assumes that 7(q, ) and 71{q) are two independent zero-
mean GPs with covariances determined by the kernel functions
k7 (x, ') and k7 (z, '), that is

T~ GP(0, k7 (x,x'))
¥ ~ GP(0,k” (z,2'))

(14a)
(14b)

where « = (q, q, q) as defined in Section II-C. The GP prior
on J and 7" cannot be used directly in GPR to compute pos-
terior distributions since kinetic and potential energies are not
measured. However, starting from the prior on the two ener-
gies, we can derive a GP prior for the torques by relying on
Lagrangian mechanics. Lagrangian mechanics states that the
inverse dynamics equations in (1) (with € = 0), also named
Lagrange’s equations, are the solution of a set of differential
equations of the Lagrangian function & = J(q, q) — 71q) [2].
The ¢th differential equation of (1) is

d¥ (0% 0L
dt \ 9¢’ ogt
where qi, (ji, and 7¢ are, respectively, the ith component of g,
q, and 7. Equation (15) involves an explicit differentiation w.r.t.

time that can be avoided using the chain rule, leading to the
following linear partial differential equation of Z:

- PRy .. 92Z 0L ,
. Y o
> (ogap® * agog®) “5g =T 09

Jj=1

7t (15)
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Now it is convenient to introduce the linear operator &; that
maps Z in the left-hand side of

Py . PL
6L = —— ¢’ — ¢’ | —
2 <0(J’L@q? T dqiop >
In compact form, we can write

r=%7=9% ..

0%
oq’

=7t

A7)

where the above equality defines the linear operator & mapping
Zinto T.

Notice that, in the LIP model, & is a GP since 9 and 7 are
two independent GPs. Indeed, as pointed out in Section II-B2,
the sum of two independent GPs is a GP, and its kernel is the
sum of the kernels, namely,

L~ GP(0,k7(z,x))

o

E (x,x') = k7 (z,2) + k7 (x, 2).

(18a)
(18b)

Equation (17) shows that, in our setup, the inverse dynamics
map is the result of the application of the linear operator & to
the GP defined in (18a) and (18b) modeling Z. Based on the
properties discussed in Section II-B3, we can conclude that the
inverse dynamics is modeled as a zero mean GP with covariance
function obtained by applying (10). Specifically, we have that
7~ GP(0,k™ (x,2")) where

GG k7 (x,x') 919 k7 (x,x')

k™ (z,2') =

G, G k7 (x,x') GG, k7 (x,x')

19)

It is worth stressing that the proposed approach models the
inverse dynamics function as an unknown multioutput function
f(x) : R — R™, The training of the LIP model consists of
computing the posterior distribution of f given 2 at a general in-
put location @ as expressed by (5) and described in Section II-C;
the inputs are position, velocities, and accelerations of the joints,
while outputs are torques.

B. Kinetic and Potential Energy Polynomial Priors

In this section, we derive the kernel functions k7 and k7
adopted in the LIP model to define the priors on the potential
and kinetic energies.

The definition of k7 and k7 rely on the existence of two
suitable transformations mapping positions and velocities of the
generalized coordinates into two sets of variables with respect
to which the kinetic energy and potential energy are polynomial
functions.

We start our analysis by introducing the main elements of the
aforementioned transformations. Let ¢’ and ¢° be the vectors
containing the positions and velocities of the joints up to index
1, respectively, i.e.,

g=1[",. ..q] er

g =1[q",....¢]" er.
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Now, assume the manipulator to be composed by N, revolute
joints and N, prismatic joints, with NNV, and N, such that
N, + N, =n.Then, let I, = {ry,...,ry, }, 711 <712 < ... <
rn,,and I, = {p1,...,pn, },p1 < p2 < ... < pn,,bethe sets
containing the revolute and prismatic joints indexes, respec-
tively. Accordingly, let us introduce the vectors

q. = [cos(¢") , ..., cos(¢"™)]" e RV

q, = [sin(¢") , ..., sin(¢"¥))" e RN

g, =", ..., ¢ eRY.

By ¢%, ¢}, and ¢}, we denote the bth element of q.., g, and g,
respectively.

Next, let I}. (resp. I}}) be the subset of 1. (resp. I,,) composed
by the indexes lower or equal to ¢, and let us define the vectors
q’,q., (resp. q;) as therestriction of g, g, (resp. g,)) to I (resp.
I Iij). For the sake of clarity, consider the following example. Let
index 7 be such thatr; <4 < r;; forsome 1 < j <y, . Then
I'={ry,...,r;} ERI, g =[cos(q™), ..., cos(q)]" €
R/ and ¢! = [sin(¢"), ..., sin(¢"7)]T € R7.

To conclude, let q.,, be the vector concatenating the bth
elements of q. and g, that is, q..,, = [¢%,¢%]".

Next, we continue our analysis by considering first the design
of k7 and then the design of k7.

1) Potential Energy: The following proposition establishes
that the potential energy is polynomial w.r.t. the set of variables
(4., 95, qp) that, as previously highlighted, are functions of the
joint positions vector q.

Proposition 1: Consider a manipulator with n + 1 links and
n joints. The total potential energy 7{q) belongs to the space
]P’(n)(qu s,y qp(l)), namely it is a polynomial function in
(4., 95, qp) of degree not greater than n, such that each element
of q., g5, and q, appears with degree not greater than I.
Moreover, for any monomial of the aforementioned polynomial,
the sum of the degrees of ¢° and ¢° is equal or lower than 1,
namely, it holds

deg (q2) + deg (¢2) < 1.

The proof follows from similar concepts exploited in [23] and
is reported in the Appendix.
To comply with the constraints on the maximum degree of
each term, we adopt a kernel function given by the product
of N, + N, inhomogeneous kernels of the type defined in (8),
where
1) N, kernels have p = 1 and each of them is defined on the
2-D input space given by q,,,, b € I,;

2) N, kernels have p = 1 and each of them is defined on the
1-D input qf;, be I,

The resulting kernel is then given by

k(y(wv :L'/> = H k](ﬂ}c) (qCSb’ q/CSb) H kl(j“) (qg’ q;’b) ’ (21)
bel,. bel,

(20)

Few observations are now needed. First notice that each of the n
kernels accounts for the contribution of a distinct joint. Second,
exploiting properties reviewed in Section II-B2, one can easily
see that kernel in (21) spans ]P)(’rl)(qcu)’qs(l)’qp(l))' Finally,
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since all the V,. kernels defined on qcs,» bel., have p=1,
also the constraint in (20) is satisfied.

2) Kinetic Energy: We start by observing that the total kinetic
energy is the sum of the kinetic energies relative to each link,
that is,

n
T, q)=>_ Ti(q,q)

i=1

(22)

where J;(q, q) is the kinetic energy of Link 7. The following
proposition establishes that 7; is polynomial w.r.t. the set of vari-
ables (¢, q’, q;,, qi), which are functions of the joints positions
and velocities vectors g and ¢'.
Proposition 2: Consider a manipulator with n + 1 links and
n joints. The kinetic energy 7i(q,q) of link i belongs to
P2i12) (qz(z) , qg(z) , q;(z))(j@)), namely it is a polynomial func-
tion in (g, g%, g}, q') of degree not greater than 2i 4 2, such
that:
i) each element of ¢’, q', qz,, and ¢’ appears with degree
not greater than 2;
ii) each monomial has inside a term of the type ¢’ for
1<i<mnand? <j <n;and
iii) in any monomial the sum of the degrees of ¢ and ¢ is
equal or lower than 2, namely

deg (q7) + deg (¢7) < 2.

