M. Longo, S. Vigni Res Math Sci (2026) 13:64 H
https://doi.org/‘l0.1007/540687—026—00646—7 @ ResearCh In . .
the Mathematical Sciences

RESEARCH

: ®
The Tamagawa number conjecture and i

Kolyvagin’s conjecture for motives of
modular forms

Matteo Longo' and Stefano Vigni?*

"Correspondence:
stefano.vigni@unige.it

Dipartimento di Matematica, Assuming specific instances of two general conjectures in arithmetic algebraic
Universita di Genova, Via

Dodecaneso 35, 16146 Genoa, geometry (bijectivity of p-adic regulator maps, injectivity of p-adic Abel-Jacobi maps),
Italy we prove several cases of the p-part of the Tamagawa number conjecture (p-TNC) of
Full list of author information is . . . . .
available at the end of the article Bloch-Kato and Fontaine-Perrin-Riou for (homological) motives of modular forms of
even weight > 4 in analytic rank 1. More precisely, we prove our results for a large class
of newforms f and prime numbers p that are ordinary for f and such that the weight of
f is congruent to 2 modulo 2(p — 1). Inspired by work of W. Zhang in weight 2, which
builds on the congruence method originally developed by Bertolini-Darmon, the key
ingredient in our strategy is an analogue for p-adic Galois representations attached to
higher (even) weight newforms of Kolyvagin’s conjecture on the p-indivisibility of
derived Heegner points on elliptic curves, which we prove via a p-adic variation
method exploiting the arithmetic of Hida families. Along the way, we also prove (under
similar assumptions) the p-TNC for modular motives in analytic rank 0 and the
rationality conjecture of Beilinson and Deligne on the existence of zeta elements on the
fundamental line in analytic ranks 0 and 1. Prior to this work, the only known results on
(questions related to) the p-TNC for modular motives were in weight 2 and analytic rank
< 1 and in even weight and analytic rank 0. As further applications of our result on
Kolyvagin's conjecture in higher weight, we deduce a structure theorem for Selmer
groups, p-parity results, converse theorems and higher rank results for modular forms
and modular motives.
Keywords: Modular forms, Tamagawa number conjecture, Kolyvagin’'s conjecture

Mathematics Subject Classification: 11F11, 14C15

Abstract

Contents
1 Introduction . . ... .. ... ...
1.1 A reformulation of p-TNC for modular motives . . . . ... ... ..........
1.1.1 Modular motives and their arithmetic invariants . . . . .. ... .. .. ...
1.1.2 A reformulation of p-TNC for M:assumptions . . . . . .. ... .......
1.1.3 A reformulation of p-TNC for M: statement . . . . ... ...........
12 p-TNCfor Minanalyticrank1 . ... ... ... .. .. ... .. .. ........
121 p-TNC for M in analytic rank 1: assumptions . . . . . ... ... ... ....
1.2.2 p-TNC for M in analytic rank 1: statement . . . . ... .. ... ... ...

© The Author(s) 2026. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view
a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40687-026-00646-7&domain=pdf
http://orcid.org/0000-0002-2064-3332
http://creativecommons.org/licenses/by/4.0/

64 Page 2 of 136 M. Longo, S. Vigni Res Math Sci (2026) 13:64

1.3 Kolyvagin’s conjecture in higher weight . . . .. .. ... ... ... ... ... ..
1.3.1 Kolyvagin’s conjecture: assumptions . . . . . . .. ... .. oL

1.3.2 Kolyvagin’s conjecture: statement . . . .. .. ... ... .. ... ...

1.3.3 Kolyvagin’s conjecture: strategy of proof . . . . . .. .. ... ... .. ...

1.4 Other consequencesof Theorem C . . . . . ... ... ... ... ..........
1.5 Comments onthe assumptions . . . . . . ... ... ... ...
1.5.1 Assumptions in arithmetic algebraic geometry . . . . ... ... ... . ...

1.5.2 Assumptions on modular forms and Galois representations . . . . . ... ..

1.5.3 A general strategy to produce examples . . . . ... ... ... ... ...

1.6 Relation to the existing literature . . . . . . ... ... ... ... .. .. .. ... .
1.7 Notationand conventions . . . . . . . ... ... . . e
2 The TNC for motives of modular forms . . . . ... ...... ... ... .....
2.1 Reviewofmotives . . .. ... .. ... ...
2.1.1 Puremotives . . . .. ... .. e
212 Chowmotives . . . . . ... .. e
2.1.3 Grothendieckmotives . . . .. ... .. ... .. L o

2.2 Motivesof modularforms . . . . . ... .. L L L
2.2.1 AnaemicHeckealgebras. . . ... .. ..... ... .. .. ... .. .. ...
2.2.2 The motive of modular forms of weight k andlevel N . . . .. ... ... ..
2.2.3 Themotiveofamodularform . ... ......................

23 Notation . . ... ... e
24 Realizationsof M . . . . ... L
2.4.1 f-isotypicsubmodules . . . . . ... ... L L
242 Bettirealization . .. .. ... ... ... L o
2.4.3 Etalerealization . . . ... ... ...\t
244 deRhamrealization . . ... ... ... ... .. .. .. . o

25 Theperiodmap . .. .. ... . .. . e
251 Periodmap . . . . .. e e
2,52 Embeddingsandperiods . ... ... ... ... .. .. .. . L.

2.6 Motiviccohomology . . . . . . .. ... L
2.6.1 Motivic cohomologyof M . . ... ... ... L L o o
2.6.2 Afiniteness conjecture . . . ... ..o e
2.6.3 Someremarkson Chowgroups. . .. .. ... .. ..... ... .......

2.7 The Gillet—Soulé height pairingfor M . . . . .. ... ... ... ... ..... ..
2.7.1 Gillet—-Soulé height pairings . . . . .. .. ... ... .. ... .. .. .....
2.7.2 A non-degeneracy COMJECtUIE . . . . . o . v v v v v v v v v it et
2.7.3 The ZB-regulatorof Mover K . . ... ... .. .. .. .. ... .......

2.8 p-adic Galoisrepresentations . . . . . .. .. ... .. L L Lo
2.81 Dieudonnémodules . . ... ... ... L L L o
2.82 Tangentspace . .. . ... ... ... e

29 L-functionsof M . . . .. ..
29.1 Euler factorsand the L-function . . . ... ... ... ... ... ... ..
2.9.2 Thecompleted L-function . . ..... ... ... .. ... .. ... ....
2.9.3 Analyticranks and leadingterms . . . . . ... ... .. .. . L L
294 Leadingtermandperiods . . . ... ... ... ... .. . o ..

2.10 The fundamentallineof M . . . . . ... ... ... L oL oL
2.11 Rationality conjecture . . . . . . . .. .. . . e
2.11.1 Rationality conjecture . . . . ... .. .. ... .. ...
2.11.2 A variant of the rationality conjecture . . . . .. ... ... ... .. .....
2.11.3 A reformulation of the rationality conjecture . . . .. ... ... .......

2.12 Local Galoiscohomology . . .. ... ... .. ... .. .. .. .. . .
2.13 Global Galois cohomology . . . . ... .. ... .. ... .. .. .. .. L

2.13.1 Finitecohomology . . . . . .. ... ... . ... L o



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page30of136 64

2.13.2 Cohomology with compactsupport . . ... ... ... ... .........

2.14 The p-adic étaleregulatorof M . . . . . ... ... .. oL L o
2.14.1 Anaemic splittings in étale cohomology . . . . ... ... ... ... ... ..
2.14.2 p-adicétaleregulator . . ... ... ... L L

2.15 Projective O-structuresin M . . . . .. ... .. L L oo
2.16 The Tamagawa number conjecturefor M . . . . . .. .. .. ... ... .. .....
2.16.1 Theisomorphismf,s . ... ... ... . ... ....... ..
2162 TNCfor M . . ..o o

2.17 Bloch—Kato Selmer groups . . . . ... ... ... . .
2.17.1 Finitelocal conditions . . . . . .. .. ... ... .. .. . L o
2.17.2 Bloch-Kato Selmer groups . . . . .. .. ... .. ...

2.18 Shafarevich-Tategroupsof M . . . . . ... ... ... .. .. .. ... .. .. ...
2.18.1 Shafarevich—-Tategroups . . ... .. .. ... ...
2.18.2 Afiniteness conjecture . . . ... ... ...

2.19 Local finite cohomology groups . . . . . . .. ... .. L L e
2.19.1 Local Tateduality . . ... ... ... .. .. ... . .. .. . ...
2.19.2 The case of modularmotives . . . . ... ... ... .. ... .. .. .....

2.20 On the cohomology of Ty, Vpp, Ap . o o . o o oo oo
2.20.1 Cohomology and divisible submodules. . . . .. ... ... ... .......
2.20.2 OnPontryaginduals . . . ... ... ... . .. L o o
2203 Dualbases . ... ... ... ... ...

2.21 Tamagawaidealsof M . .. ... ... ... L L
2211 Finiteprimes £ £ p . . . . . . . e
2212 Theprimep . . . . o v it e e e
2.21.3 Thearchimedeanprime . . . ... .. ... ... .. ... ... .. .....

2.22 Compact cohomology . . . . .. ... .. . L
2.22.1 Avanishinglemma . . .. ... ... ... . ... . o o
2.22.2 Computing Deto, (RFC(GS, Tp)> .........................

2.23 Areformulation of p-TNC . . . . . . ... e
2.23.1 p-torsionof M . . . ...
2.23.2 Some linear algebra of lattices . . . . . .. ... ... .. ... .. .. .. ...
2.23.3 Reformulationof p-TNC . . . ... .. ... ... . .. ... ...

3 Preliminarieson modularforms . . ... ... ... ... . .. o o oL
3.1 Bigimageassumptions. . . .. .. ... ... e
3.1.1 Bigimage . . . . ...
3.1.2 Residualirreducibility . . . .. ... .. ... .. L o o
3.1.3 Assumptions on Galois representations . . . . .. .. ... .. ... ... ..

32 p-isolation. . . ... e
3.2.1 p-isolationof f . . . . ...
3.22 Congruencemoduleof f . ... ... .. ... ... L .
3.23 Congruenceidealoff . . ... ... .. .. ... . L o
3.24 Congruenceidealof fatp . . ... .. .. ... . L

3.3 Onp-adic Abel-Jacobimaps . . . ... ... .. ... ... ... . ...
3.4 p-integral motiviccohomology . . . . .. ... .. L L L L oL oL
341 SPHLHNG Jy « o v oo
3.4.2 p-integral motivic cohomologyof M . . . .. .. ... ... L oL
3.4.3 p-integral motivic cohomologyof M . . . .. ... ... .. .. . L.
344 Aconjectureonregy, . ... ...

4 Kolyvagin’s conjecture for modular forms . . . . .. ... ... . L Lo L L.
4.1 Heegnercycles . . ... .. . . e
4.1.1 Heegner hypothesis . . .. ... ... ... ... .. .. ... .. ...,
4.1.2 Heegnercycles . . . ... ... .. ..

4.2 Kolyvaginintegers . . . . . . ...t



64

Page 4 of 136

4.3

4.4
4.5

4.6

4.7

4.8

4.9

4.13 Specializations of big Heegner points
4.13.1 Weight 2 specialization: the case N; = N
4.13.2 Weight 2 specialization: the case N; = Np
4.13.3 The specialization theorem
4.14 Big Kolyvagin classes
4.15 Proof of Kolyvagin’s conjecture
5 The p-part of the TNC for M
5.1 Heegner modules
Zhang'scycles . ... ...... .. ... . ...
Base change maps and tracemaps . . . ... ... ..
The Heegner module oflevel N . . . . . .. ... ...
Zhang’s formula of Gross—Zagier type
Zhang’s cycles with coefficientsin R . . . . . ... ..
Zhang'sformula . ... ........ .. .. .....

5.2

5.3

42.1 Kolyvaginprimes. ... .................
422 Kolyvaginintegers . . ... .. ... ... .......
Kolyvagin classes and Kolyvagin’s conjecture . . .. ... ..
4.3.1 Kolyvagin derivatives . .. ... ... .. ... ....
43.2 Kolyvaginclasses . . .. ... .......... .. ..
4.3.3 Kolyvagin’s conjecture in higher weight . . . . .. ..

The Kolyvagin classes cp(f, 1)
Toward a proof of Kolyvagin’s conjecture: assumptions

4.5.1
4.5.2

4.6.2

4.7.1

4.7.2

4.8.1
4.8.2

4.9.1
4.9.2
4.9.3

4.10.1 Kolyvagin integers
4.10.2 Weight 2 Kolyvagin classes
4.11 Distinguished specialization maps
4.11.1 Specializations and reductions

4.11.2 Specializations and cohomology
4.12 Big Heegner points in Hida families
4.12.1 Heegner points in towers of modular curves
4.12.2 Big Heegner points

51.1
51.2
513

521
522

Periods of modular forms

53.1
53.2
5.3.3
5.3.4
53.5

M. Longo, S. Vigni Res Math Sci

The representation T . . ... .. ... ........
Basic propertiesof T . . . . . ... ...........
Critical twist and residual representations
Critical character and critical twist . . . . . ... ...
Residual representations . . . . . . ... ... ... ..
Abelian varieties and Kummer maps in weight 2
The abelian variety A, . . . .. .............
Galois representations attachedtog . . .. ... ...
Kummermaps . .. ....... ... .........
4.10 Kolyvagin classes in weight 2

The periods Q=

Special values and their algebraicparts. . . . ... ..

Algebraic parts of special values and real embeddings

p-ordinarinessof f . . ... .. ... L. L L.
Assumptions . . ... ..o o oo oo oL,
Hida families of modular forms
4.6.1 p-stabilization of f
Arithmetic primes . . . . ... ... ... ... ...,
4.6.3 p-adic Hida family through f
Big Galois representations

Modularsymbols . . . ... ... .. Lo oL

T
Comparison of periods . . . ... ...........

(2026) 13:64



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page50f 136 64

53.6 A comparisonofperiods . .. ..... ... ... . ..

5.4 Choice of auxiliary imaginary quadraticfields . . . .. .. .. ... ... .. .....
541 Theran(M) =00cCase . . . v v v vt it i e e e e

54.2 Theragn(M) =1case . .. ..ttt e et

5.5 Rationality conjecture for M in analyticrankO . . . . .. ... .. .. ... .....
551 Nekovaf'stheorem . . . ... ... ... ... .. .. .. .. . . ...

5.5.2 Comparing Shafarevich—Tategroups . . ... ... ... ... .. ......

5.5.3 On Conjecture 2.30, r4n (M) € {0, 1} . . . . . ..o oo oo

5.5.4 Proof of Conjecture 2.40, rjn(M) =0 . . . . . . ... . L.

56 p-TNCfor MinanalyticrankQ . ... ... ... ... . ... .. .......
5.6.1 p-adic L-functions . . . . . .. ... ..

5.6.2 Comparing the periodsof fand fX . . . .. ... ... .. ... .. .. ....

5.6.3 Greenberg's Selmergroup . . . . . . ... ... L L o e

564 Proof of p-TNC, 7an(M) =0 . . . . oo

5.7 Kolyvagin’s conjecture and Shafarevich—-Tate groups . . . . . .. ... .. ... ...
5.7.1 A structure theorem for ]_HI;K KM) e

5.7.2 Some consequences on H_[EK KM)andygp . ...

5.8 Rationality conjecture for M in analyticrank1 . . ... ... ... ... .. .....
5.8.1 Splitting CH:r/i%h (X/L)p over the Hecke algebra . . . . ... ..........

5.8.2 A distinguished Q-rationalcycle . . . ... ... .. .. .. ... .. .. ...

5.8.3 Proof of Conjecture 2.40, ran(M) =1 . . .. ... . .. oL

59 p-TNCfor Minanalyticrank1 ... ... .... ... ....... .. .......
59.1 Assumptions . . . . ... ...

5.9.2 Tamagawaidealsof M(fX) . ... ... ... ... ... .. ..

59.3 Comparisonof periods . . .. ... ... ... ... ... .

594 Proofof TheoremB . .. ... ... .. . ... .. .. .. .. .. .....

6 On the structure of Selmer groups . . . . . ... .. ... . L
6.1 Vanishingorderofipoe .« . o v oo
6.2 A structure theorem for H fl UGAp) oo
6.2.1 Alemmaonp™-torsion . . .. ... ... ...

6.2.2 Structuretheorem . . .. ... ... . ... .. L

7 Parityresults . . .. . ...
7.1 Ap-parityresult . .. ... L e
7.2 Proofofpart (1) of TheoremD . . . .. ... ... ... .. ... ... .. ......

8 Conversetheorems . . . . . . .. .. ..ttt e
8.1 p-conversetheorems . . . . . . ... . .. ... ...
8.1.1 Resultsover K . . .. .. .. ..

8.1.2 Assumption (GS)andresultsover Q . . . . . . ... ... ... ...

8.2 Proofofpart (2)of TheoremD . . . .. ... ... ... .. ... ... .. .....

9 Higherrankresults. . . . . . .. .. . L
9.1 Higherrankresultsforf . .. .. ... ... .. .. ... .. .. .
9.1.1 Assumption (Xeg) . . . v v v v vt e e e e

9.1.2 Higherrankresultsforf . .. ... .. .. ... .. .. .. ... .. .. ...

9.2 Proof of parts (3) and (4) of Theorem D . . . . ... ... . ... ...........
AppendixA  Determinants of projective modules . . . . . ... ... .. .. .. . 0L
A.1 Determinants over commutativerings . . . . ... .. ... ... 0 oL
A2 Determinantsover PID’s. . . . . . . .. .. . L e
A.3 Determinants over products of PID’s . . . . . .. ... ... ... ... ... .. ...
A4 Determinantsandbasechange . .. ... ... ...... ... .. ... ... . ...
A5 Determinantsof complexes . . . . . .. ... .. L
AppendixB Remarks on Pontryaginduals . . .. ...... ... .. ... .. ... ...
B.1 Generalities on Pontryaginduals . . . .. .. ... ... .. .. .. .. . ...

B.2 Pontryagin duals of finite extensionsof Q, . . . . . ... ... ... ... L.



64

Page 6 of 136 M. Longo, S. Vigni Res Math Sci

B.3 On Pontryagin duals of J#-vector spaces . . .. ... .. ... .. ... .......
Declarations . . . . . ... ... ...

References . . . . v v v v i i i i e e e e e

1 Introduction

The Tamagawa number conjecture (TNC, for short) of Bloch and Kato [15] predicts
formulas for special values of L-functions of motives and represents a vast generaliza-
tion of the analytic class number formula and of the Birch—Swinnerton-Dyer conjecture
for abelian varieties. The conjecture of Bloch—Kato, which was originally expressed (by
analogy with the theory of algebraic groups) in terms of Haar measures and Tamagawa
numbers, was later reformulated and extended by Fontaine and Perrin-Riou ([43]; ¢f also
[42]) using the language of determinants of complexes and Galois cohomology; similar
ideas were developed also by Kato [72,73]. The Tamagawa number conjecture was then
generalized by Burns and Flach to an equivariant setting that covers the case of motives
with not necessarily commutative coefficients [21,22], thus giving birth to the so-called
equivariant Tamagawa number conjecture.

The main result of the present paper is a proof of the p-part of the Tamagawa number
conjecture (p-TNC) for the Grothendieck (i.e., homological) motive of a modular form f in
analytic rank 1; we assume very specific instances of two general conjectures in arithmetic
algebraic geometry (bijectivity of p-adic regulator maps, injectivity of p-adic Abel—Jacobi
maps) and some technical conditions on f and p. In the rest of this introduction we will
describe our results; this will also give us an occasion to outline the structure of the article.

1.1 Areformulation of p-TNC for modular motives

The first result we describe is a reformulation of the p-part of the TNC for the motive
of a higher, even weight modular form. Although a large portion (if not all) of what we
say below applies to weight 2 forms as well (see, e.g,, [77] for the case of rational elliptic
curves), in what follows we prefer to stick to the case of weight larger than 2, as in the
weight 2 setting most of the notions that we introduce become significantly simpler and
the notation that we use turns out to be unnecessary cumbersome when dealing with
weight 2 newforms (whose motives are given by Jacobians of modular curves).

1.1.1 Modular motives and their arithmetic invariants

Let N > 1 be an integer, let k > 4 be an even integer and let f € Si(I'o(N)) be a
normalized newform of weight k and level I'o(N), whose g-expansion will be denoted
by f(q) = >_,~1an(f)q". Let F := Q(an(f) | n > 1) C C be the totally real number
field generatediover Q by the Fourier coefficients of f and let OF be its ring of integers.
Put Foo := F ®q R; moreover, for a prime number p set also F, := F ®q Q, and
Op := Or ®z Z,. We attach to f (and a prime p) the following objects.

+ The motive M = (X, I, k/2) of f. This is a Grothendieck (i.e., homological) motive
defined over Q with coefficients in F, equipped with its étale realization V), for each
prime number p (which is an F,-module), its Betti (i.e., singular) realization Vg and its
de Rham realization Vgg (which are F-vector spaces), and comparison isomorphisms
between these realizations. Here X is the Kuga—Sato variety of level N and weight k,

(2026) 13:64
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while IT is a projector on the ring of correspondences of X; see Sects. 2.2 and 2.4 for
details.

+ The (Bloch—Kato) Shafarevich—Tate group HIEK(Q, M) of M at p, which is defined
as the quotient of the Bloch—Kato Selmer group of V},/T), by its maximal p-divisible
subgroup, where T, is a suitable Galois-stable O,-lattice in V), (see Sect. 2.18). In our
arguments, the interplay between the finite group HIEK(Q, M) and the Shafarevich—
Tate group Ul;]ek(Q, M) of Nekovar, which is the quotient of the Bloch—Kato Selmer
group of V,,/ T, by the image of a certain p-adic Abel-Jacobi map, will be crucial (see,
e.g, Sects. 5.5.2 and 5.7.1).

+ For every place v of Q and prime p, a Tamagawa O,-ideal Tam&p) (M), whose defini-
tion is recalled in Sect. 2.21 (in particular, TamE,p )(./\/l) = O, for all but finitely many
V).

+ The p-torsion part Tors, (M) of M (see Sect. 2.23.1).

o The period Q¢ € (F ®q C)* coming from the comparison isomorphism between
Betti and de Rham realizations (notice that, in practice, we actually work with a period
Qoo € FX, which is defined in Sect. 2.5, that takes care of an appropriate twist in the
Betti realization and is related to Q¢ by the equality Q1 = Qoo/ (2mi)k/2).

+ The motivic cohomology group H} . (Q, M), defined in Sect. 2.6. This is a conjec-
turally finite-dimensional F-vector space; assuming this finite-dimensionality (see
Conjecture 2.12), we set

raig(M) := dimp (H},o(Q M)).

The Foo-module H} ,(Q, M) ®F Foo is equipped with a conjecturally non-degenerate
height pairing ¢ la Gillet—Soulé (see Sect. 2.7); we write Reg , (M) for the determinant
of this pairing with respect to an F-basis # of H&wt(Q, M), so that Reg , (M) # 0 if
the pairing is non-degenerate. The F,-module H,,,(Q, M) ®r F, is endowed with a
p-adic regulator map

reg, : Hipo(Q M) ®F F, — HH(Q, V})

with values in the Bloch—Kato Selmer group H, fl (Q, Vp) of V); this map is conjectured
to be an isomorphism of F,-modules (see Conjecture 2.50).

o The completed L-function A (M, s) of M, which is an entire function on C. We write
ran(M) (respectively, A*(M, 0)) for the order of vanishing (respectively, the leading
term of the Taylor expansion) of A(M, s) at s = 0 (see Sect. 2.9).

All these invariants will appear in our reformulation of the p-part of the TNC for M, which
uses the language of determinants of (complexes of) projective modules, as proposed by
Fontaine—Perrin-Riou in [43] (at least when the field of coefficients is @, the formulation
of Fontaine—Perrin-Riou is indeed equivalent to the one originally given by Bloch—Kato:
see, e.g., [42,118] for details).

1.1.2 Areformulation of p-TNC for M: assumptions
As above, p is a prime number. To prove the result below, we work under the following
assumptions, for precise statements of which we refer to later sections:
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(1) the Gillet—Soulé height pairing is non-degenerate (i.e., Conjecture 2.18 holds true);

(2) the rationality conjecture of Beilinson and Deligne on the existence of zeta elements
on the fundamental line (Conjecture 2.40) holds true;

(3) the p-adic regulator reg,, is an isomorphism (i.e., Conjecture 2.50 over Q holds true);

If reg,, is an isomorphism for some prime p, then HL .(Q, M) has finite dimension over
F (i.e., Conjecture 2.12 over Q holds true). Note that the non-degeneracy condition in
(1) is imposed only to force Reg, (M) to be non-zero and thus can be removed once we
know that, in the arithmetic situations we consider, Reg , (M) # 0. Significant advances
on (let alone complete proofs of) any of the conjectures above in a general setting would
represent a major breakthrough in arithmetic geometry: in this paper we have nothing new
to say about them and simply content ourselves with assuming their validity in specific
instances whenever needed. However, it is worthwhile to remark that in the low rank
contexts we are interested in (i.e., when ry, (M) € {0, 1}) we know that Reg, (M) # 0
either by definition (if r,n (M) = 0, in which case Reg (M) := 1) or as a consequence
of S.-W. Zhang’s formula of Gross—Zagier type for higher weight modular forms [165].
Furthermore, assuming the injectivity of certain p-adic Abel-Jacobi maps, we can also
prove that if r,n (M) € {0, 1}, then the rationality conjecture of Beilinson and Deligne is
true (Theorems 5.24 and 5.37). Therefore, conditions (1) and (2) will not be needed in the
proofs of the main results of Section 5, where we assume that ron (M) € {0, 1}.

1.1.3 Areformulation of p-TNC for M. statement
In the following lines, for a finite O)-module M we denote by Z(M) the O, -ideal such that

ordp (I(M)) = lengthop (M)

for each prime p of F above p, where Oy, is the completion of Of at p and ordy, is the
p-adic valuation.

Theorem A Under the assumptions in Sect. 1.1.2, the p-part of the TNC for M is equiv-
alent to the equality

( A*(M,0) )  Z(IRNQ M) - Zp(yp) - [T,es Tami (M)
Qa1 - Reg, (M) (det(A))” - Tors,(M)

of fractional Oy-ideals.

The reader is referred to Sect. 2.23 for the terms Z,(yy) and A € GL,alg( M) (Fp), the latter
being denoted by A later in the text. To sketchily explain their roles, we observe that
the definitions of some of the objects appearing in Theorem A, which are introduced in
Sect. 1.1.1, involve choices (not reflected in the notation above) of suitable bases; these
are encoded in the terms 7, (yy) and A, and then it can be checked that the validity of the
resulting formula is independent of such choices.

To the best of our knowledge, Theorem A, which corresponds to Theorem 2.83, offers
the first reformulation of such an explicit kind of p-TNC for M in arbitrary analytic rank;
a similar interpretation when ryn (M) = 0 was proposed by Dummigan—Stein—Watkins
[38].
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1.2 p-TNC for M in analytic rank 1
We can now describe our main result on the p-TNC for the modular motive M.

1.2.1 p-TNC for M in analytic rank 1: assumptions
We prove our result under the following assumptions:

(1) anintegral variant of reg,, is an isomorphism (see Sects. 3.4.3 and 3.4.4);
(2) certain p-adic Abel-Jacobi maps are injective on suitable modules of Heegner-type
cycles (see Sect. 5.1.3).

Moreover, we also assume all the conditions described in Sect. 1.3.1 (or, rather, minor
variations thereof), so as to be able to apply Theorem C. Observe, in particular, that the
square-freeness of N forces f not to be CM; in addition, k and p must satisfy the congruence
k =2 (mod 2(p — 1)). Here we are deliberately vague about hypothesis (2), as the actual
injectivity properties of p-adic Abel-Jacobi maps that are needed are too technical to state
in this introduction: we just remark that, while it seems to be a “folklore” conjecture that
such maps are always injective, in this article we need to impose this injectivity condition
only in very specific cases (c¢f Remark 5.23 for further comments).

1.2.2 p-TNC for M in analytic rank 1: statement
As before, ry15(M) (respectively, ran(M)) denotes the algebraic (respectively, analytic)
rank of M.

Theorem B (p-TNC for M) Suppose that ran(M) = 1. Under the assumptions in Sect.
1.2.1, the following results hold:

(1) ragM) =1;
() HIZNQ M) = HI*Q M),
(3) the p-part of the TNC for M is true.

This result corresponds to Theorem 5.42. Albeit not available (as far as we know) in the
literature, and never formulated for the motive M, parts (1) and (2) were essentially already
known, thanks to a combination of work of Nekovar on the arithmetic of Chow groups
of Kuga—Sato varieties [110] and analytic results by Bump-Friedberg—Hoffstein [20],
Murty—Murty [107] and Waldspurger [160]; thus, the novelty of Theorem B lies almost
entirely in part (3). We prove the p-part of the TNC for M by showing that, under the
assumptions described above, the equality in Theorem A is satisfied. In doing so, a key role
is played by our proof of a higher weight counterpart of a conjecture due to Kolyvagin about
the non-triviality of his system of “derived” Galois cohomology classes built out of Heegner
points on elliptic curves ([82, Conjecture A]): in Sect. 1.3, we outline our arguments for
proving this Kolyvagin-type conjecture. Among the several other ingredients that enter
our proof of Theorem B, we would like to highlight fundamental results by Kato [74] and
by Skinner—Urban [151] on the Iwasawa theory of modular forms, which led us to a proof
of an analogue of Theorem B (in particular, of the p-part of TNC for M) in analytic rank
0 (Theorem 5.29). Finally, we point out once more that, along our way to Theorem B, we
prove (under the assumptions in Sect. 1.2.1) the rationality conjecture of Beilinson and
Deligne both in analytic rank 0 (Theorem 5.24) and in analytic rank 1 (Theorem 5.37).
Since we know, as a by-product of Zhang’s formula of Gross—Zagier type for higher weight
modular forms [165], that Reg ,(M) # 0 when ry, (M) = 1, the only assumption from
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Sect. 1.1.2 that we need to impose is (an integral variant of) the one concerning reg,, (cf.
condition (1) from Sect. 1.2.1).

1.3 Kolyvagin’s conjecture in higher weight

Inspired by work of W. Zhang in weight 2 [166], which builds on the congruence method
originally developed by Bertolini—Darmon to prove one divisibility in the anticyclotomic
Iwasawa main conjecture for rational elliptic curves [9], the key ingredient in our proof
of Theorem B is an analogue for p-adic Galois representations attached to higher (even)
weight newforms of Kolyvagin’s conjecture on the p-indivisibility of derived Heegner
points on rational elliptic curves, which we prove via a p-adic variation method exploiting
the arithmetic of Hida families of modular forms.

1.3.1 Kolyvagin’s conjecture: assumptions

Let p be a prime of F above the prime number p. Write Dr for the discriminant of F and
¢ for the index of the order Z[an )l n= 1] in Or. We prove Kolyvagin’s conjecture
under the following assumptions on the pair (f, p):

(1) N = 3is square-free;
(2) pt 6NDrcy;

(3) k=2 (mod 2(p — 1));
) a(f) € OF;

(5) ap(f) #1 (mod p).

We further require the p-adic Galois representation attached to f to have big image (by
which we mean that the image of this representation contains all g € GL2(0,) such that
det(g) € (Z; )¥=1, ¢f Sect. 3.1.1) and impose suitable ramification conditions on residual
representations at primes dividing N (cf Sect. 4.5.2). With the exception of (3), which we
briefly comment upon in Sect. 1.3.3, these assumptions are analogous to those appearing
in weight 2 in [166]: at least in principle, they could be relaxed (cf Remark 4.15 for the
ordinariness condition (4)), but doing so would add extra technicalities to the proofs, while
bringing at the same time no significant novelty to the main arguments. Finally, observe
that the other assumptions in Sect. 1.1.2 and Sect. 1.2.1 play no role in the statement and
proof of Kolyvagin’s conjecture.

1.3.2 Kolyvagin’s conjecture: statement
Let p { 6NDpcy be a prime number such that the p-adic Galois representation attached to
f has big image: this rules out only finitely many p. Choose an imaginary quadratic field K
where all the prime factors of Np split. Fix a prime p of F above p. Using Heegner cycles on
Kuga—Sato varieties [110] in place of Heegner points on elliptic curves, we mimic a recipe
of Kolyvagin and define a set k¢, of Kolyvagin-type “derived” Galois cohomology classes
in HY(K, Ty/ M Ty) for suitable integers M, where T}, := T), ®0, Op. We call k¢ the
Kolyvagin set associated with f, K, p: see Sects. 4.2 and 4.3 for the detailed construction
of Kfoo-

Theorem C (Kolyvagin’s conjecture) Under the assumptions in Sect. 1.3.1, kroo 7 {0}.

Theorem C, which corresponds to Theorem 4.14, shows that the higher (even) weight
counterpart of Kolyvagin’s conjecture for elliptic curves that was first formulated in [97,

(2026) 13:64



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 11 0f 136 64

Conjecture A] holds true for ordinary primes p satisfying the conditions described above.
Actually, in Theorem 4.14 we prove a stronger statement that implies Kolyvagin’s conjec-
ture. We remark that Kolyvagin’s original conjecture was proved (at least in the ordinary
case, under some technical assumptions) by W. Zhang for p { N and by Skinner—Zhang
for p |[N. Other than a crucial role in our proof of Theorem B, Theorem C has also conse-
quences on structure theorems for Selmer groups, p-parity results, converse theorems and
higher rank results for modular forms and modular motives, some of which are outlined
in Sect. 1.4.

1.3.3 Kolyvagin’s conjecture: strategy of proof
Our strategy for proving Theorem C is based on a deformation-theoretic approach; in a
nutshell, it goes as follows:

(1) we take the p-adic Hida family f passing through our p-ordinary form f (or, rather,
through the p-stabilization of f);

(2) we consider big Heegner points X, € H(K,, ’IFT) a la Howard, where K, is the
ring class field of K of conductor # and Tt is the critical twist of Hida’s “big Galois
representation” attached to f;

(3) we define Kolyvagin-type classes d(f, n) € H(K,, T T) built out of the X,;;

(4) finally, we combine results of Zhang [166] and Skinner—Zhang [152] on Kolyvagin’s
conjecture for (modular) abelian varieties and specialization results of Howard [64],
Castella [27] and Ota [122] for big Heegner points to deduce, using the classes d(f, n),
Kolyvagin’s conjecture for f from the corresponding statement in weight 2.

As explained in Sect. 4.8.2, the congruence k = 2 (mod 2(p — 1)) allows us to directly
compare residual self-dual representations attached to the specializations at weight k and
at weight 2 of f; in fact, we found it quite natural to use the results already available
in weight 2 as a “bridge” to the general case. It might be possible to efficiently combine
twisting techniques of Chida—Hsieh [29] with recent progress on the p-adic variation of
Heegner points due to Bilyiikboduk—Lei [25], Disegni [37] and Jetchev—Loeffler—Zerbes
[68] to get rid of this congruence condition by considering both f and a twisted Hida family
of the form f ®yx for an appropriately chosen character x (in this sense, a combination
of [29] and [37] seems to be particularly promising). In order to keep the size of the
present paper under (reasonable) control, we preferred not to pursue this question here,
but we would like to come back to it in the near future. Finally, we point out that a direct
generalization of Zhang’s strategy from [166] to the higher weight case (which avoids p-
adic variation methods) has been developed, under the condition p > k + 1, in our recent
joint paper [90] with Pati. In particular, our arguments in [90] build crucially on results of
Wang on the indivisibility of Heegner cycles over Shimura curves [161]; see Remark 4.16
for more details.

To further elaborate on our congruence assumption on k and p, notice that for a given
f the condition kK = 2 (mod 2(p — 1)) is clearly satisfied only by finitely many primes
p. However, by arguing as follows we can offer infinitely many examples of pairs (f, p)
enjoying this property. Let f be a newform of weight 2, level I'g(XN) and trivial character
and let p 1 N be an ordinary prime for f, then take the Hida family passing through the
p-stabilization of f. There are infinitely many cusp forms of weight k such that k = 2
(mod 2(p — 1)), level I'o(Np) and trivial character appearing as specializations of the Hida
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family at k: these forms are ordinary p-stabilizations of newforms of weight k, level I'g(N)
and trivial character to which our results apply.

1.4 Other consequences of Theorem C

As hinted above, we deduce from Theorem C, in addition to the p-TNC for M, a structure
theorem for Selmer groups (Theorem 6.4), a p-parity result (Theorem 7.1), converse
theorems (see, e.g., Theorem 8.4) and higher rank results (Theorem 9.2). The next theorem
is a sample of these results.

Theorem D Under suitable assumptions on height pairings and p-adic Abel—Jacobi maps,
the following statements are true:

(1) rag(M) = ran(M) (mod 2);

(2) lfralg(M) =1, then ralg(M) = ran(M);
(3) if ran(M) > 1is even, then ryg(M) > 2;
(4) if ran(M) > 1is odd, then ryg(M) > 3.

Each result in Theorem D is proved under its own set of specific assumptions on the
non-degeneracy of Gillet—Soulé height pairings and the injectivity of p-adic Abel-Jacobi
maps: since their formulations are rather intricate, we do not attempt to describe these
hypotheses here and simply refer to Sections 69 for all details.

1.5 Comments on the assumptions

We previously pointed out that the main results of this paper will be proved under (par-
tially) different sets of assumptions. As a general rule, in each section we indicate the
running assumptions under which we are working, in the hope that this will help readers
to isolate the specific hypotheses that are needed for a given theorem. Inevitably, this
policy leads to overlaps between all these lists of conditions. In order to try to remedy
(at least in part) this inconvenience, in the lines that follow we collect the hypotheses in
Assumption 5.38, which is in force in Theorem B, the main contribution of the present
article. Explanations on these issues can already be found in this introduction and further
details will be given at length in the main body of the paper, so here we refrain from
illustrating the reasons why we need to impose every single condition appearing below.

1.5.1 Assumptions in arithmetic algebraic geometry
The general hypotheses in arithmetic algebraic geometry that we need are the following
two:

« an integral variant of the p-adic regulator map is an isomorphism;
+ p-adic Abel-Jacobi maps are injective on suitable modules of Heegner-type cycles.

These are specific instances of major conjectures that are expected to hold true for all
primes p: in this paper, we simply assume their validity when necessary.

1.5.2 Assumptions on modular forms and Galois representations

As before, let p be a prime of F above p; write p, (respectively, pp) for the p-adic (respec-
tively, mod p) representation attached to f. With notation as above, here is the list of
assumptions on the pair (f, p) we work under:
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+ N > 3is square-free;

p 1 6NDEN(agr,n))ers
+ pp has big image;

3

« f is p-isolated, i.e., there are no non-trivial congruences modulo p between f and
normalized eigenforms in Sg(I"o(N));

+ ay(f) € Oy for all primes p of F above p;

+ ap(f) # 1 (mod p) for all primes p of F above p;

+ Py is ramified at all primes dividing N for all primes p of F above p;

e k=2 (mod 2(p — 1)).

Here N(azr,(x)) denotes the norm of a certain ideal asr(n) of OF defined in Sect. 5.3.6.
The first four conditions rule out only finitely many “exceptional” primes p, which can be
explicitly characterized, though the available results in our higher weight setting seem to
be much less refined than the corresponding ones in weight 2, especially for elliptic curves
(cf Remarks 3.5 and 3.10). Notice that, in this paper, we always use the “big image” property
in the guise of Proposition 3.3, which essentially asserts that residual representations are
irreducible (cf Remark 3.4). It turns out that the fourth condition is satisfied for all but
finitely many p, which can be explicitly characterized (cf Sect. 3.2.1). In order to better
understand the role of p-isolation, observe that the paper [9] by Bertolini—-Darmon, whose
congruence method was exploited by W. Zhang in [166], assumes that the prime p does
not divide the degree of a modular parametrization of a given rational elliptic curve
E, which implies that the weight 2 newform attached to E is indeed p-isolated; this p-
isolation hypothesis was removed by Pollack—Weston in [126] and, in fact, Zhang uses
results from [126] to get rid of this assumption. Higher weight generalizations of the work
by Pollack—Weston have been studied by Kim—Ota in [76], so it could be tempting to
try to relax (or even remove) the p-isolation assumption also in our proof of p-TNC for
M. Unfortunately, things appear to be a little trickier here, since we use this property to
ensure that the integer m > 0 introduced right before [110, Proposition 3.1] is 0 (formally,
this is justified by (3.9)). Presently, in general we cannot control the integer m effectively
(although we suspect it is equal to the valuation at p of the congruence ideal), so we
chose to stick to the p-isolation condition when needed; furthermore, as remarked earlier,
p-isolation excludes only finitely many p, which is in line with the philosophy of this paper.

Coming back to our list of assumptions, the fifth condition is an ordinariness property at
the primes of F above p: by analogy with what happens in weight 2, one expects it to hold
for infinitely many primes p. On the other hand, the sixth condition plays a role in our
proof of Kolyvagin’s conjecture, more precisely, when dealing with weight 2 specializations
of big Heegner points in our p-adic Hida family (this is ultimately due to the fact that we
cannot a priori exclude that the weight 2 specialization of the Hida family has conductor
Np), while the residual ramification properties at the prime divisors of N are the higher
weight counterpart of an analogous condition for rational elliptic curves in [166]. The last
assumption, requiring that k = 2 (mod 2(p — 1)), is a condition on the p-adic weight
space of Coleman—Mazur [31] and forces the inequality p < k (this was commented upon
in Sect. 1.3.3). As is explained in Remarks 3.5 and 3.10, this suggests that, in particular, the
big image and the p-isolation properties are genuine constraints we will need to impose
on the pair (f, p): in particular, we cannot make sure they are satisfied by simply taking the
prime p to be “large enough” with respect to the weight k of f.
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Finally, we remark once again that, as already stressed, the big image, the p-isolation
and the ordinariness assumptions on f should all be dispensable, although at the moment
it is not completely clear to us how to remove them altogether from our arguments. In
particular, following considerations of Lenstra [87], the condition of p-isolation is used in
Sect. 3.2.4 to obtain a very useful splitting of Hecke algebras; however, this property plays
no role, e.g., in our proof of Kolyvagin’s conjecture.

