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Preamble

Have you ever thought of a distant friend, only to find yourself recalling a place, a shared meal,
or a movie? It’s strange—after all, the movie exists independently of your friendship, yet in your
mind they are inseparably linked. Somewhere between recollection and meaning, memories seem
to weave themselves together.

To explore this phenomenon, I dusted off a peculiar lens—figuratively speaking. It is no
ordinary tool: it does not magnify everything equally, but selectively illuminates details that often
seem inconsequential. Frustratingly partial, occasionally unreliable, yet persistently suggestive.
When focused on memory, this lens revealed not the full picture, but a small, revealing detail:
perception.

From there, the journey began. Psychology tells us that perception is not passive reception,
but an active construction from sensory experience. Neuroscience adds precision: ensembles of
neurons communicate through electrical and chemical synapses to encode, process, and retrieve
information. But how do these microscopic interactions scale into coherent memories—or guide
transitions between them?

This is where modeling becomes essential. It starts with Hopfield’s seminal work on associa-
tive memory—a mathematical framework that, elegant as it is, answered some questions while
raising many more. It showed how patterns can be recalled, but not how one memory leads to
another, or how sequences of thought unfold over time.

Through this imperfect lens, I began to trace a thread—woven from biology, cognition, and
formalism—twisting together in an attempt to capture something elusive. Each new insight added
another filament, yet also increased the structure’s complexity. At times, the lens failed entirely.
Perhaps, as a small engraving on its frame reminded me: “This is not a magic orb. It reveals only
what you have prepared yourself to see.”

In this thesis, I aim to contribute a few additional filaments to the growing thread of theoretical
neuroscience—small but, I hope, illuminating pieces in the ongoing effort to understand how

memories form, connect, and guide thought.
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Neurons, networks, and memory

1.1 The biology of the brain

The human brain remains one of the most complex and least understood dynamical systems in
nature. It is composed of an estimated 10!! neurons, each establishing, on average, around 10*
synaptic contacts [1], thereby generating a network of extraordinary richness and diversity. This
dense connectivity does not emerge randomly but instead exhibits properties of a small-world
topology, balancing the efficiency of local clustering with the advantages of long-range shortcuts.
Such an organization is thought to support both specialized processing and global integration,
two requirements that are central to cognition and behavior.

Despite occupying a volume of only about 1400 : cm?®, the human brain demonstrates a
remarkable degree of structural specialization. Its convoluted cortical sheet, spread across two
hemispheres, is conventionally divided into four major lobes—frontal, parietal, temporal, and
occipital—each contributing to distinct aspects of sensorimotor and cognitive processing. Beneath
the cortex lies the white matter, a massive bundle of myelinated axonal tracts that interconnect
cortical and subcortical areas. The predominance of this connective tissue underlines the fact that
brain function cannot be understood solely by examining isolated neurons; instead, it emerges
from patterns of interaction across spatially distributed regions.

At the microscopic scale, the cortex is organized into a laminated structure, typically described
in terms of six layers. These strata emerge during embryonic development through a carefully
orchestrated process of neuronal migration and differentiation. Each layer is populated by distinct
neuronal types, such as pyramidal and granular cells, and contributes to characteristic patterns of
input-output connectivity. For example, layer IV serves as the main recipient of thalamic sensory
input, while layers V and VI project to subcortical structures and the white matter. This laminar
architecture not only provides anatomical compartmentalization but also underlies canonical
circuit motifs that recur across cortical areas, hinting at a unifying computational principle.

Crucially, the development of the cortical network involves dynamic phases of synaptic over-
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Gray matter White matter

Figure 1.1: The macro-organization of the human brain. Visualization of the difference be-
tween gray and white matter [source: https://operativeneurosurgery.com/doku.
php]. White matter appears as a thin, evenly distributed layer beneath the cortical surface and
corresponds to the long-range axonal projections of neurons. In contrast, gray matter comprises
the majority of brain volume and reflects the dense network of synaptic interconnections among
neurons spanning different cortical regions.

production followed by activity-dependent pruning [2]. During early life, exuberant connectivity
ensures that a wide repertoire of potential circuits can form. Subsequent pruning refines this
architecture, stabilizing only those connections that are functionally relevant. This process of
structural plasticity, tightly coupled to environmental input, is thought to be essential for the
establishment of efficient neural codes. In humans, this developmental trajectory spans roughly
the first 18 months of life, though more subtle refinements continue throughout adolescence. Such
considerations highlight that the adult brain is not a fixed system but the outcome of a prolonged
self-organizing process—a fact that complicates but also enriches any attempt at mathematical

modeling.

The neuron and the action potential Within this intricate network, neurons act as the pri-
mary computational units. Alongside them, glial cells provide metabolic support, regulate ion
concentrations, and participate in immune functions, outnumbering neurons by a factor of 2-10
[3]. While historically excluded from models of information processing, emerging evidence
suggests that glia actively modulate synaptic transmission and may play a nontrivial role in higher
cognition [4]. Nevertheless, in the present work we restrict our attention to neurons, which remain
the dominant contributors to electrical signaling in the cortex.

A neuron’s morphology is highly specialized for signal integration and transmission. Its

soma houses the nucleus and essential metabolic machinery, while dendritic arbors receive
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synaptic input. Inputs are integrated according to spatial and temporal summation, allowing the
neuron to act as a nonlinear integrator of information. The axon, often myelinated to accelerate
conduction, propagates the neuron’s output toward thousands of synaptic terminals. At these
terminals, transmission may occur through electrical gap junctions or more commonly via
chemical neurotransmission, with diverse temporal dynamics and plasticity mechanisms.

The hallmark of neuronal function is the generation of the action potential, a stereotyped
electrical pulse initiated at the axon hillock. This process relies on the neuron’s excitable mem-
brane, which maintains a resting potential of approximately —70 : mV through the differential
distribution of ions—primarily K+ inside and Na™, CI~, and Ca®" outside the cell. Excitatory
input currents depolarize the membrane, and once a threshold (around —45 : mV) is reached,
voltage-gated sodium channels open, leading to a rapid influx of Na™. This event triggers the
rising phase of the action potential, which is soon counterbalanced by the delayed efflux of K™
through potassium channels. The combined action of these ionic currents, together with the
sodium—potassium pump, restores the resting state and prepares the membrane for subsequent
excitations [6].

The all-or-none nature of this process was first characterized by Hodgkin and Huxley in
their pioneering work on the squid giant axon, which established the foundation of modern
computational neuroscience. Their model described how ionic conductances can be captured
mathematically to predict the temporal evolution of the action potential—a framework that
remains a cornerstone for theoretical studies of neuronal excitability.

The all-or-none excitability of neurons renders them efficient computational units, capable
of transmitting information through rich spatio—temporal patterns of activity. Yet, despite their
functional versatility, single neurons remain limited in explanatory power: they cannot, in isola-
tion, account for the emergence of higher cognitive functions. It is only through the coordinated
activity of large neuronal populations that complex phenomena such as perception, learning,
and memory arise. In this sense, neuronal networks constitute the minimal ensembles in which
abstract cognitive processes can be meaningfully studied. In the remainder of this chapter, our
attention will therefore shift from the single neuron to networks of neurons, with a particular

focus on those implicated in the formation and retrieval of memories.

1.1.1 The limbic system and memory

The limbic system—sometimes referred to as the paleomammalian brain—is not a single, homo-
geneous structure but rather a set of interconnected regions in the brain that collectively subserve
functions central to survival and adaptation. These include emotional regulation, motivational
drive, olfaction, social behavior, and, most prominently for the present discussion, learning

and memory [7]-[9]. Despite its centrality in neuroscience, the limbic system is not defined
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Figure 1.2: The microscopic structure of the neuron. Structure of a neuron [source: [5]]. Inputs
from other neurons are collected through the apical and basal dendrites, which converge onto
the soma containing the nucleus. Electrical integration occurs at the axon hillock, where action
potentials are initiated and propagated along the axon. The axon is insulated by myelin sheaths,
interrupted by nodes of Ranvier that facilitate rapid saltatory conduction. The axon terminates
in presynaptic terminals that release neurotransmitters onto postsynaptic dendrites of connected
neurons, forming synapses that mediate intercellular communication. This organization underlies
the neuron’s dual role as an integrative and transmitting unit within neural circuits.

by a universally accepted anatomical boundary: depending on the source, it may encompass
the hippocampus, amygdala, hypothalamus, mammillary bodies, fornix, septal nuclei, cingulate

gyrus, entorhinal cortex, and olfactory bulbs, among others (see Fig. 1.4). This lack of consensus
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Figure 1.3: The propagation of the action potential. Propagation of an action potential
in the squid giant axon [source: https://commons.wikimedia.org/wiki/File:
Propagation_of_action_potential_along_a_giant_axon_en.png].

reflects the functional heterogeneity of the constituent structures, as well as the ongoing debate
on whether the limbic system should be considered an integrated “system” at all or rather a
functional label applied to partially overlapping networks.

A defining characteristic of the limbic system is its contribution to memory. Classical lesion
studies, modern neuroimaging, and invasive recordings converge in identifying three regions as
particularly critical: the amygdala, the hippocampal formation, and the entorhinal cortex. While
other structures such as the cingulate cortex and mammillary bodies also contribute to specific
memory functions, these three regions form the backbone of what is sometimes called the medial

temporal lobe (MTL) memory system [10], [11].

The amygdala The amygdala consists of two almond-shaped clusters of nuclei buried deep
within the medial temporal lobes. Its functional repertoire extends beyond its well-known role
in fear processing: the amygdala participates in evaluating the emotional salience of stimuli,
guiding decision-making, and modulating memory consolidation [12], [13]. Through reciprocal
connections with the hippocampus and prefrontal cortex, the amygdala can enhance the encoding

and persistence of emotionally arousing events. This modulation provides an adaptive advantage,
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Figure 1.4: The limbic system. Schematic of the human limbic system, highlighting the
hippocampus, amygdala, thalamus, hypothalamus, cingulate gyrus, basal ganglia, and cor-
pus callosum. The hippocampus plays a critical role in episodic and spatial memory, while
the amygdala modulates emotional memory. The thalamus and hypothalamus integrate sen-
sory and homeostatic signals, influencing memory consolidation. Together, these intercon-
nected regions form the neural substrate supporting encoding, retrieval, and emotional mod-
ulation of memories. [source: https://www.shutterstock.com/image-vector/
limbic—-system-science-design-vector-600nw-2404944453. jpg]

ensuring that experiences with high survival value—whether threatening or rewarding—are

prioritized in memory storage.

The hippocampus The hippocampus has been a cornerstone of memory research since the
case of patient H.M., whose bilateral hippocampal lesions led to profound anterograde amnesia
[14]. Structurally, the hippocampal formation includes the hippocampus proper (Cornu Ammonis,
CA fields), the dentate gyrus (DG), and the subiculum, with some definitions extending to the
entorhinal cortex [15].

The hippocampus proper is subdivided into CA1-CA4, each with distinct connectivity and
putative computational roles. For instance, CA3, with its dense recurrent collaterals, has been
hypothesized to support autoassociative memory and pattern completion, a function reminiscent
of attractor dynamics in artificial neural networks [16], [17]. By contrast, CA1 is thought to act
as a comparator, detecting mismatches between predicted and incoming inputs [18].

The dentate gyrus is notable for its role in pattern separation, orthogonalizing overlapping
inputs from the entorhinal cortex to minimize interference between similar memories [19].

Remarkably, it is also one of the few brain regions where adult neurogenesis occurs, a process
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hypothesized to contribute to the encoding of novel experiences.
Taken together, the hippocampal formation plays a pivotal role in the consolidation of episodic

and spatial memory, enabling the flexible representation of events across both time and space.

The entorhinal cortex The entorhinal cortex (EC), located adjacent to the hippocampus in the
medial temporal lobe, functions as the principal gateway between the hippocampus and neocortex.
It is divided into lateral and medial subdivisions, each with distinct roles. The medial EC is
particularly famous for containing grid cells, neurons that fire in a periodic hexagonal pattern
across space, providing a metric for spatial navigation [20], [21]. This discovery established the
entorhinal-hippocampal network as a canonical system for spatial coding, later generalized to
other domains such as conceptual and temporal spaces.

Functionally, the EC-hippocampus loop is central to declarative memory—encompassing
episodic and semantic knowledge—and participates in memory formation, consolidation during
sleep, and retrieval [22]. Disruptions of entorhinal connectivity are among the earliest hallmarks
of Alzheimer’s disease, underscoring its fundamental importance [23].

The above discussion highlights that memory is not localized to a single structure but emerges
from the dynamic interaction of multiple limbic regions. The amygdala modulates the salience of
encoded material, the hippocampus provides mechanisms for associativity, pattern separation,
and sequence encoding, while the entorhinal cortex acts as a hub integrating cortical input and
distributing hippocampal output.

From a computational standpoint, this distributed architecture resonates with models of
attractor networks, associative memory, and state-space representations, which attempt to capture
how stable yet flexible representations of past experiences can be maintained and retrieved. Yet,
despite decades of research, fundamental questions remain open: How do the hippocampus and
entorhinal cortex cooperate to balance pattern separation and pattern completion? To what extent
can theories of attractor dynamics explain the stability of episodic memories? And how does
emotional modulation reshape the attractor landscape? These open problems directly motivate

the modeling perspective pursued in this thesis.

Notation We identify with C*(X’;)) the class of k-differentiable functions from X into V.
Let f € C1(R% R) and denote with V f(z) € R? its gradient. We identify the partial derivative
of f with respect to x; as d,, f(z). Let g € C*(R% R?) and denote with J,g(z) € R¥*9 its
Jacobian. We identify the identity matrix of dimension d € N as Z; € R%*¢. We refer to a
positive definite matrix A € R¥*% as A > 0. Let B € R**? and we denote its trace operator as
Tr (B). Let f € CK(R%;R) with k > 2; then f is strictly convex if J,.(V f(z)) = 0. We identify
with P(X) the probability mass of a discrete random variable X. We identify with E[h(z)] the

expected value of a measurable function i where x is a generic random varibale (either discrete
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or continuous). When specified as [, [], the expected value is taken with respect to the measure
associated to the events of the random variable x. We denote with B; the standard n-dimensional

Browniam motion process at time ¢t > 0.

1.2 Modeling memory circuits as dynamical systems

The theoretical neuroscience literature offers an abundant choice of models capturing neural
activity, varying in their level of details and their degree of biological realism. Perhaps the most
known model- for its historical prestige -is the Hodgkin-Huxley model [24], which captures the
propagation of electrical signals in the neurons’ axon. The fine granularity of details captured
by the Hodgkin-Huxley model makes it an ideal choice to study single neuron conductance, but
unsuitable for analytical and computational studies of large numbers of neurons. Another popular
class of models known for their biological plausibility is the class of Integrate-and-Fire models
(IFs). The models belonging to the IFs class efficiently couple a mechanism for the integration of
the inputs and a switch that produces a threshold dependent binary output. Despite being known
for their computational efficiency, the IFs models present limitations in their analytical treatability
due to their switching nature. Neural network models based on dynamical systems present a
sound compromise that preserves both analytical treatability and computational efficiency. In the
following subsection, I will present the two interesting models for the study of neural network

properties that are based on dynamical systems.

1.2.1 The voltage model

The voltage model is defined by an autonomous ordinary differential equation (O.D.E.)

i (t) = —an(t) + W(zn(t) +u(t),

V)
ry(0) € RN

where xy(t) is an N-dimensional, time-dependent vector containing voltages of neuronal popu-
lations, @y is its time derivative and 25(0) € RY is the initial condition. In addition, we have
that W € RV* is the synaptic matrix, U: RV — RY denotes the activation function, and
u € RV is a non-necessarily constant external input. The model describes the evolution of
voltages in state-space based on the interaction among neurons, which could be either symmetric
or asymmetric. The following assumptions specialize the treatment of voltage models to what are
known as attractor networks - that is, network where the state evolves towards the fixed points for

the dynamics.
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Assumption 1.2.1 (Symmetry of W). The synaptic matrix W € RV*¥ is symmetric, i.e.
wW=wT.

Assumption 1.2.2 (Moneotonicity of the activation function). There exists a (strictly) convex
function £ : RN — R, £ € C%(RY) such that VL(z) = ¥(x).

Assumption 1.2.3 (Fixed input). The external input is constant, i.e. u(t) = u.

Convergence to any of the fixed points for the dynamics (V) depends on the initial condition,
i.e. the trajectory of the system will converge to the fixed point closest to the initial condition
according to some distance. Proving convergence to the fixed point relies on the existence of an

Energy (Lyapunov) function that has negative total time derivative along the solutions of (V).
Definition 1.2.4 (Energy of the voltage model). The voltage Energy function is a function
Ex :RY = R, Eg € C%(RY) defined as

Ep(z) = —%\I’(x)TW\II(x) b)) + L(x). (1.1)

Proposition 1.2.5 (Convergence to fixed points). Let Ey : RN — R be the Energy function as
defined in (1.1)and D = {x € RN : —x + WU(z) 4+ u = Ox}. Then along any trajectory of
the system (V) we have that

G B(an(1) <0 Veult) ¢ D, (1.2)
%EH(xH(t)) =0 < xy(t) €D. (1.3)

The proof, presented in [25], is quite straightforward and will be reported for completeness.

Proof. Using assumption 1.2.1 on the symmetry of W € RV*Y_ we have that the total time

derivative of (1.1) along the flow associated to (V) is

d

< B (an) = () W ()i + (on — u) | SV (en)in + Vlen) Fn — VLo ) in
= (—W\I/(J}H) +xg — U)TJ;B\I/(I‘H)J}H

= —iy J, U (zn)dn (1.4)

where from the first to the second passage we have used assumptions 1.2.2 and 1.2.3. Notice now
that the Jacobian J, ¥ (z) = J,VL(x), and since L is convex and of class C?, J, ¥ (z) is also a
positive definite matrix J, ¥ (z) = 0 for all z € RY. Therefore

d

%EH(.rH) <0 Vry € RV (1.5)



10 Neurons, networks, and memory

and in particular %E m(xg) = 01if and only if £y = 0. O

Example 1.2.6 (The Energy of the classic Hopfield model). The most known instance of the
voltage model is the Hopfield model. The original continuous time Hopfield model [26] is a
specific instance of the general voltage model (V). In particular, in its pioneering work Hopfield
drew inspiration from the theory of spin glass models (see Fig. 1.5 for a pictorial representation)
and treated neural voltages as spins from an all to all lattice. Thus, the activation function was
chosen to be diagonal, homogeneus, and taking values in [—1, 1]"V. Specifically, it means that
U;(z) = P(z;) for a function : R — [—1,1]and all: = 1,..., N, e.g. P(x) = tanh(x).
Thereby, it is easy to observe that for £(zy) = SN, oM (z) dz the associated Energy

function (1.1) becomes

1 N ran,
EH(l‘H) = —§\If(l‘H)TW\I’($H) + (-fH — U)T\I/(l‘) + Z/ lb(Z) dz
i=1"0

THj4

N
— _%‘I/(xH)TW\I/(:rH) + ;/o d%» (21(2)) = W(2) dz —u' ¥(zp)

= —}\I!(ac VW () + i/mm 2'(2) dz — u' U(zy)
= 5 Vlen H 2, H

THj

N
1 b(zni)
= —§\I!(mH)TW\I’(a:H) + Z/o P 1(s) ds —u' (zy) (1.6)
i=1
where in the second to third passage we have used integration by parts and in the last passage we

have performed the change of variable inside the integral {(z) = s. This is exactly the Energy
provided in [26].

Memory assignment and retrieval The memories of an associative memory model are vectors
stored in the model parameters and retrieved as fixed points for the model dynamics. The mapping
of memories into model parameters can be either explicit, obtain from a known analytical rule, or
implicit, hence resulting from a training procedure. Formally, we start by defining a generic set

of memories.

Definition 1.2.7 (Memories). Define the set of memories of the associative memory model as a
set
yo={&.. . &F} PeN (1.7)

where £* € RNV, u =1, ..., P are the desired memory vectors.

Once the memory vectors are defined, it is necessary to define the proper way of storing such

memories into the model.
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Definition 1.2.8 (Memory mapping). Let > C R be the set of memories defined in 1.2.7. The

memories are stored in the model parameter by means of a function W : RN — RY*N such that
YeWE) =W (1.8)

where W € RY*¥ is the usual synaptic matrix.

Once the desired memories have been encoded in the model via the map WV, we are interested

in studying the set of vectors that are stable fixed points for the dynamics (V).

o= {&l .. 0 (1.9)
Oy = —EX+WU(EY)  VEr e x*, (1.10)

The vectors &5 € ¥* are the patterns that the associative memory model is actually able to
retrieve as stable equilibria for the dynamics, and are related to the respective &* € X by the
activation function and the synaptic matrix . It now becomes important to understand what is
the maximal cardinality of ¥ C R, hence the maximal number of memories P € N, that can
be stored via VW and succesfully retrieved by the model. This problem is known as the storage
capacity problem, and is somewhat ill-defined, as the definition of storage capacity is usually
model-specific (it depends on the activation function of the model and on the set of memories
>2). In what follows, we will provide a general enough definition that can then be adapted to the

specific cases.

Definition 1.2.9 (Storage capacity). Let § > 0 and define d : RY x RY — R>q distance
function. Let ¥ C RY be the set of memories defined in 1.2.7. The storage capacity is defined as

the maximal integer Py« € N such that
yro={&l, ... g} c RN (1.11)

such that for all L = 1,. .., Pyax the following conditions are satisfied:
() Oy = —&X + W (EY) is a stable equilibrium.

(i) there exists a map D* : RY — R such that for each = 1, ..., Pnax We have

d(&EW, D*(EY)) < 8. (1.12)

(iii) forall v =1,..., Ppax such that v # pu

d(&", D*(E))) > 8 (1.13)
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Remark 1.2.10 (Trivial memory condition). The third condition on D*, for which it must map
all equilibria to different points of RY, is necessary to avoid strange situations. For example, it
allows to avoid the choice of a point z* € RV that is equidistant from all memories in ¥ 57 and a

function D* mapping RY to z*.

Finally, we point out to the reader that, depending on the specifics of the model and of the
distance function, the threshold & > 0 can have different meanings. As we will see, the original
discrete-time Hopfield model [27] uses binary {—1, 1} memories, the {(x) = sign(z) activation
function and the Hamming distance [28]. In this context, the parameter 6 > 0 regulates the bits
of error that are allowed in the retrieval process. Instead, in the classic continuous time Hopfield
model [26] the memories are still binary vectors with entries {—1, 1}, but the activation function

is taken to be \(x) = tanh(x) and the distance is a given || - ||,-norm (usually p = 2 or p = c0).

The storage capacity of the classic Hopfield model The storage capacity problem has been a
cornerstone of theoretical neuroscience investigation since the seminal papers by Hopfield [26],
[27]. The original investigation of the storage capacity [27] exploited the binary definition of the
memories, a simplification of the activation function as \(x) = sign(z) and the discretization of
the dynamics. We now begin to specialize the original definition of memory vectors 1.2.7 and
adapt it to the voltage model.

Definition 1.2.11 (Hopfield’s prototypical memories). We define the set of Hopfield prototypical

memories as
Sui={E!,..., &7} (1.14)

where ¢ € {—1,1}Y,u=1,...,Pfor P € N.

In its current definition, the set of Hopfield’s prototypical memories is quite general, and
is a subset of the set {—1,1}". Intuitively, among the vectors of the set {—1,1}* there is no
preference for a specific subset. Instead, once the desired cardinality P € N of the set X is
fixed, the vectors are randomly sampled from the set {—1, 1}V, or a subset of it that satisfies
some additional constraints (see later in the chapter discussion on orthogonality and probabilistic

constraints).

Remark 1.2.12. Throughout this thesis, we will refer to prototypical memories as the vectors in
3 that are stored in the synaptic matrix and that we would like to retrieve from the associative
memory dynamics. Instead, we will refer to retrievable memories as the vectors in >* that the

network is able to retrieve as fixed points of the associative memory dynamics.

We now define the classic synaptic matric for symmetric voltage models as prescribed in [27].
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Definition 1.2.13 (Hopfield’s synaptic matrix). Consider the prototypical memory vectors in
Yy defined in (1.14). The synaptic matrix W € RY*V for the Hopfield model is defined as

P
1 T
W:W@m:NZQW. (1.15)
p=1
Notice that the synaptic matrix construction (1.15) is considered an instance of Hebbian
learning [29], a biologically plausible learning mechanism that exploits only local information.
Indeed, each of the synaptic weights has form w;; = N~! 25:1 EVEY, using only information

available at the synapse between neuron ¢ and neuron j.

Example 1.2.14 (The case of orthogonal memories). The simplest definition of prototypical
memory vectors is the one where all the prototypical memories E* € Y, forpu=1,..., P are
orthogonal to each other and live in the corners of the hypercube {—1, 1}N . The constraint that
needs to be satisfied is

EHTEY = N§yw  Vu,v=1,...,P (1.16)

The construction of matrices H € RV*M

containing orthogonal rows and columns of {—1,1}
entries, known as Hadamard matrix problem [30], is well known and still posing relevant open
questions. In the special case in which there exists n € N such that we can express N = 2", there
is an explicit algorithmic procedure to build exactly N = M ortoghonal vectors in {—1, 1},

This is achieved by defining the matrix

g=(t 1 (1.17)
S\ -1/ '

The Kronecher product of H with itself is

1 1 1 1
1 -1 1 -1
H®H= (1.18)
1 1 -1 -1
1 -1 -1 1
Generalizing to
H=H® ---®QH (1.19)
N————

we obtain exactly an N x N matrix with orthogonal columns (and rows) in {—1, 1}, Conse-

quently, the maximal storage capacity of the model in this special case is Ppax = V.

Notice how under the orthogonality assumption, the prototypical memories in >y become
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eigenvectors of the synaptic matrix W, all with associated eigenvalue A = 1.

1

P
WY =S ke
n=1

I
M~ =l
7
I
~

(1.20)
1

=
Il

It is then easy to observe that the fixed point condition (1.10) is satisfied for any £¥ € 3.

Oy = —&Y + Wisign(&Y)
— e W
N A (1.21)

Therefore, we have that prototypical and retrievable memories coincide > = ¥* and for any
distance it holds that d(&Y,&)) = 0.

