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Abstract

Assuming specific instances of two general conjectures in arithmetic algebraic
geometry (bijectivity of p-adic regulator maps, injectivity of p-adic Abel–Jacobi maps),
we prove several cases of the p-part of the Tamagawa number conjecture (p-TNC) of
Bloch–Kato and Fontaine–Perrin-Riou for (homological) motives of modular forms of
even weight≥ 4 in analytic rank 1. More precisely, we prove our results for a large class
of newforms f and prime numbers p that are ordinary for f and such that the weight of
f is congruent to 2 modulo 2(p− 1). Inspired by work of W. Zhang in weight 2, which
builds on the congruence method originally developed by Bertolini–Darmon, the key
ingredient in our strategy is an analogue for p-adic Galois representations attached to
higher (even) weight newforms of Kolyvagin’s conjecture on the p-indivisibility of
derived Heegner points on elliptic curves, which we prove via a p-adic variation
method exploiting the arithmetic of Hida families. Along the way, we also prove (under
similar assumptions) the p-TNC for modular motives in analytic rank 0 and the
rationality conjecture of Beilinson and Deligne on the existence of zeta elements on the
fundamental line in analytic ranks 0 and 1. Prior to this work, the only known results on
(questions related to) the p-TNC for modular motives were in weight 2 and analytic rank
≤ 1 and in even weight and analytic rank 0. As further applications of our result on
Kolyvagin’s conjecture in higher weight, we deduce a structure theorem for Selmer
groups, p-parity results, converse theorems and higher rank results for modular forms
and modular motives.
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5.5.1 Nekovář’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.5.2 Comparing Shafarevich–Tate groups . . . . . . . . . . . . . . . . . . . . . .
5.5.3 On Conjecture 2.30, ran(M) ∈ {0, 1} . . . . . . . . . . . . . . . . . . . . . . .
5.5.4 Proof of Conjecture 2.40, ran(M) = 0 . . . . . . . . . . . . . . . . . . . . . .

5.6 p-TNC forM in analytic rank 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6.1 p-adic L-functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6.2 Comparing the periods of f and f K . . . . . . . . . . . . . . . . . . . . . . . .
5.6.3 Greenberg’s Selmer group . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6.4 Proof of p-TNC, ran(M) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . .

5.7 Kolyvagin’s conjecture and Shafarevich–Tate groups . . . . . . . . . . . . . . . . . .
5.7.1 A structure theorem forXBK

p (K,M) . . . . . . . . . . . . . . . . . . . . . .
5.7.2 Some consequences onXBK

p (K,M) and yK,p . . . . . . . . . . . . . . . . . .
5.8 Rationality conjecture forM in analytic rank 1 . . . . . . . . . . . . . . . . . . . . .

5.8.1 Splitting CHk/2
arith(X/L)F over the Hecke algebra . . . . . . . . . . . . . . . . .

5.8.2 A distinguishedQ-rational cycle . . . . . . . . . . . . . . . . . . . . . . . . .
5.8.3 Proof of Conjecture 2.40, ran(M) = 1 . . . . . . . . . . . . . . . . . . . . . .

5.9 p-TNC forM in analytic rank 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.9.1 Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.9.2 Tamagawa ideals ofM(f K ) . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.9.3 Comparison of periods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.9.4 Proof of Theorem B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

6 On the structure of Selmer groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.1 Vanishing order of κf,∞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2 A structure theorem for H1

f (K,Ap) . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2.1 A lemma on pm-torsion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2.2 Structure theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

7 Parity results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.1 A p-parity result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.2 Proof of part (1) of Theorem D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8 Converse theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
8.1 p-converse theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8.1.1 Results over K . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
8.1.2 Assumption (GS) and results overQ . . . . . . . . . . . . . . . . . . . . . . .

8.2 Proof of part (2) of Theorem D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9 Higher rank results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9.1 Higher rank results for f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.1.1 Assumption (reg) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.1.2 Higher rank results for f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9.2 Proof of parts (3) and (4) of Theorem D . . . . . . . . . . . . . . . . . . . . . . . . .
AppendixA Determinants of projective modules . . . . . . . . . . . . . . . . . . . . . . .

A.1 Determinants over commutative rings . . . . . . . . . . . . . . . . . . . . . . . . . .
A.2 Determinants over PID’s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A.3 Determinants over products of PID’s . . . . . . . . . . . . . . . . . . . . . . . . . . .
A.4 Determinants and base change . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
A.5 Determinants of complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

AppendixB Remarks on Pontryagin duals . . . . . . . . . . . . . . . . . . . . . . . . . .
B.1 Generalities on Pontryagin duals . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
B.2 Pontryagin duals of finite extensions ofQp . . . . . . . . . . . . . . . . . . . . . . .



   64 Page 6 of 136 M. Longo, S. Vigni Res Math Sci (2026) 13:64

B.3 On Pontryagin duals ofK -vector spaces . . . . . . . . . . . . . . . . . . . . . . . .
Declarations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 Introduction
The Tamagawa number conjecture (TNC, for short) of Bloch and Kato [15] predicts
formulas for special values of L-functions of motives and represents a vast generaliza-
tion of the analytic class number formula and of the Birch–Swinnerton-Dyer conjecture
for abelian varieties. The conjecture of Bloch–Kato, which was originally expressed (by
analogy with the theory of algebraic groups) in terms of Haar measures and Tamagawa
numbers, was later reformulated and extended by Fontaine and Perrin-Riou ([43]; cf. also
[42]) using the language of determinants of complexes and Galois cohomology; similar
ideas were developed also by Kato [72,73]. The Tamagawa number conjecture was then
generalized by Burns and Flach to an equivariant setting that covers the case of motives
with not necessarily commutative coefficients [21,22], thus giving birth to the so-called
equivariant Tamagawa number conjecture.
The main result of the present paper is a proof of the p-part of the Tamagawa number

conjecture (p-TNC) for theGrothendieck (i.e., homological)motive of amodular form f in
analytic rank 1; we assume very specific instances of two general conjectures in arithmetic
algebraic geometry (bijectivity of p-adic regulator maps, injectivity of p-adic Abel–Jacobi
maps) and some technical conditions on f and p. In the rest of this introduction we will
describe our results; this will also give us an occasion to outline the structure of the article.

1.1 A reformulation of p-TNC for modular motives

The first result we describe is a reformulation of the p-part of the TNC for the motive
of a higher, even weight modular form. Although a large portion (if not all) of what we
say below applies to weight 2 forms as well (see, e.g., [77] for the case of rational elliptic
curves), in what follows we prefer to stick to the case of weight larger than 2, as in the
weight 2 setting most of the notions that we introduce become significantly simpler and
the notation that we use turns out to be unnecessary cumbersome when dealing with
weight 2 newforms (whose motives are given by Jacobians of modular curves).

1.1.1 Modularmotives and their arithmetic invariants

Let N ≥ 1 be an integer, let k ≥ 4 be an even integer and let f ∈ Sk (�0(N )) be a
normalized newform of weight k and level �0(N ), whose q-expansion will be denoted
by f (q) = ∑n≥1 an(f )qn. Let F := Q

(
an(f ) | n ≥ 1

) ⊂ C be the totally real number
field generated over Q by the Fourier coefficients of f and let OF be its ring of integers.
Put F∞ := F ⊗Q R; moreover, for a prime number p set also Fp := F ⊗Q Qp and
Op := OF ⊗Z Zp. We attach to f (and a prime p) the following objects.

• The motive M = (X,�, k/2) of f . This is a Grothendieck (i.e., homological) motive
defined over Q with coefficients in F , equipped with its étale realization Vp for each
prime number p (which is an Fp-module), its Betti (i.e., singular) realizationVB and its
de Rham realization VdR (which are F-vector spaces), and comparison isomorphisms
between these realizations. Here X is the Kuga–Sato variety of level N and weight k ,
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while� is a projector on the ring of correspondences of X ; see Sects. 2.2 and 2.4 for
details.

• The (Bloch–Kato) Shafarevich–Tate groupXBK
p (Q,M) ofM at p, which is defined

as the quotient of the Bloch–Kato Selmer group of Vp/Tp by its maximal p-divisible
subgroup, where Tp is a suitable Galois-stableOp-lattice in Vp (see Sect. 2.18). In our
arguments, the interplay between the finite groupXBK

p (Q,M) and the Shafarevich–
Tate groupXNek

p (Q,M) of Nekovář, which is the quotient of the Bloch–Kato Selmer
group ofVp/Tp by the image of a certain p-adic Abel–Jacobi map, will be crucial (see,
e.g., Sects. 5.5.2 and 5.7.1).

• For every place v ofQ and prime p, a TamagawaOp-ideal Tam
(p)
v (M), whose defini-

tion is recalled in Sect. 2.21 (in particular, Tam(p)
v (M) = Op for all but finitely many

v).
• The p-torsion part Torsp(M) ofM (see Sect. 2.23.1).
• The period �M ∈ (F ⊗Q C)× coming from the comparison isomorphism between

Betti and de Rham realizations (notice that, in practice, we actually workwith a period
�∞ ∈ F×∞, which is defined in Sect. 2.5, that takes care of an appropriate twist in the
Betti realization and is related to�M by the equality �M = �∞/(2π i)k/2).

• The motivic cohomology group H1
mot(Q,M), defined in Sect. 2.6. This is a conjec-

turally finite-dimensional F-vector space; assuming this finite-dimensionality (see
Conjecture 2.12), we set

ralg(M) := dimF
(
H1
mot(Q,M)

)
.

The F∞-moduleH1
mot(Q,M)⊗F F∞ is equipped with a conjecturally non-degenerate

height pairing à laGillet–Soulé (see Sect. 2.7); wewrite RegB (M) for the determinant
of this pairing with respect to an F-basisB of H1

mot(Q,M), so that RegB (M) �= 0 if
the pairing is non-degenerate. The Fp-module H1

mot(Q,M)⊗F Fp is endowed with a
p-adic regulator map

regp : H1
mot(Q,M)⊗F Fp −→ H1

f (Q, Vp)

with values in the Bloch–Kato Selmer groupH1
f (Q, Vp) ofVp; this map is conjectured

to be an isomorphism of Fp-modules (see Conjecture 2.50).
• The completed L-function	(M, s) ofM, which is an entire function onC. We write

ran(M) (respectively, 	∗(M, 0)) for the order of vanishing (respectively, the leading
term of the Taylor expansion) of	(M, s) at s = 0 (see Sect. 2.9).

All these invariantswill appear in our reformulation of thep-part of theTNC forM, which
uses the language of determinants of (complexes of) projective modules, as proposed by
Fontaine–Perrin-Riou in [43] (at least when the field of coefficients isQ, the formulation
of Fontaine–Perrin-Riou is indeed equivalent to the one originally given by Bloch–Kato:
see, e.g., [42,118] for details).

1.1.2 A reformulation of p-TNC forM: assumptions

As above, p is a prime number. To prove the result below, we work under the following
assumptions, for precise statements of which we refer to later sections:
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(1) the Gillet–Soulé height pairing is non-degenerate (i.e., Conjecture 2.18 holds true);
(2) the rationality conjecture of Beilinson and Deligne on the existence of zeta elements

on the fundamental line (Conjecture 2.40) holds true;
(3) the p-adic regulator regp is an isomorphism (i.e., Conjecture 2.50 overQ holds true);

If regp is an isomorphism for some prime p, then H1
mot(Q,M) has finite dimension over

F (i.e., Conjecture 2.12 over Q holds true). Note that the non-degeneracy condition in
(1) is imposed only to force RegB (M) to be non-zero and thus can be removed once we
know that, in the arithmetic situations we consider, RegB (M) �= 0. Significant advances
on (let alone complete proofs of) any of the conjectures above in a general setting would
represent amajor breakthrough in arithmetic geometry: in this paperwe have nothing new
to say about them and simply content ourselves with assuming their validity in specific
instances whenever needed. However, it is worthwhile to remark that in the low rank
contexts we are interested in (i.e., when ran(M) ∈ {0, 1}) we know that RegB (M) �= 0
either by definition (if ran(M) = 0, in which case RegB (M) := 1) or as a consequence
of S.-W. Zhang’s formula of Gross–Zagier type for higher weight modular forms [165].
Furthermore, assuming the injectivity of certain p-adic Abel–Jacobi maps, we can also
prove that if ran(M) ∈ {0, 1}, then the rationality conjecture of Beilinson and Deligne is
true (Theorems 5.24 and 5.37). Therefore, conditions (1) and (2) will not be needed in the
proofs of the main results of Section 5, where we assume that ran(M) ∈ {0, 1}.

1.1.3 A reformulation of p-TNC forM: statement

In the following lines, for a finiteOp-moduleM we denote by I(M) theOp-ideal such that

ordp
(
I(M)

) = lengthOp
(M)

for each prime p of F above p, where Op is the completion of OF at p and ordp is the
p-adic valuation.

Theorem A Under the assumptions in Sect. 1.1.2, the p-part of the TNC forM is equiv-
alent to the equality

(
	∗(M, 0)

�M · RegB (M)

)
= I
(
XBK

p (Q,M)
) · Ip(γf ) ·

∏
v∈S Tam

(p)
v (M)

(
det(A)

)2 · Torsp(M)

of fractionalOp-ideals.

The reader is referred to Sect. 2.23 for the terms Ip(γf ) andA ∈ GLralg(M)(Fp), the latter
being denoted by AB̃ later in the text. To sketchily explain their roles, we observe that
the definitions of some of the objects appearing in Theorem A, which are introduced in
Sect. 1.1.1, involve choices (not reflected in the notation above) of suitable bases; these
are encoded in the terms Ip(γf ) and A, and then it can be checked that the validity of the
resulting formula is independent of such choices.
To the best of our knowledge, Theorem A, which corresponds to Theorem 2.83, offers

the first reformulation of such an explicit kind of p-TNC forM in arbitrary analytic rank;
a similar interpretation when ran(M) = 0 was proposed by Dummigan–Stein–Watkins
[38].
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1.2 p-TNC forM in analytic rank 1

We can now describe our main result on the p-TNC for the modular motiveM.