1.5.3 Ageneral strategy to produce examples
Clearly, the most delicate assumptions on f as far as their compatibility is concerned
are the third, the fourth and the last one in Sect. 1.5.2. Here we would like to describe
a general procedure that allows us to produce infinitely many examples of pairs (f, p) as
above satisfying all those three properties.

Step 1. Pickasemistableelliptic curve E over Q of conductor N andletfr € Sy(I'o(N))
be the newform associated with E.

Step 2. Choose a prime number p { N that is ordinary for E such that

+ the image of the Galois representation attached to the p-adic Hida family f; passing
through (the p-stabilization of) f is big [39];
« fE is p-isolated.

At the cost of taking p sufficiently large (which we can do, since there are infinitely many
ordinary primes for E), these two conditions can be satisfied simultaneously (see, e.g., [159,
Theorem 4.15] and Sect. 3.2.1).

Step 3. Notice that, by standard facts in Hida theory, the conditions required in the
previous step force all (classical) specializations of fr at even weights to have irreducible
residual Galois representations (see, e.g, [159, §4.5]) and be p-isolated.

Step 4. Observe that, by Step 3, every (classical) specialization of fr of weight k
such that k = 2 (mod 2(p — 1)) satisfies the third, the fourth and the last assumptions in
Sect. 1.5.2.

1.6 Relation to the existing literature

Prior to this work, the only known results on (questions related to) the p-TNC for modu-
lar motives were in weight 2 and analytic rank at most 1 and in even weight and analytic
rank 0. More precisely, the p-part of the Birch and Swinnerton-Dyer formula for elliptic
curves over Q (i.e, for weight 2 newforms with rational Fourier coefficients) of ana-
lytic rank at most 1 has been the subject, under different arithmetic assumptions and in
various degrees of generality, of intense study in recent years. Here we would like to men-
tion, in (rough) chronological order, the papers by Kobayashi [79], Skinner—Urban [151],
W. Zhang [166], Skinner—Zhang [152], Berti—Bertolini—Venerucci [7], Jetchev—Skinner—
Wan [69], Castella [26]. None of these articles is written in a motivic language or refers
to the Tamagawa number conjecture explicitly, but all of them prove de facto results on
the p-TNC for the motives of elliptic curves over Q, as it is known that the (complete)
Birch—Swinnerton-Dyer conjecture for an elliptic curve is equivalent to the Tamagawa
number conjecture for the corresponding motive (see, e.g., [77] for a detailed explanation
of this equivalence, which is highly non-trivial).
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As for motives of higher weight modular forms, work of Dummigan—Stein—Watkins [38]
deals with the analytic rank O case. Results in a rank O setting have been obtained also by
Fouquet—Wan [44]. More recently, some of the results in weight 2 in the above-mentioned
papers were partially extended to higher weights by Thackeray [155]. In particular, a
formula was proved that relates the orders of Shafarevich—Tate groups to logarithms of
generalized Heegner cycles 4 la Bertolini—-Darmon—Prasanna [10]; this formula might be
linked to ours and could perhaps be used to deduce, following our approach, the p-TNC
for M. Finally, we point out that, along different lines of investigation, the Tamagawa
number conjecture for motives of modular forms was the subject of Gealy’s PhD thesis
[46], while Diamond—Flach—Guo studied the Tamagawa number conjecture for adjoint
motives of modular forms [35,36].

1.7 Notation and conventions

We denote by Q the algebraic closure of Q inside C and write Z for the ring of integers
in Q (i.e, the integral closure of Z in Q). For every prime number £ we fix an algebraic
closure Q of Q.

For any number field K we denote by Gx := Gal(K/K) the absolute Galois group of
K, where K is a fixed algebraic closure of K. For any continuous G -module M we write
H!(K, M) for the i-th continuous cohomology group of Gx with coefficients in M in the
sense of Tate ([154, §2]). Finally, if K /F is an extension of number fields, then

res/r : H'(F, M) — H'(K; M), coresk/p : H'(K, M) — H'(E, M)
denote the restriction and corestriction maps in cohomology, respectively.

2 The TNC for motives of modular forms

We describe the Tamagawa number conjecture (TNC, for brevity) of Bloch—Kato ([15,
Conjecture 5.15]) in the case of motives of modular forms. As will be clear, our exposition
follows [43,77] quite closely. We remark that the TNC for modular forms in analytic rank
0 was also considered by Dummigan—Stein—Watkins in [38], while Diamond—Flach—-Guo
studied in [36] the TNC for adjoint motives of modular forms. Results in rank 0 have also
been obtained by Fouquet—Wan in [44].

Although we are chiefly interested in the TNC over Q, we introduce some of the relevant
notions (e.g., motivic cohomology, L-functions, Selmer groups, Shafarevich—Tate groups)
over arbitrary number fields; in particular, we will eventually need to work over certain
imaginary quadratic fields. For details on the TNC for more general motives, the reader
may consult, e.g., [21,41,77].

2.1 Review of motives
We briefly review the basic definitions in the theory of motives; for details, the reader is
referred, e.g, to [2, Ch. 4], [96,140].

2.1.1 Pure motives

Let K be a field and write Vi for the category of smooth projective schemes over K. Given
an object X of Vi and d € IN, denote by Z%(X) the group of cycles of codimension d on X,
i.e., the free abelian group generated by the irreducible subschemes of X of codimension
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d.Let ~ be an adequate equivalence relation on cycles (see, e.g., [2, Définition 3.1.1.1]) and
let R be a commutative ring. Set Z4(X)g = (Zd(X ) Rz, R) / ~; it will also be convenient
to put Z4(X)z = 0 for d € Z_g. Let X, Y be objects of Vx and suppose that X is of
pure dimension d; the group of correspondences modulo ~ of degree r from X to Y with
coefficients in R is

Cort”_(X, Y)g == ZAH (X xk Y)r

If X is not of pure dimension, then Corr_(X, Y)r can be defined in terms of the irre-
ducible components of X as in [140, §1.3]. Composition of correspondences furnishes, via
intersection theory, a product structure

Corr”_(X, Y)g x Corr’ (Y, Z)g —> Corr" (X, Z)g.

In particular, Corr (X, X)g inherits a ring structure for every object X of V. Now let V[% R
be the category whose objects are those of Vx and whose morphisms are given by degree
0 correspondences modulo ~ with coefficients in R. By definition, the category .Z~ (K)p
of pure ~-motives (defined) over K with coefficients in R is the pseudo-abelian completion
of V?C ® see, e.g, [2, §4.1], [77, Definition 1.1] for details; here the adjective “pure” refers
to the fact that we consider only smooth projective schemes. More explicitly, a (pure)
~-motive over K with coefficients in R is a triple

M=(Xqr)
where X is an object of Vi, g € Corr? (X, X) is an idempotent and r € Z. If r = 0, then
M is said to be effective. Furthermore, if M; = (X1, q1, 1) and My = (Xy, g2, r2) are
motives, then

Hom ,_(x), (M1, M2) = q3 - Corr’2™"2(X1, X2)g - q1 C Corr2™"2(X1, Xo)p.
Given motives M; = (X}, g;, ;) for i = 1, 2, the product of M and M3 is

M1 @k My := (X1 xx X2, q1 XK g2, 71 + 12),
One can also define the direct sum of two motives (see, e.g., [140, §1.14]), and it turns out
that .Z(K)p is an additive, R-linear, pseudo-abelian category ([140, Theorem 1.6]).

The dual of a motive M = (X, g, r) is

MY = (X, ¢, dim(X) —r),
where ¢’ is the image of the idempotent g under the map that interchanges the factors
of X xx X (cf. [77, Definition 1.2]). A motive M is self-dual if M ~ MY (1), where x(1)

denotes Tate twist (see, e.g., [2, §4.1.5]). Finally, if X is an object of Vx and Ay is the
diagonal in X x g X, then the effective ~-motive (X, Ay, 0) is the ~-motive of X.
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2.1.2 Chow motives

Taking ~ to be rational equivalence (see, e.g, [2, §3.2.2]), we obtain the category .#;at(K)p
of rational (or Chow) motives over K with coefficients in R. As we will see in Sect. 2.2,
the motive of modular forms of given weight and level is an object of .#,:(Q)z for R a
suitable Hecke algebra. However, in order to define the motive of a single modular form
one needs to pass to the category of Grothendieck (i.e., homological) motives, which we
introduce below.

2.1.3 Grothendieck motives
With notation as in Sect. 2.1.1, the category of homological motives over K with coefficients
in R is Mom(K)g, where “hom” indicates homological equivalence (see, e.g., [2, §3.3.4]).
Following Scholl ([139, §1.2.3]), we shall call the objects of #om(K)g Grothendieck
motives. Tensor products, duals and self-duality of Grothendieck motives are defined
formally as for Chow motives.

Rational equivalence is finer than homological equivalence (in fact, rational equivalence
is the finest of all adequate equivalence relations; see, e.g., [2, Lemme 3.2.2.1]), so there is
a natural functor

T+ Meat(K)g —> AMhom(K)g (2.1)

that is the identity on objects and allows one to view a Chow motive as a Grothendieck

motive.

2.2 Motives of modular forms

Let N > 3 be an integer and k > 4 be an even integer. We want to introduce, following
Scholl [139], the (Grothendieck) motive of a fixed modular form of weight k and level N,
whose realizations will be carefully described in Sect. 2.4. In order to do this, we need to
introduce first the (Chow) motive of all modular forms of weight k and level N.

2.2.1 Anaemic Hecke algebras

Write $H;(I'(N)) C EndQ (Sk(F(N ); Q)) for the Z-algebra generated by the Hecke oper-
ators Tj, with (n, N) = 1; it is often called the “anaemic” Hecke algebra of weight k and
level I'(N). Analogously, denote by $;(I'9(XN)) the anaemic Hecke algebra of weight k and
level I'g(XN). There is a natural surjection

Hi(TN)) — Hx(To(N)) (2.2)

of Z-algebras that is induced by the inclusion S (I'g(N)) C Si(I'(N)). Finally, for any
Z-algebra A, set $H;(To(N))4 := 9x(TCo(N)) ®z A.

2.2.2 The motive of modular forms of weight k and level N

Denote by £ ]l\<[72 the Kuga—Sato variety of level N and weight £, i.e., the smooth projective
Q-scheme defined as the canonical desingularization of the (k—2)-fold product £ [l\<[—2 ofthe
universal generalized elliptic curve 7 : Ey — X(N) over the compact modular curve X (N)
oflevel I'(N) (see, e.g., [139, §1.2.0]). An idempotent I, in the ring of correspondences of
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degree 0 of g}/\}—z can be constructed as follows. Recall that if we set
k—2
Ti_y = ((Z/NZ)* x {£1})" " x Sk_, (2.3)

where &_j is the symmetric group on k — 2 letters, then there is a canonical action of
I'j_pon 5’]]\‘[_2 ([139, §1.1.0, §1.1.1]); we define I, to be the projector associated with the
character € : I'y_y — {£1} that is the sign character on &4_j, the trivial character on
(Z/NZ)**=2 and the product character on {#1}~2; see [139, §1.1.2] for details (note,
in particular, that in order to define Il we need to invert 2N (k — 2)!). Moreover, write
I1p for the idempotent attached to the quotient I'o(N)/I"(N), whose order £x we need to
invert in order to define ITp. Let

Mi(N) == (EK72 T, k/2)

be the Chow motive of modular forms of weight k and level N ([139, §1.2.2]). The motive
M (N) is an object of ///rat(Q)ﬁk(r(N))[ 14, where Hi(T(N)) is the Hecke algebra

Nty (F—2)!

from Sect. 2.2.1. Note that M (N) is self-dual.

Remark 2.1 When N > 5, the motive of modular forms can also be constructed, fol-
lowing [10, Appendix], by means of the (compact) modular curve X;(N) of level I'1(N)
instead of X(N) as in [139]. Sometimes working over the connected curve X;(N) can be
more convenient; however, for the goals of this paper the two perspectives are essentially
equivalent, since we will work exclusively with the various realizations of our modular
motives.

2.2.3 The motive of a modular form

Let f € Sk(I'o(N)) be a normalized newform of weight k and level I'¢(N), whose g-
expansion will be denoted by f(q) = >_,.1 au(f)q". Let F := Q(oz,,(f) | n > 1) be the
Hecke field of f, which is a totally real number field, and let O be its ring of integers.
There is a set-theoretic inclusion F C R. Let M(f) be the Grothendieck motive over Q
with coefficients in F attached to f by Scholl ([139, Theorem 1.2.4]). To construct M(f),
consider the projector Wy associated with f ([139, §4.2.0]) and define M(f) to be the kernel
of Wy, which is a submotive of M (N); in other words, M(f) is the object of .#Zom(Q)r
given by

M(f) = (SAk;Z, (1= W) o (MM, @ 1), k/z).
Like My (N), the motive M(f) is self-dual.

Remark 2.2 The crux in Scholl’s construction of M(f) is a decomposition of M (N)
under the action of the Hecke algebra. This decomposition takes place in .%o, (Q)F; that
is, one needs to replace M (N) with its image via the functor %k introduced in (2.1). As
is pointed out in [139, Remark 1.2.6], it is reasonable to expect that the splitting of M (N)
can be performed already in the category .#;.t(Q)F (as in the k = 2 case), but this seems
very hard to achieve without assuming Grothendieck’s standard conjectures.

Remark 2.3 In this article, we will need to consider also the motive M(fX) of the twist
fX of f by the Dirichlet character associated with a suitable imaginary quadratic field K.
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2.3 Notation
To simplify our notation, from now on we set X := g]l\<[—2’ X=X XQ Q, IM:=(1- \IJf) o
(TMpIe ® 1), M := M(f). Thus, M is the Grothendieck motive

M=(XTLk/2)
defined over Q with coefficients in F. For any number field K, we also write
M/K = (X xqQ K Il xqK k/2)

for the Grothendiek motive over K with coefficients in F obtained from M by extension
of scalars, i.e., base change (see, e.g., [2, §4.2.3], [77, Remark 1.7]).

2.4 Realizations of M

Here we consider only the (k — 1)-st realizations of the motive M, which correspond to
the choice i = 2r — 1 in [77, Ch. 1, §2]. We also briefly describe the realizations of M /K
obtained from those of M by base change.

2.4.1 f-isotypic submodules
With notation as in Sect. 2.2.1, let 6y : $H;(I'0(N)) — Or be the ring homomorphism
associated with f; explicitly, 6¢(T},) := a,(f). Composing with (2.2), 6 yields a ring homo-
morphism (denoted by the same symbol) 67 : ;(I'(N)) — Ok.

For every $;(I'(N))-module M, let us set

M) :={meM|T -m=0forall T € ker(6)}. (2.4)

We call M[6] the f-isotypic submodule of M.

2.4.2 Bettirealization
Fix a subring R C C and define R(k/2) := (27i)%/% . R, which we view as an R-submodule
of C. In the following, we view R(k/2) as a locally constant sheaf on X(C). Define

Ta(R) i= T+ HEH(X(C), Rtk/2) = (MM, - H*(X(O), R(k/2)) 167),

viewed as an R-submodule of Tg(C). In particular, with #y as in Sect. 2.2.2, if 2Ny (k — 2)!
is not invertible in R, then Tg(R) may not be contained in H k=1 (X (C), R(k/ 2)).
Recall that the field F arises naturally as a subfield of C.

Definition 2.4 The Betti (or singular) realization of M is the F-vector space Vg :=
Tg(F).

The F-vector space V3 is also the Betti realization of the motive M /K for any number
field K. Set

Tg := T(OF). (2.5)
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Complex conjugation 7 induces involutions i, : X(C) — X (C) and F(k/2) — F(k/2),the
latter being given by multiplication by (—1)%/2, Denote by ¢ : Vg — V3 the composition
of these two involutions and write

Vi = vt (2.6)

for the F-subspace of Vg on which ¢ acts trivially.

Now we describe the Betti realization more explicitly. Let Y () be the open modular
curve of level I'(N). We still denote by 7 : 54 — Y(N) the universal elliptic curve over
Y (N) and, with R as before, set

Fp(R) == R, (R(k/2)), FE*(R) := Sym* 2 F(R),

where R stands for the corresponding constant sheaf on £y, which we regard as a sheaf
on X (N) by pushforward via the canonical embedding Y (N) < X(N). Write

Ta(R) = Hpoe (Y(N), F2(R))

par

for the parabolic cohomology group that is the image of the natural map
He (YO, FE2R)) — HY (YO0, FST2R)),

where ngt (O, <) denotes compactly supported cohomology. Set
Vg :=Tg(F), Tp:= Tp(OF)

By [139, Theorem 1.2.1], V3 is related to parabolic cohomology by a canonical isomor-
phism

Vg = I1- Vg = (Mplle - Vg)[6f] (2.7)

(note that ITp and I, act canonically on Vg). Since f is a newform, Eichler—Shimura
theory guarantees that Vi (respectively, V") has dimension 2 (respectively, 1) over F.
Isomorphism (2.7) induces an isomorphism

Ty ~T1-Tp = (Ml - Tp)[6f],
where the right-hand side is, in general, not contained in T, but only in Vp.

2.4.3 Etale realization
Let p be a prime number and R a Z,-algebra. For every r € Z, we denote by R(r) the r-fold
Tate twist of R and define the R-module

Ty(R) =1 - HE™ (X, R(/2) = (MaTe - HE™ (%, RGK/2)) 6], 2.8)

which is equipped with a natural action of Gg. As before, we view T, (R) as an R-submodule
of Tp(Qp): if 2Nt (k — 2)! is not invertible in R, then T),(R) is not necessarily contained in
HETH(X, R(K/2)).

From here on, set F, :== F ®q Q.
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Definition 2.5 The étale realization of M at p is the F,-module V), := T,(Fy).

By [139, Theorem 1.2.4], V), is equivalent to the self-dual twist Vf; = Vg, (k/2) of the

representation V), attached by Deligne to f and p [33]; in particular, V), is free of rank 2
over Fp. There is an identification F,, = [ ], ,, Fp, where the product ranges over all primes
p of F above p and Fy, is the completion of F at p. As a consequence, there is a splitting
Vp = lep Vyp, where each Vj, is a 2-dimensional Fy-vector space on which Gg acts. As
above, Vj, is equivalent to the self-dual twist Vpr = Vjp(k/2) of the p-adic representation
Vip attached to f. Similarly, set Op := Of ®z Z, (notice that F,, is the total quotient ring
of O,) and define

T, = T,(O,). (2.9)

Denoting by O, the completion of Of at a prime p, there is a splitting T), = lep Ty,
where each T, = T,(O,) is a Gg-stable Oy -lattice inside V}, i.e., a free Op-submodule of
rank 2 of V}, on which Ggq acts. It follows that T, is a Gg-stable self-dual O,-lattice inside
V. In the rest of this paper, we fix an equivalence of representations V), ~ VJ’L and write

I}L for the Gq-stable O,-lattice inside Vf; corresponding under this equivalence to the
distinguished Gg-stable O,-lattice that is obtained from (2.8) with R = O, by omitting
the k/2-fold Tate twist; an analogous convention applies to each T, Finally, set

Ap="V,/T, (2.10)

and notice that A, is (canonically isomorphic to) the Pontryagin dual of T, as a Z,-module.
One can also describe the étale realizations V), and T), as follows. Define the p-adic
sheaves

Fa(R) = (R(k/2)),  FEHR) := Sym* =2 (Fu(R)).

on Y (N); as before, we still denote by F, éf;z(R) the sheaf on X (V) obtained by pushforward
via Y(N) < X(N). Set

Tet(R) = Hi(X(N), FiTR), Teo = Ta(Op), Ve := TexlFp).
The projector IT acts on V; and there is a canonical isomorphism

Vp = I1- Vg = (III1e - Ver)[6f] (2.11)
(see, again, [139, Theorem 1.2.1]). Isomorphism (2.11) induces an isomorphism

Ty = T1- Te = (MpTe - Ter)[6f];

here, as above, the right-hand side is, in general, not contained in Ty, but only in V.
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2.4.4 de Rham realization
Let R be a Z[1/N]-algebra. We view X(N) and X as schemes over Z[1/N]. Define the
R-module

Tar(R) = 1 - (Hi7 00 @zp1ym R) = (MaTle - (Hiz 'O ®zp1/m R)) 6]

Here H éR (X) :=H! (%) is the i-th hypercohomology group of thg de Rham complex Q5
of X; thus, Tqr(R) is a finitely generated R-module. Recall that H (X) is equipped with
the filtration

Fil" (Hi (0) = im (H'(QF") — T(2%) = Hig(X)).
Define a filtration on Tqr (R) by setting
Fil" (Tar(R) := - (Fil"™ 2 (H (X)) @zp1/n) R)-

Finally, put Vgg := T4qr(F).

Definition 2.6 The de Rham realization of M is the filtered F-vector space given by the
pair (VdR, (Fil”(VdR))nE]N).

The tangent space of M is the F-vector space
t(M) = Var / Fil’(Var). (2.12)

Following [36, §1.2.4], we offer an alternative description of de Rham cohomology, as we
did for the étale and Betti realizations. We write 7 : &y — X(N) for the generalized
universal elliptic curve over X(N) and denote by w! the sheaf of relative logarithmic dif-
ferentials of x (see, e.g., [71, §1.7]). Put T := Spec(R). By [71, Theorem 3.5 and Proposition
3.12], there is a short exact sequence of coherent locally free O, -modules

— 0.

0— ﬁ’*(a))l((N)/T) — —>

1 1
En/T @Dén /XN

Let us consider the locally free sheaves

Far(R) =R (02 o) Fag R = Sym"(Far(R))

EN/X(N)
. ; . . 1
of Oxy-modules on X(N), where @% x) 18 the complex d : Og, — D% XN Set
o(R) = 7y (a)éN /X(N)) ; the sheaf Fyr(R) has a decreasing filtration with Fil>2 Fir(R) = 0,

Fil! Fir(R) = o(R), Fil® Fyr(R) = F4r(R). In turn, this filtration produces a filtration on
Fiz 2(R). Now define

Tar(R) := H'(X(N), 0*(Fiz *(R),  Tar := Tar(Or[1/N1), Var := Tar(F),
where H!(Q, <>) denotes hypercohomology and w*® (}"g{ 2(R)) is the complex associated

with fgg %(R) equipped with the logarithmic connection that is induced by the (loga-
rithmic) Gauss—Manin connection V : Fgr(R) = Far(R) @0y, w)l((N) e The filtration
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on ‘7':]1(1{_ 2(R) yields a filtration on T4gr(R) whose graded pieces can be described (up to
isomorphism) as

HY(X(N), " 2(R) @ wyy,p) ifi=k—1,
gt'(Tar(R) = | HY(X(N), 0?7 (R)) ifi = k/2,
0 otherwise.

Let H := {z e C | () > 0} be the complex upper half-plane. Pulling back to
tez/nz)« M and trivializing by the differential form Q@ri*ldz Adzy A - A dzg_s,
where z is the coordinate on H and z; is the coordinate on the i-th copy of the universal

elliptic curve, we obtain an isomorphism

FIC Y (TR(0) — @ M(T()),
te(Z/NZ)*

where M (I'(N)) is the C-vector space of modular forms of weight k and level I'(N). By the
g-expansion principle, the map EBte(Z/NZ)X Mi(T(N)) = Cl¢'/N] sending g(e?™7/N)
to g(g'/N) identifies Fil*~1(T4g) with the subset of @tE(Z/NZ)X My (I'(N)) consisting of
those modular forms whose g-expansion at co has coefficients in Op[1/N, ju], where
pn C Q* is the group of N-th roots of unity.

By [139, Theorem 1.2.1] (see also [10, §2.1] and [138]), there is an isomorphism

Var = I - Vgr = (TIIe - Vgr)[6f], (2.13)

with filtration on the left-hand side obtained by shifting by k/2 the obvious filtration on
the right-hand side. Then Filk/ N ygr) is spanned by (the image of) the differential form
on X given (on each connected component) by

wp = Qui)l fR)dz Adzi A A dz_s. (2.14)

See, e.g., [36,§1.2.1] and [75, Appendix 1] for details; ¢f. also the explanation offered in [19,
Appendix] for the factor (277i)*~! appearing in the right-hand term of (2.14). Isomorphism
(2.13) induces an isomorphism

TR =TT -Tgr = (HBHe : TdR)[ef]’

where, as before, the right-hand side is, in general, not contained in Tgg, but only in Vgz.

2.5 The period map
From the comparison isomorphism between singular and de Rham cohomology we obtain
a comparison isomorphism of (F ®q C)-modules

Compg 4p : VB ®q C = Var ®q C.

If ¢ is the involution from Sect. 2.4.2, then this isomorphism is equivariant with respect
to the actions of ¢, ® T on the left and of 1 ® t on the right, so it induces an isomorphism

Compg g : (VB ®q €)1 = Vr ®q R (2.15)
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of R-vector spaces.

2.5.1 Period map
Let Foo := F ®q R and set

V];:oo = V];_ ®q R = V];_ ®F Foor  VdarRoo '= Var ®qQ R = Vyr ®F Feo.

Moreover, write £(M),, for t(M) ®q R = t(M) ®F Fuo. The period map is the isomor-
phism

am: Vi (M) (2.16)

B,oco
of free F5o-modules of rank 1 that is obtained by composing the natural inclusion V];)r o &
(Ve®q C)?®7=1 with isomorphism Compg 4p from (2.15) and the map Vg oo — t(M)s
defined by tensoring with R over Q the canonical projection Vgr — t(M).

Remark 2.7 In the language of motives, isomorphism (2.16) says that M is critical (see,
e.g, [158, §2.5]).

2.5.2 Embeddings and periods

Let X be the set of embeddings of F into R (equivalently, since F is totally real, into C).
Foreacho € X, let f7(q) := Y, an(f?)q" € Sk(To(N)) be the newform of weight k
and level N such that a,(f°) = a_(a,, (f)) for all n > 1 (the form f“ is the o-conjugate
of f). Clearly, the Hecke field of f° is o (F). We write tr : F — R for the distinguished
embedding corresponding to the inclusion F C R.

Remark 2.8 There is a canonical isomorphism of R-algebras Foo >~ R* =[], .5 (F ®Fc
R) that induces an isomorphism of C-algebras F ®q C =~ CZ*. From here on, we shall
usually not distinguish between Fo, and R*; we consider the embedding

i5: F—> Foo = R”, x+— (o(x))g62

and identify any x € F with (x(x). With this convention in mind, when we say that an
element o € Fo, belongs to F we really mean that there exists x € F such that (z(x) = a.

Observe that t(M), is spanned by the image of Tyr. Fix y € Vg‘ ~ {0}

Definition 2.9 The period of f relative to y is the determinant Qgé) of apq computed
with respect to the basis {y} of Vg ~ and the image of wy in {(M).

Remark 2.10 For our later purposes of investigating the p-part of the Tamagawa number
conjecture for M, an integral choice y € Ty . {0}, which is in line with an analogous
choice in [38, §4], will be preferable.

2.6 Motivic cohomology

We introduce (the first two groups of) motivic cohomology in a concise, utilitarian way,
following [21, §3.1]; more precisely, with the (standard) notation of [21], we define motivic
cohomology for the motive =X (k /2). We remark that Kuga—Sato varieties do not
possess, in general, proper, flat, regular models over Z. Therefore, the broader definition
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of motivic cohomology in low degrees that is given, in terms of (eigenspaces for Adams
operators on) K-theory groups of varieties and of their integral models, in [77, Definition
1.19] does not apply in our case. When the relevant varieties do not admit such a “nice”
integral model, (integral) motivic cohomology is defined in [142] by combining K -theory
with the theory of alterations in the sense of de Jong [32]. It would be interesting to
compare our definition with the one in [142], but in this paper we do not pursue this
matter any further.

2.6.1 Motivic cohomology of M

Let K be a number field. Denote by CHk/ 2(X /K) the abelian group of codimension k/2
homologically trivial cycles on X defined over K. Let us write CHkr/ ih (X/K) for the sub-
group of I1gIl, - CHk/ 2(X /K) consisting of (the images of) the classes of those cycles that
admit an integral model having trivial intersection with all the cycles of dimension k sup-
ported on special fibers; here ITgI1, CHk/ 2(X /K), and hence CHamh(X /K) too, should
be viewed as a subgroup of CHk/ 2(X /K) ®7 Q (or, rather, should be identified with its
natural image in CHO (X/K) Rz Q).

For any Z-algebra R and * € {0, arith}, set

k2

CHN2(X /K = CHY2(X/K)®7z R CHY*(X/K)g := CHY*(X/K) ®7 R. (2.17)

With notation as in (2.4) and i € {0, 1}, let us define (following, e.g., Burns—Flach ([21,
§3.1]); ¢f. also Remark 2.11) the i-th motivic cohomology group of M over K as

4 0 ifi =0,
HE (K M) = (2.18)
CHYZ (X/K) (6] ifi = 1.

arlth

As these are the only motivic cohomology groups that play a role in our paper, we do not
introduce H: (K, M) for i > 2.

Remark 2.11 Since we are considering null-homologous cycles only, every cycle (class) in

CH];r/i%h (X/K) has trivial image in H k (X (), C) ; in other words, the cycles in CHl;r/i%h (X/K)
satisfy conditions (a) and (b) in [165, §1.3], so there is a Gillet-Soulé height on
/a(r/l %h(X /K) (¢f Sect. 2.7). This is the main reason for considering, in this article,
CH];r/lth(X /K) instead of the larger group IlgIl - CH, k/ 2(X /K). Notice, however, that,
according to a conjecture of Beilinson ([4, Conjecture 2.2.5]), the Q-vector spaces
/;r/l %h(X /K )Q and CHk/ 2(X /K )Q are expected to coincide: the reader is referred to

the discussion in [141, §4.2] and also to [165, §1.3]. This justifies (at least conjecturally)
our definition of H? ot UG M) for i € {0,1} and the consistency of our Conjecture 2.50
on the bijectivity of the p-adic regulator map with analogous conjectures that are usually
stated for CHk/ 2(X /K) instead of CHI;r/ih(X /K). See Remark 2.51 for further discussion.
2.6.2 Afiniteness conjecture

The finiteness conjecture we are about to state is a special case of a classical conjecture
predicting that Chow groups of smooth projective varieties over number fields are finitely
generated (cf. Conjecture 2.14).

) Hy

; 1
Conjecture 2.12 (Finiteness of H, ot

mot

(K, M) has finite dimension over F.
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The validity of Conjecture 2.12 is implied by assumption (3) in Sect. 1.1.2 (¢f. Remark
2.52). In our route to the Tamagawa number conjecture for M, in particular from here
until Theorem 2.83, we shall assume that Conjecture 2.12 holds true, or even that the
stronger condition (3) in Sect. 1.1.2 (which corresponds to the validity of Conjecture 2.43)

is satisfied. Thus, we can give
Definition 2.13 The algebraic rank of M over K is ryg(M/K) := dimf (Hnlnot(l(, ./\/l)).

For simplicity, we also set ry1(M) := r(M/Q) and call it the algebraic rank of M.

2.6.3 Some remarks on Chow groups
We offer some motivation for Conjecture 2.12, which, as we pointed out in Sect. 2.6.2,
is essentially a by-product of a more general conjecture on Chow groups of projective
varieties over number fields.

Let Y be a smooth projective variety defined over a number field L. As usual, write
CH"(Y /L) for the Chow group of codimension # algebraic cycles on Y defined over L.
The following well-known conjecture is wide open.

Conjecture 2.14 The abelian groups CH" (Y /L) are finitely generated for all n € IN.

As a consequence, the groups CH{(Y /L) of codimension # homologically trivial cycles
will be finitely generated as well. Clearly, Conjecture 2.14 is stronger than Conjecture 2.12.

Remark 2.15 The conjecture that the groups CH{j(Y /L) are finitely generated is attributed

to Swinnerton-Dyer ([4, Conjecture 5.0]).

Remark 2.16 Little is known, as far as we are aware of, about Conjecture 2.14. From a
broader point of view, it is a special case of the generalized (i.e., motivic) Bass conjecture;
for the convenience of the reader, we briefly recall why this is true. Let Y and L be as
above. Let © be the finite set of primes of L at which Y has bad reduction (see, e.g., [63,
Proposition A.9.1.6, (i)]) and let Oy, @ be the ring of ®-integers of L. By [63, Proposition
A.9.1.6, (ii)]), there is a smooth model # of Y over Oy g. The ring O ¢ is regular, so
% is regular. Since % is a Z-scheme of finite type, the motivic Bass conjecture (see, e.g.,
[70, Conjecture 37, b)]) predicts that the motivic cohomology groups H ‘/// (@ f Z(n)) of
Suslin—Voevodsky ([104, Lecture 3]) are finitely generated for all ;, # € IN. On the other
hand, if CH"(#/, i) denote, for n € IN and i € Z, Bloch’s higher Chow groups [13], then

« CH"(#%,0) = CH*(#) for all n € IN ([13, p. 268]);
o H' (¥, Z(n)) ~ CH"(%,2n — i) foralli, n € N ([104, Theorem 19.1]).

It follows that H %;} (%, Z(n)) ~ CH"(%), therefore the motivic Bass conjecture predicts,
in particular, that the Chow groups CH"(%/) are finitely generated for all n € IN. Finally,
taking scheme-theoretic closures of codimension # cycles on Y, one checks that for all
n € IN the natural group homomorphism CH"(%#) — CH"(Y /L) is surjective, which
completes the argument.
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2.7 The Gillet-Soulé height pairing for M
We introduce the height pairing on our motivic cohomology groups and then define a
regulator in terms of this pairing.

2.7.1 Gillet-Soulé height pairings
Let K be a number field. Denote by

k/2

42 (X/K) x CHLJ2 (X/K) — R (2.19)

(~)gs : CH arith

the height pairing defined by S.-W. Zhang ([165, §1.3]) using arithmetic intersection theory
a la Gillet—Soulé [49]. For each o € X, pairing (2.19) yields an F-bilinear pairing

(4 )ase : Hmot K M) x HE (K M) — R =F ®f0 R (2.20)
Let us consider the Fo-module

Hpp o (K M) o 1= Hp o (K, M) ®q R
= H} o (K, M) ®F Foo = [ | Hiot(K, M) @0 R,

gex

which is free of rank ry (M /K). We can define an Fo-bilinear height pairing
(5 VG800 : HLo G M) x HY (K M), —> Foo (2.21)

by the rule

((xa)aei’ (yd)aez) i (<x0’y0>GS,G)UEZ’

where (¥5),e5s Vo) yex belong to H} (K, M) ®E, R and each pairing (-, )Gs,e in (2.20)
has been extended R-linearly over F (with respect to o).

Remark 2.17 Givenx,y € HL (K, M)and o € %, itis easy to check that (x, asy = 0if
and only if (x, y) g5, = 0. It follows that (-, -)gg,,. is non-degenerate if and only if (-, -) g5 »
is non-degenerate.

2.7.2 A non-degeneracy conjecture

The validity of the next conjecture is predicted by the arithmetic analogues of the standard
conjectures proposed by Gillet—Soulé [50]; it is also a special case of general conjectures
of Beilinson [4] and Bloch [12] on positive definiteness of height pairings.

Conjecture 2.18 (Non-degeneracy of height) The pairing (-, -)gs,c0 i non-degenerate.

The validity of this conjecture corresponds to condition (1) from Sect. 1.1.2. In this
paper, we often assume Conjecture 2.18 to hold true: this is imposed only to force the
regulator Reg , (M), which will be defined in Sect. 2.7.3, to be non-zero. Notice, however,
that no condition of this sort will be needed in our main result on the p-part of the
Tamagawa number conjecture for M (Theorem 5.42).

Remark 2.19 Of course, Conjecture 2.18 is true if and only if the IR-linear extension (with
respect to o) of (-, -)gs,» is non-degenerate for each o € %.
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2.7.3 The %-regulator of M over K
Set r := ryg(M/K). If r > 0, then fix a basis & = {f1,...,t} of Hémt(l(, M) over F;
clearly, 2 is also a basis of H\, (K, M) over Fa.

Definition 2.20 Ifr > 0, then the Gillet—Soulé FB-regulator of M over K is

Reg,(M/K) := det((ti, t) € Fro.

Gs,oo)lgi,jgr

If r = 0, then Reg(M/K) := 1.
For simplicity, we put Reg , (M) := Reg ,(M/Q) and call it the Z-regulator of M.
Remark 2.21 1f Conjecture 2.18 holds true, then Reg ,(M/K) € FZ.

Remark 2.22 1f 8 and %' are two bases of H&mt(l(, M) over F, then Reg (M /K) and
Reg /(M /K) differ by multiplication by the square of the determinant of the transition
matrix from % to #'.

Assume r > 0. For each o € X, it is convenient to define

Reg% (M) = det((ti, tj)GS,{r) eR, (2.22)

1<ij<r

so that we can write Reg , (M) = (Reg‘jj (M))Uez.
2.8 p-adic Galois representations

For every prime v of K, let K, be the completion of K at v, fix an algebraic closure
K, of K, and write K™ C K, for the maximal unramified extension of K. Fur-
thermore, set Gk, = Gal(K,/K,), denote by I, C Gk, the inertia subgroup and let
Frob, € Gal(K;"/K,) =~ Gk, /I, be the arithmetic Frobenius. Finally, for every prime
number p, fix a field embedding Q < Q.

2.8.1 Dieudonné modules

Let v be a prime of K above p. If V is a p-adic representation of Gg,, by which we mean
that V is a finite-dimensional Q,-vector space that is equipped with a continuous action
of G, then we denote by

Deis(V) := H*(Gk,» V ®q, Beris)
and

Dar(V) := H%(Gk,» V ®q, Bar)
the crystalline and de Rham Dieudonné modules of V, where Bs (respectively, Byr)
is Fontaine’s crystalline (respectively, de Rham) ring of periods (Bgg is, in fact, a field).

Recall that Dgr(V) is equipped with a filtration Fili(DdR(V)) and Dis(V) is endowed
with a distinguished endomorphism ¢, the so-called Frobenius endomorphism.

(2026) 13:64
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2.8.2 Tangentspace
The tangent space of V is

t(V) := Dgr(V)/ Fil’(Dgr(V)), (2.23)

which is a finite-dimensional Bgg-vector space.

Remark 2.23 Since Bis is a subring of Bgg, there is a natural injection Deys(V) —
Dgr(V).

2.9 L-functions of M

Let p be a prime number and let K be a number field. We can regard the Gg-representation
V, from (2.8) as a G -representation, and hence as a G, -representation for every prime
vof K.

2.9.1 Euler factors and the L-function

For every prime v of K, we define the Euler factor

detp, (id — Frob,, Ly V;V) ifv{p,
Ly(Vp, %) :=
detr, (id — ¢x Deris(Vy))  if v p.

The polynomial L, (V), x) has coefficients in F and is independent of p. Denote by g, the
cardinality of the residue field of K, and set

Ly(Vp, 8) == Ly(Vp q,°).
Definition 2.24 The L-function of M over K is the formal Euler product

LM/K;s) = [ [Lo(Vp )Y,

where v varies over all primes of K.

As a shorthand, we write L(M, s) instead of L(M/Q, s). As in [21, Remark 7], for every
s € C we regard L,(V},s) as an element of F ®q C. The function L(M/K,s) of the
complex variable s admits a holomorphic continuation to C, which takes values in F ®¢q C.
Furthermore, by [21, Lemma 8], L(M/K; s) € F if s € R.

Remark 2.25 Let K be a quadratic field, let ex be the Dirichlet character attached to X
and, as in Remark 2.3, denote by f the twist of f by €x, which is a newform satisfying
ay(f*) = ex(n) - ay(f) forallm > 1. If/\/l(f’C) is the motive of £, then

LIM/K, s) = L(M, s) - L(M("),s).

This equality is a special case of a factorization that holds over any abelian extension of Q.

64
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2.9.2 The completed L-function
Let I be the classical complex I'-function. The completed L-function of f is the complex-
valued function

A(fs) = (g) -T'(s) - L(f, s).

It satisfies a functional equation (usually referred to as the functional equation for L(f s))
of the form

Alfs) =e(f) - Alf k=),

where ¢(f) € {£1} is the root number of f. In particular, A(f s) is holomorphic on (or,
rather, can be holomorphically continued to) the whole complex plane, and the same is
true of L(f, s) (see, e.g, [80, p. 141]). As a shorthand, put Lo (f, s) := («/ﬁ/Zn)S -T'(s), so
that A(f,s) = Loo(fs) - L(f,s). We find it convenient to introduce the normalization of
A(f s) given by

Afs) = (2.24)

It is well known that I'(n) = (n — 1)! for every integer n > 1, so if g(i) denotes the i-th
derivative of a complex function g, then there is an equality

(k/2 — 1)t LY(f k/2)
(2mi)k/2

AV k/2) = :
where r € IN is the order of vanishing of L(f, s) at s = k/2 (from Sect. 2.9.3 onwards, this
integer will be called the analytic rank of f, ¢f. Definition 2.31). Our next goal is to define
the completed L-function of M; to do this, we introduce the archimedean factor

’

Loo(M, s) = VN2 L(s+k/2) (ims-r(s-i-k/?,)
B SI= (?) . (imk/Z - (2 i)stk/2

where the equality on the right follows from a trivial computation.

Definition 2.26 The completed L-function of M over Q is
A(M,s) :== Loo(M, s) - L(M, s).

This is the L-function in terms of which we shall prove our main results. Like L(M,, s),
the completed L-function A(M, s) has an F ®¢q C-valued holomorphic continuation to
C; moreover, A(M, s) € Fx, for all s € R. In particular, there is an equality

(k/2 —1)!- L")(M, 0)
(2mi)k/2

A(r)(./\/l, 0) =

’

where now » € IN is the order of vanishing of L(M, s) at s = 0.