Remark 1.2.15 (Fixed points for general activation function). The generalized activation
function of classic Hopfield network is odd about the origin, diagonal, and homogeneous, i.e.
U(z); = P(x;) with P odd. Consequently, for all €Y € ¥y we have that U(&Y) = P(1)E&Y.
Thus, if there exists y > 0 such that y = (y), then the set of retrievable memories is
i o= {y&L, ..., yEP} = yXy. Indeed, exploiting (1.20) we have for all £¥ € Sy

—YE + WU (yEY) = —y& + WED(y)

YO ey 4 veY = 0y, (1.22)

Example 1.2.16 (The case of random memories). The coefficients of the memory vectors can be
randomly sampled from a Bernoulli distribution. Drawing from the statistical physics literature,

the original definition of the memories’ coefficients was

1
P(Ef =1) =P =-1)=5 p=L.. Pi=1..N (1.23)

The coefficients of the memory vectors are thus initialized as independently identically distributed
(i.i.d.) random variables. Notice that this realization makes the set of memories almost orthogonal

to each other, and this will be exploited in the computation of the storage capacity. In addition,
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notice that forallpu=1,...,Pandall? = 1,..., N we have that

El&]=1-P(E =)+ (=DPE =-1) =0 (1.24)
E[(£)%] = (1)” - P(E} = 1) + (-1)*P(g} = -1) = L. (1.25)
'T »iT ’t-‘/
ll P R LA 5 ¥ e R A L \
e G
¢ L° ¢ .7 # ’ ’ SRR
?l/ - <. ’ / AN
SN f”/;‘ "z;\ ’,,7 k--:g -::\ﬁ
\‘f V’ ’ ’ v - .

Figure 1.5: The spin-glass model. Graphical representation of two spin lattices, one in a
ordered state (left) and one in a disordered state (right) [source: Zureks - CCO, https://
commons.wikimedia.org/w/index.php?curid=10198960]. Spins (nodes) interact
through couplings of heterogeneous sign and magnitude. The resulting frustrated interactions
generate a complex energy landscape with numerous local minima. The statistical physics
framework provides a natural analogy to associative memory models, where attractor states
correspond to stored memories embedded in a high-dimensional space.

The original treatment by Hopfield [27] considered the discontinuous activation function

V(x;) = sign(x;) and the discretized dynamics
zu(t+ 1) = sign (Wan(t)) . (1.26)

Focusing on the equilibrium condition at one of the memory patterns, we observe that each

coefficient £} must satisfy
& = sign ((WEY),)

1 P
= sign | &) + SoeerTe . (1.27)
HAV

Since &) € {—1,1}!, we can multiply both sides of the equation by the same coefficient and

"Notice that given s = 1, for any « € R it holds that s - sign(z) = sign(s - z).
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obtain the equation
1 = sign ( ¥ z,vz,“a“Tz,V) (1.28)
u#v

Therefore, we need CY = % Zp Ly &) E,Z”E,“TE,V > —1. The original treatment considers C’ as a

noise term with simple first and second order moments.

In this example, we will follow the same procedure exploited by Hopfield for the original
estimate on the model capacity. Exploiting the fact that the prototypical memories have i.i.d.

coefficients, it is easily found that the mean is

S R [ Y
EICY] = B | X G D EE
[ HFY j=1
1 N
=y E| X @PE? s au Yy
“7év uAv j=1
J#i
P- VeleHev
T Z S E[EyEr e
u#w#z
iid P — v . P-1
:T ZZM (] Elg]] = —— (1.29)
usﬁv J#i
The second order moment is instead given by
- N ?
EUC] = 3o E (Z > a}a?a;‘a;)
i pAv j=1
1 | N N
=Nzt ; g 221 EfEPEE ey (1.30)
| uAv BAV j=1

and we address different terms in the sum separately. Consider first the case 1 = 3

N N
> @) 57] =B | D EE) + Y gegy
nFEY g,l=1 uFEy uFEv JJ;}

HEN(P - 1) +zzw i3
uFEv g#l
=N(P-1). (1.31)
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Instead, addressing now the case (L # f3

N
EI> DY eeferefeyey

HAV BFEY jl=1
BAu

=3 S TE[EAERPEN?+ Y eefeteferey
ey EZ JFLNV I

EP-DP-2+ Y Y Y EENEE [ EfEf ) EE) 8]
W BV 4V It
p#n
—(P-1)(P-2) (1.32)

Since the only term that does not cancel in expectation is the one for the case j = [ = . Thus,

we finally have that the second order moment is

N
+EY Y Y by

HAV AV j,l=1
BFu

N
E[(C)*) = % E [Z > EhrereEe)

nAv j,l=1

_P-1 (P-1)(P-2)
=—+ . (1.33)

Under the assumption of working with very large networks, leading to the following separation

of scales N — P(N) > 1, we approximate the moments of the noise term as

[MEN % =m E[(C)?-E[G) ~ % — o”. (1.34)

Leveraging the central limit theorem [31, Section 7.4], the noise term can be approximated as

1 N
Y= 2 2 EEEE = 0~ N(m.o?) (1.35)

J=1p#y

CY.
2%

Gaussian variable with mean m and variance o2. Thus, the probability of an error in the memory
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retrieval process can be approximated as
1 -1 (@-m)? 4
P = 7/ e 202 €T
V210 )
1 00 (z-m)?
= / e 202 dx
2ro
1 1 _(ac7m)2
/e 202 dx
\/277(7

1 \F\f 2
-~ T dz (1.36)

Fixing then p.,, to some arbitrary small value, it is possible to use the right-hand side to

ﬁ

l\D\i—l DO | =

estimate the maximal P € N yielding the desired error. The discussed estimate characterizes a
first, approximated answer to the question of the associative memory network storage capacity.
Hopfield’s initial estimate was for a storage capacity that grows linearly in the number of neurons
as Ppax ~ 0.15N.

Later works [32], [33] grounded the inquiry in probability theory, rigorously proving that
Ppax = }1 Toa(NY" In the second chapter of this thesis, we will use analogous techniques to study
the storage capacity while relaxing the assumptions on the activation function. A complete,

self-contained treatment of the voltage model can be found in [34].

1.2.2 The firing rate model

The firing rate model - sometimes presented as neural mass model for whole brain studies - is

defined as a continuous-time autonomous O.D.E.

i (t) = —ap(t) + B(Wap(t) + u(t)),

(FR)
rr(0) € RN

where the /NV-dimensional state vector xg contains the firing rates of the neuronal populations, g
denotes its time derivative, 7r(0) € RY is the initial condition for the system and u(t) € R" is the
external input. The activation function ®(-) is typically assumed to be diagonal and homogeneous,
meaning ®(zg); = $(zp;), where ¢: R — R is a scalar, weakly increasing function. In firing
rate systems, the activation function is assumed to be non-negative, meaning ¢ (zg) > 0 for
all zp € R. The non-negativity of ¢(-) implies that (FR) is a positive system, meaning that the
trajectories of (FR) do not leave the positive orthant for non-negative initial conditions: if each
entry of the initial condition satisfies zg;(0) > 0, then each entry remains non-negative for all
time. The positivity of the firing rate system has relevant implications, as it allows to study

associative memory problems in terms of rate of activity, and makes the model more biologically
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plausible than its voltage counterpart.

In addition to the positivity of the system, firing rate models allow to account for another
relevant biological observation: low rates of activation [35], [36]. The voltage model as defined
by Hopfield has the undesirable requirement of almost orthogonality of the memories. The
requirement forces memory vectors to have almost half of the coefficients in the active state 1
and the remaining in the inactive state —1. Observed rates of activation in real neuronal networks
are significantly lower (~ 0.22N) [36] and consequently an alternative definition of memories
is needed. We specialize the general definition of memories 1.2.7 to the set {0, 1}V of positive

rates, building the structure of the new memory set through some overlap constraints.

Definition 1.2.17 (Firing rate’s prototypical memories). Define the prototypical memories of

the firing rate model as
Y= {c,..., Py {0, 1}V (1.37)

Remark 1.2.18 (Structured and random memories). Similarly to the voltage model, the proto-
typical memories of the firing rate model can be defined either deterministically or randomly.
Starting from the deterministic case, define an activation parameter p € (0, 1) such that the

prototypical memories satisfy the following constraint:
(M0 = pN&yy + (1 — 8,y )p°N. (1.38)

In plain terms, the constraint implies that each prototypical memory has exactly p/V elements
that are equal to 1, and all the other are 0. Similarly, each prototypical memory shares with all the
other in the set ¥ exactly p?> N ones. Perhaps the most trivial method to build a set X satisfying
constraint (1.38) is to fix N € N the size of the network and P € N the number of memories
to be stored. Then setting the activation parameter as p = 1/(P — 1) and defining the matrix

H € RV*P having the prototypical memories as column as

1,251}

Ip
H =

Ip

with the identity matrices being repeated p(1 — p) N times. Then the columns of H provide a
set of P = |1+ 1/p| memories satisfying the desired constraints. Greater number of memories
P = P(p) can be generated using more advanced techniques. The general problem of determining

the maximum number of sets of equal size that share the same number of elements pairwise is
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known as the Balanced Incomplete Block Design (BIBD) [37].
In the literature, prototypical memories for firing rate systems have been defined as vectors
M, forp=1,..., P, with i.i.d. entries

P(CF=1)=1-P(*=0)=p (1.39)

where p € (0,1) is the activation paramater. Notice that from this definition we have that the

constraint (1.38) is satisfied in expectation.
E[¢TC] = pN8w + (1= 8,)p*N. (1.40)

Given the definition of the new prototypical memory vectors, it is possible to vary the
parameter p to enforce the desired rate of activity to study memory retrieval in a more biologically
plausible context. To accommodate the new definition of prototypical memory vectors, new forms
of the synaptic matrix W € RV have been proposed [38], [39]. The new synaptic matrix

builds on the outer product rule in (1.15) and adds both bias and compensatory terms.

Definition 1.2.19 (Firing rate synaptic matrix). Consider the prototypical memory vectors in
Yk defined in (1.37) and the activation parameter p € (0, 1). The synaptic matrix W € RNV*N
for the firing rate model is

1 P

1
pA—p)N 3o (@ —piy) (¢ —ply) " — SINTR (1.41)

W =W(Zg) =
p=1 N

Remark 1.2.20. Notice that we have an additional term —%]1 N ]l},, whose purpose is to stabilize

the network activity around the expected rate p. Indeed, at any time the contribution of that term

.
1y (ﬂN”ﬁF(t) > (1.42)

is
N

which results in the uniform subtraction of the average network activity at time ¢ from the synaptic

contribution.

Differently from the voltage model, not many formal properties of the firing rate model
have been studied so far. As a matter of fact, a general characterization of the set of retrievable
memories ¥} is missing in the literature. Most studies focus on the statistical mechanical
derivation of the overlap parameters, i.e. how much the state of the firing rate model aligns with
the prototypical memory vectors. These estimates are considerably valuable, as they allow to
ascertain that the model is indeed able to retrieve P memories, where P € N is the usual storage

capacity. However, the techniques of statistical mechanics rely on the large N — oo limit and
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other approximations (expansion of the activation function, saddle point approximation) and are
therefore unable to provide exact answers to classic questions in dynamical system theory. In
the third chapter of this thesis, we will address the gaps in the literature of firing rate models by
providing rigorous answers to the issues of fixed points condition- deriving a closed formula for

the retrievable memories - and studying their local stability and global stability.

1.2.3 Bridging voltage and firing rate models

The relationship between the voltage and firing rate models has been investigated in prior work
[40], [41]. These studies demonstrate that the two models” can be made equivalent through
appropriate transformations of state and input. The authors show that when W is invertible, there
exists a bijective map that allows to go from the voltage to firing rate formulation of the model,
and viceversa. Let

xg=Wxrp+u u+u=1 (1.43)

where I € RY is the input to the voltage model. Then taking the time derivative of (1.43) we

obtain

iy =Wap+1
=W (—2p+PWap+u)+1—u
=-—Waerp+u)+ WO(Wap+u)+1
= —ay + Wo(zn) + 1. (1.44)

It is equally easy to derive the firing rate dynamics from the voltage dynamics.

ip =W (i — 1)
=W (—ap+Wo(xy) + I — I +u)
= W oy — u) + ®(zy)
= —ap+ (Wap +u) (1.45)

However, when W is low-rank, as is typical in associative memory contexts, the relationship
between the models becomes less direct and more nuanced. Specifically, the equivalence is
derived by projecting the firing rate dynamics onto the subspace spanned by the columns of W, a
constraint absent in the original dynamics. Moreover, the authors do not address the challenge of

designing the synaptic matrix W to achieve retrievable memory patterns as stable equilibria for

%In these works, the voltage model is presented with dynamical equations o = —v + W ®(v), while the firing
rate model is expressed as 7 = —r + ®(Wr). Both models are grouped under the umbrella of firing rate systems,
assuming they share a common positive activation function ®() and the same synaptic matrix W.
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the firing rate system. Finally, bridging the dynamics of the two models introduces a time-varying
external input, complicating the use of standard Lyapunov methods to establish convergence to
equilibria. Despite the highlighted differences, it is still common to find literature that considers
the two models equivalent even when they are not to justify claims about their properties. The
independent investigation of the firing rate model proposed in the third chapter of this thesis aims

at providing additional validity and rigour to support such claims.

1.3 Associative memory models and generative Al

Grossberg and Hopfield’s seminal works [26], [42] introduced an energy-based recurrent network
capable of storing binary patterns as attractors in a dynamical landscape: the voltage model.
Retrieval occurred through convergence to a stored attractor, offering a simple yet powerful
metaphor for memory recall. However, classical Hopfield networks are constrained by limited
storage capacity and are difficult to train via classic Hebbian learning [29]. Consequently, they
have been limited in applications and often presented as an historical note in many machine
learning courses. Nonetheless, associative memory models established the central idea that
memories are stable, retrievable states of a dynamical system—a perspective that continues to
influence both machine learning and neuroscience.

Subsequent generalizations, often referred to as dense associative memories (DAM) [43],
enriched the energy function by replacing quadratic interactions with higher-order or exponential
forms. This modification dramatically increased the storage capacity, reaching exponential
scaling in the dimension of the state space. Importantly, these networks blurred the line between
memory and computation, as the retrieval dynamics resembled attention-like selection over
stored representations typical of Transfomers architecture [44]. Tranformers model have been
the dominant technology behind much of the progress in artificial intelligence and machine
learning in recent years, and have finally allowed to deploy Ai solutions in many domestic
and commercial contexts (e.g. ChatGPT). Recent work by Ramsauer et al. [45] established a
formal equivalence between the update rule of continuous-state modern Hopfield networks and
the key—value attention mechanism of transformers. This result reframes transformer layers as
associative memories: queries correspond to partial patterns, keys represent stored patterns, and
attention weights implement a soft retrieval rule that converges to fixed points of the energy

landscape. Consider the Energy function for the dense Hopfield model

1

P
3log [ 2 ePM Tz (1.46)

1
Ep(zy) = §||~THH2 -
n=1

where 3 > 0 is called temperature parameter and regulates the steepness of the exponential. The
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matrix M € RV*P instead contains the vectors to encode and retrieve, i.e. the memories, and

has form M = [E}, ... EF]°. The associative memory dynamics associated the Energy Ep are

jZH = —VED(IL‘H)
= —xy + Msoftmaxg (M " zg) (1.47)

B o)y

where softmaxg (), = RCETS Passing to the discretized dynamics, it is immediate to
e

observe that the dense Hop%:eld model instantiate a self-attention mechanism.
zu(t + 1) = Msoftmaxg (M " zg). (1.48)

Depending on the separation of prototypical memories, the system can converge to single
memories, averages over subsets, or global averages. Specifically, if prototypical memory
patterns are similar enough, hence not well separated, then the filtering softmaxg (M Tay) will
return a probability vector assigning (almost) equal probabilities to all of them. Consequently,
the vector field (1.47) will point towards the weighted average of the similar memory patterns.
Finally, the connection between associative memory models and transformers model has been
further explored in [46], where the energy is expressed as a function of the standard Key K and
Query () matrices regulating the input-output relationship. This perspective provides a unifying
framework for deep learning architectures. Hopfield layers, introduced as memory-equipped
components, can replace pooling, recurrent, or attention layers, enabling explicit memory retrieval
within standard pipelines. They have been shown to improve performance in domains ranging
from multiple instance learning to fluid-dynamics [47], demonstrating that associative memory is
not merely a historical curiosity but a modern computational primitive.

Building on this foundation, the rapid success of generative diffusion models, transformers,
and hybrid architectures reveals that generative Al itself can be understood as an instantiation
of associative memory at scale. Rather than treating recall and creativity as separate processes,
these models suggest they are facets of the same underlying mechanism—convergence within an
energy landscape defined by learned associations. Ambrogioni [48] demonstrated that the energy
function governing diffusion models is asymptotically equivalent to that of modern Hopfield
networks. In this framework, the forward diffusion process scatters memories across a noisy
latent space, associating them to the moments of standard Gaussian distributions. Instead, the
reverse process reconstitutes them by descending the associative energy landscape, generating
samples similar to the desired memory (see Fig. 1.6). Generation thus becomes probabilistic

memory recall, enriched by stochasticity that allows reconstructive and imaginative outputs

*Notice that for M € {—1,1}"*F encoding the memories of the original Hopfield model, the synaptic matrix
W € RY*N can be written as W = ~ MM "
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rather than mere rote retrieval. This resonates with psychological theories of memory as a
generative, reconstructive process, where recall integrates stored traces with contextual informa-

tion. Biological plausibility adds another dimension to this synthesis. Kozachkova, Slotine, and

Data Forward SDE Prior Reverse SDE Data

dz = f(z,t)dt + g(t)dw —)@— dz = [f(z,t) — g*(t)V, logpi (z)] dt + g(t)d@

N
"
N
—

> py(z)

Figure 1.6: The diffusion process in generative AI. Schematic representation of the generative
dynamics of a diffusion model (adapted from [49]). The forward diffusion process progressively
perturbs an input prompt until it matches a simple, well-characterized distribution such as
Gaussian noise. The generative phase then reverses this trajectory: starting from the terminal
distribution, the model iteratively denoises and refines the sample, converging to an output that
belongs to the same class as the initial prompt. This bidirectional view emphasizes how diffusion
models unify stochastic noise processes with structured pattern generation.

Krotov [4] proposed neuron—astrocyte associative networks, showing that astrocytic processes
substantially increase memory capacity and naturally implement dense associative dynamics.
In essence, the authors defined a system of neurons = € R, synapses s € RY*", and astro-
cytes p € RV*N | whose dynamics depend on a unique energy function. The composite energy
E: RN x RV*N x RNXN 5 R function has form

E(z,s,p) = EP(p) + E**(z, s) + E*(s, p) (1.49)

where E**(z, s) is the energy associated to the neural dynamics, E**(x, s) + E*P(s, p) the energy
associated to the synaptic dynamics, and E?(p) + E®P(s, p) the energy associated to the astrocyte

process. The dynamics of the neuron-astrocyte architecture are then defined as

. OE
Tpd X %(x, $,p) (1.50)
Ts§ X g]i(x,s,p) (1.51)

. OE
TpD X 8—p(x, S, D) (1.52)
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These networks can interpolate between transformer-like architectures and dense associative
memories, suggesting that the computational strategies discovered in Al echo structures long
embedded in brain physiology (see Fig. 1.7 for a graphic intuition of the neuron-astrocyte
interaction). Importantly, astrocytes communicate across vastly different timescales and spatial
domains, offering a plausible substrate for the integration of long-term stability with rapid context-

dependent retrieval. Bringing these perspectives together, generative Al can be reframed as the

A | B

Figure 1.7: The neuron-astrocyte model. Schematic of the neuron—astrocyte associative memory
model (adapted from [4]). The figure illustrates how astrocytes, forming tripartite synapses with
neurons, modulate synaptic efficacy and thereby influence information storage and retrieval.
Neural firing dynamics operate on millisecond timescales, synaptic states evolve more slowly, and
astrocytic calcium waves unfold on yet longer timescales. The interaction of these processes offers
a biologically plausible mechanism for the simultaneous implementation of short-term memory
(mediated by neural activity) and long-term memory (stabilized through astrocyte-mediated
modulation) within the same circuit.

computational continuation of associative memory. Transformers highlight the attention—-memory
equivalence, diffusion models extend this equivalence to stochastic generative dynamics, and
neuron—astrocyte systems anchor it in biology. The synthesis points toward a unifying principle:
generative processes in artificial systems, like imagination in humans, emerge from the dynamics
of memory systems.

The implications are manifold. Architecturally, energy-based associative layers could serve
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as fundamental components for future generative models, providing controllable retrieval, flexible
generalization, and interpretability. Conceptually, this view unifies memory and creativity,
dissolving the historical divide between storage and generation in Al. Biologically, it underscores
the relevance of glial networks, long overlooked in neuroscience, as computational resources
shaping the brain’s generative capacities. And theoretically, it suggests that progress in generative
Al may depend less on designing new algorithms ex nihilo than on deepening our understanding
of associative dynamics across artificial and biological substrates. In summary, the integration of
diffusion equivalence, astrocyte-inspired architectures, and modern Hopfield formulations reveals
generative Al as an emergent consequence of associative memory principles. This perspective not
only advances machine learning but also forges tighter links to cognitive science and neuroscience,
pointing to a future in which memory and imagination are recognized as two sides of the same

computational coin.



On the storage capacity of the voltage model

In the introduction of this thesis we highlighted a central theme in the study of associative memory
models: understanding their storage capacity. Up to that point, however, the discussion remained
intentionally focused on a narrow class of systems, namely discrete-time networks endowed with
the sign(-) activation function. This choice allowed us to present the classical perspective with
clarity, but it leaves open the broader landscape of models that extend beyond this discrete-time
formulation and step activation function.

Hopfield originally proposed two complementary descriptions of the same retrieval mecha-
nism: the discrete-time nonlinear system [27] emphasised in the introductory chapter, and the
continuous-time formulation [26], whose dynamics evolve according to an underlying energy
function. The discrete-time version has traditionally served as the main framework for analysing
storage capacity P, understood as the maximal number of patterns that can be reliably stored and
retrieved [33], [50], [51]. The continuous-time counterpart, by contrast, has been approached
primarily through stability analysis of its energy landscape, leveraging the negative time deriva-
tive of the energy along trajectories to establish convergence to equilibria. Crucially, despite
their methodological differences, both formulations satisfy the same fixed-point condition. This
structural equivalence allows us to translate insights between them and motivates a broader
examination of associative memory models beyond the specialized setting presented earlier in the
thesis.

This shared foundation naturally leads to a central and enduring question: How many
memories can the voltage model store, and to what extent does this depend on the choice of
activation function? As discussed in the previous chapter, Hopfield’s original central limit theorem
argument suggested a capacity of P ~ (.15 for binary patterns in —1, 41, allowing retrieval
with small errors [27]. However, subsequent rigorous work [33] demonstrated that this estimate
fails for both perfect and imperfect retrieval. The capacity question has recently gained renewed
relevance, as modern voltage architectures [25], [43] have reestablished dynamical systems as a

foundation for machine learning, achieving exponential capacities [52] and revealing conceptual
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links to transformers [45] and diffusion models [48].

Yet, despite the abundance of results for the classical sign(-) activation, the analysis of storage
capacity has not been systematically extended to broader classes of activation functions. As we
will show in this chapter, pursuing such generality comes at a cost: it substantially complicates
the extension of existing capacity arguments and requires new analytical approaches.

The chapter proceeds as follows. Section 2.1 reviews the continuous-time voltage model
and summarises existing theoretical results. Section 2.2 extends capacity analysis to the case
of activation functions that saturate to finite asymptotic values. Section 2.3 further generalises
the discussion to arbitrary activation functions, and numerical experiments reveal the possible
existence of a phase transition in the model’s dynamics.

Notation. The symbol sign means the sign function that maps negative reals into —1, zero into
zero and positive reals into +1. We allow this map to be applied to vectors in a component-wise
manner. The symbol 1 means the vector with all ones, while I means the identity matrix. For two
real vectors x, y of the same dimension, z > y means that x; > y; for all <. If x is a vector, then
diag(x) stands for the diagonal matrix having the entries of = on the diagonal. Given a matrix
A € R™™ we denote with AT its transpose. In case A is symmetric, Apin(A), Amax(A) denote
its minimum and its maximum eigenvalue. The symbol || - || means the infinity norm of a vector
or the induced infinity norm for a matrix. The symbol P[w] denotes the probability of the event

w while the symbol E[X] denotes the expected value of the random variable X.

2.1 The continuous-time voltage model

Consider the continuous-time voltage model (V) described by the nonlinear dynamical system
Tig(t) = —zu(t) + W (zg(t)), zu(0) € RY, 2.1
and its discrete-time counterpart
za(t+1) = W (zg(t)) (2.2)

where zp(t) € RY denotes the neuron state vector at time ¢ € R, 7 > 0 is the time constant,
W e RV*N is the synaptic matrix, and ¥ : RV — R¥ is the activation function. The initial
condition xy(0) determines which stored memory is retrieved [27]. In addition, the synaptic

matrix W satisfies the symmetry assumption 1.2.1

Assumption 2.1.1 (Diagonality, homogeneity and asymptotics of the activation function).
The activation function V¥ is diagonal, i.e. its ¢-th component ¢ = 1, ..., N, depends only on the

i-th component of z, ¥;(zy) = V;([zn);). Furthermore, assume that 1 : R — R such that



2.1 The continuous-time volfage model 29

U;(z) =U(z) foralli = 1,..., N. Finally, the map 1 is assumed to be continuous (or C¥, for
k > 1 when specified), with lim,_, 1 o P(z) = £1 and such that P(z) = —(—=z) for all z € R.

Under assumptions 1.2.1, we have seen that there exists an energy function [26] for (2.1),

namely a function

1 N rlznli
Byr(an) = —5 W (aw) WO (aw) + o5 (o) — Y /0 Ui(2) d (2.3)
i=1
of the state whose total time derivative is monotonically decreasing along the system trajectories,

namely

d
B (wu(t)) < 0. 2.4)

Since the energy function is monotonically decreasing along the trajectories of the system (2.1),
the behavior of this system is quite regular, that is, its solutions converge to equilibria each with
its respective basin of attraction.