1.2.1 p-TNC forM in analytic rank 1: assumptions

We prove our result under the following assumptions:

(1) an integral variant of regp is an isomorphism (see Sects. 3.4.3 and 3.4.4);
(2) certain p-adic Abel–Jacobi maps are injective on suitable modules of Heegner-type

cycles (see Sect. 5.1.3).

Moreover, we also assume all the conditions described in Sect. 1.3.1 (or, rather, minor
variations thereof), so as to be able to apply Theorem C. Observe, in particular, that the
square-freeness ofN forces f not tobeCM; in addition, k andpmust satisfy the congruence
k ≡ 2 (mod 2(p− 1)). Here we are deliberately vague about hypothesis (2), as the actual
injectivity properties of p-adic Abel–Jacobimaps that are needed are too technical to state
in this introduction: we just remark that, while it seems to be a “folklore” conjecture that
such maps are always injective, in this article we need to impose this injectivity condition
only in very specific cases (cf. Remark 5.23 for further comments).

1.2.2 p-TNC forM in analytic rank 1: statement

As before, ralg(M) (respectively, ran(M)) denotes the algebraic (respectively, analytic)
rank ofM.

Theorem B (p-TNC for M) Suppose that ran(M) = 1. Under the assumptions in Sect.
1.2.1, the following results hold:

(1) ralg(M) = 1;
(2) XBK

p (Q,M) =XNek
p (Q,M);

(3) the p-part of the TNC forM is true.

This result corresponds to Theorem 5.42. Albeit not available (as far as we know) in the
literature, andnever formulated for themotiveM, parts (1) and (2)were essentially already
known, thanks to a combination of work of Nekovář on the arithmetic of Chow groups
of Kuga–Sato varieties [110] and analytic results by Bump–Friedberg–Hoffstein [20],
Murty–Murty [107] and Waldspurger [160]; thus, the novelty of Theorem B lies almost
entirely in part (3). We prove the p-part of the TNC for M by showing that, under the
assumptions described above, the equality in TheoremA is satisfied. In doing so, a key role
is playedbyourproof of a higherweight counterpart of a conjecturedue toKolyvagin about
the non-triviality of his systemof “derived”Galois cohomology classes built out ofHeegner
points on elliptic curves ([82, Conjecture A]): in Sect. 1.3, we outline our arguments for
proving this Kolyvagin-type conjecture. Among the several other ingredients that enter
our proof of Theorem B, we would like to highlight fundamental results by Kato [74] and
by Skinner–Urban [151] on the Iwasawa theory of modular forms, which led us to a proof
of an analogue of Theorem B (in particular, of the p-part of TNC forM) in analytic rank
0 (Theorem 5.29). Finally, we point out once more that, along our way to Theorem B, we
prove (under the assumptions in Sect. 1.2.1) the rationality conjecture of Beilinson and
Deligne both in analytic rank 0 (Theorem 5.24) and in analytic rank 1 (Theorem 5.37).
Sincewe know, as a by-product of Zhang’s formula of Gross–Zagier type for higher weight
modular forms [165], that RegB (M) �= 0 when ran(M) = 1, the only assumption from
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Sect. 1.1.2 that we need to impose is (an integral variant of) the one concerning regp (cf.
condition (1) from Sect. 1.2.1).

1.3 Kolyvagin’s conjecture in higher weight

Inspired by work of W. Zhang in weight 2 [166], which builds on the congruence method
originally developed by Bertolini–Darmon to prove one divisibility in the anticyclotomic
Iwasawa main conjecture for rational elliptic curves [9], the key ingredient in our proof
of Theorem B is an analogue for p-adic Galois representations attached to higher (even)
weight newforms of Kolyvagin’s conjecture on the p-indivisibility of derived Heegner
points on rational elliptic curves, which we prove via a p-adic variation method exploiting
the arithmetic of Hida families of modular forms.

1.3.1 Kolyvagin’s conjecture: assumptions

Let p be a prime of F above the prime number p. Write DF for the discriminant of F and
cf for the index of the order Z

[
an(f ) | n ≥ 1

]
in OF . We prove Kolyvagin’s conjecture

under the following assumptions on the pair (f, p):

(1) N ≥ 3 is square-free;
(2) p � 6NDFcf ;
(3) k ≡ 2 (mod 2(p− 1));
(4) ap(f ) ∈ O×p ;
(5) ap(f ) �≡ 1 (mod p).

We further require the p-adic Galois representation attached to f to have big image (by
which we mean that the image of this representation contains all g ∈ GL2(Op) such that
det(g) ∈ (Z×p )k−1, cf. Sect. 3.1.1) and impose suitable ramification conditions on residual
representations at primes dividingN (cf. Sect. 4.5.2). With the exception of (3), which we
briefly comment upon in Sect. 1.3.3, these assumptions are analogous to those appearing
in weight 2 in [166]: at least in principle, they could be relaxed (cf. Remark 4.15 for the
ordinariness condition (4)), but doing sowould add extra technicalities to the proofs, while
bringing at the same time no significant novelty to the main arguments. Finally, observe
that the other assumptions in Sect. 1.1.2 and Sect. 1.2.1 play no role in the statement and
proof of Kolyvagin’s conjecture.

1.3.2 Kolyvagin’s conjecture: statement

Let p � 6NDFcf be a prime number such that the p-adic Galois representation attached to
f has big image: this rules out only finitely many p. Choose an imaginary quadratic field K
where all the prime factors ofNp split. Fix a prime p of F above p. Using Heegner cycles on
Kuga–Sato varieties [110] in place of Heegner points on elliptic curves, we mimic a recipe
of Kolyvagin and define a set κf,∞ of Kolyvagin-type “derived” Galois cohomology classes
in H1(K, Tp/pMTp) for suitable integers M, where Tp := Tp ⊗Op Op. We call κf,∞ the
Kolyvagin set associated with f , K , p: see Sects. 4.2 and 4.3 for the detailed construction
of κf,∞.

Theorem C (Kolyvagin’s conjecture) Under the assumptions in Sect. 1.3.1, κf,∞ �= {0}.

Theorem C, which corresponds to Theorem 4.14, shows that the higher (even) weight
counterpart of Kolyvagin’s conjecture for elliptic curves that was first formulated in [97,
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Conjecture A] holds true for ordinary primes p satisfying the conditions described above.
Actually, in Theorem 4.14 we prove a stronger statement that implies Kolyvagin’s conjec-
ture. We remark that Kolyvagin’s original conjecture was proved (at least in the ordinary
case, under some technical assumptions) by W. Zhang for p � N and by Skinner–Zhang
for p ‖N . Other than a crucial role in our proof of Theorem B, Theorem C has also conse-
quences on structure theorems for Selmer groups, p-parity results, converse theorems and
higher rank results for modular forms and modular motives, some of which are outlined
in Sect. 1.4.

1.3.3 Kolyvagin’s conjecture: strategy of proof

Our strategy for proving Theorem C is based on a deformation-theoretic approach; in a
nutshell, it goes as follows:

(1) we take the p-adic Hida family f passing through our p-ordinary form f (or, rather,
through the p-stabilization of f );

(2) we consider big Heegner points Xn ∈ H1(Kn,T†) à la Howard, where Kn is the
ring class field of K of conductor n and T† is the critical twist of Hida’s “big Galois
representation” attached to f ;

(3) we define Kolyvagin-type classes d(f , n) ∈ H1(Kn,T†) built out of the Xn;
(4) finally, we combine results of Zhang [166] and Skinner–Zhang [152] on Kolyvagin’s

conjecture for (modular) abelian varieties and specialization results of Howard [64],
Castella [27] and Ota [122] for big Heegner points to deduce, using the classes d(f , n),
Kolyvagin’s conjecture for f from the corresponding statement in weight 2.

As explained in Sect. 4.8.2, the congruence k ≡ 2 (mod 2(p − 1)) allows us to directly
compare residual self-dual representations attached to the specializations at weight k and
at weight 2 of f ; in fact, we found it quite natural to use the results already available
in weight 2 as a “bridge” to the general case. It might be possible to efficiently combine
twisting techniques of Chida–Hsieh [29] with recent progress on the p-adic variation of
Heegner points due to Büyükboduk–Lei [25], Disegni [37] and Jetchev–Loeffler–Zerbes
[68] to get rid of this congruence condition by considering both f and a twistedHida family
of the form f ⊗χ for an appropriately chosen character χ (in this sense, a combination
of [29] and [37] seems to be particularly promising). In order to keep the size of the
present paper under (reasonable) control, we preferred not to pursue this question here,
but we would like to come back to it in the near future. Finally, we point out that a direct
generalization of Zhang’s strategy from [166] to the higher weight case (which avoids p-
adic variation methods) has been developed, under the condition p > k + 1, in our recent
joint paper [90] with Pati. In particular, our arguments in [90] build crucially on results of
Wang on the indivisibility of Heegner cycles over Shimura curves [161]; see Remark 4.16
for more details.
To further elaborate on our congruence assumption on k and p, notice that for a given

f the condition k ≡ 2 (mod 2(p − 1)) is clearly satisfied only by finitely many primes
p. However, by arguing as follows we can offer infinitely many examples of pairs (f, p)
enjoying this property. Let f be a newform of weight 2, level �0(N ) and trivial character
and let p � N be an ordinary prime for f , then take the Hida family passing through the
p-stabilization of f . There are infinitely many cusp forms of weight k such that k ≡ 2
(mod 2(p− 1)), level �0(Np) and trivial character appearing as specializations of the Hida
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family at k : these forms are ordinary p-stabilizations of newforms of weight k , level �0(N )
and trivial character to which our results apply.

1.4 Other consequences of Theorem C

As hinted above, we deduce fromTheoremC, in addition to the p-TNC forM, a structure
theorem for Selmer groups (Theorem 6.4), a p-parity result (Theorem 7.1), converse
theorems (see, e.g., Theorem8.4) and higher rank results (Theorem9.2). The next theorem
is a sample of these results.

Theorem D Under suitable assumptions onheight pairings andp-adicAbel–Jacobimaps,
the following statements are true:

(1) ralg(M) ≡ ran(M) (mod 2);
(2) if ralg(M) = 1, then ralg(M) = ran(M);
(3) if ran(M) > 1 is even, then ralg(M) ≥ 2;
(4) if ran(M) > 1 is odd, then ralg(M) ≥ 3.

Each result in Theorem D is proved under its own set of specific assumptions on the
non-degeneracy of Gillet–Soulé height pairings and the injectivity of p-adic Abel–Jacobi
maps: since their formulations are rather intricate, we do not attempt to describe these
hypotheses here and simply refer to Sections 6–9 for all details.

1.5 Comments on the assumptions

We previously pointed out that the main results of this paper will be proved under (par-
tially) different sets of assumptions. As a general rule, in each section we indicate the
running assumptions under which we are working, in the hope that this will help readers
to isolate the specific hypotheses that are needed for a given theorem. Inevitably, this
policy leads to overlaps between all these lists of conditions. In order to try to remedy
(at least in part) this inconvenience, in the lines that follow we collect the hypotheses in
Assumption 5.38, which is in force in Theorem B, the main contribution of the present
article. Explanations on these issues can already be found in this introduction and further
details will be given at length in the main body of the paper, so here we refrain from
illustrating the reasons why we need to impose every single condition appearing below.

1.5.1 Assumptions in arithmetic algebraic geometry

The general hypotheses in arithmetic algebraic geometry that we need are the following
two:

• an integral variant of the p-adic regulator map is an isomorphism;
• p-adic Abel–Jacobi maps are injective on suitable modules of Heegner-type cycles.

These are specific instances of major conjectures that are expected to hold true for all
primes p: in this paper, we simply assume their validity when necessary.

1.5.2 Assumptions onmodular forms and Galois representations

As before, let p be a prime of F above p; write ρp (respectively, ρ̄p) for the p-adic (respec-
tively, mod p) representation attached to f . With notation as above, here is the list of
assumptions on the pair (f, p) we work under:
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• N ≥ 3 is square-free;
• p � 6NDFN(af,�0(N ))cf ;
• ρp has big image;
• f is p-isolated, i.e., there are no non-trivial congruences modulo p between f and

normalized eigenforms in Sk (�0(N ));
• ap(f ) ∈ O×p for all primes p of F above p;
• ap(f ) �≡ 1 (mod p) for all primes p of F above p;
• ρ̄p is ramified at all primes dividing N for all primes p of F above p;
• k ≡ 2 (mod 2(p− 1)).