(2026) 13:64



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 31 0f 136 64

Remark 2.27 By carefully keeping track of I'-factors, one can define A(M /K, s) for any
number field K. Since we will have no use for it, we refrain from introducing this more
general notion. Rather, in the special case where /C is a quadratic field we set

AM/K, s) == A(M, s) - A(M(FF), s).

This equality, which we take as the definition of the left-hand term, is in fact a special case
of a factorization that holds over any abelian extension of Q (c¢f Remark 2.25).

2.9.3 Analytic ranks and leading terms
Recall the L-functions L(M /K, s) and A (M, s) from Definitions 2.24-and 2.26, respectively.

Definition 2.28 (1) The analytic rank ran(M/K) of M over K is the order of vanishing
of LLM/K, s)ats = 0, i.e., ran(M/K) := ords—oL(M/K; s).

(2) The leading term L*(M /K, 0) of L(M /K, s) at s = 0 is the leading term of the Taylor
expansion of L(M /K, s) ats = 0, i.e., L*(M/K, 0) := liﬁn}) s MK LMK, s).

(3) The leading term A*(M,0) of A(M,s) ats = 0 issthe leading term of the Taylor
expansion of A(M, s) ats = 0, i.e., A*(M, 0) := Slir}) sTTan(M/Q) A (M, s).

Observe that Lo (M, s) has neither a zero nor a pole at s = 0, so the orders of vanishing
of L(M, s) and A(M, s) at s = 0 are equal: this justifies part (1) of Definition 2.28.
In line with notation that was introduced earlier, we set L*(M, 0) := L*(M/Q, 0) and
Fan(M) = ran(M/Q). Therefore, there is an equality
_ (k/2—-1)!-L*(M,0)

A*(M,0) = e (2.25)

that establishes a relation between the leading terms of L(M, s) and A(M, s).

Remark 2.29 Foreacho € X, write L*(f, k/2) for the leading term of L(f?, s) ats = k/2,
where L(f7, s) is the L-function of f°. Under the identification of Remark 2.8, the leading
term L*(M, 0) corresponds to (L* (f, k/2))0€2. It follows that L*(M /K, 0) € FX.

A similar remark applies to A*(M, 0). More precisely, denote by A*(f?, k/2) the leading
term of A(f7, s) at s = k/2, where A(f?, s) is the normalized completed L-function of f°
as in (2.24). Then A*(M, 0) corresponds to ([\*(f", k/2))gEZ and A*(M,0) € FX.

Recall the algebraic rank r,g(M/K) from Definition 2.13. The following conjecture can
be seen as the rank part of the Beilinson—Bloch—Kato conjecture for the motive M over
K.

Conjecture 2.30 (Equality of ranks) 74n(M/K) = ryg(M/K).

Quite generally, let g be an eigenform of weight k and level I'o(N); as usual, let L(g, s) be
the (complex) L-function of g.

Definition 2.31 The analytic rank of g is ran(g) := ord _«L(g s) € IN.
-2

In an analogous way, given a number field K, one can define the analytic rank ran(f /K)
of g over K. Asin Sect. 2.9.2, if g is a newform, then write e(g) € {£1} for the root number
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of g, i.e., the sign of the functional equation for L(g, s). The root number controls the parity
of 7an(g), in the sense that e(g) = (—1)"" @, Equivalently, there is a congruence

1—¢(9)
2

Fan(g) = (mod 2). (2.26)

With notation as in Sect. 2.5, recall the o -conjugate f of f.

Remark 2.32 Under the isomorphism in Remark 2.8, the F ® g C-valued function L(M, s)
corresponds to the C* -valued function (L(Fo, s+k/ 2))0 <5, of the complex variable s. This
is the point of view of Deligne in [34, §2.2] (cf also [123, §1]); it offers, in particular, a more
explicit interpretation of the analytic rank r,, (M) from part (2) of Definition 2.28. Namely,
there is an equality

Fan(M) = min{ran(f") |o € E}. (2.27)

It was conjectured by Deligne and Gross ([34, Conjecture 2.7, (ii)]) that ra, (f°) is constant
as o varies in X (which, if true, would imply that ran (M) = ran(f)), but we will not need
this property in the rest of this paper. When ryy (f) < 1, this conjecture was proved by
Gross—Zagier (in weight 2, see [55, Ch. V, Corollary 1.3]) and Zhang (in higher weight, see
[165, Corollary 0.3.5]), while for ran(f) > 1 only very partial results in this direction are
available (¢f. [55] and [165]). Later on, it will sometimes be convenient to identify L(M, s)

with (L(f“, s+ k/2)) and view L(M, s) as taking values in C*.

oceX

Remark 2.33 With notation as in Sect. 2.9.2, Loo(f, k/2) # 0, so ran(f) is equal to the order
of vanishing of A(f's) ats = k/2.

For later use, we record an auxiliary result.

Lemma 2.34 Letr € {0, 1}. If ran(M) = 1, then ran(f°) = r for all o € X. Conversely, if
ran(f?) = r for some o € T, then ryn (M) =r.

Proof In light of Remark 2.32, the lemma follows from [165, Corollary 0.3.5]. ]

2.9.4 Leading term and periods
In the statement below, which should be interpreted as explained in Remark 2.8, the period
Q(o:)) is the one defined in Sect. 2.5.2.

Lemma 2.35 Let y,y € V]; ~ {0} and let B, #' be bases oer}not(Q, M) over F. Then
L*(M,0)/(QY) - Reg, (M)) € F* ifand only if L"(M, 0) /(@Y - Reg., (M)) € F*.

Proof Since the F-vector space Vg is 1-dimensional, y and y’ differ by multiplication by
an element of F*, and then the same is true of the periods Qgé) and Qg). On the other
hand, as was pointed out in Remark 2.22, the regulators Reg, (M) and Reg 4 (M) differ
by multiplication by an element of F* as well, and the lemma is proved. ]

2.10 The fundamental line of M
We introduce the “fundamental line” of M in the formulation of Fontaine—Perrin-Riou
[43], using the theory of determinants described in Appendix A, to which the reader is
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referred for details. In this case, the projective modules that play a role are vector spaces
over F.

In the definition that follows, Vg is the F-subspace of V from (2.6), t(M) is the tangent
space of M introduced in (2.12) and Héwt(Q, M) is the cohomology group from (2.18).

Definition 2.36 The fundamental line of M is
A(M) = Detp! (Hpo (Q M)) - Detp (HL o (Q M)*) - Detr(t(M)) - Detz! (V).
Note that, by construction, the F-vector space underlying A(M) is 1-dimensional.

Remark 2.37 In order to compare Definition 2.36 with [77, Definition 2.4], recall from
(2.18) that H (Q, M) = 0 and keep in mind that M (1) >~ M.

Remark 2.38 As a motivation for introducing A(M), it may be helpful to consider the
Jundamental exact sequence of Fontaine—Perrin-Riou for a general motive .Z (see, e.g,
[77, Conjecture 5] and [158, Conjecture 3.3]). This is a conjectural exact sequence that
takes place in the archimedean setting (as opposed to a p-adic setting) and formulates
a deep relation between motivic cohomology and the kernel and the cokernel of the
analogue for .# of the period map o from (2.16). In our case, the period map is an
isomorphism, so the existence of such an exact sequence for M is obvious. See, e.g., [42],
[43], [77], [158] for details.

2.11 Rationality conjecture
For now, let us assume that
» Conjecture 2.18 holds true.

Define the R-vector space
AM)oo := AM) ®q R;

then A(M)y = A(M) QF Fx is a free Fo-module of rank 1. Conjecture 2.18, which we
are assuming, ensures that the Gillet—Soulé height pairing (-, -) gs,oc from (2.21) induces
an isomorphism of Fs,-modules

H3 o (Q M)y, —> HE o (Q M)

Combining the base change formula (A.7) for determinants, the multiplicativity (A.2) of
determinants in short exact sequences and isomorphism (2.16), we obtain an isomorphism

Os0 : A(M)o —> (Foc, 0) (2.28)
of Fso-modules.

Remark 2.39 1If rajg(M) = 0, then A(M) = Detr (t(/\/l)) . Det;I(Vg’). Therefore, in this
case O, reduces to the isomorphism o ¢ from (2.16), which is induced by the comparison
isomorphism Compyp 4z in (2.15). In other words, when ryg(M) = 0 we are using the
Betti—de Rham comparison isomorphism to trivialize the fundamental line of M.
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2.11.1 Rationality conjecture
Let O be the isomorphism of Fo,-modules in (2.28). The following conjecture is essentially
due to Beilinson [3] and Deligne ([34, Conjecture 1.8]).

Conjecture 2.40 (Rationality conjecture) There exists {y € A(M) such that the equality
Ooo(t) = L* (M, 0)7

holds in F.

The element ¢ is called a zeta element and {{f} is, of course, a basis of A(M) over
F. Moreover, since 6 is an isomorphism, such a ¢ is unique if it exists. Under some
technical conditions, later in this paper we will prove Conjecture 2.40 when 7y (M) €
{0, 1} (Theorems 5.24 and 5.37).

2.11.2 Avariant of the rationality conjecture

Now we offer an alternative formulation of Conjecture 2.40 that involves the completed
L-function A(M, s). In light of equality (2.25), a straightforward computation shows that
Conjecture 2.40 is equivalent to

Conjecture 2.41 (Rationality conjecture, second version) There exists ¢ f* € A(M) such
that the equality

o) = (220 2A% (M, 0))

holds in F.

One can switch between Conjecture 2.40 and Conjecture 2.41 by means of the relation

& = ¢ /(k/2 = 1)L

2.11.3 Areformulation of the rationality conjecture
The term “rationality” in Conjecture 2.40 is justified by the reformulation below, which
involves the leading term L*(M, 0) and the Gillet—Soulé Z-regulator Reg , (M).

Remark 2.42 Let R be a ring, let M be a free R-module of finite rank, say r, and write
M* := Homp(M, R) for the R-linear dual of M. Let (-, -) : M x M — R be an R-bilinear
pairing and let f : M — M™ be the R-linear map given by ¢ > (¢, -). Choose a basis
B = {t1,...,t;} of M over R, let Z#* be the dual basis of M*, set A := ((t,-, tj))lsi’jg
and denote by det(f ):Zﬁf* the determinant of f computed with respect to % and #*. A
straightforward calculation shows that det(f )g* = det(A).

Like Lemma 2.35, the result we are about to state should be understood in terms of the
embedding (x, as explained in Remark 2.8.

Proposition 2.43 Conjecture 2.40 is equivalent to L*(M, 0) / (Qf,? -Reg,(M)) € F* for
ally € V]; . {0} and all bases % of H}.,(Q, M) over F.

Proof Thanks to Lemma 2.35, it is enough to prove the claim for fixed y and 4 as above.
Thus, let = {t1, ..., t,} be a basis of H. . (Q, M) over F, where r = ralg(M), and let
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#* = {t],...,t;} be the dual basis of H, Ot(Q M)*. Define

Ly =H A Aty b=t A AL,

so that {¢, } and {£%, } are F-bases of \" Hp o (Q M) and A\ H} . (Q, M)*, respectively.
Pick y € V];’ ~ {0} and set

(=1, 0t oy ®up,

where wy € (M) is the differential form in (2.14). Then {;,2} is a basis of A(M) over
F and, in light of Remark 2.42, there is an equality

Oo0 () = (R - Reg, (M) (2.29)

(see, e.g., [77, Example 1.30] for the computation of determinants). On the other hand,
since any ¢s as in Conjecture 2.40 differs from ¢, by multiplication by an element of F*,
Conjecture 2.40 is equivalent to the assertion that

aboo(¢l) = L*(M,0)7! (2.30)
for some a € F*. The desired result follows by combining (2.29) and (2.30). O

Since Conjectures 2.40 and 2.41 are equivalent, Proposition 2.43 offers a reformulation
of Conjecture 2.41 as well.

Remark 2.44 When rq4(M) = 0, the regulator of M is equal to 1 and Proposition 2.43
is equivalent to well-known rationality results due to Shimura. More precisely, Shimura’s
periods uf € C*, introduced in [148] and [149], are well defined up to scalar multiples
in F*. They may be chosen to satisfy the following key property: A(f°, s)/u € o(F) and
o (A(ﬁ s)/ui) = A(f°,s)/u forallo € X, where we set u™ := ui The reader is referred
especially to [149, Theorem 1] for more details on the various additional properties of
these periods. Later in this paper, a specific choice of the periods # (to be denoted
by Q fﬂ ry(v) i Section 5) will be made using modular symbols (see, in particular, Sect.

5.3.1; ¢f also Remark 5.13). A comparison between these periods and the period QOO in
Proposition 2.43 is carried out in Proposition 5.14 for a suitable choice of y.

2.12 Local Galois cohomology
Let K be a number field, p a prime number, v a place of K and V a p-adic representation
of Gk, . For a continuous Gk, -module M we write

RF(I<V) M) = C.(GK‘,) M)

for the complex of continuous cochains of Gk, with values in M. Let (V') be as in (2.23),
keep Remark 2.23 in mind and consider the complex

(1_4)’ )
(Dcris(v) —Pr>

Deis(V) @ t(V)) ifvip,
RT¢(Ky, V) := {RI'(K,, V) ifv| oo,

(v 222 vh) if v { poo,
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where ¢ is, as above, the Frobenius of Dis(V') and pr : Dis(V) — £(V) is the canonical
map (¢f. Remark 2.23). Note that if v { 0o, then RT¢(K,, V) is concentrated in degrees 0
and 1. Denote by H f. (K, V) the cohomology of RT'¢(K,, V). In particular, if v { poo, then

H}’(KV, V) =HY%K,, V) (2.31)
and

H; (K, V) = Hyp (K, V) 1= H (Gal(K™ /K), V). (2.32)
We also set

H}(K,, V) := H'(K,, V) [H} (K, V)

and call it the singular part of V at v. The complex RI's(K,, V) is quasi-isomorphic to a
subcomplex of the complex RI'(K,, V'), and we define RI'4(K,, V) to be the cokernel of
the corresponding inclusion map.

Remark 2.45 1f V is a p-adic representation of G, then we call H}(KV, V) the j-th finite
cohomology group of V at v.

2.13 Global Galois cohomology
Let K be a number field, write &k for the set of (archimedean and non-archimedean)
primes of K and let p be a prime number. The set

S:={ve Pk | vdivides poo} U {v € P | V,, is ramified at v} (2.33)

is clearly finite. Let us write G5 for the Galois group over K of the maximal extension of
K unramified outside S. Finally, for any continuous Gk s-module M denote by

RI'(Gks, M) := C*(Gks, M)
the complex of continuous cochains of Gg;s with values in M.

Remark 2.46 For our later arguments, it would be equally fine to fix, in place of the set S
defined in (2.33), any subset of &k containing S.

2.13.1 Finite cohomology
The finite complex of V), is

RI/(K V) = Cone(RF(GK,S; V,) — EPRI(K, vp)) [—1].
vesS

We denote by H, f. (K, Vp) the cohomology of RT'f(K; V})) and call it the finite (or unramified)

cohomology of V), over K. In particular, by [21, Lemma 19], we have H}(Q, V) = 0 for
j ¢ {0, 1,2, 3} and there are isomorphisms

H/(@Q V) = H(Q V)", (2.34)

where, as before, (-)* denotes the Q-linear dual (note that we are implicitly using the fact
that V,, >~ V(1))
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Remark 2.47 Thereader can see, e.g., [119] for a definition of cohomological functors that
extend the definition of H fl of Bloch—Kato for crystalline p-adic representations of a local

or global Galois group.

2.13.2 Cohomology with compact support
We introduce cohomology with compact support only for K = Q; for simplicity, let us
set Gs := Gqs. See, e.g., [114, §5.3] for the case of a general global field.

Let M be a continuous Gs-module. The compact complex of M is

RI'.(Gs, M) = Cone <RF(GS, M) — PRI(Q, M)) [—1].

vesS

We denote by H? (Q, M) the cohomology of RT'¢(Gs, M) and call it the cohomology with
compact support of M. As explained, e.g, in [21, §3.2], there is a short exact sequence of
complexes

0 —> RI(Gs, V) — RIF(Q, V) —> @er(QV, V) — 0 (2.35)

veS

(this is called a “true triangle” by Burns—Flach in [21]).

2.14 The p-adic étale regulator of M
We introduce the p-adic étale regulator of the modular motive M over a number field.

2.14.1 Anaemic splittings in étale cohomology

Let p be a prime number, fix a prime p of F above p and let ¢, : Q < Qp be an embedding
that induces p. Let us define

W, =TTl - Hy (X, Qp(k/2)).

If we set O, := tp o 6 and let O range over all homomorphisms 6 : fjk(FO(N))Q — Q of
Q-algebras, then 6, varies over all homomorphisms $;(I'o(N Ng — Qp of Q-algebras. It
follows that there is an “anaemic” splitting

Wo, = D W, 105) (2.36)
0

where WQp [0p] is the 6 -eigenspace of WQP under the action of £ (I'o(N ))Q' Recall from
Sect. 2.4.1 that the ring homomorphism 6y, which arises as a map 9, (I'o(N)) — OF, can
also be viewed as a map 9 (I'(N)) — Of via the surjection Hx(I'(N)) = Hx(To(N)). Set

W, = Mgl - HY H(X, Fp(k/2)),

so that V, = W), [6]. By a slight abuse of notation, we adopt the same symbol for 6 and
tp o8¢, which allows us to view WQp [0r] as one of the direct summands appearing in (2.36).
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There is a canonical injection W}, < WQp that gives rise to a commutative square

Wy Wo, (2.37)

.

Vo W, [67]

where the right vertical arrow is the projection induced by (2.36) and the other maps are
the obvious injections. Thus, we obtain from (2.37) a canonical surjection 7z, : Wy, — V.
Finally, set

W, = D Wy,

plp

Taking sums over all p | p, the maps 7z, yield a canonical surjection 7z, : W — V).

2.14.2 p-adic étale regulator
Let K be a number field. For x € {p} U {p | p}, set

H} (K M), == H} (K, M) ®F F.. (2.38)
Denote by
Alxz, : CHy*(X/K) — H' (K, HETY(X, Zp(k/z))) (2.39)

the (integral) p-adic Abel-Jacobi map induced by the p-adic cycle class map (see, e.g,
[110, §4], [111, §1], [112, §1]). With notation as in (2.17), for each prime p of F above p we
obtain a map

Algr, : CHy*(X/K)p, — H! (1(, HA V(X E, (k/2))).
Therefore, taking sums over all p | p, we get from AJg F, @map
A, : CHy/>(X/K) r, — H' (1(, HA(%, Fp(k/z)))‘ (2.40)

Finally, applying the Fj,-linear extension of IlgIl, to (2.40), restricting the resulting map
to H}

mot

(K, M), and applying the map induced by 7y, to its target, we get a map

regy, : Hmo (K, M)y —> HY (K, Vy) (2.41)

that is called the p-adic étale regulator (or simply the p-adic regulator) of M over K. We
also set reg,, := regq ,. By construction, there is a splitting reg; , = ®plp regg ,, where

regycp, : Hnoo (K, M)y —> HY (K, Vyp) (2.42)

is the p-adic regulator of M over K. Again, we may set reg,, := regq,,-

(2026) 13:64
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Remark 2.48 As a consequence of work of Saito on the weight-monodromy conjecture
for compactified Kuga—Sato varieties [135,136] and of results of Nekovar [112] and Niziot
[120] on p-adic regulators, we know that im(regy p) CH fl (K, V), where H, fl (K, V) is the
finite cohomology group from Sect. 2.13.1. See, e.g., [93, Theorem 2.4] for details.

Remark 2.49 See, e.g,, [137, §5.1] for more general Abel-Jacobi maps in the context of
motivic cohomology.

The next conjecture predicts a deep relation between motivic cohomology and (global)
unramified cohomology.

Conjecture 2.50 (p-adic regulator) For all primes p and all number fields K, the p-adic
regulator in (2.41) induces an isomorphism

Lyl
regy, CH o

(K M), —> H} (K V) (2.43)

of Fy-modules.

We refer to the statement of Conjecture 2.50 for fixed p and K as the p-part of Conjecture
2.50 over K. Later on (see, e.g., Sects. 2.20, 2.23 and the main theorems of Section 5), we
shall need to assume that (the p-part of) Conjecture 2.50 holds true over certain number
fields.

Remark 2.51 Conjecture 2.50 is inspired by [15, Conjecture 5.3] and [77, Conjecture 7],
which coincide in our case thanks to [104, Theorem 19.1]. Note that [77, Conjecture 7]
is stated for motivic cohomology defined by means of the whole Chow group of homo-
];r/i%h(X /K); however, as observed in Remark 2.11,
thanks to a conjecture of Beilinson, the motivic cohomology groups used in [77] and

logically trivial cycles instead of our CH

those defined in this paper are conjecturally equal when tensored with Q, and therefore
Conjecture 2.50 is (conjecturally) consistent with [15, Conjecture 5.3] and [77, Conjecture
7].

Remark 2.52 Let K be a number field and suppose that the p-part of Conjecture 2.50 over
K holds true for a prime number p. It is well known (essentially a consequence of results
of Tate, cf [154, §2]) that H fl (K, V) is finitely generated over Fj, so isomorphism (2.43)
implies that H} (K, M),, is finitely generated over F,, as well. It follows that H} (K, M) is
finite-dimensional as an F-vector space: we conclude that Conjecture 2.50 for some prime
p implies Conjecture 2.12. Note that isomorphism (2.43) ensures, in fact, that H fl (K V)

is free (of finite rank) over Fj,.

Remark 2.53 For the counterpart of Conjecture 2.50 for motives of elliptic curves, the
reader is referred to [77, Example 2.16].

2.15 Projective O-structures in M

In the definition that follows, O is an order of F. Furthermore, given a prime p, we consider
the semilocal ring O ®z7 Z,; notice that, as in Sect. 2.4.3, throughout this paper we reserve
the symbol O, for Or ®z, Z,. Denote by

CompB,ét VB Q®r Fp = Vi
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the comparison isomorphism between Betti and étale cohomology.
The following notion was introduced in [21, §3.3, Definition 1].

Definition 2.54 A projective O-structure in M is a finitely generated projective O-
module 7g C Vp such that

(1) T3 ®0 F >~ Vg;
(2) Compg 4 (7}3 R0 (0 ®7, Zp)) is a Gg-stable O ®z, Z,-lattice in V), for all primes p.

The remark below deals with the special case where O is the maximal order OF of F.

Remark 2.55 The Op-module Tp that was defined in Sect. 2.4.2 is a projective Of-
structure in M. Moreover, if T, C V), is the Gg-stable O,-lattice introduced in (2.9),
then the integrality properties of Compg 4 (see, e.g, [1, Exp. XI, Théoréeme 4.4, (iii)])
ensure that

Compg 4 (T8 ®0; Op) = Tj. (2.44)

We highlight this equality for future use.

2.16 The Tamagawa number conjecture for M
We formulate the Tamagawa number conjecture of Bloch—Kato [15] and Fontaine—
Perrin-Riou [43] in the case of the motive M. We assume that

« the p-part of Conjecture 2.50 over Q holds true.

This will establish, in particular, an isomorphism between the F,,-linear duals of H. fl (K V)
and HY (K, M),.

2.16.1 The isomorphism s
Define the F,-module

HM), = t(M) ®q Q, = M) ®F F,.

The comparison isomorphism between de Rham and étale cohomology induces an iso-
morphism

Compyp g, : £(Vp) —> tM),
Let v be place of Q. Note that
(Fp, 0) iftv ¢ {p, oo},
Dety! (RT7(Qu Vp)) = { Detg, (t(M),) ifv =p, (2.45)
Det;pl (H'R, V) ifv= oo

Combining the base change property of determinants (cf Sect. A.4), the multiplicativity
of Detr, applied to (2.35) and, finally, isomorphism (2.45), we get an isomorphism

Detr, (Rc(Gs, V})) = Detg, (R (Q, Vp)) - Detg, (£(M),) ~Det;;(VB+ ®rFp). (2.46)

(2026) 13:64
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Define the F,-module
AM)p = AM) ®q Qp = AM) ®F F,.

Using Conjecture 2.50, the definition of the fundamental line A(M) (Definition 2.36) and
(2.34), we get a conjectural isomorphism of F,-modules

Ops : A(M), —> Det, (RT(Gs, V). (2.47)

We want to provide some more details on this isomorphism. We are assuming the validity
of the p-part of Conjecture 2.50 over Q, so the regulator isomorphism yields an isomor-

phism of F,-modules

A(M), =~ Det;P1 (Hfl(Q, V) - Detg, (Hfl(Q, Vp)¥)
- Det, (t,(M)) - Det;;(vB+ ®r Fp).

On the other hand, the isomorphism H fl (Q Vp)* ~ Hfz(Q, V), which uses the self-duality
V;(l) =~ V}, leads to yet another isomorphism of F,,-modules

A(M)p = Det! (Hf (Q Vp)) - Detr, (HAH(Q Vy))

) (2.48)
Dety, (tp(M)) - Dety (Vg™ ®F Fp).

Comparing (2.46) and (2.48), we see that to complete the construction of 8,5 in (2.47) we
need just to show that

Det,' (H}(Q Vp)) - Detr, (HF(Q, V;)) = Det, (R[1(Q. V;))-
To begin with, there is an isomorphism of F,-modules

Detr, (RI(Q V;)) = Detr, (H{(Q Vp)) - Detz ! (H} (Q V)
- Detg, (H}(Q, Vp)) - Det;pl (H;’(Q, V)

(cf. Sect. 2.13.1), so it remains to check that

Det, (H}’(Q, V) - Det;pl (HfB(Q, V,)) = E,. (2.49)
By duality, there is an isomorphism of F,-modules

HP(Q Vp) = HY(Q Vp)",

Now, by definition, H;’(Q, Vy) =0,50 H ;’ (Q, V) = 0 and equality (2.49) follows.
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2.16.2 TNC for M

We formulate the Tamagawa number conjecture (TNC, for short) for the motive M over
Q. Our previous notation is in force: S is the set of primes that was fixed in (2.33) and s
is the isomorphism in (2.47). Recall the zeta elements { and §f* appearing in Conjectures
2.40 and 2.41.

Conjecture 2.56 (TNC for M) Assume Conjectures 2.40 and 2.50. Let Tg be a projective
O-structure in M for some order O of F. For every prime number p there is an equality

Ops(5f) - (O ®z Zyp) = Detog, z, (RFC (Gs, Compg ¢ (78 ®0 (O ®z Zp)))) (2.50)

of (O ®z Zy)-submodules ofDetpp (RFC(GS, Vp)).

Henceforth, equality (2.50) for a given p will be referred to as the p-part of the TNC for
M; we will sometimes indicate it as p-TNC for M.

Remark 2.57 Asin [77, Remark 2.21], one can show that Conjecture 2.56 is independent
of the choice of the O-projective structure 7g; furthermore, keeping Remark 2.46 in mind,
it can also be checked that Conjecture 2.56 does not depend on the choice of S, in the
sense explained in [77, Remark 2.22].

Although we formulated Conjecture 2.56 for any order O of F, we shall prove our main
results for O = OF exclusively. In particular, in our computations we will take advantage
of the fact that O,, which stands for Or ®z Z,, splits as a direct product O, = ]_[p‘p Oy
of principal ideal domains. In light of Remark 2.57, when O = Or it is not restrictive
to prove Conjecture 2.56 under the assumption that 7 is the distinguished projective
Or-structure T from Sect. 2.4.2 (c¢f. Remark 2.55). In this case, thanks to equality (2.44),
equality (2.50) reads

Oy5(¢f) - Op = Deto, (RTc(Gs, Tp)). (2.51)

This is the expression of p-TNC for M that we shall work with in the rest of this article.

Remark 2.58 Let O be an order of F. It would be interesting to compare the validity of
p-TNC for M relative to O and the validity of p-TNC for M relative to Of, which is a task
we do not approach in this paper. For example, notice that the order O := Z[a, : n > 1]
of Or generated by the Fourier coefficients of f does not coincide, in general, with Of.
Betti cohomology groups are equipped with Hecke actions and Tg(Z#) has a canonical
structure of projective Z-module for any subring Z of OF containing O, so in Conjecture
2.56 one can take 7p = Tg(Z) for any Z as above. However, notice that, since O has finite
index in OF, the equality O ®z Z, = Of ®z Z,, holds for all but finitely many primes p.
Therefore, since our arguments force us to disregard an infinite set of prime numbers p
for technical reasons, assuming O = Of is essentially not restrictive for our aims.

2.17 Bloch-Kato Selmer groups
Let K be a number field and let p be a prime number. Let V' be a p-adic representation of
Gk and let T be a Z-lattice in V. Set A := V /T . If T is endowed with a Z,-linear action
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of an order O of F, then V inherits a structure of an F,-module, while both T and A are
equipped with a structure of O,-modules.

2.17.1 Finite local conditions

Let v be a place of K. The finite local conditions Hf'(KV, T) and H;(KV, A) at v are defined
by propagation from the cohomology groups H f. (Ky, V) in Sect. 2.12 using the canonical
maps T < V and V — A (see, e.g, [101, §1.1]). In particular, it follows from (2.31) that
if v  poo, then

H;)(I(V) Tp) = HO(I(W Tp); H]?(I(v; Ap) = HO(I(V; Ap)'

We denote by H (K, T') (respectively, H? (K, A)) the quotients of H* (K, T) (respectively,
H*(K,, A)) by Hf° (Ky, T) (respectively, Hf' (K, A)).

2.17.2 Bloch-Kato Selmer groups
In the following definition, let M € {V, T, A}.

Definition 2.59 The Bloch—Kato Selmer group of M over K is
Hf1 (K, M) := ker <H1 & M) — [ [H} (K. M)),
v

where the product is taken over all places v of K.

One can check (see [77, Lemma 2.15] or [95, Lemma 5.1]) that

H} (K, M) = ker (Hl (Gis, M) — P H (K, M)), (2.52)

veS

where S is the finite set of places of K that is fixed in Sect. 2.13.

As in Sect. 2.4.3, for all primes p of F above p we set T}, := T), ®0, Oy, which is an
Op-lattice inside Vj; there is a splitting T, = nplp Ty. Wealso put Ay := Vi, /Tp; if Ay is
defined as in (2.10), then A, = ]—[p‘ pAp- There is a splitting

H} (K, Mp) = @D H} (K My), (2.53)
plp

where the direct sum is taken over all primes p of F above p.

2.18 Shafarevich-Tate groups of M

Let p be a prime number. From now on, for a p-primary abelian group G we denote by
Ggiv the maximal p-divisible subgroup of G. We introduce Shafarevich—Tate groups a la
Bloch—Kato.

2.18.1 Shafarevich-Tate groups

Let K be a number field. For any prime p of F above p, recall the Bloch—Kato Selmer group
H fl (K, Ap) of Ay over K from Sect. 2.17.2. The following definition of Shafarevich—Tate
group is due to Bloch—Kato ([15, Remark 5.15.2]; cf. also [40]).
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Definition 2.60 (1) The (Bloch—Kato) Shafarevich—Tate group of M over K at p is
IS (K, M) i= H} (K, Ap) /H} (K Ap)giy-

(2) The (Bloch—Kato) Shafarevich—Tate group of M over K at p is
IS (K, M) = H} (K, Ap) [ H} (K, Ap) gy

(3) The (Bloch—Kato) Shafarevich—Tate group of M over K is

TP (K M) = @D LI (K, M),
p

where p varies over all prime numbers.

There is a splitting H_IEK(K, M) = @p‘p ]_HEK (K, M), where the direct sum is taken
over all primes p of F above p. Therefore, we can write

I (K, M) = @ TN (k, M),
A

where A varies over all primes of F. Notice that HIABK (K, M) is finite for all A, and then the
sameistrue ofHI?K (K, M) for all prime numbers £ (see, e.g., [43, Ch. 11, Proposition 5.3.5]).
We remark that in Sect. 5.5.1 we introduce also Shafarevich—Tate groups IHI:ek (K, M) a
la Nekovaf: the interplay between H_[EK (K, M) and H_[I‘;Iek (K, M) will be crucial for our
arguments (see, e.g., Sects. 5.5.2 and 5.7.1).

2.18.2 Afiniteness conjecture
By analogy with a classical conjecture for Shafarevich—Tate groups of abelian varieties
over global fields, it is natural to propose

Conjecture 2.61 (Finiteness of III) For all number fields K, the group TP (K, M) is
finite.

Clearly, Conjecture 2.61 (which will play no explicit role in the paper) is equivalent to
the prediction that, for all number fields K, the group IH?K(K, M) is trivial for all but
finitely many ¢.

Remark 2.62 To be in line with terminology and notation introduced in Definition 2.60
for Shafarevich—Tate groups, we could alternatively set Sel,(K, M) := H fl (K, Ap) and call
it the Bloch—Kato Selmer group of M over K at p. However, later on we shall reserve a
symbol of this kind (at least when K varies over the finite layers of the cyclotomic Z,-
extension of Q) for Selmer groups in the sense of Greenberg (cf Sect. 5.6), so here we
chose to adopt the notation that was originally used by Bloch and Kato in [15].

2.19 Local finite cohomology groups
We collect some basic facts on local cohomology groups of p-adic Galois representations.
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2.19.1 Local Tate duality
Let V, T, A be as in Sect. 2.17. Define

T* := Homg, (T, Zy)
and recall that if v is a place of @, then under the local Tate duality pairing

()t HY Qo T) x HY(Qu T* ©7, (Qp/Z) (1) — Qu/7Z,
the subgroups Hfl(QV, T) and Hf1 (Qv, T* ®z, (Qp/Zp)(l)) are exact annihilators of each
other ([15, Proposition 3.8]). We remark that Hf1 (QV, T* ®z, (Qp/Zp)(l)) is defined by
propagation from the corresponding local conditions for the representation V*(1), where
V* = Home(V, Qp). Now we assume that there is an isomorphism V*(1) ~ V under

which 7%(1) >~ T It follows that A >~ T ®z, (Qp/Zp)(1), so Hf1 (Q), T* ®Zp(QP/Zp)(1))
is isomorphic to H fl(QV, A). Then the local Tate pairing at v yields a perfect pairing

)y HH(Qy, T) x HY(Qy, A) — Qp/Z,y (2.54)

under which the subgroups H, fl (Q,, T)and H, fl (Q,, A) are exact annihilators of each other.
Since (-, -), is perfect, this means that there are isomorphisms

¢ HH Qo T) —> H}(Q), A)Y (255)
and

Yy i H Qo T) — H}H(Qy A)Y, (256)
where for a Z,-module M we let

MY := Homeont(M, Qp/7Zy) (2.57)
be the Pontryagin dual of M.
2.19.2 The case of modular motives

In the case of motives of modular forms, there is an isomorphism Vp*(l) >~ V), under
which T(1) > T), so the results above apply with V' = V), T = T), A = Ap.

Lemma 2.63 There is a commutative diagram

0—— @ves Hfl(QV’ TP) I @veSHl(QV’ TP) — @VGS HSI(QVJ TP) —0

T

Bes H (@ Ap)Y ——— H' (G5, Ap)Y ————— HH (Q Ap)Y ———0

with exact rows.
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Proof The top row is a direct consequence of the definitions of the groups involved, while
the bottom row is obtained by taking Pontryagin duals of the exact sequence

0— Hfl(Q, Ap) — HY(Gs, Ap) — @HSI(QV, Ap)

veS

induced by (2.52) with M = A,,. The vertical isomorphism on the left is defined by setting
¢s = P, s ¢v, With @, as in (2.55). On the other hand, the middle vertical arrow is the
composition of the map @, ¢ HYQ,, T,) = D, cs HY(Q,, Ap)Y induced by (2.54) and
the dual of the map H'(Gs, 4,) > P,s H'(Q., Ap) given by restriction in cohomology.
Finally, the right vertical map is the composition of the map @,cs,, where ¥, is as in
(2.56), and the dual of the map Hfl(Q, Ap) = PDyes Hfl(QV, Ap) defined by restriction in
cohomology. The commutativity of the diagram is immediate by construction. |

For a prime p of F above the prime number p, let A, [p] = T}, /p T}, be the mod p residual
representation on the p-torsion of Ay (cf. Sect. 3.1.2). In the rest of this article, we work
under the following

Assumption 2.64 (1) p1N;
(2) Aplp] is ramified at the primes dividing N for each p | p;
(3) £ prime, (2| N = V' =

In part (3), I C Ggq, is the inertia subgroup at £. As a consequence of Assumption 2.64,
the (finite) set of places of Q from Sect. 2.13 is explicitly given by

S := {¢ prime | € divides Np} U {oo}. (2.58)
Lemma 2.65 If{ # p is a prime number, then H;)(Qg, Vy) = H;(Q(, Vy) =0.

Proof Let S be as in (2.58) and let £ be a prime number. First assume that £ ¢ S. Since V),
is unramified at £, we have V;Z = V). It follows from (2.32) and [134, Lemma 1.3.2, (i)]
that there is an isomorphism

HJ}(Q[, Vp) =V, /(Frobg —1)V,. (2.59)

In this case, Frob, acts with eigenvalues «, 8 such that |a| = || = £5/2+1; e deduce that
Froby —1:V,, — V), is an isomorphism, and the result follows from (2.59).

Assume now that £ | N. If £2 | N, then by part (3) of Assumption 2.64 we have Vé‘ =0,s0
again the result follows from (2.32). Finally, assume that £||N. The restriction of V), to Gg,
is isomorphic to (XS/C i), where xcyc is the p-adic cyclotomic character and ¢ : G, — V)
is a 1-cocycle. Moreover, I; acts via the map g ((1) C(f) ), s0, since V), is ramified at £, we
have ¢ # 0 and Vlf‘ >~ Fp(1). In particular, Frob, —1 is an isomorphism on Vpll, and by

(2.32) the lemma is proved. O
Lemma 2.66 H°(Q,, V,) = 0.

Proof By part (1) of Assumption 2.64, V), is a crystalline, hence de Rham, representation,
s0 Dgr (V) = Deris(Vp). By [15, Theorem 4.1, (ii)], the Bloch—Kato exponential map gives

an isomorphism
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and then [15, Corollary 3.8.4] implies that HO(Qp, Vp) = 0. O

2.20 On the cohomology of T, V), Ap

Let K be a number field. Recall that we assume throughout that Conjecture 2.12 is true,
ie., HL (K, M) has finite dimension, denoted by raig(M/K), over F. For notational con-
venience, set r 1= r,1g(M/K). Furthermore, assume also that

« the p-part of Conjecture 2.50 over K holds true.

This condition, for suitable choices of K, will essentially be in force until the end of
the paper (namely, in Sect. 2.20, in Sect. 2.23 and in the main theorems of Section 5).
Therefore, the p-adic regulator map from (2.41) is an isomorphism

reng mot (l< M) i> Hfl (1(, Vp)

of F,-modules. As a consequence, Hf1 (K, V) is free of rank r over Fy,. Since F, = ]_[p‘p Fy,
it follows from (2.53) with M = V that the Fj,-vector space H fl (L, Vp) has dimension r for
all primes p of F above p. In the following lines, let x € {p} U {p | p}.

2.20.1 Cohomology and divisible submodules
Set

HMK T,) = im(Hfl(K, T.) — H}K, V*)>.
Since H fl (K, Tp) is finitely generated over Oy and there is a canonical isomorphism
H} (L Ty) ®0, Fy = H} (L V)

of F,-vector spaces (cf. [134, Proposition B.2.4] and [154, Proposition 2.3]), we conclude

that H} (K, Tp) is a free Oy -submodule of H fl (K, Vp) of rank r; in other words, H } (K Tp) is

an Oy -lattice 1n51deH (K, Vp). Again by (2.53), H1 K Tp) = EBPIP (K, Tp), soHl(K Ty)
is a free O, submodule of H (K, V) of rank r.
It can be checked that there is an exact sequence

H} (K, T,) — H} (K, V,) — HF (KAL), (2.60)
which induces an exact sequence
0—> ﬂ}(K, T,) — Hfl(K, V,) — Hfl (K, A,). (2.61)

The group H, fl (K, V,) is a vector space over a field of characteristic 0, so it is divisible, and
then the rightmost map in (2.60) gives a map

T, :Hfl(K, V,) — Hfl(K, A div- (2.62)
Clearly, Y, = D,, Tp-
Proposition 2.67 The map Y, is surjective.

Proof The surjectivity of Y, is equivalent to that of Y, for all p | p, which is well known
(cf [40], [117, §2.1.3]). O
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2.20.2 On Pontryagin duals
Let M € {T, V, A}. As is pointed out in Remark B.1, there is an identification

Homont (Hfl (L, Mp ) Qp/Zp) = Homcont (Hfl (L Mp ) Fp/Op ); (2.63)

which provides an alternative description of the Pontryagin dual H fl (L, My)" of H fl (L, My).
Let us also define

H; (K, Mp)" = Homcont (H} (K, Mp), Ey/Op)

and call this Op-module the Pontryagin dual of H fl (K, Mp). It follows from (2.63) and the
splitting £,/ Op = [1,,|, Fp/Op that

H} (K, Mp)" = D H} (K, M) (2.64)
plp

Let us write corankop, H, fl (K, A,) for the corank of H fl (K, A,) over O,, ie., the rank as an
O,-module of its Pontryagin dual H fl (L, A,)Y. The corollary below will be used on several
occasions when proving results on r,5(M) (see, e.g., Theorem 5.22, Sects. 7.2, 8.2, 9.2).

Corollary 2.68 corankp, H. fl (KAL) =r.