In this chapter the energy function will be used to prove the existence of stable equilibria
within well-defined forward invariant regions of state space. To this aim, we begin with the

characterization of the synaptic matrix.
Assumption 2.1.2 (Structure of the synaptic matrix). Define the set of memories
Y= {&, .. &} (2.5)
as in (1.23), hence with random i.i.d. components satisfying
PIE = 1] = P[E" = —1] = % Wu=1,. P Vi=1,. N 2.6)

We define the Hopfield-type synaptic matrix 1.15 as
1 P
W= gttt 2.7
v @)

We now provide a definition for the capacity of a continuous voltage model, specializing the

general definition 1.2.9 of Chapter 1.

Definition 2.1.3 (Capacity for retrieval without errors). Under the same notation of defini-
tion 1.2.9, let D* : RV — RY be such that D}(z) = sign(ax;) for all i = 1,..., N, and let
d:RY x RN — Rbe any distance in RY. Let X7 := {&!, ..., EF'} be as in Assumption 2.1.2.

We say that the continuous-time voltage model (2.1) correctly stores the memories in g if for
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all £* € X j there exists a stable equilibrium &Y for (2.1) such that
d(&", D* (&) =0 (2.8)
i.e., £ and &M have the same sign pattern.

In the following, we will rigorously investigate the problem of the voltage model capacity
for different choices of activation functions. Specifically, we will first extend well-known results
[33] to a generalization of the sign function, and then proceed to further generalize the result to

the class of smoothly saturating functions of Assumption 2.1.1.

2.2 Capacity for s-saturated activation functions

In this section, we show that the capacity analysis for the discrete-time voltage model can be quite
easily extended to the continuous-time case if we impose a further restriction on the activation

function.

Definition 2.2.1 (s-saturated activation function). We say that that 1\ in Assumption 2.1.1 is a
s-saturated function if it is continuous and there exists s > 0 such that \J(+z) = =1 for all

zZ > s.

From this point onward, we will suppose that Assumptions 1.2.1, 2.1.1, 2.1.2, and 2.1.1, hold

and we introduce some preliminary concepts. We define for all v =1, ..., P the event

A(N, P,v) := {w € Q| Fa stable equilibrium &} of (2.1)
such that sign(&)) = &£V}, (2.9)

that is the event "the model correctly stores the memory &Y", and the event

P
A(N,P) = (] AN, P,v) (2.10)

v=1

that coincides with the event in which the model correctly stores all the memories.

Theorem 2.2.2 (Storage capacity for s-saturated activation functions). Consider the continuous-
time voltage model (2.1). Assume moreover that the activation function \p is s-saturated with

s < 1, where s is the parameter appearing in Definition 2.2.1. If

(1-s5)2% N
P T et

@2.11)
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then
lim P[A(N,P)] = 1. (2.12)

N—o0
Proof. Forallv = 1,... P, let &) := WE". Observe now that, if diag(&Y)E) > si, then
sign(&)) =&Y and U(&)) = &Y andhence —&) + WU (&)) = =&y + WE = =&Y+ &) =0,
which implies that &) is an equilibrium. Moreover, observe that, since {’(£z) = 0 for all z > s,

then Y/([&)];) = 0 and hence the Jacobian of the dynamics in the equilibrium is —7, so that we

can argue that the equilibrium & is locally stable (attractive). In this way we proved that
PLA(N, P)] > P[diag(£¥)E) > s1, Vv =1,..., P]. (2.13)

It remains to prove that this last probability tends to 1. By the union bound [33] and applying

Lemma 2.4.1 in the Appendix, we can argue that

Pldiag(&Y)zY > s1, Vv =1,..., P]

= PNy {w | diag(£")E€) > s}]

= P[N_1 iy {w | [diag(EY)EY]): > s}]
=1-PlUl_; Uy {w | [diag(E")WEY]; < s3]

P N
>1-— Z Z P[[diag(EY)WEY]; < 5]
v=1i=1
N
2
>1— PNexp (—(1 — ) 2P) . (2.14)

Using (2.11) we can further bound the previous equation as follows

Pldiag(&Y)E) > s1, Vv =1,..., P]

(1-5)2 N2 ( N 4 logN 2)
>1- o 1—
- 4  log N P 2(1-s)?2 N (1=s)
(1-3s)? 1
=1- 2.15
4 logN’ 15
which yields the thesis. O

2.3 Capacity for general activation functions

In this section we will try to extend the analysis presented in Sec. 2.2 to the case where the
activation function is not s-saturated. This extension is more intricate than expected, and hints at

the existence of a phase transition, as shown by the following numerical experiments.
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We selected P (z) = tanh(az), where a is a positive real parameter. Then, for any choice of
this parameter a and of the model dimension NV, we generated 25 different matrices W randomly
according to Assumption 2.1.2 with P = ﬁ(m. Then we evaluated the fraction of the memories
that are correctly stored by the model averaged over the 25 instances. This can be considered
as an estimate of the probability that a memory is correctly stored by the model as a function
of the parameters a and N. The plot in Figure 2.1 refers to the choice of N € [100,2900] with
intervals of 200 and @ € [1.1 , 2] with intervals of 0.1. We notice that, for small a the probability
decreases with NV, while for large a, namely when the associated activation function approaches
the sign function, the probability increases with /N and tends to one, as evident from Figure 2.2.
What is more interesting is the fact that for large IV there seems to be a sharp transition from
small probabilities to probability one as a increases. As it can be observed from Figure 2.3, there
exists a threshold around a = 1.4 such that above this value the retrieval probability grows with
N. We now try to capture this exact phenomenology using analytical techniques.

To prove the existence of the previously defined stable equilibria {&) }, we need to show

that for any memory &Y we can find a forward invariant set contained in the orthant

Q" :={xu € RN : sign(zn) = &'}

={zp € RN : oy = diag(£")z, z € RY}. (2.16)

Let
& = PBWEY, (2.17)
e =WE — &Y, (2.18)

where 3 > 0 is such that () = (3. Observe that
£ = BE + Be. (2.19)
Moreover, for any r > 0, define

QY i={ageRYN : ag =8 —r& +2, 2€Q"}
={zn € RY : oy = &) —r&¥ +diag(")z, z € RY}. (2.20)

We want to estimate the probability that there exists » > 0 such that () is forward invariant.

Lemma 2.3.1 (Forward-invariance). Ifr := P(1 —(s)) with0 < s < B, then

B—s—r

P [{Q) forward invariant}]| > P |diag(&Y)e¥ > — 5

1]. (2.21)
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Memory-Equilibrium Sign Correlation

1.2 3000

Figure 2.1: Fraction of successful retrievals as the slope ¢ and number of units N vary. This
figure shows the fraction of the memories that are correctly stored by the model as a function
of model dimension N and of the parameter a (activation function \{(z) = tanh(az)). Then for
any choice of a € {1.1+ 0.1 %k}, k =0,...,9and N € {100 + 200 * w}, w = 0,...,15

we generated randomly 25 different W according to Assumption 2.1.2 with P = ﬁw). The
surface displays the average fraction of correctly stored memories.
Proof. To prove the thesis it is enough to prove that, if r = P(1 — {(s)) and

diag(£Y)e” > —B_B‘"’_TL (2.22)

then Q) is forward invariant. By Nagumo’s theorem [53] it is enough to prove that, if r =
P(1 —1(s)) and if (2.22) holds, then for any xy belonging to the boundary of @)Y, the vector
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Figure 2.2: Fraction of successful retrievals at fixed V. In this figure, the blue line shows the
fraction of the memories that are correctly stored by the model as a function of the parameter
a appearing in the activation function \(z) = tanh(az) when N = 300 and N = 2500. The
green bars represent the standard deviation across the 25 trials.
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Figure 2.3: Fraction of succssesfull retrievals at fixed slope a. In this figure, the blue line
shows the fraction of the memories that are correctly stored by the model as a function of the
model dimension N whena = 1.3, a = 1.4, a = 1.5 and a = 1.6. The green bars represent the
standard deviation across the 25 trials.
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field f(xy) = —xy + WY (zy) of (2.1) points inside the set ) or, more precisely, that for any
xg = &) —r&¥ + diag(&Y)z (2.23)
with z € [Rgo, z; = 0, we have that &} f;(x) > 0. Observe that, if (2.22) holds, then

diag(£Y)zn = diag(EY)[BEY + Be¥ — r&Y + diag(£")2]
= B1 + Bdiag(&¥)eY —rl + 2
> Bdiag(&Y)eY + (B — s — 7)1 + s1 > s1. (2.24)

This implies that ¥ (diag(£¥)zn) € [W(s), 1] and hence ¥ (diag (&Y )zn)—V¥(B1) € [ (W (B)—
P(s)), 1 = (RN € [—(1 —(s)),1 — (s)]". This implies that u := ¥(zy) — V(BEY) €
[—(1 —P(s)),1 —P(s)]"Y and hence

diag(&Y) f(rn) =diag(&Y)[—&, +rEY —diag(&Y)z+W ¥ (zy)] (2.25)
=diag(&")[-&+rE—diag(EY) 2+ W (BE+u)]
=diag(&")[r&Y —diag(&Y)z+Wul
=rl — z + diag(&")Wu. (2.26)

Since we know that z; = 0, and observing that

1 P N
[Wlloo = max — |&E] ]

PN
=—=P 2.27
~ 2.27)
then
& filzn) = 1+ (diag(£")Wu)i = 7 — [[Wlso[lull
>r—P(1—-1Y(s)) =0. (2.28)
This concludes the proof. O

Notice that if (2.22) holds, from the previous lemma we have that diag(&Y)zy > s1, and
consequently @)Y C V. Additionally, from the previous lemma we also have that () is forward

invariant.

p—s—r

diag(e)e” > -

1 = @) CQ"andQ) forward invariant (2.29)
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The next result provides a bound on the number of correctly stored memories for the class of
activation functions in Assumption 2.1.1, where now we require at least first order differentiability,
ie. P € CFR)fork > 1.

Theorem 2.3.2 (Storage capacity for non-saturated activation functions). Consider the
continuous-time voltage model (2.1). Assume there exists 3 > 0 such that \Pp(3) = P and fix any
0 < s < B suchthat(s) < 1. If

Bp—s
P 2.30
S T-0(s) (230
then
lim PLAN, P)] = 1. 2.31)
Proof. Letr = P(1 —1(s)) and
¢ = B_é—r (2.32)

Observe that by (2.30) we can argue that € > 0. Moreover, using Lemma 2.3.1 we have that if
diag(&¥)eY > —el (2.33)
then ()} is forward invariant and @)} C Q¥ (2.29). This holds if and only if
diag(§V)WEY > (1 —e) 1. (2.34)
This implies that for all v =1, ..., P the following set inequality holds
{Q) forw. inv. and Q; C Q"} D {diag(&V)WE¥ > (1 —€)1}. (2.35)

Since there exists an energy function Ex (zy) for (2.1) whose total time derivative is monotoni-
cally decreasing along the system trajectories and since it can be proved that this energy is radially
unbounded, we can argue that under the realization of the forward invariance events of () there
exists a stable equilibrium in ). In view of the latter fact and from the set relation (2.29), it
follows that

A(N, P,v) 2 {Q forw. inv. and Q; C Q"}. (2.36)

From (2.35), (2.36) and Lemma 2.4.1 in the Appendix we have

PLA(N, P,v)] = P[{diag(&)WEY > (1 — €)1}

N
>1— Nexp (—e22p). (2.37)

Finally, from the fact that A(N, P) = Ny A(N, P,v) 2 Ny {QY forw. inv. and Q) C Q" } and
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the union bound

P[A(N, P)] > P[Ny {Q, forw. inv. and Q; C Q"}]

N
>1— NPexp <—e22p> . (2.38)

For any fixed P € N, the previous inequality implies

lim P[A(N, P)] = 1. (2.39)

N—oo

This concludes the proof. O

Some comments on Theorem 2.3.2 are in order. First, it is important to notice that the more
saturating is the activation function 1\ (-), the larger is the bound on the number P of correctly
stored memories in condition (2.30). More precisely, for any fixed s such that 0 < s < f3, the
right-hand side of (2.30) becomes larger as 1\ (s) approaches one, which is the saturation level.
Second, when P grows with the network size N, Theorem 2.3.2 is able to capture only the
sub-threshold behavior illustrated in Figure 2.1. In fact, it can be shown that the bound on P in
(2.30) cannot grow as N/ log (V) if the activation function is fixed. Thus, the supra-threshold
behaviour of Figure 2.1, where the retrieval accuracy grows as N/ log(V), cannot be captured by
Theorem 2.3.2.

2.4 Conclusion

In this chapter, we have undertaken an initial exploration of the storage capacity of the continuous-
time voltage model, building upon insights from prior studies on its discrete-time counterpart.
We have shown that the rigorous results established for the discrete-time case extend naturally to
the continuous-time setting when the activation functions are of the saturated type.

To go beyond this restricted class, we investigated smoothly saturating activation functions
through numerical experiments. These simulations revealed evidence for a critical slope threshold
in the activation function, beyond which a qualitative change in retrieval performance emerges.
Specifically, our results suggest the existence of a phase transition in the large-network limit
N — 4-o0: for slopes above the threshold, retrieval performance scales positively with N, while
for slopes below it, the capacity drops sharply.

Our theoretical analysis in the general case remains incomplete, as it is restricted to a
fixed memory load P. Extending the results to the regime where P grows with N forces the
admissible activation functions back to the saturated case—an outcome at odds with the supra-

threshold behaviour observed in simulations. This discrepancy between theoretical predictions
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and numerical evidence calls for the development of new analytical tools capable of capturing the

mechanisms underlying the phase transition.

This chapter is based on the conference proceeding [54] for the IEEE 63" Conference on
Decision and Control (CDC). The following chapter takes a different perspective, turning to
the biologically inspired firing rate model. By moving beyond the voltage formulation, we
explore how principled synaptic design can enforce fixed-point existence, and how stability
analysis—both local and global—can shed light on mechanisms that strengthen robustness in

memory retrieval.

Appendix In this paragraph we present an instrumental result which is used in the chapter.

Lemma 2.4.1 (Bound on the equilibrium error). Assume that we have random memory vectors
El, oo, &P € {41, —1}". Assume moreover that G is the deterministic graph as in Example 1

and that Wg is a matrix obtained from G as in (2.7). Then, for any € > 0,
. v v o N
Pldiag(EY)WEY > (1 —€)1] >1— Nexp | —¢ 25 )

Proof. We define first the event B(N, P, v) as follows
B(N,P,v) :={w € Q|diag(§") W& > (1 —e)1}. (2.40)
We give now an estimate of the probability of B(N, P, v) following the arguments presented in

[33]. First, observe that B(N, P,v) = NX_, B(N, P,v, i) where

_ 1 P N
B(N,P,v,i) =S weQ Nayzlayzla;‘a} >1-e¢
u= Jj=

The probability of its complement, that is B(N, P,v,i) := {w € Q| &Y 5:1 I3y Zévzl E;LE,}’ <
N(1 — €)}, can be bounded as follows

P N
P[B(N, P,v,i)] =P [Z Y oEyEreteY < N(1 - e)]
u=1j=1

=F {Z D EEEE N+ P -1 <N(1—e)]
WAV A
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=P |exp (—t Z Z E}E?E?&}’) > exp(t(Ne + P — 1))]
L WAV jFi

E |exp (—t >N 52’5?5;&})]
L uAV jF£i
exp(t(Ne+ P —1)) ’

IN

(2.41)

where the equality holds for any ¢ > 0 and where the last inequality follows from the Markov

inequality [33]. We now estimate the expected value in the previous equation. Observe that
£ {exp (—t Z Z E,;/E,ZHE.;E}/)}
HAV jFi

—E|TT Hexp(—taya?aya;»]
Lu7v j7i

=F|E {H Hexp(—t@ﬁ?&?&}{)

&5 with L= vor j —z”
WAV 7

—F H H E [exp(—té,%?&?&})
| ki

= F H H cosh(t&ivayajv')
[nhv i

=F H Hcosh(t&ivayajv')] :

WAV jFi

E,;»Lwithu:vorj:i”

&;Lwithu:vorj:i]

Notice now that &Y, &}, & € {1} and, since the function cosh(-) is even, then cosh(t&YE}'E) =
cosh(t). This implies that

. [H ﬁ cosh(t&/ &} é})] = (cosh(t))N-DF-D

pFv j=1
N—1)(P-1)

< (exp(tz/Q))(
=exp((N —1)(P — 1)t2/2)),

where we used the fact that cosh(t) < exp(#2/2). In this way we obtain that for all ¢ > 0

P|B(N,P,v,i)| < exp((N—l)(P—l)t;—t(Ne+P—1)> .
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Taking the infimum with respect to the parameter ¢ > 0, which is attained at

Ne+P-—-1

=W ooy

we obtain that

_ , (Ne+ P —1)?
P[B(N, P,v,i)| <exp (—2(N1)(P1)>.

Hence, we have that
P[B(N, P,v)] = P[UY, B(N, P, v,i)]
N

P
> P[B(N, P,v,i)]
=1

(Ne+ P —1)?
Pl NP -1n )"

IN

~

IA
=

Since )
(Ne+P—1) §€2£

2(N —1)(P—1) 2P

then we have the thesis. OJ



Synaptic design and stability in the firing rate

model

The firing rate model has long been regarded as a more biologically grounded description of
neural computation, thanks to its non-negativity and its capacity to produce sparse patterns of
activity. Although closely related to the voltage-based Hopfield model, its mathematical structure
is considerably more delicate: the interplay between the activation function and the synaptic
matrix complicates both analytical treatment and the explicit synthesis of networks that store
prescribed memories as stable equilibria. As a consequence, much of the existing work on firing
rate models relies on heuristics or approximate constructions, and formal results on their stability
properties remain comparatively scarce.

The development of associative memory models in theoretical neuroscience traces back
to the early dynamical formulations of Amari [55], [56], Grossberg [42], and the constructive
energy-based framework of Hopfield [26], [27]. These models framed memory retrieval as a
dynamical process governed by ODEs, with stored patterns realized as attracting equilibria. A
Lyapunov function ensured convergence, and the use of binary —1, +1 encodings allowed for
explicit synaptic constructions tailored to specific memories. Subsequent work generalised this
setting to positive activation functions [57] and 0, 1 encodings [38], [58], [59], maintaining the
dynamical perspective while moving closer to biologically observable firing profiles. Yet, in these
models the link between voltages and firing rates remained indirect and dependent on model
parameters, prompting a shift towards descriptions in which firing rates themselves form the core
dynamical variables.

Alongside these developments, detailed biophysical models of cortical circuits grew in-
creasingly influential, driven by their ability to generate synthetic EEG-like signals and thereby
illuminate the mechanisms underlying experimental observations. Since the seminal work of
Hodgkin and Huxley [24], dynamical systems theory has provided a unifying language for

describing neuronal processes at multiple scales. Early contributions focused on microscopic
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biophysics, such as ion channel dynamics and membrane conductances, yielding celebrated
models like FitzHugh—Nagumo [60] and Morris—Lecar [61]. Their analytical richness, however,
was counterbalanced by considerable mathematical and computational complexity, restricting
early studies to small networks. This limitation motivated the development of simplified yet
expressive neuron models, most notably the family of Integrate-and-Fire (IF) models [62]-[65],

which enabled both large-scale simulations and partial analytical insight.

A few pioneering works [66], [67] extended the IF formalism to include covariance-based
synaptic mechanisms, facilitating the use of statistical mechanics tools in the study of memory
retrieval. Still, the hybrid continuous-discrete nature of IF dynamics makes a rigorous stabil-
ity analysis challenging, keeping the theory of associative memory in these models relatively

underdeveloped.

This naturally led to the adoption of time-averaged descriptions of neural activity. Averaging
spike trains over suitable temporal windows yields firing rates [36], [68], which can be driven
directly by non-negative activation functions rather than derived indirectly from membrane
voltages. The resulting firing rate model captures population-level dynamics in a tractable and
biologically meaningful way. Yet its mathematical foundations remain thin: the systematic design
of firing rate networks whose synaptic matrices and activation functions ensure that given patterns

are locally stable equilibria is still an open challenge [39, Section 7.4].

While several classical studies explored associative memory with positive activation functions
[38], [57]-[59], the majority analysed networks storing random memories and relied heavily on
statistical mechanics. In contrast, the present chapter develops a dynamical systems perspective
on deterministic memories, drawing on the framework outlined by Dayan and Abbott [39, Section
7.4]. This approach allows us to move beyond heuristic constructions and establish formal results

on both the existence and the stability of equilibria in firing rate networks.

The contributions of this chapter are twofold. First, we introduce a constructive method for
designing synaptic matrices in firing rate models that encode memories - specifically, rescaled
versions of a given set of prototypical patterns - as equilibrium points, applicable to arbitrary
activation functions. These prototypical memories are assumed to be equally sparse and equally
correlated binary vectors, sharing the same number of active components and overlapping entries.
We prove a necessary and sufficient condition for the existence of such equilibria, and interpret
the resulting synaptic structure in terms of well-established biological mechanisms: long-term
potentiation (LTP), long-term depression (LTD), and homeostatic regulation. Notably, we show
that the classical construction of Dayan & Abbott emerges as a special case of our framework.
We further demonstrate that the phenomenon of “anti-memories” can occur only in degenerate
cases reducible to voltage-type synaptic matrices, and we analyse the possible emergence of

spurious equilibria, with special attention to homogeneous states.
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Second, we establish sufficient conditions for the local asymptotic stability of the stored
memories. Leveraging classical results by Grossberg [42] and Hopfield [26], we construct an
energy function to investigate the global behaviour of trajectories. Numerical experiments assess
the tightness of these stability conditions and illustrate the corresponding energy landscapes for
representative examples. These simulations reveal that negative homeostatic strength parameters
lead to larger stability regions in parameter space, consistent with canonical choices in the

literature.

3.1 Equilibria assignment through synaptic weights

Consider the firing rate model (FR).

(FR)

Tp = —Zf + @(pr + u(t))
QZF(O) € RN

with u(t) = 0. From now on we will assume that the activation function satisfies the following

hypothesis.

Assumption 3.1.1 (Positive and monotonic activation functions). The activation function ®(-) in
(FR) is diagonal and homogeneous, i.e., there exists ¢: R — R such that ®(z); = ¢d(x;) for all

x € RY. Moreover, the function ¢(-) is continuous, non-negative, and weakly increasing.

The prototypical memories Given a set of {0, 1}-valued vectors in RV
{CMY 3.1)

corresponding to prototypical memory patterns with either active or inactive units, we are inter-
ested in designing biologically plausible synaptic matrices W such that an appropriately scaled
version of these vectors are equilibria of the firing rate dynamics (FR). We consider prototypical

memories {C“}ff:l satisfying the following hypothesis.

Assumption 3.1.2 (Equally sparse and correlated memories). Given an average activity
parameter p € (0,1), a correlation parameter € (0, 1) the prototypical memories {C”}ff:l,
¢t € {0, 1}V satisty

(equal sparsity): JIEC” =pN, u=1,...,P, (3.2a)
(equal correlation): T = prN, Yu#£v. (3.2b)
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The conditions in Assumption 3.1.2 for p = r are inspired by the choice of prototypical
memories in the classic voltage [69], [70] and firing rate models [39, Section 7.4]. Theoretical
results are first established in full generality and then specialized to the case p = r, a scenario
of historical importance in the literature and particular relevance for biological interpretation.
In probabilistic terms, the parameter p is related to the average activity of the network in each
memory pattern assuming that these activities are uncorrelated. The equal sparsity (3.2a) and
equal correlation (3.2b) constraints refer to the simplest statistical structure that memory patterns
can have. As a matter of fact, if we assume that the entries of prototypical memories ¢ € {0, 1},
pw=1,...,P,h=1,...,N are ii.d. random binary variables such that the probability that
C;L = 1is equal to p for all &, ., then the conditions (3.2a) and (3.2b) are satisfied in expectation.
Importantly, unlike the case of random memories, Assumption 3.1.2 protects the firing rate model

from the emergence of endogenous noise and improves its analytical tractability.

From prototypical memories and selected firing rates to retrievable memories. Select low
and high firing rates 2 < 2z} € R both belonging to the range of the activation function ¢, and

associate to each prototypical memory (* € RY a retrievable memory (* € RY defined by

_ z2, if =0,
=" (3.3)
zf, if =1

In vector format, * := (zf — 22)* + 2Pl y.

The firing rates x{ and - are the neural manifestation of the activity of population of neurons
experiencing different input currents [71]. The input currents are the incoming activity that each
neuron processes and filters by means of its activation function. Therefore, we can mathematically
relate input currents and firing rates in the following way. Let Iy € R represent a weak input
current, and I; € R a strong input current, so that [ < I;. Then the states of the neurons

associated with low and high firing rates are 22 = ¢&(Ip) and xt = ¢d(I;), respectively.

Remark 3.1.3 (On the linear independence of the memories). Exploiting the geometric con-
straints placed on the prototypical memories, namely the equal sparsity and equal correlation
constraints, it is possible to prove the linear independence of both the prototypical memory
vectors and the retrievable memory vectors. See the Appendix of the current chapter for more

details.

From prototypical memories to synaptic matrices. To a set of prototypical memories {C“}le

satisfying the sparsity and correlation Assumption 3.1.2 with average activity p and equal
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correlation r, we associate an N x N dimensional covariance-based synaptic matrix

P
- * _ o T, Y T
w _p(l — T)Ng(cu B]lN)(GL B]lN) —|—N1N11N, (3.4)

where «, 3, Y € R and they are interpreted as follows.

* the correlation strength o« € R which modulates The covariance part of W given by the

outer products of the shifted prototypical memories.

 The synaptic bias 3 € R which imposes an offset on the synaptic weights and biases the

network activity towards the value p.

* The homeostatic strength y € R which controls the magnitude of the component of the
covariance-based synaptic matrix that modulates the synaptic response proportionally
to the global network activity. This contribution to the global activity is referred to as
homeostatic from the electrochemical balancing mechanism observed in real neuronal
networks. Typically, homeostatic terms are discussed in the literature [35], [39] as global
inhibitory terms, with homeostatic strength y < 0.

Given the definitions of covariance-based synaptic matrix and retrievable memories, the
following theorem characterizes when the retrievable memories are equilibria of the firing rate
system (FR).

Theorem 3.1.4 (Equilibria assignment through covariance-based synaptic weights). Consider
the firing rate model (FR) with activation functions satisfying the positivity and monotonicity As-
sumption 3.1.1. Consider prototypical memories {C”}]:Zl satisfying the sparsity and correlation
Assumption 3.1.2 with average activity p.