The proof follows from similar concepts exploited in [23] and
is reported in the Appendix.

To comply with the constraints and properties stated in the
above Proposition, we adopt a kernel function given by the
product of ¢ inhomogeneous kernels of the type defined in (8),
and 1 homogeneous kernel, where

1) |I| inhomogeneous kernels have p = 2 and each of them

is defined on the 2-D input space given by q.,,, b € I;

2) |I;| inhomogeneous kernels have p = 2 and each of them

is defined on the 1-D input ¢%, b € I,;;

3) 1 homogeneous kernel has p = 2 and is defined on the

i-dimensional input ¢°.

The resulting kernel is then given by

K (') = ki (4 d")-

TT £ (qesydie) - TT 552 (5. 42) -

bell bel}

(23)

(24)

Also in this case some observations are needed. First notice that
|[I] + | I} = i. Second, the fact that all the kernels have p = 2
ensures that properties in () and (ii¢) of the above Proposition
are satisfied. Third, using an homogeneous kernel defined on ¢’
with p = 2 guarantees the validity of property (i7).
Based on (22) and on the properties reviewed in Section I[I-B2,
we finally define k7 as
E(x,2) = Z E (x,x). (25)
i=1
To conclude, in this article we introduce the multioutput torque
prior k7 expressed as in (19), where k< is defined in (18b)
adopting for k7 and k7 the polynomial structures in (21) and
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(25), respectively. The kernel k7 built in this way is termed the
LIP kernel.

Remark 1: Notice that Proposition 1 characterizes the poten-
tial energy 7" of the whole system, while Proposition 2 focuses
on the kinetic energy of each link. In general, characterizing
the energies for each link and designing a tailored kernel to
be combined as done for k7 should allow for higher flexibility
in terms of regularization and for more accurate predictions.
We have experimentally verified this fact for the kinetic energy,
while no significant advantages have been obtained for the
potential energy. This is the reason why for the latter we have
decided to adopt a more compact description involving the whole
system.

C. Energy Estimation

The proposed LIP model provides a principled way to estimate
the kinetic and potential energy from the torque measurements
y1 Indeed, in our model, 7, 7, and T are jointly Gaussian
distributed, since the prior of 7 is derived by applying the
linear operator & to the kinetic and potential GPs 7 and 7. The
covariances between  and T and between 7 and T at general
input locations x and x’ are

Cov[I(x), T(z')] = Cov[T(x), €L ()] = k7™ (x, ')
(26a)

Cov|[Z(x), T(x')] = Cov[Zx), €L ()] = k7" (x,z').
(26b)

In view of (12) and recalling that we model I and 7" as inde-
pendent GPs, we obtain

¥ (2, 2') = Cov[9(w), £9Ta') — $7a)
= Cov|T(x), 8T (x')]

= [#K ()]
=[Gk (x,2), ..., Gk (z,2))]  (27a)
and
k77 (z,a') = Cov[V), §T(a') — 7))
= Cov[71z), —&71x')]
= - [?k‘%(a:,w’)]T
=[Gk (x,x), ..., C k" (x,2)]. (27b)

The Gaussian property makes the posterior distributions of 7
and 7"given & known and analytically tractable. At any general
input location @, these posteriors are Gaussians with means

E[T(2)|2] = KJ%X (Kxx +2) 'y (28a)

E[®)|2] = K[k (Kxx + %) 'y (28b)

'We note that the Lagrangian satisfying (15) is not unique. For example, the
potential energy could be arbitrarily shifted by a constant. As the energies are
estimated from the torque measures, the information on such a shift is lost and
the estimation could be affected by a constant offset, which needs to be taken
into account in applications such as energy tracking.
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and variances

VT(@)] = b (@, 2) - KJ% (Kxx + %) " (K2%)"

(29a)

V)] = K (@, ) — K2k (Kxx + %) " (K7%)"
(29b)

. . G-
where the covariance matrices K25 € RV™N and K77 €
RPN are obtained as

:{)T( = {k‘%(w,wl),...,kz‘%(:v,ch)} (30a)

K77 = [k%(ac,acl), N .,k%(m,scN)} (30b)

while K x x is computed using (7) as described in Section II-C.

IV. DISCUSSION ON RELATED WORKS

Several algorithms have been developed in the literature to
identify the inverse dynamics. The different solutions can be
grouped according to if and how they exploit prior information
on the model and, more specifically, on the nominal kinematic
and dynamic parameters, i.e., wy and w4, respectively.

An important class of solutions assumes to have an accurate
a-priori knowledge of wy, and reformulate the inverse dynamics
identification problem in terms of estimation of wy, see, for
instance, [6], [7], [8]. These approaches are based on the fact
that (1) is linear w.r.t. w4, namely,

where ®(q,q,q) € R™*"¢ is a matrix of nonlinear functions
derived from (18) assuming wy, known, see [2]; n is the dimen-
sion of w,. Then, the dynamics parameters w, are identified by
solving the least squares problem associated with the set of noisy
measurements y = (X )wgy + e, where &(X) € R(*N)xna jg
the matrix obtained stacking the ® matrices evaluated in the
training inputs. The accuracy of these approaches is closely
related to the accuracy of ®(q, g, q) and, in turn, of wy. To
compensate for uncertainties on the knowledge of wy, the
authors in [9] proposed a kinodynamic identification algorithm
that identifies simultaneously wj; and w,. Though being an
interesting and promising approach, this algorithm requires ad-
ditional sensors to acquire the link poses, which are not always
available.

It is worth stressing that, in several cases, deriving accurate
models of ®(q, q, G) is aquite difficult and time-consuming task,
see [2]. This fact has motivated the recent increasing interest in
gray-box and black-box solutions. In gray-box approaches, the
model is typically given by the sum of two components. The
first component is based on a first principles model of (1), for
instance, 7 = ®(x)w,, where wy is an estimate of w,. The
second one is a black-box model that compensates for model
inaccuracies by exploiting experimental data. Several GP-based
solutions have been proposed in this setup [12], [13], [14], [15].
Generally, GPR algorithms model the torque components as n
independent GPs and include the model-based component either
in the mean or in the covariance functions. In the first case, the
prior mean of the ith GP is ¢'(x)1vy, where ¢'(x) is the ith
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row of ®(x), and the covariance is modeled by a SE kernel of
the form in (4), see, for instance, [14]. Instead, when the prior
model is included in the covariance function, the prior mean
is assumed null in all the configurations and the covariance is
given by the so-called semiparametric kernels, see [12], [13],
[14], [15], expressed as

Kgp(x,2') = ¢'(x)T¢' ()T + Ksp(x, ). (32)

Observe that the first term in the right-hand-side of (32) is
a linear kernel in the features ¢'(x), where the elements of
the matrix I' € R™¢*"4 are the hyperparameters. We refer the
interested reader to [14] for an exhaustive discussion on the two
aforementioned strategies. The advantages of gray-box solutions
w.r.t. black-box models depend on the accuracy of the model-
based prior and the generalization properties of the black-box
model. If the black-box correction generalizes also to unseen
input locations, such models can provide an accurate estimate
of the inverse dynamics.

To avoid the presence of model bias or other model inac-
curacies or to deal with the unavailability of first principle
models, several works proposed in the literature have adopted
pure black-box solutions; this is the case of also the approach
developed in this work. The main criticality of these solutions is
related to generalization properties: when the number of DOF
increases, the straightforward application of a black-box model
to learn the inverse dynamics provides accurate estimates only
in a neighborhood of the training input locations. In the context
of NN, the authors in [17] have tried to improve generalization
by resorting to a recurrent NN architecture, while in [16] an
LSTM network has been adopted.