Here N(af,�0(N )) denotes the norm of a certain ideal af,�0(N ) of OF defined in Sect. 5.3.6.
The first four conditions rule out only finitely many “exceptional” primes p, which can be
explicitly characterized, though the available results in our higher weight setting seem to
bemuch less refined than the corresponding ones in weight 2, especially for elliptic curves
(cf.Remarks 3.5 and3.10).Notice that, in this paper,we always use the “big image” property
in the guise of Proposition 3.3, which essentially asserts that residual representations are
irreducible (cf. Remark 3.4). It turns out that the fourth condition is satisfied for all but
finitely many p, which can be explicitly characterized (cf. Sect. 3.2.1). In order to better
understand the role of p-isolation, observe that the paper [9] by Bertolini–Darmon, whose
congruence method was exploited by W. Zhang in [166], assumes that the prime p does
not divide the degree of a modular parametrization of a given rational elliptic curve
E, which implies that the weight 2 newform attached to E is indeed p-isolated; this p-
isolation hypothesis was removed by Pollack–Weston in [126] and, in fact, Zhang uses
results from [126] to get rid of this assumption. Higher weight generalizations of the work
by Pollack–Weston have been studied by Kim–Ota in [76], so it could be tempting to
try to relax (or even remove) the p-isolation assumption also in our proof of p-TNC for
M. Unfortunately, things appear to be a little trickier here, since we use this property to
ensure that the integerm ≥ 0 introduced right before [110, Proposition 3.1] is 0 (formally,
this is justified by (3.9)). Presently, in general we cannot control the integerm effectively
(although we suspect it is equal to the valuation at p of the congruence ideal), so we
chose to stick to the p-isolation condition when needed; furthermore, as remarked earlier,
p-isolation excludes only finitelymany p, which is in line with the philosophy of this paper.
Coming back to our list of assumptions, the fifth condition is an ordinariness property at

the primes of F above p: by analogy with what happens in weight 2, one expects it to hold
for infinitely many primes p. On the other hand, the sixth condition plays a role in our
proof ofKolyvagin’s conjecture,more precisely,whendealingwithweight 2 specializations
of big Heegner points in our p-adic Hida family (this is ultimately due to the fact that we
cannot a priori exclude that the weight 2 specialization of the Hida family has conductor
Np), while the residual ramification properties at the prime divisors of N are the higher
weight counterpart of an analogous condition for rational elliptic curves in [166]. The last
assumption, requiring that k ≡ 2 (mod 2(p − 1)), is a condition on the p-adic weight
space of Coleman–Mazur [31] and forces the inequality p < k (this was commented upon
in Sect. 1.3.3). As is explained in Remarks 3.5 and 3.10, this suggests that, in particular, the
big image and the p-isolation properties are genuine constraints we will need to impose
on the pair (f, p): in particular, we cannot make sure they are satisfied by simply taking the
prime p to be “large enough” with respect to the weight k of f .
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Finally, we remark once again that, as already stressed, the big image, the p-isolation
and the ordinariness assumptions on f should all be dispensable, although at the moment
it is not completely clear to us how to remove them altogether from our arguments. In
particular, following considerations of Lenstra [87], the condition of p-isolation is used in
Sect. 3.2.4 to obtain a very useful splitting of Hecke algebras; however, this property plays
no role, e.g., in our proof of Kolyvagin’s conjecture.

1.5.3 A general strategy to produce examples

Clearly, the most delicate assumptions on f as far as their compatibility is concerned
are the third, the fourth and the last one in Sect. 1.5.2. Here we would like to describe
a general procedure that allows us to produce infinitely many examples of pairs (f, p) as
above satisfying all those three properties.
Step 1.Pick a semistable elliptic curveE overQof conductorN and let fE ∈ S2(�0(N ))

be the newform associated with E.
Step 2. Choose a prime number p � N that is ordinary for E such that

• the image of the Galois representation attached to the p-adic Hida family fE passing
through (the p-stabilization of) fE is big [39];

• fE is p-isolated.

At the cost of taking p sufficiently large (which we can do, since there are infinitely many
ordinary primes for E), these two conditions can be satisfied simultaneously (see, e.g., [159,
Theorem 4.15] and Sect. 3.2.1).
Step 3. Notice that, by standard facts in Hida theory, the conditions required in the

previous step force all (classical) specializations of fE at even weights to have irreducible
residual Galois representations (see, e.g., [159, §4.5]) and be p-isolated.
Step 4. Observe that, by Step 3, every (classical) specialization of fE of weight k

such that k ≡ 2 (mod 2(p− 1)) satisfies the third, the fourth and the last assumptions in
Sect. 1.5.2.

1.6 Relation to the existing literature

Prior to this work, the only known results on (questions related to) the p-TNC for modu-
lar motives were in weight 2 and analytic rank at most 1 and in even weight and analytic
rank 0. More precisely, the p-part of the Birch and Swinnerton-Dyer formula for elliptic
curves over Q (i.e., for weight 2 newforms with rational Fourier coefficients) of ana-
lytic rank at most 1 has been the subject, under different arithmetic assumptions and in
various degrees of generality, of intense study in recent years. Here we would like to men-
tion, in (rough) chronological order, the papers by Kobayashi [79], Skinner–Urban [151],
W. Zhang [166], Skinner–Zhang [152], Berti–Bertolini–Venerucci [7], Jetchev–Skinner–
Wan [69], Castella [26]. None of these articles is written in a motivic language or refers
to the Tamagawa number conjecture explicitly, but all of them prove de facto results on
the p-TNC for the motives of elliptic curves over Q, as it is known that the (complete)
Birch–Swinnerton-Dyer conjecture for an elliptic curve is equivalent to the Tamagawa
number conjecture for the corresponding motive (see, e.g., [77] for a detailed explanation
of this equivalence, which is highly non-trivial).
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As formotives of higherweightmodular forms,workofDummigan–Stein–Watkins [38]
deals with the analytic rank 0 case. Results in a rank 0 setting have been obtained also by
Fouquet–Wan [44].More recently, some of the results inweight 2 in the above-mentioned
papers were partially extended to higher weights by Thackeray [155]. In particular, a
formula was proved that relates the orders of Shafarevich–Tate groups to logarithms of
generalized Heegner cycles à la Bertolini–Darmon–Prasanna [10]; this formula might be
linked to ours and could perhaps be used to deduce, following our approach, the p-TNC
for M. Finally, we point out that, along different lines of investigation, the Tamagawa
number conjecture for motives of modular forms was the subject of Gealy’s PhD thesis
[46], while Diamond–Flach–Guo studied the Tamagawa number conjecture for adjoint
motives of modular forms [35,36].

1.7 Notation and conventions

We denote by Q̄ the algebraic closure of Q inside C and write Z̄ for the ring of integers
in Q̄ (i.e., the integral closure of Z in Q̄). For every prime number � we fix an algebraic
closure Q̄� ofQ�.
For any number field K we denote by GK := Gal(K̄/K ) the absolute Galois group of

K , where K̄ is a fixed algebraic closure of K . For any continuous GK -moduleM we write
Hi(K,M) for the i-th continuous cohomology group of GK with coefficients in M in the
sense of Tate ([154, §2]). Finally, if K/F is an extension of number fields, then

resK/F : Hi(F,M) −→ Hi(K,M), coresK/F : Hi(K,M) −→ Hi(F,M)

denote the restriction and corestriction maps in cohomology, respectively.

2 The TNC for motives of modular forms
We describe the Tamagawa number conjecture (TNC, for brevity) of Bloch–Kato ([15,
Conjecture 5.15]) in the case of motives of modular forms. As will be clear, our exposition
follows [43,77] quite closely. We remark that the TNC for modular forms in analytic rank
0 was also considered by Dummigan–Stein–Watkins in [38], while Diamond–Flach–Guo
studied in [36] the TNC for adjoint motives of modular forms. Results in rank 0 have also
been obtained by Fouquet–Wan in [44].
Althoughwe are chiefly interested in theTNCoverQ, we introduce some of the relevant

notions (e.g., motivic cohomology, L-functions, Selmer groups, Shafarevich–Tate groups)
over arbitrary number fields; in particular, we will eventually need to work over certain
imaginary quadratic fields. For details on the TNC for more general motives, the reader
may consult, e.g., [21,41,77].

2.1 Review of motives

We briefly review the basic definitions in the theory of motives; for details, the reader is
referred, e.g., to [2, Ch. 4], [96,140].

2.1.1 Puremotives

LetK be a field and write VK for the category of smooth projective schemes overK . Given
an objectX of VK and d ∈ N, denote byZd(X) the group of cycles of codimension d onX ,
i.e., the free abelian group generated by the irreducible subschemes of X of codimension
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d. Let∼ be an adequate equivalence relation on cycles (see, e.g., [2, Définition 3.1.1.1]) and
let R be a commutative ring. Set Zd∼(X)R := (Zd(X)⊗Z R

)/ ∼; it will also be convenient
to put Zd∼(X)R = 0 for d ∈ Z<0. Let X, Y be objects of VK and suppose that X is of
pure dimension d; the group of correspondences modulo∼ of degree r from X to Y with
coefficients in R is

Corrr∼(X, Y )R := Zd+r∼ (X ×K Y )R.

If X is not of pure dimension, then Corrr∼(X, Y )R can be defined in terms of the irre-
ducible components of X as in [140, §1.3]. Composition of correspondences furnishes, via
intersection theory, a product structure

Corrr∼(X, Y )R × Corrs∼(Y, Z)R −→ Corrr+s∼ (X, Z)R.

In particular, Corr0∼(X, X)R inherits a ring structure for every objectX of VK . Now let V0
K,R

be the category whose objects are those of VK and whose morphisms are given by degree
0 correspondences modulo ∼ with coefficients in R. By definition, the categoryM∼(K )R
of pure∼-motives (defined) over K with coefficients in R is the pseudo-abelian completion
of V0

K,R; see, e.g., [2, §4.1], [77, Definition 1.1] for details; here the adjective “pure” refers
to the fact that we consider only smooth projective schemes. More explicitly, a (pure)
∼-motive over K with coefficients in R is a triple

M = (X, q, r)

where X is an object of VK , q ∈ Corr0∼(X, X)R is an idempotent and r ∈ Z. If r = 0, then
M is said to be effective. Furthermore, if M1 = (X1, q1, r1) and M2 = (X2, q2, r2) are
motives, then

HomM∼(K )R (M1,M2) = q2 · Corrr1−r2∼ (X1, X2)R · q1 ⊂ Corrr1−r2∼ (X1, X2)R.

Given motivesMi = (Xi, qi, ri) for i = 1, 2, the product ofM1 andM2 is

M1 ⊗K M2 := (X1 ×K X2, q1 ×K q2, r1 + r2),

One can also define the direct sum of two motives (see, e.g., [140, §1.14]), and it turns out
thatM∼(K )R is an additive, R-linear, pseudo-abelian category ([140, Theorem 1.6]).
The dual of a motiveM = (X, q, r) is

M∨ := (X, qt , dim(X)− r
)
,

where qt is the image of the idempotent q under the map that interchanges the factors
of X ×K X (cf. [77, Definition 1.2]). A motive M is self-dual if M �M∨(1), where 
(1)
denotes Tate twist (see, e.g., [2, §4.1.5]). Finally, if X is an object of VK and �X is the
diagonal in X ×K X , then the effective ∼-motive (X,�X , 0) is the ∼-motive of X .
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2.1.2 Chowmotives

Taking∼ to be rational equivalence (see, e.g., [2, §3.2.2]), we obtain the categoryMrat(K )R
of rational (or Chow) motives over K with coefficients in R. As we will see in Sect. 2.2,
the motive of modular forms of given weight and level is an object of Mrat(Q)R for R a
suitable Hecke algebra. However, in order to define the motive of a single modular form
one needs to pass to the category of Grothendieck (i.e., homological) motives, which we
introduce below.

2.1.3 Grothendieckmotives

With notation as in Sect. 2.1.1, the category of homological motives over K with coefficients
in R is Mhom(K )R, where “hom” indicates homological equivalence (see, e.g., [2, §3.3.4]).
Following Scholl ([139, §1.2.3]), we shall call the objects of Mhom(K )R Grothendieck
motives. Tensor products, duals and self-duality of Grothendieck motives are defined
formally as for Chow motives.
Rational equivalence is finer than homological equivalence (in fact, rational equivalence

is the finest of all adequate equivalence relations; see, e.g., [2, Lemme 3.2.2.1]), so there is
a natural functor

FK : Mrat(K )R −→Mhom(K )R (2.1)

that is the identity on objects and allows one to view a Chow motive as a Grothendieck
motive.

2.2 Motives of modular forms

Let N ≥ 3 be an integer and k ≥ 4 be an even integer. We want to introduce, following
Scholl [139], the (Grothendieck) motive of a fixed modular form of weight k and level N ,
whose realizations will be carefully described in Sect. 2.4. In order to do this, we need to
introduce first the (Chow) motive of all modular forms of weight k and level N .

2.2.1 Anaemic Hecke algebras

Write Hk (�(N )) ⊂ EndQ̄
(
Sk (�(N ); Q̄)

)
for the Z-algebra generated by the Hecke oper-

ators Tn with (n,N ) = 1; it is often called the “anaemic” Hecke algebra of weight k and
level �(N ). Analogously, denote byHk (�0(N )) the anaemic Hecke algebra of weight k and
level �0(N ). There is a natural surjection

Hk (�(N )) −� Hk (�0(N )) (2.2)

of Z-algebras that is induced by the inclusion Sk (�0(N )) ⊂ Sk (�(N )). Finally, for any
Z-algebra A, set Hk (�0(N ))A := Hk (�0(N ))⊗Z A.

2.2.2 Themotive ofmodular forms of weight k and level N

Denote by Ẽk−2
N the Kuga–Sato variety of levelN and weight k , i.e., the smooth projective

Q-schemedefined as the canonical desingularizationof the (k−2)-foldproductEk−2
N of the

universal generalized elliptic curveπ : EN → X(N ) over the compactmodular curveX(N )
of level �(N ) (see, e.g., [139, §1.2.0]). An idempotent�ε in the ring of correspondences of
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degree 0 of Ẽk−2
N can be constructed as follows. Recall that if we set

�k−2 :=
(
(Z/NZ)2 � {±1})k−2 � Sk−2, (2.3)

where Sk−2 is the symmetric group on k − 2 letters, then there is a canonical action of
�k−2 on Ẽk−2

N ([139, §1.1.0, §1.1.1]); we define�ε to be the projector associated with the
character ε : �k−2 → {±1} that is the sign character on Sk−2, the trivial character on
(Z/NZ)2(k−2) and the product character on {±1}k−2; see [139, §1.1.2] for details (note,
in particular, that in order to define �ε we need to invert 2N (k − 2)!). Moreover, write
�B for the idempotent attached to the quotient �0(N )/�(N ), whose order tN we need to
invert in order to define�B. Let

Mk (N ) := (Ẽk−2
N ,�B�ε , k/2

)

be the Chow motive of modular forms of weight k and level N ([139, §1.2.2]). The motive
Mk (N ) is an object of Mrat(Q)Hk (�(N ))[ 1

2NtN (k−2)! ]
, where Hk (�(N )) is the Hecke algebra

from Sect. 2.2.1. Note thatMk (N ) is self-dual.