If there exist currents 1y < 11, with corresponding low and high firing rates :E% = d(Ip),

x}p := &(11), and correlation, bias, and homeostatic strengths «, 3, and vy satisfying

I -1
e (3.52)
LI — Tp
1 1— 0
B i=p—k +( ’"Wg , (3.5b)
prp+ (1 —plag
I +(1—B)I
B+ (1= B)lo (3.50)

" pap+ (1-pap

then each retrievable memory (M is an equilibrium point of the firing rate model (FR) with the

covariance-based synaptic matrix (3.4).
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Proof. Using the definitions of ¢¥ and W in (3.4) and (3.3), it is a matter of lengthy but straight-

forward calculations to check that the following identity holds

WE = - (€ = B (€= B1) | (bt + (o — D))
b 2 (B (@ - B (e + (o - D)
HAV
+ %levl}(x%m + (zf — 22)Y)

= (I = 1o)C" + Ioln.
From the above identity, it follows that

W) = @((I) — 1p) ¥ + Iply)
= (vf — 2p) 0" + 2Py = O, (3.6)

where we used the fact that the entries of the vector (I; — Iy)CY + Ip1x takes values in {Ip,I; }
and the identities 7% = ¢ (1), ¢ = ¢(I1). To conclude, observe that equation (3.6) implies that
the vectors {Z”}ff:l are equilibria of (FR). O

We now specialize Theorem 3.1.4 to the simple yet relevant case of p = r, and observe that
the resulting matrix has a structure similar to (1.41), i.e. the canonical choice in the computational

neuroscience literature.

Corollary 3.1.5 (Classic synaptic matrix). Let p = r. Under the same assumptions of Theo-

rem 3.1.4 the syanptic matrix W reduces to

P
& Y T
W= (¢ —ply) (CH—pln) + - INLY, 3.7)
Proof. Observe that for p = r, the bias paramater {3 is
1 0
prg + (1 —p)zx
p-pla P, (3.8)

px}lz + (1 —p)rg
O
Some comments on the parameters « and <y are in order. First, in (3.5a) the parameter « is

positive and is inversely proportional to the slope of the straight line intersecting the activation

function ¢ (-) at the coordinates Iy and I;. Notice then that when p = r the homeostatic parameter
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becomes I a I
pl1 + (L —p)lo
Y= . (3.9
prg + (1 —p)ay

Geometrically, the inverse of the parameter y is the slope of the line that passes through the origin
and intersects the straight line z = a=1(I — Iy) + 2 in the coordinate I,, = pI; + (1 — p)Iy (see
Figure 3.1).

I, Iy I

Figure 3.1: Interpretation of the homeostatic parameter y. Graphical interpretation of the
parameter 7y in (3.5¢) when p = 7. y~! coincides with the slope of the straight line intersecting
the origin and the point (1, z,), where I, := ply + (1 — p)lp and z,, := pz{ + (1 — p)zf. Note
that, if the point (I, z;,) belongs to the green area, then 7y is negative, whereas if the point (I,,, z;)
belongs to the red area, then 7y is positive.

The canonical case of Dayan & Abbott The matrix in (3.7) closely resembles the one in [39,
Section 7.4], which is the canonical choice throughout the theoretical neuroscience literature. We
next show that the latter is indeed a special case of (3.7) for p = r. The construction presented in

[39] assumes the following:

(i) there exists z* such that ¢(z) = 0 for z < z*;

(ii) there are scalars A,5 > 0 such that Iy = —3(1 + pA) < z*, I} = (A — 1 — pA) and
7 == ¢(I;) = 8. Since it is assumed that Iy < z*, then zp := ¢(Ip) = 0.

From the previous relations it can be seen that Iy, I; cannot be chosen arbitrarily. Indeed, the
above defined Iy and I; have to satisfy the equation pI; + (1 — p)Ip + &(I;) = 0. This implies
that for this type of construction we can start from any ¢ (-) satisfying condition (i) and any real

number I; such that
le + d)(Il) < Z*
p—1
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and take I := ph%d)l(h). It can be seen that the parameters «,y in this case become
I -1
_u ! 0 _ A
Tg
1
Y=
p

and the covariance-based synaptic matrix then becomes

A P 1
W=———— b p1 B i) — — 11l
(1= p)N HZ:I(C pIn)(C* —pln) SN Iy
A (7 7 T 1 T
= p(1—p)82N > (C* = pdin)(C* — pdin) " — p—NﬂNﬂN (3.10)
p=1

where from the first to the second line in Equation (3.10) we have multiplied and divided by 52
the terms in the summation and used the fact that (* = 5*. We have obtained in this way exactly

the expression of W given in [39].

A bridge from math to biology We now want to address the biological interpretation of
the map (3.7) and gain some insight on how the model can capture different aspects of neural
processing. As it stands, the positivity of the firing rate model offers a valuable interpretative
tool to bridge dynamical system theory and neural processes. Specifically, it offers the possibility
to understand the role of the different components of the covariance-based synaptic matrix and
how they interact with the network activity to generate neuronal rates of firing. Separating the

different components

x P T
W = e
p(l1—p)N 2
Long term potentiation network WLTP
[0 P 0.6
- o (ST el + (Pt ¥) ke G

Long term depression network WLTD Global homeostatic network 1WOM

we observe that

« WLTP is a relatively sparse network structure that takes into account how specific neuronal
sub-clusters positively self-excite to produce fixation of the activity on a given pattern.
Indeed, from the outer product of the patterns, we have that VVZ»I;TP # 0 only if there exists
p=1,...,Psuchthat ¢} =1and (} = 1.
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« WD s the network structure responsible for synaptic depression and is the sum of
two terms, both regulating the global network activity with weights proportional to the
parameters «, p. The first term, given by the outer products 15", provides global long
term depression proportional to the correlation of the network activity and the different
memory patterns. The second term, given by the outer products (*1 \,, provides selective
long term depression to the units of the memory patterns proportional to the summed

network activity.

» WOM is the homeostatic network and it exercises global regulation of the firing rate
network via stimulation that depends on the normalized network rate

.
s(t) = EN?@) (3.12)

Elaborating further on the biological constraints that lead to the construction of the covariance-
based synaptic matrix, we observe that the W in (3.4) and (3.7) depend explicitly from the
prototypical memory vectors {C”}]::l. Notably, the form of W resembles the synaptic matrix
of the classic Hopfield model [27], which can be constructed using the biologically plausible
Hebbian learning rule [29]. Hebbian learning is a co-variation learning rule based on the principle
articulated by D. O. Hebb “cells that fire together, wire together” [72], implying the use of
local information to alter the strength of the synaptic couplings. In our case, we have that the
covariance-based synaptic matrix is simply given by a one-shot Hebbian learning rule. Consistent
with our interpretation, Hebbian learning as a learning framework adheres to the biological
plasticity processes known as long-term potentiation (LTP) and long-term depression (LTD) [73],
[74], known to be responsible for learning and forgetting in mammals. These local synaptic
modifications aim to stabilize the connection strengths between neurons, enabling the retrieval
of certain patterns through the collective dynamics of the network. Finally, we note that the
symmetry of the synaptic matrix does not allow to distinguish excitatory from inhibitory neurons
in the network. For greater biological plausibility, the synaptic matrix should adhere to Dale’s
law, which requires that all synaptic weights from a given neuron (i.e., within a column) share the

same sign. A detailed study of such excitatory-inhibitory networks can be found in [75].

When the antimemories are equilibria Consider a set of prototypical memories (3.1) satis-
fying the equal sparsity and the equal correlation constraints of Assumption 3.1.2 with p = r
and let W be as in Corollary 3.1.5. Assume that ¢(-) in (FR) satisfies Assumption 3.1.1. For
any prototypical memory ( we define the corresponding antimemory as (*™ := 1y — ( that
is the vector in which we exchange the zeros with ones and vice versa. We wonder whether

= (2f — 2P 4 221 is an equilibrium point of (FR). Notice that this is exactly
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what happens for the voltage models. First notice that { + (" = (2 + )1y so that (" =
(294 2£)1xy — C and hence W (3" = (29 + L)W 1y — W (. Since we know that Wiy = yly
and W = (I; — Ip)C + TIpln, we can argue that W™ = (2 + 2t)y — Io)iy — (I — Io)<.

Now if 7 is such that {; = 0 and C?m = 1, then, after some computations we see that

_ plhizg + phiz + (1 — 2p) ozt
pat+ (1 —p)ap

(WZant)i

In order (™™ to be an equilibrium point we need to impose that ¢ ((TW{*™);) = (3" = xf that
holds if (TW{*"); = I; which is equivalent to

leIll: —l—lex% +(1- 2p)10x11; 1,
prg+ (1 — p)ag

After some simple computations we see that this is equivalent to the condition
(1 —2p)(Towg — Lizg) = 0 (3.13)

Notice that this holds if and only if p = 1/2 or Ipxf = Iy x. If we start from the hypothesis that
i is such that ¢; = 1 and (3" = 0, then, after some computations we see that the equilibrium
point condition holds again if and only if (3.13) holds true. We can argue that this condition
is necessary and sufficient for having that all the antimemories provide equilibrium points for
(FR). Notice that, while this condition holds true for the voltage models, it generically fails for
general firing rate models when p # 1/2. In addition, while for the voltage model we have that
TIpzg = I12¥ and so anti-memories are equilibrium points regardless the value of p, this is not

true for firing rate models since the condition Ipzf = Iy :c}El generally fails.

Existence of homogeneous equilibria A well-known issue in associative memory networks
with a Hebbian synaptic matrix is the emergence of spurious equilibria [76], [77], which are
equilibria that do not correspond to the intended memories. We show now how the covariance-
based synaptic matrix invariably produces at least one spurious equilibrium point with equal

entries. Such equilibria will be called homogeneous equilibria.

Lemma 3.1.6 (Homogeneous equilibria). With the same notation and under the same assump-

tions as Corollary 3.1.5,

(i) there exists at least one solution z to the equation

vz = ¢(z), (3.14)
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(ii) for each solution z, the vector & = Yy~ 21, is an equilibrium point for the firing rate
model (FR).

Proof of Lemma 3.1.6. (i) Let f(z) := ¢(z) — vy~ 'z that is continuous. Using the definition of

v in case r = p it can be seen that

(ID:I/‘]:.L; — leg)2

Flo)ith) = ~p(l=2) (pIi + (1 = p)lg)* ~

Then f (o), f(11) have opposite signs and by continuity of f there must be z € [Ip, I;] such that
f(2) = 0 and hence such z satisfies equation (3.14).

(ii) Assume now that z satisfies equation (3.14) and let Z := y~'21 5. Since when r = p we
have that W1y = y1y, then Wz = 21 . Hence ®(Wz) = ®(21y) = ¢p(2)1ly =y l2zly =

Z proving in this way that  is an equilibrium point. O

Equation (3.14) has a simple graphical interpretation. Indeed, its solutions result from

1-. Observe that in case

the intersections between the graph of ¢(z) and the straight line y~
v < 0, then f(z) := ¢(2) — y~ 'z is strictly increasing and such that f(—o0o0) = —oc and
f(+00) = 4o00. Hence there always exists exactly one solution to equation (3.14). If instead

v > 0, then there might be multiple solutions (see Figure 3.2).

Tp

(a) v large (b) y small

Figure 3.2: Condition for the existence of homogeneous equilibria. Graphical illustration of
the existence of homogeneous equilibria as y varies. The red squares denote the solutions of
equation (3.14), each associated with a homogeneous equilibrium point.

Memories not used in the construction of W  Given a set of prototypical memories {C“}ff:l,
consider a vector ( € R different from each (* and with the property that the augmented
set {C, C”}le satisfies the equal sparsity and equal correlation Assumption 3.1.2. Define
the covariance-based synaptic matrix W as a function of the prototypical memories {C“}ff:l

and the rescaled vector { = (zf — )¢ + 221 y. It is straightforward to verify that W{ =
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[pI; 4 (1 — p)Ip)1y from which it follows that ®(W ) = ¢(pI; + (1 — p)p)Ly # C. Hence,

spurious equilibria such as ( cannot exist.

3.2 Stability of the firing rate model

In this section, we examine the stability of equilibria of the firing rate dynamics (FR) with

synaptic matrix W constructed as in the previous section.

3.2.1 On the local stability of retrievable memories

A sufficient condition that ensures local asymptotic stability of an equilibrium point can be
derived via Lyapunov’s indirect method [78, Theorem 4.7]. Specifically, if the Jacobian matrix of

(FR) evaluated at an equilibrium point Zr, namely

J(xp) = =1 + J,®(Wzg)
= —I + diag(®'(Wzg))W, (3.15)

has all its eigenvalues with strictly negative real part, then Z is locally asymptotically stable. The
previous condition formally relates to the following lemma on the ordering of the synaptic matrix
w.

Lemma 3.2.1 (Local asymptotic stability of the retrievable memories). Consider a set of
vectors {C“}le satisfying (3.2) and let W be as in Theorem 3.1.4. Assume that (-) in (FR)
satisfies Assumption 3.1.1. If

W < Iy (3.16)
(3.17)

wheren := max{$'(Iy), d'(11)}. Then the equilibria {Z“}ff:l of (FR) are locally asymptotically
stable.

Proof. 1t is well known that, according to Lyapunov’s indirect method, a sufficient condition that
ensures local asymptotic stability of an equilibrium point (* is that the Jacobian matrix (3.15)
evaluated at (* has eigenvalues with negative real part. Observe that the Jacobian matrix can be

written as

J(C") = —Iy + diag(®' (W M)W

=—Iy +d1ag(<1>/((11 *Io)cu+10:ﬂ_N))W (3.18)
=:D
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where we used the identity W = (I; —Ip)C* + Ip1 v established in the proof of Theorem 3.1.4.
This means that D is a diagonal matrix with diagonal entries that are ¢'(Ip) or ¢'(I;). From
Assumption 1 we know that 1 > 0. We distinguish three cases:

a) If n = 0, then (3.16) holds true. Moreover, D = 0 and hence J ((:,”) = —In which implies
that (* is locally asymptotically stable, proving that the thesis holds true in this case.

b) Assume now that 1 > 0 but that one of the two derivatives ¢'(Ip) or ¢’(I1) is zero. This
means that some of the diagonal entries of D are zero. Assume with no loss of generality that the

first /V; diagonal entries of D are positive. Hence we can write

D
p—|Pr 9,
0 0

where D is diagonal and with positive diagonal entries. Then

- —I 0 Dy 0O (Wi W
J@) = —Iy+ DW= | ™ L 11 W
0 —In, 0 0] [War Wa

_ —In, + DiWi1 D1Wha
0 Iy, |

where N1, Ny € N and N7 + N = N. Hence the eigenvalues of J (Z”) have negative real part if
and only if —I, + D1 Wi has this property and this happens if and only if Di/ 2W11D}/ 2T N
or, equivalently, if and only if W11 < Dy ! In this way we have shown that W11 < Dy 1 implies
the local asymptotic stability of the equilibrium point (*. Now observe that condition (3.16)
implies Wy1 < n_IINl. Since D1 = nly,, then Dl_1 b n_lle and hence we can argue that
Wi < Dy ! that is what we need for proving the local asymptotic stability.

¢) Assume now that both the derivatives ¢’(Ip) and ¢’(I;) are both nonzero. This means that the
matrix D is invertible. The proof of the local asymptotic stability can be obtained following the

same arguments used in the previous point. O

Building on this result, we next establish a sufficient condition for the local stability of the

retrievable memories as equilibria of (FR).

Theorem 3.2.2 (Local stability condition for generalized prototypical memories). Consider a
set of vectors {C“}ff:l satisfying (3.2) and let W be as in Theorem 3.1.4. Assume that $(-) in
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(FR) satisfies Assumption 3.1.1 and let

Iol‘}; - 111‘9:

b:=—7F—"-—- 3.19
Py G-19)
p—r 1
c:=o 3.20
1 —ppap+ (1 - p)h 320
_ 1 1— 0
d:= ol " mf all ﬁ)x{ (3.21)
1—p prp+ (1 —p)ag
n = max{¢'(Ip), $'(I1)} (3.22)
Let 21, 29 be the roots of the polynomial
P(z) =(z—v)(z — «) + P(dz — ad — bc)
(i) If z1, zo are real then
nmax{«, z1, 22} < 1 (3.23)
implies that the equilibria {Z”}ff:l of (FR) are locally asymptotically stable.
(ii) If z1, zo are are not real then
ne <1 (3.24)

implies that the equilibria {Z”}]:Zl of (FR) are locally asymptotically stable.

Proof. Let Apax(+) denote the maximum eigenvalue of a symmetric matrix. According the
Lemma 3.2.1, Apax(NW) = MAnax(W) < 1 implies local asymptotic stability. Hence the
theorem is proved if we prove that the eigenvalues of W may only take one of the values
0, &, 21, z2. To this aim consider the matrix T := [1y, ¢!, ..., "] € RV*(P+1) Since it can
be verified that Wiy = ¢ Y0 C* + (v — Pd)ly, WC¥ = al¥ + by forallv =1,..., P,
and Ww = 0 for all w € Tm(T')*, then we can argue that the subspaces Im(7") and Tm(7")* are
W -invariant. Moreover, it holds

WT =T

Yy —Pd b}
C]lp O(Ip

=: WeR(P+1)x(P+1)

Let now y # O such that Wy = Ay for A # 0 and observe that y € Im(T"), since Im(W') C
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Im(T). Define  := T Ty and observe that, since y € Im(T’), then, = # 0. We have that

A =My T

We proved in this way that eig(1/)/{0} C eig(1W)/{0}, where eig(-) means the set of eigenval-
ues of a square matrix. The characteristic polynomial of W is (z — &)’ ~!((z —y + Pd)(z —
o) — Pbc) that has roots «, z1, z2. The thesis follows from the fact that & > 0. O

Note moreover that case (ii) in the previous theorem is nongeneric in the sense that it applies
in a very specific situation. I Moreover, if p=r,thenc=d = 0, so that z; =y, 29 = « and the

Theorem 3.2.2 reduces to the following.

Corollary 3.2.3 (Local stability condition). With the same notation and under the same assump-

tions as Corollary 3.1.5, if

max {¢'(Ip), ¢'(I1) } max{e, v} < 1, (3.26)
then each retrievable memory (* is locally asymptotically stable for the firing rate model (FR).

Remark 3.2.4 (The canonical case of [39]). For the memories construction presented in [39,
Section 7.4], since y = —% < 0,x=2A>0,and ¢'(Iy) = 0, the stability condition (3.26) is
simply

d'(T) <At

Theorem 3.2.3 indicates that the derivative of the activation function ¢(-) at the input
coordinates Iy and I; plays an important role in the stability of the retrievable memory patterns
{Z“}Ezl. Specifically, the smaller are ¢'(Iy) and ¢’(I;), the smaller is the left-hand side of
(3.26), suggesting that the retrievable memories are more likely to be stable. In addition, the slope
of the straight line intersecting the activation function at Iy and I; also affects the condition (3.26)
through parameter «. In particular, when y < «, stability is guaranteed if both ¢'(Ip) < 1/
and ¢’'(I;) < 1/a, which means that the straight line intersecting the activation function at the

points (Ip, #¥) and (Iy, #1) has to intersect it from below (see Figure 3.3).

Remark 3.2.5 (The case y < ). We have seen that when vy < «, the stability condition simplifies
to max {¢’(Ip), d’'(I;)} < o~ L. It can be proved that y < o holds if and only if Ipz; < Ija.
Observe that this condition always holds if [ < 0 < I;.

"Namely, the equality Pp — (P — 1)r = 1 has to hold.
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a~t > max{¢'(Ip), ¢'(I1)} al < ¢/'(Iy)
#(D) o(1) #(I)

1/«

(a) (b) (©)

Figure 3.3: The local stability condition. Graphical interpretation of the local stability condition
(3.26) when v < «. In panel (a) condition (3.26) is satisfied, while in panels (b)-(c) condition
(3.26) is not satisfied and hence Theorem 3.2.3 cannot be applied.

Remark 3.2.6 (Instability condition). Techniques similar to those in the proof of Theorem 3.2.3

lead to the following statement: if

max{¢’(Ip)[pe + (1 — p)y], &' (1)) [(1 — p)x + py]} > 1, (3.27)

then the equilibria {Z“}ﬁ;l of (FR) are unstable.

Remark 3.2.7 (Homogeneous equilibria). The local stability of homogeneous equilibria intro-
duced in Section 3.1 can be analyzed with similar arguments used for proving Theorem 3.2.3.
Specifically, if # = y~'z1 an equilibrium point for (FR), where z is a real number satisfying

equation (3.14), then it is easy to see that T is locally stable if
¢’ (2) max{e, v} < 1.
It can also be proved that such equilibrium point is unstable if instead

¢'(z) max{e, v} > 1,

In the special case in which y < «, the stability condition simplifies to ¢’(z) < a1,

3.2.2 On the global stability of retrievable memories

Proving global convergence of the firing rate dynamics starts from observing that certain sets
are forward-invariant for the dynamics, i.e. any trajectory of the system initiated within the set

remains confined to it.



3.2 Stability of the firing rate model 57

Lemma 3.2.8 (Forward-invariance of the FR dynamics). Let Assumption 3.1.1 hold and

assume that () takes values in a bounded interval I. Then there exists a large enough M such
that the set [p(—M), d(M)|N is forward invariant for the dynamics (FR).

Proof. Since 7T is bounded, then there exists 23, > 0 such that T C [~z p7, x]". Let M :=
|W ||co pr, Where || - ||oo is the infinity norm of a vector or of a matrix. We want to prove that for
any M > M we have that [(—2M), d(M)]Y is forward invariant for the dynamics (FR). First
observe that if zg € [d(—M), d(M)]V, then zg € TV C [~xps, 2] and hence |W g s <
W llooll oo = 37 which implies that &([Wr]) € [&(—1), S(3)]N C [&(—M), d(M)]V.
Let now xf € [d(—M), (M)} such that zg; = ¢(—M). Then

[Zpli = —ari + G((Wagi) > —b(—M) + $(—M) =0
On the other hand, if we take instead xr € [p(—M), (M)]V such that zg; = G(M), then
[#p)i = —2p; + O((Waeli) < —b(M) + (M) =0

The above conditions imply that for any g belonging to the boundary of [d(—M), b(M)]V the
direction of the vector derivative in the dynamics (FR) is either tangent or points inside the set
[p(—M), d(M)]N. The forward invariance of [p(—M ), ¢p(M)]™ then follows from Nagumo’s
Theorem [53, Theorem 4.7]. O

We now present a result on the global behavior of the trajectories of (FR) based on an energetic
characterization of the firing rate model.
The function Fpg(zp): Im($p)™ — R, defined as

1 N rop, _
Err () :—ix;— Wap+ Y /0 ¢ 1(2)dz (3.28)
=1

will serve as energy for the firing rate model (FR). Here, Im(¢) denotes the image of the
activation function ¢, and ¢! any right inverse of ¢.” Note that (3.28) coincides with the classic

voltage Energy (1.6) expressed in the variable g = ®(zg).

Theorem 3.2.9 (Global convergence to equilibria). Consider the firing rate model (FR) with
activation function &(+) satisfying the positivity and monotonicity Assumption 3.1.1. Assume
moreover that the activation function takes value in a bounded interval I.

If 2 (0) € IV, then Err <0 along the flow of (FR) and each trajectory of (FR) converges
to the set of equilibrium points of (FR).

%A right inverse of a function f: X — Y is a function g: ¥ — X such that f(g(y)) = yforally € Y.



58 Synaptic design and stability in the firing rate model

Proof. By Lemma 3.2.8, for any xp(0) € IV, there exists M > 0 such that the set S :=
[d(—M), d(M)]V is forward invariant for (FR) and contains zg(0). This implies that Frg (xF)
in (3.28) and VEgr (7F) = (—Wag + ®!(zg)) " are well-defined when evaluated along the
trajectories of (FR).

The derivative of Epg along each such trajectory is

Err (2F) = VEgR (2)iE

= (—Wap+ @ Y (zp) " (—zp + D(Wap))
N

=S (~Warl; + & ) (—2i + S([Wagly),
=1

where we used the symmetry of W. Since ¢ (-) is weakly increasing and ¢! (-) is a right inverse
of &(-), if " (zr;) > [Wagl; then d(b~ (zr;)) = zr; > G([Wagls), and if ¢~ (zg;) <
[Wxg]; then zg; < [Waxg);. This implies that (—[Wxg]; + ¢~ (zg;)) (—2E; + $([Wag);)) <0
forall 4 = 1,..., N and for all zp € S. As a consequence, EFR(xF) < 0 forall zg € S.
Moreover, EFR(a:F) = 0 if and only if ¢! (zg;) = [Wag]; or ¢([Wag];) = zF; for all i =
1,...,N. Since ¢! (xp;) = [Wag]; implies & ([Wxg);) = 2r;, we conclude that Epg (z5) = 0
if and only if ¢([Wag|;) = zp; foralli = 1,..., N, that is, if and only if xF is an equilibrium
point of (FR). Since Epg (zF) is Lipschitz in S, the thesis follows from the LaSalle invariance

principle [79, Corollary 1]. O

3.3 Illustrative examples

The aim of this section is to provide hints to the reader on the design choices that result in
effective associative memory firing rate networks. The examples will be based on the hypothesis
of p = r, and the synaptic design will follow Corollary 3.1.5. Choosing the proper combination
of parameters to set up an effective firing rate model can be challenging due to the presence of
five free parameters; namely, the average activation p, the input currents Iy, 11, the gain factor p
and the activation current I*. The latter two parameters were not previously discussed, but as we
will see while we study two relevant examples, they are of critical importance in determining the
stability properties of the system. Therefore, we will begin by fixing three out of the five free
parameters, and study the stability properties of the system as the other two varies. Specifically,
taking inspiration from neurobiological reality [36] we will fix the average neural activation as
p = 0.2. We will then continue with the definition of two paradigmatic examples of activation
function, and numerically study the stability properties of the system as the slope and offset
parameters vary. The stability condition (3.26) is independent of network size; instead, the

numerical stability of the firing rate model is studied for a network with N = 1000 and P = 6.
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We considered the firing rate system to have numerically stable retrievable memories when the
Jacobian of the vector field (FR) evaluated at each of the memories has all eigenvalues with
negative real part. Additionally, we will present the energy function associated to specific firing
rate models where the slope and offset parameters have been fixed to values that ensure either
the stability or instability of the memories as equilibria for the system. In order to do so, we will

evaluate the energy on a mesh interpolating the space between two memories as
ap = 11C + 107, 1,1 €[0,1]. (3.29)

The energy profiles are plotted only for values of ¢1, t5 such that zr € [0, 1]V.