As regards GP-based solutions, several algorithms have in-
troduced GP approximations to derive models trainable with
sufficiently rich datasets. Just to mention some of the proposed
solutions, Schreiter et al. [18] adopted the use of sparse GPs, Gi-
jsberts and Metta [19] approximated the kernel with random
features, Nguyen-Tuong et al. [20] relied on the use of local GPs
rather than of a single GP model, Rezaei-Shoshtari et al. [21]
proposed an approach inspired by the Newton—Euler algorithm
to reduce dimensionality and improve data efficiency. Interest-
ingly, to improve generalization, the works in [30] and [23]
have introduced novel kernels specifically tailored to inverse
dynamics identification rather than adopting standard SE ker-
nels of the form in (4); it is known that the latter kernels
define a regression problem in an infinite dimensional RKHS
and this could limit generalization properties. For instance,
following ideas introduced in [29], the authors in [23] pro-
posed a polynomial kernel named geometrically inspired poly-
nomial kernel (GIP) associated with a finite-dimensional RKHS
that contains the rigid body dynamics equations. Experiments
carried out in [23] and [30] showed that limiting the RKHS
dimensions can significantly improve generalization and data
efficiency.

It is worth remarking that most of the works proposed in the
context of GPR model the joint torques as a set of independent
single-output GPs. To overcome the limitations raising from
neglecting the existing correlations, the authors in [35] have
applied a general multitask GP model for learning the robot
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inverse dynamics. The resulting model outperforms the standard
single-output model equipped with SE kernel, in particular when
samples of each joint torque are collected in different portions
of the input space, which, however, is a rather rare case in
practice. A recent research line aims at deriving multioutput
models in a black-box fashion by incorporating in the priors
the correlations inherently forced by (15), as proposed in this
work. To the best of our knowledge, within the framework of
kernel-based estimators, the first example has been presented
in [25]. Differently from our approach, in [25] the authors
model the RKHS of the entire Lagrangian function by an SE
kernel, instead of modeling separately the kinetic and potential
energies using specific polynomial kernels. As a consequence,
the algorithm does not allow estimating kinetic and potential
energies, which can be useful for control purposes. Experiments
carried out in [25] showed out-of-sample performance similar
to the one of single-output models. A recent solution within
the GPR framework, developed independently and in parallel to
this work, has been presented in [26]. In this work the authors
have defined GP priors, based on standard SE kernels, on the
potential energy and on the elements of the inertia and stiffness
matrices, thus leading to a high number of hyperparameters to
be optimized. In [26], the feasibility and effectiveness of the
proposed approach has been validated only in a simulated 2-DOF
example.

The Lagrangian (15) have inspired also several NN models,
see, for instance, the model recently introduced in [24], named
Deep Lagrangian Networks (DeLan). In DeLan two distinct
feedforward NN have been adopted to model on one side the
inertia matrix elements and on the other side the potential energy;
then the torques are computed by applying (15). Experiments
carried out in [24] have focused more on tracking control perfor-
mance than on estimation accuracy, showing the effectiveness of
Delan for tracking control applications. Interestingly, the same
authors in [31] have carried out experiments in two physical
platforms, a cart-pole and a Furuta pendulum, showing that
kinetic and potential energies estimated by DeLan can be used
to derive energy-based controllers. As highlighted in [36], the
main criticality of these models is parameters initialization:
indeed, due to the highly nonlinear objective function to be
optimized, starting from random initializations the stochastic
gradient descent (SGD) algorithm quite often gets stuck in local
minima. For this reason, in order to identify a set of parameters
exhibiting satisfactory performance, it is necessary to perform
the network training multiple times starting from different initial
conditions.

V. EXPERIMENTS

In order to evaluate the performance of the LIP model,
we performed extended experiments both on simulated and
on real setups. All the estimators presented in this section
have been implemented in Python and using the functionalities
provided by the library PyTorch [37]. The code is publicly
available.?

2[Onlinel.
Dynamics

Available: https://github.com/merlresearch/LIP4RobotInverse
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TABLE I
LIMITS ON JOINT POSITION, VELOCITY, AND ACCELERATION CONSIDERED
‘WHEN GENERATING THE TRAJECTORIES OF THE MONTE-CARLO EXPERIMENT
DESCRIBED IN SECTION V-Al

71 12 13 T4 75 [ J6 | I7 unit
Qmin | 23 | -14 | 23 | 27 | 23 | 02 | 23 rad
Qmaz | 23 | 14 | 23 | 03 | 23 | 32 | 23 rad
Gmax | 22 | 22 | 22 | 22 | 26 | 26 | 2.6 | radss
Gmaz | 15 7.5 10 | 125 [ 15 | 20 | 20 | radss®

Velocity ranges are d; € [~ Gima: Gi maz]. While acceleration rangesare Gi € [~Gimaz Gimas)-

A. Simulation Experiments

The first tests are performed on a simulated Franka Emika
Panda robot, which is a 7 DOF manipulator with only revolute
joints. The joint torques of the robot are computed directly from
desired joint trajectories through the inverse dynamics equations
in (1), with the common assumption € = 0, i.e., there are no
unknown components in the dynamics. The dynamics equations
have been implemented using the Python package Sympybotics.3

1) Generalization: In the first set of experiments, we tested
the ability of the estimators to extrapolate on unseen input
locations. To obtain statistically relevant results, we designed
a Monte Carlo (MC) analysis composed of 50 experiments.
Each experiment consists in collecting two trajectories, one for
training and one for test. Both the training and test trajectories
are sum of Ny = 50 random sinusoids. For each realization, the
trajectory of the ith joint is

N

a . b
qi(t) = Z o sin(wylt) — ol cos(wylt)
1=1

(33)

withwy = 0.02 rad/s, while a and b are sampled from a uniform
distribution ranging in [—¢, ¢], with ¢ chosen in order to respect
the limits on joint position, velocity, and acceleration, which are
reported in Table I. A zero-mean Gaussian noise with standard
deviation 0.01 nm was added to the torques of the training dataset
to simulate measurement noise. All the generated datasets are
composed of 500 samples, collected at a frequency of 10 Hz.

We compared the LIP model with both GP-based estimators
and a NN-based estimator. Three different GP-based baselines
are considered. Two of them are single-output models, one
based on the SE kernel in (4) and the other one based on the
GIP kernel presented in [23]. The third solution, instead, is the
multioutput model presented in [25], hereafter denoted as LSE.
The LSE estimator models directly the Lagrangian function,
instead of modeling the kinetic and potential energy separately.
The Lagrangian is modeled using a SE kernel defined on an
augmented input space obtained by substituting the positions
of the revolute joints with their sine and cosine. The authors
did not release the code to the public and thus we made our
own implementation of the method. The hyperparameters of
all the GP-based estimators have been optimized by marginal
likelihood maximization [11].

The NN baseline is a DeLan network. To select the network
architecture, we performed a grid search experiment comparing

3[Online]. Available: https://github.com/cdsousa/SymPyBotics
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TABLE II
DELAN NETWORK ARCHITECTURE AND OPTIMIZATION PARAMETERS
Network parameter Value
layer width 64
depth 3
activation Softplus
Optimization parameter Value
weight initialization Xavier Normal [39]
minibatch size 100
learning rate 5e —4
weight decay le—5
num epochs 2ed5

different configurations, and we chose the one providing the
best performance on the test trajectories. The network has been
trained with standard SGD optimization techniques. Regarding
the loss function, we considered the same proposed in [31],
namely

= Eid +€pc

where /;4 penalized the inverse dynamics error while ¢,. im-
poses power conservation. The set of network hyperparameters
considered as well as the optimization parameters are reported
in Table II. To obtain more accurate results we trained DeLL.aN
models using a larger number of data, obtained sampling the
trajectories in (33) at a frequency of 100 Hz, which resulted in
datasets composed by 5000 samples.