Remark 2.1 When N ≥ 5, the motive of modular forms can also be constructed, fol-
lowing [10, Appendix], by means of the (compact) modular curve X1(N ) of level �1(N )
instead of X(N ) as in [139]. Sometimes working over the connected curve X1(N ) can be
more convenient; however, for the goals of this paper the two perspectives are essentially
equivalent, since we will work exclusively with the various realizations of our modular
motives.

2.2.3 Themotive of amodular form

Let f ∈ Sk (�0(N )) be a normalized newform of weight k and level �0(N ), whose q-
expansion will be denoted by f (q) = ∑n≥1 an(f )qn. Let F := Q

(
an(f ) | n ≥ 1

)
be the

Hecke field of f , which is a totally real number field, and let OF be its ring of integers.
There is a set-theoretic inclusion F ⊂ R. Let M(f ) be the Grothendieck motive over Q
with coefficients in F attached to f by Scholl ([139, Theorem 1.2.4]). To constructM(f ),
consider the projector�f associatedwith f ([139, §4.2.0]) and defineM(f ) to be the kernel
of �f , which is a submotive of Mk (N ); in other words, M(f ) is the object of Mhom(Q)F
given by

M(f ) :=
(
Ẽk−2
N , (1−�f ) ◦ (�B�ε ⊗ 1), k/2

)
.

LikeMk (N ), the motiveM(f ) is self-dual.

Remark 2.2 The crux in Scholl’s construction of M(f ) is a decomposition of Mk (N )
under the action of the Hecke algebra. This decomposition takes place inMhom(Q)F ; that
is, one needs to replaceMk (N ) with its image via the functorFK introduced in (2.1). As
is pointed out in [139, Remark 1.2.6], it is reasonable to expect that the splitting ofMk (N )
can be performed already in the categoryMrat(Q)F (as in the k = 2 case), but this seems
very hard to achieve without assuming Grothendieck’s standard conjectures.

Remark 2.3 In this article, we will need to consider also the motive M(f K ) of the twist
f K of f by the Dirichlet character associated with a suitable imaginary quadratic field K .
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2.3 Notation

To simplify our notation, from now on we set X := Ẽk−2
N , X̄ := X ×Q Q̄,� := (1−�f ) ◦

(�B�ε ⊗ 1),M :=M(f ). Thus,M is the Grothendieck motive

M = (X,�, k/2)

defined overQ with coefficients in F . For any number field K , we also write

M/K := (X ×Q K,�×Q K, k/2)

for the Grothendiek motive over K with coefficients in F obtained fromM by extension
of scalars, i.e., base change (see, e.g., [2, §4.2.3], [77, Remark 1.7]).

2.4 Realizations ofM
Here we consider only the (k − 1)-st realizations of the motive M, which correspond to
the choice i = 2r − 1 in [77, Ch. 1, §2]. We also briefly describe the realizations ofM/K
obtained from those ofM by base change.

2.4.1 f -isotypic submodules

With notation as in Sect. 2.2.1, let θf : Hk (�0(N )) → OF be the ring homomorphism
associated with f ; explicitly, θf (Tn) := an(f ). Composing with (2.2), θf yields a ring homo-
morphism (denoted by the same symbol) θf : Hk (�(N ))→ OF .
For every Hk (�(N ))-moduleM, let us set

M[θf ] :=
{
m ∈ M | T ·m = 0 for all T ∈ ker(θf )

}
. (2.4)

We callM[θf ] the f -isotypic submodule ofM.

2.4.2 Betti realization

Fix a subring R ⊂ C and define R(k/2) := (2π i)k/2 · R, which we view as an R-submodule
of C. In the following, we view R(k/2) as a locally constant sheaf on X(C). Define

TB(R) := � ·Hk−1(X(C), R(k/2)
) =
(
�B�ε ·Hk−1(X(C), R(k/2)

))
[θf ],

viewed as an R-submodule of TB(C). In particular, with tN as in Sect. 2.2.2, if 2NtN (k−2)!
is not invertible in R, then TB(R) may not be contained in Hk−1(X(C), R(k/2)

)
.

Recall that the field F arises naturally as a subfield of C.

Definition 2.4 The Betti (or singular) realization of M is the F-vector space VB :=
TB(F ).

The F-vector space VB is also the Betti realization of the motiveM/K for any number
field K . Set

TB := TB(OF ). (2.5)
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Complex conjugation τ induces involutions ι∞ : X(C)→ X(C) and F (k/2)→ F (k/2), the
latter being given bymultiplication by (−1)k/2. Denote by φ∞ : VB→ VB the composition
of these two involutions and write

V+B := V φ∞=1B (2.6)

for the F-subspace of VB on which φ∞ acts trivially.
Now we describe the Betti realization more explicitly. Let Y (N ) be the open modular

curve of level �(N ). We still denote by π : EN → Y (N ) the universal elliptic curve over
Y (N ) and, with R as before, set

FB(R) := R1π∗(R(k/2)), Fk−2
B (R) := Symk−2FB(R),

where R stands for the corresponding constant sheaf on EN , which we regard as a sheaf
on X(N ) by pushforward via the canonical embedding Y (N ) ↪→ X(N ). Write

TB(R) := H1
par

(
Y (N ),Fk−2

B (R)
)

for the parabolic cohomology group that is the image of the natural map

H1
cpt

(
Y (N ),Fk−2

B (R)
)
−→ H1

(
Y (N ),Fk−2

B (R)
)
,

where H1
cpt(♥,♦) denotes compactly supported cohomology. Set

VB := TB(F ), TB := TB(OF ).

By [139, Theorem 1.2.1], VB is related to parabolic cohomology by a canonical isomor-
phism

VB � � ·VB = (�B�ε ·VB)[θf ] (2.7)

(note that �B and �ε act canonically on VB). Since f is a newform, Eichler–Shimura
theory guarantees that VB (respectively, V+B ) has dimension 2 (respectively, 1) over F .
Isomorphism (2.7) induces an isomorphism

TB � � ·TB = (�B�ε ·TB)[θf ],

where the right-hand side is, in general, not contained inTB, but only inVB.

2.4.3 Étale realization

Let p be a prime number and R aZp-algebra. For every r ∈ Z, we denote by R(r) the r-fold
Tate twist of R and define the R-module

Tp(R) := � ·Hk−1
ét
(
X̄ , R(k/2)

) =
(
�B�ε ·Hk−1

ét
(
X̄ , R(k/2)

))
[θf ], (2.8)

which is equippedwith a natural action ofGQ. As before,we viewTp(R) as anR-submodule
of Tp(Q̄p): if 2NtN (k − 2)! is not invertible in R, then Tp(R) is not necessarily contained in
Hk−1
ét
(
X̄ , R(k/2)

)
.

From here on, set Fp := F ⊗Q Qp.
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Definition 2.5 The étale realization ofM at p is the Fp-module Vp := Tp(Fp).

By [139, Theorem 1.2.4], Vp is equivalent to the self-dual twist V †
f,p := Vf,p(k/2) of the

representation Vf,p attached by Deligne to f and p [33]; in particular, Vp is free of rank 2
over Fp. There is an identification Fp =∏p|p Fp, where the product ranges over all primes
p of F above p and Fp is the completion of F at p. As a consequence, there is a splitting
Vp = ∏p|p Vp, where each Vp is a 2-dimensional Fp-vector space on which GQ acts. As
above, Vp is equivalent to the self-dual twist V †

f,p = Vf,p(k/2) of the p-adic representation
Vf,p attached to f . Similarly, setOp := OF ⊗Z Zp (notice that Fp is the total quotient ring
ofOp) and define

Tp := Tp(Op). (2.9)

Denoting by Op the completion of OF at a prime p, there is a splitting Tp = ∏p|p Tp,
where each Tp = Tp(Op) is aGQ-stableOp-lattice inside Vp, i.e., a freeOp-submodule of
rank 2 of Vp on whichGQ acts. It follows that Tp is aGQ-stable self-dualOp-lattice inside
Vp. In the rest of this paper, we fix an equivalence of representations Vp � V †

f,p and write
T†
f,p for the GQ-stable Op-lattice inside V †

f,p corresponding under this equivalence to the
distinguished GQ-stable Op-lattice that is obtained from (2.8) with R = Op by omitting
the k/2-fold Tate twist; an analogous convention applies to each Tp. Finally, set

Ap := Vp/Tp (2.10)

andnotice thatAp is (canonically isomorphic to) thePontryagindual ofTp as aZp-module.
One can also describe the étale realizations Vp and Tp as follows. Define the p-adic

sheaves

Fét(R) := π∗
(
R(k/2)

)
, Fk−1

ét (R) := Symk−2(Fét(R)
)
.

onY (N ); as before, we still denote byFk−2
ét (R) the sheaf onX(N ) obtained by pushforward

via Y (N ) ↪→ X(N ). Set

Tét(R) := H1
ét
(
X(N ),Fk−2

ét (R)
)
, Tét := Tét(Op), Vét := Tét(Fp).

The projector� acts onVét and there is a canonical isomorphism

Vp � � ·Vét = (�B�ε ·Vét)[θf ] (2.11)

(see, again, [139, Theorem 1.2.1]). Isomorphism (2.11) induces an isomorphism

Tp � � ·Tét = (�B�ε ·Tét)[θf ];

here, as above, the right-hand side is, in general, not contained inTét, but only inVét.
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2.4.4 de Rham realization

Let R be a Z[1/N ]-algebra. We view X(N ) and X as schemes over Z[1/N ]. Define the
R-module

TdR(R) := � ·
(
Hk−1
dR (X)⊗Z[1/N ] R

)
=
(
�B�ε ·

(
Hk−1
dR (X)⊗Z[1/N ] R

))
[θf ].

HereHi
dR(X) := Hi(�•X

)
is the i-th hypercohomology group of the de Rham complex�•X

of X ; thus, TdR(R) is a finitely generated R-module. Recall that Hi
dR(X) is equipped with

the filtration

Filn
(
Hi
dR(X)

)
:= im

(
Hi(�≥nX

) −→ Hi(�•X
) = Hi

dR(X)
)
.

Define a filtration on TdR(R) by setting

Filn
(
TdR(R)

)
:= � ·

(
Filn+k/2

(
Hk−1
dR (X)

)⊗Z[1/N ] R
)
.

Finally, put VdR := TdR(F ).

Definition 2.6 The de Rham realization ofM is the filtered F-vector space given by the
pair
(
VdR,

(
Filn(VdR)

)
n∈N
)
.

The tangent space ofM is the F-vector space

t(M) := VdR
/
Fil0(VdR). (2.12)

Following [36, §1.2.4], we offer an alternative description of de Rham cohomology, as we
did for the étale and Betti realizations. We write π̄ : ĒN → X(N ) for the generalized
universal elliptic curve over X(N ) and denote by ω1


 the sheaf of relative logarithmic dif-
ferentials of 
 (see, e.g., [71, §1.7]). Put T := Spec(R). By [71, Theorem 3.5 and Proposition
3.12], there is a short exact sequence of coherent locally freeOĒN -modules

0 −→ π̄∗
(
ω1
X(N )/T

) −→ ω1
ĒN /T −→ ω1

ĒN /X(N ) −→ 0.

Let us consider the locally free sheaves

FdR(R) := R1π̄∗
(
ω•̄EN /X(N )

)
, Fk−2

dR (R) := Symk−2(FdR(R)
)

of OX(N )-modules on X(N ), where ω•̄EN /X(N ) is the complex d : OĒN → ω1
ĒN /X(N ). Set

ω(R) := π̄∗
(
ω1
ĒN /X(N )

)
; the sheaf FdR(R) has a decreasing filtration with Fil2FdR(R) = 0,

Fil1FdR(R) = ω(R), Fil0FdR(R) = FdR(R). In turn, this filtration produces a filtration on
Fk−2
dR (R). Now define

TdR(R) := H1(X(N ),ω•(Fk−2
dR (R)

)
, TdR := TdR

(
OF [1/N ]

)
, VdR := TdR(F ),

where Hi(♥,♦) denotes hypercohomology and ω•
(
Fk−2
dR (R)

)
is the complex associated

with Fk−2
dR (R) equipped with the logarithmic connection that is induced by the (loga-

rithmic) Gauss–Manin connection ∇ : FdR(R)→ FdR(R) ⊗OX(N )ω
1
X(N )/T . The filtration
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on Fk−2
dR (R) yields a filtration on TdR(R) whose graded pieces can be described (up to

isomorphism) as

gri
(
TdR(R)

) �

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

H0(X(N ),ωk−2(R)⊗ ω1
X(N )/T

)
if i = k − 1,

H1(X(N ),ω2−k (R)
)

if i = k/2,

0 otherwise.