Finally, we test the retrieval performances of the firing rate model using the average overlap

parameter
v xF(t)TCV
) = —— 3.30
(1) = TS (3:30)
where the average is taken over all the v = 1,..., P. In this testing phase, the prototypical

memories {C“}ff:l are drawn randomly so that the equal sparsity and equal correlation constraints
are satisfied in expectation. Each retrieval is characterized by dynamics initialized arbitrarily
close to the pattern (¥ and, if the memory is a stable equilibria of the system, then by the equal
sparsity constraint there exists a ¢ > 0 such that m"(¢) ~ 1 for all ¢ > ¢. Conversely, by the equal

correlation constraint we would expect that m*(t) ~ p forall ¢ > ¢ and u # v.

3.3.1 Rectified activation functions

Consider the rectified hyperbolic tangent activation (Fig. 3.4)

o(T)
1

Figure 3.4: The ReTanh(x). Rectified hyperbolic tangent activation function (3.31).

o) = {tanh(p(l —0), 2> T (3.31)

0, r <TI*,
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where the parameter I* € R is the largest input current that yields a zero output and will be
referred to as activation current, and p € R, p > 0, equals the maximal derivative of ¢(-) and
will be termed gain factor (see also Fig. 3.4). This function is typically used to replicate the firing
rate response to constant input currents observed in biological neural networks [39, Ch. 2]. In
Fig. 3.5(a,d) we study the stability properties of the system as a function of the parameters p, I*,
and the sign of the homeostatic strength y. As observable, a negative homeostatic strength vy,
which coincides with inhibitory feedback, results in a wider stability region for the firing rate
system. Figures 3.5(b) and 3.5(e) plot the energy associated with firing rate models with, p = 4.8,
I* = 0.2 for stable retrievable memories (blue square marker in Fig. 3.5(a)) and I* = 0.75 for
unstable retrievable memories (red starred marker in Fig. 3.5(a)). As observable from Fig. 3.5(c),
when the network parameters ensure the stability of the memories, the firing rate model is capable
of performing the correct retrieval of the intended memory. Instead, when the network parameters
lie in the instability region, the firing rate model activity collapses to a state of almost total

inactivation (Fig. 3.5(f)), compatible with the energy profile in Fig. 3.5(e).

3.3.2 Sigmoidal activation functions

Consider the sigmoidal activation function (Fig. 3.6)

1
b(l) = 1+ e—4p(I-I*—(20)7 1)’

0, " €R, p>0. (3.32)

This function has a long history in machine learning research and is a commonly employed
activation function in (artificial) neural networks [80], especially for binary classification problems
where the output is interpreted as a probability. The sigmoidal activation function offers a
smoothed transition compared to the sharp threshold of the rectified hyperbolic tangent, providing
more gradual changes in neural firing rates. As such, it makes sense to define the activation
current I* as the key point where neural firing rates start to considerably rise, as observable
from Fig. 3.6. Mathematically, I* is defined by ¢(I* + (2p)~!) = 1/2, indicating the I-axis
intersection with the tangent to ¢ at its inflection point. In this case, the gain factor p is scaled by
4 to match the maximal slope of the sigmoid to that of the rectified hyperbolic tangent, allowing
a direct comparison of stability effects across both functions. The aim is to study how the
stability of the system varies depending on the values of the parameters p and I* as they vary
along some fixed intervals. As shown in Fig. 3.7(a,d), areas satisfying the stability condition
(3.26) align closely with regions of observed numerical stability, suggesting the accuracy of
the analytical stability criterion. Furthermore, the area for the stability condition widens when
v < 0, whereas it shrinks considerably to a narrow region for y > 0. Figures 3.7(b) and 3.7(e)
plot the energy associated with firing rate models with, p = 4.8, I* = 0.2 for stable retrievable
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Figure 3.5: Retrieval performance for the ReTanh activation function. Qualitative assessment
of the design of firing rate models with a rectified hyperbolic tangent activation function. (a, d)
Phase diagram for the stability (or instability) of the firing rate model for (a) y < 0 (Ip = —0.3
and I; = 0.9) and for (d) vy > 0 (Ip = 0.1 and I; = 0.9). The instability region is wide, and
for vy > 0, it consists of two disconnected region. Specifically, sufficiently small offsets lead to
instability regardless of the slope. This is exactly the case in whichy < o and the point (Ip, 2)
is intersected from above, thus precluding stability. (b, e) Energy surface of the firing rate model
with v < 0 when the memories are (b) stable and (e) unstable. (c-f) Retrieval performances of
the firing rate model for v < 0 when the memories are (c) stable and (f) unstable. Parameters are
setto p = 4.8 and I* = 0.2 (stable memories) or I* = 0.75 (unstable memories).
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Figure 3.6: The sigmoid. Sigmoidal activation function (3.32).

memories (blue square marker in Fig. 3.7(a)) and I* = 0.8 for unstable retrievable memories
(red starred marker in Fig. 3.7(a)). Crucially, when network parameters guarantee the stability
of retrievable memories (Fig. 3.7(c)), the dynamics of the firing rate model naturally converge
toward them. Conversely, when the network parameters make the retrievable memories saddle
points for the dynamics, the system’s activity is repelled from these states and moves toward
the origin (Fig. 3.7(f)). Finally, as shown by a comparison of Fig. 3.5(a,d) and Fig. 3.7(a,d), the
smoothness of the sigmoidal activation function allows for broader stability regions across the

parameter space, offering enhanced stability compared to the rectified hyperbolic tangent.

Random memories Most of the existing literature in voltage and firing rate models deals
with random realizations of the memory patterns [57], [58], [81]. Specifically, the entries of the

memory patterns are independent realizations from the probability distribution
P(Cf=1)=1-P(=0=p pe(0,1). (3.33)

Our manuscript has instead focused on a setting with deterministic memories that satisfy the
equal sparsity (3.2a) and equal correlation (3.2b) constraints. We are now interested in testing
the accuracy of the analytical local stability condition and the retrieval performance of the firing
rate model under the randomness hypothesis. In particular, we numerically compare the local
stability condition (3.26) with the numerical stability of a system of N = 1000 neurons and
P =72~ N/(2log(N)) [32] random memories. Fig. 3.8 clearly shows that the endogenous
noise arising from crosstalk has a negligible effect on the stability estimates. Therefore, the
designed firing rate network is robust and preserves the stability of its memories even in the
random setting. The transposition of the analytical results for the deterministic setting to the
canonical case of random memories further validates the complementarity of the dynamical

system theory and statistical mechanical approaches for the study of complex systems.
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Figure 3.7: Retrieval performance for the sigmoid activation function. Qualitative assessment
of the design of firing rate models with sigmoidal activation function. (a, d) Phase diagram for
the stability (or instability) of the firing rate model for (a) y < 0 (Ip = —0.3 and I; = 0.9) and
for (d) y > 0 (Ip = 0.1 and I; = 0.9). Specifically, for y > 0 we have two wide, disconnected
instability regions, and a narrow stability region, highlighting how excitatory homeostatic strength
significantly increase the model sensitivity to parameters choice. (c, f) Energy surface associated
to firing rate models with parameters lying in the (c) stability region of the phase portrait (f)
instability region of the phase portrait. (¢) For the choice of parameters p = 4.8 and I* = 0.2,
the memories of the firing rate system are locally asymptotically stable and local minima for
the Energy. (f) For the choice of parameters p = 4.8 and [* = 0.8, the memories are unstable
equilibria for the firing rate model and saddle points of the associated Energy.
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Figure 3.8: Retreival for random memories initialization. Effect of randomness on the stability
of the memories. (a,d) For positive homeostatic terms y, the randomness compromises the stability
of memories when the network parameters are close to the boundaries of the analytical stability
region. Nonetheless, the numerical stability region does not shrink considerably with respect
to the deterministic memory setting. (b,e) For negative homeostatic terms vy, the randomness
negligibly affects the local stability of the memories with respect to the deterministic case. (c,f)
Despite the endogenous noise due to crosstalk, the network is still able to successfully retrieve all
the memories for a choice of parameters in the stability region (blue squares).
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3.4 Conclusion

Firing rate models provide a biologically plausible and efficient framework for representing
neural activity at the population level, making them particularly well-suited for capturing key
macroscopic behaviors in neuronal networks, including associative memory formation. This
study introduces a positive firing rate model that encodes memories as neural firing rates, thus
allowing for closer modeling of the averaged activity levels observed in brain networks [36,
Sect. 17.2.6]. Through a synaptic matrix balancing LTP and LTD, we introduced a covariance-
based approach that allows re-scaled memories to emerge as equilibrium points in network
dynamics. This approach enables a reinterpretation of well-known examples from the literature
[39, Sec. 7.4] and resolves the “anti-memory” phenomenon—a drawback inherent to traditional
voltage model designs—by stabilizing only intended memories as equilibrium states. Furthermore,
our analysis of local and global asymptotic stability conditions for rescaled memories provides
insight on the design choices that ensure effectiveness and robustness of the firing rate model
as an associative memory device. This study applies rigorous mathematical analysis typically
reserved for voltage models to firing rate frameworks, bridging a critical gap and enabling a
unified understanding of associative memory dynamics. These results are easily amenable to
graphical representation, and therefore present both practitioners and theoreticians with clear
intuitive guidance on the design choices that will result in an effective firing rate associative
memory system. This study employs a deterministic approach to memory definition, diverging
from traditional probabilistic frameworks. Future research could explore the model’s capacity
in probabilistic settings, specifically addressing the scalability and storage limits of firing rate
associative memories. In summary, this work advances our understanding of the fundamental
properties of firing rate networks and their application to associative memory, providing both a
theoretical contribution and practical insights for researchers developing biologically plausible

associative memory networks.

This chapter is based on the work [82] published in the journal Neural Computation. In the
following chapter, we revisit the voltage model and address the problem of input-driven memory
retrieval, a largely overlooked aspect in the literature. This perspective offers a natural connection

between associative memory networks and recent developments in generative Al models.

Appendix

Proposition 3.4.1 (Linear Independence of the Memories). Let p,r € (0,1) and let the
prototypical memories {C“}ff:l satisfy the equal sparsity (3.2a) and the equal correlation (3.2b)
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constraints. Suppose in addition that

1=p (3.34)

oh# a
Then
(i) The prototypical memories {C“} _, are linearly independent.
(ii) The retrievable memories {C”} — are linearly independent.
Proof. We start by proving the second statement.

(ii) Suppose that 2} # % and that the retrievable memories (* = (zf — 22)C* 4 291 v for
iw=1,..., P are linearly dependent, so that there exists w = (w1, ...,wp) € RF/{0}
such that

P
0= w.* (335)

Without loss of generalization suppose that w-~, # 0, from which

CVZ—Z%CH—JJF S1n (1+Z ) (3.36)

w
uFEv Y A v

Exploiting now the equal sparsity constraint (3.2a) we obtain that

(1 Y ) (3.37)

nv &

which implies that

F

A @ HAY

(1 +3 2 ) PN = —pN———; (1 +3 “’“) (3.38)

If Zf wy, # 0, then simplifying we derive the following contradiction

1 0
1= F (3.39)

L
DPIg — Tg

since by hypothesis 22/ (z{ — 2%) # —p. Then we are only left to verify that the hypothesis
fo wy = 0 leads to another contradiction. Using again the hypothesis w, # 0 and
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expressing wy = — >, 4, Wy, we write the condition of linear dependence as

On = Z wu(zu - ZV)
uF v
=Y wylzg —ap)(* - ) (3.40)
HFAV

from which it is immediate to reach the contradiction

0=0xC"
= (o5 —ap) D wu(C* =)
HFAV
—pN k-1 (-2, w) G41)
#0 40 S

Wy

(i) To see that also the prototypical memories are linearly independent, it suffices to take
o = 1 and 2Q = 0. Then this reduces to verify that Zf wy, = 0, which we have already

proven leads to a contradiction.

O

Notice that the condition (3.34) is automatically satisfied by any firing rate system with

non-negative activation function.
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Input-driven memory retrieval in the voltage model

The introduction of this thesis presented a comprehensive view of the voltage Hopfield model,
focusing on how memory retrieval unfolds as a dynamical process over an energy landscape. That
discussion, however, largely set aside the role of external inputs. In particular, it remains unclear
to what extent retrieval can be driven purely by inputs, independently of the initial condition, and
whether inputs alone can reliably select the desired attractor. Understanding this relationship
is essential not only for theoretical completeness but also for connecting associative memory
models with their biological and computational counterparts.

Since the early 1980s, the expression “associative memory network™ has been inseparable
from the Hopfield model [26], [27], and a substantial body of work has examined its dynamical
and statistical properties [51], [81], [83]. Through tools borrowed from statistical mechanics,
voltage-based formulations provided a compelling explanation for the emergence of multiple
stable memories as a function of synaptic couplings, thereby furnishing a concrete dynamical
retrieval mechanism grounded in an underlying energy function. More recently, a machine-
learning—driven revival has expanded this classical framework: higher-order interactions [43] and
multi-layer architectures [25], [84] have endowed the model with dramatically enhanced capacity
[52] and forged direct conceptual links to modern transformer architectures and their attention
mechanisms [45]. These developments have also motivated new hypotheses on functional
interactions between neurons and astrocytes [4], illustrating the breadth of phenomena that
attractor dynamics can illuminate.

Within this broad landscape, the role of external inputs emerges as a natural and pressing
question: how do inputs shape retrieval, bias attractors, and potentially override dependence on
initial conditions? In classic treatments on computational neuroscience [36], [39], [85], memory
retrieval in the voltage model is implicitly described as a two-step process. First, a noisy or
incomplete input is presented as a cue and adopted as an initial condition. Then, driven by an
energy landscape, the network state flows towards the closest energy minimum representing

the prototypical memory. While this classic two-step process is natural within an algorithmic
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paradigm, it fails to explain how neuronal circuits continuously react and adapt in real time to

external inputs.

In light of these limitations, we advocate for a paradigm shift from a two-step mechanism,
akin to a standard algorithmic approach, to an input-driven dynamic mechanism, aligned with the
principles of online algorithms and continual learning [86]—[88]. To this extent, we propose a
version of the voltage model that is driven by external inputs. A key feature of this model is that
the input shapes the energy landscape and affects the resulting gradient descent flow (see Fig. 4.1).
Furthermore, our model admits a simple representation as a modern Hopfield network [25], [45];
this representation provides a conceptual bridge with the recent literature on transformer models
and machine learning. Finally, the addition of noise reveals the advantageous integration of
past and present information by our model, thereby reducing misclassification errors induced by

inconsistent or ‘glitchy’ inputs.

4.1 Primer on the voltage model for memory retrieval

Voltage models are fundamental tools in the study of high level, distributed memories retrieval
[27]. They simplify neural dynamics into the interplay of three components: a dissipative flow,
constantly polarizing the network state towards its resting value, a synaptic flow, which takes into
account the weighted sum of the incoming activity from other neurons in the network, and an

external input. Namely,

du(t) = —eu(t) +  WU(za(t))  + u(t)
dissipation synaptic interconnections ext. input (4'1)

.%'H(O) =0 < RN
where the prototypical memories {E,”}f:l, gt € {—1,+1}" are assumed to be orthogonal
(see Example 1.2.14) or with entries that are independent and identically distributed (see Exam-
ple 1.2.16).

The prototypical memories are stored in the synaptic matrix through one-shot Hebbian
learning map Xy — W(Xy) = W as

1 P

W= &rer’ (4.2)
P>

Under suitable assumptions on the activation function ¥ [25] and the external input (constant),

convergence to any of the stored memories is guaranteed [26] by the existence of the energy
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function (1.1) (see Fig. 4.1D)

N o rap;
Eg (wH; W) = —%\I/(w)TW\I/(x) + (zg — u(t) T (x) — 2/0 U,(z) dz 4.3)
i=1

AN

U = Ecay + n0ISC

Lell
B. Classic Hopfield c. IDP Hopfield
i =—x+ WU(x) & =—x+ W(u)¥(z)
z(0) =u z(0) arbitrary

Figure 4.1: Comparison between classic volfage and IDP voltage models. (A) A slowly
morphing sequence of noisy images is presented as a input to the observer, who updates its
belief state to retrieve the memory closest to the current image u. This adaptation process occurs
continuously. (B) In the classic model, the network state is set to an initial condition x:(0) equal
to the current image u and then the voltage dynamics performs the memory retrieval task. (C)
In the proposed input-driven plasticity model, the network initial condition is arbitrary, the
image u modifies the synaptic weights W (u), and the voltage dynamics with modified synaptic
weights performs the memory retrieval task. This dynamics is well posed and naturally tracks
the morphing images also when the image is time-varying u = u(t). (D) In the classic model,
the voltage dynamics is a gradient descent for the energy E(xy; W): the blue ball, representing
the neural state, rolls from an initial condition towards a stable minimum point (cat memory).
Therefore, the retrieval process is successful when the noisy image 2(0) = u (dotted cat) lies
in the region of attraction of the correct memory (cat memory). (E) In the proposed model, the
noisy image u directly modifies the synaptic matrix W (u) and in turn the energy landscape
E(zp; W (u)), thereby extending the region of attraction of the correct memory. The retrieval
process is successful from generic initial conditions when the correct memory is the unique
minimum of the landscape. Specifically, in the panel, the noisy image (dotted cat) renders the
correct memory a minimum (cat memory) and the incorrect memory (dog memory) no longer an
equilibrium of E(xy; W (u)).
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given an appropriate initial condition z.

The model, first proposed as a discrete time dynamic system [27], has been particularly
successful and captivating at explaining pattern reconstruction starting from a partial or corrupted
cue [36], [39]. In its simplicity, the original theory effectively framed memory retrieval in the
cascade of reactions that lead a network of elementary computational units to fix in a meaningful
collective state, i.e. the retrievable memory. Nonetheless, most of the analysis on the model
dynamics and retrieval capabilities requires the assumption u© = Oy.

The mechanistic explanation of how the input affects the evolution of the voltage dynamics
has been largely overlooked in the literature. As we will see, the introduction of an external
input conflicts with the previous definition of prototypical memories as stable patterns of activity
encoded in W. If the input is time-varying, then the energy function is no longer Lyapunov,
namely it is not decreasing along the system trajectories, and hence we may lose convergence to
any stable pattern. On the other hand, if the input is constant, it may distort the energy landscape
in such a way that the minima are not related to any of the prototypical memories. Indeed, when
the input is a heterogeneous mixture of memories, the energy landscape is inevitably corrupted
and none of the stored memories is retrievable (see Fig. 4.2A). A possible solution is to clamp the
input [89] for a brief time interval 8¢ as an external driver for the dynamics, then un-clamp it and

let the dynamics naturally evolve, namely

iu(t) = —an(t) + W¥(zu(t)) + u(t)C(t) 4.4
C(t) o< Lyg () 4.5)

where 1g(¢) is the characteristic function associated to any subset S of the real numbers defined by
letting 15(¢) = 1if ¢t € S and 1g(¢) = 0 otherwise. The external driver shoots the state trajectory
in the direction of the subsequent input, acting as bias for the next retrieval. The model (4.4)
is successful at discriminating the dominant component of very mixed inputs (see Fig. 4.2B),
but it does so at the cost of introducing network-wide synchrony. In addition, as observable
from Fig. 4.2A-B, each subsequent input instantaneously alters the network activity, canceling
the information about any previous activity. Instead, in Fig. 4.2C our framework displays a
remarkable capability of successfully retrieving the correct memory given the continuous external

input, and it will be presented in the next section.

4.2 The Input-Driven Plasticity (IDP) voltage model

The aim of this work is that of studying a biologically plausible mechanism that, given a mixed
input, first maintains fixation for short transients on what was previously retrieved, that is past

information, and then gradually merges it with the current input, that is present information. This
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gradual integration should, at a certain point, favor the present information and retrieve the correct
memory. We thereby introduce an externally modulated voltage model, named input-driven
plasticity (IDP) voltage model, that tries to capture this exact phenomenology. The IDP voltage
model is defined as

in(t) = —an(t) + W(u(t)¥(zn(t)) (4.6)

where for a piecewise continuous, bounded input u(t) € RY the input modulated synaptic matrix
is

P

1 T
W(u(t)) = 5 D_ au(t)E"E! 4.7)
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Figure 4.2: Exploration of the response of different associative memory models to a time-
varying input. Each retrieval plot displays a sample average of the memory overlap parameter
over 50 retrieval tasks, with the associated standard deviation shown through the shaded, color-
matched surrounding area. Panel (A), (B), and (C) show the response of three different models
to a time-varying input. The simulation time is segmented, with each sub-interval featuring a
constant input. The horizontal bars on top of each retrieval plot display the duration of the external
input and the color associated to its dominant saliency weight. At each external input switch,
the previous dominant saliency weight shrinks below the stability threshold oapiticy. (A) Classic
voltage model (V). The network dynamics converge to a mixed state, precluding exact retrieval
of any individual memory. (B) Input-modulated voltage model (4.4). The modulator (4.5) shuts
off the input after intervals of ¢ = 2 simulation time. The network dynamics then freely recall
the prototypical memory associated with the dominant component in the input. (C) IDP voltage
model (4.6). The network naturally recalls the prototypical memory associated with the dominant
component in the input. Remarkably, the model exhibits memory retention even after input
switching, showcasing an intriguing integrative feature for past and present information.
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where o, (t) := [E* T u(t)]? > 0 are called the saliency weights, in accordance with previous
literature [90], [91]. These previous studies have explored the role of saliency weights and their
effect on the dynamics (4.6) within the context of the morphing problem, focusing on how these
weights drive transitions between memories as they evolve. However, a comprehensive analysis
of how the magnitude of saliency weights affects the existence and stability of memories as
equilibrium points remains missing. To address this gap, we begin by characterizing the input,
followed by a detailed examination of the specific conditions on saliency weights necessary to
ensure the existence and stability of memories as equilibria for eq. (4.6). We say that an input is
homogeneous when it is substantially aligned with one of the prototypical memories and almost
orthogonal to the others, i.e. when there existsa v = 1,..., P such that oy > 0 and o, = 0
for all 1 # v. Conversely, we say that the input is well-mixed when it has similar saliency
weights associated to all the prototypical memories, i.e. &, ~  for all u,v. Furthermore,
under a timescale separation hypothesis for neural dynamics and biologically trackable inputs, i.e.
under the hypothesis that neural dynamics are much faster than input dynamics, the latter can
be considered constant throughout each retrieval time interval. Unlike Hopfield’s foundational
works based upon a static synaptic matrix, we build on insights from [4], [90], [92] to introduce
elementary dynamics into the synaptic structure. Differently from these treatments, we assume the
synaptic changes to depend on an externally generated input rather than on a feedback activity of
the associative memory system, such as that coming from intra-network astrocytes. This dynamic
approach yields advantageous properties for system behavior, particularly by demonstrating
how externally modulated synaptic changes can promote the retrieval of certain patterns while
inhibiting others. To rigorously quantify how the input determines specific retrieval properties at
the network level, we analytically study the existence and stability of memories, specifically for the

case of monotonically increasing, odd activation functions ¥ (zy) = (W ([zu]1), ..., Y ([za]N)).

Assumption 4.2.1 (Activation function). Let the activation function \p € C?(R) satisfy the

Assumption 2.1.1. We assume the following additional conditions:
0<VP(2)<1, z€R, P(0)=1 (4.8)
<0 z>0
>0 z<0

A function satisfying the above conditions is, for instance, \(z) = tanh(z). We now turn to

the problem on the existence of retrievable memories.
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4.2.1 Existence of equilibria for IDP voltage dynamics

Given an orthogonal prototypical memory £, a retrievable memory associated to &Y is a vector
of the form zy, = yy&" for yy # 0 which is an equilibrium for eq. (4.6).

Theorem 4.2.2 (Existence of retrievable memories). Let &Y be a prototypical memory. Then
xy = Y& is an equilibrium for eq. (4.6) for some vy € R\ {0} if and only if &, > 1. In this

case, Y~ satisfies

Yv
XKy

=(v+) (4.10)

Proof. The vector zp, = yy&" is an equilibrium for eq. (4.6) if and only if

= £ (v4) (4.11)

and hence if and only if
Yv = o (vy) (4.12)

The theorem is proved if we prove that
F>0:y=ab(y) & oa>1 (4.13)

We start from (=-). Observe that since " (z) < 0forall z > 0 then ' (z) is strictly decreasing for
z > 0and hence P(z) < z for z > 0. This proves that if there exists y > 0 such thaty = a(y),
then « = y/P(y) > 1. We prove now (<=). Consider the function f(z) := z — x(z) and
observe that f(0) =0, f/(0) = 1 — « < 0 and that lim,_, , , f(2) = +00. These facts imply
that there exists y > 0 such that f(y) = 0 and this concludes the proof. 0

Fig. 4.3 provides a visualization of the existence condition in Theorem 4.2.2. By definition,
retrievable memories need to be the corners of an hypercube [69], and we readily see which
conditions on the saliency weights «’s grant us their existence. If « < 1, then in the semipositive
interval R the dissipation line %‘ has only one intersection with the activation function that
coincides with the center of the hypercube. Instead, for values o > 1 we have two intersections,
one coinciding with the desired corner of the hypercube.

Notice that, since each equilibrium is of the form zy, = V&Y, it suffices to choose a



76 Input-driven memory retrieval in the voltage model

T, — >
].’ II /', — ,"‘
P P
050 2 Pt ---~v/a, a =05 |
’ JPtad ---v/a, a=1
e - yfa, =2
)< | | | \ \
0 0.5 1 1.5 2 2.5 3
v

Figure 4.3: Intersections of the activation function \(y) = tanh(y) with the dissipation line
Y for different values of o. The dissipation lines where the parameter o < 1 have just one
intersection with the chosen activation function. Instead, only for the value « = 2 > 1 we obtain
two intersections between the dissipation line and the activation function in the semipositive
interval R,..

sufficiently fast saturating activation function to obtain that, in the space of membrane potentials,
retrievable memories are of the form ¥ (zy,) = EYYP(yy) ~ &Y. We can then conclude that

(i) given a prototypical memory &, the associated retrievable memory is a vector of the form

Ty = Y~&Y for yy # 0 and is an equilibrium of eq. (4.6)

(ii) aretrievable memory exists under the current input if and only if the associated saliency

weight is larger than an existence threshold:

Oy > Oexistence = 1 (4.14)
and in this case 7y satisfies
v
2 = (yy) (.15)
Ky

Remark 4.2.3. For simplicity, we are considering a constant input u € RY. Notice however that
more generally it suffices that u : [0,7] — R" is piecewise continuous and bounded. See the
chapter Appendix for a detailed proof of this statement.