Proof To begin with, corankp, H fl (K, Ax) = corankp, H fl (K, Ax)giy- On the other hand, it
follows from (2.61) and Proposition 2.67 that there is an isomorphism of O,-modules

HH (K Aay = H} (K V.) [HHK T,) = (F, /O,
whence the desired equality. |

2.20.3 Dual bases
In light of Proposition 2.67, taking Pontryagin duals of the map Y, in (2.62) gives an

injection of O,-modules
Y. HP (K Ay > HF (K V)Y (2.65)

Again, Y,/ = P,, T, -
Now pick an F,-basis B = {x1,..., %} of Hfl(K, Vy); it generates a rank r free O,-
submodule A ; of H, fl (K, V). Fix an isomorphism

Vg A@ i) ]i}([(, Tp)

of Op-modules and set &; := ¢ (x;) for i = 1,...,r. Thus, {£1,..., &} is an O,-basis of
Ii}(l(, Tp); it is also an Fj,-basis ofo1 (K, V). The elements &1, . . ., &, give rise to the dual
basis {&],...,&;} of the O,-linear dual of ﬂ}(l(, T,) by the recipe £7(;) := &, where
8 is the Kronecker delta; this gives also a basis, which will be denoted in the same way,
of the Fy-linear dual of H fl (K, V). Composing the Fj,-linear maps &;* with the canonical

projection F, — F,/O,, we obtain elements £, of the Pontryagin dual H fl (K V).

Lemma 2.69 The elements &), ..., & are linearly independent over O,.

(2026) 13:64
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Proof In light of splitting (2.64) for M = V, we may

« assume that &', ..., £ belong to H fl (K, Vp)" for a prime p of F above p,
+ replace O, with Oy.

Now the lemma follows from Lemma B.8 with, in the notation of Sect. B.3, % = Fp,
O =0y, vi=6V =H(KVy), Ty = H(K Tp). o

Denote by 8 ; the O)-submodule ofo1 (K, V)" spanned by &Y', .. ., £; by Lemma 2.69,

the Op-rank of & ; is r.
Lemma 2.70 If % and %' are Fy-bases ofo1 (K, V), then B 3 = B .

Proof With self-explaining notation, {£} ..., &} and {(E{)*, N (Sr’)*} are bases of the
Op-linear dual of I;I}(K, Tp). In particular, for every i € {1,...,r} thereare a;, ..., a;, €
O, such that (§))* = a;1&7 + -+ + a;,&". On the other hand, the Op-linearity of the
quotient projection F, —» F,/O, ensures that

&)Y = ain&’ +---+apg),
so B, C E . Analogously, the inclusion E 3 C E holds as well. o

In light of Lemma 2.70, from here on we set

for any F,-basis A of H fl (K, V). Now recall the injection of O,-modules Tpv from (2.65).

Proposition 2.71 The image of 'Y“pv is Bp.
Proof Since Tpv = @mp Tg/, as in the proof of Lemma 2.69 we may work with a fixed
prime p | p in place of p. Taking Pontryagin duals in the short exact sequence

T
0 — H}K Ty) 2> H}NK Vy) =5 HHNK Ap)gyy — 0,

where ¢, is simply inclusion, gives a short exact sequence of Op-modules

’Y‘\/ Vv
0 —> HMIK Ap)y, —> HINK Vy)” N HMK Tp)" —> 0.

Therefore, if E, denotes the analogue of E, at p, then we need to show that ker(L;) = Eyp.
Letg € ker(tg). This means that ¢ € Hf1 (K, V)" and ‘p|§}(1<,Tp) = 0, which is equivalent
to ¢ € Ep by Proposition B.10 with, in the notation of Sect. B.3, % = Fp, 0 = O,

V =Hi(K Vy), Ty = H{(K Ty), Ex = Bp. O

The next corollary will be used in the proof of Theorem 2.83.
Corollary 2.72 Theset {§), ..., §,"} is an Op-basis of the image of Y.

Proof By definition of E,, this follows from Proposition 2.71. O

In light of the fact that T}/ is the dual of the map induced by the canonical projection
V, — Ap, from now on we shall usually identify H, fl (K, Ap) i, with its image under T};/ ;in
particular, we shall regard {élv, .., & Yasan Op-basis ofo1 (K Ap)giv.
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2.21 Tamagawa ideals of M

For each prime p of F above p, the completion Oy, of OF at pisa PID (actually,a DVR), so we
can apply the definition of determinants in Sect. A.3 to the case where R = O, = HPI » Op-
In particular, with notation that already made an appearance in Sect. 1.1.3, if T is a finite
Op-module, then Zo,(T) stands for Deto, (T') and Z(;;(T) stands for Detg); (T); it follows
that Zp,(T) and I(;;(T) are fractional O,-ideals. More explicitly, with T as above, let
T = @plp T}, be the splitting of T' as a product of Op-modules; then

Zo,(T) = [ [ Zo, (Ty) C F.
plp

Since we shall essentially work with O,-modules only, from now on we simply set
I(T) :=To,(T), I7NT):= I(;;(T) (2.66)
for every finite O,-module T, unless confusion may arise.

2.21.1 Finite primes{ # p
Let £ # p be a prime number and for any Gg,-module M set

unr

Hyp Qe M) = H(Gal(QJ™ /Q¢), M) = ker(HY(Qe, M) —> H'(Ip, M)),

where the equality on the right is a consequence of the inflation-restriction exact sequence
(see, e.g., [134, Proposition B.2.5]). In particular, observe that HJ}(QZ, Ap) C HL (Qe Ap)
and the inclusion has finite index. By definition, H fl(Qg, Vy) = H&nr(Q(, V) and there is
an exact sequence

Froby —1
—_—

0 — HY(Qp Vp) — V! V)t — H{ (Qu V) — 0.

Thus, we obtain a chain of two isomorphisms
9¢ : Detg, (HY(Qe, V) - Det;pl (H} Qe V) = Det;pl (HHQe V) — (F»,0),
the former being a consequence of Lemma 2.65.
Definition 2.73 The p-part of the Tamagawa ideal of M at £ is
Tam{” (M) := 0 (Detg! (HH(@Qe, 7). (2.67)
Notice that, in light of the definition given in (A.6), there is a splitting

Tam? (M) = [ | Tam{P (M),
plp

where the p varies over all primes of F above p and Tamép) (M), the p-part of the Tamagawa
ideal of M at ¢, is defined as in (2.67) by replacing p with p.

To lighten our notation, set ¢ := Gal(Q}™/Q¢) ~ 7. The auxiliary result below will
be used in the proof of Proposition 2.76.

(2026) 13:64
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Lemma 2.74 H?2 (%, T;“) = H? (%, V;‘f) =0

Proof The %;-module V;‘, which is a vector space over a field of characteristic 0, is
divisible, so H?(%, V;"‘) = 0 by [144, Ch. XIII, Proposition 2]. As for the other vanishing,
note that Té‘ = l(i_r_nn(Tp /P"T,) and T, /p"T), is finite for all n € IN. On the other hand,
[134, Lemma 1.3.2, (i)] gives

HY (%0, (T /p"Tp)") = (T,/p" Tp)" [ (Froby —1)(T,/p" Tp)",

so HY (%, (T,/p"Tp)") is finite for all n € IN. By [154, Corollary 2.2], it follows that there
is an isomorphism

H*(%,, T)) = lim H*(%,, (T,/p" Tp)"). (2.68)

n

Finally, since (T,/p" Tp)lf is finite, hence torsion, [144, Ch. XIII, Proposition 2] ensures

that
H* (Y, (Ty/p"Tp)") =0 (2.69)
for all n € IN. Combining (2.68) and (2.69), we conclude that H?(¥;, Té‘) =0. o
Recall that H&m(Qe, T,)=H 1 (%, Té‘) and that Assumption 2.64 is in force.

Proposition 2.75 #H} (Q, T,) < .

Proof The kernel of the natural map H'(%, Téf) — HY(%, Vé‘) is isomorphic to a
quotient of H° (%, Vlf‘ / Téz), so it is torsion over O,. By Lemma 2.65, H 1 (%, Vée) = 0,and
then H! (%, Té“) is Op-torsion. Since H! (%, Té‘) = l_[plp H! (%, T#) as Op-modules, we
deduce that H! (%, T;‘) is torsion over Oy, for all p | p. Furthermore, since T}, is finitely
generated over Oy, it follows from [134, Proposition B.2.7] that H l(GQz, Ty) is finitely
generated over Oy, for all p | p, and then the same is true of its O -submodule H 1 (%, Téz).
We conclude that H'(%, T;Z) is finite for all p|p, which implies that H. . (Q¢, T))) =
H! (%@, Té‘) is finite. O

Let S be the finite set of places of @ that was fixed in (2.58) and recall the notational
convention from (2.66). Set W, := AIIf / (A;If)div. The next result is a slight refinement, in
our modular context, of [43, Ch. I, Proposition 4.2.2].

Proposition 2.76 (1) Ift ¢ S, then Tamy’)(/\/l) ~ Op.
2) Tamgj)(/\/l) ~ I(W;mb‘:l)for every L.

Proof Part (1) is [43, Ch. I, Proposition 4.2.2, i)]. As for part (2), the inflation-restriction
exact sequence yields a commutative diagram with exact rows

0— Hl(% T;‘) —— HY(Gagy, Ty) —— HMI, T,)%% —— 0 (2.70)

L]

0—— Hl(% Vpﬂ> —— H'Ga,, Vp) —— H' (I, V) %% —— 0
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in which the surjectivity of the right non-trivial arrows on both rows follows from Lemma
2.74. As a consequence of Lemma 2.65, H, fl(Q[, Tp) is the kernel of the middle vertical
map in diagram (2.70). By [154, Proposition 2.3], the kernels of the middle and the right
vertical arrows in (2.70) are H(Gq,> Tp)tors and H' (I, Tp)?omiﬁ, respectively. By applying
the snake lemma to (2.70), we get a short exact sequence

GQE

0 — Hyo(Qu Tp) — H; (Qe, Tp) — H'(Ie, Tp)iors — O. (2.71)
By [43, Ch. [, Proposition 4.2.2, ii)], we know that
G
Tam® (M) = Deto, (Hl(lg, Tp)t‘fﬁg). (2.72)

On the other hand, by [134, Lemma 1.3.5, (iii)], there is an isomorphism of O,-modules
H} Qe Tp) [Hane(Qes Tp) = W=, (2.73)
The desired result follows by combining (2.71), (2.72) and (2.73). O

2.21.2 Theprimep
Now we consider the case £ = p. There is an exact sequence of F,,-modules

) (p—Lpr)

00— Hj?(Qp) Vp) I Dcris(vp Dcris(vp)®t(M)p — Hfl(Qp; Vp) — 0.

(2.74)

By [15, Corollary 3.8.4], HfO(Qp, Vp) = HO(QP, Vp), so H;)(Qp, V) = 0 by Lemma 2.66.
Taking determinants in (2.74), we obtain an isomorphism

9y : Dety | (H} (Qp Vp)) — Detz! (5(V).

Define the O,-submodule
Ap = 0y (Detg) (H} (@ )
p 1% o, 1 \Rps Lp

of Det;p1 (tp(\/p)). Recall that t,(V},) is a free F,-module of rank 1 and fix an F,-generator
w of t(M),. Then w is a generator of the free F,-module Detp, (t(/\/l)p) of rank 1; more-
over, Det;pl (t(/\/l)P) is free of rank 1 over Fj,, and we let ™! denote the generator of
Det;p1 (t(./\/l)p) corresponding to , which is characterized by ! (w) = 1. Now Ay isan
Op-submodule of free F,-module Det;p1 (t(M)p) =F,- w1, so there exists an Op-ideal
Tamy,,,(A) such that

Ap = Tamy,,(4,) 0L (2.75)

With Ty as in (2.5) and ¢ the involution from Sect. 2.4.2, we define T};r = Tg %=1 and
le' = HO(R, Ty). There are comparison isomorphisms

Compp g Tg ®q Qp = T; ®z, Qp  Compg g : Vg ®q Qp = tH(Vy). (2.76)

(2026) 13:64
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We deduce from (2.44) that there is an induced isomorphism of O,-modules
Compg ¢ : Ty ®0p Op = le'.
Choose &7 € Tg ~ {0} and set ws, = Compg 4r(3r) € £(V)).

Definition 2.77 The p-part of the Tamagawa ideal of M at p is
®) —
Tam, (M) := Tamp)waf (Ap),

where Tampmf (Ap) is defined as in (2.75).

Now assume that Compg (J¢) is an O)-generator of T; (later on, this condition will
be satisfied for a suitable choice of p). Then, since V), is crystalline, we actually have

Tam{ (M) = O,,. 2.77)

This follows from the proofin [5, Theorem 4.2.2] of Conjecture Cep,q, (V') from [43, §4.5.4]
(cf- also [6, Proposition I1.2], and [125, Proposition 4.2.5] in the ordinary case, which will
be the setting of interest for us in subsequent sections).

2.21.3 The archimedean prime
In the archimedean case, we introduce (the p-part of) the Tamagawa ideal of M as follows.

Definition 2.78 The p-part of the Tamagawa ideal of M at oo is
Tamgi)(/\/l) = Det(_gi (Hfl(]R, Tp)).

This definition completes the list of the p-parts of Tamagawa ideals of M. When p is
odd, it can be checked that

Tam2 (M) = 0, (2.78)
(see, e.g., [36, p. 708]).

2.22 Compact cohomology
Our goal is to calculate Deto, (RFC(GS, Tp)) as defined in (A.8), where RT'((Gg, T)) is the
compact complex from Sect. 2.13.2.

2.22.1 Avanishing lemma
We begin with a basic vanishing result for cohomology with compact support.

Lemma 2.79 H(Gs, T,) = 0.

Proof By (2.35), the group H, CO(GS, T),) consists of the elements of HJ9(Q, T,) whose image
in H})(Qv, Ty)is zero forall v € S. Now H})(Q, T}) injects into H})(Qp, Ty)and HJ?(Qp, Tp)
injects into H;)(Qp, Vp); since p € S and HfO(Qp, Vy) = 0 by Lemma 2.66, we conclude
that H})(Q, T,) = 0, as was completing the proof. O
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2.22.2 Computing Deto, (ch(GS, T,,))
The next result computes Deto, (RFC(GS, Tp)).

Proposition 2.80 There is a canonical isomorphism

Deto, (RTc(Gs, T)) ~Dety, (Hf (Q Tp)) - Deto, (H} (Q Ap)") - Detg, (HO(Gs, 4,)")

. l_[ Detop (Hfl (Qv, Tp)) ’ Det(_ﬁj,(T;)'

veS

Proof Fix an integer n > 1 and write A, [p"] for the p”-torsion subgroup of A,. Since M
is self-dual, there is a canonical isomorphism A, [p"] >~ Homz, (Ap "], (Qp/ Zp)(l)), )
the Poitou—Tate exact sequence (see, e.g., [114, §5.1.6]) gives a long exact sequence

HY(Gs, Ap[p"]) — @D H (Qu Aplp"]) — H'(Gs, Aplp")”

vesS

— H*(Gs, Aplp"]) — D H*(Qu Aplp"]) — H°(Gs, Aplp"])” —> 0.

ves

Since these groups are finite, passing to inverse limits on # produces an exact sequence

H'(Gs, Ty) — EPH Q) Tp) — H'(Gs, Ap)”

ves

— H*(Gs, Tp) — EPH*Qu, Tp) — H"(Gs, Ap)” —> 0.

veS

Using Lemma 2.63, we get an exact sequence

0 — H}Q T,) — H'(Gs, Tp) — D H,(Q), Tp) — H}H (Q 4)"
veS
—> H*(Gs, Tp) — EPH*Qu, Tp) — H"(Gs, Ap)” —> 0.
vesS

(2.79)

On the other hand, using Lemmas 2.65, 2.66 and 2.79, the definition of cohomology with
compact support (cf Sect. 2.13.2) yields an exact sequence

0 — HOR, T,) — H}(Gs, T,) — H'(Gs, T,) — @ H"(Qu, Tp)
seS
—> H2(Gs, Ty) — H*(Gs, Tp) — P H*Qu, Tp) — H3(Gs, Tp) —> 0.
sesS

(2.80)

Taking Deto, of (2.79) and (2.80), and using the multiplicativity of determinants, gives
the desired result. o

2.23 A reformulation of p-TNC
We want to reformulate the p-part of Conjecture 2.56 in a convenient way. We assume
the p-part of Conjecture 2.50 over Q.
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2.23.1 p-torsion of M
Let H{(Q, Ty)tors be the torsion submodule of H LQ, Ty).

Definition 2.81 The p-torsion part of M is
Torsy(M) := I 1 (H*(Gs, 4p)") - T (HH(Q Tp)iors)-
The Op-module Tors, (M) will play a role in Theorem 2.83.

2.23.2 Some linear algebra of lattices

Let = {t1, ..., t,} be a basis of H&mt(Q, M) as an F-vector space; this is also a basis of
HL (Q M)y over F. Recall that reg,, is a shorthand for regg , and for each i € {1,. o r}
put x; := reg,(t). We are assuming the p-part of Conjecture 2.50 over Q, so Z :=
{x1,...,%,} is a basis of Hfl(Q, Vp) as an Fy-module. As in Sect. 2.20, write A for the
free O,-submodule ofol(Q, V) of rank r generated by B.Let{&, ..., &) bean Op-basis
of Q}(Q, T,) and let A; € GL,(F,) be the transition matrix from the F,-basis 2 to the
Fy-basis {£1, ..., &} ofol(Q, Vp). Let&), ..., & € Hfl(Q, Vp)" be the dual elements from
Sect. 2.20 (cf. also Sect. B.3) and define x, .. ., x,” in an analogous way.

Remark 2.82 If A ; = Ii}(Q, Tp), then A; € GL,(Op). In general, det(A ;) depends
on the choice of an O,-basis of Ii}(Q, T,) only up to multiplication by elements of O,
which shows that the principal fractional O,-ideal (det(A ;)) is independent of the choice
of a basis of Ii}(Q, T,) over Op. On the other hand, keeping {&1, ..., &} fixed, if #’ is
another F-basis of Hémt(Q, M), then det(A ;) and det(A ;) differ by multiplication by
the determinant of the transition matrix from % to %'.

2.23.3 Reformulation of p-TNC

Recall the comparison isomorphism Compg 4 from (2.76). In particular, Compy ét(T;‘ ) is
an Op-submodule of the free F,-module V];L ®q Qp of rank 1. As in Sect. 2.21.2, choose
Yr € T];r ~ {0} and let Q, := Qg{) € FJ be the period from Sect. 2.5.2. Let us consider

the O,-submodule A, of Tp+ generated by Compg 4 (y7) and set Z,(yy) = I(T;/Ayf).

Let us define the period
Qoo
Qumi=———= € (F C)*. 2.81
M= G € (FOQ O) (281)

From here on, in order to simplify some formulas, for two invertible O,-ideals a and b we
shall write g in place of a - b~!. With all our current notation in force (in particular, recall
the Shafarevich—Tate group UIEK(Q, M) from part (1) of Definition 2.60 and the matrix
A ; € GL,(Fp) in Sect. 2.23.2), we can state the reformulation of the p-part of Conjecture

2.56 we are interested in.

Theorem 2.83 Assume that

(1) Conjecture 2.18 holds true;
(2) Conjecture 2.40 (or, equivalently, Conjecture 2.41) holds true;
(3) the p-part of Conjecture 2.50 for K = Q holds true.
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The p-part of Conjecture 2.56 is equivalent to the equality

( A*(M, 0) )_I(HIEK(Q,M))~Ip(yf)-ﬂvesTam(f’(M)

_ -TNCy»)
Qa1 - Regy (M) (det(A3))* - Tors,(M) v ’

of fractional Op-ideals.

Observe that assumption (3) in the statement of the theorem ensures that Conjecture
2.12 for K = Q holds true (¢f. Remark 2.52). In order to make sense of equality (p-TNCz),
in particular of how the left-hand side is seen as a principal fractional O,-ideal, the reader
is referred to Remark 2.8. With notation as in (2.22), it is also useful to bear in mind that

Reg (M) = (Reg%(M))

gex’

Remark 2.84 Assumption (1) in Theorem 2.83 is imposed only to force Reg , (M) to be
non-zero: if we know that Reg (M) # 0, we can remove this non-degeneracy require-

ment.

Remark 2.85 Suppose that % and %' are bases of H. (Q M) over F. Combining
Remarks 2.22 and 2.82, one sees that (p-TNCy) holds if and only if (p-TNC/) holds.

Remark 2.86 By Remark 2.82, the Op-ideal (det(Ajg)) on the right-hand side of
(p-TNCg) is independent of the choice of an (J,-basis of Ii}(Q, Tp). Moreover, if
Ay = ]i}(Q, T,), then (det(Ag:)) = O,; in accord with this fact, one can check that
the left-hand side of (p-TNCy4) does not depend on A if & varies over all F-bases of
HL .(Q M) such that Ay = Ii}(Q, Tp).

Proof of Theorem 2.83 If y, is a generator of T; , then Deto, (T; ) = Zp(yy) - vp. As before,
given a ring R, an R-module M and my, ..., m, € M, set m := my A --- A m,. Keeping
Remark/Notation A.2 in mind, there is an isomorphism of O,-modules

Det(}; (HfI(Q) Tp)) = Iil(Hfl(Q) Tp)tors) '§71 = dEt(A@) Iil(Hfl(QJ Tp)tors) "7_671'

By Corollary 2.72 and the convention introduced at the end of Sect. 2.20, {§)’, . .., £} isan
Op-basis ofol(Q, Ap)yi,- Therefore, setting €Y := & A--- A& and & :=x) A--- AxY,
there is an isomorphism of O,-modules

Deto, (H}(Q Ap)”) ~ T (IIIP(Q M) - £” = det(A ) - T~ (ITI;(Q M) - 2",

Recall the isomorphism of F,-modules 6,5 from (2.47). Combining Proposition 2.76 with
Proposition 2.80 and Definitions 2.77, 2.78 and 2.81, we get an isomorphism of O,-
modules

det(A;)? - Tors, (M)

Deto, (RT:(Gs, Tp)) =~
e Op( S tp ) Ip()/f) 'I(IHEK(Q; M)) . HveS Tam&p)(/\/l)

Op,s(Br) (2.82)

where, as above, f; := 2 lRx'® yf_l ®ij € A(M). Let ¢y € A(M) beas in Conjecture
2.40 and write {y = afy for some a € F*. By Proposition 2.43 and its proof, there is an
equality

1 L*(M, 0)

o _ZVAD 2.83
a Qoo Regy (M) (2.83)

(2026) 13:64
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which should be understood as in Remark 2.8. By (2.82) there is an isomorphism

Op,s(¢r) _
”Saf . 0p = Deto, (RT(Gs, Ty)) - det(A ;) > - Tp(yy)

2.84
“Tors,(M) ™1 - Z(LIE(Q M)) - [ ] Tam’ (M). (254

veS

Combining (2.83), (2.84), the relation §f* = ¢r/(k/2 — 1)}, formula (2.25) and the defini-
tion of Q4 given in (2.81) shows that the equality ep,g(gf) - Op = Deto, (RFC(GS, Tp))
predicted by the p-part of Conjecture 2.56 for O = OF (cf (2.51)) is equivalent to equality
(p-TNC ), as claimed. |

Remark 2.87 Equality (p-TNCg) is equivalent to the equality

((k/z — 1 LKM, 0))  Z(INQ M) - T(yp) - [T,es Tam (M)
Qoo - Reg (M) (det(Agg))2 - Torsy(M)
(p-TNC -bis)

of fractional Op-ideals: this follows immediately from (2.25).

To the best of our knowledge, Theorem 2.83 offers the first reformulation of this form
of (the p-part of) the TNC for M in arbitrary analytic rank; the reader is referred to [38]
for a similar interpretation in analytic rank 0.

3 Preliminaries on modular forms
Let Q denote the algebraic closure of @ in C. As in Section 2, let f € S;(T'o(N)) be a
newform of weight k > 4 and level N, with g-expansion f(q) = }_,. au(f)q". From here

on we assume, as in the introduction, that
«+ f has no complex multiplication in the sense of [130, p. 34, Definition].

As before, let F be the Hecke field of f; by construction, it is naturally a subfield of Q. We
write OF (respectively, Dr) for the ring of integers (respectively, the discriminant) of F.
Finally, let Oy := Z[an(f )| n> 1] be the order of Or generated over Z by the Fourier
coefficients a,(f) and let ¢y := [OF : Of] be the index of Oy in OF.

Remark 3.1 A sufficient condition for f not to have complex multiplication is that N be
square-free (cf [130, p. 34]), which will be assumed in due course.

3.1 Bigimage assumptions
We collect two basic results on the Galois representations attached to f, which will allow

us to introduce our assumption on these representations.

3.1.1 Bigimage
Let p be a prime number. With notation as in Sect. 2.4.3, denote by

Pp: G — Autop(Tﬁp) ~ GLZ(OP)

64
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the p-adic Galois representation attached to f and p. We say that p, has big image if there
is an inclusion

{g € GLa(Op) | det(g) € ()} C im(pp).
Theorem 3.2 (Ribet) The representation py, has big image for all but finitely many p.

Proof Since f is not CM, the theorem follows from [133, Theorem 3.1]. O

See [88] for an open image result for the adelic Galois representation attached to f.

3.1.2 Residual irreducibility
With notation as above, if p is a prime of F above p, then we denote by

pp 1 Go —> Auto, (Tfp) =~ GLa(Op)

the Galois representation associated with T,,. Reducing modulo the maximal ideal of Oy,
we obtain a residual representation

pp : G —> Autp, (Trp/pTyp) = GLo(Fy),

where IF, := O, /pOy, is the residue field of F,. Moreover, write ,Z):,r for the self-dual twist
of py, i.e., the representation attached to Tpr ~ Tp.

Proposition 3.3 If p is a prime number such that p, has big image, then the image of py
contains SLy(IF,) for every prime p of F above p. In particular, py, and [); are irreducible
for every p above p.

Proof Let p be a prime number such that p, has big image and let p be a prime of F above
p- Then the image of p, contains SLy(Z), which implies that the image of p, contains
SLy(IF,) and py, is irreducible. Finally, the irreducibility of a representation is preserved
by tensorization with 1-dimensional representations (see, e.g., [84, Exercise 2.2.14, (2)]),
so the irreducibility of ,b;r follows from that of py. O

Combining Theorem 3.2 and Proposition 3.3, we get that, for all but finitely many prime
numbers p, the representation ,Z);,r is irreducible for each prime p of F above p (cf also [133,

Theorem 2.1, (a)]).

Remark 3.4 By a standard group-theoretical result (see, e.g., [146, Ch. IV, §3.4, Lemma
3]), if the image of py, contains SLy(IF), then the image of py, contains SLy(Z,). Therefore,
the converse to Proposition 3.3 holds as well. It is worth pointing out that the big image
condition that we will impose in Assumptions 3.6, 4.5 and 5.38 will always be used in the
guise of Proposition 3.3 (see, e.g., Sect. 4.3.2, the proofs of Propositions 4.3 and 4.8, the
proof of Theorem 5.29).

Remark 3.5 It is a natural problem to study the finitely many “exceptional” primes p
for which Theorem 3.2 fails. Effective versions of the classical “open image” theorem of
Serre for Galois representations attached to elliptic curves without complex multiplica-
tion [143] have been amply investigated in various directions (see, e.g., [30,85,89,98,167]);
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in particular, a result of Mazur says that the mod ¢ Galois representation associated with a
semistable elliptic curve over @ is surjective for every prime number ¢ > 11 ([100, Theo-
rem 4]). On the contrary, much less seems to be known for Galois representations attached
to higher (even) weight modular forms: the reader is referred to [11] for a description of
the primes p for which Theorem 3.2 (or, rather, its consequence for mod p representa-
tions, ¢f. Remark 3.4) does not hold. Here we would like to point out that, later in this
paper (see, e.g., Assumption 4.5), we will need to assume that k = 2 (mod 2(p — 1)), so
that p < k. Therefore, as apparent from [11, Theorem 3.2], the “big image” property is a
constraint we will need to impose on the pair (f, p): in particular, we are not allowed to
simply take p to be “large enough” with respect to k.

3.1.3 Assumptions on Galois representations
To state (in Section 4) Kolyvagin’s conjecture for higher (even) weight newforms, we will

work under

Assumption 3.6 The prime number p satisfies the following conditions:

1) pt 6NDrcf;
(2) pp has big image.

By Theorem 3.2, all but finitely many primes p satisfy Assumption 3.6 (we remark that
the set of “good” primes p with this property is clearly not uniform in f).

3.2 p-isolation

Let us write 7, (I'o(N)) C EndQ (Sk(Fo(N); Q)) for the full Hecke algebra of weight k
and level I'g(XN), which is generated over Z by the Hecke operators T, for all primes
£ 4 N and the Hecke operators U for primes £ | N. Moreover, for any Z-algebra A we set
I (To(N)) 4 = H4(To(N)) ®z A.

Proposition 3.7 Put dy := dimg Sp(T'o(N)) € IN. For any Z-algebra A, the A-module
4 (Lo(N))4 is free of rank dy; in particular, 7 (To(N)) 4 is flat over A.

Proof Itis well known that S (I'g(N); Z) is free of rank dy over Z (see, e.g., [147, Theorem
3.52]) and that there is an isomorphism 7% (I'o(N)) >~ Homg (Sk(FO(N); Z), Z) induced
by the natural duality between Hecke algebras and spaces of modular forms (see, e.g., [131,
§2]). This proves the proposition for A = Z, and the statement for a general Z-algebra A
follows by extending scalars from Z to A. ]

3.2.1 p-isolation of f

Letg(q) = D _,>1 an(@)q" € Sk(T'o(N)) be a normalized eigenform for 7 (I'o(N)) and let
L:= F(an(g) | n > 1) be the composite of F and the Hecke field of g. Let p be a prime
number and pick a prime p of F above p. The form f is said to be congruent to g modulo p
if

an(f) = ay(g) (mod P)

for some prime 3 of L above p and for all # > 1. In this case, we write f = g (mod p) and
say that p (and *P) is a congruence prime for f.
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Definition 3.8 Theformf is p-isolated if there is no normalized eigenform g € Si(I'o(XN))
other than f such that f = g (mod p) for some prime p of F above p.

The next result tells us that, for a given f, non-trivial congruences modulo primes of F
above p can occur only for finitely many p.

Theorem 3.9 (Ribet) The modular form f is p-isolated for all but finitely many p.
Proof This follows from [131, Theorem 1.4] (cf. also [131, (1.5)]). O

We briefly elaborate on Theorem 3.9. Following Hida ([56, (6.7,)]), one can introduce
the quantity

C(f) — l/l(f)71 . 2(/(72)-[1::@] . 1_[ (foffg)rl(N)’

oeX

where u(f) € R4 is the transcendental factor associated with f that is defined in [56,
(6.6¢)] and (-, -)r, vy denotes the Petersson inner product. By [56, Theorem 6.2], C(f) € Z;
notice that the integer C(f) is (at least in principle) explicitly computable. By [131, (1.5)],
the newform f is p-isolated for all p such that p > k and p { 6 - C(f). Furthermore, a
necessary and sufficient condition for p-isolation in terms of the index of suitable lattices
in parabolic cohomology groups with real coefficients is provided by [131, Theorem 1.4].

Remark 3.10 As was already observed, later on (see, e.g., Assumption 4.5) we will assume
that k = 2 (mod 2(p — 1)), so that p < k. Therefore, much like the “big image” property
introduced in cf. Sect. 3.1.1 (¢f also Remark 3.5), the p-isolation of f is a constraint we
will need to impose on the pair (f, p). From our point of view, a characterization of the
p-isolation of f of the sort described above is useful because it shows that this property is,
in general, compatible with other desirable features, the only price to pay being to throw
away finitely many primes p, which can be explicitly detected.

3.2.2 Congruence module of f

Let L be the composite of the Hecke fields of all normalized eigenforms in Sg(I'o(IN)),
which is a number field whose ring of integers will be denoted by Or. Write 60, :
H;(To(N))o, — O for the (surjective) Op-linear extension of the morphism 6y :
4 (Lo(N)) — Oy attached to f, which is a homomorphism of Of -algebras. As a short-
hand, set 7 := 3 (T'o(N))o,; denote by Q(€) the total quotient ring of .77. By Propo-
sition 3.7, 77 is flat over Oy.

As remarked, e.g., in [62, p. 276], there is a unique splitting of L-algebras of the form
Q(J) = L x Z for some 7 -algebra Z. Set a := ker(s# — Z) for the kernel of the
obvious map induced by the splitting above. Following Hida (and Ribet), we define the
congruence module of f to be

Co(f;Or) := (I /a) @ O,

where the tensor product is taken via 6, ; this is an 7#’-algebra. As explained in [62, p.
277], there is an isomorphism Cy(f; Or) =~ %/(a + l<er(o9ﬁ@L)) of 77 -algebras, where the
sum of ideals is, in fact, direct. In particular, the annihilator of Cy(f; Or) as an 5’ -module
is
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Ann . (Co(f; O1)) = a + ker(6¢0,) = Anny (ker(6¢0,)) + ker(6;0, ),

the second equality being a consequence of the identification a = Ann (ker(ng@ )
which can be directly checked. We point out that the .77-algebra Cy(f; Or) owes its name
to the fact that it detects congruence primes for f in the sense of Sect. 3.2.1: the congruence
primes for f are exactly the prime ideals of O; belonging to the support of Cy(f; Or) as an
Or-module.

Remark 3.11 Since Co(f; Of) is finitely generated as an O-module, Supp, (Co(f; OL))
consists precisely of the prime ideals of Oy containing the annihilator of Cy(f; Or) over
O (see, e.g, [99, p. 26]).

The reader is referred, e.g, to [60, §6] and [62, §5.3.3] for further details (cf. also [47, §4]
and [132]).

3.2.3 Congruence ideal of f
The notation from Sect. 3.2.2 is kept in force; in particular, .7#" stands for 73 (I'o(N)), -
The congruence ideal of f is the ideal of Oy given by

nro, = bro, (Ann%(ker(GﬁoL))), (3.1)

In order to lighten our notation, let us define &7 := Ann_y (ker(GﬁOL)), so that ngp, =
00, (). In general, we write Max(x) for the set of the maximal ideals of a ring . It is
elementary to check that the surjective ring homomorphism 60, induces a bijection

{m € Max () ‘ ker(0ro,) C m} < Max(0y) (3.2)

by the recipes m — 6o, (m) and m — ef_olL (m). Furthermore, bijection (3.2) restricts to
a bijection

[m & Max(2#) |  + ker(8j0,) © m} < |9 & Max(@1) |10, c M}, 33)

For later use, we record an easy lemma. Let R be a ring containing OF as a subring and
let O¢r + H#3(To(N))gr — R be the (surjective) homomorphism of R-algebras obtained by
extending 6y by R-linearity.

Lemma 3.12 The R-module ker(0¢y) is finitely generated.

Proof The (tautological) short exact sequence of R-modules

6
0 —> ker(9z) —> H4(To(N))g —> R —> 0

splits because the rightmost non-zero term is free. Since J#;(To(N))p, is finitely generated
as an R-module, the lemma follows. O

Together with the correspondence between maximal ideals described above, Lemma
3.12 will be used in the proof of Proposition 3.13.
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3.2.4 Congruence ideal of f at p

Let 0y + A (To(N))o, — Oy be the (surjective) Op-linear extension of ¢y and let
Ann Ao oy, (ker(eﬁp)) be the annihilator ideal of ker(ff,) in 74 (Io(N ))Op (observe
that, with notation as in Sect. 3.2.3, 0y, is a shorthand for 60, ). By analogy with (3.1), the
congruence ideal of f at p is the ideal of O given by

Nip = O (A oo, (Ker(@))).

Let us set 15, = lep Nep C Op.
The result we are about to state is presumably well known to the experts; however, for
want of an appropriate reference we provide a proof of it.

Proposition 3.13 Let p be a prime number. Iff is p-isolated, then ng, = O,.

Proof Let p be a prime number such that f is p-isolated. Of course, we need equivalently
to show that 75, = Oy for each prime p of F above p. Let p be such a prime. Recall the
congruence ideal g, C O of f from (3.1). Take a prime ‘B of L above p and write Oy
for the completion of Oy at . With self-explaining notation, the congruence ideal of f at

Pis
mep = Oy (ARML oo (KerGrp)).

The flatness of Ogz over O and the fact that, by Lemma 3.12, the Oz-module ker(QﬁoL)
is finitely generated imply that, with notation as in Sect. 3.2.3, there is a canonical identi-
fication

Ann g (ro(N))o, (ker(Grp)) = o ®o, Op

(see, e.g., [18, Ch. I, §2, Corollary 2 to Proposition 12]). This shows that there is also a

canonical identification

g = o, ®op Op; (3.4)

in other words, ngy is the PB-adic completion of 1z, . Denote by iy : Op < S the
natural (injective) map, then set m := Hf)_(;L (P) € Max() and 9 := l/:Ll (m) € Max(Oy).
Notice that the prime 9t of L lies above p. Now recall the congruence module Cy(f; Oy)
of f from Sect. 3.2.2. In order to lighten our notation, from here until the end of this
proof we put € := Co(f; Or) and & := Or. The map iy gives an injection of &-modules
Oony — H{m) between localizations. Since f is p-isolated, 9 ¢ Supp, (%) (see, e.g,
(62, p. 277]), i.e., € Q¢ Oy = 0. Since O injects into 7 as a subring, there is a
surjection of &-modules € ® p Hm) = € @ H{m)- On the other hand, € Q¢ H{m) =
(¢ ®0 Oom) ®on) H(m) = 0,50 € Q@ Hm) = 0, i.e, m ¢ Supp  (%). Now, the
2 -module ¥ being finitely generated, Supp ,, (¢) consists exactly of the prime ideals of
€ containing the annihilator of € over .77 (see, e.g., [99, p. 26]). As observed in Sect. 3.2.2,
this annihilator is equal to </ + ker(f;0, ), where, as in Sect. 3.2.3, &/ is the annihilator
of ker(6¢0, ) over 7. Therefore, bijection (3.3) tells us that  does not contain 5z0,, and
then

nep = Osp (3.5)
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by equality (3.4).
To prove that g, = Oy, one can proceed as follows. Formally identical arguments to
those used above lead to a canonical identification

g = Ngp @0, Op (3.6)
that is induced by the inclusion 77, C Op. The natural injection Op < Og; is a flat local

homomorphism of local rings, hence a faithfully flat ring homomorphism (see, e.g, [18,
Ch. 1, §3, Proposition 9]). We consider the short exact sequence of Op-modules

0 —> ngy —> Op —> Op/ngpy —> 0. (3.7)

Upon tensoring (3.7) by Og, the flatness of Oy over Oy and equalities (3.5) and (3.6)
show that

(Op/n5p) ®0, O = 0.

Finally, by the faithful flatness of Ogz over Oy, we conclude that Oy /17, = 0, as was to be
shown. ]

Remark 3.14 In the course of proving Proposition 3.13, we showed that if a prime 3 of L
divides the congruence ideal 70, of f, then ‘P is a congruence prime for f.

Until the end of this subsection, we assume that f is p-isolated. For each p | p, there is a
(tautological) short exact sequence of 7% (Io(N ))Op -modules

0
0 —> ker(6yp) — H4(To(N))o, —> Op —> 0. (3.8)

Using the non-triviality of 77, and the flatness (ensured by Proposition 3.7) of the Oy-
algebra 72 (To(N ))Op , one can check that

ker(0,) N Ann;gk(po(N))op (ker(Gﬁp)) = {0}

(see, e.g., [87, p. 250]). Thus, since 1z, = Oy by Proposition 3.13, the map 6y, restricts to
an isomorphism of 77 (I'o(N)) o, -modules

Op + ANz (mo(N)) o, (Ker (Brp)) —> Op.
This shows that the short exact sequence (3.8) has a unique splitting with values in the
annihilator of ker(¢),). From now on, we view this distinguished splitting as canonical and
consider (with a slight abuse of notation) the equality of ¢ (Fo(N ))Op -modules

%((FO(N))O]D = ker(0gp) ® Op. (3.9)

See, e.g., [87] for more details.
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Remark 3.15 The p-isolation of f will play an important role in Sect. 5.9.3, where we
compare the periods of f and of a suitable imaginary quadratic twist of f; in particular,
the formula in Sect. 5.9.3, which is due to Hida, will be used in the proof of Theorem
5.42. While we certainly expect our main result on the p-part of the Tamagawa number
conjecture to hold without p-isolation in force, at the moment it is not clear to us how to
modify some of our arguments in the absence of this condition.

3.3 On p-adic Abel-Jacobi maps
Following [111, Ch. II, (6.5)], with T), and T}, as in Sect. 2.4.3, let us define

Jp == Ml - Hélt(X’ Op(k/Z)),

which we view as a subgroup of H élt (X, Fy(k/2)); then T, = J, [6r]. There is a splitting
Jp = np\plp’ where

Jp = Mgl - HY (X, Op(k/2)) (3.10)
is regarded as a subgroup of H, é}t (X, Fy(k/2)). Notice that

Ty =Jo0p] = Jp @ ron)0, Op-

As is pointed out in [110, §3], there is a surjection @), : J, =+ T, whose restriction to T},
is the multiplication-by-p™ map for some m € IN. Notation being as in (2.17), for any
number field L the Abel-Jacobi map in (2.39) yields a map
k/2 1 Dp,* 1
AlLp : CHy*(X/L) o, — H} (L Jp) = H}(L, Ty), (3.11)
where @, is induced by @, functorially. Furthermore, both the source and the target of
(3.11) split over the primes p of F above p, and we let

AlLp ;CHS/Z(X/L)OP —> HMNL, Ty) (3.12)

be the p-component of (3.11). Finally, set
Ap(L) = im(AJLp) C H} (L, Ty). (3.13)

The Op-module H, fl (L, Tp) is finitely generated, so Ay (L) is finitely generated over Oy.

Remark 3.16 By construction, AJ; , and A] , factor through IpITe - CH](;/ 2(X /L) o, and

MpIl, - CHI(;/Z(X/L)OID , respectively (cf. [110, p. 105]). In particular, AJ;,, and AJ; ,, induce

Abel-Jacobi maps on CHK? (X/L)O and CH'/?
b

arith arith X /L) , respectively, to be denoted by
44

the same symbols.