Let H := {z ∈ C | �(z) > 0
}
be the complex upper half-plane. Pulling back to∐

t∈(Z/NZ)× H and trivializing by the differential form (2π i)k−1dz ∧ dz1 ∧ · · · ∧ dzk−2,
where z is the coordinate on H and zi is the coordinate on the i-th copy of the universal
elliptic curve, we obtain an isomorphism

Filk−1
(
TdR(C)

) �−→
⊕

t∈(Z/NZ)×
Mk (�(N )),

whereMk (�(N )) is theC-vector space ofmodular forms of weight k and level�(N ). By the
q-expansion principle, the map

⊕
t∈(Z/NZ)×Mk (�(N )) → C[[q1/N ]] sending g(e2π iτ/N )

to g(q1/N ) identifies Filk−1(TdR) with the subset of
⊕

t∈(Z/NZ)×Mk (�(N )) consisting of
those modular forms whose q-expansion at ∞ has coefficients in OF [1/N, lμ.. N ], where
lμ.. N ⊂ Q̄× is the group of N -th roots of unity.
By [139, Theorem 1.2.1] (see also [10, §2.1] and [138]), there is an isomorphism

VdR � � ·VdR = (�B�ε ·VdR)[θf ], (2.13)

with filtration on the left-hand side obtained by shifting by k/2 the obvious filtration on
the right-hand side. Then Filk/2−1(VdR) is spanned by (the image of) the differential form
on X given (on each connected component) by

ωf := (2π i)k−1 · f (z)dz ∧ dz1 ∧ · · · ∧ dzk−2. (2.14)

See, e.g., [36, §1.2.1] and [75, Appendix 1] for details; cf. also the explanation offered in [19,
Appendix] for the factor (2π i)k−1 appearing in the right-hand termof (2.14). Isomorphism
(2.13) induces an isomorphism

TdR � � ·TdR = (�B�ε ·TdR)[θf ],

where, as before, the right-hand side is, in general, not contained inTdR, but only inVdR.

2.5 The period map

From the comparison isomorphismbetween singular and de Rham cohomologywe obtain
a comparison isomorphism of (F ⊗Q C)-modules

CompB,dR : VB ⊗Q C
�−→ VdR ⊗Q C.

If φ∞ is the involution from Sect. 2.4.2, then this isomorphism is equivariant with respect
to the actions of φ∞⊗ τ on the left and of 1⊗ τ on the right, so it induces an isomorphism

CompB,dR : (VB ⊗Q C)φ∞⊗τ=1 �−→ VdR ⊗Q R (2.15)
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ofR-vector spaces.

2.5.1 Periodmap

Let F∞ := F ⊗Q R and set

V+B,∞ := V+B ⊗Q R = V+B ⊗F F∞, VdR,∞ := VdR ⊗Q R = VdR ⊗F F∞.

Moreover, write t(M)∞ for t(M)⊗Q R = t(M)⊗F F∞. The period map is the isomor-
phism

αM : V+B,∞
�−→ t(M)∞ (2.16)

of free F∞-modules of rank 1 that is obtained by composing the natural inclusionV+B,∞ ↪→
(VB⊗QC)φ∞⊗τ=1 with isomorphismCompB,dR from (2.15) and themapVdR,∞ → t(M)∞
defined by tensoring withR overQ the canonical projection VdR � t(M).

Remark 2.7 In the language of motives, isomorphism (2.16) says that M is critical (see,
e.g., [158, §2.5]).

2.5.2 Embeddings and periods

Let � be the set of embeddings of F into R (equivalently, since F is totally real, into C).
For each σ ∈ �, let f σ (q) := ∑n≥1 an(f σ )qn ∈ Sk (�0(N )) be the newform of weight k
and level N such that an(f σ ) = σ

(
an(f )

)
for all n ≥ 1 (the form f σ is the σ -conjugate

of f ). Clearly, the Hecke field of f σ is σ (F ). We write ιF : F ↪→ R for the distinguished
embedding corresponding to the inclusion F ⊂ R.

Remark 2.8 There is a canonical isomorphism ofR-algebras F∞ � R� =∏σ∈�(F ⊗F,σ
R) that induces an isomorphism of C-algebras F ⊗Q C � C� . From here on, we shall
usually not distinguish between F∞ andR� ; we consider the embedding

ι� : F ↪−→ F∞ = R� , x �−→ (σ (x))
σ∈�

and identify any x ∈ F with ι�(x). With this convention in mind, when we say that an
element α ∈ F∞ belongs to F we really mean that there exists x ∈ F such that ι�(x) = α.

Observe that t(M)∞ is spanned by the image of TdR. Fix γ ∈ V+B � {0}.

Definition 2.9 The period of f relative to γ is the determinant �(γ )∞ of αM computed
with respect to the basis {γ } of V+B,∞ and the image of ωf in t(M)∞.

Remark 2.10 For our later purposes of investigating the p-part of the Tamagawa number
conjecture for M, an integral choice γ ∈ T+B � {0}, which is in line with an analogous
choice in [38, §4], will be preferable.

2.6 Motivic cohomology

We introduce (the first two groups of) motivic cohomology in a concise, utilitarian way,
following [21, §3.1]; more precisely, with the (standard) notation of [21], we definemotivic
cohomology for the motive hk−1(X)(k/2). We remark that Kuga–Sato varieties do not
possess, in general, proper, flat, regular models overZ. Therefore, the broader definition
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of motivic cohomology in low degrees that is given, in terms of (eigenspaces for Adams
operators on) K -theory groups of varieties and of their integral models, in [77, Definition
1.19] does not apply in our case. When the relevant varieties do not admit such a “nice”
integral model, (integral) motivic cohomology is defined in [142] by combining K -theory
with the theory of alterations in the sense of de Jong [32]. It would be interesting to
compare our definition with the one in [142], but in this paper we do not pursue this
matter any further.

2.6.1 Motivic cohomology ofM
Let K be a number field. Denote by CHk/2

0 (X/K ) the abelian group of codimension k/2
homologically trivial cycles on X defined over K . Let us write CHk/2

arith(X/K ) for the sub-
group of�B�ε ·CHk/2

0 (X/K ) consisting of (the images of) the classes of those cycles that
admit an integral model having trivial intersection with all the cycles of dimension k sup-
ported on special fibers; here �B�ε · CHk/2

0 (X/K ), and hence CHk/2
arith(X/K ) too, should

be viewed as a subgroup of CHk/2
0 (X/K ) ⊗Z Q (or, rather, should be identified with its

natural image in CHk/2
0 (X/K )⊗Z Q).

For anyZ-algebra R and 
 ∈ {0, arith}, set

CHk/2(X/K )R := CHk/2(X/K )⊗Z R, CHk/2

 (X/K )R := CHk/2


 (X/K )⊗Z R. (2.17)

With notation as in (2.4) and i ∈ {0, 1}, let us define (following, e.g., Burns–Flach ([21,
§3.1]); cf. also Remark 2.11) the i-th motivic cohomology group ofM over K as

Hi
mot(K,M) :=

⎧⎪⎨
⎪⎩
0 if i = 0,

CHk/2
arith(X/K )F [θf ] if i = 1.

(2.18)

As these are the only motivic cohomology groups that play a role in our paper, we do not
introduce Hi

mot(K,M) for i ≥ 2.

Remark 2.11 Since we are considering null-homologous cycles only, every cycle (class) in
CHk/2

arith(X/K ) has trivial image inHk(X(C),C
)
; in other words, the cycles in CHk/2

arith(X/K )
satisfy conditions (a) and (b) in [165, §1.3], so there is a Gillet–Soulé height on
CHk/2

arith(X/K ) (cf. Sect. 2.7). This is the main reason for considering, in this article,
CHk/2

arith(X/K ) instead of the larger group �B�ε · CHk/2
0 (X/K ). Notice, however, that,

according to a conjecture of Beilinson ([4, Conjecture 2.2.5]), the Q-vector spaces
CHk/2

arith(X/K )
Q

and CHk/2
0 (X/K )

Q
are expected to coincide: the reader is referred to

the discussion in [141, §4.2] and also to [165, §1.3]. This justifies (at least conjecturally)
our definition of Hi

mot(K,M) for i ∈ {0, 1} and the consistency of our Conjecture 2.50
on the bijectivity of the p-adic regulator map with analogous conjectures that are usually
stated for CHk/2

0 (X/K ) instead of CHk/2
arith(X/K ). See Remark 2.51 for further discussion.

2.6.2 A finiteness conjecture

The finiteness conjecture we are about to state is a special case of a classical conjecture
predicting that Chow groups of smooth projective varieties over number fields are finitely
generated (cf. Conjecture 2.14).

Conjecture 2.12 (Finiteness of H1
mot) H1

mot(K,M) has finite dimension over F .
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The validity of Conjecture 2.12 is implied by assumption (3) in Sect. 1.1.2 (cf. Remark
2.52). In our route to the Tamagawa number conjecture for M, in particular from here
until Theorem 2.83, we shall assume that Conjecture 2.12 holds true, or even that the
stronger condition (3) in Sect. 1.1.2 (which corresponds to the validity of Conjecture 2.43)
is satisfied. Thus, we can give

Definition 2.13 The algebraic rank ofM over K is ralg(M/K ) := dimF
(
H1
mot(K,M)

)
.

For simplicity, we also set ralg(M) := ralg(M/Q) and call it the algebraic rank ofM.

2.6.3 Some remarks on Chow groups

We offer some motivation for Conjecture 2.12, which, as we pointed out in Sect. 2.6.2,
is essentially a by-product of a more general conjecture on Chow groups of projective
varieties over number fields.
Let Y be a smooth projective variety defined over a number field L. As usual, write

CHn(Y /L) for the Chow group of codimension n algebraic cycles on Y defined over L.
The following well-known conjecture is wide open.

Conjecture 2.14 The abelian groups CHn(Y /L) are finitely generated for all n ∈ N.

As a consequence, the groups CHn
0(Y /L) of codimension n homologically trivial cycles

will be finitely generated as well. Clearly, Conjecture 2.14 is stronger thanConjecture 2.12.

Remark 2.15 The conjecture that the groupsCHn
0(Y /L) are finitely generated is attributed

to Swinnerton-Dyer ([4, Conjecture 5.0]).

Remark 2.16 Little is known, as far as we are aware of, about Conjecture 2.14. From a
broader point of view, it is a special case of the generalized (i.e., motivic) Bass conjecture;
for the convenience of the reader, we briefly recall why this is true. Let Y and L be as
above. Let � be the finite set of primes of L at which Y has bad reduction (see, e.g., [63,
Proposition A.9.1.6, (i)]) and let OL,� be the ring of �-integers of L. By [63, Proposition
A.9.1.6, (ii)]), there is a smooth model Y of Y over OL,�. The ring OL,� is regular, so
Y is regular. Since Y is a Z-scheme of finite type, the motivic Bass conjecture (see, e.g.,
[70, Conjecture 37, b)]) predicts that the motivic cohomology groups Hi

M

(
Y ,Z(n)

)
of

Suslin–Voevodsky ([104, Lecture 3]) are finitely generated for all i, n ∈ N. On the other
hand, if CHn(Y , i) denote, for n ∈ N and i ∈ Z, Bloch’s higher Chow groups [13], then

• CHn(Y , 0) = CHn(Y ) for all n ∈ N ([13, p. 268]);
• Hi

M

(
Y ,Z(n)

) � CHn(Y , 2n− i) for all i, n ∈ N ([104, Theorem 19.1]).

It follows that H2n
M

(
Y ,Z(n)

) � CHn(Y ), therefore the motivic Bass conjecture predicts,
in particular, that the Chow groups CHn(Y ) are finitely generated for all n ∈ N. Finally,
taking scheme-theoretic closures of codimension n cycles on Y , one checks that for all
n ∈ N the natural group homomorphism CHn(Y ) → CHn(Y /L) is surjective, which
completes the argument.
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2.7 The Gillet–Soulé height pairing forM
We introduce the height pairing on our motivic cohomology groups and then define a
regulator in terms of this pairing.

2.7.1 Gillet–Soulé height pairings

Let K be a number field. Denote by

〈·, ·〉GS : CHk/2
arith(X/K )× CHk/2

arith(X/K ) −→ R (2.19)

theheight pairingdefinedbyS.-W.Zhang ([165, §1.3]) using arithmetic intersection theory
à la Gillet–Soulé [49]. For each σ ∈ �, pairing (2.19) yields an F-bilinear pairing

〈·, ·〉GS,σ : H1
mot(K,M)×H1

mot(K,M) −→ R = F ⊗F,σ R (2.20)

Let us consider the F∞-module

H1
mot(K,M)∞ := H1

mot(K,M)⊗Q R

= H1
mot(K,M)⊗F F∞ =

∏
σ∈�

H1
mot(K,M)⊗F,σ R,

which is free of rank ralg(M/K ). We can define an F∞-bilinear height pairing

〈·, ·〉GS,∞ : H1
mot(K,M)∞ ×H1

mot(K,M)∞ −→ F∞ (2.21)

by the rule

(
(xσ )σ∈� , (yσ )σ∈�

) �−→ (〈xσ , yσ 〉GS,σ
)
σ∈� ,

where (xσ )σ∈� , (yσ )σ∈� belong to H1
mot(K,M)⊗F,σ R and each pairing 〈·, ·〉GS,σ in (2.20)

has been extendedR-linearly over F (with respect to σ ).

Remark 2.17 Given x, y ∈ H1
mot(K,M) and σ ∈ �, it is easy to check that 〈x, y〉GS,ιF = 0 if

and only if 〈x, y〉GS,σ = 0. It follows that 〈·, ·〉GS,ιF is non-degenerate if and only if 〈·, ·〉GS,σ
is non-degenerate.

2.7.2 A non-degeneracy conjecture

The validity of the next conjecture is predicted by the arithmetic analogues of the standard
conjectures proposed by Gillet–Soulé [50]; it is also a special case of general conjectures
of Beilinson [4] and Bloch [12] on positive definiteness of height pairings.

Conjecture 2.18 (Non-degeneracy of height) The pairing 〈·, ·〉GS,∞ is non-degenerate.

The validity of this conjecture corresponds to condition (1) from Sect. 1.1.2. In this
paper, we often assume Conjecture 2.18 to hold true: this is imposed only to force the
regulator RegB (M), which will be defined in Sect. 2.7.3, to be non-zero. Notice, however,
that no condition of this sort will be needed in our main result on the p-part of the
Tamagawa number conjecture forM (Theorem 5.42).