4.2.2 Stability of the equilibria for IDP voltage dynamics

We now investigate the condition for the local stability of the retrievable memories, i.e. those
satisfying the existence condition. Furthermore, we observe how we can prove the existence of a

stability threshold that depends on the current input.

Stability of Equilibria In order to determine when the equilibria g, = y&" of our system

are stable, we first establish a general local stability condition for voltage-type systems. In what
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follows, given g € C1(RY; RY), we denote the Jacobian of g(-) as the matrix J,g(z) € RV*N

such that [J,g(x)]i; = gg"_ (x). We now specifically address the stability of the IDP voltage
J

model.

Theorem 4.2.4 (Local stability of equilibria and memories). Consider the dynamics eq. (4.6)
with a fixed input u € RN. Then

(i) an equilibrium x73 € RN is locally exponentially stable if and only if

— [T ()]t + W(u) <0 (4.16)

(ii) if gy = Yv&Y withyy € R\ {0} is an equilibrium, then xpy., is locally exponentially

stable if and only if
1

W (vy) < (4.17)
maxy—=1,..,.P Xu

Proof.

(i) Consider, for fixed u € RY, the field associated to the dynamics eq. (4.6)
F(xy) = —zg + W(u)¥(xy) (4.18)
and compute the corresponding Jacobian at the equilibrium 7
JoF(z5y) = —In + W(u)Jp U (x5) (4.19)

Since J, F(z};) € RN*N is not necessarily symmetric, we apply the similarity transforma-

tion

N
[SIE

T U () Lo P (a) L0 () "2 = LoW(afy)? (= [L(a)] ™! + W () JoU(ag)

S(zf)

where we have exploited the positive definiteness of J, ¥ (xy) € RV*. The product

N

T U () 2 S () Jo W (7) (4.20)

is a congruence transformation that preserves the matrix inertia [93]. Now, the above

product is symmetric, and in particular, the Jacobian J, F'(xfy) is Hurwitz if and only if

S(xf) = S(axy)" <0 (4.21)
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(ii)

Then the thesis of the statement follows from [78, Theorem 4.15].

Note that J,W(zy,) is a diagonal matrix with i-th diagonal entry equal to V’ ([zg+];)-
Since &Y € {—1, +1}N , we know that each entry of xy, = vy,&Y is equal to +y,. Next,
we note that, for all z € R,

P = b(2) = WD) = () = () = W) @22)

Therefore, J, ¥ (zny) = V' (vv)In and, in turn, the local exponential stability condition
eq. (4.21) reads as

1 & - 1
— o EMENT < Iy (4.23)
N Hzl " V' (vv)

Let M := \/Lﬁ [E,l . EP } and observe that condition eq. (4.23) can be written as in

compact form as
1

V' (vv)

where Amax(-) denotes the largest eigenvalue of a symmetric matrix. Letting A :=
M diag(«y, ..., O(p)% and using the identity Apax(AAT) = Apax (AT A), the left-hand
side of the previous inequality equals

}\maX(M diag((xla SRR O(P>MT) <

[N

}\max (ATA) = Amax (diag(oq, ey OCP)%MTM diag(oq, ey OCP)

)

= Amax(diag(ag,...,axp)) = max oy (4.24)
”': PARAS)

where we used the fact that M "M = I.

Stability Threshold From the previous stability results, it is natural to wonder whether there

exists a critical parameter Xpility that determines the stability of the memory patterns, and how

it is possible to quantify it. In what follows, to lighten the notation, we will refer to Xability as

o*. For simplicity and without loss of generality, we impose the following order on the saliency

weights

o > > ap 4.25)

We now present the main theorem of the section, in which we prove the existence of a critical

threshold o* for the stability of the retrievable memories of the IDP voltage model.
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Theorem 4.2.5 (Critical saliency o*). Consider the dynamical system (4.6) and let «; > 1.
Then

(i) there exists at least one locally exponentially stable equilibrium,
(ii) let o := #}j*) where y* > 0 is such that ' (y*) = 0%1 Then

THy = Y~&" is a locally exponentially stable equilibrium — oy > oF
(4.26)

Proof.

(i) We define x(v) := v/ (y) and let y; > 0 be the positive solution of

Y1
= = 4.27
o = ofv1) P(v1) 27
and observe that )
v 0 4.28
W<y “29
As a matter of fact, it holds
1 P(y) —vb'(v)
_ =" "2 >0 V 0 4.29
V' (v) ) V' (y)b(y) ~ v *29)

since V'(y), W(y), and f(y) := W(y) —yW’'(y) are strictly positive for all y > 0. The fact
that f(y) > 0 for all y > 0 follows by noting that f(0) = 0 and f'(y) = —y{"(y) > 0,
Vy # 0. Then it follows from eqgs. (4.27), (4.28)] that

1
P(y1) < — (4.30)
X1

and thus, using Theorem 4.2.4, there exists at least one locally exponentially stable equilib-

rium point for eq. (4.6).
(ii) Since 1 > 1, then using egs. (4.8), and (4.9)] we have that 3!y* > 0 such that
W(y) = — (4.31)
Moreover, from eq. (4.9) it is immediate to observe that

1
P (vp) < 071 = v, >V 4.32)
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Notice now that

fv)
U(y)?

where «(y) and f(y) have been defined in the proof of the first statement. The previous

«(y) = >0 Vy>0 (4.33)

equation implies that «(y) is monotonically increasing for y > 0. Consequently, the

stability condition of Theorem 4.2.4 is satisfied if and only if o, = o(y~y) > (y*) = &*.
O

Thus, the third and final core property of the IDP voltage model is

(iii) if multiple retrievable memories exist under the current input, then there exists a stability

threshold ctapitity > 1 such that each memory wy,, is stable if and only if ot > Xeability-

We now want to exploit the definition of otabiliy = o = v* /U (y*) (see Fig. 4.4 for intuition
on y* and on the stability threshold o*) to provide the reader with an heuristic of how a strong
dominance of a saliency weight or; may disrupt the stable retrieval of any memory but 2y, = y1&'.

Since we know that y* > 0 is the solution of the equation
V(y) = — (4.34)

then as &y = «(7y1) increases, we have that \’'(y*) decreases, which by eq. (4.9) is possible
only if v* is increasing as well. It is then evident from eq. (4.8) that when y* increases, so
does o = a(y*). Thus, we have proved that the growth of the stability threshold o* depends
exclusively on the dominant saliency weight o, and moreover that the two are proportionally
related to each other. Consequently, the sole growth of the dominant saliency weight «; is
sufficient to push the stability threshold «* above all the other saliency weights, so that the only
stable memory left is indeed xy; = v1 gl

4.2.3 Levelling the Energy through input modulation

One of the most interesting features of the voltage model is the existence of an energy function
that details how the trajectory of the system converge to the existing equilibria. The energy of
the IDP model is similar to the energy of the classic voltage model, under the assumption that

u € RY is constant. Specifically, we introduce the following definition.

Definition 4.2.6 (Energy of the IDP voltage model). Consider the dynamics (4.6). Then the
associated energy function is

N o oy

Byt (zas W (1)) = —%\I/(xH)TW(u)\I/(xH) () Y /0 W) (435)
=1
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Figure 4.4: Visual representation of the existence and stability results presented in the
previous sections. The saliency weights « such that the dissipation line v/« belongs to: (1) the
green region are associated to stable retrievable memories; (2) the yellow region are associated to
unstable retrievable memories; (3) the red region to non-retrievable memories.

and we additionally define the energy per node as

Ep (zm; W(u))

N (4.36)

e(rp;u) =

The energy per node is not a necessary quantity for the following analysis, but it will
substantially lighten the notation. The following result characterizes the energy landscape of the

IDP voltage model.

Theorem 4.2.7 (Energy wells). Given a fixed input w € RN, the energy function of the IDP

voltage model (4.6) has negative total time derivative

dEg

o () W ((t) uy=u < O (4.37)

Moreover, given two equilibria xy, = Y,&", xp, = Yo&P, Yv, Yp > 0, associated to saliency

weights &, &y > 1 such that &y > &, then

e(rhysu) < e(whpsu) (4.38)

Proof. Consider the total time derivative of the energy function associated to the IDP voltage
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model

P o0 W (1) )2

_ 8EH dx].[ 8EH du

— %(m(t); W(U(t)))‘u(t)zuﬁ(t) + W(xH(t); W<u(t)))‘“(t)5“@9
=0
= OB (e W () 58 0) = ~ 2 )T D) S () <0 w9)

where we have used the fact that D (zy) > 0, and consequently E = 0 <= &y = 0.
We now want to explicitly compute the energy associated to a generic fixed point zg, =
Yv&Y, v+ > 0, taking into account our homogeneity assumptions on the activation function. For

notational simplicity, we will use Eg (zn; W (u)) = Eg(zn) and e(zn, u) = e(xn)

1 N THv
Brr(om) = =5 W) W (@)W () +ou) Ulany) = > /0 ¥(z) dz
=1

1 Vv
= —PE TW@E D) + & ) — N [T e) d:
= —EOMP(Y\/) + Ny (yy) — N/o P(z) dz (4.40)
(4.41)
Considering now the fixed point condition
T — vy (4.42)
XKy
and switching to the energy per node
1 Vv
e(zhy) = iyvﬂr’('}/v) - 0 P(z) dz (4.43)
1 'y%/ Yv
=Y _ 4.44
st = [T (e s @44
Now, considering
Fly,o) =b(y) - X (4.45)
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we know that F'(y, oy) > 0, Vy € (0,7vy), from which we obtain

1y2 Yv
e(zhy) = = 1Y _ / W(2) dz (4.46)
2 oy 0
1v3 /VV z
v _ Zdz=0 4.47
<3 xy  Joo oy ‘ (47

Considering now v, o, > 1, oy > «p, we know that F'(y,, y) = F (v, ®y) = 0. Since

F is monotonically increasing in « and decreasing in 'y, then 'y > y,. Therefore, it follows that

1 2 'Y2 Yv
e(rny) — e(an,) = 3 (Z{V - ;) — /y P(z) dz (4.48)
v P P
1(v?2 2 Yv
<<VV_YP> —/ 2 dz (4.49)
2\ vy o Yo Ov
1/v2 2
_ ! (“Yo _ Vp) <0 (4.50)
2\ g &y
O

From Fig. 4.5 it is possible to observe how the increase of a specific saliency weight consider-
ably deepens the energy well associated to the corresponding memory. The varying depth of the
energy wells provides a clear graphical interpretation of the stability of the different memories
encoded in the IDP voltage model. Specifically, considering panel Fig. 4.5D, it is easy to observe
how an appropriate choice of an additive perturbation du € R for the dynamics (4.6) may easily
push the state trajectory from the flatter to the deeper energy well. At the same time, the same
perturbation du may be too weak to reverse the previous jump, thus leaving the state trajectory
inevitably confined to the basin of attraction of the memory associated to the deeper energy well.
Therefore, the dominancy of one saliency weight over the others enhances the overall robustness
of the model, promoting the retrieval of the correct memory even in the presence of perturbations

and noise.

Remark 4.2.8. The classic voltage model is a specific sub-case of the IDP model, where the input

impinging on the synaptic matrix is characterized by o, = k > 1, for all p.

The IDP voltage model naturally endows us with a direct interpretation of when the input
is clearly understandable, and when instead is too vague to evoke any kind of retrieval. As
previously presented, memories exist (are retrievable) only if their respective saliency weights
in the input are at least unitary. Thus, for any input that is well-mixed and such that o, < 1 for
all u (Fig. 4.5A) the dynamics will converge to the origin, which we call confusion state. This

state exists only in the IDP model, as the classic model always has all the retrievable memories
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irrespective of the input. The possibility of falling into a confusion state on the basis of what is

experienced seems quite plausible, as the clarity of what we sense in our everyday experience has

C. a2 > Qsstability > o1 > 1 D. o > a1 > Qsstabiliy > 1

Figure 4.5: Energy landscapes for IDP voltage model for varying saliency weights. Stable and
unstable equilibria are depicted as green stars and orange dots, respectively. Recall the existence
threshold is Xexistence = 1 and, when multiple memories exist in the input, the stability threshold
satisfies Osabiliy > 1. (A) “no memories” oy < 1, g < 1: when no memory is sufficiently
strong in the input, the only global minimum is at the origin and it is globally attractive for the
dynamics. This situation corresponds to a confusion state for the network, in which the input
is not strong enough to evoke any retrieval. (B) “one memory” «; < 1, g > 1: when the
saliency weight for precisely one memory is above Xexistence, tWO symmetric equilibria appear
corresponding to the memory and they are attractive from almost all initial conditions. In this case,
the origin is a saddle point. (C) “one stable and one unstable memory” oo > Xpabiliy > &1 > 1:
two symmetric equilibria appear corresponding to the stable memory and they are attractive
from almost all initial conditions. The other two symmetric equilibria are saddle points and
the origin becomes an unstable maximum. (D) “two stable memories” oz > &1 > Kability:
four symmetric stable equilibria appear, corresponding to the two memories of the model. The
memory associated to the dominant saliency weight carves deeper valley in the energy landscape
than the other memory. When o1 & &ability. the shallowness of the valley associated to the first
memory facilitates outward jumps due to stochastic fluctuations.
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a clear bearing on what we recall. Finally, we want to address the following question: does the
initial condition still matter? The energy function E(xy; W) ensures convergence to one of the
stable memories from any initial conditions. On the other hand, the stability threshold oapitity
determines how many stable memories we have for a given input u. Thus, the fewer the stable
memories for the IDP voltage model, the wider their basin of attraction. In the extremal case of a
single stable memory, the whole R is its basin of attraction, and any initial condition leads to the
correct retrieval. Thus, appropriately initializing the system becomes irrelevant, especially in the

presence of perturbations that push the dynamics out of shallow energy minima (see Fig. 4.5D).

4.2.4 Biological Plausibility of the IDP Hopfield Model

The IDP model aims to provide a high level description of the mechanisms underlying short-term
plasticity within individual neural modules in response to stimuli originating from various cortical
regions. Similarly to the gated synaptic theory of Tsodyks et al. [92], [94], [95], synapses are
not static entities, but rather fast dynamic components that transiently mirror adjustments in the
allocation of neurochemical resources. The IDP Hopfield model can be interpreted as a selective
diffusion model, where the channels associated to the stimulus - possibly having directed axon
bundles as their neurological proxy - either amplify or attenuate the conductance of specific
sub-clusters of synapses. The fast selective tuning of synapses shapes the probability associated
with the retrieval of any stored pattern. Specifically, the IDP model may present a mechanistic
account of the differential influence of the mossy fibers (MF) and of the perforant pathways
(PP), both providing a different manipulation of the same signal to CA3. It is well known [96]
that the two signals differ in their magnitude, with the former being significantly stronger [97],
albeit sparser, than the latter. As can be observed from Fig. 5.1(C), the proposed mechanism is
a robust orthogonalizer of the network activity despite the presence of background noise and a
mixed input. Therefore, stimulus-driven modulation of the synaptic matrix may be speculatively
associated to the projective MF, which induce similar plasticity events in the CA3 network and

confine potential retrievals independently of any biases originating from the PP.

In some biological models, signals represent firing rates instead of membrane potentials. In
this case the Hopfield model (including the IDP Hopfield model [4.6]) is inadequate at correctly
describing the system behavior because it does not preserve the positivity of signals. Motivated
by this observation, we also consider the following IDP firing rate model with a non-negative
activation function @ : RV — [0, 1]V:

{mt) = —ar(t) + @ (W (u(t) (1) ws
rr(0) € [0,1]V
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where activity is sparse and confined in the hyper-interval [0, 1]. Although the firing rate model
is less amenable to analytical treatment due to the lack of symmetry in the activation function,
a variation of the proposed mechanism is still able to induce stimulus driven transitions among
different prototypical memories. However, as observed in [98], under certain conditions the

sharing of representational units among different patterns leads to their co-activation.

4.3 A modern interpretation

As discussed in the introduction, the IDP model can be naturally reformulated within the mod-
ern Hopfield framework introduced in [25]. In this formalism, a recurrent neural network is
deconstructed into two interacting layers without intralayer connections. The resulting bi-layer

dynamics are given by

T8 = —x + MzVU,(y), (4.52)
Tyl = —y + M,V (). (4.53)

Here, the dynamics of the x-layer (feature layer) depend only on the activity of the y-layer
(memory layer), and vice versa, with no self-interactions within layers. Under the assumption of

separated timescales - specifically, in the limit T, — 0 - the system reduces to
Tpd = —x + MV, (MU, (x)) (4.54)

which recovers the most general form of a recurrent neural network, including the voltage and
firing rate models.

With respect to the IDP voltage model, the following tripartite architecture characterizes a
more general model that captures the interaction of the activity in the memory layer y € R” and
in the saliency layer z € R”. The combined information is then exploited to drive the retrieval in

the feature layer z € R . In summary, the modern Hopfield reformulation of the IDP model is

Tp& = —x + My[z © V(2 © y)] (4.55)
T,y = —y + MV, (z) (4.56)
T,2=—2+ M, V,(u) 4.57)

where the symbol © is the Hadamard entrywise product, namely (z ® y); = y;z;, and ¥ is an
activation function implementing either a linear or non-linear processing of the input. Notice
that when M, = M and M, = M, = M with M = N"2[E} .- £F] € N=V/2{—1,1}N*P,
and ¥,, U, are identity functions, the equations (4.55),(4.56), (4.57) reduce to the IDP voltage
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model (4.6) in the limits T, — 0 and T, — 0, with @« = z ® z. Unraveling the activity of the
IDP voltage network into the distinct components allows for a better qualitative understanding of
the layers’ contribution (see Fig. 4.6 for a block representation). The memory layer serves the
function of pooling layer, projecting the activity of the feature layer into a similarity space. The
pooled activity is then modulated by the input decomposition. It is clear then that the combination
of pooling and modulation implements a natural trade-off between past internal activity and

externally incoming information.

In the model discussed so far we have the input processing M, ¥ (u) = M "u, because it
allows a direct logical and visual interpretation of the relationship between the input decomposi-
tion and the network response. However, in a realistic neuronal system the relationship may not
be so simple and interpretable. Indeed, the most general case would be that where M, € RF*K
and u € R¥ is a generic input. This is the case when the input originates from a different cortical
region possibly having a different output dimensionality, and therefore the relation with the
prototypical memories is more subtle. A discussion of how the ¥, output channels are related to
the memories stored in the recurrent network is beyond the scope of this article, but remains an

important problem open to original solutions.

Finally, the framework of eqgs. (4.55),(4.56), and (4.57) provides a dynamic description of a

memory neurons y

00000000

input

00000

salien(zy P feature neurons =z

neurons

_

o

)
-
L

) (v e
M.} w0 }

o—( w.0) o~ w F—{ 5 z
L= )

Figure 4.6: Illustration of the modern Hopfield reformulation of eqs. (4.55),(4.56),(4.57) for
the IDP voltage model with input filter. The symbol © denotes a Hadamard entrywise product.
(A) Neural network representation with interconnected layers and synaptic weights M, M., and
M,. (B) Block diagram representation, where each block TlTs’ with T = T, T;, Ty, denotes a
low-pass filter with cutoff frequency 1/, each block M, M,, and M, denotes a matrix-vector
multiplication, and each block ¥, (-), ¥,(-), and ¥, (-) denotes an activation function.
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biased self-attention mechanism in a transformer, generalizing the result (1.47) of [45]. Indeed,
choosing W, () = Id(-), ¥,(-) = softmax(-), M, = MJ = M, and taking 7, = 1, T, — 0,
T, — 0 yields

&= —x+ M[z ®softmax(z ® M "z)] = =V, Es(z; 2) (4.58)
1 N T z'x
Ey(x;2) = B log <Z Pz (M x”) + — >0 (4.59)
=1

Constraining z(t) = 1 we recover exactly the dynamic self-attention mechanisms studied in the
provided references. Differently from the standard implementation of the attention mechanism,
augmenting the dynamics with eq. (4.57) may help in controlling the retrieval of keys as a function
of continuously streamed external biases pre-multiplying the queries, hence in a more online

fashion.

4.4 Conclusion

Achieving robust behavior in multistable systems Multistability is a distinctive feature of the
classical voltage model, required for its associative memory functionality. Yet, multistability is
typically avoided in controlled engineering systems because it potentially leads to fragile and
unpredictable behavior. While complex systems, such as the electric power grid, may in fact
exhibit multiple stability regions, only one of them corresponds to proper grid functioning. It
is the responsibility of the grid control infrastructure to steer the system away from undesired
stability regions. The proposed IDP voltage model fulfills this same responsibility in the context
of memory retrieval: when the input is not ambiguous, the neural state is reliably driven to the

correct stability region, achieving a robust and predictable memory system.

Energy shaping in the IDP voltage model The IDP voltage model presents a simple yet
effective explanation of how a direct input-driven modulation of the synapses can enrich the
dynamic range of recurrent neural networks. The input driven adjustments of the synaptic
couplings between neurons enforce a clear memory hierarchy, with single memories existing only
if sufficiently stimulated. Furthermore, the input decomposition changes the stability properties
of single memory patterns. Through the existence of the threshold Xsapility, @ memory that was
stable at a certain time instant can suddenly become a saddle point, and thus allow the network
dynamics to roll towards another memory, as proposed by Karuvally et al. in [99]. During the
retrieval process, the saliency attributed to individual memories via input decomposition reshapes
the energy landscape of the model. This process deepens the wells associated with the most

dominant input components while flattening the others. Consequently, the presence of exogenous



4.4 Conclusion 89

noise is enough to drive the dynamics towards the deepest basin of attraction and confine the
network activity within it. It is worth mentioning that a model similar to the IDP voltage has
been recently numerically studied in [100] with the aim of implementing sequential memory
retrieval. In this context, the dynamics and distribution of the saliency weights reflect some
previous association among prototypical memories, and confine the network activity to limit

cycles.

Future work and implications The present study lays the foundation for future research aimed
at fully analyzing the biologically plausible firing rate version of the IDP model. This study also
opens pathways for the empirical validation of input-dependent associative memory models and a
comprehensive characterization of learning dynamics, encompassing both long-term memory
formation and short-term modulation of saliency weights. Specifically, future works will need to
consider a complete theoretical investigation of the IDP firing rate model in a low neural activity
regime compatible with experimental evidence [98]. A thorough understanding of the dynamics
underlying memory retrieval in the firing rate model may in fact guide experimental researchers
in their inquiries, and successful validation of the model may provide a solid ground for the
understanding of high level cognitive processes. Most importantly, our formalization of the IDP
voltage model paves the way for a thorough investigation into its underlying learning dynamics.
Developing an effective, biologically plausible learning mechanism—such as one grounded in
the Hebbian paradigm—could position the IDP voltage model, rooted in the modern Hopfield
architecture, as an efficient biologically-inspired machine learning model.

In addition, jointly solving the problem of long-term learning and short-term modulations
may provide valuable answers on the multiplicity of timescales observed throughout biological
learning processes. Notably, there is already ample evidence [101] that heterogeneity in functional
features and timescales may be the biological solution to the problems of catastrophic forgetting
and adaptive learning. The advancement of such comprehension holds relevant implications,
extending its impact beyond neuroscience and onto the domain of machine learning. Within the
machine learning field, the mentioned problems prevent virtual and embedded agents [87] from
deployment in contexts that require both cognitive flexibility and preservation of past knowledge.
The successful combination of these two elements epitomizes the ultimate aspiration of continual
learning [88], [102], an emergent machine learning paradigm that seeks to meaningfully integrate
present and past data and yields the potential for great technological advancement.

This chapter is based on the work [103] published in the journal Science Advances. The next
chapter extends the IDP voltage model by incorporating stochasticity, highlighting how noise
facilitates smoother transitions between memories. We also provide a rigorous analysis of the
associated stochastic process, demonstrating how the probability measure concentrates around

the deepest minima of the energy landscape.
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Appendix In this appendix, I justify how the choice of a piecewise continuous and bounded
external input u(t) € RY still guarantess the existence and uniqueness of the solution to the

voltage equation. It is well known (see [78, Theorem. 2.3, Ch. 2]) that the Cauchy problem

(4.60)
z(0) = z9 € RN

{jc =H(t,x)
admits a global unique solution x(t) if (¢, z) satisfies the following conditions:

(i) H(t, ) is piecewise continuous in ¢.

(ii) There exists a constant L > 0 such that [|H (¢, z) — H(t,y)||2 < L||lz — y||2 forallt € R

and z,y € RY, where || - ||2 denotes the 2-norm.
(iii) There exists a maps ¢ : R — R such that || H (¢, z)||2 < ().

In our case we have that H(t,zy) = —an + W (u(t))¥(xn). Notice that the previous
condition (i) is automatically satisfied when u(t) is piecewise continuous. As far as condition (ii),

observe that
[H(t ) —HE,y)ll2 < |z —yll2 + W (u@))|l2]| V() — T(y)]2
Notice now that

IW(u(t)lle = max {on} < max {[€4alu(t)z} < VA max u(t)]l2}

=1,... =1,

Noticing moreover that ||V (z)—W¥(y)||2 < ||z—y]|2 we have that also condition (ii) holds. Finally,

observe that in our case condition (ii) implies condition (iii) since we have that (¢, 0x) = 0.



Stochastic IDP voltage dynamics to escape shallow

minima

From Chapter I to Chapter VI, this thesis has primarily examined deterministic dynamical
neural networks, as their mathematical structure provides a clear foundation for analysing
stability, retrieval, and the geometry of memory representations. Yet modern developments in
diffusion-based machine learning models compel us to broaden this framework. Contemporary
architectures increasingly rely on stochasticity as an active computational ingredient, suggesting
that a complete theory of associative memory should also encompass settings in which neural
dynamics are continuously perturbed by noise. Extending classical results to stochastic dynamics
not only enriches the theoretical picture but may also illuminate how information is processed in
models where randomness and transport play pivotal functional roles.