3.4 p-integral motivic cohomology

As at the end of Sect. 3.2.4, from now until the end of this subsection we work under the
assumption that f is p-isolated. By Theorem 3.9, this condition rules out only finitely many
primes p, which can be characterized as explained in Remark 3.10. We use p-isolation to
split /, over the Hecke algebra.
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3.4.1 Splitting J,,

In the present situation, one can take @, so that its restriction to T, is the identity (in other
words, one can take 7 = 0 in Sect. 3.3). More precisely, if J, is the %((FQ(N))Op -module
from (3.10), then the splitting in (3.9) produces a splitting

Jo = (Jo ®oratno, Op)@<fp @, Ker @) (3.14)

On the other hand, we already observed that T}, = Jj, TN, Oy, so from (3.14) we
get a (projection) map @y, : J, — T for each p|p. Taking sums over all p | p gives the
desired surjection @y, : J, — Tp.

3.4.2 p-integral motivic cohomology of M
Let L be a number field. With notation as in (2.17) and using again (3.9), we can consider

the splitting
k/2 k/2 k/2
CHyi(X/L)o, = (CHar/ith(X Mo, B ro)o, OP>@(CHar/ith(X/L)Op B ToN o, kef(‘)ﬁp))-

(3.15)
For each p | p, we define the first p-integral motivic conhomology group of M over L to be

k/2
HE ool M)ying i= CHY2 (X /L) ® i o) Oy
k/2
arith X /L) o, @t (o0, O

(3.16)
= CH

where the 7 (I'o(N))-algebra structure on Oy, is induced by composing 6y with the natural
injection O < O, and the bottom identification is a standard canonical isomorphism.

3.4.3 p-integral motivic cohomology of M
We define the first p-integral motivic cohomology group of M over L as

Hr}mt(L, M)p—int = @ Hélot(L’ M)p—int'
plp

It follows that the p-adic étale regulator map from (2.41) yields maps
reg; p + Hynot (L M)y ing —> Hfl(L, Tp) (3.17)
for each p | p and

regL,p : Hr}not(l" M)p-int - Hfl(LJ Tp) (318)

. . k/2 k/2
thatsatisfyreg; , = @p‘p reg; ,. Note that, since CHar/ith(X/L)op = @plp CHar/ith(X/L)op ,
for x € {p} U {p | p} there is a commutative triangle

K AlL.
CHaan X /L), - H}(L T.) (3.19)

Hémt (L, M )*—int
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in which, bearing (3.16) in mind, IT4,z,, is the projection induced by (3.15) if x = p or the
direct sum of such projections over all p | p if ¥ = p, whereas AJ; , is (the restriction of)
the map in (3.11) if x = p or in (3.12) if x = p.

Remark 3.17 Let x € {p} U {p|p}. Of course, extending reg; , in (3.17) and (3.18) F,-
linearly we recover the p-adic regulator map in (2.41) if x = p or the p-adic regulator map
in (2.42) if x = p, which justifies the slight abuse of notation.

3.4.4 Aconjectureonreg, ,

The following conjecture on the p-adic regulator map reg; ,, in (3.18) is a stronger, integral
version of Conjecture 2.50. It predicts thatif f is p-isolated, thenreg; , is not only injective
(as implied by Conjecture 2.50), but also surjective.

Conjecture 3.18 Let L be a number field. The map reg; , in (3.18) is an isomorphism of
Op-modules for all but finitely many primes p at which f is p-isolated.

In particular, we conjecture reg; , to be an isomorphism of Op-modules for all but
finitely many p (cf Theorem 3.9). At a certain point, we will assume that Conjecture 3.18
is true for a specific choice of L (namely, L = Q or L a suitable imaginary quadratic field).

Remark 3.19 Conjecture 3.18 implies Conjecture 2.50 for all primes p at which f is p-
isolated (cf Remark 3.17).

Remark 3.20 Our main motivation for proposing Conjecture 3.18 is the following. Let
T be an abelian tensor category and let H = (H * (-, %), Ho(+, *)) be a 7 -valued twisted
Poincaré duality theory with weights (see, e.g., [67, §6]). Furthermore, let X be a smooth
proper variety of dimension d over a field. As explained, e.g, in [67, §9.1], there is an
Abel-Jacobi map

rw : Z/(X)yg — RITHY 7YX, ))

for all integers 0 < j < d, where Z/(X), is the group of cycles of codimension j on X that
are homologically equivalent to 0 and

RITHY7Y(X, j) = Ext(L, HY (X, ).

Now let Hg be the Betti cohomology theory with coefficients in Q. The image of r7, and
integral Betti cohomology induce integral structures on Ext(1, H¥ (X, /)) that we expect
to coincide after localization at a prime number p for all but finitely many p. Therefore, the
comparison isomorphism between Betti and étale cohomology suggests that the p-adic
Abel-Jacobi map is surjective when regulator maps can be defined (using an assumption
of p-isolation on f), and this led us to Conjecture 3.18. Admittedly, at present we are at a
loss to provide a more convincing and less vague motivation for this conjecture.

4 Kolyvagin’s conjecture for modular forms
Our goal in this section is to state and prove Kolyvagin’s conjecture for a large class of
higher (even) weight modular forms.
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4.1 Heegner cycles

We recall the definition of (classical) Heegner cycles in the sense of Nekovar [110,111].

4.1.1 Heegner hypothesis
Let K be an imaginary quadratic field of discriminant Dx such that

« all the prime factors of N split in K.

In other words, K satisfies the Heegner hypothesis relative to N. By virtue of this condition,
if Ok is the ring of integers of K, then we can fix an N-cyclic ideal of O, i.e., an ideal
N C Ok such that Og /N =~ Z/NZ. Let us choose once and for all an embedding
K < C. For every integer n > 1 prime to NpDx let O, := Z + nOk be the order of K
of conductor n. The isogeny C/O,, — C/(O, N N)~1 of complex tori defines a Heegner
point x, € Xo(N) that, by the theory of complex multiplication, is rational over the ring
class field K}, of K of conductor # (in particular, Kj is the Hilbert class field of K).

4.1.2 Heegner cycles

Write mn : X(N) — Xo(N) for the map induced by the inclusion I'(N) C To(N) and
choose %, € my (x,). The elliptic curve E,, corresponding to %, has complex multiplication
by O,. Fix the unique square root &, = v/—n2D of the discriminant of O, with positive
imaginary part under the chosen embedding K < C. Foranya € O, letl',,, C E, X E,
denote the graph of a and let iz, : ﬁ]:_lz(fc,,) = E’;*Z <> X be the canonical inclusion
(recall that X = & }\([_2). We will frequently write the same symbol Z for a cycle Z and the
class [Z] of Z in the Chow group. Put

Zi(xy) == rn,é,, N [(En x {0}) U ({0} x En)] (4.1)
and, with notation as in (2.17), define
[y 1= MpMe - (is,), (Zk (%) “7>/?) € MpM. - CHY2(X/KG), (4.2)

where ITgI1, - CHk/Z(X/K,,) is to be viewed as a subgroup of CHk/Z(X/K,,)Q. As explained
in [110, p. 105], there is an equality

k
Me - CHY2(X/K,)), = T ~CH0/2(X/K,1)ZP

inside CHI(;/ 2(X /K")Qp' We call the image

Tp € Mgl .CHS/Z(X/Kn)Op c CHY Z(X/K,,)Fp (4.3)

of ', the geometric Heegner cycle (at p) of conductor n. Moreover, for each p | p we write

k k
Tnp € TpMe - CHy*(X /K)o, € CHy*(X/Kon) (4.4)

for the image of I',, , (here we are implicitly using the splitting ITgTI - CHI(;/Z(X/K,,)OP =

@p p BT - CHIS/Z(X/K,,)Op ). The arithmetic Heegner cycle (at p) of conductor n is then

the image

Ynp ‘= A)Kn,p(rl’l,p) € Hfl(l(m Tp)
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of the cycle in (4.3) via the p-adic Abel-Jacobi map from (3.11), which factors through
IgIl, - CHg/Z(X/I(n)Op (¢f Remark 3.16). With notation as in (3.13), for each p | p we also

set

Ynp = A]Kn,p(rn,p) € Ap(Kn):

where AJ, , is the p-adic Abel-Jacobi map in (3.12) and, as in (3.13), A, (K},) is its image.
In other words, yy,, is the natural image of y;, , in H fl (K, Tp). It turns out that y,, , and y,
are independent of the choice of &, ([110, p. 107]). In the rest of this paper, the expression
“Heegner cycle of conductor #” will always refer to y,,, for a fixed p as above.

Finally, a crucial role in our arguments will be played by the cycle

Yip = coresi, /k (¥1,p) € Ap(K); (4.5)

here we exploit the Galois-equivariance of the maps AJ, ,,, which implies that the square

Al

k P

I, .CHO/Z(X/IQ)Op s Ap(K7) (4.6)
Jtrm /K coresgy /K
k/2 Al p

Mgl - CH,, (X/K)Op — Ap(K)
commutes (as the notation suggests, trx, /x is the Galois trace map on Chow groups).

4.2 Kolyvagin integers
Recall that, by Assumption 3.6, the prime p is unramified in F, hence p is alocal uniformizer
for F at p. Let v, be the valuation of F, normalized so that v, (p) = 1.

4.2.1 Kolyvagin primes

A prime number ¢ is a Kolyvagin prime for the data (f p, K) if
(1) €1 Np;

(2) £isinertin K;

(3) M(¥) := min{vp(ﬂ +1),vp (ag(f))} > 0.

Denote by Pk(f) the set of Kolyvagin primes for (f, p, K).

4.2.2 Kolyvagin integers
Let us write
Axol(f) == {square—free products of primes in Py, (f )}

for the set of Kolyvagin integers for (f,p, K). If we need to specify the data (p, K) we
also write Pyo(f, p, K) and Agol(f, p, K) for Pyoi(f) and Agei(f), respectively. Notice that
1 € Akol(f). Finally, for every n € Ako(f) define

min{M(€) | £|n} ifn>2,
M(n) = (4.7)
00 ifn=1

We call M(n) the Kolyvagin index of n.
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4.3 Kolyvagin classes and Kolyvagin’s conjecture

We attach to our newform f a systematic supply of Galois cohomology classes, which we
call Kolyvagin classes, that are indexed by Kolyvagin integers and take values in quotients
of T} (or, equivalently, in torsion submodules of Ay, cf. Sect. 2.17.2). Our strategy for
producing these classes, which are defined in terms of the Heegner cycles of Sect. 4.1,
follows the recipe proposed by Kolyvagin for modular abelian varieties (see, e.g., [53, §4]
and [166, §3.7]). In order to fix notation that we will use in the rest of the paper, and for
the convenience of the reader, we describe the construction of Kolyvagin classes in our
higher weight setting.

4.3.1 Kolyvagin derivatives

For all n € Agq(f), let us set G, := Gal(K, /K1) and G,, := Gal(K,,/K) =~ Pic(O,), so
that, by class field theory, G, = [[,,, G¢ with G, cyclic of order £ + 1, where ¢ varies over
the prime divisors of n. For all £ € Pk, choose a generator o, of G;; define Kolyvagin
derivative operators as

4
D= io} € ZIG)), Dy:=[]De € ZIGyl.
i=1 ln

In particular, D is the identity operator. Fix n € Ag,)(f), let G be a system of representa-
tives for G,,/G,, and set

Znp = Z 0 (Du(ynp)) € Ap(Kp).

oeg

Remark 4.1 Since G is trivial and Dy is the identity operator, z1,, = >, g, (V1) €
Ap(K7). A direct computation shows that

resi, /x (Vip) = Z1,ps (4.8)

where yxp € Ap(K) is the cycle defined in (4.5).

4.3.2 Kolyvagin classes
As a consequence of [93, Corollary 2.7, (3)] and [93, Proposition 2.8], for any number field
L and every integer M > 1 there is a natural Galois-equivariant injection

i Ap(L)[pM Ap(L) — HY(L Ay [p™)). (4.9)

This map should the thought of as a higher weight avatar of the usual Kummer map in the
Galois cohomology of abelian varieties over number fields. The extension K},/Q, which is
generalized dihedral, is solvable, so [93, Lemma 3.10, (2)] ensures that H° (K,,, Ap [pM]) =
0. It follows that restriction induces an isomorphism

resk, /i : H (K Ap[pM]) —> H'(K,, Ap[pM])7". (4.10)

Moreover, one can easily check that if [z,,,],, denotes the class of z,,, modulo pM (anal-
ogous notation will be used, below, for yx,) and M(#n) is the Kolyvagin index of # from
(4.7), then
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M < M) = [y € (Ap) /P Ap (1),

whence
M < M(n) = i, a([2nply) € H (Kn Aplp™])7".

For notational convenience, and also for later reference, let us define
A (£ 1) = eyt (znply) € H (K Ap ™).

Keeping isomorphism (4.10) in mind, for all M < M(n) we can define the Kolyvagin class

cpm(f n) as

cm(fn) = reslznl/K (dM(}f n)) € Hl(K, Ap M ).
In particular, one has

cm(fn) =0 < du(f,n) =0. (4.11)
The Kolyvagin set associated with (f, p, K) is

kfol = {emlEm) | n € Axa(f), 1< M < M)}, (4.12)

If p and K are clear from the context (which will usually be the case), then we shall write

Kfoo in place of K}I;)OO.

4.3.3 Kolyvagin’s conjecture in higher weight
The following conjecture was first proposed, with a slightly different formalism, in [97,

Conjecture A].
Conjecture 4.2 (Kolyvagin’s conjecture, higher weight) «zo # {0}.

This is a higher (even) weight counterpart of a conjecture for rational elliptic curves due
to Kolyvagin ([82, Conjecture A]).

It is convenient to introduce some more terminology. The strict Kolyvagin set attached
to (f, p, K) is

Khome = {c1(f 1) | 1 € Axal(f)}. (4.13)

As above, we shall write KfStOO in place of K}ﬁ);}t if no confusion is likely to arise. Clearly,

there is an inclusion KStoo C Kfoo» SO the non-triviality of K;go implies Conjecture 4.2. In
fact, we will verify that, under our assumptions, K;go # {0}, thus proving Conjecture 4.2
in our setting.
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4.4 The Kolyvagin classes cy(f, 1)
Of special interest will be the classes cy(f;, 1) for M > 1; in the next result, we describe
them more explicitly.

Proposition 4.3 cy(f, 1) = v (kply)-
Proof Asis explained, e.g, in [16, §A.9.17], there is a natural base change map

CHL/2 (X /K) — CHE/2 (X /K1)9". (4.14)
By composing (4.14) with the (restriction of the) Abel-Jacobi map P, we get a map

ik, : CHY (X /K) — HM Ky, Ty) 7

On the other hand, since the extension K; /Q is solvable, by [93, Lemma 3.10, (2)] one has
HO(Ky, Ap[p™]) = O for all m > 1, s0 HO(Ky, Tp) = lim HO(Ky, Ap[p™]) = 0.1t follows
that restriction induces an isomorphism

res /i : H'(K, Tp) —> HY(Ky, Tp)™.

Now it turns out (see, e.g., the proof of [28, Proposition 6]) that the composition
-1 . k/2 1

resg. i © VK, : CHy "(X/K) — H* (K, T)
coincides with the Abel-Jacobi map. Since A (K) = im(rgyp) and Ay (K1) = im(rgy,p),
we obtain a natural injection A (K) < A,,(Kl)g1 given by x > res, /x (x). This map, in
turn, induces a map ng k, that is given by the composition

Ap(K) /DM Ap(K) —> Ap(K)T /P Ap(K1)T e (Ap(K1) /M Ap (K1)

and fits into the commutative square

Ap(K) [ pM A (K)—2 s 1 (K, A, [pM))

J'ik.](l ~|f951<1 /K

(Ap(K1) /oM Ap (K1) T s B (K, A [pM])

Finally, one has nxx, ([Vkplys) = [resk/x kp)] = [z1,p],,, where the second equality is
a consequence of formula (4.8), so

um (kplyy) = reSI_Ql/K (LK1,M (771<1/1<(b’1<,p]M))) = reSI?II/K (com(z1plyy)) = cm(f 1),

as desired. O

4.5 Toward a proof of Kolyvagin’s conjecture: assumptions

Our goal in the next sections is to prove Conjecture 4.2 for a large class of modular forms.
Ashinted at in the introduction, our strategy is based on a deformation-theoretic approach
via Hida theory.
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4.5.1 p-ordinariness of f

Recall that f is p-ordinary if a,(f) € Op. Furthermore, the semisimplification pp of
Py 1s p-distinguished if its restriction to Gg, can be put in the shape py| Gay = (801 5*2)
for characters ¢1 # &7 (see, e.g., [48, §2]). Moreover, by [133, Theorem 2.1, (a)], if p is
sufficiently large (i.e., if p lies outside a suitable finite set of prime numbers), then py,, is
irreducible for all p as above.

Proposition 4.4 Iff is p-ordinary, then py’ is p-distinguished.

Proof This is a consequence of [163, Theorem 2.1.4]: see, e.g,, [159, Lemma 4.12] for
details (cf also [95, §2.3] for related computations). O

4.5.2 Assumptions
We work under the following assumption, which includes Assumption 3.6 stated before.

We explicitly remark that no p-isolation condition on f is required.

Assumption 4.5 The pair (f, p) satisfies the following conditions:

(1) N > 3issquare-free;

2) pt 6NDFCf;

(3) k=2 (mod 2(p — 1));

@) a,(f) € O

(5) ap(f) £ 1 (mod p);

(6) pp has big image;

(7) pyp is ramified at all primes dividing N

See Definition 3.8 for the notion of p-isolated form. By Proposition 4.4, if f and p satisfy
Assumption 4.5, then py’ is p-distinguished.

Remark 4.6 In light of results of Serre on eigenvalues of Hecke operators ([145, §7.2]), it
seems reasonable to expect that condition (4), which is an ordinariness property for f at
p, holds for infinitely many p. In fact, questions of this sort appear to lie in the circle of
ideas of the Lang—Trotter conjectures on the distribution of traces of Frobenius acting on
elliptic curves [86] and of their extensions to higher weight modular forms (see, e.g., [108],
[109]).

Remark 4.7 1t can be checked that f is p-distinguished also as a consequence of the fact
that, by condition (3) in Assumption 4.5, k is not congruent to 1 modulo p — 1: see, e.g,,
[78, Remark 7.2.7] and the reference therein.

We record the following consequence of Assumption 4.5.

Proposition 4.8 Let L be a number field such that the extension L/ Q is solvable.

(1) The Op-module H N, Ty) is torsion-free.
(2) The Op-modules Hf1 (L, Typ) and Ay (L) are free of finite rank.

Proof As p is a uniformizer for Oy, in order to show that H L, T}) is torsion-free over
Oy, it is enough to check that the p-torsion of H L, Ty) is trivial. Since T, is free (hence
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torsion-free) over Oy, we can consider the short exact sequence of Galois modules
0— Ty 25 Ty — Ty /pTy = Aplp) — 0,

where the first non-trivial arrow is the multiplication-by-p map and the equality denotes
a canonical identification. Passing to cohomology, we see that the p-torsion subgroup of
H(L, Ty) is a quotient of H° (L, Ap [p]) On the other hand, H° (L, Ap [p]) is trivial by [93,
Lemma 3.10, (2)], and part (1) is proved. Finally, the O, -submodules H fl (L, Tp) and Ap(L)
of HY(L, T}) are finitely generated, so part (2) follows from part (1). O

4.6 Hida families of modular forms
We sketch the basics of Hida’s theory of families of modular forms; see, e.g,, [58], [59], [61,
Ch. 7] for details and proofs.

4.6.1 p-stabilization of f

Let f € Si(T'o(N)) be the newform fixed above. Let us write f*(q) = Y, an(fHq" e
Sk (To(Np)) for the ordinary p-stabilization of f (see, e.g., [52, p. 410] or [155, §2.4]). The
cusp form f* can be characterized as the unique (normalized) p-ordinary eigenform of
weight k and level divisible by p with the property that a,,(f*) = a,(f) except for those n
divisible by p ([57, Lemma 3.3]).

4.6.2 Arithmetic primes

Set I' := 1 + pZ,, choose a finite extension L of Q, with valuation ring O, and form the
Iwasawa algebra Ay := Op[[I'] of I' with coefficients in Oy; in the following, we will take
L = Fy. Let A be a finitely generated commutative A-algebra. As in [65, Definition 2.1],
an O -algebra homomorphism « : A — Qp is said to be arithmetic if the composition

r— A5 Q)

with the canonical map I' — A has the form y — ¥ (y)y*~2 for some integer k > 2 and
some finite order character ¥ of I'. A prime ideal of A that is the kernel of an arithmetic
homomorphism is an arithmetic prime of A; we write X" (4) for the set of such primes.
If o is an arithmetic prime of A and A, is the localization of A at , then the residue field
Ly = Ap/pAyp is a finite extension of L. The composition I' — A* — L has the form
y wp(y)y’&)_2 for a finite order character ¥/, : I' - L and an integer r, > 2; we call
¥, and ry, the wild character and the weight of p, respectively.

4.6.3 p-adic Hida family through f

Let R denote the branch of the p-adic Hida family f passing through f (or, rather, through
f 1 cf. [65, §2.1]); we briefly explain the terminology, referring to, e.g., [65] for details. The
ring R is a complete local noetherian domain that is a finite flat A;-algebra; we write
mp for the maximal ideal of R, F'r := R/mpg for its residue field, which is finite of
characteristic p, and F := frac(R) for its quotient field. Without loss of generality, we
may assume that 'z is equal to the residue field IF; := Op/7m; O of L, where Oy is the
valuation ring of L and n; € Oy is a uniformizer. As above, for every o € X arith (2
let L, := Ry/9Rep; moreover, set s, = max{l, cond(w&))}, where cond(y,) is the
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conductor of ¥,. There exists a formal power series

F=Y a:f)q" € Rlql

n>1

such that

» forevery p = ker(k) e X arith(R) the power series

fol@) =Y _r(an(f)q" € Lylql

n>1

is the g-expansion of an ordinary cuspidal eigenform of weight r,,, level I'1 (Np*») and
character 1//pw2” », where w is the Teichmiiller character;
o thereis o € X arith(R) such that fK‘,fﬁ =ft.

Finally, denote by hf{}d Hida’s p-ordinary Hecke algebra of tame level N. The homomor-

phism f)fvrd — R associated with f corresponds to a minimal prime ideal a of b]°vrd, and

then R is the integral closure of b})\,rd /a in its quotient field. In particular, R is a module

over h;’\}"d.

4.7 Big Galois representations

As in Sect. 2.3, let Z be the ring of integers of Q and choose a prime ideal 3 of Z such
that PN OFf = p. Let us denote by F, the Hecke field of a given eigenform g. Furthermore,
notation being as in Sect. 2.3, we write V; for the representation of Gq attached to g and
the prime N Fy, then let Vng = Vq(k/2) be the self-dual twist of Vi, where k is the weight
of g.

4.7.1 The representation T

Let T denote the representation of G attached to the Hida family f from Sect. 4.6; this
“big” Galois representation was constructed by Hida in [58] (cf. also [65, Proposition 2.1.2]).
Namely, for all s > 1 let J1(Np®) be the Jacobian variety of the (compact) modular curve
X1(Np®). By Albanese (i.e., covariant) functoriality, the degeneracy maps X;(Np*t1) —
Xi1(Np®) yield maps J;(Np*™') — J1(Np®), which in turn give maps Ta, (/i (Np**!)) —
Ta, (]1 (Nps)) between p-adic Tate modules. As in 4.6, let h%d be Hida’s p-ordinary Hecke
algebra of tame level N, then define

ord
T := <l<ir_n(Tap (]1(NPS)) ®z, (’)L> ) ®h?\[rd R, (4.15)

where the superscript “ord” indicates ordinary parts, which are cut out by Hida’s ordinary
projector (see, e.g., [58, p. 551] and [61, §7.2, Lemma 1]). The R-module T is equipped
with a natural action of Gq.

4.7.2 Basic properties of T

Under standard assumptions on residual representations (cf. Sect. 4.8), T is a free R-
module of rank 2. It satisfies the following crucial property: for every arithmetic prime g
of R, the specialization Ty, /T, of T at g is equivalent over Qp (i.e., after a finite base
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change) to the dual (i.e., contragradient) representation Vf; of the p-adic representation
Vs, of Gq attached to fj, (see, e.g,, [117, (1.5.5)]). The representation

of Gq — GL(T) ~ GLy(R)
is unramified outside Np and

tr(oy (Frobe)) = ac(f)

for all prime numbers £ { Np, where Frob, denotes the conjugacy class in Gg of an
arithmetic Frobenius at ¢ (see, e.g, [27, Theorem 4.3]).

Now let v be a place of Q above p, let G, C Gq be the decomposition group at v and let
I, C G, be the inertia subgroup; by [65, Proposition 2.4.1], there is a short exact sequence
of (left) R[G,]-modules

O—>FV+(’JI‘)—>’1T—>F;(’]I‘)—>0

in which both F;f(T) and F, (T) are free of rank 1 over R. The group G, acts on F, (T)
via the unamified character n, : Gr,/I, — R taking the arithmetic Frobenius to 1/,
while it acts on F;(T) via n; lscyc [ecyc], where ecyc : Gg — Z; is the p-adic cyclotomic
character and z — [z] denotes the inclusion Z; — Z,[Z,] * of group-like elements
(here recall that Z; >~ jy,—1 x I', where jup—1 C Q) is the group of (p — 1)-st roots of
unity).

4.8 Critical twist and residual representations
Rather than in T itself, we will be interested in a suitable twist T of T.

4.8.1 Critical character and critical twist

Let us fix a critical character ® : Gg — A™ as in [65, Definition 2.1.3]; with notation and
terminology as in [65], in our case k = 2 (mod 2(p — 1)) and j = 0, so only the “wild”
part of ® plays a role. We remark that the choice of ® amounts to the choice of a square
root of w*~2, i.e., an integer @ modulo p — 1 such that 2a = k — 2; let us fix such a choice
once and for all (¢f. [65, Remark 2.1.4]). Let R denote R viewed as a module over itself
but with Gq acting via ® 1, then define th critical twist of T to be

T = Tz R

The twist TT has the property that for every arithmetic prime g of R of weight k, = 2
(mod 2(p — 1)) and trivial character the specialization ']I‘;; / pTz; of Tt at g is equivalent

to Vf:) after a finite base change (see, e.g, [117, (3.2.4)]). As a consequence, there is a
specialization map

t tort ~ yt
T" — 18 /oT], ~ V],

which in turn induces specialization maps in cohomology. Summing up, T and Tt enjoy
the following interpolation properties, up to a finite base change:

« the specialization of T at an arithmetic prime g of R is equivalent to V; ;

+ ifk, =2 (mod 2(p — 1)), then the specialization of Tt at & is equivalent to VfT,
[5)
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4.8.2 Residual representations
Define

T:= T/mrT =T @r Fg,

which is a 2-dimensional representation of Gg over IFz. As above, let o be an arithmetic
prime of weight ky, = 2 (mod 2(p — 1)) and trivial character; as in Sect. 2.4, let T be the
lattice realizing the 3-adic representation attached to f;, and let Tfl be the self-dual twist
of T . As explained, e.g., in [159, §2.2], we have reduced representations

b j 5t 7t
pf, : Go — GL(Iy)  py : Gq — GL(T})

and their semi-simplifications

_ss | 188 ~Tss | 71,88
Py, Gg — GL(Tfp ) P Gg — GL(Tf@ )

It turns out that if  and g’ are two arithmetic primes, then

PRI

= 8§
Pr, = pr, (4.16)

after a finite base change ([59, p. 251]). If Py, (equivalently, pjﬁ;) is irreducible and p-
distinguished for one (hence for every) arithmetic prime g, then

« T is free of rank 2 over R ([103, Théoréme 7]);
e T~ Py, after a finite base change for all such p (see, e.g., [91, Proposition 5.4]).

Notice that property (4.16) no longer holds unconditionally once pff: and pf“/ have been
2 [

replaced by [oj{’ss and ,Z);’SS, respectively. However, it is true that if p and g’ are arithmetic
o] o

primes such that k, = ky =2 (mod 2(p—1)), then [)f;ss ~ ,Z)]:r’fs after a finite base change
©

(cf [159, Remark 2.7]).

Finally, set Tt .= Tt /mer TT. An easy computation shows that @ is trivial modulo mpg,
so there is a canonical identification T = T of representations of Gg over IF'z. We write
7r : TT — T for the surjection determined by the identification between T and T, and

mry : HY(L, T — HY(L, T) (4.17)
for the map in cohomology induced functorially by 7z, where L is a given number field.

4.9 Abelian varieties and Kummer maps in weight 2

Let f be the specialization of f of weight 2 and trivial character; the cusp form f; is
a p-ordinary, p-stabilized newform (in the sense of [52, Definition 2.5]) of level Np and
conductor either N or Np. If f, has conductor N, then f; is the p-stabilization of a newform
g of weight 2 and level N, otherwise we set g := f;. In both cases, denote by N, the
level (i.e., conductor) of the newform g and write ., a,(g)q" for the g-expansion of
g € $2(T'o(Ng)).
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4.9.1 The abelian variety Ag

Asin Sect. 4.7, let F; = Q(ax(g) | n > 1) be the Hecke field of g; denote by A, the abelian
variety over Q of conductor Ny attached to g via the Eichler—Shimura construction. Then
Ag, which arises as a quotient of the Jacobian Jo(N,) of the modular curve Xo(Ng), has
dimension equal to the degree of F, and is of GL;-type. Furthermore, the endomorphism
ring of A, is (isomorphic to) the ring of integers O, of F, and all endomorphisms of A,
are defined over Q.

4.9.2 Galois representations attached to g

Let B be the prime ideal of Z from Sect. 4.7. Set p := P N Oy, which is a prime of F,
above p, and let Fy;, be the completion of F; at p, whose valuation ring will be denoted
by Ogp. Let Tay(Ag) be the p-adic Tate module of A, and let V,(4,) := Tap(4,) ® Q
be the associated Fg)p-linear representation of Gq. If V), denotes the Fy)-linear Galois
representation attached to g then there is an identification

Vep = Hg(Ag, Fgp) = Vip(4g)", (4.18)

where V(4,)" := Homg,, (Vp(Ag), Fgp) is the Fy-linear dual of Vj,(A,) equipped with its
contragradient Gg-action (the isomorphism in (4.18) follows by combining [106, Theorem
15.1, (a)] with the Gg-equivariant splitting Ta, (4,) = @ﬂ‘p Tay (Ag), with 7w varying over
all the primes of F, above p). By taking the self-dual twist, we obtain

Vip = Vap(D) = Vp(4)*(1) = Vp(4y), (4.19)

where the rightmost isomorphism, which we fix once and for all, is a consequence of the
Weil pairing. Let us choose a Gg-stable Oy p-lattice Ty, C Vg, whose Tate twist

t . t
Typ = Top ®0y, Ogp(1) C Vap

corresponds to Ta,(Ag) under isomorphism (4.19). For any number field L, let

Egr : HY (L, T},) —> H'(L, Tap(Ay)) (4.20)

be the isomorphism induced by (4.19) functorially.

Notation 4.9 From here on, we drop dependence on p from our notation and simply
write Tg-r (respectively, Vg ) in place of Tgp (respectively, Vgp).

4.9.3 Kummer maps
Now let Ag[p] be the p-torsion Og-submodule of A, (Q). For any number field L and every
integer M > 1 let

mgrm + HY (L Tap(Ag)) — H' (L, Ag[p™)) (4.21)

be the map induced by the surjection Ta,(Ag) — Ag [pM] and let

Sg1 : Ag(L) —> HY(L, Tap(Ag)), Tgrm 0 8g1 : Ag(K) —> H'(L, Ag[p™])  (4.22)
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be the Kummer maps in Galois cohomology (see, e.g., [54, Appendix A.1]). In turn, the
second map gives an injection

8L : Ag(L)[pMAg(L) —> H'(L, Ay [p™]) (4.23)

that, in our context, is the weight 2 counterpart of the map ¢;, 5s introduced in (4.9). From
now on, we shall simply set 775 := 7g,1 and g := g 1,1.

4.10 Kolyvagin classes in weight 2

Letg =) ,-1 an(@)q” € S2(T'o(Ny)) be the newform from Sect. 4.9. Assume that p splits
inK, so that the imaginary quadratic field K satisfies the Heegner hypothesis with respect
to both N and Np.

4.10.1 Kolyvagin integers

Let v, be the valuation of Fy) normalized by declaring that v, takes the value 1 at a
uniformizer of Ogp. By analogy with the definition given in Sect. 4.2, using v}, in place
of vy, one can introduce the sets Py,(g) of Kolyvagin primes and Ag1(g) of Kolyvagin
integers for the data (g p, K). Moreover, complex multiplication allows one to define
Heegner points a, € A4(K,) indexed by integers ¢ > 1 coprime to N. These points arise
by modularity from the Heegner points x, € Xo(N)(K,) appearing in Sect. 4.1. For details,
the reader is referred to [53,81,83].

4.10.2 Weight 2 Kolyvagin classes
Using the points a,, instead of the cycles y,,,, and the maps 4k, » from (4.23) in place of
the maps tx,,um, the recipe in Sect. 4.3 yields Kolyvagin cohomology classes

cmlgn) € H'(K Aglp™),  du(g n) € H (K, Ag[p™])""
for n € Agol(g) and M < M(g n), and then a Kolyvagin set
Kgoo = {cm(gn) | n € Axol(g), 1 <M < M(g n)}
attached to (g p, K). In particular, one has
cem(gn) =0 < dy(gn) =0. (4.24)

The set kg oo is the supply of Galois cohomology classes whose non-triviality was predicted
(atleast when A, is an elliptic curve) by Kolyvagin in [82] and then confirmed (in a stronger
form, under some assumptions) by Zhang in [166] and by Skinner—Zhang in [152]. For
more details on the construction of kg, see, e.g., [166, §3.7].

Remark 4.10 By analogy with what was done in Sect. 4.3, we should write Kéﬁ?oo instead

of kg,00. However, since this family of Kolyvagin classes will play only an auxiliary role, we
prefer to keep our notation as light as possible.

Remark 4.11 The results of Zhang on Kolyvagin’s conjecture for weight 2 newforms have
been extended by Sweeting in [153], where some of the technical assumptions in [166] are
relaxed. Observe, however, that Sweeting’s results are proved, like Zhang’s, exclusively for
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modular forms of weight 2, so they do not overlap with ours. For results on Kolyvagin’s
conjecture for a rational elliptic curve E that cover, in particular, many cases where p is
an Eisenstein prime for E, thus complementing Zhang’s work, see also the recent paper
[23] by Burungale—Castella—Grossi—Skinner.

For later use, we prove
Lemma 4.12 A,i(g) = Axol(f):

Proof Let £ be a prime number. Clearly, v, (€ + 1) > 0if and only if v,(¢£ 4+ 1) > 0. On the
other hand, there is a congruence

ar(f) = ae(g) (mod P) (4.25)

(cf. [59, p. 251]), which immediately implies that vy (a¢(f)) > 0ifand onlyif v, (a¢(g)) > 0.
This shows that P, (f) = Pkol(g), and the lemma is proved. |

4.11 Distinguished specialization maps
Let ¢ be the arithmetic prime of R such that f,, = f %, Similarly, with notation as in Sect.
4.9, let g be the arithmetic prime of R such that f;, = g. Let x € {f g}.

4.11.1 Specializations and reductions

As was already remarked in Sect. 4.8.1, the representation T;* / p*T;,' of Gq is equivalent
(after a finite base change) to V:r ; for later use in the statement of the specialization
theorem for big Heegner points (Theorem 4.13) and in our proof of Kolyvagin’s conjecture
in higher weight (Theorem 4.14), here we fix once and for all an isomorphism between
these two representations (c¢f [122, Remark 1.3, (4)]). Following Ota, let

spy: TT — 17 (4.26)

be the Gg-equivariant specialization map that is described in [122, §2.6]. This map factors
through the surjection TT — TT/p, TT and induces, possibly after a finite base change,
an isomorphism

spy: TT /. TT = vI (4.27)

of representations of Gg. Note that Tt / ga,(']I‘Jr sits as an R /g, -lattice inside ']I‘;ra* / p*TL*.
As explained, e.g,, in [159, §5.1], isomorphism (4.27) determines, up to finite base change
(i.e., over I_Fp), an isomorphism

sp: T — T (4.28)

of representations of Gq that makes the square

RN (4.29)
LUR l
&

T—=— 7T

~
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commute (cf. also [78, §7.3]); here 7 is, as before, given by reduction modulo m% and
the right vertical arrow is the canonical surjection.

4.11.2 Specializations and cohomology
By functoriality, for any number field L the maps in (4.26) and (4.28) determine maps

sp. : HYL TN — HY(L T]), sy, : H'(L,T) — HY(L, T)), (4.30)

and then the square in (4.29) gives a commutative square

spg,
HY(L, T —=5 HY(L, ) (4.31)

TR,L ‘/wx,l,

- 5P, -
HNL, T) ——— HY(L, T))
in Galois cohomology, where 7w, is the map in (4.17) and @, 1 is induced functorially by
the surjection T — T7.

4.12 Big Heegner points in Hida families
Let K be the imaginary quadratic field from Sect. 4.10; the ring class fields of K will be
denoted as in Sect. 4.1.

4.12.1 Heegner points in towers of modular curves

Following a recipe described by Castella in [27], which refines a construction originally
proposed by Howard in [65], we consider the tower of modular curves X; := X1 (Np*) for
integers s > 1. Let n > 1 be an integer coprime to Np. As in [27, §4.2], one can define
Heegner points Pys € X(Lyps(jips)), where pys is the set of p*-th roots of unity (in a
fixed algebraic closure of K) and L,ps is the compositum of Kj;;s and the ray class field
of K of conductor N; here A is the ideal of Ox with Ox /N =~ Z/NZ appearing in the
construction of those Heegner points (cf. [27, §2.5]): we fix it as in Sect. 4.1.

4.12.2 Big Heegner points

As in Sect. 4.6, let h?\;d be Hida’s ordinary Hecke algebra of tame level N. Let Tazrd %)
be the ordinary part of the p-adic Tate module of the Jacobian variety J; of X; and define
T = Ta;rd(]s) ®pord RT. For any number field L denote by &; the Galois group over
L of the maximal extension of L unramified outside the primes above Np. Applying the
twisted Kummer map defined in [65, p. 101] to P, gives rise to a cohomology class in

HY(® Lops (e ’]P;r); inflating and then corestricting from L,s (jus) to K, we get a class
Pus €H 1 (K,,, ’]I‘I) These classes satisfy the compatibility relation

as,*(Pn,s) = up “ Prs—1

foralls > 2, where o : X; — X,_; is the natural covering map and the map «g is induced
functorially by a5 in cohomology. The big Heegner point of conductor n is then

Xy i=lim U, - Py € H' (K, Thy; (4.32)

N
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observe that this expression does indeed make sense because the Hecke operator Ui, acts
invertibly on ordinary submodules.

4.13 Specializations of big Heegner points

Let ¢ > 1 be an integer coprime to NDgp. Let o, and y. be the Heegner point and the
Heegner cycle of conductor ¢ introduced in Sects. 4.10 and 4.1, respectively. Finally, let
X, be the big Heegner point of conductor ¢ from (4.32). We identify (big) Heegner points
and Heegner cycles with their images via the natural group homomorphisms

HNL, M) — HY (LM ®Z,), HYLM)— H (LM ®TF,)

where M € {Tap(Ag), TgT, TT, T;}, M € {Ag[p], Tg, T, TfT} and L is either K or a ring

class field of K. Recall the maps
spyx t H (Ko TT) — HY (Ko T),  Egi, o spf s+ H' (Ko, TT) — H (K., Tap(4y))

from Sect. 4.9.2 and Sect. 4.11.1. It is natural to consider s 0K, (X¢) and &gk, (sp‘g) K (%c))
and compare them to Heegner cycles and to Heegner points, respectively. The results we
are interested in are due to Howard (in weight 2, [64]), Castella [27] and Ota [122].

4.13.1 Weight 2 specialization: the case Ng = N
This is the case covered by the results of Castella [27] and of Ota [122]: see part (2) of
Theorem 4.13.

4.13.2 Weight 2 specialization: the case Ng = Np

In this case, the comparison between &gk, (spgy KC(3€C)) and Heegner points is easier; it is
carried out, albeit somewhat in disguise, by Howard in [64, Section 3]. To explain this
result, including the fact that the big Heegner points considered in [27] differ slightly
from those originally defined in [65], we proceed as follows (the actual relation between
Howard’s classes and Castella’s is immaterial for our goals, so we shall be quite brief and
simply outline the arguments).

Notation from Sect. 4.9 is in force. For all s > 1 set Xo,1 (N, p°) := X(FO(N) NIy (ps)) and
write Jo,1 (N, p°) for the Jacobian variety of X1 (N, p°); there are obvious degeneracy maps
Xo1(N; p*t1) — Xo,1(N, p°) that yield maps between p-adic Tate modules of Jacobians.
Set

N ‘ : ord
T o= (@(Tap(]o,l(l\l,p ) ®z, OL) ) Dpgra R-
S

This is the big Galois representation considered by Howard in [65]; its critical twist Tt
is defined as in Sect. 4.8. The canonical degeneracy maps X;(Np*) — Xo,1(N, p*) induce
maps between p-adic Tate modules of Jacobians and, since the tame character of our Hida
family is trivial, a natural isomorphism T = Tt of representations of Gg, where T is
defined in (4.15). By functoriality, for any number field K we get an isomorphism

Ex : H'(C, TN = HY(K, TY). (4.33)
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Let
Egxc 0 5P% o : HY (K, TT) — HY(K, Tap(4y))
be the analogue of &, x o sp%, i for the representation T*; then
£k 0 PG = Egic 0 $P i © B (4.34)

Given ¢ > 1 coprime to Np, denote by XV ¢ H1 (KC, ’]NFT) the image under inflation of
Howard’s original big Heegner point of conductor ¢ ([65, Definition 2.2.3]). As remarked
in the proof of [27, Proposition 4.4], the Heegner points used in [27], which live on the
tower of modular curves X;(Np®), project to those from [65], which live on the tower
of modular curves X1 (N, p*). On the other hand, the constructions in [27] and [65] are
compatible with projections, and then one can check that

Bx, (Xc) = xHov, (4.35)

where Eg is the map in (4.33) with £ = K.