Remark 2.19 Of course, Conjecture 2.18 is true if and only if theR-linear extension (with
respect to σ ) of 〈·, ·〉GS,σ is non-degenerate for each σ ∈ �.
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2.7.3 TheB-regulator ofM over K

Set r := ralg(M/K ). If r > 0, then fix a basis B = {t1, . . . , tr} of H1
mot(K,M) over F ;

clearly,B is also a basis of H1
mot(K,M)∞ over F∞.

Definition 2.20 If r > 0, then the Gillet–SouléB-regulator ofM over K is

RegB (M/K ) := det
(〈ti, tj〉GS,∞

)
1≤i,j≤r ∈ F∞.

If r = 0, then Reg(M/K ) := 1.

For simplicity, we put RegB (M) := RegB (M/Q) and call it theB-regulator ofM.

Remark 2.21 If Conjecture 2.18 holds true, then RegB (M/K ) ∈ F×∞.

Remark 2.22 If B and B′ are two bases of H1
mot(K,M) over F , then RegB (M/K ) and

RegB ′ (M/K ) differ by multiplication by the square of the determinant of the transition
matrix fromB toB′.

Assume r > 0. For each σ ∈ �, it is convenient to define

RegσB (M) := det
(〈ti, tj〉GS,σ

)
1≤i,j≤r ∈ R, (2.22)

so that we can write RegB (M) = (RegσB (M)
)
σ∈� .

2.8 p-adic Galois representations

For every prime v of K , let Kv be the completion of K at v, fix an algebraic closure
K̄v of Kv and write K unr

v ⊂ K̄v for the maximal unramified extension of Kv . Fur-
thermore, set GKv := Gal(K̄v/Kv), denote by Iv ⊂ GKv the inertia subgroup and let
Frobv ∈ Gal(K unr

v /Kv) � GKv/Iv be the arithmetic Frobenius. Finally, for every prime
number p, fix a field embedding Q̄ ↪→ Q̄p.

2.8.1 Dieudonnémodules

Let v be a prime of K above p. If V is a p-adic representation of GKv , by which we mean
that V is a finite-dimensionalQp-vector space that is equipped with a continuous action
of GKv , then we denote by

Dcris(V ) := H0(GKv , V ⊗Qp Bcris
)

and

DdR(V ) := H0(GKv , V ⊗Qp BdR
)

the crystalline and de Rham Dieudonné modules of V , where Bcris (respectively, BdR)
is Fontaine’s crystalline (respectively, de Rham) ring of periods (BdR is, in fact, a field).
Recall that DdR(V ) is equipped with a filtration Fili

(
DdR(V )

)
and Dcris(V ) is endowed

with a distinguished endomorphism φ, the so-called Frobenius endomorphism.
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2.8.2 Tangent space

The tangent space of V is

t(V ) := DdR(V )
/
Fil0
(
DdR(V )

)
, (2.23)

which is a finite-dimensional BdR-vector space.

Remark 2.23 Since Bcris is a subring of BdR, there is a natural injection Dcris(V ) ↪→
DdR(V ).

2.9 L-functions ofM
Letp be a primenumber and letK be a number field.We can regard theGQ-representation
Vp from (2.8) as a GK -representation, and hence as a GKv -representation for every prime
v of K .

2.9.1 Euler factors and the L-function

For every prime v of K , we define the Euler factor

Lv(Vp, x) :=

⎧⎪⎨
⎪⎩
detFp

(
id − Frob−1v x, V Ivp

)
if v � p,

detFp
(
id − φx,Dcris(Vp)

)
if v | p.

The polynomial Lv(Vp, x) has coefficients in F and is independent of p. Denote by qv the
cardinality of the residue field of Kv and set

Lv(Vp, s) := Lv(Vp, q−sv ).

Definition 2.24 The L-function ofM over K is the formal Euler product

L(M/K, s) :=
∏
v
Lv(Vp, s)−1,

where v varies over all primes of K .

As a shorthand, we write L(M, s) instead of L(M/Q, s). As in [21, Remark 7], for every
s ∈ C we regard Lv(Vp, s) as an element of F ⊗Q C. The function L(M/K, s) of the
complex variable s admits a holomorphic continuation toC, which takes values in F⊗QC.
Furthermore, by [21, Lemma 8], L(M/K, s) ∈ F∞ if s ∈ R.

Remark 2.25 Let K be a quadratic field, let εK be the Dirichlet character attached to K
and, as in Remark 2.3, denote by f K the twist of f by εK, which is a newform satisfying
an(f K) = εK(n) · an(f ) for all n ≥ 1. IfM

(
f K
)
is the motive of f K, then

L(M/K, s) = L(M, s) · L(M(f K), s
)
.

This equality is a special case of a factorization that holds over any abelian extension ofQ.
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2.9.2 The completed L-function

Let � be the classical complex �-function. The completed L-function of f is the complex-
valued function

	(f, s) :=
(√

N
2π

)s
· �(s) · L(f, s).

It satisfies a functional equation (usually referred to as the functional equation for L(f, s))
of the form

	(f, s) = ε(f ) ·	(f, k − s),

where ε(f ) ∈ {±1} is the root number of f . In particular, 	(f, s) is holomorphic on (or,
rather, can be holomorphically continued to) the whole complex plane, and the same is
true of L(f, s) (see, e.g., [80, p. 141]). As a shorthand, put L∞(f, s) :=

(√
N/2π

)s · �(s), so
that 	(f, s) = L∞(f, s) · L(f, s). We find it convenient to introduce the normalization of
	(f, s) given by

	̃(f, s) := 	(f, s)
(
i
√
N
)k/2 . (2.24)

It is well known that �(n) = (n − 1)! for every integer n ≥ 1, so if g (i) denotes the i-th
derivative of a complex function g , then there is an equality

	̃(r)(f, k/2) = (k/2− 1)! · L(r)(f, k/2)
(2π i)k/2

,

where r ∈ N is the order of vanishing of L(f, s) at s = k/2 (from Sect. 2.9.3 onwards, this
integer will be called the analytic rank of f , cf. Definition 2.31). Our next goal is to define
the completed L-function ofM; to do this, we introduce the archimedean factor

L∞(M, s) :=
(√

N
2π

)s+k/2
· �(s + k/2)
(
i
√
N
)k/2 =

(
i
√
N
)s · �(s + k/2)
(2π i)s+k/2

,

where the equality on the right follows from a trivial computation.

Definition 2.26 The completed L-function ofM overQ is

	(M, s) := L∞(M, s) · L(M, s).

This is the L-function in terms of which we shall prove our main results. Like L(M, s),
the completed L-function 	(M, s) has an F ⊗Q C-valued holomorphic continuation to
C; moreover,	(M, s) ∈ F∞ for all s ∈ R. In particular, there is an equality

	(r)(M, 0) = (k/2− 1)! · L(r)(M, 0)
(2π i)k/2

,

where now r ∈ N is the order of vanishing of L(M, s) at s = 0.



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 31 of 136    64 

Remark 2.27 By carefully keeping track of �-factors, one can define 	(M/K, s) for any
number field K. Since we will have no use for it, we refrain from introducing this more
general notion. Rather, in the special case where K is a quadratic field we set

	(M/K, s) := 	(M, s) ·	(M(f K), s
)
.

This equality, which we take as the definition of the left-hand term, is in fact a special case
of a factorization that holds over any abelian extension ofQ (cf. Remark 2.25).

2.9.3 Analytic ranks and leading terms

Recall theL-functionsL(M/K, s) and	(M, s) fromDefinitions 2.24 and 2.26, respectively.

Definition 2.28 (1) The analytic rank ran(M/K ) of M over K is the order of vanishing
of L(M/K, s) at s = 0, i.e., ran(M/K ) := ords=0L(M/K, s).

(2) The leading term L∗(M/K, 0) of L(M/K, s) at s = 0 is the leading term of the Taylor
expansion of L(M/K, s) at s = 0, i.e., L∗(M/K, 0) := lim

s→0
s−ran(M/K )L(M/K, s).

(3) The leading term 	∗(M, 0) of 	(M, s) at s = 0 is the leading term of the Taylor
expansion of	(M, s) at s = 0, i.e.,	∗(M, 0) := lim

s→0
s−ran(M/Q)	(M, s).

Observe that L∞(M, s) has neither a zero nor a pole at s = 0, so the orders of vanishing
of L(M, s) and	(M, s) at s = 0 are equal: this justifies part (1) of Definition 2.28.
In line with notation that was introduced earlier, we set L∗(M, 0) := L∗(M/Q, 0) and

ran(M) := ran(M/Q). Therefore, there is an equality

	∗(M, 0) = (k/2− 1)! · L∗(M, 0)
(2π i)k/2

(2.25)

that establishes a relation between the leading terms of L(M, s) and	(M, s).

Remark 2.29 For each σ ∈ �, write L∗(f σ , k/2) for the leading term of L(f σ , s) at s = k/2,
where L(f σ , s) is the L-function of f σ . Under the identification of Remark 2.8, the leading
term L∗(M, 0) corresponds to

(
L∗(f σ , k/2)

)
σ∈� . It follows that L

∗(M/K, 0) ∈ F×∞.
A similar remark applies to	∗(M, 0).More precisely, denote by 	̃∗(f σ , k/2) the leading

term of 	̃(f σ , s) at s = k/2, where 	̃(f σ , s) is the normalized completed L-function of f σ

as in (2.24). Then	∗(M, 0) corresponds to
(
	̃∗(f σ , k/2)

)
σ∈� and	∗(M, 0) ∈ F×∞.

Recall the algebraic rank ralg(M/K ) fromDefinition 2.13. The following conjecture can
be seen as the rank part of the Beilinson–Bloch–Kato conjecture for the motive M over
K .

Conjecture 2.30 (Equality of ranks) ran(M/K ) = ralg(M/K ).

Quite generally, let g be an eigenform of weight k and level �0(N ); as usual, let L(g, s) be
the (complex) L-function of g .

Definition 2.31 The analytic rank of g is ran(g) := ords= k
2
L(g, s) ∈ N.

In an analogous way, given a number field K , one can define the analytic rank ran(f /K )
of g over K . As in Sect. 2.9.2, if g is a newform, then write ε(g) ∈ {±1} for the root number
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of g , i.e., the sign of the functional equation for L(g, s). The root number controls the parity
of ran(g), in the sense that ε(g) = (−1)ran(g). Equivalently, there is a congruence

ran(g) ≡ 1− ε(g)
2

(mod 2). (2.26)

With notation as in Sect. 2.5, recall the σ -conjugate f σ of f .

Remark 2.32 Under the isomorphism in Remark 2.8, the F⊗QC-valued function L(M, s)
corresponds to theC�-valued function

(
L(f σ , s+k/2))

σ∈� of the complex variable s. This
is the point of view of Deligne in [34, §2.2] (cf. also [123, §1]); it offers, in particular, a more
explicit interpretation of the analytic rank ran(M) frompart (2) ofDefinition 2.28.Namely,
there is an equality

ran(M) = min
{
ran(f σ ) | σ ∈ �

}
. (2.27)

It was conjectured by Deligne and Gross ([34, Conjecture 2.7, (ii)]) that ran(f σ ) is constant
as σ varies in � (which, if true, would imply that ran(M) = ran(f )), but we will not need
this property in the rest of this paper. When ran(f ) ≤ 1, this conjecture was proved by
Gross–Zagier (in weight 2, see [55, Ch. V, Corollary 1.3]) and Zhang (in higher weight, see
[165, Corollary 0.3.5]), while for ran(f ) > 1 only very partial results in this direction are
available (cf. [55] and [165]). Later on, it will sometimes be convenient to identify L(M, s)
with

(
L(f σ , s + k/2)

)
σ∈� and view L(M, s) as taking values in C� .

Remark 2.33 With notation as in Sect. 2.9.2, L∞(f, k/2) �= 0, so ran(f ) is equal to the order
of vanishing of	(f, s) at s = k/2.

For later use, we record an auxiliary result.

Lemma 2.34 Let r ∈ {0, 1}. If ran(M) = r, then ran(f σ ) = r for all σ ∈ �. Conversely, if
ran(f σ ) = r for some σ ∈ �, then ran(M) = r.

Proof In light of Remark 2.32, the lemma follows from [165, Corollary 0.3.5]. ��

2.9.4 Leading term and periods

In the statement below,which should be interpreted as explained inRemark 2.8, the period
�

(
)∞ is the one defined in Sect. 2.5.2.

Lemma 2.35 Let γ , γ ∈ V+B � {0} and let B,B′ be bases of H1
mot(Q,M) over F . Then

L∗(M, 0)
/(
�

(γ )∞ · RegB (M)
) ∈ F× if and only if L∗(M, 0)

/(
�

(γ ′)∞ · RegB ′ (M)
) ∈ F×.

Proof Since the F-vector space V+B is 1-dimensional, γ and γ ′ differ by multiplication by
an element of F×, and then the same is true of the periods �(γ )∞ and �(γ ′)∞ . On the other
hand, as was pointed out in Remark 2.22, the regulators RegB (M) and RegB ′ (M) differ
by multiplication by an element of F× as well, and the lemma is proved. ��

2.10 The fundamental line ofM
We introduce the “fundamental line” of M in the formulation of Fontaine–Perrin-Riou
[43], using the theory of determinants described in Appendix A, to which the reader is
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referred for details. In this case, the projective modules that play a role are vector spaces
over F .
In the definition that follows,V+B is the F-subspace ofVB from (2.6), t(M) is the tangent

space ofM introduced in (2.12) and H1
mot(Q,M) is the cohomology group from (2.18).

Definition 2.36 The fundamental line ofM is

�(M) := Det−1F
(
H1
mot(Q,M)

) · DetF
(
H1
mot(Q,M)∗

) · DetF
(
t(M)

) · Det−1F
(
V+B
)
.

Note that, by construction, the F-vector space underlying�(M) is 1-dimensional.