The MC tests described above are performed on different
robot configurations, with a number of DOF increasing from
3 to 7, to evaluate the performance degradation at the increase
of the system dimensionality. The accuracy in predicting the
torques is evaluated in terms of normalized mean squared error
(nMSE), which provides a measure of the error as a percentage
of the signal magnitude. The distribution of the nMSE over the
50 test trajectories for the 6 DOF configuration is shown in
Fig. 2(a). Fig. 1, instead, summarizes the results obtained on all
the considered robot configurations, from 3 to 7 DOF. Results
are reported in terms of nMSE percentage averaged over all the
joints.

The proposed LIP model significantly outperforms both the
GP-based estimators and the DeLan network. Fig. 2(a) shows
that the LIP model provides more accurate results than all the
other estimators on all the joints. The improvement is particu-
larly evident on the last two joints which, generally, are more
complex to estimate. The LIP is the only model that maintains a
nMSE under 10%. We attribute this performance improvement
to the multioutput formulation, combined with the definition
of specific basis functions. In this way, the model extrapolates
information on the last joints also from the other torque com-
ponents, thus improving generalization. The performance of the
Delan network decreases faster than the GP-estimators when
the number of considered DOF increases, as shown in Table 1.
Moreover, from Fig. 2(a) we can see that Delan’s accuracy is
comparable to the one of the GIP and LSE models on the first
four joints, with nMSE scores lower than 10%, but it performs
poorly on the last joints where the torque has smaller values.

Then, we tested also the ability of the LIP model to estimate
the kinetic and potential energy. The energies are estimated on
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Fig. 1. Box plots of the average torque nMSE obtained with the simulations described in Section V-Al.
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Fig. 2. Box plots of the torque nMSE (a) and energy nMSE (b) obtained with the simulations described in Section V-A1. The tables below the figures report the

numerical values of the median nMSE percentages.

the same trajectories of the previous MC test by applying the
procedure described in Section III-C. The distribution of the
nMSE error is reported in Fig. 2(b) for the 6 DOF configuration.
Note that the SE and GIP estimators do not model the system
energies and thus do not allow to estimate them. Regarding
the LSE estimator, we recall that it models the entire system
Lagrangian. In principle, one could derive an estimate of the
kinetic and potential energy from the estimate Lagrangian.
Let Z(q,q) the posterior estimate of the Lagrangian, derived
following the same procedure described in Section III-C for
the potential and kinetic energies. We can estimate the cor-
respondent potential energy as :?(q,('l = 0), namely, setting
velocities to zero. Instead, the kinetic energy estimate can be
derived as Z(q, q) + Z(q,q = 0). However, we verified that
this procedure returns inaccurate results. As an example, we
report in Fig. 3 the energies estimated with the LSE model on

one of the trajectories of the MC experiment for the 6DOF
configuration. While the estimation of the overall Lagrangian
is quite accurate, the decomposition in kinetic and potential
energy is very poor. For this reason, in Fig. 2(b) we compared
the performance of the LIP model only with those of the DeLan
network.

Results show that the LIP estimator is able to approxi-
mate the system energy with high precision. In particular, it
reaches a nMSE score close to 1% on the kinetic energy,
while it approximates the potential energy with a nMSE lower
than 0.01%. This further confirm the fact that the potential
energy, being only function of the joint positions g, is eas-
ier to learn, as we observed at the end Section III-B. The
DeLan network provides less accurate performances, which
is in accordance with the results obtained in the previous
experiments.
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Fig.3. Kinetic energy (T), potential energy (U), and Lagrangian (L) estimated

with the LIP and LSE models on one of the trajectories of the MC experiment
described in Section V-A. While the LSE model correctly reconstructs the
Lagrangian, it fails to estimate the potential and kinetic energy. In contrast,
the LIP model correctly reconstructs all the energy components.

2) Data Efficiency: In the second set of experiments, we
tested the data efficiency of the estimators, that is, the estimation
accuracy as a function of the number of data points available at
training time. We collected two datasets, one for training and
one for test, using the same type of trajectories as in (33). The
models are trained increasing the amount of training data from
50 to 500 samples. Then, their performance are evaluated on
the test dataset. We carried out this experiment on the 7 DOF
configuration of the Panda robot and we compared the LIP
model only with the GP-based estimators. The DeLan network
has not been considered due to its low accuracy on the 7 DOF
configuration.

Fig. 4 reports the evolution of the global mean square error
(Global MSE), namely the sum of the MSE for all the joints, as
a function of the number of training samples. As in the previous
experiment, the LIP model outperforms the other GP-based
estimators, proving the benefits of the proposed solution also
in terms of data efficiency.

B. Real Experiments

The proposed approach is now tested on two real robots: a
Franka Emika Panda robot and an industrial Mitsubishi MELFA
RV-4FL. On these robots, we compared the prediction perfor-
mances of the GP-based estimator considered in Section V-A.
We modified the GIP, the LSE, and the LIP estimators to account
for friction and other unknown effects affecting real systems, i.e.,
€ # 0 in (1). We modeled the components of & as independent
zero-mean GPs with covariance function

Ei(x,x') = ¢'(x)T.,0' ()T + kbip(x, ')  (34)
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Fig. 4. Results of the data efficiency test described in Section V-A2. The plot

shows the evolution of the Global MSE on the test set, as a function of the
number of training samples.

where the term ¢ (z)T,¢'(x')T is a linear kernel in ¢'(z) =
[¢%, sign(¢*)]T, which are the basic features used to describe
friction, while T'.; is a diagonal matrix collecting the kernel
hyperparameters. The term k% (., '), instead, is a SE kernel
as defined in (4) and accounts for the remaining unmodeled
dynamics. For the GIP model, which is based on the single
output approach and models the inverse dynamics components
independently, we modify the model of the ¢th component by
adding k% (x, ') to its kernel. Concerning the LIP model, the
kernel for the inverse dynamics is obtained as

k™ (x,2') + diag(k** (z, x'), ..., k*N (z,2'))  (35)

with k7 (x, ') being the kernel matrix obtained in (19). Finally,
for the LSE model, we experimentally verified that the addition
of kfg g in (34) leads to less accurate results. For this reason, in
our implementation, we added to the LSE kernel only the kernel
linear in the friction feature, as proposed also in the original
paper [25]. The resulting kernel is obtained as in (35), with k%
defined as in (34) but without k% .

For the experiment performed in this section, we did not con-
sider the DeLan network due to the poor performance reached
in simulation.

1) Franka Emika Panda: On the real Panda robot, we col-
lected joint positions, velocities, and torques through the ROS
interface provided by the robot manufacturer. To mitigate the
effect of measurement noise, we filtered the collected positions,
velocities, and torques with a low-pass filter with a cutoff fre-
quency of 4 Hz. We obtained joint accelerations by applying
acausal differentiation to joint velocities.

We collected ten training and 16 test datasets, following
different sum of sinusoids reference trajectories as in (33). The
test datasets have a wider range of frequencies, N, = 100, than
the training trajectories, N5 = 50, to analyze the generalization
properties w.r.t. variations of the frequencies used to excite the
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Fig. 5. Box plot of the torque nMSE obtained with the experiment on the
PANDA robot described in Section V-B1. The table below reports the mean
nMSE percentage for each joint and each estimator.