Now, for all s > 1 embed Xo(N,) into its Jacobian Jo(N,) by sending the cusp oo to 0.
Since g has trivial character, the degeneracy maps X7 (N,) — Xo,1(N) LN Xo(Ng) induce
by covariant functoriality a commutative diagram

J1(Ng)

|

Jo1(N, p) ———— Ag,

lﬂ*

Jo(Ng)

where the horizontal arrow is defined as the composition of the maps in the lower triangle.
Denote by X, € Xo1(N, p)(I(Cp(M)) the Heegner point that appears in [65, p. 98] in the
construction of .’{?"W. If xcp € Xo(Ng)(Kyp) is the Heegner point of conductor cp from
Sect. 4.1 and kolyvaginspsclasssps2spssubsec, then it is not restrictive to assume that
Xep = U(Xep). It turns out that, since g has trivial character, ég, K, (sTaﬁ K (.’{]C'["W)) is the
image under the Kummer map of the trace

> (I&gp) —[oo])” (4.36)

o €Gal(Kep (i) /K

(¢f. [65, eq. (7)]). On the other hand, x,, is rational over K, so the image in Jo(Nj) via 9
of the divisor class in (4.36) is

-1 > (lagpl—I[oa])”. (4.37)

oeGal(Kep/Ke)

As explained, e.g., in [8, §2.4], there is an equality

3 () — [o0])” = (W — D(Ie] — o)),

o €Gal(Kep/Ke)
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where x, € Xo(Ng)(K,) is the Heegner point of conductor c introduced in Sect. 4.1 and U,
is the usual Hecke operator. It follows that the image of (4.37) in Ay is

(ap(g) - 1) p—=1) -«

By part (5) of Assumption 4.5, a,(f) # 1 (mod p), so a,(g) # 1 (mod p), by congruence
(4.25). Finally, combining all these facts with (4.34) for K = K, and (4.35), a computation
shows that

Eg k. (sDG k. (o)) = d - g (@) (4-38)
for a suitable d = d(c) € ZX, where 8¢k, is the Kummer map from (4.22).

4.13.3 The specialization theorem
We keep notation from (4.22) in force. The next result will play a crucial role in our proof
of Kolyvagin’s conjecture for f.

Theorem 4.13 (Castella, Howard, Ota) There exist d = d(c) € Z; ande = e(c) € Z;
such that

(1) gg,Kc (SP'(%,KC (fc)) =d- ‘Sg,KC (ore);
(2) s o,Kc(xc) =€ Yep.

Proof Part (2) is [27, Theorem 6.5], while part (1) follows by the same arguments if
Ny = N (cf. [27, Remark 6.6]) and by the arguments sketched in Sect. 4.13.2 if N, = Np
(cf. equality (4.38)). Note that, in our setting, the constant appearing in [27, Theorem 6.5]
is a p-adic unit. See also [122, Theorem 1.2] for a refinement of the main result of [27]
that works under our assumptions, which are slightly weaker than those in [27]. O

4.14 Big Kolyvagin classes

For every integer ¢ > 1 coprime to N let X, € H(K,, TT) be the big Heegner point of
conductor ¢ from (4.32). With notation as in Sect. 4.3, for every n € Ax,|(f) define the big
Kolyvagin class of conductor # as

d(f,n) =Y o (Da(Xn)) € H' (K, TT). (4.39)

oeg

As we shall see in Sect. 4.15, the classes d(f, n) will be crucially used to prove, under
suitable assumptions, Conjecture 4.2.

4.15 Proof of Kolyvagin’s conjecture

Recall the strict Kolyvagin set K;go that was attached to f, p, K in (4.13). We can now
establish (under our running assumptions, cf. Sect. 4.5.2) the non-triviality of /c;go; as a
consequence, we deduce the validity of Conjecture 4.2 for f, thus proving Theorem C.

Theorem 4.14 There exists ny € Axol(f) such that ci(f, ng) # 0. In particular, K;too # {0}.



64 Page 84 of 136 M. Longo, S. Vigni Res Math Sci

Proof For any number field L, square (4.31) gives a commutative diagram

ol spf, s,
HY(L, Tap(4y)) ¢——=—— H(L, T]) «—"— H'(1, ") —=*— H(L, T])
gL ‘/wg,L TRL lwﬂ
1 bgL 1(7 Po.. 1 (ﬁ{”)il 1(p At
HY(L Aglp)) ¢+———— H'(L T]) ¢«——— H'(L, T) ¢——— H'(L, T7)
(4.40)

in which &g is as in (4.20), while the central and right horizontal maps are those appearing
in (4.30) and the vertical ones are as in (4.21), (4.17) and Sect. 4.11. We remark that,
although our notation does not reflect this, all characteristic 0 (respectively, residual)
representations in (4.40) are base changed to Zp (respectively, I_Fp).

Recall from Lemma 4.12 that Ak (f) = Akol(g)- Let n € Akol(f) and let d(f, n) €
HY(K,, ’]I‘Jr) be the big Kolyvagin class of conductor # introduced in (4.39). By part (2) of
Theorem 4.13, spfOK (X4) =e - yyp forsomee € ZX. Since

« there is a canonical identification TJr AT ],
« the square

Ap () ——————— HY(K,, T])

.

Ap(Ky) [Py () —"— H' (K, AT [p),

where the top horizontal arrow is the set-theoretic inclusion, is commutative,
« all the maps in (4.40) are Galois-equivariant,

it follows that

SPo,x, (d(f, n)) = Z G(D,,(s O,K,,(x")» =e- Z o (Du(ynp)) = € znp,

oeg oeg

whence
DfK, (S 0,K, (d(f’ }'1))) =é- ll(n,l([zn,p]l) =eé-di(fn) (4.41)

with e € ]F;. On the other hand, &, (sp‘g)Kn (%n)) =d - 8¢k, () for some d € 7%, by
part (1) of Theorem 4.13. Thus, if [,]; denotes the image of ;; in Ag(K;)/pA¢(K;,), then

Ty K, (%‘gl(n (Sp‘(g),Kn (}:n))) =d - 7k, (8gk, (tn))
=d- S ([an]l)

withd e I_E‘;. By definition of d; (g ), this immediately implies that

Tk, (ngn (SP‘(%,K,, (d(f, ”)))) =d - di(gn). (442)
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For simplicity, set
Vn = Egk, © 5By i, © (5_0,1<,4)7l L H (Ko, TfT) — H' (K, Aglp)).

In light of (4.41) and (4.42), the commutativity of (4.40) with L = K, ensures that

Un(di(fm) =&y (wm (sph, (@0, n)))) =& 'd-di(gn) (4.43)

with e~ 1d € ]_F;. Now observe that, by [166, Theorem 1.1] (respectively, [152, Theorem
1.3]) if N; = N (respectively, N, = Np), there is np € Axol(g) = Axol(f) such that
c1(g no) # 0. By (4.24), it follows that d1(g no) # 0, and then di(f, ng) # 0 by (4.43).
Finally, by (4.11) we conclude that ¢ (f, ng) # 0, so /csgo # {0}. |

Remark 4.15 We expect that a similar deformation-theoretic strategy can be adopted to
prove an analogue of Theorem 4.14 for newforms of finite slope at p, replacing the results
due to Castella and Ota on specializations of big Heegner points in Hida families with
those by Buyiikboduk-Lei [25] and Jetchev—Loeftler—Zerbes [68] on the interpolation of
Heegner points and Heegner cycles in Coleman families (cf. [124] for applications of the
main results of [25] to the study of algebraic ranks, analytic ranks and Shafarevich—Tate
groups when the modular forms they are attached to vary in a Coleman family).

Remark 4.16 In our recent article [90] with Pati, we give an alternative proof (under mild
technical assumptions) of Conjecture 4.2 at ordinary primes. More precisely, our strategy
in [90], which is inspired by the work of W. Zhang in weight 2, is based on a variant for
modular forms of the congruence method originally introduced by Bertolini—Darmon to
prove one divisibility in the anticyclotomic Iwasawa main conjecture for rational elliptic
curves [9]. Namely, in [90] we adapt to higher (even) weight modular forms this approach
via congruences, building crucially on results of Wang on the indivisibility of Heegner
cycles over Shimura curves [161]. Since in [90] we need p > k + 1, our main theorem and
its applications in [90] can be viewed as complementary to results in the present paper,
where p < k because the congruence k = 2 (mod 2(p — 1)) is imposed.

5 The p-part of the TNC for M
Our goal is to prove, under suitable assumptions on f and p, the p-part of the TNC for
the motive M when the analytic rank of M is 1; this will be done in Sect. 5.9.4.

5.1 Heegner modules

We review the construction of Heegner cycles in [165] and compare it with that from
[110]. Recall that we use the same symbol for an algebraic cycle and for its class in the
corresponding Chow group. We point out that the assumption that the level N of f be
square-free is not needed in Sects. 5.1, 5.2, pspsprimaryspsShaspssubsec. The freedom to
work with newforms whose level is not necessarily square-free will be important in Sect.
9.1, when collecting some of the arithmetic consequences of our main results.

5.1.1 Zhang'’s cycles
Fix an imaginary quadratic field K in which all the primes dividing Np split. Letx,, € Xo(N)
be a Heegner point of conductor # and let %, € X(N) be the lift of x,, that was chosen in
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Sect. 4.1. Recall the cycle Z (%) from (4.1). To begin with, Zhang considers in [165, §2.4]
the k/2-codimensional cycle

Wi@n) = Y sgn<g>~g*(zk<5cn><k—2>/2) e CH*2(X /K,) (5.1)
&E€Sk—2

(recall that X = g}l\<{—2), where sgn(g) is the sign of the permutation g. Recall that the
geometric Heegner cycle I", defined in (4.2) belongs to IgI1, - CHX/2(X /K,).

Lemma 5.1 The equalities

) o \(k=2)2) _ Wi (&r)

(1) Me- (2 * %) = 220,
5 Ip - Wk(kn)
2 I'y= k2

hold in T1gI1, - CHF2(X /K,,).

Proof Part (2) is an immediate consequence of part (1) and the definitions, so we only
need to check part (1). Recall from Sect. 2.2.2 that the restriction of € to the subgroup
Sy of the group I'y_, in (2.3) is the sign character, so the projector associated with
this restriction is IT, := ﬁ deSk_z sgn(g)g”*. On the other hand, as in the proof of
[165, Lemma 2.4.3], ((Z/NZ)2 X Z/2Z)k72 acts on Zi(%,)%~2/2 via the restriction of
€ to (Z/NZ)* x Z/2Z)k_2. Now ¢ is trivial on (Z/NZ)**~2 and the product map
on (Z/2Z)*=2. 1t follows that the projector [T/ associated with the restriction of € to

((Z/NZ)2 X Z/ZZ)k_2 acts trivially on Wy (&,). Finally, ITc = II, - T1/, so there are
equalities
- _ Wi (%)
- \(k ok A
Me - Zi (@) 22 = 1, - Z () "2 = (k — 2n)!,
as desired. _

5.1.2 Base change maps and trace maps

Let Ly/L; be a Galois extension of number fields and set ¢4 := Gal(Ly/L;). From here up
to Sect. 5.1.3, let us adopt the convention that CHj; stands for CH". Let x € {#, 0, arith}.
Denote by

1, : CHY(X/L1) — CHY*(X/L2)” (5.2)

the base change map from L; to Ly, a special case of which was introduced in the proof of
Proposition 4.3. Galois trace induces a map

tr, /1, : CHY2(X/Ly) — CHY?(X/Ly); (5.3)

the composition try,/r, o 7,1, is equal to the multiplication-by-[L; : L;] map, so the
kernel of (7,1, is torsion, annihilated by [Ly : L;]. Extending scalars in (5.2) and (5.3) to
any ring R in which [Ly : L;] is invertible, we get maps

k/2 P T S /) @
CH, (X/LI)R _ CH, (X/LZ)R (5.4)

L1 —Ly

(2026) 13:64



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 87 of 136 64

such that try,/;;, oz, 51, and 1y, 1, otry,,;, are isomorphisms. Therefore, the extension
of scalars to such an R of the map in (5.2) is an isomorphism. In particular, when R = F
we obtain a map

k/2(

CHY2(xX/L1) — CHY2(X /L1y —222 5 CHY2 (X /Ly)4 (5.5)

whose kernel is the torsion subgroup of CH/f/ 2(X /L1).

Notation/Convention 5.2 We identify a non-torsion element of CH{f/ 2

(X/L1) with its
image under the map in (5.5) and use the same symbol for both cycle classes. Conversely,
we identify an element of CHl:/ 2(X /Lz)jf with its image in CH]:/ 2(X /L1)p under the trace

map try,/r,; in (5.4). In particular, since the kernel of the obvious map

k/2

CHY2(X /Ly)? — CHY*(X/Ly)%

is the torsion subgroup of the left-hand side term, we shall not distinguish between a non-

torsion element of CHk/z(X/Lz)g and its image in CH]:/Z(X/Ll)F via try,/r,. In a similar
fashion, with our usual notation in force, a non-torsion subgroup of CHI:/ 2(X /L) injects

into CHY/ (X /L2)o,,» so that we shall freely identify it with its image in this Op-module.

Remark 5.3 The fact that ker(iz, . 1,) is torsion is a special case of an analogous result for
smooth projective varieties and arbitrary field extensions: see, e.g., [14, Lemma (1A.3)],
[128, p. 238] for details (the statement in [14] is given only for the Chow group CH? of a
surface, but the arguments in the proof work for all groups CH' of a variety).

5.1.3 The Heegner module of level N
As in Sect. 4.1.2, let w : X(N) — Xo(N) be the canonical degeneracy map; as in Sect.
2.2.2, put ty = #(FO(N)/F(N)), then write 7}, (x,) = Zfﬁl Xp,i. Set

Wi(wn) 1= Tlp - W) = ZWk o) (5.6)

As in Sect. 4.3. 1 let G1 = Gal(Ky/K). The Heegner module Heegy r of level N is the
subgroup of CHY/ arith (X /K1) generated by T),- Wy (x]) forall o € g1 and all Hecke operators
T, with (m, N) = 1 (the cycles Ty, - W (x] ) do indeed lie in CHamh(X/I(l) cf. [165, §3.1]):
we view Heeg -\ asa subgroup of IpIle - CHk/ 2(X /K1), which in turn should be thought
of as a subgroup of CH0 (X/Kl)Q (cf Sect.2.6.1).
Fix a prime number p such that p { 2N. As was summarized in Sect. 5.1.2, if p is a prime
of F above p, then there are natural maps

Ky /K /2
arlth

k/2
arith

k/2
arith

Heeg{l, < CH,/: (X/K1)9 — CH (X/Kl)(g;p (X/K)o,

(5.7)

where the leftmost arrow is the set-theoretic inclusion and the middle one is extension of
scalars. Thus, by composition with (5.7), the p-adic Abel-Jacobi map A, yields a map

Alip : Heegdly —> Ap(K), (5.8)
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which will be denoted by the same symbol (c¢f Remark 3.16). Let us define the cycle

Pic =y Wi]) = tri /i (Wilwr)) € CHal (X/K), (5.9)

oegy

where the second equality can be checked by unfolding the definition of the Galois action
on Heegner cycles.

Remark 5.4 At some point in this article, we will need to consider also the counterpart
of AJx, with f replaced by the quadratic twist f K_\We will denote this map by AJfK ks
where K is a suitable imaginary quadratic field. In this case, we will use the symbol G for
the analogue of the Galois group G;.

In the statement below, yxp € Ap(K) is the cycle introduced in (4.5).
Lemma 5.5 AJg,(Zk) = (k —2)!- yxp.
Proof Recall the cycle I'y,, in (4.4) and set

k/2
Tip = tri/x(T1p) € MM - CHy *(X/K) .

By part (2) of Lemma 5.1, there is an equality Wy (x1) = (k —2)!- I'1,p, which implies that

L = (k—2)!-Txyp (5.10)
. k L. .
in CHar/i%h(X/I()op. Combining equality (5.10), the fact that y1,, = AJg;,,(I'1,p) and the

commutativity of (4.6), we obtain

AJgp(Zk) = (k = 2)!'- coresg jx (y1,p) = (kK — 2)! - yi;p,
as claimed. O

5.2 Zhang's formula of Gross-Zagier type
We review the main result of [165], which is a counterpart of the Gross—Zagier formula
([55, Theorem 6.3]) for higher (even) weight modular forms.

5.2.1 Zhang’s cycles with coefficients in R

With Wi (%,) as in (5.1), let us consider the k/2-codimensional cycle with real coefficients

Sk (&n) := cn - Wi(&n) (5.11)

on X, where ¢, € R is a positive constant such that the self-intersection of S;(%,) on each
fiber is equal to (—1)K=2/2 (¢f [165, §2.4]).

We thank Congling Qiu for providing us with a proof of the next result, which will be
crucial in our subsequent arguments (recall that we write Dx for the discriminant of K).

Lemma 5.6 The self-intersection of Wy (%) is (k/2 — 1)!% - (k — 2)! - (—2n2Dy k121,

(2026) 13:64
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Proof The Heegner point x,, € Xo(N) corresponds to an elliptic curve E, with complex
multiplication by the order O, of conductor n of K, equipped with a cyclic subgroup
of order N; the elliptic curve E, is defined over K. Now set V := H&R(E/I(n) ®x, C,
the tensor product being taken with respect to a fixed embedding K, < C. Choose a
basis {w, n} of V' such that (w, n) = 1, where (-, -) is the intersection pairing. Consider the
pairing [+, -] in V ®¢ V induced by (., -), which has antidiagonal matrix (1, —1, —1,1) in
the basis {® @ o, ® ® 1,71 ® w, n ® n}. The self-intersection of Zj (&,) is —2n>Dg (cf. the
proof of [110, Proposition 5.1]), so in V ®¢ V we have

[Zk(&n), Zic(&n)] = —2n*Dx. (5.12)

The induced symmetric pairing on Sym*~2(V'), denoted for simplicity by the same symbol,
is given by the formula

k—2
1
[#1 @  ®@Xk_2,51 Q@ @ yk_a] = K21 Z 1_[ (i yo (1) (5.13)
T oeSi_y i=1

Therefore, we may now compute

[Wien), Wic(@n)] = (k =20 - [Ze ()7, Zi(3) 7]

k-1 (k/2 — 1)12
(k—2)!

= (k/2 - 1)!2 (k—2)!- (—2n2DK)k/2*1,

= (k= 2)? - [Zx(&n), Z(%0)] (5.14)

where the first equality in (5.14) follows from Lemma 5.1, the second from (5.13) and the
third from (5.12). O

It follows from Lemma 5.6 that

1

cn = T (5.15)
(k/2 = 1)t-/(k = 2)t - (V=2Dx)
With notation from Sect. 5.1, as in [165, §4.1] we define
1 & /2
Sk(n) = Ty ;skw,,-) € CHy/ (X /Ky (5.16)

where the cycles Si(%,,;) are defined as in (5.11). As above, the fact that Si(x,) belongs to
CH*2 (X /K,,).. follows from [165, §3.1].

arith )]R

Lemma 5.7 The equality

S (%)

Cn - y/deg(my)

holds in T1I1, - CH*2(X /K.

Wi(xn) =
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Proof Let {y1, ..., vy} be aset of representatives of I'o(N)/I"(N) and foralli = 1,..., tx
put &,,; := ;" (x,). By definition, there are equalities

IN IN
1
W, =MgWi(x,) = . Wi (x,) = . Wi (%ni)
% (%) B Wy (%r) deg(mn) ; Vi % (%) deg(mn) ; % (Fni)
Since each Wy (%,,;) has self-intersection c,, the result follows. O

Now we can prove

Proposition 5.8 The equality

deg(mn) - (5521

Sk = | T apeka

n

holds in T1pT1, - CHY2(X /K.
Proof Immediate by combining Lemmas 5.1 and 5.7 with the expression for ¢ in (5.15). O

Let us consider the R-linear extension

k/2
arith

(»)as : CHA (X /Ky, x CHAZ (X /Ky, — R

arith

of the Gillet—Soulé height pairing from Sect. 2.7. Moreover, let Si(x,) be the cycle from
(5.16). Following [165, §0.1], define V to be the IR-subspace of CHI;r/i%h(X /K1) that is
generated by T}, - Sx(x7) for all o € G; and all Hecke operators T}, with (m, N) = 1.
It follows that V = Heeg; y ®z R and Si(%1) € V. Let V' be the quotient of V by
the null subspace for (-, -)gs. Then V' is a subquotient of the direct sum Si(o(N ),
where hig := #G is the class number of K ([165, Theorem 0.3.1]). Clearly, (-, -)gg vields
a height pairing, to be denoted in the same way, on V’. Choose an orthonormal basis
{f = fi,....fe} of V' with respect to the Petersson inner product (-, -)r,), so that V'
splits into f;-eigencomponents Vf: Now define s;. f(x‘l’) to be the image of Si(x{) in Vf/
(where, as above, o € G1) and put

s} = Z s}cf(x‘f) eV

oegy

so that s} is the image of Zaegl Sk(*]) in Vjﬁ Notice that, in fact, s} c (Vf’)gy

Remark 5.9 1f (-, -)gs is non-degenerate on V, then V' = V and

5} € (Heegy ®z R)[6f] C CHA (X/K) g 671

This fact will play a role in the proof of Proposition 5.11.
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5.2.2 Zhang’s formula
In the statement below, ux := #Oy /2. There is a splitting

L(f/K,s) = L(fs) - L(FX, s), (5.17)
which implies that .y (f /K) > 1 (see, e.g., [20, p. 543]).

2k—1 . _k
92k—1 o .(ﬁf)ro(N).@, 5
(k—2)!-uf - /IDx] 77 77Gs
Proof With notation as in [165], this follows immediately from [165, Corollary 0.3.2]
upon taking x to be the trivial character. ]

Theorem 5.10 (S.-W. Zhang) L'(f/K, k/2) =

Recall the map AJg,, from (5.8); by a slight abuse of terminology, it will be interpreted
as the restriction to Heeg%N of the map in (3.12). The following result is implicit in [165];
since we shall use it later, we provide a complete proof of it.

Proposition 5.11 (1) Assume that AJy, is injective on HeeglgclN. If ran(f/K) = 1, then
YKp is not Oy-torsion.

(2) Assume that (-, -)gs is non-degenerate on Heegy ny @7z R. If ran(f /K) > 1, then yiyp is
Oyp-torsion.

Proof For simplicity, set CH := CHl;r/i%h(X /K). We first show (1). By Theorem 5.10, s}

is non-zero because ran (f/K) = 1, and so Zoegl Su(x7]) is non-zero as well. Thanks to
Proposition 5.8, Z(,egl f“f isnon-zero in IgI1. - (CH ®7 R), hence in I1gI1, - (CH ®7 R).
Let Zx be asin (5.9). Part (2) of Lemma 5.1 implies that Zx = (k —2)! 20691 1:“17, so Zx
is non-torsion in HeeglgclN. Finally, part (1) follows from Lemma 5.5 and the injectivity of
AJgp on HeeglgclN, which we are assuming.

Now we prove (2), which is more delicate. In light of Lemma 5.5, we need equivalently
to show that AJx,(Zk) is Op-torsion in Ay (K). If F € {R, RNQ Qp}, then there is a

decomposition

MMl - (CH®z F) = €D NI, - (CH®z F)[6,], (5.18)
14

where g varies over all normalized newforms in Sg(I'o(N)) and, with notation as in (2.4),
IpIl, - (CH Rz .7:) [0¢] denotes the g-isotypic submodule of ITgIT - (CH Rz f); see,
e.g., [111, pp. 656—657] for details (strictly speaking, [111] deals solely with F = Qp, but
what one only needs is that the field F contains all Hecke eigenvalues of all normalized
newforms; when F = Q,, we are implicitly using an embedding Q < Q,, which allows
us to view complex algebraic numbers as elements of Q). It is straightforward to check
that

Mgl - CH = (Mgl - CH) ®0, Qp (5.19)

with either CH = CH®z Qp or CH = (CH®z Q) [6,] for some g as above. Then, using
the fact that the Abel-Jacobi map Ay, is Hecke-equivariant and Ay (K) is f-isotypic, it
follows that AJx, ® ide factors through the f-isotypic component as

AIK,p ®ide : HBHe’(CH Xz Qp) - HBHG'(CH Sz Qp)[gf] - Ap([()®Oprl
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where the first map is the projection induced by (5.18) with F = Q,,. There is a commu-

tative diagram

Alip ® idg,

N o N B
MpIl, - (CH ®7z Qp) —1» Mg, - (CH Q7 Qp> (6] ————— Ap(K) ®0, Qp

| J

MM, - (CH®z (RN Q) —— MaTl, - (CHoz RN Q) (6]

fz [

.
M3 - (CH®z R) — s 11, - (CHOz R)[4]

(5.20)

in which the horizontal surjections are the projections induced by (5.18) and the vertical
injections are given by extension of scalars. Adopting the same symbol for Z and for its
natural image in TTgI1. - (CH®z (R N Q)), we want to show that

((AJkp ®1dg,) 0 u)(Zk) = 0. (5.21)

Since ran(f/K) > 1, Theorem 5.10 and the non-degeneracy of (-, -) g5 imply that s]’, =0in
[T, - (CH®z R)[6f] (cf. Remark 5.9). To lighten our notation, set ¢ := ¢;. Comparing
(5.6), (5.9) and (5.11) gives the equality

(20 = 2.3 S

C
oeqy

in gl - (CH ®7 R), and then ng,f(tz(%K)) = ([g/c) - s} = 0. Now the commutativity
of the lower square in (5.20) and the injectivity of (3 yield myr(2k) = 0, while the
commutativity of the upper square in (5.20) shows that 7y s (11(2k)) = 0. This clearly
implies (5.21).

Keeping equality (5.19) in mind (with CH = CH ®z Qp), the vanishing in (5.21) shows
that the image of AJx,(2k) € Ap(K) in Ap(K) ®o, Qp is trivial. Finally, the natural map
Ap(K)®0,Fp — Ap(K)®0, Qp is injective, so the image of AJx, (Z2k) in Ap(K) ®0, Fp
is trivial. This means that AJx,(Zk) is Op-torsion in A (K), as desired. O

Remark 5.12 Unfortunately, while it is natural to impose a non-degeneracy condition like
that in part (2) of Proposition 5.11 when studying the arithmetic of Heegner cycles (see,
e.g., [164, Assumption 4.1]), we are not aware of any result in this direction (except for
weight 2 modular forms, which are not considered in this paper).

5.3 Periods of modular forms

We begin by connecting the periods Qé@ from Sect. 2.5 to those appearing in the work
of Vatsal [156] and of Skinner—Urban [151]. To do this, we clarify the relation between
these periods and modular symbols. In what follows, we set

€= (=1)7. (5.22)
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5.3.1 Modular symbols
Let Rbeacommutativering, letk > 2beaninteger, setn := k—2andlet L, (R) := Sym"(R)
be the R-module of homogeneous polynomials of degree # in the variables X ad Y with
coefficients in R. We write L,(R) also for the corresponding locally constant sheaf on the
open modular curve Y1 of level I', where I' € {FI(N), FO(N)}.

Let

Symby.(L,(R)) :== Homr (Do, Ly (R))

be the group of I'-invariant L,(R)-valued modular symbols, where Dy is the group of
degree 0 divisors on P}(Q) equipped with its left action of R[X] ([52, Definition 4.6]). We
also let

Boundr (L,(R)) := Homp (D, L,(R))

be the group of I'-invariant L,(R)-valued boundary symbols, where D is the group of
divisors on P}(Q) equipped with the natural left action of R[Z]. There is an exact sequence

0— H"(r, Ln(R)> — Boundr (Ln(R)> —> Symby. (LH(R)> — Hgar(r, L,,(R)) —o

As before, Hgar

oflevel I' with coefficients in the locally constant sheaf associated with L,,(R) (i.e., the image
of the compact cohomology group Hclpt (T, Ly(R)) = Hclpt (Y(T'), Lu(R)) in H! (T, Ly(R)) =
H! (Y(F), Ly (R))). Using notation from [52, §4], the map Symb. (Ln (R)) — H! (F, L, (R))

par

(F, Ln(R)) denotes parabolic cohomology of the open modular curve Y (I")

sends ® to the cohomology class represented by the 1-cocycle y +— <I>({y(c)} — {c}).

Write $H(I") for the Hecke algebra acting on modular forms of level I" and weight k
(in particular, for ' = T'(N) we recover the algebra $;(I'(N)) from Sect. 2.2). By [52,
Theorem 4.2], there is an $)(I")-equivariant isomorphism

Symby: (L(R)) == Hepy (T, La(R)) (5.23)

such that the action of complex conjugation on Hclpt (T, Ly(R)) corresponds to the action

of the matrix ¢ := (! 9) on Symb-(L,(R)). The map
® : H'(T, Ly(R)) —> Symby.(L(R)) (5.24)

defined by @ — 7, - ®, where @ is any lift of w, T} is the Hecke operator at a prime
number ¢ = 1 (mod Np) and

Ng =Ty —(q+1) (5.25)

is independent of the choice of ® because 7, kills Boundr (L,,(R)), ie,ng-x = 0 for all
x € Boundr (Ln(R)) ([156, §1.6]). Furthermore, the map © is $);(I")-equivariant and also
equivariant for the action of complex conjugation on H* (T, L,(R)) and for the action of ¢
on Symby. (L,,(R)). We also write

® : H'(T, Ly(R)) —> Hy (T, Lu(R)) (5.26)

for the composition of (5.23) and (5.24).
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If R = C, then the modular symbol @, associated with f is given by

@yr({a} — (b)) = 2mi - /af(z) (X + V)2,
b

where the integral is computed along a geodesic path (with respect to the Poincaré metric)
from b to a in the complex upper half-plane. Split the C-vector space Symby. (L,,(C))
into +-eigenspaces Symbf«E (Ln(C)) for complex conjugation, then denote by GJ;} the
projections of @y to the respective eigenspaces. Observe, in particular, that there is an
isomorphism

Ve(—k/2) ®F C = H'(T, Ly(C))[6y] = C- /. & C - &, (5.27)

satisfying the following property: an element of Vg(—k/2) @ C lies in the +-eigenspace
for complex conjugation if and only if its image under (5.27) lies in C - q);,r’ with e € {+1}
as in (5.22). The comparison isomorphism between Betti and de Rham realizations gives
rise to an isomorphism

Compg g : Symbp(L,(C)) = V@ ®¢ C
that is equivariant with respect to the action of complex conjugation. Define

@sr = Comppg 4r(Psr). (5.28)

Note that the generator wy of Filk/2~1(V4g) from (2.14) is sent to (27i) ! - @rrov) by the
comparison isomorphism.

5.3.2 The periods Q"
We further elaborate on the definition of periods given in Sect. 2.5; we find it more
convenient to work integrally throughout. For this, define

Typaer 1= im(H(T, L,(Op)) =5 HI(T, Ly(F)) )

where j is the natural map. With the usual £-notation, pick 8}

T € T;Ear,r[@f] ~. {0} and set

n}tr = (CompB]dR o ®)(8ﬁir);

here ® is the map in (5.24) for R = F, which we view ® as taking values in Symb. (Ln(C))
by means of the distinguished embedding (r : F < R. Define periods Q,ir € C via the
equality

—_ ot .t - -
opr = Syp e + e
where ¢¢r was introduced in (5.28). Consider the module index

— .5t
ujfl" T par,I" (ijl“ ) OF]

as defined, e.g, in [45, p. 10]; by [45, §3, Proposition 1, (ii)], aﬁir is a non-zero (integral)
ideal of Of.

Remark 5.13 The periods Q}J} depend on our choice of (ijtr, but the products Q;} : a}—},
where we see afr as an Op-submodule of R via the (set-theoretic) inclusion tf, do not.
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5.3.3 Compatrison of periods

Now we relate the period Q(yf ) to the periods introduced in Sect. 5.3.2. For any o €
¥, replacing f with f and (r with ¢ in Sect. 5.3.2, we obtain periods €2 fa r and Of-
submodules uf,, r of R (lea L is endowed with an Op module structure via o). Briefly,
choose 8f as in Sect. 5.3.2, fix 0 € ¥ and define nfa rt (CompB ar © O0)( fF) where
O, isthe map obtained by composing ® with ¢. Define periods 2 f° € C* viatheequality
Pfor = fg r”fﬂ rt fa ana - With a slight abuse of notation, for € = (=1)*/21 a5 in
(5.22), in the following lines we do not distinguish between € and its sign; set

© o= ;r;
¢ Qo = Q fo p foreacho € %;
¢ O = aﬁr

The proposition below provides the comparison result we need.
Proposition 5.14 Set yy := (27 i)k/2 . (T1I0,) - Sfrov) € T];' N {0}. The equality

Q) _

F=c (@) g, FO(N)) (5.29)
holds in FZ for some C € F* satisfying ord,(C) = 0 for all primes ) of F such that
A fN “ Q£ (N)-

Proof We use the argument in [38, Lemma 4.1], which follows a duality argument from

[34,5§1.7]. Fixo € X and denote by Q255 yf : - the determinant of the comparison isomorphism

Vs ®p0 C —> (Var/ Fil’(Var)) ®£0 C

computed with respect to the lattice Of - yy and the image of T4r, which is generated by
wyo; thus, by definition, QZ{) = (Qéﬁ{f,)gez. In the notation of [38], we have Qgg(), = volso

(observe that in [38] the term voly is the determinant of the isomorphism
V§(—k/2) @0 € —> (Var/Fil’(Var)) @0 C

computed with respect to the lattice OF - §¢r,(n) and the image of Tqg multiplied by
(2770)%/2, and the last factor (27 {)¥/? is taken into account directly by the twistisomorphism
between Vgt and VBi(—k/Z)). We view aro ryv) = o (arryav)) as an Op-submodule of R
via 0. By [38, Lemma 4.1], there is an equality of sets

(vr) Nk /2—

Qo oty = 0(Co) - @)1 - Qo ) - Ao,

for a suitable Cyp € F*, independent of o, with ord; (Cp) = O for all primes A of F such
that A t N (note that the term Q4 in [38] is defined by comparison with (27 i)_lfpfig , which
explains the power of 277 appearing in (5.29)). Therefore, we get an equality

() N

Qalo = 0(C) - r) > Qpo o)
for some C € F* with the property that ord, (C) = 0 for all primes A of F such that
A1 N - asryn), as desired. O
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5.3.4 Special values and their algebraic parts

For each o0 € X, set Qo = Qf(, oY) and Qf = Qg (as before, € is as in (5.22)). The
special value of L(f, s) at s = k/2 is described (see, e.g, [102, Ch. I, §7]; cf also [38, §5]) by
the formula

k/2
L(fk/2) = /S;T—) / fit)e' T dt. (5.30)

Let us define the algebraic part of L(f, k/2) as

L{f k/2)

1 . .
Lag(ﬁk/2) = m,

(5.31)

it is well known that L¢(f, k/2) belongs to F. The period Qf depends on § fr ) 5O the
same is true of L8 (f, k/2).

5.3.5 Algebraic parts of special values and real embeddings
The algebraic part L¥8(f k/2) in (5.31) belongs to F, so it makes sense to consider
a(Lalg(ﬁk/Z)) foro € X.

Proposition 5.15 For each o € %, there is an equality
o (L8 (£ k/2)) = LU8(f%, k/2).
Proof For P € L,(R) we write P(X,Y) = ] 0 rj (P)XY*=27/ . From (5.30) we get

(=)*/?

al, o _
LR kD) = @mi) - (k/2 — 1! Qo

: / o)
0

Since f“ has real Fourier coefficients, the integral belongs to the e€-eigenspace for complex
conjugation. Thus, taking the definition of modular symbols into account, we obtain an

equality

rica (e (tioo) - (0)))

LY8(F0, k/2) = k2= D

Let n4 be the Hecke element introduced in (5.25). Since & (Qf(r)q)) = 6o (n4) by definition,
it suffices to show that o (©(8f)) = ©(8f). Thus, we are reduced to showing that the
square

HY (ToN), Lu(F)) +—— H} (To(N), Lu(F))

T

1 (Co(N), Lu(©)) O HL(To(N), Ly(C))

is commutative (here © stands for the map in (5.26)). This is an immediate consequence
of the definition of ® and the fact that 0 commutes with Hecke operators. ]
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5.3.6 A comparison of periods

Now we make our choice of ‘Sfr more precise. Specifically, we choose elements ‘Sfr
Tir . {0} such that their natural images in TB  ®z O, generate this free O,-module of
rank 1. At the cost of discarding finitely many prlmes p, one can proceed as follows. Take
TBiF « {0} and recall the module index a’; T from Sect. 5.3.2, which is an ideal of Op

f

defined in terms of ‘Sfl“ Let N(a fr) = #(Op/ufr) be the norm of ufr Basic properties of
the module index (see, e.g., [45, §3]) allow one to check that if p 1 N( ) then the image
of (Sfir in T  ®z O generates TB r ®z Op.

Thus, we assume that p t N( Ao () ) we want to compare the periods Q¢ (n) and
Q¢r,(n)- Before doing this, we need to fix some more notation: for each prime p of F above
p» denote by O(y) the localization of OF at p, then set Oy := [, O(p).-

Proposition 5.16 The periods Qr, vy and Qro) differ by multiplication by elements
of Ogy

Proof Recall that the C-vector space Si(I'g(N)) is isomorphic to the $;(I'1(N))-
submodule of S;(I'1(N)) consisting of those forms on which I'¢(N)/T'1(N) acts via the
trivial character. Therefore, there is a canonical map H;(I'1(N)) — $Hx(To(N)), so any
Hx(TCo(N))-module is also equipped with a structure of $;(I'1(N))-module by means of
this map. There is a commutative diagram of ) (I"1 (V))-modules with exact rows

Boundr, ) (Ln((’)(p))) —— Symbp (Ln(o(p))) — H} (FO(N): Ln(O(p))> —0

J J J

Boundrl(N) (Ln((/)(p))) E— Symel(N) (L,,(O(w)) E— Hé (l‘l(N), Ln((/)(p))) —0

in which the vertical arrows are induced by restriction in cohomology.

Let p be a prime of F above p, denote by I}, the residue field of F at p and let I' €
{Fl(N), FO(N)}; there is a canonical map $;(I') — IF,, whose kernel will be denoted by
mr. If M is an H(I")-module, then we write M. for the localization of M at mr. Then

Boundr (L”(O(p)))mr =0

because the action of $;(I") on boundary symbols is Eisenstein, so we get a commutative

square of ) (I")-modules

Symbro(N) (LM(O(p)))mFO(N) é HBl, (Fo(N), Ln(O(p)))mro(A{) (532)

J J

Symbr, o) (Ln(O) g, — H5 (M1 N Ln(O)

in which the horizontal maps are isomorphisms. Now we prove that the right vertical
arrow is an isomorphism; to do this, we show that the map of free O(;,)-modules

Homryo) (Do, Lu(O) . o, — Homr, 0 (Po Ln(Op)) . (5.33)

To(N)
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is an isomorphism (note that Homp (Do, L”(O(P)))mp is a finitely generated torsion-free,
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and hence free, O,)-module). The map Homr ) (Do, L,,(O(p))) — Homr, ) (Do, Ln((’)(p)))

is injective, so (5.33) is injective, as localization is a flat operation. By Nakayama’s lemma,
it suffices to show that the map

Homry ) (Do, Ln(Fp)) [mroa] — Homr, ) (Do, Ln(Fp)) [mr, ()] (5.34)

is surjective. If this map is not surjective, then thereis ¢ € Homr, () (Do, L,,(]Fp))[mrl(N)]
on which Tg(N)/T'1(N) acts via a non-trivial character ¢; by Nakayama’s lemma,

there is a non-zero ® € Homl—l(N)(Do, Ln(O(p))) €] mapping to ¢ under the

[
canonical surjection O,y — IFy. Therefore, we ob‘:arilr(lN)two modular symbols ®zr, ()
and @ in symbl"1(N)(L”(O(P)))mrlw)
share the eigenvalues for the action of §;(I'1(N)). The images of ®¢r ) and @ in
Hg(T1(N), Lu(O(py))

we deduce that @ = @y, (): this contradiction proves the surjectivity of (5.34), whence

that are distinct (because ¢ is non-trivial) and

— coincide because f is a newform and then, in light of (5.32),
1
the surjectivity of (5.33). Using (5.32), we conclude that there is an isomorphism of Oy)-
modules

Hg (To(N), Ln(Op))) . o = Ha (TN, Ln(O))

mry( mry )

Upon taking +-eigenspaces for complex conjugation and mp,)- and mp, ) -torsion
submodules, respectively, we get an isomorphism

Hg (To(N), Ln(o(p)))mro(N)[eﬁFo(N): +] ~ Hg(T1(N), Ln(O(p)))mrl(N)[eﬁFl(N)x +]

of free Oy)-modules of rank 1, where 60 ) and 6¢r,(v) denote the two ring
homomorphisms associated with f. Therefore, Vﬁirl(N) and the image of VﬁiFO(N) in
Hé (1"1(N ), Ln(O(p))) are both generators of these free O,)-modules, which implies that
the periods €21 ) and €, () differ by a unit of Oy, as was to be shown. O

Remark 5.17 When the modular form f has weight 2 (a case that we have excluded from
the outset), Proposition 5.16 is proved in [152, Lemma 9.4] by different arguments. More
precisely, the proof of [152, Lemma 9.4] uses in a crucial way Eisenstein properties of
the Shimura subgroup, which in our higher weight context are replaced by Eisenstein
properties of modular symbols.