Remark 2.37 In order to compare Definition 2.36 with [77, Definition 2.4], recall from
(2.18) that H0

mot(Q,M) = 0 and keep in mind thatM∨(1) �M.

Remark 2.38 As a motivation for introducing �(M), it may be helpful to consider the
fundamental exact sequence of Fontaine–Perrin-Riou for a general motive M (see, e.g.,
[77, Conjecture 5] and [158, Conjecture 3.3]). This is a conjectural exact sequence that
takes place in the archimedean setting (as opposed to a p-adic setting) and formulates
a deep relation between motivic cohomology and the kernel and the cokernel of the
analogue for M of the period map αM from (2.16). In our case, the period map is an
isomorphism, so the existence of such an exact sequence forM is obvious. See, e.g., [42],
[43], [77], [158] for details.

2.11 Rationality conjecture

For now, let us assume that

• Conjecture 2.18 holds true.

Define theR-vector space

�(M)∞ := �(M)⊗Q R;

then�(M)∞ � �(M)⊗F F∞ is a free F∞-module of rank 1. Conjecture 2.18, which we
are assuming, ensures that the Gillet–Soulé height pairing 〈·, ·〉GS,∞ from (2.21) induces
an isomorphism of F∞-modules

H1
mot(Q,M)∞

�−→ H1
mot(Q,M)∗∞.

Combining the base change formula (A.7) for determinants, the multiplicativity (A.2) of
determinants in short exact sequences and isomorphism (2.16), we obtain an isomorphism

θ∞ : �(M)∞
�−→ (F∞, 0) (2.28)

of F∞-modules.

Remark 2.39 If ralg(M) = 0, then�(M) = DetF
(
t(M)

) ·Det−1F
(
V+B
)
. Therefore, in this

case θ∞ reduces to the isomorphism αM from (2.16), which is induced by the comparison
isomorphism CompB,dR in (2.15). In other words, when ralg(M) = 0 we are using the
Betti–de Rham comparison isomorphism to trivialize the fundamental line ofM.
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2.11.1 Rationality conjecture

Let θ∞ be the isomorphismofF∞-modules in (2.28).The following conjecture is essentially
due to Beilinson [3] and Deligne ([34, Conjecture 1.8]).

Conjecture 2.40 (Rationality conjecture) There exists ζf ∈ �(M) such that the equality

θ∞(ζf ) = L∗(M, 0)−1

holds in F×∞.

The element ζf is called a zeta element and {ζf } is, of course, a basis of �(M) over
F . Moreover, since θ∞ is an isomorphism, such a ζf is unique if it exists. Under some
technical conditions, later in this paper we will prove Conjecture 2.40 when ran(M) ∈
{0, 1} (Theorems 5.24 and 5.37).

2.11.2 A variant of the rationality conjecture

Now we offer an alternative formulation of Conjecture 2.40 that involves the completed
L-function	(M, s). In light of equality (2.25), a straightforward computation shows that
Conjecture 2.40 is equivalent to

Conjecture 2.41 (Rationality conjecture, second version) There exists ζ ∗f ∈ �(M) such
that the equality

θ∞(ζ ∗f ) =
(
(2π i)k/2	∗(M, 0)

)−1

holds in F×∞.

One can switch between Conjecture 2.40 and Conjecture 2.41 by means of the relation
ζ ∗f = ζf

/
(k/2− 1)!.

2.11.3 A reformulation of the rationality conjecture

The term “rationality” in Conjecture 2.40 is justified by the reformulation below, which
involves the leading term L∗(M, 0) and the Gillet–SouléB-regulator RegB (M).

Remark 2.42 Let R be a ring, let M be a free R-module of finite rank, say r, and write
M∗ := HomR(M,R) for the R-linear dual of M. Let 〈·, ·〉 : M ×M → R be an R-bilinear
pairing and let f : M → M∗ be the R-linear map given by t �→ 〈t, ·〉. Choose a basis
B = {t1, . . . , tr} of M over R, let B∗ be the dual basis of M∗, set A := (〈ti, tj〉

)
1≤i,j≤r

and denote by det(f )BB∗ the determinant of f computed with respect to B and B∗. A
straightforward calculation shows that det(f )BB∗ = det(A).

Like Lemma 2.35, the result we are about to state should be understood in terms of the
embedding ι� , as explained in Remark 2.8.

Proposition 2.43 Conjecture 2.40 is equivalent to L∗(M, 0)
/(
�

(γ )∞ ·RegB (M)
) ∈ F× for

all γ ∈ V+B � {0} and all basesB of H1
mot(Q,M) over F .

Proof Thanks to Lemma 2.35, it is enough to prove the claim for fixed γ andB as above.
Thus, let B = {t1, . . . , tr} be a basis of H1

mot(Q,M) over F , where r = ralg(M), and let
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B∗ = {t∗1 , . . . , t∗r } be the dual basis of H1
mot(Q,M)∗. Define

tB := t1 ∧ · · · ∧ tr , t∗B := t∗1 ∧ · · · ∧ t∗r ,

so that
{
tB
}
and
{
t∗B
}
are F-bases of

∧r H1
mot(Q,M) and

∧r H1
mot(Q,M)∗, respectively.

Pick γ ∈ V+B � {0} and set

ζ
γ
B := t−1B ⊗ t∗B ⊗ γ−1 ⊗ ωf ,

where ωf ∈ t(M)∞ is the differential form in (2.14). Then
{
ζ
γ
B

}
is a basis of �(M) over

F and, in light of Remark 2.42, there is an equality

θ∞
(
ζ
γ
B

) = (�(γ )∞ · RegB (M)
)−1 (2.29)

(see, e.g., [77, Example 1.30] for the computation of determinants). On the other hand,
since any ζf as in Conjecture 2.40 differs from ζ

γ
B by multiplication by an element of F×,

Conjecture 2.40 is equivalent to the assertion that

aθ∞
(
ζ
γ
B

) = L∗(M, 0)−1 (2.30)

for some a ∈ F×. The desired result follows by combining (2.29) and (2.30). ��
Since Conjectures 2.40 and 2.41 are equivalent, Proposition 2.43 offers a reformulation

of Conjecture 2.41 as well.

Remark 2.44 When ralg(M) = 0, the regulator of M is equal to 1 and Proposition 2.43
is equivalent to well-known rationality results due to Shimura. More precisely, Shimura’s
periods u±σ ∈ C×, introduced in [148] and [149], are well defined up to scalar multiples
in F×. They may be chosen to satisfy the following key property:	(f σ , s)/u±σ ∈ σ (F ) and
σ
(
	(f, s)/u±

) = 	(f σ , s)/u±σ for all σ ∈ �, where we set u± := u±ιF . The reader is referred
especially to [149, Theorem 1] for more details on the various additional properties of
these periods. Later in this paper, a specific choice of the periods u±σ (to be denoted
by �±f σ ,�0(N ) in Section 5) will be made using modular symbols (see, in particular, Sect.

5.3.1; cf. also Remark 5.13). A comparison between these periods and the period �(γ )∞ in
Proposition 2.43 is carried out in Proposition 5.14 for a suitable choice of γ .

2.12 Local Galois cohomology

Let K be a number field, p a prime number, v a place of K and V a p-adic representation
of GKv . For a continuous GKv -moduleM we write

R�(Kv,M) := C•(GKv ,M)

for the complex of continuous cochains of GKv with values inM. Let t(V ) be as in (2.23),
keep Remark 2.23 in mind and consider the complex

R�f (Kv, V ) :=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(
Dcris(V )

(1−φ,pr)−−−−−→ Dcris(V )⊕ t(V )
)

if v | p,

R�(Kv, V ) if v |∞,
(
V Iv 1−Frobv−−−−−→ V Iv

)
if v � p∞,
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where φ is, as above, the Frobenius of Dcris(V ) and pr : Dcris(V )→ t(V ) is the canonical
map (cf. Remark 2.23). Note that if v � ∞, then R�f (Kv, V ) is concentrated in degrees 0
and 1. Denote by H•f (Kv, V ) the cohomology of R�f (Kv, V ). In particular, if v � p∞, then

H0
f (Kv, V ) = H0(Kv, V ) (2.31)

and

H1
f (Kv, V ) = H1

unr(Kv, V ) := H1(Gal(K unr
v /Kv), V Iv). (2.32)

We also set

H1
s (Kv, V ) := H1(Kv, V )

/
H1
f (Kv, V )

and call it the singular part of V at v. The complex R�f (Kv, V ) is quasi-isomorphic to a
subcomplex of the complex R�(Kv, V ), and we define R�s(Kv, V ) to be the cokernel of
the corresponding inclusion map.

Remark 2.45 If V is a p-adic representation of GK , then we call Hj
f (Kv, V ) the j-th finite

cohomology group of V at v.

2.13 Global Galois cohomology

Let K be a number field, write PK for the set of (archimedean and non-archimedean)
primes of K and let p be a prime number. The set

S := {v ∈PK | v divides p∞
} ∪ {v ∈PK | Vp is ramified at v

}
(2.33)

is clearly finite. Let us write GK,S for the Galois group over K of the maximal extension of
K unramified outside S. Finally, for any continuous GK,S-moduleM denote by

R�(GK,S,M) := C•(GK,S,M)

the complex of continuous cochains of GK,S with values inM.

Remark 2.46 For our later arguments, it would be equally fine to fix, in place of the set S
defined in (2.33), any subset ofPK containing S.

2.13.1 Finite cohomology

The finite complex of Vp is

R�f (K,Vp) := Cone
(
R�(GK,S, Vp) −→

⊕
v∈S

R�s(Kv, Vp)
)
[−1].

Wedenote byH•f (K,Vp) the cohomology ofR�f (K,Vp) and call it thefinite (orunramified)

cohomology of Vp over K . In particular, by [21, Lemma 19], we have Hj
f (Q, Vp) = 0 for

j /∈ {0, 1, 2, 3} and there are isomorphisms

Hj
f (Q, Vp) � H3−j

f (Q, Vp)∗, (2.34)

where, as before, (·)∗ denotes theQp-linear dual (note that we are implicitly using the fact
that Vp � V ∗p (1)).
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Remark 2.47 The reader can see, e.g., [119] for a definition of cohomological functors that
extend the definition ofH1

f of Bloch–Kato for crystalline p-adic representations of a local
or global Galois group.

2.13.2 Cohomology with compact support

We introduce cohomology with compact support only for K = Q; for simplicity, let us
set GS := GQ,S . See, e.g., [114, §5.3] for the case of a general global field.
LetM be a continuous GS-module. The compact complex of M is

R�c(GS,M) = Cone
(
R�(GS,M) −→

⊕
v∈S

R�(Qv,M)
)
[−1].

We denote by H•c (Q,M) the cohomology of R�c(GS,M) and call it the cohomology with
compact support of M. As explained, e.g., in [21, §3.2], there is a short exact sequence of
complexes

0 −→ R�c(GS, Vp) −→ R�f (Q, Vp) −→
⊕
v∈S

R�f (Qv, Vp) −→ 0 (2.35)

(this is called a “true triangle” by Burns–Flach in [21]).

2.14 The p-adic étale regulator ofM
We introduce the p-adic étale regulator of the modular motiveM over a number field.

2.14.1 Anaemic splittings in étale cohomology

Let p be a prime number, fix a prime p of F above p and let ιp : Q̄ ↪→ Q̄p be an embedding
that induces p. Let us define

WQ̄p
:= �B�ε ·Hk−1

ét
(
X̄ , Q̄p(k/2)

)
.

If we set θp := ιp ◦ θ and let θ range over all homomorphisms θ : Hk (�0(N ))Q̄ → Q̄ of
Q̄-algebras, then θp varies over all homomorphisms Hk (�0(N ))Q̄→ Q̄p of Q̄-algebras. It
follows that there is an “anaemic” splitting

WQ̄p =
⊕
θ

WQ̄p [θp], (2.36)

whereWQ̄p [θp] is the θp-eigenspace ofWQ̄p under the action of Hk (�0(N ))Q̄. Recall from
Sect. 2.4.1 that the ring homomorphism θf , which arises as a map Hk (�0(N ))→ OF , can
also be viewed as a map Hk (�(N ))→ OF via the surjection Hk (�(N )) � Hk (�0(N )). Set

Wp := �B�ε ·Hk−1
ét
(
X̄ , Fp(k/2)

)
,

so that Vp = Wp[θf ]. By a slight abuse of notation, we adopt the same symbol for θf and
ιp◦θf , which allows us to viewWQ̄p [θf ] as one of the direct summands appearing in (2.36).



   64 Page 38 of 136 M. Longo, S. Vigni Res Math Sci (2026) 13:64

There is a canonical injectionWp ↪→WQ̄p that gives rise to a commutative square

Wp WQ̄p

Vp WQ̄p [θf ],

(2.37)

where the right vertical arrow is the projection induced by (2.36) and the other maps are
the obvious injections. Thus, we obtain from (2.37) a canonical surjectionπf,p : Wp � Vp.
Finally, set

Wp :=
⊕
p|p

Wp.

Taking sums over all p | p, the maps πf,p yield a canonical surjection πf,p : Wp � Vp.

2.14.2 p-adic étale regulator

Let K be a number field. For 
 ∈ {p} ∪ {p | p}, set

H1
mot(K,M)
 := H1

mot(K,M)⊗F F
. (2.38)

Denote by

AJK,Zp : CH
k/2
0 (X/K ) −→ H1

(
K,Hk−1

ét
(
X̄ ,Zp(k/2)

))
(2.39)

the (integral) p-adic Abel–Jacobi map induced by the p-adic cycle class map (see, e.g.,
[110, §4], [111, §1], [112, §1]). With notation as in (2.17), for each prime p of F above p we
obtain a map

AJK,Fp : CHk/2
0 (X/K )Fp −→ H1

(
K,Hk−1

ét
(
X̄ , Fp(k/2)

))
.