Within this context, it is natural to revisit the deterministic voltage models discussed earlier.
Both the classic formulation (4.4) and the IDP voltage model (4.6) successfully retrieve the
correct memory when presented with the same well-mixed external input (see Fig. 4.2(B,C)),
which might tempt one to view them as effectively equivalent. However, this apparent similarity
is a consequence of their idealized nature: in both cases, neural units evolve in isolation from the
pervasive background fluctuations that characterize biological circuits and, increasingly, modern
machine learning models. As a result, deterministic analyses alone cannot reveal how robust
these retrieval mechanisms remain when confronted with stochastic perturbations.

To address this limitation, we introduce the stochastic dynamics associated with the IDP

voltage model,
dXy(t) = [-Xu(t) + W(u)¥(Xu(t))] dt + w,dB(t), (5.1)

where w > 0 denotes the noise amplitude and B(¢) is an n-dimensional Brownian motion. This

formulation enables us to probe how noise interacts with the energy landscape, how it modulates
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the basin structure of stored patterns, and to what extent retrieval survives in regimes where

perturbations are no longer negligible.

From Fig. 5.1A observe that when the system is insulated (w = 0) and for highly mixed
inputs the retrieval process remains stuck on a previous memory as long as the associated saliency
weight is above the stability threshold oabiliy. Equivalently, the dynamics are entrapped in
a shallow minimum of the energy Eg (xy; W (u)). This behavior is undesirable, as it impairs
the system’s ability to correctly regulate its response under conditions of high input ambiguity,
and thereby undermine its reliability. We here argue that the IDP model is not only robust to
noise, but actually benefits from and exploits it as a mean to escape the shallow minima and to
achieve efficient retrieval in vague contexts. Indeed, as observable from Fig. 5.1B, relatively
high amplitude noise (w = 4) favors the consecutive retrieval of different memories even when
the inputs are highly mixed. Consistent with our intuition in Fig.4.5D, the noise drives the
retrieval process out of shallow energy valleys and into the deepest energy minima. Thus, the
stochastic IDP model embodies a mechanism that actively prioritizes the most relevant features
in its environment while suppressing the processing of background elements, mirroring the

psychological phenomenon of selective attention [104].

The observed robustness to noise for the IDP voltage model entails the existence of a range
of noise amplitudes w leading to correct sequential retrieval. It is then natural to wonder whether
there exists optimal value of w that minimize the time elapsing between input onset and the
next retrieval. As observable from Fig. 5.1D, for an insulated system (w = 0) the time elapsing
between input onset and the decay of the past memory retrieval curve is quite long, but once
initiated the transient is very fast. Despite the successful switching, the prolonged dwelling on the
previous memory seems somewhat undesirable for systems that have evolved to efficiently and
readily adapt to their environment. When the system has relatively high noise amplitude (w = 4),
the decay of the past memory retrieval curve is very swift, but the transient towards the next
retrieval is fairly slow. Slow tracking of a change in the input seems equally undesirable from an
adaptive perspective. Instead, for intermediate values of the amplitude parameter (w = 2) the
model displays both a relatively fast decay of the past memory retrieval curve and a swift transient
towards the next retrieval. In particular, it can be observed that intermediate noise amplitudes
result in shorter times between input onset and retrieval of the correct memory with respect to

both insulated and highly noisy systems.

In addition, brief prioritization of past information following a change in the input allows the
system to correct transient errors, or glitches. Indeed, for desirable values of the noise amplitude
w the IDP model adequately weights the importance of past information, so that glitches are
neglected. To test this hypothesis, we conduct a numerical experiment where the dominant

saliency weight undergoes a brief perturbation (see the green glitch at ¢ = 8 in Fig. 5.1C).



The IDP voltage model effectively suppresses these transient fluctuations, maintaining retrieval
stability. This robustness arises from the multiplicative mechanism in eq. (4.55), which prevents
abrupt disruptions in retrieval dynamics by integrating present external information against past
feedback activity.

The presented results may additionally benefit from a more rigorous study of the properties
of the stochastic voltage model. A valuable tool towards this aim is the Fokker-Planck equation
[105]-[107], which describes the time evolution of the probability measure associated to eq. (5.1).
In [108] Wong studies a particular case of the stochastic voltage model, where the associated
probability measure converges to a stationary distribution that explicitly depends on the energy

E(zp; W(u)), revealing that probability mass concentrates around its minima.
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Figure 5.1: Robustness to noise in the IDP voltage model. (A-B) Differently from Fig. 4.2C,
the prototypical memory associated to the red weight remains stable after each input switching.
(A) IDP model insulated from noise. The model correctly retrieves the first prototypical memory,
but is unable to track the dominant component of next inputs due to persistent stability of the red
component. (B) IDP model with high amplitude noise. The model correctly retrieves the first
prototypical memory. At input switch, the memory remains stable, but the associated energy well
considerably flattens (see Fig. 4.5D as reference case). The noise pushes the activity out of the flat
wells and directs it towards the deepest one, which is associated to the dominant saliency weight.
The process is then repeated at each input switch. (D) Robustness to brief input perturbations
(glitches). The IDP voltage model successfully corrects the glitch integrating past internal and
present external information. (D) Noise amplitude and speed of the transient towards the next
memory. Intermediate values of noise amplitude result in optimal speed for the transition between
two memories. Insulated and high amplitude noise models take considerably longer to complete
the switch.
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5.1 From experimental validation to analytical derivation

We have shown through an extensive set of numerical experiments the beneficial effects of the
noise on the performance of the IDP voltage model. Precisely, we have seen how the presence of
noise favors convergence towards the memory associated with the dominant saliency weight, even
for multistable energy landscapes. Moreover, we have observed the error correcting nature of the
IDP voltage model, where past information is used to counter glitches in the input. It would be
desirable to have a mathematical understanding of these properties. Formally the noisy version of
the IDP voltage model is mathematically described by the Stochastic Differential Equation (SDE)

dXy(t) = [~Xu(t) + W(u)¥(Xy)] dt + w dB(t) (5.2)
= — T, U (Xy(t) V. Ey (Xu(t), W(u)) dt + w dB(t) (5.3)

where w > 0, B(¢) is the standard n-dimensional Brownian motion and where u is considered

fixed in this context. This is an instance of the following more general SDE
dXy(t) = H(Xu(t)) dt + G(Xu(t)) dB(t) 54

where H : RN — RY and G : RY — RV¥*N are functions satisfying some regularity conditions.
One way to study the solutions of SDEs is by means of the Fokker-Planck equation. Indeed,
if we denote with the symbol (¢, zy) the probability distribution of the solution Xy(¢) of the
SDE (5.4), then it is well known [109, Ch. 2], [110, Ch. 4] that (¢, xy) satisfies the partial
differential equation

Oult, aw) = Vi - |~ H(am)ult o) +%vz- (G(mH)G(mH)Tu(t,xH)ﬂ 5.5)

known as Fokker-Planck equation, or Kolmogorov forward equation. We say that this equation
admits an asymptotic probability distribution pu*(zy) if u(¢,zg) — w*(xy) as t — oo with
respect to a suitable metric. An asymptotic probability distribution p*(xy) satisfies the partial

differential equation

Vo o | —H ) (o) + %vx - (G(wH)G(xH)Tu*(xH)>] ~0 (5.6)

and, for this reason, is also called a stationary probability distribution of the SDE. The Fokker-
Planck equation associated with the IDP voltage model is

Ou(t, o) = —Vg - [—zan(t, za) + W(w) ¥ (zn))u(t, za)] + (L;Axu(t,:m) (5.7)
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By studying the solutions of the this equation one could answer some of the questions posed

by our numerical experiments. Specifically:

* The stationary probability distribution would help in understanding where (¢, zy) will
tend to concentrate as the time tends to infinity. Given the structure of the drift field, it would
be reasonable to suppose that the mass concentrates around the minima of E g (zy; W (u)).
Is this the case?

* The previous result would be useful only if the convergence to the stationary probability
distribution occurs fast enough. Indeed it is well known that for some stochastic dynamics
the stationary probability distribution could be useless because it might be reached after
an extremely long transient and passage through metastable states. Can we have in our
context estimates of the convergence rates to the stationary probability distribution as to

exclude that metastable states exist?

These questions are very hard to answer in general. Just the question concerning whether
the Fokker-Planck equation admits a unique stationary probability distribution u*(xy) is not

straightforward.

There is a case in which some of our questions can be answered. Indeed, it is well known
that if there exists a potential function V' (zy) € C*(R™) such that e~V (@#) ¢ L1(RY) and if the
SDE (5.4) satisfies

H(zy) = =V, V(zy), G(zp) = w Iy,

where w > 0, then [111], [112] the Fokker-Planck equation (5.5) admits a unique stationary
probability distribution given by

N 1 _2V(zn) _ 2V (zy)
Wirg) = ze ?, 2= N dzn. (5.8)

This probability distribution is also known as the Gibbs measure. This result can be shown to

hold true in the more general case in which in eq. (5.4) we have that
H(zn) = —D(zn) 'V, V(zy) + 0V, - D(zu(t)) ™, G(zg) = wD(a:H(t))’%,

where D(xy) is a symmetric positive definite matrix for all zy.

The noisy IDP voltage model satisfies H(ry) = — DV (zy) "'V, E(zn, W (u)) and hence,
in general, it does not fit any of the previous special cases. Hence the previous results cannot be
used in our framework. This is true, except for the scalar case in which N = 1. This case can

provide some useful intuition on the problem we aim to understand. Indeed, in this case we can
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Figure 5.2: Graphic visualization of the difference between the two energy functions E(xy)
and V (zgy). For the noisy IDP voltage model in the scalar case when {(zg) = tanh(xy).

define the scalar synaptic parameter w € R and introduce two energy functions (5.2)

1 H
Brr(am) = —5ub(en)? + zinb(en) - /0 W(s) ds, (5.9)
x? TH
V(zp) = ?H - w/ P(s) ds (5.10)
0
Observe that in this case the IDP vector field admit two representations
H(xy) = 0,V (zn) = V' (xn) ' 0pyE(zn) (5.11)

and hence in scalar case the noisy IDP voltage model fits the previous special cases since it takes

the form
dXy(t) = =0,V (Xu(t)) dt + w dB(t) (5.12)

Notice that here the stationary probability distribution takes the form given in eq. (5.8), but also
that, since the energy V (zy) is very different from E; (zy), we can expect that also e~ 2V (#1)/@?
will be very different from e~ 2E# (#1)/w* Therefore, the energy E 77 (zn) might not be useful in
giving information about the stationary probability distribution. Indeed, if for example we choose
the activation function »(z) = tanh(z), then the function e ~F# (%) does not even belong to L' (R),
since it can be verified that lim,_, ;- Ef(z) < +oc in this case. Thus, the only admissible

candidate as stationary probability distribution for the associated SDE is p*(z) = e~ 2V (2)/ w? /Z,
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since it is easy to check that e=V(*) € L(R).

From the literature [113], we know that under some assumptions on the intensity of noise
w > 0 the measure associated to the stochastic IDP voltage model converges to a unique stationary
distribution even when N > 1. However, the literature does not provide tools to address the
problem of where the stationary measure of the IDP Hopfield model concentrates. Specifically,
we would still be far from proving the results we need to obtain a mathematical understanding of
the behavior displayed in the numerical experiments 5.1, namely that the stationary probability
distribution p.(xy) concentrates most of its mass around the deepest minima of the energy
function Eg (zp; W).

Notation We identify with B,(z) C R? the ball of radius r > 0 and centered at z € R,
For a smooth manifold M C R we identify with 7, M the tangent space of M at x € M,
and with O M its boundary. We identify with C*(X’; )) the class of k-differentiable functions
from X into ). Let f € C'(R%R) and denote with V f(z) € R? its gradient. We identify
the partial derivative of f with respect to z; as 0., f(z). Let g € C1(R%; R?) and denote with
Jxg(x) € R¥4 its Jacobian, and with V- g(x) € Rits divergence. We identify the identity matrix
of dimension d € N as Z; € R¥*¢, We refer to a positive definite matrix A € R?*? as A = 0. Let
B € R4 and we denote its trace operator as Tr (B). We denote with (, )2 : R? x RY — R the
standard Euclidean inner product. We denote the weighted inner productas (, )4 : R x R? — R,
for A > 0. We identify with Py(X) the space of probability measures over X’ having finite

second moment. Stochastic processes are identified by boldface upper roman letters, i.e. Xj.

Theoretical Background Consider the Ito stochastic differential equation (S.D.E.)

{dXt = f(t,X,) dt + G(t,X;) dB, 513

X(0) =29 € RN

where B; is the standard d-dimensional Brownian motion.

Assumption 5.1.1 (Lipschitzianity and sublinearity). Let f : R x RY — R be the drift term,
globally Lipschitz with constant L > 0 and sublinear with constant sy > 0.

((ft,z) — f(t,y), 2 —y)o| < Lyllz —yl]*  Va,yeRY (5.14)
If(t2)|* < sp(1+ [J]|?) (5.15)
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The diffusion term G : R x RY — RV*¥ obeys analogous constraints. Namely

1(G(t, ) = G(t,y)ll2 < Lgllz —yl|*  Vo,y e RY (5.16)
IG(t, )| < sa(L+ ||z]?) (5.17)

Under these standard assumptions [114] we can guarantee the existence and uniqueness of a

strong solution to eq. (5.13).

Definition 5.1.2 (Infinitesimal generator). Let / : R x RN — R be a Lebesgue-measurable

function. The infinitesimal generator of h along the process (5.13) is defined as

Ah(t, ) = lim Eg, [h(t + 8t, Xy 150)] — h(t, x¢)
’ 5t—0 5t

=0uh(t, z0) + Vh(t,z) T f(e) + %Tr (G(t,20) Lo (VA 2))G () ) - (5.18)

The probability measure i € Pa(R>g x R™) is related [115] to the S.D.E. (5.13) via the

Kolmogorov forward equation (or Fokker-Planck equation)

Oemu(t, ) =V - {—f(t, 2)u(t, z) + %V - [D(t, z)u(t, )]} (5.19)
w(0,z) =po(z) Vo eRY (5.20)

where D(t,z) = G(t,2)G(t,z)" and py € Po(RY) is the initial distribution of the states, i.e.
the distribution of the initial conditions for eq. (5.13). Additionally, we introduce the notion of

distance in Py ([RN ) between two probability measures [116].

Definition 5.1.3 (Wasserstein metric). Let [, 1o € PQ(IRN ) be two probability measures
having finite second moment. Define I'(p;, 1t2) the set of the joint probability measures 'y having

pp and us as marginals. The p-Wasserstein metric, for p > 1, is defined as

1
p
B L 521
k1, 2) <yerl(ﬂl7p2) ylllz y||p]> (5.21)
f » v
= Lerls z = ylp dy(z, 5.2
YEF(uwz)/rwlNX[RN lz = ylIp dv(z,y) (5.22)

For the sake of brevity, from now on we will abbreviate I'(11, p2) as simply I', and w(¢, z) =
e (J} ) .
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5.2 Contracting drifts and convergence to stationary measures

We begin by introducing the definition of global contractivity, and henceforth consider only

autonomous (time-independent) drift terms.

Definition 5.2.1 (c-strong contractivity). We say that f : RN — R is c-strongly infinitesimally

contracting w.r.t the 2-norm if it holds

(f(@) = f@),z—y)2 < —clz—yl3  Vz,yeRY (5.23)
where 0 < ¢ < Ly is the contraction rate, for L Lipschitz constant (5.14).

We now provide sufficient conditions for the convergence to stationarity of a probability
measure (5.19) for a c-strongly contracting drift term and spatially inhomogeneous diffusion

term.

Theorem 5.2.2 (Contraction of measures). Let {X;};>0 be the unique strong solution to
eq. (5.13) with drift f and diffusion G satisfying Assumption 5.1.1. Let f be c-strongly contracting
w.r.t. the 2-norm as for Definition 5.2.1. If ¢ > L /2, with Lg as in (5.16), then the solution
w € Po(RY) to eq. (5.19) associated to the process {X¢}t>0 converges in the 2-Wasserstein

metric to a unique stationary probability measure W* € Pg([RN).

Proof. Using a parallel coupling approach [117], we consider two stochastic processes { X:(xo, w) }+>0
and {Z;(zp, w)}+>0 both unique strong solutions to eq. (5.13) for different initial conditions
zo,20 € RN, xo = 2o and the same realization of the noise w € RN, Taking the standard
2-norm h(x) = ||z||% and evaluating the infinitesimal generator along the difference process

{X¢ — Z}+>0, we obtain

Ah(ze — 2¢) = 2(f (@) — f(ze), 2 — 21)2
+ T (Gt 1) = Gt 20)) (Gt ) — Gt )T ). (5.24)

Exploiting now the c-strong contractivity of the field f (5.23) and the Lipschitzianity of G (5.16)

Ah(zy — z¢) < —(2¢ — Lg) h(ze — 2¢). (5.25)
>0

Using Dynkin’s formula [118] on the Ito differential dh(X; — Z;)

Eg, [h(X¢ — Z4)] — h(zo — 20) < — /Ot(zc — La)h(Xs — Zy) ds. (5.26)
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Applying a specialized version of Gronwall lemma [119] we get
Eg, [M(X: — Zt)] < h(zo — z0)e” 2 Fe)! (5.27)

Let w; € Po(RY) be the probability measure associated to the process {X¢}i>oand v, € Po(RY)

be the probability measure associated to the process {Z; };>o. By the positivity of the norm

Eg, [M(X¢ — Zy)] > h(Ep, [X: — Z¢])
= h(x¢(wo) — 2t(20)) (5.28)
where in the last line the processes are independent from the noise realization w € RY. Let

now I'; denote the set of joint probability measures y; having y1; and v; as marginals. Taking

expectations of eq. (5.27) w.r.t. the joint measure, and exploiting eq. (5.28) we get

By, [h(ze = 2)] = Byo[h(2e(0) — 2:(20))]
< Eyo[h(zo — 2)]e” 27 Le)t (5.29)
and miniminzing w.r.t. Yg
inf Ey, [h(z; — 2)] < W(po, vo)e 2eLalt, (5.30)

YOEFO

By the optimality of the infimum w.r.t. the joint measure y; € I'; we get

W3 (e, ve) < W2 (1o, vo)e FeLalt (5.31)

Observe how the presence of spatially inhomogeneous diffusion results in a "discount"
of the decay rate to stationarity for the associated measure, which would otherwise equal the
contraction rate in the case of homogeneous diffusion. Despite the "discount", the transient
towards stationarity retains its exponential character. Define now two processes driven by the

same drift term f but different diffusion terms satisfying the conditions (5.16).

dX; = f(t,X;) dt + G(t,X;) dB; (5.32)
dZ; = f(t,Z) dt + Q(t,Z;) dB, (5.33)
X(0) =29 € RN,  Z((0)=zecRY (5.34)

We further suppose that both G and @ have finite Frobenius norm over the entire state-space
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uniformly in time.

Assumption 5.2.3 (Noise bound). The diffusion terms G and () are uniformly upper bounded in

the 2-norm (Frobenius norm).

sup |G(t, )||r <+ o0 (5.35)

)

sup [|Q(t, 2|7 <+ 00 (5.36)

Then we have the following theorem that bounds the distance in the 2-Wasserstein metric
between the probability measures associated to processes with equal drift term and different

diffusion term (both processes satisfy the assumptions of Theorem 5.2.2).

Proposition 5.2.4 (Contraction for different diffusions). Letr {X,}:>( be the unique strong
solution to eq. (5.32) with diffusion G and associated measure ;. Let {Z}¢>o be the unique
strong solution to eq. (5.33) with diffusion term (Q and associated stationary measure V. Assume
that Lg and Lg defined in (5.16) satisfy Assumption 5.2.3 and take L = min{Lg, Lg}. If
¢ > L/2 then

W3 (15, v*) < x? :=sup ||G(t,z) — Q(t, 2)|% (5.37)

t.x

where WX and v* are the unique stationary measures to which y; and vy converge.

Proof. Assume without loss of generality that . = L and consider the difference process

{X¢ — Z;}+>0. Evaluating the infinitesimal generator of / along the difference process we obtain

Ah(ze — 2¢) =2(f (21) — f(2t), 7 — 2t)2
+ Gt x) — Q(t, 20 I3
< —2ch(zy — z) + |Gt z) — G(t, z) || %
+ Gt z) — Q(t, 20) |7
< — (2¢— L)h(w — ) + x* (5.38)

where in the second passage we have used the strong c-contractivity of f and the triangular
inequality, and in the third passage the Lipschitzianity of G and Assumption 5.2.3. Similarly to
Theorem 5.2.2, we can apply Dynkin’s formula and a specialized version of Gronwall lemma [119]
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to reach

< h(zg — z0)e” 2t 2, (5.39)

Taking expectations w.r.t. the joint measures y; € I'; and yo € I'g and minimizing in the

respective sets, we obtain that
W3 (1, ve) < Wi(ko, vo)e~ Dt 432wt > 0. (5.40)
Since W3 is a metric for the space of probability measures, by the triangular inequality we have

W3 (W, v¥) <W3 (R, we) + W3 (ve, v7)
+ W3 (e, ve). (5.41)

Since it holds Vt > 0, passing to the limit and exploiting the convergence of y; and v; from
Theorem 5.2.2 we have
W2 (W, v*) < lim W2(ug, ve). (5.42)
t—+o00

Finally, using inequality (5.42) taking the limit in (5.40) we get

W3 (W, v*) < dim W3 (o, vo)e™ PP 452 (543)

5.3 B,-contracting drifts and concentration of stationary measures

We are now interested in the analysis of a more general scenario where the drift term has possibly

many equilibria (see for example Fig. 5.3(b)) and is therefore not globally contracting on R™.

Definition 5.3.1 (c-strong B,-contractivity). Let f satisfy Assumption (5.14) and define the
constants ¢ > 0 and a radius 7 > 0. We say that f is c-strongly B,.-contracting on RY if

(f(x) = fy),z—y)2 < —cllz—ylI>  Va,y € Br(0) (5.44)

Remark 5.3.2 (Global contractivity). Notice that the definition of c-strong global contractiv-
ity 5.2.1 and the definition of c-strong B,.-contractivity 5.3.1 coincide in the limit » — 0.

The case of B,-contractivity is particularly interesting since it encompasses more complex



5.3 B,-contracting drifts and concentration of stationary measures 103
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Figure 5.3: Globally and B,-contracting vector fields.Visual example of potentials E(z)
associated to globally contracting and B,-contracting vector fields f. (a) Globally contracting
vector field associated to a convex potential. (b) B,.-contractive vector field associated to a mostly
convex potential, with a small concave region.

dynamics endowed with multiple equilibrium points. In particular, it allows to relate the con-
centration of measure around the stable equilibrium points to the properties of their basin of
attraction. We will focus on stochastic dynamics characterized by constant noise G (¢, ) = wZy,

for which it has been proved [113] that the associated measure converges to stationarity.

Assumption 5.3.3 (Stable equilibria and contraction rates on the shell). Let x* be a stable
equilibrium of & = f(x) for f drift term. There exists c¢(z*,7) > cpin(z*) > 0 for r €
(0, rmax (2*)] such that

(f(x) = fly),x —y)2 < —c(z™,7)||z — yH% Va,y € 0B, (z*) (5.45)

Remark 5.3.4 (From shell contraction rates to ball contraction rates). The previous assumption
requires that some of the stable equilibrium points z* € D have associated a maximal radius
Tmax (2*) such that the drift term is ¢(z*, r)-strongly contracting for every point in the shell
OB, (z*) forr € (0, rmax(x*)]. If the shell contractivity condition holds for all € (0, rmax ()],
then the drift term is contracting with rate cyin () for every point in the ball B, (.~ (7*) (see
Fig. 5.4 for a visual representation of local contractivity).

When the drift term is globally contracting and there is only a unique equilibrium point, we
have that ry,x(2*) — +00. Instead, when there are multiple equilibrium points and we only

have B,-contractivity, the radii {rmax(z*) : * € D} are limited by the saddle regions.

Framing Assumption 5.3.3 in the context of B,.-contractivity, we have that some stable
equilibrium x* of the B,.-contracting drift term have a basin of attraction containing a ball of

radius rmax (2*) where the dynamics are locally contractive. For notational simplicity, we will
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Figure 5.4: Illustration of the contractive properties of the system in the Euclidean norm.
The pink region outside the ball and the purple subregions within it are contractive with respect
to the 2-norm, as indicated by the inward-pointing arrows. In contrast, the turquoise region inside
the ball does not satisfy the same contractivity property.

henceforth abbreviate integrands as f(z)g(x) = (fg)), when necessary. We now prove how the
radius 7 and the contraction rate ¢(z*, r) determine if the ball B, (z*) attracts or dissipates mass

as the measure evolves in time.

Proposition 5.3.5 (Mass sinks). Let i, € Po(RY) be the measure associated to the process (5.13)
via the FPE (5.19). Let x* satisfy Assumption 5.3.3. If there exist 1 € (0, ryax(z*)] such that
c(z*,r) >4 (%)2 then

(i) For all timest > 0 it holds

/ w(z) de > / wo(x) de. (5.46)

By (z*) By (z*)

w,
(ii) If there exists w* € Po(RN) stationary measure such that w; —> W*, then

/ w(z) de > / wo(z) dx. (5.47)

By (z*) By (z*)

Proof. (i) The measure |1 is associated to a simple S.D.E. with drift term contracting at infinity

and scalar Brownian term (non-degenerate diffusion), and therefore its density is smooth
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and with exponential Aronson-type bounds [120]. Therefore, it holds that d;p; € L*(RY)
for all t > 0 and since we are working in a compact space B, (z*) we can easily apply the

dominated convergence theorem [121].