J1 2 13 J4 I5 J6 17
SE 387 058 249 1.02 2972 1281 7.39
GIP 113 024 078 029 2193 534 15.29
LSE 089 0.10 053 024 1838  8.05 15.77
LIP 049 005 028 010 1108 4.10 5.03

system. The GP-based estimators are learned in each training
trajectory and tested on each and every of the 16 test trajectories.

Fig. 5 plots the nMSEs distributions, for each joint. These
results confirm the behavior observed in simulation: the LIP
model predicts the joint torques better than other GP estimators
on each and every joint, which further proves the advantages of
our approach.

In Fig. 6 we report the estimates of the kinetic energy and
the corresponding absolute error, obtained in one of the test
trajectories. The ground truth has been computed as 7'(gq, §) =
4" B(q)q, with B(q) being the inertia matrix at joint config-
uration g, which is provided by the robot interface. The LIP
model accurately predicts the kinetic energy of the system, with
an nMSE lower than 1%.

2) Mitsubishi MELFA: The MELFA RV-4FL is a 6 DOF
industrial manipulator composed of revolute joints. On this
setup, we compared the prediction performance of the LIP model
with both black-box and model-based estimators. In particular,
we considered the same GP-based estimators as in the previous
sections, namely the SE, GIP, and LSE models. Concerning the
model-based estimators, we implemented two solutions. The
first is an estimator obtained with classic Fisherian identifica-
tion (ID) based on (31) while the second is a semiparametric
kernel-based estimator (SP) with the kernel in (32). For both
the model-based approaches we computed the matrix ® in
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Fig. 6. Kinetic energy (upper) and corresponding absolute error (lower) esti-

mated with the LIP model within the experiment described in Section V-B1 on
the real Panda robot. The corresponding nMSE is 0.40%.
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Fig. 7. Distribution of the joint positions for the train and test trajectories of

the experiment involving the MELFA robot, described in Section V-B2.

(31) using the nominal kinematics and we considered friction
contributions.

We performed the same type of experiment carried out with
the Panda robot. In this case, we collected 11 training and 11
test trajectories. Moreover, both the train and test trajectories
are obtained as the sum of N, = 100 random sinusoids. To
stress generalization, we enlarged the position range of the test
trajectory. Fig. 7 shows the position distribution of the train and
test datasets, from which it can be noticed that the test datasets
explore a wider portion of the robot operative range.

Results in terms of nMSE are reported in Fig. 8. The LIP
model outperforms the other data driven estimators also in this
setup. When compared to model-based approaches, the LIP
model reaches results comparable to both the ID and SP models.
Notice that the LIP estimator do not require physical basis
functions or parameters and the fact that it performs as well as
model-based approaches is a nontrivial achievement. The energy
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Fig. 8.  Box plot of the torque nMSE obtained with the experiment on the
MELFA robot described in Section V-B2. The table below reports the mean
nMSE percentage for each joint and each estimator.

J1 J2 I3 J4 J5 J6
SE 17.34 935 4276 430 1954 5.73
GIP 1246  5.64 1135 214 958 5.8l
LSE 649 12.14 1525 154 779 578
LIP 4.98 2.54 559 107 829 474
ID 4.86 2.37 5.04 1.64 6776 582
Sp 4.57 3.12 5.02 1.10 6.44 549

estimation cannot be validated in this robot since the ground truth
is not available. However, to allow a qualitative evaluation of the
energy estimates, in the supplementary material we included a
video that shows, simultaneously, the robot following one of the
test trajectories and the evolution of the potential and kinetic
energy estimates.

C. Trajectory Tracking Experiment

In this section, we exploit the LIP model to implement a
computed torque (CT) control strategy on the real Panda robot.
Let g4, 44, G, be the reference trajectory. The CT control law
is given by

Tt =T+ Th (36)

where the feedforward 7¢; exploits the inverse dynamics to
predict the joint torques required to follow the reference tra-
jectory (g4, 4y, d4), while the feedback Ty, ensures robust-
ness to modeling error and external disturbances. We consider
a linear feedback control, namely 77, = K,e + K4é, where
e = q, — q denotes the tracking error, while the gains K, and
K are positive definite diagonal matrices. For each joint, the
reference trajectory is a sinusoid with a linear envelop, defined
as
i A

qy(t) = T tcos(mt) 37
where A represents the maximum amplitude and 7' the con-
trol horizon. For all the performed experiments, we considered
T = 10 s. All the controllers have been implemented exploiting

IEEE TRANSACTIONS ON ROBOTICS, VOL. 40, 2024

the torque control interface provided by the robot and run at a
frequency of 1 kHz.

The LIP model have been used to compute the feedforward
term, namely 75 = f(qu, G4, G,), where f is the LIP estima-
tion, obtained through (5). To collect the training dataset, we
run the CT controller with the feedforward computed using
the nominal model provided by the robot manufacturer, on a
reference trajectory with A = 0.5 rad. The collected trajectory
consists of 7' = 10 s sampled at a frequency of 1 kHz, resulting
in 10 000 samples. In order to reduce the computational burden,
we downsampled the data with a constant rate of 20, to obtain a
dataset of 500 samples.

Results are summarized in Table III and in Fig. 9. First, in
Table I1I(a) we report the performance on the trajectory (37) with
A = 0.5rad, interms of tracking error nMSE and feedback mean
square. On this trajectory, the LIP estimator provides a more
accurate feedforward than the nominal model, which leads to
a sensible reduction of the tracking error. Moreover, the better
feedforward induced by the LIP kernel gives benefits also in
terms of lower effort required to the feedback action.

To stress out-of-sample generalization, we also tested the
tracking accuracy on a trajectory with amplitude A = 0.6 rad,
which explores a broader position range with higher accelera-
tions and velocities. In Table III(b) we summarize the nMSE
of the tracking error and the mean square of the feedback
action, while in Fig. 9 we depict the evolution of the joint
angles, absolute tracking errors, and feedback action obtained
with the LIP and nominal models, respectively. Comparing the
results, we can observe that the LIP model maintains a similar
level of performance, both in terms of tracking accuracy and
effort required to the feedback action. This further confirms the
good generalization properties of the proposed approach already
highlighted in Section V-Al.

D. Discussion

In both simulated and real-world setups, the LIP model consis-
tently outperformed other state-of-the-art black-box estimators.
When contrasted with conventional model-based identification
approaches, as demonstrated in the MELFA robot experiments
detailed in Section V-B2, the LIP model exhibited comparable
performance, without requiring any prior knowledge of the
system. These outcomes further confirm the soundness of the
modeling strategies proposed, that we discuss in the following.

First, encoding the Euler Lagrange equations endows the
model with structural properties that aligns with physical princi-
ples. Consequently, this approach enhances the model’s ability
to interpret the information contained within the data, yielding
benefits in both out-of-sample generalization and data efficiency.