From here on, asin Sect. 5.3.3, we set 5,{1“0(1\1) = 8;F0(N); moreover, put agr(n) = a;FO(N)
and, as in Proposition 5.14, define

Yri= (27‘[1’)1(/2 - (MpIe) - drro) € T];r ~ {0}

By what we noticed previously, if p f N(asr,(x)), then Compg ¢ (yy) generates le .In other
words, notation being as in Sect. 2.23.3, we know that

p1N(asr,v) = Lp(yp) = Op. (5.35)

This implication will be used in the proof of our main results.
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Remark 5.18 Although Tp and yy € Tg are defined in terms of the congruence subgroup
I'(N), Proposition 5.16 ensures that, for our goals and arguments, we can equivalently
work with the period ().

5.4 Choice of auxiliary imaginary quadratic fields
In the remainder of the paper, we will need to fix auxiliary imaginary quadratic fields in a
judicious way. For our purposes, we may restrict ourselves to r,, (M) € {0, 1}.

5.4.1 Theran(M) = O case
Assume that rn (M) = 0. Let us consider the imaginary quadratic fields K satistying the
following two conditions:

« the primes dividing Np split in K;
* Van(fK) =1

Denote by #(f, p) the set of all such fields. By Lemma 2.34, ran(f) = 0, so e(f) = +1, and
then it follows from [20, p. 543, Theorem, (i)] (cf also [107]) that % (f, p) # @. Note that
ran(f/K) = 1 for all K € H(f, p).

5.4.2 Theran(M) = 1 case
Assume that 7,5, (M) = 1. Let us consider the imaginary quadratic fields K satisfying the
following two conditions:

+ the primes dividing Np split in K;
* ran(fK) =0.

Denote by .#(f, p) the set of all such fields. By Lemma 2.34, ran(f) = 1, so e(f) = —1,
and then #(f p) # @ by [20, p. 543, Theorem, (ii)] (cf also [160]). Again, observe that
ran(f/K) = 1forall K € #(f, p)

5.5 Rationality conjecture for M in analytic rank 0

Here we prove (under suitable assumptions) the rationality conjecture (Conjecture 2.40)
when ran (M) = 0.

5.5.1 Nekovdi’s theorem
Let L be anumber field. Following [110], we define the Shafarevich—Tate group of M over
L at p a la Nekovar via the short exact sequence of Op-modules

0 —> Ap(L) ®o, (Fp/Op) —> HH(L Ap) —> TIII(L M) — 0 (5.36)

(see, e.g., [93,§2.4] for details on the leftmost non-trivial map, which will be tacitly regarded
as a set-theoretic inclusion). Let us also define the Shafarevich—Tate group of M over L
at p a la Nekovar by setting

LIz, M) = P LI, M), (5.37)
plp

where the direct sum ranges over all primes of F above p.
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Remark 5.19 The group HII;EI( (L, M) should be thought of as a higher weight counterpart
of the classical Shafarevich—Tate group of an abelian variety, which is given by the recipe
“Selmer group modulo rational points”.

As before, let K be an imaginary quadratic field in which all the prime divisors of Np
split and let p be a prime of F above p. The theorem below is a higher weight analogue
of a well-known result of Kolyvagin for Mordell-Weil and Shafarevich—Tate groups of
elliptic curves (see, e.g., [53, Theorem 1.3]).

Theorem 5.20 (Nekovar) Ifyx is not torsion, then

(1) Ap(K)®z Q = Fp - yps
2) TN M) is finite;
(3) coranko, H} (K, Ap) = 1.

Proof Thisis [110, Theorem 13.1] (¢f also [111, Ch. II, (6.5)]). m|

As an immediate consequence of Theorem 5.20 and (5.37), if yxp is not torsion for each
p | p, then H_[}jek (K, M) is finite.

5.5.2 Comparing Shafarevich-Tate groups
Given a number field L, there is an inclusion Ap(L) ®o, (Fy/Op) C Hf1 (L, Ap) giv» which
induces a surjection HII';Iek(L, M) — IHEK(L, M) of Op-modules. To our knowledge,
no finer, general comparison between IHIEK(L, M) and ngek (L, M) is available in the
literature.

Take an imaginary quadratic field K as above. The next result, which is a by-product
of Theorem 5.20, offers an alternative description of ]_HEK (K, M) in an important special

case.
Proposition 5.21 [Nekovdr] If yp is not torsion, then HI]SK(K, M) = IHI:ek(K, M).

Proof If ykyp is not torsion, then, by Theorem 5.20, both Ay (K) ®o, (Fy/Op) and
Hfl(K, Ap) have corank 1 over Oy, so Ay(K) ®0, (Fp/Op) is the maximal p-divisible
submodule of H fl (K, Ap), whence the claim of the proposition. o

5.5.3 On Conjecture 2.30, ran(M) € {0, 1}

The next result, which is basically a consequence of Theorems 5.10 and 5.20, establishes
(conditionally on certain assumptions on p-adic Abel-Jacobi maps and regulators) the
“algebraic rank = analytic rank” conjecture (Conjecture 2.30) over Q when rap (M) € {0, 1}.
We use notation from Sect. 5.4.

Theorem 5.22 (Nekovaf, S.-W. Zhang) Assume that ran(M) € {0, 1} and that

(1) there exists K € Iy, (\m)(f p) such that Al is injective on Heegl%v for some p | p;
(2) the p-part of Conjecture 2.50 over Q holds true.

Then ryg(M) = ran(M).
Proof Assume that ryn (M) = 1. Fix K € #(f p) and a prime p of F above p for which

condition (1) holds. It follows from splitting (5.17) that 45 (f /K) = 1, hence, by part (1) of
Proposition 5.11, yk;p is not Op-torsion. As explained in the proof of [159, Theorem 5.26],
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an analysis of the action of complex conjugation on yg,, combined with Theorem 5.20
shows that Ay (K) ®0, Fp and Ap(Q) ®o, Fy are both 1-dimensional over Fy and that
IHI;ek (K, M) and Ulgek(Q, M) are both finite (cf, also [159, Proposition 5.25]). It follows
from (5.36) that corankop, H, fl(Q, Ap) = 1, and then, since we are assuming condition (2),
raig(M) = 1 by Corollary 2.68.

Now assume that r,n (M) = 0. Fix K € #(f, p) and a prime p of F above p for which
condition (1) holds. As in the previous case, it follows from (5.17) that ron(f/K) = 1,
hence, by part (1) of Proposition 5.11, yg, is not Op-torsion. As in the proof of [159,
Theorem 7.4], an analysis of complex conjugation acting on y;, allows one to show that
Ap(Q) ®0, Fp is trivial. On the other hand, it follows from Theorem 5.20 and [159,
Proposition 5.25] that ngek(Q, M) is finite. Therefore, coranke, H, fl(Q,Ap) = 0, and
then, since we are assuming condition (2), r415(M) = 0 by Corollary 2.68. O

Remark 5.23 In the statement of Theorem 5.22 and elsewhere in this paper, we impose
injectivity assumptions on p-adic Abel-Jacobi maps; assumptions of this sort are natural
to ask for if one wants to get (by combining Theorems 5.10 and 5.20) results on algebraic
ranks from information on analytic ranks. While it is a “folklore” conjecture that such
maps are always injective, it is worth emphasizing that, in the present article, conditions
of this kind are only exploited, in the guise of part (1) of Proposition 5.11, to use Theorem
5.20 and prove Conjecture 2.30 and the finiteness of I.U;Iek(Q, M) in the special cases
we are interested in. In particular, if one is willing to assume the validity of Conjecture
2.30 and the finiteness of ]_ngk(Q, M) in low rank situations, then the aforementioned
conditions can be dispensed with (specifically, we are referring to Theorems 5.24, 5.29,
5.37,5.42).

5.5.4 Proof of Conjecture 2.40, ran(M) = 0
Now we can prove the main result of this subsection.

Theorem 5.24 Assume that ran (M) = 0 and that

(1) there exists K € S(f, p) such that A], is injective on Heeg%]\[ for some p | p;
(2) the p-part of Conjecture 2.50 over Q holds true.

Then Conjecture 2.40 is true.

Proof Assume that ry, (M) = 0; this implies, by Lemma 2.34, that ran (f°) = 0 for all
o € X. Thanks to Theorem 5.22, ry14(M) = 0, so Reg(M) = 1. Let Q be the period
in Sect. 2.23.3; by Proposition 2.43, to prove the theorem we can equivalently show that
L*(M, 0) / Qoo € F*.Namely (¢f Remark 2.8), we need to show that there exists £y € F*
such that

L*(M,0)

t2(Zm) = —g
00

(5.38)
By definition of t5;, and in light of (5.29), equality (5.38) means that o (L) = LA8 (f°, k/2)
forallo € X. By Proposition 5.15, the element . := L¥8(f, k/2) € F* does the job, and
we are done. O

As explained in Sect. 2.11.2, Theorem 5.24 shows that, under the specified assumptions,
the analytic rank 0 case of Conjecture 2.41 holds true as well.
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5.6 p-TNC for M in analytic rank 0
As before, D is the discriminant of F, while the ideal asr(v) of OF was introduced at the
end of Sect. 5.3.6 and ¢y = [OF : Oy]. Furthermore, recall from Sect. 3.1.1 that the Galois
representation p, is said to have “big image” if the image of p, contains all g € GL»(O,)
such that det(g) € (Z)F.

We work under the following list of conditions on the pair (f, p).

Assumption 5.25 (1) p { 6NDpN(azr,n))crs

(2) k=2 (mod 2(p — 1));

(3) ay(f) € Oy

(4) ap(f) # 1 (mod p) for each prime p | p;

(5) pp has big image;

(6) N > 3 and there exists a prime ¢ dividing N exactly such that p, is ramified at £ for
each prime p | p.

Our purpose is to prove the p-part of the TNC for M when ry,(M) = 0. Unless
otherwise stated, from here on we make our choice of periods as in Sect. 5.3.6.

5.6.1 p-adic L-functions
Let Q be the cyclotomic Z,-extension of Q, define

I = Gal(Quo/Q) ~ 7,

and write Ay := Op[[I']] for the Iwasawa algebra of I" with coefficients in Oy. For every
n € INlet Q, be the subfield of Q, such that Gal(Q,,/Q) ~ Z/p"Z; in particular, Qp = Q.
For any prime v of Q, denote by Q,,, the completion of Q, at v and write I,,, = Ig,,
for the corresponding inertia group. Finally, let xcyc : I' — Z} be the p-adic cyclotomic

character.
Let Q;E = Qﬁil“o(N) € C* be the periodsifrom Sect. 5.3.2. In [151], the periods Qﬁil‘l(N)
are considered instead, but the choice of Q is equivalent for us since, by Proposition

STo(N) ) :
5.16, these complex numbers differ by a p-adic unit. Let Q < Q, be an embedding

corresponding to p, which allows us to consider L8(f, k/2) € F as a p-adic number in Qp;
here recall that Lalg(}f k/2) = L(f, /</2)/(27'[i)k/2’1 - Qr, where Qf = jS and € is the sign
of (—1)k/2-1,

Let Lg,, € A be the cyclotomic p-adic L-function of f and p constructed in [74, Theorem
16.2] and [151, §3.4.4] (cf also [102]). Adopting the conventions in [74, Theorem 16.2],

there is an interpolation formula

k=2 \2
£ﬁp(x§/3)= (1—” : ) .<¥)!-Lalg(}§k/2), (5.39)

o

k=2
77\ 2

12 ) is a unit of O(p). Therefore, there is an

Since k > 2, the multiplicative factor (1 -

equality of Oy -ideals

(Lﬁp(xfy/f)) - ((k/2 1) L8 k/z)). (5.40)
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5.6.2 Comparing the periods of f and fX
As in Remark 2.3, let fX be the twist of f by the Dirichlet character ex attached to K. Of
course, the Hecke field of f KisF.

Lemma 5.26 (1) For any choice of S;E as in Sect. 5.3.2, the equality ij,( = /Dg - Q;E
holds up to elements of F*.
(2) Forany choice oféfi and (SiK as in Sect. 5.3.6, the equality QFf = Q¥ holds up to p-adic

f fK
units.

Proof For part (1), we adapt (with minor changes) the proof of [152, Lemma 9.6]. For any
ring R as before, let us define a homomorphism H' (I'o(N), L,(R)) — H*(T'o(ND%), L4(R))
of R-modules by

s (yr—) Z EK(a)'(P(((l)_a{DK)'y'((l)ﬂ/lDK»)'

a€(Z/DkZ)*

ForR = C, a);E is mapped to T(ex) - a);FK, where 7(ex) is the Gauss sum of €x. For R = F,
Sfi is mapped to an F*-multiple of SJTK.

and the conclusion follows because 7 (ex)? = Dg.

Therefore, in,( is an F*-multiple of ij /T (€x),

Part (2) is a consequence of the interpolation formulas satisfied by the p-adic L-functions
associated with f and fX. With notation as in [151, §3.4.4], Lfe, (1) and £f1<,1(1) differ by
a p-adic unit, so comparing with the interpolation formulas in [151, §3.4.4] we see that
Qj} is an O}f-multiple of ijF /t(ex), and the conclusion follows because 7(ex)? = Dx
and p splits in K. O

Remark 5.27 In the case of elliptic curves, the analogue of part (2) of Lemma 5.26 is
proved, e.g,, in [152, Lemma 9.6] with a different method.

5.6.3 Greenberg’s Selmer group

Let n, : Gg, = Gal(Qp/Qp) — Q}’; denote the unramified character of Gq, taking
arithmetic Frobenius to a,(f). Since f is ordinary at p and V}, is (equivalent to) the self-
dual twist of the p-adic representation attached to f, there is a short exact sequence of

Gq,-modules
0— VS, —V,—V, —0

such that Vp+ and V};" are 1-dimensional Fp-vector spaces, and Gq, acts on Vp+ and V-
through n;ley/cz and npxc;,lé/zﬂ, respectively. Define T;‘ =Ty N Vp+, A;‘ = Vp+/T+,
Ay = AF,/A;JF and set

H (Quy Ap) = 1<er(H1(Qn,V,Ap) — Hl(an_V,A;)).
For every n € IN, define the p-primary Greenberg Selmer group of f over Q,, to be

Hl(Qn,w Ap) Hl(QVl’V’AP) >
1_[ ) ’

Sely (f/Qn) == ker(Hl(Qn,A ) — X
P ' lvg i Quir Ap) Ho g (Qus Ap

vip



64

Page 104 of 136 M. Longo, S. Vigni Res Math Sci

where v denotes a prime of Q. By [121, Proposition 4.2], for all  there is an injection
H fl(Qn, Ap) = Selp(f/Q,) with finite cokernel whose order is bounded independently of
n. As in [151], let us consider the p-primary Greenberg Selmer group of f over Q given
by

Sp = Selp (f/ Qo) := li_ﬂ)lselp (f/Qn),

where the direct limit is taken with respect to restriction maps. By [74, Theorem 17.4,
(1)] (cf also [151, Theorem 3.15]), the Ap-module Sy, is cotorsion, i.e., the Pontryagin dual
Xp == Hom(Sy, F, /Op) of Sy, is torsion over Ay; we write (Fz,) C Ay for the characteristic
ideal of X.

5.6.4 Proofof p-TNC, ran(M) = 0
The following theorem is a special case of a result for Selmer groups over finite abelian
extensions of Q.

Theorem 5.28 (Kato) Ifran(f) = 0, then Hfl((D,,Ap) is finite.
Proof This is [74, Theorem 14.2, (2)] for K = Q. O

Now we prove the p-part of the Tamagawa number conjecture for M when r, (M) = 0;
in fact, we prove, more generally, a rank 0 counterpart of Theorem B. As will be clear,
our proof builds crucially on work of Kato and of Skinner—Urban. Recall that Assumption
5.25 is in force.

Theorem 5.29 Assume that ran(M) = 0 and that

(1) there exists K € So(f, p) such that A], is injective on Heeglg(’lN for some p | p;
(2) the p-part of Conjecture 2.50 over Q holds true.

Then the following results hold:

@) ragM) =0;
(b) IIZX(Q M) = LII*N(Q, M) for each p | p satisfying (1);
(c) the p-part of Conjecture 2.56 is true.

Furthermore, if condition (1) holds for each p | p, then HIEK(Q, M) = ngek(Q, M).

Proof Part (a) was already proved in Theorem 5.22. Let p | p be a prime of F satisfying
condition (1). As explained in the proof of Theorem 5.22, Ay (Q) ®o,, Fy is trivial, and
then Ap(Q) ®o0, (Fy/Op) is trivial as well. Thus, IHI:ek(Q,M) = Hfl(Q,Ap). On the
other hand, HJ}(Q,AP) = UI]SK(Q, M) because, by Theorem 5.28, Hfl(Q,Ap) is finite:
this proves part (b) and (by taking direct sums over all p | p) the last statement.

We prove part (c) by proving equality (p-TNC ) in Theorem 2.83. To start with, observe
that Conjecture 2.40 is true in this case, by Theorem 5.24. Thus, all the assumptions in
Theorem 2.83 are verified (c¢f Remark 2.84).

By Lemma 2.34, ran(f) = 0. Let 1 denote the trivial character. We first show that

(Fzp (D) = (Lep(x5D)) (5.41)
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as ideals of Oy Define the A,-torsion module
Xp(k/2) := Hom(Sp(—k/2), Fy/Op)

and write C = Char (X, (k/2)) for its characteristic power series, which does not depend
on k (cf. [74, Proposition 17.2]). By [74, Theorem 17.4] and [151, Theorem 3.29], there is
an equality (C) = (Lgp), so C( Xfy/f) and Ly, ( ng/cz) generate the same ideal of Oy (here,
for an elementx € A and a character y : ' — QX, wesetx(x) := x(x)). In order to show
(5.41), it therefore remains to note that C ( xfy/g) and Fy, (1) generate the same ideal of Oy,
which follows easily by taking into consideration the Tate twist in the relevant definitions
(see, e.g,, [134, Lemma 1.2]).
Combining (5.39) and (5.41), we obtain the equivalences

L(Fk/2) # 0 <= Ly (xX2) # 0 < Fpp(1) #0.

Since ran(f) = 0, we deduce from Theorem 5.28 that H, fl (@ Ayp) is finite. A generalization
to our setting of the arguments in [51, Section 4] (see [95]) shows that

o, (Op/Fyp(1) - Op) = Lo, (Sh /(#Sp)r) = To, (HHQ Ap)) - [ | TamP (M
LIN
(5.42)

Combining (5.40), (5.41) and (5.42), we see that for each p | p there is an equality

((k/2 — 1) L k/z)) To, (H}(Q Ay)) - [] Tam®P (M (5.43)
(N

of (fractional) Oy -ideals. On the other hand, by Proposition 5.15 (cf. the proof of Theorem

5.24),tx ((k/2 1)!-L28(f k/2) ) (k/2—=1)!-L*(M, 0)/9(;{). Thus, with the convention
from Remark 2.8, one can replace (k/2 — 1)! - Lalg(}f k/2) with (k/2 — 1)! - L*(M, 0)/952‘)
in (5.43). Since Hfl(Q, Ap) = HIEK(Q, M) and (5.43) holds for each p | p, we obtain an

equality

((k/2—1) M, 0))

S 0, (IIE(Q M) - [T Tam® (M) (5.44)

(N

of (fractional) O,-ideals. Now notice that, by part (1) of Proposition 4.8, HY(Q, Ty )tors is
trivial for each p | p, so H(Q, Tp)ors is trivial. Furthermore, it follows from Proposition
3.3 that H%(Gs, Ap) is trivial (cf. also the proof of [94, Lemma 2.4]). This shows that
Tors,(M) = O, (cf. Sect. A.3). By (2.77), Tam"’ (M) = O, while Tam®) (M) = O, by
(2.78) and Z(yy) = Op by (5.35). Finally, by Theorem 5.22, r1g(M) = 0, so Reg(M) = 1.
Therefore, equality (5.44) coincides with equality (»-TNCg) (or, better, with its equivalent
form (p-TNCg4-bis) in Remark 2.87) in our setting, which completes the proof. O

Remark 5.30 We want to explain how to relax an assumption in [95] so that the
results in [95] can be safely applied in our current setting. In [95], one requires ([95,
Assumption 6(b)]) that H%(I,, A~) = 0, which is too restrictive for the applications
described above. This condition is used in the proof of [95, Lemma 5.4] to show that
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HY (G, H (I, T )4ors) = 0. In that argument, we identify H*(I,, T~ )05 With the largest
cotorsion quotient of H°(I,, A~) and then conclude using H°(I,, A~) = 0.t turns out that
we can relax the assumption H°(I,, A7) = 0 and still show that H(G%, H(I,, T )ors)
is trivial, arguing as follows. As observed above, the group G;" acts on H 0(1,, A7) via the
unramified character taking the geometric Frobenius to the unit root « of the Hecke
polynomial. In the case of weight 2, we have H%(I,,A~) = A~, hence the largest
cotorsion quotient of HO(I,, A~) is trivial (as A~ is divisible) and we conclude that
HY(GY™, H'(Iy, T )tors) is trivial using the argument in [95]. If the weight is bigger than
2, then H%(I,, A~) = A~ [p"] for some integer #, due to the fact that inertia acts on A~ via
the (1 —k/2)-th power of the cyclotomic character. Since a,(f) # 1 (mod p), we also have
a # 1 (mod p). Thus, H (G2, H' (I, T )iors) is isomorphic to A~ [p"] /(@ — 1) - A~ [p"].
Now a —1 is invertible modulo p, so (@ —1)-A~[p"] = A~ [p"] and H! (G}}“, H\(I,, T‘)tors)

is trivial.

5.7 Kolyvagin’s conjecture and Shafarevich-Tate groups
As usual, let p be a prime of F above p. We gather some results on HIEK (K, M), where K
is, as usual, an imaginary quadratic field in which all the prime factors of Np split.

5.7.1 Astructure theorem for H_[EK(K, M)
Following [97, §4.2], for every integer M > 1 we define S;(M) to be the set of prime
numbers £ such that

« L{Np;
« {isinertin K;

o« M0+ 1.

Denote by S, (M) the set of square-free products of # primes in S; (M) (here So(M) := {1})
and define

Sy = | S,

nelN

For every integer m > 1, let .# (m) be the set of integers M > 1 such that m € S(M).
As in [97, §7.1], we also consider the set S; (M) of prime numbers £ such that

« L1 Np;

+ [lisinertin K;

o pPMlac(f), pM e+ 15
o pPMILY e+ 1 £ ay(f).

Write S,,(M) for the set of square-free products of # primes in S;(M) (with So(M) := {1})
and define

S(M) := _J Su(a1).

nelN

With notation as in Sect. 4.3, for every integer n > 1 set

w(n) = max{M e M) | [zuply = O},

(2026) 13:64
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where we put w(n) := oo if this maximum does not exist. Finally, for every r € IN set
M, = min{w(n) | n € Sy (wn) + 1)},

with M, := oo if w(n) = oc.
Lemma 5.31 My is finite and M, > M,41 > 0 forallr € IN.
Proof This is [97, Lemma 7.4]. O

Set M, := inf {Mr |reN } and note that Conjecture 4.2 is equivalent to the statement
that My, < 00.Let H_[];K’jE (f /K) be the +--eigenspaces of Gal(K /Q) acting on H_I];K (K, M)
and let ¢ € {£} be the sign of the root number of f (c¢f. Sect. 2.9).

In the next theorem, which is a higher weight analogue of the main result of [105, §5],
we let N; := M;_1 — M; for all i > 1. Observe that, by Lemma 5.31, N; > 0 for all i.

Theorem 5.32 (Nekovaf, Masoero) If yrp is not torsion, then there are isomorphisms
I8 (F /K) == (Op /M Op)? @ (O /p™2 0,)?
v ) = (O /pM1 Op) @ (Op/p0p) @ ...
and
2 2
LI (f/K) ~ (O /p™20,)” & (0p /PN Op) & ...

of Op-modules.

Proof By Proposition 5.21, H_IEK (K M) = H_[I;ek (K, M). Thus, the theorem is essentially
[97, Theorem 7.3], the only difference being that in [97] one is interested in the structure
of H_II;Iek (K, M) as an abelian group, whereas here we are looking at it as an Op-module.
O

5.7.2 Some consequences on H_IgK(K, M)andyg,

The next theorem is a consequence of Theorem 4.14, which asserts the validity of Conjec-
ture 4.2, and Theorem 5.32; it will play a key role in the proof of our results on the p-part
of the TNC for M in analytic rank 1.

Theorem 5.33 If yx, is not Op-torsion, then lengthOp (IHEK(K, M)) = 2M,.

Proof As in the proof of [97, Corollary 7.11], it follows from Theorem 5.32 that
length, (LLIEX (K, M) = 2(Mo — Moo). (5.45)

On the other hand, Theorem 4.14 says that ¢; (f, n) # 0 for a suitable n € Age(f), which
implies that M, = 0. The theorem is then a consequence of equality (5.45). O

For later reference, we prove

Proposition 5.34 Ifyr, is not Op-torsion, then Mo = lengthop (Ap(l()/yk,p . Op).

64
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Proof By definition, My is the largest integer M > 1 such that [z1,],, = 0. Equivalently,
My is the largest integer M > 1 such that z,, € pM A, (K7). Now denote by M the length
of Ay (K)/yxp - Op as an Op-module, which can be described as the largest integer M > 1
such that yx, € pM A, (K). We want to show that My = My,

As explained in the proof of Proposition 4.3, restriction gives an Oy -linear injection

resg, /i : Ap(K) —> Ap(K1)9' C Ap(K7) (5.46)

such that, by (4.8), resx; /x (yKp) = z1,p. It follows immediately that M(’) < Mj. On the
other hand, part (1) of Proposition 4.8 ensures that A, (K1) is torsion-free, so (5.46) induces
for every integer M > 1 an Oy -linear injection

Ap(K) [pM AL (K) —> Ap(K7) [pM Ap (K1)
This shows that My < M(’), and the proof is complete. O

5.8 Rationality conjecture for M in analytic rank 1

Our goal here is to prove the rationality conjecture (Conjecture 2.40) when ran(M) = 1.
Notation from Remark 5.4 and Sect. 5.4 is in force.

5.8.1 Splitting CHY/2.
The arguments that follow are very similar to those in Sect. 3.2.4. We assume that f is

(X/L), over the Hecke algebra

p-isolated. Let ¢ : S (I'o(N))p — F be the (surjective) F-linear extension of 6y and
denote by Ann ;fk(po(N))F(ker(Oﬁp)) the annihilator ideal of ker(6¢r) in 74 (I'o(N))f. The
congruence ideal of O is the ideal of F given by

e = O (Ann iz, o0 (ker(@6))).

As explained, e.g., in [87, p. 250], ker(6¢F) N Annjfk(po(N))F(ker(Oﬁp)) = {0}: as before,
this follows from the fact that 5% (I'o(N))f is (trivially) flat over F and f is p-isolated. In
particular, ngr = F and the (tautological) short exact sequence of 7 (I'o(N))p-modules

6
0 —> ker(0rr) —> H4(To(N))F 2 FE o0

has a unique splitting with values in the annihilator of ker(6¢r) (actually, in [87] it is
assumed that the counterpart of 6;r takes values in a complete DVR, but this property
is not necessary for the conclusion above to hold). As in Sect. 3.2.4, we shall regard this
distinguished splitting as canonical, so that there is an identification (or, rather, a canonical
isomorphism) of 7% (I'o(N))r-modules

4 (Do(N))p = ker(0r) ® F. (5.47)
Now let L be a number field. The splitting in (5.47) yields a splitting

k/2 k/2 k/2
winX/L)p = (CHar/ith(X L) @tiro)r F>@<CHar/ith(X L) @ (ro ker (eﬁp)),

(5.48)

CH

(2026) 13:64
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On the other hand, there is an identification

k 2
mot(L M) = ar/lth(X/L)F Q. (o) F- (5.49)
Combining (5.48) and (5.49), we get a canonical surjection

Maqr : CHY o (X/L)p — Hihoo(L, M) (5.50)

arit

of 7 (I'o(N)) p-modules. In order not to make our notation heavier than necessary, if R is
any subring of F, then we shall use the same symbol for the obvious natural map induced

k/2
on CH2 (X /L), by Maq1.

5.8.2 Adistinguished Q-rational cycle
Recall the cycle Zx € HeegIgClN introduced in (5.9) and the map

k/2
MatQ : CHyjy X/ Q) — Hyot(Q M)
from (5.50) with L = Q. It turns out that, in the setting we are concerned with, Zx is
Q-rational, as we prove in the following proposition. We use notation from Sect. 5.4.2.

Proposition 5.35 Assume that ryn(M) = 1 and that K € Y1(f, p) has the property that
Ay is injective on HeegK 'y Jor some p | p. Then

(1) Zk € CHarith(X/Q)F;
(2) Ta,q(Zk) #O0.

Proof Let p be a prime of F above p such that AJy,, is injective on Heeg%N. Since K €
A1, p), we know that 7,y (f/K) = 1. Part (1) of Proposition 5.11 tells us that yg;, is not
Oy -torsion. Furthermore, an analysis of the action of complex conjugation on yg;, shows
that ygp € Ay (K)GK/Q) (see, e.g, the proof of [159, Theorem 5.27]). On the other hand,
AJgp(Zk) = (k—2)! yxp by Lemma 5.5, s0 2 is not torsion. In addition, the map AJ,
is Gal(K'/Q)-equivariant, so the injectivity of AJg,, on HeegIgClN (which we are assuming)
allows us to conclude that

Gal(K/Q)
) C ( H2 (X /K7)9

arith

Gal(K/Q)
Xk € (Heeglg(}N )

— CH"2 (X /K;)GalE1/Q),

arith

Let £ e (FF,}. By what we explained in Sect. 5.1.2 (¢f Notation/Convention

5.2), the cyclic subgroup of CHN? (X/Ky )Gal(k1/Q) generated by Zk injects into

arith
CH];r/i%h(X /K1 )Gal(Kl/ Q). we will not distinguish between Zx and its image in this vec-

tor space; moreover, we identify this element (hence 2k as well) with its image in

/;r/l %h(X / Q) With this convention in force, this shows, in particular, that Zx €
k/2
arith

CH, ;i (X/Q) . There is a commutative diagram

H/2 Algp

CHyy (X/Q)p —— CH (X/ Q).

arith Ap(Q) ®Op Fy (5.51)

lQ—-K \EQ_,K resg/qQ

k/2 Alk,
(X/K)p —— CH (X/K), ——"— £p(K) ®0, Fy

k/2
arith

CH
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in which, as before, the left and middle vertical arrows are the base change maps from (5.2)
and the unlabelled maps are extensions of scalars. By a slight abuse of notation, we write
AJq,p (respectively, AJ ) also for the composition of the two upper (respectively, lower)
horizontal maps. Since yxp is not Oy -torsion, diagram (5.51) shows that AJq ,(Zk) # 0
in H fl (Q, Vp). Finally, triangle (3.19) with L = Q and » = p induces a commutative
diagram

(X/Q), —— CHY2,(X/Q),, Moy HYQ Vi)

mwyy

Hiot(Q M) ——— Hip (Q M)y

k/2
arith

CH

(5.52)

in which HY ,(Q, M), is the Fp-vector space from (2.38) and the unlabelled horizontal
maps are extensions of scalars. Since AJq ,(2k) # 0 in Hfl(Q, Vp), diagram (5.52) gives
Mam,(Zk) # 0. m

From here on, set

1
Wy = o M 2k) € HE o (Q M) ~ {0}, (5.53)

Set Uk = gk (Pm) € H&lot(K, M) \ {0}. As a consequence of triangle (3.19) with
L = K and Lemma 5.5, there is an equality

regin (D) = YKp (5.54)

for each prime p of F above p.

The next result establishes, for each p|p, an isomorphism between A,(Q) and
Ap (K)GIE/Q,

Proposition 5.36 For each prime p of F above p, restriction induces an isomorphism
resx/qQ : Ap(Q) = Ap(K)Gal(K/Q)
of Op-modules.

Proof Let p be a prime of F above p. Since [K : Q] = 2 and p is odd, base change gives an

isomorphism
gk - CH (X Q) —> CHY2(x/K)GH/Y

of Op-modules (cf. Sect. 5.1.2). On the other hand, there is a commutative square

CHY2(X/Q)p, ——22 s A4(Q)

:JlQ—ﬂ( resx/Q

Alg,
CHI(;/Z (X/I()g;;l(K/Q) Kp A]J ([()Gal(K/Q)

(2026) 13:64
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in which the bottom horizontal arrow is surjective by [159, Lemma 5.8] and the injectivity
of resi /g follows as in the proof of Proposition 4.3. We conclude that resg /q is necessarily

surjective, hence an isomorphism. O

Under the assumptions of Proposition 5.35, we know that yxp, € Ap(K )GalK/Q) Thus,
in light of Proposition 5.36, we define

YQp = resy 1o 0kp) € Ap(Q). (5.55)

In particular, yq,p is not Op-torsion. Observe that the square

Hl regy,
mot (Q M)p ——————» Ap(Q) ®o, Fp

~ | lQ—K ~ | resg/Q

regg

Gal(K
Hr}qot(lc M)pa( /Q) Ap([()Gal(K/Q) ®Op Fp

is commutative, so equality (5.54) guarantees that
reg, (Vi) = Yo (5.56)
for each prime p of F above p.

5.8.3 Proof of Conjecture 2.40, ran(M) = 1
We are in a position to prove the main result of this section.

Theorem 5.37 Assume that ran(M) = 1 and that there exists K € J1(f, p) such that

(1) thereis K' € #(fX, p) with AJgx 1, injective on Heeglg(l,)N for some p | p;
(2) the p-part of Conjecture 2.50 for M(fK) over Q holds true.

Then Conjecture 2.40 is true.

Proof Assume that ry, (M) = 1; this implies, by Lemma 2.34, that ryn (f°) = 1 for all
o € X. Let # be a basis of H. ,(Q, M) over F. By definition of the embedding t5 in
Remark 2.8, and bearing (2.22) and (5.29) in mind, we need to show that there exists
&' € F* such that

. L7, k/2)
o) = BT G - Reg () (5.57)

forallo € X.
Choose an imaginary quadatic field K € .4 (f, p) satisfying conditions (1) and (2); then
ran(f/K) = 1. Set g := fX; again by Lemma 2.34, 7,(g°) = O for allo € X. Theorem 5.10

ensures that for each o € X there is an equality

L(f° /K k/2) - (k —2)!- uf - /IDk|
2%-1. k. (faffa)ro(N) : (Sj/rms/a> B

GS
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Thanks to the factorization in (5.17) for L(f° /K; s) and the fact that g° = (f)X, we can

write

L/(fo; k/2) (k—=2)- u%( -/1Dk] - ik/271 . Qgrr
2K/2 kI (£, ) ) - (o0 570 )G

_ (Lalg(ga, k/z))_l,

Properties (1) and (2) ensure that we can apply Theorem 5.24 to g. Therefore, there exists

~

&' € F* such that

v L k/2) - /D] - 71 - Qo

o (5.58)
( ) ]Tk/2+l . (fg;fG)FO(N) . (S}al S/0>

GS

forallo € X. Comparing (5.57) and (5.58), we see that it suffices to show that there exists
&/ € F* such that

err . ng A/ |D](| ) Reggj(M)

% =
i w2 (Ff ) (8for Spo)

(5.59)

GS

forallo € X, for then (5.57) follows with ¥’ := .,‘?7/42% To prove (5.59), we deal with the
two factors on the right-hand side separately. By Lemma 5.26, QrQq+/|Dx| = lQ}er_
up to elements of F*; furthermore, iQf Qf_ / 72(ff )ro(v) belongs to F* and satis-
fies the equality a(iQ}LQf_/nz(ﬁf)ro(N)) = iQ}t, Qf_(,/nz(f”,f")pow) forallo € X
(see, e.g, [66, §1.4]). This ensures that Qng«/|DK|/7r2(ﬁf)FO(N) belongs to F* and
o (2 Qv IDxl /7> o)) = o Qe DKl /72, f)py v forall o € .

As for the other term, up to replacing the chosen basis % (consisting of a single element)
with a multiple in F*, we can take & = {1}, where #\( € H} .(Q, M) was defined
in (5.53). Then Proposition 5.8 implies that Reg’, (M)/(s}, sj’,)GS also belongs to F* and
satisfies o (Reg, (M)/(s}, SJQ)GS) = Reg%, (./\/l)/(s}(,, S/U)Gs for all 0 € ¥. Summing up,
the element

_ - Qe - VIDk| RegZ (M)

o = € F*
7 (b Oroy $5p SJ/’>GS

satisfies (5.59), which concludes the proof. O

As observed in Sect. 2.11.2, Theorem 5.24 also shows that, under the assumptions
appearing in its statement, the analytic rank 1 case of Conjecture 2.41 holds true.

5.9 p-TNCfor M in analytic rank 1

We prove the main result of this paper, which says that, under the assumptions in Sect.
5.9.1 and those directly described in the statement of Theorem 5.42, the p-part of the
TNC for M is true when r,n (M) = 1.

5.9.1 Assumptions
We work under the following assumption on the form f and the prime p; we freely use

notation from previous sections.

Assumption 5.38 (1) Assumptions 4.5 and 5.25 are satisfied by (f, p) for all p | p.
(2) f is p-isolated.

(2026) 13:64



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 113 0f 136 64

(3) Conjecture 3.18 holds true for L = Q, i.e., the p-adic regulator
reg, : Hot(Q M)p.ing —> HF (Q Tp)

from (3.18) is an isomorphism of O,-modules.

These hypotheses could certainly be relaxed, but we prefer to state here assumptions
that sit well in the general framework of Section 2. Notice that condition (3) in Assumption
5.38 implies the validity of Conjecture 2.50 for the number fields specified above.

Remark 5.39 Since N is assumed to be square-free, f has no complex multiplication.

5.9.2 Tamagawa ideals of M(f¥)
Recall that M (fK) denotes the motive of the twist fX of f, which is a newform of level
ND%O as (N, Di) = 1. In the statement that follows, £ is a prime number.

Proposition 5.40 (1) If¢|N, then Tamﬁp) (M(fK)) = Tamép)(j\/l) =0,
(2) Ift|Dx, then Tam? (M(FX)) = O,

Proof Write A;f for the analogue of A, relative to fX; there is an isomorphism AX ~ 4,
of Gx-modules. If £ |N is a prime number, then ¢ splits in K, so the representations
A, and AIIf are isomorphic as Gg,-modules and the first equality in part (1) follows. To
conclude the proof of (1), recall from Lemma 5.40 that Tamip)(/\/l) ~7 (W}; rObFl) where
Wy = AII,‘/(Ag)diV is a finite group. Now, V;K is 1-dimensional (see, e.g., [114, §12.4.4.2
and Lemma 12.4.5, (ii)]), so the divisible subgroup of AIIf contains a subgroup isomorphic
to the divisible group F,/O,. If VW, were not trivial, then A, [p] would be unramified for
some P | p, which contradicts part (1) of Assumption 5.38. Therefore, 1V, = 0 and the
second equality in (1) follows. Now we turn to part (2) (cf. also [152, Corollary 9.2]). Take a
prime number ¢ | D, let A be the unique prime of K above ¢ and let I, (respectively, I, ) be
the inertia subgroup of G, (respectively, Gx; ); note that the residue field of K at A is IF.
K, Ap) = HY(Fy, AY)
into the direct sum of its eigenspaces for the action of G := Gal(Kj /Q/); the eigenspace

The prime ¢ ramifiesin K, so I, = I;.Since p # 2, we may split H}

nr(

on which G acts trivially (respectively, as —1) is H&m (K;, Ap)g (respectively, is isomorphic
to H1 (K3, Allf )9). Therefore, the canonical map

unr
Hne( Qe Ap) & Hige (Qu Ay) —> Hine (5, Ap)

is an isomorphism. Keeping Proposition 2.76 in mind, since
I(Hyne(Qe, AY)) = T(Hypy (K Ap)) = O

because £ { N, we deduce that

Tam?” (M()) = Z(Hin Qo A7) = Op

concluding the proof. ]
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5.9.3 Compatrison of periods
Since f is p-isolated (cf. Assumption 5.38), by [60, Theorem 0.1] and Lemma 5.26 there is
an equality

2
(M) =0, (5.60)
Qf . QfK

of (fractional) Op-ideals. See also [66, §1.4] for details.

5.9.4 Proof of Theorem B
Retaining the assumptions of Proposition 5.35, now we state a technical result that will be
used in the proof of our main theorem. We fix a prime p of F above p.

Lemma 5.41 lengthop (Ap(Q)/yqp - Op) = lengthop (Ap(K)/yKp - Op).

Proof Since resg/q(¥qQp) = yKp by (5.55), one can proceed mutatis mutandis as in the
proof of Proposition 5.34. O

We restate Theorem B in a precise form; as before, we employ notation from Remark 5.4
and Sect. 5.4. Recall that Assumption 5.38 is in force. Moreover, recall the sets of imaginary
quadratic fields % (f, p) and 4 (f, p) introduced in Sects. 5.4.1 and 5.4.2, respectively.

Theorem 5.42 Assume that ryn(M) = 1 and that there exists K € 91(f, p) such that

(1) Ak is injective on Heeglgcleor allp | p;

(2) thereis K' € Fo(fX, p) with AJpx o, injective on Heeglg(l,)N for some p | p;
(3) the p-part of Conjecture 2.50 for M(fK) over Q holds true.

Moreover, assume that
(4) the p-part of Conjecture 2.50 over Q holds true.
Then the following results hold:

(a) ralg(M) =1
(b) II(Q M) = II*Q M);
(c) the p-part of Conjecture 2.56 is true.

Proof Aswas already observed, parts (a) and (b) are due to Nekovai. More precisely, part
(a) was proved in Theorem 5.22. On the other hand, the arguments used in the proof of
Proposition 5.21 show that there is an equality IHEK(Q, M) = Hlyek(Q, M) for each
p | p (¢f. also the proof of Theorem 5.22), and then part (b) follows upon taking direct sums
over all such p.