615/ LLt(ZL') dx
By (z*)
—/ 8tllt

(1)2
=/ Vol=fw+ V| do
BT(I*) 2 |m

2
—w(f,&)2 + %(Vum 5,)2] d;o
|z

OBy (z*) [
2

:/ bt [—(f, €)2 — wTT(Jxé)l dz0 (5.48)
OBr(x*) 2 |z

where d, 0 is the surface measure, &(z) € [T,0B,(z*)]* is the surface outer normal,
and in the last passage we used Lemma 5.5.1. The outer normal to the shell 0B, (z*) is

&(x) = (x — %) /r, so we have

O w(x) de
By (z*)
1 N
— [ e[~ @.e =7 - 0?) deo
T JoB, (z*) 2
>0 [ el - a7 - G| duo
T JOB,(x*) 2
1 * * 2 N 2
:;ut(ﬁBT(x ) |e(x*,r)re — Sw >0 (5.49)

where from the second to the third passage we have used the fact that f(z*) = 0 and
the contractivity of f in B,(z*). Finally, from the third to the last passage we have used
the fact that ||z — 2*||3 = »? for all z € OB, (z*) and denoted (0B, (x*)) > 0 the
probability measure over the surface of the ball. Thus, we have that for all ¢ > 0

/ w(z) de > / o (z (5.50)

By (a*) By (z*)

.. W, . .. .
(ii) We know that p; —> p* and ;. Using the same arguments at the beginning of (i), the
associated density is uniformly upper bounded in the || - || ;,1+<-norm for € > 0 and from

1
Vitali convergence theorem [121] we get L KON p*. This justify the exchange of integral
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and limit operator, from which

/ W (z) de = / lim w(z)dx

t——+o00
By (z*) By (z*)
= tEEFnOO we(z) de > / wo(x) de. (5.51)
By (z*) By (z*)

O

The previous result showcases an interesting interplay between the radius r and the local
contraction rate c(x*, r), where the product of the two must be sufficiently large to counterbalance
the noise amplitude w > 0 weighted by the state-space dimension N. Specifically, for equilibria
with small basin of attraction, the contraction rate must be significantly large for mass to concen-
trate within the ball. Conversely, equilibria in regions characterized by weak contraction rates
can still attract mass provided that the radius r is large enough. We now focus on the simplest
generalization of the pure gradient of a potential E € C?(RY; R) such that the B,-contracting
drift field can be expressed as

f(z) = —P(x)VE(z)
= diag(p1(x1),...,pn(zN))VE(2) pi(x;)) >0,1=1,...,N (5.52)

Specifically, we would like to understand whether we can draw useful information on the

stationary measure p* € Po(R"Y) given knowledge on E(z).

Theorem 5.3.6 (Concentration of mass). Ler {X;};>0 be the solution of eq. (5.13) with
f(z) = —P(x)VE(z) as in (5.52) and c-strongly By-contractive and G(t,z) = wIy. Let
P € CHRN;RVN*N) with sign(0y,pi(z;)) = sign(x;). Let 24,7, € RY be minima of the
potential E(x) and choose r > 0 such that

(I) OBy (z4) (0B (xp)) is in the same orthant of x, (xyp).
(1) E(z+ z,) < E(xp) < E(z+x) <0forall z € B,.

w,
If there exists W € Po(RY) such that w, — y* associated to the process {X;}>o, then it

satisfies the integral inequality

/ w(z) de > / W (z) du. (5.53)
By (zq) Br(xp)

Proof. The existence of a stationary measure u* € Po(R™) was proved in [113], and p* solves
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for all y € R™ the integral equation

* w2 *
0= /Br(y) V- lP(w)VE(w)u (x) + 7Vu (:L')] dx (5.54)

= w*(z) [(VE(I‘), &(x))p — “;v . E,(a?)] dzo (5.55)
9B (y)

where the unit outer normal is &(z) = (x — y) /7, so that V - §(x) = N/r. There always exists
€ > 0 such that w?N(2r)~! > ¢, and therefore

| W@(VE@. @) doze [ i) do (5.56)
0By (y) 0By (y)

hence the left surface integral is always greater or equal to zero. We now evaluate the difference

of the same integral quantities centered on the two minima x,, x;, of the potential E(x).

0= umeVE@xam»—”ﬁN]@o
9By (zq) r
2
—/ mekvmm@@»p—wN]%o
OBy (zp) r

(5.57)

Letting now cﬁ;N = 2r(w?N)~!, rearranging the integrals and operating the change of variables

z + x, = x (and same for x}), we obtain

Wz +zq) — (2 +ap) d.O
8B,

— i [ (VE D) i, — (VB Ol i, doo (5.58)
Focusing on the integral on the right-hand side and using integration by parts we get

— [ BV (PE)) s, deo
0B,

+ [ [EV - (PEW))|ota, d-0 (5.59)
0B,
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We now focus on the divergence term inside each integrand. Specifically, we have that
V- (PEW)), =

d
= [Zaa:i(PiiEi)L Hi, + [(PE V)], (5.60)

=1

Observe now that for hp(z) = x| Px we have, using integration by parts on the shell of a generic
ball B, (x)

2
[ (P&, S-Vu + PVEW):)y, duo
9B, (z) 2
(U2
_ / (Vhp(£), &-Vu* + PYEW! )], dyo
9B, (x) 2

2
= —r/ hp(&)je V- leu* + PVELL*] d,0=0 (5.61)
OB, (z) 2

|z

(FPE.)=0

and consequently it holds that

2
[ PVl =— [ —(PEPVER ) dio (562
OBy (x) OBy (z) W

Thus, the divergence term becomes

d
2
= p’Tﬂﬂ {Z(@LPM)E% + P05, & — E(PE,, PVE)s (5.63)
i=1 |

Since we are evaluating eq. (5.60) along the surface of the ball 0B, (z,) (0B, (x}) resp.) we have
that (0., Pyi)&iovw, = 7702, Pii(2z + 24)zi] > 0 (D), [P0z, &) |40, = 7' Pii(z + 24) > 0.
Finally, since the balls are centered at the minima of E(z), VE,,, || z and in particular

sign(90,,E(z + x4)) = —sign(z;), from which we conclude that
V- (PEW), >0 Vo € OBy (z,) (0By(xp) resp.) (5.64)

The integral on top of eq. (5.59) is positive, as proved by eq. (5.56). Using (Il) E(z + z,) <
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E(zp) < E(z + xp) in eq. (5.59), we obtain

/aB —[EV - (PEW )]s s, + BV - (PEW)] 11 a, d20
= /c’)BT B, V- [(P‘iu*)|z+a:a - (Pau*)lz—i-xb] d.o

> E(xy) /33 V- [(PEW)|opa, — (PEW)|24g,] dz0 =0 (5.65)
This means that the right-hand side of eq. (5.58) is positive, and therefore

W (z+xzq) — wW(z+ap) dzo >0 (5.66)
0By

Finally, given a maximal radius r,,x such that the hypothesis (I), and (II) hold, we will have that

the conditions also hold for all » € [0, ryax ), from which it follows that

Tmax
/ W (z +zq) — W (z+xp) dyodr
0 OB,

= / w(z) doe — / W (z) dz > 0. (5.67)
BT'max (xu)

BT‘max (xb)

In plain terms, the theorem states that for systems whose drift is almost the gradient of a

potential E(x), most of the measure mass concentrates around the deepest minima of E(z).

5.4 Input-driven voltage model and stochastic memory retrieval

Finally, we illustrate the theoretical results by applying them to the IDP voltage model to answer
our original questions. Specifically, we adopt the framework in [103], where the interaction
between an external input and the connectivity matrix governs whether the dynamics are globally

or B,-contracting. For expositional and visual clarity, we focus on a two-dimensional system.

Definition 5.4.1 (Input-driven voltage model). Let u : R>g — [R220 be the constant external

input. The Input-driven voltage dynamics are

{-@H = —xyg + W(u)\Il(xH) W)

(EH(O) S [R2
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with activation function ¥(z) = (tanh(Bz1), tanh(pBxz2)) and synaptic matrix

1 (1 1 1
W(u) = ju <1> (1 1) + U <_1) (1 —1)
- %uléliﬁ + %uziziﬂ (5.68)

The voltage dynamics in the plane are associated with the Energy (potential) function
1 T T 2, [lonl:
Ey(zn) = —§\Il(xH) W(uw)¥(zn) + zg¥(zn) — Z/o P(s) ds (5.69)
i=1

and its dynamics can be rewritten as 2y = —.J, V(2y) 'VEy (zy), where J, ¥ (zy) ! is the

inverse of the Jacobian of the activation function. Notice that, for the given activation function,

we have
(B — tanh(Blzu]1)*)] ! 0
T (zn) "t = ( . 81— tanh(ﬁ[acH]g)Q)]1> (5.70)
In addition
Oz, (Jo¥(zn);;') = 2tanh(Blonuli) [B(1 — tanh(Blzul)?)] ™" i=1,2 (5.71)

so that sign(9y, (J ¥(zn);')) = sign([zn];). Thus, the conditions of Theorem 5.3.6 are satisfied.

We now want to leverage the result of Theorem 5.2.2 and numerically verify that when
f(z) = —z + W(u)¥(z) is the globally contracting drift term of a stochastic process, the
associated time-varying measure converges to a stationary measure. Focusing on the drift term,
in [103] it was proved that if max{uj,us} < B!, then the system has a unique globally
exponentially stable equilibrium point - the origin. Choosing 3 = 2 and u; = 0.2, ug = 0.25, the
voltage dynamics become globally contracting in the 2-norm (see [122, Ch. 2] for an overview

on Contraction theory) with contraction rate ¢ = .5. Choosing a diffusion matrix
G(x) = 0.4 - diag(sin(z1), cos(x2)) (5.72)

that is both Lipschitz with Lg = 0.32 and sublinear with sg = 0.16, we can observe from
Fig. 5.5(b) that the stationary measure resembles a Gaussian centered at the origin. Furthermore,
the logarithmic scale plot in Fig. 5.5(b) reveals the exponential convergence towards the stationary
measure predicted by Theorem 5.2.2.

We are now interested in veryfying the results of Theorem 5.3.6. When u; > B!, then y{&!
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(a) Energy E(x) (b) Stationary measure
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Figure 5.5: Stochastic voltage model with a globally contracting drift term. (a) Energy
function associated to the voltage model, with a unique global minimum in the origin. (b)
The stationary measure is a gaussian centered at the origin - the globally asymptotically stable
equilibrium point of the drift term. The black arrows beneath panels (a-b) are the streamlines
associated to the drift f. (c) Exponential trend of convergence towards stationarity, conformably
with the results of Theorem 5.2.2.
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and —y1 &! are equilibrium points for the drift deterministic dynamics, with y; = u; tanh(B-y1).
This condition extends to uo and &2. The convergence of the deterministic dynamics to either
of the multiple equilibrium points is guaranteed by the Energy (potential) function Eg(xy). In
addition, it was proven in [103] that if uy > w1 then Ef(£y2£?) < Eg(+y1&!) < 0. By
choosing 3 = ug > u3 = 1 > B~L, constant diffusion term G(zy) = .4 - T, and r = 0.4, the
hypothesis (i) and (ii) of Theorem 5.3.6 are verified. Then we observe from Fig. 5.6(b) that most
of the probability mass concentrates around the stable equilibria y2&2 and —y2&?2, which are
associated to the largest input u2. The numerical simulation validates the results of Theorem 5.3.6,
with Fig. 5.6(b) verifying the results in [113] on the exponential transient towards the stationary
distribution.

Simulations exploit a particle method with N = 2000 trajectories, Gaussian kernel smoothing
(variance 2 - 7»), and time step 6t = 0.01. The 2-norm of the difference in the measure over time

was used to monitor convergence, with threshold 1e-6 indicating stationarity.

5.5 Conclusion

Despite the intuitive nature of concentration results, asymptotic behavior of measures is a fragile
phenomenon that requires careful mathematical manipulation. In this chapter we have expanded
the literature on the convergence of measures associated to globally contracting drift terms and
spatially dependent diffusion terms. In particular, we have observed that convergence to a unique
stationary measure is guaranteed as long as the contraction rate is twice as big as the Lipschitz
constant of the diffusion term. Additionally, we have focused on measures associated to stochastic
processes characterized by a B,-contracting drift term and constant diffusion term. Theoretical
results and numerical simulations reveal how the concentration of mass around the stable equilibria
of the drift term depends on the radius of the largest ball centered at the equilibrium and within
its basin of attraction as well as the local contraction rate. Moreover, if a non-convex potential
E(x) for the drift term exists, then most of the stationary measure concentrates around its deepest
minima. For the sake of completeness, we point out that Proposition 5.3.5 and Theorem 5.3.6
could be generalized to space of functions with weak derivatives (Sobolev spaces), perhaps at
the cost of more burdensome notation. Future works may explore convergence to stationarity
of measures associated to B,-contracting drift terms and spatially dependent diffusion terms.
Finally, numerical investigations may benefit from more extensive experiments using a portfolio
of methods for the simulation of partial differential equations as well as dedicated optimal
transport libraries.

This chapter is based on the works [103], [123], the first published in the journal Science
Advances and the second currently available as pre-print on arXiv. The next chapter provides a
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Figure 5.6: Stochastic voltage model with a B, -contracting drift term. (a) Energy associated
to the multistable voltage model, with antisymmetric minima w.r.t. to the origin. As observable,
the minima (3, —3) and (—3, 3) associated with the input usy are far deeper than the minima
(1,1) and (—1, —1) associated with the input u;. (b-d) The stationary measure concentrates its
mass around the stable equilibrium points associated with the deepest Energy E(x) minima, as
predicted by Theorem 5.3.6. In particular, from (b) to (d) we have stationary measures associated
with increasingly higher noise amplitudes. As observable, the higher the noise amplitude, the
greater the mass within the deepest basins of attraction. For noise amplitudes far beyond the one
underlying simulation (d), almost all the particles concentrate and expand within the deepest
basin, following the shallow geometry of E(x) (e) Exponential trend of convergence towards
stationarity of the measure in (d), conformably with the results in [113]. The convergence speed
for (b) and (c) is analogous.
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synthesis of the results obtained and a forward-looking discussion of open challenges and avenues

for future research.

Appendix

Lemma 5.5.1 (Integration by parts). Let M C RN be a smooth manifold with boundary, and
let A: M — RN*N and v : M — RY be differentiable. Then

/aM(V-A(:U),U(:U))Q dyo = —/ T (A@) Jov(@) ")) deo (5.73)

oM

Proof. The formula for the divergence of a matrix-valued field gives (V-A(z)); = Z?:l Oz; Aij()

d

and consequently (V - A(z),v(z))2 = 377 ;_1[0x; Aij(x)]vi(x). Thus, evaluating the integral

d
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where in the third passage we have used generalized Stokes theorem [124] on a boundary 0. M of
a smooth manifold M, which has no boundary 9(OM). O



Final remarks

The final chapter of this thesis offers a reflective perspective on the evolving dialogue between
theoretical neuroscience and machine learning, with particular emphasis on the role of dynamical
systems as a unifying framework. For many years, the two disciplines appeared to develop in
relative isolation. Theoretical neuroscience advanced models capable of capturing biophysical
detail or cognitive phenomena, yet these models often struggled to translate into practical
algorithms for large-scale data analysis. Conversely, machine learning has progressed at an
extraordinary pace, achieving breakthroughs in domains such as image recognition, natural
language processing, and generative modeling. Despite this success, many state-of-the-art
approaches remain largely detached from biological principles, offering only superficial or

computer-centric interpretations of intelligence.

In recent years, however, this separation has begun to erode. A growing body of research in
machine learning has drawn inspiration from neuroscience—not only in terms of architecture,
but also in concepts such as energy-based formulations, recurrent dynamics, and mechanisms
of memory and attention. At the same time, theoretical neuroscience increasingly borrows tools
and perspectives from machine learning, both to analyze neural data and to sharpen its models
of computation. This emerging convergence suggests that dynamical systems theory, which has
long served as a bridge between abstract mathematics and natural processes, may provide the

common ground needed to advance both fields.

Building on these considerations, the next sections will turn to a series of open problems
that remain central to both theoretical neuroscience and machine learning. We will argue that
viewing these challenges through the lens of dynamical systems not only provides a unifying
mathematical language, but also highlights deeper connections between biological plausibility,

algorithmic efficiency, and interpretability.
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6.1 Sequential retrieval in associative memory models

Sequential retrieval — the reliable reproduction of ordered patterns of neural activity — is a
canonical problem at the intersection of neuroscience and machine learning. Unlike classical
associative memory, where a network converges to a single stored attractor, sequential retrieval
requires the system to traverse a prescribed trajectory of states. This idea was crystallized in
David Kleinfeld’s seminal paper "Sequential State Generation by Model Neural Networks" [125],
which demonstrated how asymmetric connectivity could bias transitions between attractors,
thereby extending Hopfield’s paradigm from static memories to ordered sequences. Kleinfeld’s
insight opened the way to studying memory not only as a set of fixed points but also as structured

trajectories in phase space.

Subsequent research identified several distinct mechanisms. One prominent family em-
ploys temporally asymmetric Hebbian learning rules, such as those formalized in spike-timing-
dependent plasticity, to imprint directed transitions between patterns [126], [127]. A second
family builds sequences from clustered attractors [128] or synfire chains [129], where activity
propagates through assemblies of neurons in a feedforward fashion. A third relies on continuous
attractors, in which activity bumps drift smoothly along a manifold [130] under oscillatory gat-
ing or slow adaptation. Each of these mechanisms exemplifies a dynamical-systems principle:
heteroclinic chains of metastable states, low-dimensional slow manifolds, or bifurcation-driven

transitions.

More recent developments bridge these models with modern machine learning. Rajan et
al. [131] showed that recurrent reservoirs can generate reproducible neural sequences once shaped
by learning, while modern Hopfield networks extend energy-based formulations to sequential
retrieval through temporally asymmetric interaction terms [84]. Input-modulated retrieval
schemes [100] further highlight how external signals can flexibly control sequence initiation,

tempo, and branching, echoing the role of gating and neuromodulation in biological circuits.

From a dynamical perspective, sequential retrieval corresponds to guiding trajectories through
structured regions of state space. Stability analyses clarify why some sequences are robust to
noise while others collapse into single attractors. Timescale separation between fast spiking
variables and slow adaptation or plasticity determines retrieval tempo [133]. Phase-space tools
such as Lyapunov exponents, bifurcation analysis, and energy landscapes offer a principled way
to measure robustness and capacity, while operator-theoretic methods (e.g., Koopman analysis)
are emerging as diagnostics for high-dimensional sequence dynamics.

Despite progress, several open problems remain. First, scaling laws for sequence capacity are
not yet fully established: although “long-sequence” Hopfield variants improve storage, the limits

for overlapping or noisy sequences under biological constraints remain unclear. Second, the
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Figure 6.1: Sequence retrieval in associative memory models. Visualization of input-driven
memory transition over an Energy landscape, adapted from [132]. (left) The system transitions
from an attractor basin toward a saddle region, illustrating the mechanism for moving between
stored memory states. (right) The dynamics follow a limit cycle over the energy landscape,
demonstrating sustained oscillatory trajectories that traverse multiple regions of the landscape.
Together, these panels highlight how the energy landscape shapes both discrete transitions and
continuous sequence dynamics in associative memory networks.
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precise plasticity rules that support reliable sequential transitions in vivo are still debated; while
STDP-like rules produce asymmetry, their sufficiency for long and flexible sequences remains
unresolved. Third, the control of tempo and branching is poorly understood: biological systems
can replay sequences faster, slower, or in reverse, yet most models offer only limited flexibility.
Finally, new methods are needed to reconstruct the geometry of sequential attractors from data,
linking dynamical trajectories to experimental recordings.

In summary, Kleinfeld’s original proposal of attractor transitions inaugurated a field where
associative memory is reinterpreted as the generation of structured trajectories (see Fig. ?? for
an exemplification of sequence retrieval). Contemporary work — from asymmetric Hebbian
chains to modern Hopfield extensions and reservoir learning — demonstrates the rich interplay
between biological plausibility and algorithmic utility. The dynamical-systems framework not
only provides the conceptual vocabulary (attractors, manifolds, heteroclinic chains) but also offers
analytical tools for addressing the central challenges of scalability, robustness, and control in

sequential memory.

6.2 Hebbian learning: biological plausibility, dynamics and limits

Hebbian learning — the activity-dependent strengthening or weakening of synapses — is a

foundational principle in both neuroscience and theoretical models of memory. Despite its
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conceptual appeal, Hebbian learning remains poorly understood in terms of dynamics, stability,
and large-scale application. Dong and Hopfield [134] analyzed networks with adapting synapses,
demonstrating that coupling neural activity with slow synaptic variables reshapes phase-space,
creates metastable regimes, and can be characterized using Lyapunov-like constructions. Their
results showed that memory states become slow-manifold attractors rather than fixed points, and
that bifurcations can emerge depending on plasticity strength and timescales, highlighting the

subtle interplay between stability and learning.

Subsequent work has extended these insights. Temporally asymmetric Hebbian rules, such
as STDP, introduce directionality and support sequence learning [135] but require careful tun-
ing to avoid instability. Short-term synaptic dynamics, modeled via facilitation and depres-
sion [92], modulate effective Hebbian updates, producing transient memory and filtering effects.
Neuromodulator-gated and heterosynaptic variants allow context-dependent plasticity, further

expanding functional flexibility [101], [136].

From a machine-learning perspective, Hebbian rules are appealing for their locality, low
computational cost, and natural suitability for continual learning. However, they face practical
obstacles: instability, lack of global credit assignment, and poor scaling in deep networks. Recent
approaches aim to mitigate these issues, e.g., FastHebb algorithms for efficient representation
learning [137], neo-Hebbian rules for continual learning [138], and hybrid reinforcement-learning

schemes exploiting local plasticity for adaptation [139].

The dynamical-systems viewpoint unifies these observations. Treating synaptic weights
as slow variables coupled to fast neural activity creates a multiscale system whose behavior
can be analyzed via slow-manifold reductions, Lyapunov or energy arguments, and bifurcation
analysis. Timescale separation, nonlinear plasticity, and homeostatic constraints determine
whether Hebbian updates sculpt useful structure or lead to runaway dynamics. Multiplicative
normalization and resource constraints act as effective conserved quantities, preserving memory

geometry while stabilizing the network.

Open problems remain central. Scaling laws for online, biologically constrained Hebbian
networks are incomplete; stable Hebbian rules that integrate with global credit assignment in
deep architectures remain an open challenge; translation to neuromorphic hardware and continual-
learning benchmarks requires careful algorithmic and implementation design; and experimental
validation of model predictions — e.g., slow attractor drifts or plasticity-induced bifurcations —

is largely untapped.

In sum, Hebbian learning embodies both a biologically grounded mechanism and a source
of theoretical puzzles. Dong and Hopfield’s analysis of adapting synapses frames plasticity as
an integral part of network dynamics, providing a lens for understanding stability, memory, and

scalability. Progress in this area promises both a deeper understanding of biological learning and
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pathways toward energy-efficient, online, and locally implementable learning rules in artificial

systems.

6.3 The advantages of the dynamical systems approach in neuro-

science and machine learning

The preceding sections illustrate how dynamical systems theory provides a unifying language
for understanding complex neural and computational phenomena. From sequential retrieval in
associative memory to Hebbian plasticity, the same conceptual toolkit—phase-space analysis,
attractors, slow manifolds, bifurcations, and Lyapunov functionals—illuminates both biological
mechanisms and algorithmic principles. This convergence highlights several key advantages of
framing neuroscience and machine learning problems through a dynamical-systems lens.

First, dynamical systems offer a principled framework for capturing temporal evolution.
Neural circuits are inherently time-dependent: activity patterns unfold across multiple timescales,
synaptic strengths adapt slowly, and behavior emerges from the interaction of these fast and slow
variables. By representing neural networks as dynamical systems, one can formalize these inter-
actions and predict how trajectories evolve, whether in the reliable replay of sequential memories
or in the emergence of metastable states under Hebbian plasticity. The sequential retrieval models
discussed above exemplify this: heteroclinic chains, slow manifolds, and bifurcation-driven
transitions all naturally emerge from a dynamical-systems formulation, enabling quantitative
analyses of stability, robustness, and capacity.

Second, the approach provides a common mathematical language bridging biology and
computation. Concepts such as attractors, energy landscapes, and slow-fast decompositions
describe phenomena both in real neural tissue and in artificial networks. In Hebbian learning,
slow synaptic adaptation coupled to fast neural dynamics generates rich multiscale behavior: the
same formalism explains memory consolidation in cortex and guides algorithm design for online
or continual learning. By encoding rules of plasticity as dynamical flows, researchers can explore
stability, capacity, and bifurcation structure in ways that are transparent and generalizable.

Third, dynamical systems facilitate modular and interpretable analysis of complex architec-
tures. High-dimensional neural networks—whether biological or artificial—can be decomposed
into interacting subsystems with identifiable slow and fast modes. In sequential memory networks,
this decomposition explains how network trajectories can traverse structured regions of state
space robustly, how noise affects sequence fidelity, and how external signals or neuromodulators
modulate tempo and branching. Similarly, in Hebbian plasticity, slow manifold analysis and
Lyapunov methods provide insight into when local, activity-dependent updates stabilize network

function versus when they induce drift or instability.
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Fourth, the dynamical systems perspective supports cross-disciplinary innovation. Tools
initially developed in physics and applied mathematics—bifurcation theory, operator methods,
Koopman analysis, and energy-based formulations—translate naturally to both experimental neu-
roscience and machine learning. This enables rigorous analysis of network properties, guides the
design of biologically inspired algorithms, and facilitates the benchmarking of neural plausibility
versus computational efficiency. For example, modern Hopfield networks and input-modulated
retrieval schemes leverage dynamical principles to combine stability, flexible sequencing, and
control in ways that echo neurobiological architectures.

Finally, dynamical systems foster the identification of open problems and experimental
predictions. By characterizing memory, plasticity, and computation in phase space, researchers
can quantify how capacity scales with network size, how sequences degrade under noise, or how
plasticity rules shape attractor landscapes. These predictions are not only mathematically precise
but also experimentally testable, providing a bridge between theory and data.

In summary, adopting a dynamical-systems viewpoint confers multiple advantages: it captures
temporal evolution across scales, unifies disparate phenomena under a common formalism,
enables modular and interpretable analysis, fosters cross-disciplinary innovation, and grounds
experimental predictions in rigorous mathematics. Whether applied to sequential memory,
Hebbian plasticity, or emerging models of neural computation, this perspective clarifies both the
principles underlying biological intelligence and the design of efficient, interpretable algorithms in
machine learning. By situating both fields within a shared dynamical framework, researchers gain
a powerful lens for understanding, predicting, and ultimately harnessing the complex behaviors

of neural systems.
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