More importantly, a substantial enhancement in performance
is given by the specific choice of energy priors. Indeed, from
a functional analysis perspective, the choice of the kernel is
strictly related to the basis functions of the hypothesis space. The
proposed polynomial kernels induce a finite set of polynomial
basis functions, specifically tailored to the inverse dynamics
problem. In contrast, universal kernels, such as the SE, induce
a broader hypothesis space with an infinite number of basis
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TABLE III
JOINT POSITION NMSE PERCENTAGE AND MEAN SQUARE OF THE FEEDBACK TERM OBTAINED WITH THE EXPERIMENTS DESCRIBED IN SECTION V-C WITH
REFERENCE TRAJECTORIES OF DIFFERENT AMPLITUDES

(a) Amplitude A = 0.5

Joint position nMSE %

Feedback term mean square [NV 2m?2]

model |y 2 13 14 15 76 77 71 2 3 74 15 16 77
LIP 5.1e-4  1.0e-3 33e-3 3.0e-:3 94e-3 59e-3 6.0e-3 | 1.9e-1 3.5e-1 2.le-1 1.8e-1 0.5e-1 0.2e-1 O0.le-1
nom 6.5e-:3  7.9e-3  3.0e-2 7.2e2 23e-1 1l.6e-1 9.0e-2 1.5e0 1.7e0 1.6e0 2.3e0 1.0e0  3.3e-1 1.9e-1
(b) Amplitude A = 0.6
model Joint position nMSE % Feedback Mean Square [N2m?]
J1 2 I3 J4 J5 J6 J7 J1 12 I3 14 J5 J6 J7
LIP 7.1e-4  1.6e-3 5.6e-3 6.3e-3 1.0e-2 7T4e-3 9.7e3 | 3.2e-1 5.0e-1 3.6e-1 4.0e-1 0.6e-1 0.2e-1 0.2e-1
nom 6.8e-3 7.9e-3 3.le-2 6.6e-2 24e-1 1.6e-1 8.2e-2 1.7¢0 1.8e0 1.8e0 2.3e0 1.1e0  3.6e-1  1.9e-1
Joint positions Absolute tracking errors Feedback actions
- ref — LIP nominal — LIP nominal — LIP nominal
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Fig. 9. Trajectories obtained with the tracking experiment described in Section V-C. The first column reports joint positions, the second column reports the

absolute value of the tracking error, while the third column reports the PD action.

functions, thereby increasing the complexity of the learning
problem. The benefits of the proposed priors become apparent
when comparing the performance of the LIP estimator with that
of the LSE model.

Finally, the DeLaN baseline exhibited lower accuracy com-
pared to all GP counterparts in our examined scenarios. This
outcome is expected, given that NN models, like DeLaN, gener-
ally require more data compared to GPR approaches, and in
our experiments, we considered relatively small datasets. In
addition, the inherent complexity of structured networks such
as DeLaN poses challenges in training, as noted in previous
research [36]. Despite efforts to mitigate this issue by training
DeLaN models with larger datasets, the observed performance
degradation with an increase in system DOF suggests that data
richness remains insufficient. This underscores the advantage of

GPR in application with limited data availability, owing to its
inherent data efficiency.

A potential drawback of GP models is the high computational
burden required for model training. The time required to train
a GP model scales cubically with the number of training sam-
ples. Online evaluation, instead, scales linearly with both the
number of training samples and the number of DOFs. However,
an efficient implementation of the kernel computation plays a
fundamental role when considering time complexity. Conve-
niently, most of the operations can be vectorized and leverage
hardware solutions such as GPUs. This aspect has not been
fully explored in this work and needs to be addressed when
considering time-critical applications, such as online control.
Furthermore, it is worth mentioning that several approxima-
tion strategies have been proposed to reduce both training and
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evaluation time. Among these, variational inference (VI) [39]
has shown interesting results. We leave the investigation of VI
applied to the proposed method as a subject of future work.

Another critical aspect when considering black-box estima-
tors is physical consistency. Physical consistency refers to the
compliance of learned models with known physical principles,
such as symmetries and conservation laws. Since the LIP kernel
is derived by imposing the Euler—Lagrange equations, all the
properties related to the structure of such equations are inherited
by the model. As an example, this means that the symmetry of
the inertia matrix and the skew-symmetry of the Coriolis matrix
are imposed by design. Nonetheless, other relevant properties,
such as the positive definiteness of the inertia matrix, are not
imposed and thus are not guaranteed to be respected. In turn,
nonpositive definite inertial matrices can lead to instability
issues when employed for control purposes. To mitigate this
problem, constrained optimization techniques to learn either the
hyperparameters or the posterior coefficients imposing positivity
constraints represent an appealing solution [40], which we are
considering as an extension of this work.

VI. CONCLUSION

In this work, we presented the LIP model, a GPR estimator
based on a novel multimensional kernel, designed to model
the kinetic and potential energy of the system. The proposed
method has been validated both on simulated and real setups
involving a Franka Emika Panda robot and a Mitsubishi MELFA
RV-4FL. The collected results showed that it outperforms state-
of-the-art black box estimators based on Gaussian processes and
neural networks in terms of data efficiency and generalization.
Moreover, results on the MELFA robot demonstrated that our
method achieves a prediction accuracy comparable to the one of
fine-tuned model-based estimators, despite requiring less prior
information. Finally, the experiments in simulation and on the
real Panda robot proved the effectiveness of the LIP model also
in terms of energy estimation.

APPENDIX

In this appendix, we provide the proofs of Propositions 1 and
2. The proofs follow from similar concepts exploited in [23].
For convenience, we consider first Proposition 2, since most of
the elements we introduce in the corresponding proof are useful
also to prove Proposition 1.

A. Proof of Proposition 2
We start by recalling that the kinetic energy of the 7th link can

be written as

7i = 4" Bi(q')q’ (38)
with B;(q') € R™*?, Then, we characterize the elements of
Bi(q") as polynomial functions in g., q%, and g},. The matrix
Bi(q') is defined as

Bi(q") = miJp Jp, + J5 RIIIRY Jo, (39)
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where m; is the mass of the ith link, while I? is its inertia
matrix expressed w.r.t. a reference frame (RF) integral with
the ith link itself, denominated hereafter the ith RF, see [2,
Ch. 7]. We assume that the RF have been assigned based on
Denavit-Hartenberg (DH) convention. Jp, and Jo, are the linear
and angular Jacobians of the ith RF, for which it holds that
¢ =Jp, ¢' and w; = Jo, G', where ¢; is the position of the
center of mass of the ith link, while w; is the angular velocity
of the ith RF w.r.t. the base RF. R denotes the rotation matrix
of the 7th RF w.r.t. the base RF.

For later convenience, we recall some notions regarding kine-
matics. Let R~ and I{! denote the orientation and translation
of the ith RF w.r.t. the previous one. Based on the Denavit—
Hartenberg (DH) convention, it is known that R;’l and lifl
have the following expressions:

R = R.(6;) Ry (a)
17t =0,0,di)" + R.(6:)[ai, 0,0]"

where R, and R, represent elementary rotations around the
x and z axis, respectively, a; and «; are constant kinematics
parameters depending on the geometry of link 7, while the values
of d; and 6; depends on the type of the ith joint; see [2, Ch.
2] for a detailed discussion. If the ith joint is revolute, then
d; is constant and 0; = 0o, + ¢;, where ¢; is the ith generalize
coordinate, that is, the ith component of the vector g. In this
case, the only quantity depending on q is the rotation matrix
Ri™!, whose elements contain the terms cos(g;) and sin(g;).
Therefore, using the notation introduced in Section III-B, the
elements of Rf‘l can be written as functions in the space
P(1)(cos(q:)(1),sin(gi)(1)). Instead, if the ith joint is prismatic,
0, is constant and d; = do, + ¢;. The only terms depending on q
are the elements of 1!~ !, which belong to the space ;) (Gigyy)-

Concerning the angular Jacobian Jo,, we have that w; =
>y RO jw!h with RY =[[j_; R} '. Adopting the DH
convention, w! ! = 1;]0,0, ¢;]7, with A; = 1 if joint 4 is rev-
olute and A; = 0 if it is prismatic. The expression of w, can be
rewritten as

0 0
wi=|[RY|0]|,....,R"  |o]]|d" (40)
A A
From (40), we deduce that
0 0
Jo,=|Ry|0],....,R) 1 |0 41)
A Ai

from which we obtain that the term R{.Jo, has expression

0 0
RyJo, = |Ry |0 |,...,Ri; |0 (42)
AL Ai

Recalling that R? = gz & RZ’l, with 7 > k, we have that the

elements of J} RYI!Rj.Jo, belong to Py i) (qi&),qi(z)),
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where |I?| is the cardinality of I, and they are composed of
monomials with

deg (q7) + deg (¢2) < 2.