As we did in rank 0 in Theorem 5.29, we prove part (c) by checking equality (p-TNCz)
in Theorem 2.83. First of all, the existence of K € .#,(f, p) satisfying properties (2) and
(3) guarantees, by Theorem 5.37, that Conjecture 2.40 is true in this case. Thus, keeping
property (4) in mind and noting that Theorem 5.10 implies that the regulator we will
be working with is non-zero (cf), all the assumptions in Theorem 2.83 are verified (cf.
Remark 2.84). As a further preliminary observation (implicit in the proofs of parts (a) and
(b)), notice that if we fix K € . (f, p) with the properties in the statement of the theorem
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and let p be a prime of F above p, then r,y(f/K) = 1 and, thanks to property (1) and part
(1) of Proposition 5.11, yx;p is not torsion.
By Theorem 5.22, rqg(M) = 1. Let Z)y € Hémt(Q, M) ~ {0} be as in (5.53). Thus,
= {#)1} is an F-basis of H mot(Q, M).Letyqp € Ap(Q) beasin (5.55) and recall from
(5.56) that reg, (1) = yqp- Recall the p-adic regulators

regy, : Hyot(Q M), — H}(Q My)

from (2.42) if (x5, M) = (p, V) or from (3.17) if (x, M) = (p-int, T'). The surjectivity of
I m,qp implies that im(reg,) = Ap(Q). It follows that condition (3) in Assumption 5.38
yields an equality Ap(Q) = H fl(Q, T}) of free Op-modules of rank 1; once we view them
in H, fl(Q, Vp), these two Oy -lattices coincide with H }(Q, Ty).

For each p | p, pick @y € p (p? U Up/‘p) o'Ep p’); in particular, @y, is a uniformizer at p.
Let us write

HHQ Ty) [y - Op = 0y /(00" = Oy /(wf? O) (5.61)
for some f, € N, then set IT, := ]_[p‘p wjpp € Of ~ {0}. Now define

p = 00p),, € DHHQ Ty) = HHQ T))

plp

and jqp = 1'[;1 yop €H fl(Q, T},). Observe that, by construction, {§q,p} is an O,-basis of
H}(Q, T,) = Ii}(Q, Tp). Furthermore, with notation as in Sect. 2.23.2, regp(@M) = yQp
so that # = {yqp}. Therefore, there is an equality

Ay = (). (5.62)

Recall from Sect. 5.8.2 the element % x = tq—x(#Mm) € H, Ot(K M) ~ {0}. By Propo-
sition 5.8 and our choice of p, there are equalities

., deg(mn) - (k/2 1) K
(s 57) g5 = (=2Dg)k21 (Zhsc Drak s,

_ deg(mn) - (452

(—ZDK)k/2_1 <Q/M’ @M>GS tF’

where the superscripts indicate that the pairings are taken with respect to the ground field
K. On the other hand, (%4, @M>IG<S,LF = 2D\, gM)Ss,m where the pairing on the right
is taken relative to the ground field Q (see, e.g., [17, §3.1.4]). Thus, since p 1 2D1< deg(mn),
we can replace the term (s}, s}) in Theorem 5.10 with (k/z 1) (Ppm, @M)Gs - . Observe

that Theorem 5.10 ensures that (%), @M)GSL # 0 because ran(f/K) = 1; since
Reg (M) = (Dpy, @M)GSL , we have Reg (M) #0.

Combining Theorem 5.10 with the period comparison formula (5.60) yields, for each
prime p of F above p, an equality

( ((k/2 = 1)) - L'(f/K, k/2)) o, (5.63)

k=2 Qp - Qi - Regiy (M)
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of fractional Op-ideals. Since equality (5.63) holds for each p | p, we get an equality

( ((k/2 =)0 - L'(F/K k/2)

=(I;%-(Mm?. 0
n/<2.Qf.Qf,<.Regf§(M)) (IT,%) - (IL;) - Op

_ 2
= (det(A@)) 2 . <I(9p (Hfl(Q: Tp)/yQ,P ' OI’))

-2 BK
= G Lo )
(det(A ) " - Zo, (TTE (1 M)
(5.64)

of fractional O,-ideals, where the second equality follows from (5.61) and (5.62), while
the third, in light of Definition 2.60 and Lemma 5.41, is a consequence of Theorem 5.33
and Proposition 5.34.

The p-adic Galois representation attached to fX is the twist of Pp by €K, so Assumption
4.5 holds for fX. Thus, by Theorem 5.29 and Proposition 5.40, there is an equality

((k/z — 1)1 L(FK, k/2)

_ BK K
Q@mifk/2=1 - Qp )—Iop(mp (Q M(f ))) (5.65)

of fractional Op-ideals. Combining the factorization
L'(f/K k/2) = L'(f k/2) - L(FX, k/2)

and formula (5.60) with equalities (5.64) and (5.65), we obtain an equality

( (k/2—1)!-L'(fk/2)
(

-2 BK
27Ti)k/2_1 . Qf . Reg;’;(M)) = (det(A%)) . IO,, (Hlp (1() M))

T (I (Q M)
Furthermore, the splitting ITL>“ (K, M) = III*(Q, M)@ILL" (Q, M(FX)) of Shafarevich—

Tate groups, which is a consequence of an analogous decomposition of Selmer groups (see,
e.g., [92, Proposition 6.2]), induces an equality

(k/2—1)-L'(fk/2) ) ) BK
= (det(A Zo, (I , M)). 5.66
((2m‘)k/21 "% Regt(wp)  (detAs)) 7 To, (T, 1@ M) (566
of fractional Op-ideals.
Now we compare (5.66) with equality (»-TNC) in Theorem 2.83. Thanks to Theorem
5.37, we already know that

L*(M,0) _ ( L'(f°, k/2) )
Qoo + Reg 4 (M) - \(@mi)k/2-1. Qo - Reg (M) Joex

belongs to F* in the sense of Remark 2.8; more explicitly, there is an equality

L'(f k/2) ) L*(M, 0) (5.67)

‘E<(2m)k/2—1 - Qf - Reg (M) T Qo Reg, (M)’
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Combining (5.66) and (5.67), we get an equality

(k/2—1I-L*(M,0)\ _ -y -
( Qo - Reg, (M) )—(det(A@)) Zo, (1" (Q M)) (5.68)

of fractional Op-ideals. As we explained in the proof of Theorem 5.29, Tors,(M) =
Op. In addition, if £ |N, then Tamﬁp)(/\/l) = O, by part (1) of Proposition 5.40, while
Tam? (M) = O, by (2.77) and Tam% (M) = O, by (2.78). Finally, Z,(yy) = O, by
(5.35). Therefore, equality (5.68) coincides with (p-TNCz) (or, rather, with its equivalent
form (p-TNCg4-bis) in Remark 2.87) in our setting, and the proof is complete. O

6 On the structure of Selmer groups
As an application of Theorem 4.14, we deduce results on the structure of Selmer groups
of modular forms. As will be apparent, these results basically follow from [97].

Fix a newform f with Hecke field F and a prime p of F above p that satisfy Assumption
4.5. For any number field L, let

rp(f/L) := coranko, Hf1 (L, Ap) (6.1)

be the corank ofo1 (L, Ap) over Op. Set also 1y (f) := rp(f / Q).
Throughout this section, K is an imaginary quadratic field in which all the prime factors
of Np split.

6.1 Vanishing order of k¢

Let k7o be the Kolyvagin set attached to f, p, K from (4.12). By Theorem 4.14, k¢ # {0}.
For every n € Axol(f) = Axol(f p, K), denote by v(n) the number of prime factors of n
and let M (n) be the Kolyvagin index of # that was introduced in (4.7).

Definition 6.1 The vanishing order of kg is
Voo = min{v(n) | n € Axol(f) and cpr(f, n) # O for some M < M(n)} e IN.

The following result will be used in the proof of Theorem 9.2.
Proposition 6.2 Ifyxp, is Op-torsion, then voo > 1.

Proof By part (2) of Proposition 4.8, the Op-module A (K) is free, so yxp, = 0. It follows
from Proposition 4.3 that cps(f; 1) = O for all M, whence vy, > 1. O

As before, let ¢(f) € {1} be the root number of f. It is convenient to consider the sign
£oo = sign(e(f) - (—1)*>*1) e {£}, 6.2)

which will appear in Theorem 6.4.
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6.2 A structure theorem for H} (K, Ap)
From now on, let H} (K, Ap)* denote the £1-eigenspaces of complex conjugation acting

f

on H fl (K, Ap) and write

ri (f /K) = coranko, Hfl(K, Ap)*
for the corresponding coranks over Op,. Observe that
rp(f /1K) =1 (f/K) + 1 (f /K). (6.3)

6.2.1 Alemma on p™-torsion
The next auxiliary result will be used in the proof of the structure theorem for H fl (K Ayp)
(Theorem 6.4).

Lemma 6.3 For all m € N there is a Galois-equivariant identification
Hp (K, Ap(p™1) = Hf (K Ap)[p™).

Proof By [94, Lemma 2.4, (1)], H(K, Ayp) = 0, so the inclusion A, [p"”'] — A, induces an

identification
HY (K Ap)p™] = H' (K Ay [p™). (6.4)

By definition, H fl (K, Ap[p™]) consists of the elements of H 1 (K, Ap[p™]) whose image in

HYK, Ap) lies in Hf1 (K Ap), and then the lemma follows from (6.4). O

6.2.2 Structure theorem
Recall that p, which is unramified in F, is a uniformizer for Oy. As in Sect. 5.7, let ¢ € {%}
be the sign of the root number of f. Write

H} (I Ay)* = (F, JOpYPITO @ xE
where Xf is a finite Op-module, then introduce splittings
Xy = (Op/p™ Op)* @ (Op /P Op) & . ..
and
XE > (Op /P Op) @ (Op /P Op) @ ...

of Op-modules. Finally, let the integers N; € IN be defined as in Sect. 5.7 (¢f Theorem
5.32) and let 5o € {£} be the sign from (6.2).

Theorem 6.4 (1) rsm(f/l() = Voo + 1 and rp_sw(f/K) < Voo
(2) veo = max{ry (f/K), r, (f/K)} — 1.

(3) mj =N;foralli > ve + 1.

(4) 0 < oo —ry "™ (f/K) =0 (mod 2).
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Proof Parts (1) and (3) are consequences of the techniques exploited in the proof of [97,
Theorem 8.4], using the decomposition as Op-modules rather than as groups; details
are left to the reader. Part (2) is a restatement of (1), since max{r;(f/l(), rp_(f/K)} =
r;” (f/K), by (1). By the second statement in (1), it remains to show the congruence in (4).
We write r = ry, £ (f /K) to simplify the notation. As above, consider the decomposition

HHE Aplp™]) = HH (K Ap ™))" @ H} (K Ap [91])

under the action of Gal(K/Q). By Lemma 6.3, the invariants of H fl (K, Ap pM Dfeoo are

those of Xf’_pg“’ shifted by r terms all equal to M coming from the divisible subgroup
(Fp/Op)" of Sely (f /K)~#>. Thus, by (3), the last voo -+ 1+r invariants ofo1 (K Ap [pM])_soo
are in even number. The existence of a Flach—Cassels pairing on H fl (K Ap [pM])_'Sao that
is alternating and non-degenerate ([40], [97, Section 6]) ensures that the total number of

the invariants of H fl (K, Ay pM ])78"<> is even, and therefore vy, + 7 is even. O

7 Parity results

We prove a p-parity result for modular forms (Sect. 7.1) and then deduce from it part (1)
of Theorem D (Sect. 7.2). We fix throughout a newform f with Hecke field F and a prime
p of F above p satisfying Assumption 4.5.

7.1 A p-parity result
Let rp(f) be defined as in (6.1) and, as in Sect. 2.9, let &(f) be the root number of f. The
following is a p-parity result for f.

Theorem 7.1 (—1)»¥) = e(f).

Proof Choose an imaginary quadratic field K in which all the prime factors of Np split.
Combining the inflation-restriction exact sequence

0 — H'(Gal(K/Q), Ap(K)) — HY(Q Ap)
— HYKG Ap) S/ s g2(Gal(K/Q), Ap(K))

and the triviality of A, (K) from [94, Lemma 2.4, (1)] gives an identification
HYQ Ap) = HY(K Ap) ™. (7.1)

By keeping track of local conditions, one can then check that (7.1) induces an identification

H; (Q Ap) = Hp (K Ap)*. (7.2)
The desired equality follows from Theorem 6.4 by an easy combinatorial argument. O

Remark 7.2 The analogue of Theorem 7.1 for a large class of elliptic curves and, more
generally, Hilbert modular forms of parallel weight has been proved by Nekovar [113,115,
116]. It is worth pointing out that a crucial ingredient in Nekovai’s arguments is the fact
that the truth of the parity conjecture is constant in Hida families: Theorem 7.1 can be
seen as an incarnation of this general principle.
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7.2 Proof of part (1) of Theorem D

Recall the set X of real (equivalently, complex) embeddings of F. For all ¢ € %, the
representation of Gq attached to f and p is equivalent (over Qp) to the representation
of Gq attached to f° and the prime o (p) of the Hecke field o (F) of f°. In particular,
rp(f) = ro(p)(f°) for all o € X. Then, by Theorem 7.1, &(f“) is constant as o varies in X,
which means, by (2.26), that the parity of r,n(f?) is constant as ¢ varies in 2. In light of
equality (2.27) and Theorem 7.1, we get the congruence

rp(f) = ran(M) (mod 2).
Now, by Corollary 2.68, ry(f) = raig(M), and the proof is complete. o

8 Converse theorems

We prove p-converse theorems for modular forms (Sect. 8.1) and then deduce from them
part (2) of Theorem D (Sect. 8.2). We fix throughout a newform f with Hecke field F and
a prime p of F above p satisfying Assumption 4.5.

8.1 p-converse theorems
For any number field L, define the Fj,-vector space

Xp(L) = Ap(L) ®z Q = Ay(L) ®0, Fy.

8.1.1 Results over K
The following result is a higher weight analogue of the part of [166, Theorem 1.3] that
deals with Mordell-Weil ranks and Shafarevich—Tate groups.

Theorem 8.1 Let K be an imaginary quadratic field in which all the prime factors of Np
split. If ry (f /K) = 1, then

(1) yxp is not Op-torsion;
(2) dimg, (Xp(K)) = 1;
(3) LYK, M) is finite.

Proof If (1) holds, then (2) and (3) follow from Theorem 5.20, so we need to show only
(1). If r, (f /K) = 1, then equality (6.3) implies that

max{r (f/K), r, (f /K)} = 1.

By part (2) of Theorem 6.4, this is equivalent to v = 0, i.e., cpr(f; 1) # 0 for some M > 1.
On the other hand, Proposition 4.3 says that cy (£, 1) = tca (ykpl,,), S0 we surmise that
yKp # 0. By part (2) of Proposition 4.8, the Op,-module Ay, (K) is free of finite rank, hence
YK,p is not torsion, as was to be shown. ]

For another higher weight converse to the Kolyvagin—Gross—Zagier theorem, the reader
is referred to [161, Theorem 2].

Recall that if K is a field as in Theorem 8.1, then r,,(f/K) > 1. The following is a
p-converse result over K.
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Corollary 8.2 Let K be an imaginary quadratic field in which all the prime factors of
Np split. Assume that (., -)gs is non-degenerate on Heegy n ®z R. If rp(f/K) = 1, then
ran(f/K) = 1.

Proof Bypart (1) of Theorem 8.1, yx;, is not Oy -torsion. Since we are assuming that (., ) gg
is non-degenerate on Heeg n, ®z R, the claim follows from part (2) of Proposition 5.11.
O

Focusing now on the case where the base field is ), we can prove an analogue in higher
weight of the algebraic part of [166, Theorem 1.4, (i)].

Theorem 8.3 Ifry(f) = 1, then

(1) dimp, (X,(Q) = 1;
@) HIYNQ M) is finite.

Proof Since rp(f) = 1, it follows from Theorem 7.1 that e(f) = —1. Choose an imaginary
quadratic field K such that

« all the prime factors of Np split in K;
. ran(fK) =0.

The existence of such a K is guaranteed by [20, p. 543, Theorem, (ii)]. Let AI; be the
analogue for fX of the Op-module A, associated with f. By Theorem 5.28 with fX in
place of f, the Selmer group H, fl (Q, A{f ) is finite, so 7y (f Ky = 0. It can be checked (see,
e.g., the proof of [92, Proposition 6.2]) that there is a canonical identification

H (QAY) = HF (K Ap) ™ (8.1)
Combining (6.3), (7.2) and (8.1), we obtain
ro(f/K) = ro(f) + rp(FX) = 1, (8.2)

and then Theorem 8.1 ensures that dimp, (Xﬁp (K )) =1land U_Igek (K, M) is finite. Finally,
part (1) and part (2) of the theorem follow from [159, Theorem 5.26] and [159, Proposition
5.25], respectively. O

8.1.2 Assumption (GS) and results over Q

To complete the picture, we prove a p-converse result over ) that can be regarded as a
higher weight counterpart of [150, Theorem A], [157, Theorem A] and [166, Theorem 1.4,
(i)]. To do this, with notation as in Sect. 5.4.2, we need to introduce hypotheses concerning,
in particular, the non-degeneracy of the Gillet—Soulé height pairings:

(GS) thereis K € 4 (f p) such that (;, -) s is non-degenerate on Heegy  ®z R.

Now we can prove
Theorem 8.4 Ifry(f) = 1 and (GS) holds, then ra (f) = L.

Proof On the one hand, Theorem 5.28 gives r,,(fX) = 0, and then r,(f/K) = 1 by the
first equality in (8.2). Therefore, we can apply Corollary 8.2 to deduce that ran (f /K) = 1.
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On the other hand, factorization (5.17) yields the equality

ran(f/l() = ”an(f) + ran(fK);

whence ran(f) = 1. O

Remark 8.5 1f we knew that Gillet—Soulé height pairings are non-degenerate (at least on
the R-vector space Heeg; \; ®z IR, or in full generality, as predicted by the conjectures in
[4,12,50]), then Corollary 8.2 and Theorem 8.4 would become unconditional. Unfortu-
nately, non-degeneracy results of this kind appear to lie well beyond the scope of currently
available techniques.

Remark 8.6 Recently, Burungale and Tian proved a p-converse result for CM elliptic
curves over Q at good ordinary primes p ([24, Theorem 1.2]). It would be desirable
to obtain p-converse theorems (possibly conditional, like Theorem 8.4, on the non-
degeneracy of suitable height pairings) for higher weight CM newforms.

8.2 Proof of part (2) of Theorem D
Recall that we are assuming that

+ Conjecture 2.50 holds true for p and Q;
« condition (GS) from Sect. 8.1.2 is satisfied.

With notation as above, if ryg(M) = 1, then ry (f) = 1 by Corollary 2.68 (with x = p), so
Theorem 8.4 gives ran (f) = 1. By Lemma 2.34, ran(M) = 1, as desired. O

9 Higher rank results
In this final section, we collect higher rank results for f and its motive M. As before, we
require throughout that f and the prime p of F above p satisfy Assumption 4.5.

9.1 Higher rank results for f
We begin with results on f, in particular on the invariant ry (f) from (6.1). We use notation
from Sect. 5.4.1.

9.1.1 Assumption (reg)

According to the sign of the root number of f, we will need to assume one of two different
sets of hypotheses. The first is (GS) from Sect. 8.1.2, whereas the second takes care,
in addition, of the injectivity (at least on Heegner modules) of p-adic regulators over
imaginary quadratic fields:

(reg) thereis K € #(f, p), of discriminant Dk, such that

- (»-)gs is non-degenerate on Heeg; \ ®z R,
— regex iy is injective on Heegy, ND2, for every imaginary quadratic field K’ in
which all the prime factors of NDgp split.

Here regx, Kl,p is the counterpart of the p-adic regulator reg Kl,p relative to the motive
M(fK). As before (cf Remark 8.5), note that the results in [20] guarantee that if e(f) = —1,
then there is always an imaginary quadratic field satisfying the first two conditions in (reg).
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Remark 9.1 Since (N, Dx) = 1, the level of fKX is ND12<: this is the reason why in (reg) we
consider Heegner modules of level ND12<.

9.1.2 Higher rank results for f
The following result is a higher weight analogue of [166, Theorem 1.4, (ii)]; in Sect. 9.2 we
shall deduce from it analogous results for M.

Theorem 9.2 Assume that either
o &(f) = —1 and (GS) holds

or
o &(f) = +1 and (reg) holds.

Ifran(f) > 1, then

1—¢(f)
2

rolf) € {2n+ | neZ>1}.

5_
In particular, ry(f) > 28(}()‘

Proof We need to show that

o 1p(f) = 3ife(f) = -1,
o 1p(f) = 2ife(f) = +1.

Assume first that e(f) = —1 and (GS) holds. By Theorem 7.1, ry(f) is odd. If r,(f) = 1,
then 74 (f) = 1 by Theorem 8.4, sorp(f) € 2n+1 | n > 1}.

Assume now that &(f) = +1 and (reg) holds; recall the vanishing order v of kfoo
introduced in Definition 6.1. By Theorem 7.1, r,, (f) is even. Choose an imaginary quadratic
field K satisfying (reg). Then ran(f/K) > 1, so part (2) of Proposition 5.11 guarantees
that yp is Op-torsion. It follows from Proposition 6.2 that v, > 1; equivalently, by part
(2) of Theorem 6.4, we obtain

max{r,f (f/K), ry (f /K)} = 2. (9.1)

On the other hand, since r,n(FX) = 1, by [20, p. 543, Theorem, (ii)] there exists an
imaginary quadratic field K’ (which we fix) such that

« all the prime factors of NDgp split in K’;
o ran(FK/K') = 1.

Using the injectivity of regex Ki,p on Heegy ND2» We apply Theorem 5.20 to fX and obtain,
in particular, ry, (fK /K') = 1. Finally, reasoning as, e.g., in the proof of [159, Theorem
5.27], we get rp(fX) = 1, and then the equality rp (f/K) =1y (fX) combined with (9.1)
givesrp(f)=r,f(f/1<)e{2n|nzl}. O

Remark 9.3 We sketch an alternative approach to the ¢(f) = +1 part of Theorem 9.2
that does not use the injectivity on Heeg ND2 of the p-adic regulator, but relies instead
on certain conjectural (non-)vanishing properties of p-adic L-functions of modular forms.
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Namely, let g be a weight k > 4 newform on I'g(M) with p { M and let L,(g s) be the
p-adic L-function of g in the sense of Mazur-Tate-Teitelbaum ([102, Ch. I, §13]; for
simplicity, we suppress dependence of L, (g, s) on the “allowable p-root for g”, ¢f. [102, Ch.
I, §12]). We normalize L,(g s) as in [52, p. 430]. It is conjectured in [102, Ch. I, §16] that,
in our non-exceptional setting (cf. [102, Ch. I, §15]), ords—i/2Ly(g s) = ran(g). Here we
just assume the following implication:

ram@) =1 = ordszéLp(g, s)=1 (9.2)

With notation as in the proof of Theorem 9.2, rather than using the last condition in
(reg), we combine the equality 7., (fX) = 1 and (9.2) to get ordszk/sz(fK, s) = 1. Then,
keeping Corollary 2.68 in mind, [111, Theorem C, (2)] gives r,(fX) = 1, and by (9.1) we
conclude that ry (f) € {2n | n > 1}.

9.2 Proof of parts (3) and (4) of Theorem D

For the sake of clarity, we restate the result we want to prove on the motive M.

Theorem 9.4 Assume that either
o Fan(M) is odd and (GS) holds
or
o 7an(M) is even and (reg) holds.

Furthermore, assume that Conjecture 2.50 holds true for p and Q.
If ran(M) > 1, then

1— (=1)aWM)

Faig(M) € !2;/1-{— 5

} ne Zzl},
5— (_1)ran(M)

Proof To begin with, note that, by Lemma 2.34, ran(M) > 1 if and only if ran(f) > 1.
Moreover, recall from Sect. 7.2 that 7y, (M) and ran(f) have the same parity; in other

In particular, ryg(M) >

words, (—1)"mM) = g(f). Finally, since we are assuming Conjecture 2.50 for p and Q,
Corollary 2.68 gives ry1(M) = ry(f), and then the desired result follows from Theorem
9.2. O

Appendix A Determinants of projective modules

We sketch the basic elements of the theory of determinants of projective modules over
commutative rings, putting a focus on modules over (products of finitely many) principal
ideal domains. In doing so, we follow [73, §2.1] and [77, Lecture 1, §5] quite closely.

A.1 Determinants over commutative rings

Let R be a commutative ring. Denote by Lz the category of isomorphism classes of graded
invertible R-modules: the objects of Ly are pairs (L, r) consisting of an invertible (i.e.,
projective, rank 1) R-module L and a function r : Spec(R) — Z, which is to be thought of
as a grading, that is locally constant for the Zariski topology, while morphisms between
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two objects (L, r) and (M, s) are trivial if » # s and isomorphisms of R-modules L — M
otherwise. One defines a product in Lp by

(Lyr)- M, s) == (L ®r M, 1 +5), (A.1)

and then (R, 0) is the unit object for this product. The inverse of a pair (L, 7) is (L, r) ™! :=
(L*, —r), where L* := Homg(L, R) is the R-linear dual of L; more precisely, there is a
canonical isomorphism

(Lr)- (L%, —r) = (R 0)

induced by the usual evaluation map L ®g Hompg(L, R) — R. The monoidal category Ly is
equipped with a modified commutativity constraint involving a sign that depends on the
grading (see, e.g, [21, §2.5], [77, Definition 1.27]). If f : R — R’ is a ring homomorphism,
then one defines a functor

ER —> LR’

by the recipe (L, 7) = (L Qg R’, 7 of*) on objects and in the obvious way (i.e., by extension
of scalars) on morphisms, where f* : Spec(R’) — Spec(R) is the map induced by f by
(contravariant) functoriality.

Let us write Projgg for the category of finitely generated, projective R-modules. For every
object M of Proj%’y let

rkr(M) : Spec(R) — Z

be the rank function attached to M, which maps p to rkg, (M) and is locally constant with
respect to the Zariski topology on Spec(R) (see, e.g., [162, Ch. I, Corollary 2.2.2]); notice
that M, is projective, hence free, of finite rank over the local ring Ry,. If tkz (M) is constant,
then /\;kR(M)M denotes the usual rkz(M)-th exterior power of M over R. If rkg(M) is not
constant, then the definition of /\E(R (M)M is more delicate: see, e.g., [127, Definition 1.3.1]
or [162, p. 21]. In both cases, /\;kR(M)M is an invertible R-module, called the determinant
of M; see, e.g,, [41, Part 3] for motivation for retaining the rank information. There is a

(covariant) functor Projg‘; — L defined by

rkg(M)
M —— Detp(M) := ( /\ M, rkR(M))
R

on objects and in the obvious fashion on morphisms. Notice that Detg(0) = (R, 0). For
notational convenience, for every object M of Proj%" we set Detlgl(M ) := Detg(M)~1.

Caveat A.1 In this paper, we frequently use expressions like “N is an R-submodule of
Detr(M)”, meaning that N is a submodule of the R-module underlying Detg(M). A similar
interpretation must be given to statements like “The set * is a basis of Detg(M) over R”.

It turns out that Detp is multiplicative on short exact sequences: if we are given an exact
sequence

0—wK—P—>C—0
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in Projgg, then
Detg(P) >~ Detr(K) - Detr(C), (A.2)

where the product on the right is defined as in (A.1). Moreover, if there is a short exact
sequence of R-modules

0—P—Q—T—0 (A.3)

with P, Q objects of Projff, then we define Detg(T) := Detz(Q) - Detgl(P). One can check
that Detg(T) is independent of the choice of an exact sequence as in (A.3).

Remark/Notation A.2 Suppose that M is free of finite rank r over R. If {m, . .., m,} is an
R-basis of M, then {m; A --- A m,} is an R-basis of Detg(M). In this case, we denote by
(m1 A -+ A m,)"1 the dual element of 717 A -+ - A 1, so that {(m1 Ao A mr)_l} is an
R-basis of DetEI(M ). Furthermore, for every n > 1, the natural pairing

n n
/\M X /\M* — R (my AN AmMp LA ALy —> det(ﬁi(mj))

is perfect, so it induces a canonical isomorphism

/n\M* ~ < /H\M)* (A.4)

of R-modules, which can be regarded as an identification. With standard notation, the
basis {(m1 AEERWAN mr)’l} of Detlg1 (M) corresponds, under the identification (A.4), to the
basis {#] A- - - Am}} of Detg(M*). Finally, there is obviously an equality rkz (M) = rkg(M*)
of rank functions, so it follows that DetEl(M ) and Detg(M™*) have the same underlying
R-module but opposite rank functions: this is the reason why we use different symbols for
the bases of Detgl(M ) and of Detg(M*) that are built out of a given basis of M over R. It is
useful to keep this observation in mind when computing with determinants of modules.

Remark A.3 Assume that R is noetherian (which is always the case in the main body of
the article). If M is an object of Projgg’, then M* is an object of Projgg’. Since R is noetherian,
M is finitely presented over R, so for every p € Spec(R) there is a canonical isomorphism
(M*)p =~ My of Ry-modules, where the right-hand term is the Ry -linear dual of M, (see,
e.g, 99, p. 52, Corollary]). Thus, there is an equality rkgr(M) = rkr(M*) of rank functions.

A.2 Determinants over PID’s
Let R be a principal ideal domain, write frac(R) for its fraction field and let T be a finitely
generated torsion R-module. Choose a resolution

O—)P&Q—) T—0

of T with objects P, Q of Proj;g. Since R is a PID, P and Q are free over R; furthermore, T
being torsion forces the ranks of P and Q to be equal. It turns out that

Detg(T) = det(¢)~! - R C frac(R),

(2026) 13:64
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where det(¢) is computed with respect to fixed bases of P and Q. Equivalently, Detg(T)
is the inverse of the ideal that is generated by the product of the elementary divisors of
the R-module T. In this setting, we usually write Zg(7T') in place of Detr(T') to stress the
fact that Detg(T) is a fractional ideal of R; we also set 7 L) = DetEI(T). In particular,
IR((O)) = R. See, e.g,, [77, Example 1.31] for details in the R = Z,, case.

Remark/Notation A.4 Let r be the rank of P and Q and let {py, ..., p,} (respectively,
{q1,...,qr}) be a basis of P (respectively, Q) over R. Keeping Remark/Notation A.2 in
mind, there is an equality

Detr(Q) - Dety ' (P) =R-(q1 A+ Aqy) - (1 A+ Apy)Th (A.5)

where (1 A+ - -Agy)-(p1A- - - Apr)~Lisjustashorthand for (g1 A+ - - Agr)®@(p1A---Apy) L
Finally, combining (A.2) and (A.5) yields a natural isomorphism

Detp(T) ~R-(q1 A---Aqr)- (p1 A~ Apr)Y,

which will often be viewed as an identification.

A.3 Determinants over products of PID’s

Let Ry, ..., R, be PID’s and consider their product R := ]_[L'»’z1 Ri.Fori=1,...,nlet
e; € R be the idempotent corresponding to R;, so that there is an identification R; = ¢;R.
Let T be an R-module. For i = 1,...,n set T; := ¢;T; equivalently, 7; = T ®g R;. The
R-submodule 7; of T is naturally an R;-module and there is a canonical identification

T = éT,-
i=1

of R-modules. Assume now that T is finitely generated and torsion over R; of course, this
is tantamount to 7; being finitely generated and torsion over R; for everyi =1, ..., n. Let
Q(R) be the total quotient ring of R and set

Detr(T) := | [ Detr,(Ti) C [ ] frac(R;) = Q(R), (A.6)
i=1 i=1

where Detp, (1) is defined as in Sect. A.2. As in the n = 1 case treated above, we also
set Zg(T) := Detp(T) and Z,'(T) = Dety (7). In particular, Z((0)) = R. Finally, a
Sractional R-ideal will be, by definition, a product of the form I = I; x --- x I, where J;
is a fractional R;-ideal for j = 1, .. ., n; in this case, Zp(/) = ]_[]'7:1 vy ().

Remark A.5 In the applications we have in mind, the R; will be discrete valuation rings
(namely, they will be the completions of Of at prime ideals above a fixed prime number
p), so R will be regular.
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A.4 Determinants and base change
If R — S is a ring homomorphism and P is an object of Proj;g, then P ®g S is an object of
Projgg and there is a base change isomorphism

Detg(P) ®r S ~ Dets(P ®r S) (A.7)

of S-modules.

A.5 Determinants of complexes

Let Projg denote the category of complexes of R-modules that are quasi-isomorphic
to a bounded complex of R-modules in Projgg. For an object C*® in Projg, fix a quasi-
isomorphism C®* — C*® with a bounded complex C* of modules in Projfeg and define

Detg(C*) := [ [ Detz*(C) (A.8)
i€Z

([77, Definition 1.29]). If an object C* of Proj} has the property that H/(C®) is an object
of Projﬁég for all j, then there is an isomorphism

Det(C*) =~ [ Detly ¥ (H/(C*))
jEZ

of R-modules.

Appendix B Remarks on Pontryagin duals

We gather some facts about Pontryagin duals that are used in the main body of the paper.
These results are consequences of well-known properties of duals of local fields; however,
for several of them we could not find a convenient reference in the literature, so we decided
to collect them here for the reader’s benefit.

B.1 Generalities on Pontryagin duals

Let T := {z € C | |z]| = 1} =~ R/Z be the unit circle in the complex plane, viewed as a
subgroup of C*. The Pontryagin dual of a locally compact, Hausdorft topological abelian
group G is the group

G”" := Homeont(G, T) (B.1)

of characters of G, i.e., continuous homomorphisms from G to T, where T is equipped with
its natural complex topology (equivalently, the quotient topology of R/Z). In turn, G
can be endowed with the compact-open topology. This definition of Pontryagin dual does
not coincide, in general, with the one that is given in Sect. 2.19 for Z,-modules; however,
it is well known that if G is profinite, then the image of any continuous homomorphism
G — T is finite (take, e.g,, » = 1 in [62, Proposition 2.2]), so G = Homcont(G, Q/Z). Of
course, this equality is true also if G is a torsion abelian group. Thus, if G is either

+ aZj,-module that is a torsion abelian group

or

(2026) 13:64
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+ aprofinite Z,-module,

then G" = Homont(G, Qp/Zyp). In other words, with notation as in (2.57), G* = G".

Remark B.1 1f G is a profinite Z,-module, then every element of Homcont(G, Qp/Zp) is
Zp-linear. Conversely, if G is a finitely generated Z,-module, then a Z,-linear homo-
morphism G — Q,/Z, is always continuous, so G = G = HomZp(G, Qp/Zp) in this
case. More generally, suppose that %" is a finite extension of @, with valuation ring 0.
As explained, e.g, in [114, §2.9.1, §2.9.2], if G is a (co)finitely generated &-module, then
G" = GY >~ Homg (G, X /0O).

B.2 Pontryagin duals of finite extensions of Q,
Let % be a finite extension of Q. Recall the definition of Z" from (B.1). Fix a compatible
system ({pn),,; of p-power roots of unity: {,» € Q is a primitive p"-root of unity such that

g“}f,,ﬂ = ¢y for all m > 1; the standard choice is {n 1= e2"i/P" for all n > 1. Let us define

the (non-trivial) standard character xg € QQ by
+00 -1
k) ._ Ak,
XO( Z agp ) = 1_[ Cp\,]ip (BZ)
k=—Vl k:—n

here n € IN and a; € Z for all k > —n. More succinctly, with the choice of roots of unity
specified above, xo is the composition

X0 = (Qp — Qp/Zp — Q/Z ﬂ T>.

Now fix a non-trivial ¢ € . It turns out that for every € J#” there exists a unique
a,(¥) € A such that ¥ (x) = (/J(Clgo(l/f) x) for all x € 27" and the map

HN > K, Y —> a,() (B.3)

is an isomorphism of topological groups. See, e.g., [61, §8.3, Proposition 1] and [129, Ch.
7, Exercise 1] for details.

Remark B.2 The (non-trivial) standard character of Z is xo otr» /q ,» with xo asin (B.2).
Let ¢ be defined as in (2.57).
Proposition B.3 There is an isomorphism "~ ~ " of topological groups.

Proof Observe that Z, is contained in the kernel of the character xo from (B.2), so there
is an induced map

X0:Qp/Zp — T, [x] —> xo(x), (B.4)

where [x] is the image of ¥ € Q) in Q,/Z,. One can show that ¥o yields an isomorphism
of groups between Q,,/Z,, and the subgroup py,c C T of p-power roots of unity. In light
of this fact, from here on we shall view the map %o from (B.4) as an isomorphism

%0 : Qp/Zy —> . (B.5)
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Given ¢ € £, set " := %0 0 ¢ € J . On the other hand, given x € ", note that
im(x) C jup (the proofof [61, §8.3, Proposition 1], which treats the /2" = Q,, case, carries
over verbatim to our setting), so we can define x " := )‘(0_1 ox € AV Clearly, ¢ > ¢"
and x +— x " are topological group homomorphisms £ — J¢” and " — " that
are inverse to each other. O

Since we regard the character o € Q; described in (B.2) as canonical, we shall tacitly
view the isomorphism % ~ J# " as an identification. In light of (B.3), it follows that for
every non-trivial ¢ € £ there is an isomorphism of topological groups

ag: HY — K. (B.6)

Namely, for every » € J¢ there is a unique a, () € £ such that ¥ (x) = <p(a¢,(1p) x)
for all x € JZ; equivalently, ¥ (x) = wv(aw(l//) . x) forall v € Y and x € %, where
@Y € X corresponds to ¢ under the isomorphism of Proposition B.3.

In the special case %~ = Q) we shall take ¢ = xo and set a := a,,; here notice that x,
is given by

o(E o) (M ) =[]

k=—n k=—n k=—n

where, as above, [x] is the class of x € Q,, in Q,/Z, and %o is the isomorphism from (B.5).
In other words, x, is just the canonical projection Q, — Q,/Zy.

It is convenient to introduce the following notation: given ¥ € £ and ¢ € %, we
definec -y € £ by (c-¥)(x) :== ¥(cx) forallx € £ . This endows £ with a J# -vector
space structure, and an analogous definition can be given for .#". In particular, the image
of ¢ € 2 under the isomorphism 4, in (B.6) can be described by requiring a,(y) €

to satisfy ¥ = a,(¥) - ¢".

Proposition B.4 There is an isomorphism &~ =~ Homg (X, # |O) of topological
groups.

Proof Let w be a uniformizer for &, so that #" = lim _ @"&. For every n € Z, the

€Z
O-module w” 0 is (topologically) free of rank 1, so Remark B.1 ensures that there is an
isomorphism (w”&)" ~ Homg ("0, | ) of topological groups. It follows that there

are isomorphisms of topological groups
HY = @nez(w”ﬁ’)v ~lim Homg (w" 0, # | €) = Homg (A, H | 0),

as was to be shown. O

From here on, we view the isomorphism provided by Proposition B.4 as an identification
KN =Homg (K, X |0).

Remark B.5 The isomorphisms in (B.3) and Proposition B.3 are J# -linear, so " and
A are A -vector spaces of dimension 1.

(2026) 13:64
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B.3 On Pontryagin duals of .’7"-vector spaces
Let x.v : & — £ /0O be the canonical projection and let X := Oy be the O-
submodule of # generated by x.» .

Lemma B.6 An element of X is trivial on O if and only if it belongs to X .

Proof 1t is obvious that x  is trivial on &, so every element of X  is trivial on &. Now
pick ¥ € V. Thanks to isomorphism (B.3) and Proposition B.3, there exists a unique
ay (¥) € & suchthat ¥ = ay (V) - xr. On the other hand, the square

-1

T%JT (B.7)
H)O ———— 0V

is commutative. If ¥ is trivial on &, then v has trivial image in 'V, and the commutativity
of (B.7) ensures that the image of a_» () in 2"/ 0 is trivial as well, i.e., a ¢ () € 0. This
shows that ¢ belongs to X . ]

Now let V' be a . -vector space of finite dimension, say r. Let 8 = {v1,...,v,} be a
basis of V over JZ; it induces topological isomorphisms V >~ JZ” and

VYo~ (VY. (B.8)

Analogously to what was done in Sect. B.2 for #” and ¢, one can endow V" with
a natural % -vector space structure, and then V" is r-dimensional over .#" (¢f Remark
B.5).

Remark B.7 There is an isomorphism VY >~ V” of topological groups, which we can

view as a canonical identification.

Foreachi € {1, ..., r}, write vl.v for the element of V¥ corresponding under isomorphism
(B.8) to the element of (.#")" with all components equal to 0 except the i-th that is equal
to x.. Equivalently, the elements v;, . . ., v, give rise to the dual basis {v], ..., v} of the
A -linear dual of V by the recipe v} (v;) := 8;;, where §;; is the Kronecker delta: composing
the % -linear maps v; with x_, we obtain the elements v,” of the Pontryagin dual V.

Lemma B.8 The elements vy, ...,v, are linearly independent over O.
Proof Suppose there is an equality
avy +---+av) =0 (B.9)

with ay, ..., a, € 0 and there is j such that a; # 0; let v; € IN be the valuation of ;. Let
@ € O be a uniformizer and notice that x » is &-linear. Then

(avy + -+ arvrv)(zzr_(“/+1)v,) =y (4 w—(v,-+1)) #0,

where the inequality on the right is a consequence of the fact that a; @~ Wt ¢ @, This
contradicts (B.9). O
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Since % is the quotient field of &, it follows from Lemma B.8 that v}/, ..., v are linearly
independent over ¢ as well. Keeping in mind that V" is an r-dimensional J# -vector
space, it makes sense to give

Definition B.9 The Pontryagin dual basis of 2 is the basis 2" := {vY, ..., v/} of V¥ as
a . -vector space.

Now let Tz be the O-lattice in V spanned by % and write E4 for the O-lattice in V'
spanned by V.

Proposition B.10 An element of V'V belongs to B if and only if it is trivial on T .

Proof Immediate from Lemma B.6. ]
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