Similarly, the elements of Jp, are characterized by analyzing
the expression ¢; = Y7=1 " R?_llﬁ-fl + R?c;». Then, the ele-
ments of ¢; are functions in IP(;) (q’c(l) sy Dy, ) and for each

monomial it holds that

deg (q7) + deg (¢7) < 1.

Recalling that ¢; = Jp,¢ and since the derivative does not
increase the degree, we can conclude that the elements of Jp,
belong to the same polynomial space of ¢;. As a consequence,
T y y y .
the elements of Jp, Jp, belong to Py (qc , 45 ) » D,y ) With

(43)
(44)

deg (¢2) + deg (¢°) < 2. (45)

From the above characterizations of J}Zi Jp, and
J& RIIIR)Jo,, we obtain that the elements of B;(q")
belong to P(gi)(q’c(g),qi@),qém). Thergfore, it s
trivial to see that Ti(q,tj):tj’TBi(qZ)(jZ belongs to
].ID(21+2)(ch(2),q§(2)7q;(2),q22)) with the constraint expressed
in (45), which concludes the proof.

B. Proof of Proposition 1
The potential energy V' (q) is defined as

n
T

7q) = > _migi e (46)

i=1
where g is the vector of the gravitational acceleration. From
the expression above it follows that 7" belongs to the same
space of the elements of c,, namely it is a function in
]P(n) (qc(l) ) qS(l) ) qp(l) )’ with

deg (q2) + deg (¢7) <1

for each monomial of the aforementioned polynomial, which
concludes the proof.

(47)

ACKNOWLEDGEMENT

This manuscript reflects only the authors’ views and opinions,
neither the European Union nor the European Commission can
be considered responsible for them.

REFERENCES

[1] P. K. Khosla and T. Kanade, “Experimental evaluation of nonlinear feed-
back and feedforward control schemes for manipulators,” Int. J. Robot.
Res., vol. 7, no. 1, pp. 18-28, 1988.

[2] B. Siciliano, L. Sciavicco, L. Villani, and G. Oriolo, Robotics: Modelling,
Planning and Control. Berlin, Germany: Springer Publishing Company,
Incorporated, 2010.

[3] A.DallaLibera, E. Tosello, G. Pillonetto, S. Ghidoni, and R. Carli, “Propri-
oceptive robot collision detection through Gaussian process regression,”
in Proc. Amer. Control Conf., 2019, pp. 19-24.

[4] S. Haddadin, A. De Luca, and A. Albu-Schiffer, “Robot collisions: A
survey on detection, isolation, and identification,” IEEE Trans. Robot.,
vol. 33, no. 6, pp. 1292-1312, Dec. 2017.

[5]

[6]

[7]

[8]

[9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

(17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

A. De Santis, B. Siciliano, A. De Luca, and A. Bicchi, “An atlas of
physical human-robot interaction,” Mechanism Mach. Theory, vol. 43,
no. 3, pp. 253-270, 2008.

J. Hollerbach, W. Khalil, and M. Gautier, “Model identification,” in
Springer Handbook of Robotics, Berlin, Germany: Springer, 2008,
pp. 321-344.

C. Gaz, M. Cognetti, A. Oliva, P. Robuffo Giordano, and A. De Luca,
“Dynamic identification of the franka emika panda robot with retrieval
of feasible parameters using penalty-based optimization,” IEEE Robot.
Autom. Lett., vol. 4, no. 4, pp. 4147-4154, Oct. 2019.

C. D. Sousa and R. Cortesao, “Physical feasibility of robot base inertial
parameter identification: A linear matrix inequality approach,” Int. J.
Robot. Res., vol. 33, no. 6, pp. 931-944, 2014.

J. Kwon, K. Choi, and F. C. Park, “Kinodynamic model identification:
A unified geometric approach,” IEEE Trans. Robot., vol. 37, no. 4,
pp. 1100-1114, Aug. 2021.

I. Goodfellow, Y. Bengio, and A. Courville, Deep Learning. Cam-
bridge, MA, USA: MIT Press, 2016. [Online]. Available: http://www.
deeplearningbook.org

C. E. Rasmussen, “Gaussian processes in machine learning,” in Sum-
mer School on Machine Learning, Berlin, Germany: Springer, 2003,
pp. 63-71.

D. Romeres, M. Zorzi, R. Camoriano, and A. Chiuso, “Online semi-
parametric learning for inverse dynamics modeling,” in Proc. IEEE 55th
Conf. Decis. Control, 2016, pp. 2945-2950.

R. Camoriano, S. Traversaro, L. Rosasco, G. Metta, and F. Nori, “In-
cremental semiparametric inverse dynamics learning,” in Proc. IEEE Int.
Conf. Robot. Autom., May 2016, pp. 544-550.

D. Nguyen-Tuong and J. Peters, “Using model knowledge for learn-
ing inverse dynamics,” in Proc. IEEE Int. Conf. Robot. Autom., 2010,
pp. 2677-2682.

D. Romeres, M. Zorzi, R. Camoriano, S. Traversaro, and A. Chiuso,
“Derivative-free online learning of inverse dynamics models,” IEEE Trans.
Control Syst. Technol., vol. 28, no. 3, pp. 816-830, May 2020.

E. Rueckert, M. Nakatenus, S. Tosatto, and J. Peters, “Learning inverse
dynamics models in O(n) time with LSTM networks,” in Proc. IEEE-RAS
17th Int. Conf. Humanoid Robot., 2017, pp. 811-816.

A. S. Polydoros, L. Nalpantidis, and V. Kriiger, “Real-time deep learning
of robotic manipulator inverse dynamics,” in Proc. IEEE/RSJ Int. Conf.
Intell. Robots Syst., 2015, pp. 3442-3448.

J. Schreiter, P. Englert, D. Nguyen-Tuong, and M. Toussaint, “Sparse
Gaussian process regression for compliant, real-time robot control,” in
Proc. IEEE Int. Conf. Robot. Autom., 2015, pp. 2586-2591.

A. Gijsberts and G. Metta, “Incremental learning of robot dynamics
using random features,” in Proc. IEEE Int. Conf. Robot. Autom., 2011,
pp. 951-956.

D. Nguyen-Tuong, M. Seeger, and J. Peters, “Model learning with local
Gaussian process regression,” Adv. Robot., vol. 23, no. 15, pp. 2015-2034,
2009.

S. Rezaei-Shoshtari, D. Meger, and I. Sharf, “Cascaded Gaussian processes
for data-efficient robot dynamics learning,” in Proc. IEEE/RSJ Int. Conf.
Intell. Robots Syst., 2019, pp. 6871-6877.

G. E. Karniadakis, I. G. Kevrekidis, L. Lu, P. Perdikaris, S. Wang, and
L. Yang, “Physics-informed machine learning,” Nature Rev. Phys., vol. 3,
no. 6, pp. 422-440, 2021.

A. Dalla Libera and R. Carli, “A data-efficient geometrically inspired
polynomial kernel for robot inverse dynamic,” IEEE Robot. Autom. Lett.,
vol. 5, no. 1, pp. 24-31, Jan. 2020.

M. Lutter, C. Ritter, and J. Peters, “Deep lagrangian networks: Using
physics as model prior for deep learning,” in Proc. 7th Int. Conf. Learn.
Representations, May 2019. [Online]. Available: https://openreview.net/
pdf ?id=BkIHpjCqKm

C.-A. Cheng and H.-P. Huang, “Learn the Lagrangian: A vector-valued
RKHS approach to identifying Lagrangian systems,” IEEE Trans. Cybern.,
vol. 46, no. 12, pp. 3247-3258, Dec. 2016.

G. Evangelisti and S. Hirche, “Physically consistent learning of conser-
vative Lagrangian systems with Gaussian processes,” in Proc. IEEE 61st
Conf. Decis. Control, 2022, pp. 4078-4085.

T. Yoon et al., “Kinematics-informed neural networks: Enhancing gen-
eralization performance of soft robot model identification,” IEEE Robot.
Autom. Lett., vol. 9, no. 4, pp. 3068-3075, Apr. 2024.

T.Lee, J. Kwon, P. M. Wensing, and F. C. Park, “Robot model identification
and learning: A modern perspective,” Annu. Rev. Control Robot. Auton.
Syst., vol. 7, pp. 311-334, 2023.

Authorized licensed use limited to: IEEE Xplore. Downloaded on January 02,2025 at 15:52:06 UTC from IEEE Xplore. Restrictions apply.


http://www.deeplearningbook.org
http://www.deeplearningbook.org
https://openreview.net/pdf{?}id=BklHpjCqKm
https://openreview.net/pdf{?}id=BklHpjCqKm

4836

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

S. S. Ge and C. C. Hang, “Structural network modeling and control
of RIGID body robots,” IEEE Trans. Robot. Autom., vol. 14, no. 5,
pp. 823-827, Oct. 1998.

C.-A. Cheng, H.-P. Huang, H.-K. Hsu, W.-Z. Lai, and C.-C. Cheng,
“Learning the inverse dynamics of robotic manipulators in structured
reproducing kernel Hilbert space,” IEEE Trans. Cybern., vol. 46, no. 7,
pp. 1691-1703, Jul. 2016.

M. Lutter, K. Listmann, and J. Peters, “Deep lagrangian networks for
end-to-end learning of energy-based control for under-actuated systems,”
in Proc. IEEE/RSJ Int. Conf. Intell. Robots Syst., 2019, pp. 7718-7725.
J. Denavit and R. S. Hartenberg, “A kinematic notation for lower-
pair mechanisms based on matrices,” ASME J. Appl. Mechan., vol. 77,
pp. 215-221, 1955.

B. Scholkopf and A. J. Smola, Learning With Kernels: Support Vector
Machines, Regularization, Optimization, and Beyond. Cambridge, MA,
USA: MIT Press, 2001.

S. Sarkkd, “Linear operators and stochastic partial differential equations
in Gaussian process regression,” in Proc. Int. Conf. Artif. Neural Netw.,
2011, pp. 151-158.

C. Williams, S. Klanke, S. Vijayakumar, and K. Chai, “Multi-task Gaussian
process learning of robot inverse dynamics,” in Proc. Adv. Neural Inf. Pro-
cess. Syst., 2008, pp. 265-272. [Online]. Available: https://proceedings.
neurips.cc/paper/2008/file/15d4e891d784977cacbfcbb00c48f133-
Paper.pdf

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, and S.
Ho, “Lagrangian neural networks,” in Proc. Workshop Integration Deep
Neural Models Differ. Equ.,2019. [Online]. Available: https://openreview.
net/forum?id=iE8tFa4Nq

A. Paszke et al.,, “PyTorch: An imperative style, high-performance
deep learning library,” in Proc. Adv. Neural Inf. Process. Syst., 2019,
pp. 8024-8035. [Online]. Available: http://papers.neurips.cc/paper/9015-
pytorch-an-imperative-style- high-performance-deep-learning-library.
pdf

X. Glorot and Y. Bengio, “Understanding the difficulty of training deep
feedforward neural networks,” in Proc. 13th Int. Conf. Artif. Intell. Statist.,
2010, pp. 249-256.

F. Leibfried, V. Dutordoir, S. John, and N. Durrande, “A tutorial on sparse
gaussian processes and variational inference,” 2020, arXiv:2012.13962.
L. Swiler, M. Gulian, A. Frankel, C. Safta, and J. Jakeman, “A survey
of constrained Gaussian process: Approaches and implementation chal-
lenges,” J. Mach. Learn. Model. Comput., vol. 1, no. 2, pp. 119-156,
2020.

Giulio Giacomuzzo (Member, IEEE) received the
B.Sc. degree in information engineering and the
M.Sc. degree in control engineering from the Uni-
versity of Padova, Padua, Italy, in 2017 and 2020,
respectively. He is currently working toward the Ph.D.
degree with the Department of Information Engineer-
ing, University of Padova.

His research interests include robotics, machine
learning, reinformcement learning and identification
theory.

IEEE TRANSACTIONS ON ROBOTICS, VOL. 40, 2024

Ruggero Carli (Member, IEEE) received the Laurea
degree in computer engineering and the Ph.D. degree
in information engineering from the University of
Padova, Padua, Italy, in 2004 and 2007, respectively.

From 2008 to 2010, he was a Postdoctoral Fel-
low with the Department of Mechanical Engineering,
University of California at Santa Barbara, Santa Bar-
bara, CA, USA. He is currently an Associate Profes-
sor with the Department of Information Engineering,
University of Padova. His research interests include
distributed algorithms for optimization, estimation

and control over networks, nonparametric estimation and learning for robotics.

Diego Romeres (Senior Member, IEEE) received the
M.Sc. degree (summa cum laude) in control engineer-
ing and the Ph.D. degree in information engineering
from the University of Padova, Padua, Italy, in 2012
and 2017, respectively.

He is currently a Senior Principal Research Sci-
entist and the Team Leader at Mitsubishi Electric
Research Laboratories, Cambridge, MA, USA. He
held visiting research positions with TU Darmstadt,
Germany, and with ETH, Zurich, Switzerland. His
research interests include robotics, human-robot in-

teraction, machine learning, bayesian optimization, and system identification

Alberto Dalla Libera (Member, IEEE) received the
Laurea degree in control engineering and the Ph.D.
degree in information engineering from the Univer-
sity of Padua, Padua, Italy, in 2015 and 2019, respec-
tively.

He is currently a Research Fellow with the De-
partment of Information Engineering, University of
Padua. His research interests include robotics, rein-
forcement learning, machine learning, and identifica-
tion. In particular, he is interested in the application
of machine learning techniques for modeling and
control of physical systems.

Authorized licensed use limited to: IEEE Xplore. Downloaded on January 02,2025 at 15:52:06 UTC from IEEE Xplore. Restrictions apply.


https://proceedings.neurips.cc/paper/2008/file/15d4e891d784977cacbfcbb00c48f133-Paper.pdf
https://proceedings.neurips.cc/paper/2008/file/15d4e891d784977cacbfcbb00c48f133-Paper.pdf
https://proceedings.neurips.cc/paper/2008/file/15d4e891d784977cacbfcbb00c48f133-Paper.pdf
https://openreview.net/forum{?}id=iE8tFa4Nq
https://openreview.net/forum{?}id=iE8tFa4Nq
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00111
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 1200
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00083
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00063
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