Therefore, taking sums over all p | p, we get from AJK,Fp a map

AJK,Fp : CH
k/2
0 (X/K )Fp −→ H1

(
K,Hk−1

ét
(
X̄ , Fp(k/2)

))
. (2.40)

Finally, applying the Fp-linear extension of �B�ε to (2.40), restricting the resulting map
to H1

mot(K,M)p and applying the map induced by πf,p to its target, we get a map

regK,p : H1
mot(K,M)p −→ H1(K,Vp) (2.41)

that is called the p-adic étale regulator (or simply the p-adic regulator) ofM over K . We
also set regp := regQ,p. By construction, there is a splitting regK,p =

⊕
p|p regK,p, where

regK,p : H1
mot(K,M)p −→ H1(K,Vp) (2.42)

is the p-adic regulator ofM over K . Again, we may set regp := regQ,p.
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Remark 2.48 As a consequence of work of Saito on the weight-monodromy conjecture
for compactified Kuga–Sato varieties [135,136] and of results of Nekovář [112] and Nizioł
[120] on p-adic regulators, we know that im(regK,p) ⊂ H1

f (K,Vp), where H1
f (K,Vp) is the

finite cohomology group from Sect. 2.13.1. See, e.g., [93, Theorem 2.4] for details.

Remark 2.49 See, e.g., [137, §5.1] for more general Abel–Jacobi maps in the context of
motivic cohomology.

The next conjecture predicts a deep relation between motivic cohomology and (global)
unramified cohomology.

Conjecture 2.50 (p-adic regulator) For all primes p and all number fields K , the p-adic
regulator in (2.41) induces an isomorphism

regK,p : H1
mot(K,M)p

�−→ H1
f (K,Vp) (2.43)

of Fp-modules.

Werefer to the statement of Conjecture 2.50 for fixed p andK as the p-part of Conjecture
2.50 over K . Later on (see, e.g., Sects. 2.20, 2.23 and the main theorems of Section 5), we
shall need to assume that (the p-part of) Conjecture 2.50 holds true over certain number
fields.

Remark 2.51 Conjecture 2.50 is inspired by [15, Conjecture 5.3] and [77, Conjecture 7],
which coincide in our case thanks to [104, Theorem 19.1]. Note that [77, Conjecture 7]
is stated for motivic cohomology defined by means of the whole Chow group of homo-
logically trivial cycles instead of our CHk/2

arith(X/K ); however, as observed in Remark 2.11,
thanks to a conjecture of Beilinson, the motivic cohomology groups used in [77] and
those defined in this paper are conjecturally equal when tensored with Q, and therefore
Conjecture 2.50 is (conjecturally) consistent with [15, Conjecture 5.3] and [77, Conjecture
7].

Remark 2.52 LetK be a number field and suppose that the p-part of Conjecture 2.50 over
K holds true for a prime number p. It is well known (essentially a consequence of results
of Tate, cf. [154, §2]) that H1

f (K,Vp) is finitely generated over Fp, so isomorphism (2.43)
implies thatH1

mot(K,M)p is finitely generated over Fp as well. It follows thatH1
mot(K,M) is

finite-dimensional as an F-vector space: we conclude that Conjecture 2.50 for some prime
p implies Conjecture 2.12. Note that isomorphism (2.43) ensures, in fact, that H1

f (K,Vp)
is free (of finite rank) over Fp.

Remark 2.53 For the counterpart of Conjecture 2.50 for motives of elliptic curves, the
reader is referred to [77, Example 2.16].

2.15 ProjectiveO-structures inM
In the definition that follows,O is an order of F . Furthermore, given a prime p, we consider
the semilocal ringO⊗ZZp; notice that, as in Sect. 2.4.3, throughout this paper we reserve
the symbolOp forOF ⊗Z Zp. Denote by

CompB,ét : VB ⊗F Fp
�−→ Vp
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the comparison isomorphism between Betti and étale cohomology.
The following notion was introduced in [21, §3.3, Definition 1].

Definition 2.54 A projective O-structure in M is a finitely generated projective O-
module TB ⊂ VB such that

(1) TB ⊗O F � VB;
(2) CompB,ét

(
TB ⊗O (O ⊗Z Zp)

)
is a GQ-stableO ⊗Z Zp-lattice in Vp for all primes p.

The remark below deals with the special case whereO is the maximal orderOF of F .

Remark 2.55 The OF -module TB that was defined in Sect. 2.4.2 is a projective OF -
structure in M. Moreover, if Tp ⊂ Vp is the GQ-stable Op-lattice introduced in (2.9),
then the integrality properties of CompB,ét (see, e.g., [1, Exp. XI, Théorème 4.4, (iii)])
ensure that

CompB,ét(TB ⊗OF Op) = Tp. (2.44)

We highlight this equality for future use.

2.16 The Tamagawa number conjecture forM
We formulate the Tamagawa number conjecture of Bloch–Kato [15] and Fontaine–
Perrin-Riou [43] in the case of the motiveM. We assume that

• the p-part of Conjecture 2.50 overQ holds true.

This will establish, in particular, an isomorphism between the Fp-linear duals ofH1
f (K,Vp)

and H1
mot(K,M)p.

2.16.1 The isomorphism θp,S

Define the Fp-module

t(M)p := t(M)⊗Q Qp = t(M)⊗F Fp.

The comparison isomorphism between de Rham and étale cohomology induces an iso-
morphism

CompdR,ét : t(Vp)
�−→ t(M)p.

Let v be place ofQ. Note that

Det−1Fp
(
R�f (Qv, Vp)

) �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(Fp, 0) if v /∈ {p,∞},

DetFp
(
t(M)p

)
if v = p,

Det−1Fp
(
H0(R, Vp)

)
if v = ∞.

(2.45)

Combining the base change property of determinants (cf. Sect. A.4), the multiplicativity
of DetFp applied to (2.35) and, finally, isomorphism (2.45), we get an isomorphism

DetFp
(
R�c(GS, Vp)

) � DetFp
(
R�f (Q, Vp)

) ·DetFp
(
t(M)p

) ·Det−1Fp (V
+
B ⊗F Fp). (2.46)
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Define the Fp-module

�(M)p := �(M)⊗Q Qp = �(M)⊗F Fp.

Using Conjecture 2.50, the definition of the fundamental line�(M) (Definition 2.36) and
(2.34), we get a conjectural isomorphism of Fp-modules

θp,S : �(M)p
�−→ DetFp

(
R�c(GS, Vp)

)
. (2.47)

Wewant to provide somemore details on this isomorphism.We are assuming the validity
of the p-part of Conjecture 2.50 over Q, so the regulator isomorphism yields an isomor-
phism of Fp-modules

�(M)p � Det−1Fp
(
H1
f (Q, Vp)

) · DetFp
(
H1
f (Q, Vp)∗

)

· DetFp
(
tp(M)

) · Det−1Fp (V
+
B ⊗F Fp).

On the other hand, the isomorphismH1
f (Q, Vp)∗ � H2

f (Q, Vp), which uses the self-duality
V ∗p (1) � Vp, leads to yet another isomorphism of Fp-modules

�(M)p � Det−1Fp
(
H1
f (Q, Vp)

) · DetFp
(
H2
f (Q, Vp)

)

· DetFp
(
tp(M)

) · Det−1Fp (V
+
B ⊗F Fp).

(2.48)

Comparing (2.46) and (2.48), we see that to complete the construction of θp,S in (2.47) we
need just to show that

Det−1Fp
(
H1
f (Q, Vp)

) · DetFp
(
H2
f (Q, Vp)

) = DetFp
(
R�f (Q, Vp)

)
.

To begin with, there is an isomorphism of Fp-modules

DetFp
(
R�f (Q, Vp)

) � DetFp
(
H0
f (Q, Vp)

) · Det−1Fp
(
H1
f (Q, Vp)

)

· DetFp
(
H2
f (Q, Vp)

) · Det−1Fp
(
H3
f (Q, Vp)

)

(cf. Sect. 2.13.1), so it remains to check that

DetFp
(
H0
f (Q, Vp)

) · Det−1Fp
(
H3
f (Q, Vp)

) = Fp. (2.49)

By duality, there is an isomorphism of Fp-modules

H3
f (Q, Vp) � H0

f (Q, Vp)∗.

Now, by definition, H0
f (Q, Vp) = 0, so H3

f (Q, Vp) = 0 and equality (2.49) follows.
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2.16.2 TNC forM
We formulate the Tamagawa number conjecture (TNC, for short) for the motiveM over
Q. Our previous notation is in force: S is the set of primes that was fixed in (2.33) and θp,S
is the isomorphism in (2.47). Recall the zeta elements ζf and ζ ∗f appearing in Conjectures
2.40 and 2.41.

Conjecture 2.56 (TNC forM) Assume Conjectures 2.40 and 2.50. Let TB be a projective
O-structure inM for some orderO of F . For every prime number p there is an equality

θp,S(ζ ∗f ) · (O⊗Z Zp) = DetO⊗ZZp

(
R�c
(
GS,CompB,ét

(
TB ⊗O (O⊗Z Zp)

)))
(2.50)

of (O ⊗Z Zp)-submodules of DetFp
(
R�c(GS, Vp)

)
.

Henceforth, equality (2.50) for a given p will be referred to as the p-part of the TNC for
M; we will sometimes indicate it as p-TNC forM.

Remark 2.57 As in [77, Remark 2.21], one can show that Conjecture 2.56 is independent
of the choice of theO-projective structure TB; furthermore, keeping Remark 2.46 inmind,
it can also be checked that Conjecture 2.56 does not depend on the choice of S, in the
sense explained in [77, Remark 2.22].

Although we formulated Conjecture 2.56 for any orderO of F , we shall prove our main
results forO = OF exclusively. In particular, in our computations we will take advantage
of the fact thatOp, which stands forOF ⊗Z Zp, splits as a direct productOp = ∏p|pOp

of principal ideal domains. In light of Remark 2.57, when O = OF it is not restrictive
to prove Conjecture 2.56 under the assumption that TB is the distinguished projective
OF -structure TB from Sect. 2.4.2 (cf. Remark 2.55). In this case, thanks to equality (2.44),
equality (2.50) reads

θp,S(ζ ∗f ) ·Op = DetOp

(
R�c(GS, Tp)

)
. (2.51)

This is the expression of p-TNC forM that we shall work with in the rest of this article.

Remark 2.58 Let O be an order of F . It would be interesting to compare the validity of
p-TNC forM relative toO and the validity of p-TNC forM relative toOF , which is a task
we do not approach in this paper. For example, notice that the orderO := Z[an : n ≥ 1]
of OF generated by the Fourier coefficients of f does not coincide, in general, with OF .
Betti cohomology groups are equipped with Hecke actions and TB(R) has a canonical
structure of projectiveR-module for any subringR ofOF containingO, so in Conjecture
2.56 one can take TB = TB(R) for anyR as above. However, notice that, sinceO has finite
index inOF , the equalityO⊗Z Zp = OF ⊗Z Zp holds for all but finitely many primes p.
Therefore, since our arguments force us to disregard an infinite set of prime numbers p
for technical reasons, assumingO = OF is essentially not restrictive for our aims.

2.17 Bloch–Kato Selmer groups

Let K be a number field and let p be a prime number. Let V be a p-adic representation of
GK and let T be aZp-lattice in V . Set A := V /T . If T is endowed with aZp-linear action
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of an order O of F , then V inherits a structure of an Fp-module, while both T and A are
equipped with a structure ofOp-modules.

2.17.1 Finite local conditions

Let v be a place of K . The finite local conditions H•f (Kv, T ) and H•f (Kv, A) at v are defined
by propagation from the cohomology groups H•f (Kv, V ) in Sect. 2.12 using the canonical
maps T ↪→ V and V � A (see, e.g., [101, §1.1]). In particular, it follows from (2.31) that
if v � p∞, then

H0
f (Kv, Tp) = H0(Kv, Tp), H0

f (Kv, Ap) = H0(Kv, Ap).

Wedenote byH•s (Kv, T ) (respectively,H•s (Kv, A)) the quotients ofH•(Kv, T ) (respectively,
H•(Kv, A)) by H•f (Kv, T ) (respectively, H•f (Kv, A)).

2.17.2 Bloch–Kato Selmer groups

In the following definition, letM ∈ {V, T, A}.

Definition 2.59 The Bloch–Kato Selmer group of M over K is

H1
f (K,M) := ker

(
H1(K,M) −→

∏
v
H1
s (Kv,M)

)
,

where the product is taken over all places v of K .

One can check (see [77, Lemma 2.15] or [95, Lemma 5.1]) that

H1
f (K,M) = ker

(
H1(GK,S,M) −→

⊕
v∈S

H1
s (Kv,M)

)
, (2.52)

where S is the finite set of places of K that is fixed in Sect. 2.13.
As in Sect. 2.4.3, for all primes p of F above p we set Tp := Tp ⊗Op Op, which is an

Op-lattice inside Vp; there is a splitting Tp =∏p|p Tp. We also put Ap := Vp/Tp; if Ap is
defined as in (2.10), then Ap =∏p|p Ap. There is a splitting

H1
f (K,Mp) =

⊕
p|p

H1
f (K,Mp), (2.53)

where the direct sum is taken over all primes p of F above p.

2.18 Shafarevich–Tate groups ofM
Let p be a prime number. From now on, for a p-primary abelian group G we denote by
Gdiv the maximal p-divisible subgroup of G. We introduce Shafarevich–Tate groups à la
Bloch–Kato.

2.18.1 Shafarevich–Tate groups

LetK be a number field. For any prime p of F above p, recall the Bloch–Kato Selmer group
H1
f (K,Ap) of Ap over K from Sect. 2.17.2. The following definition of Shafarevich–Tate

group is due to Bloch–Kato ([15, Remark 5.15.2]; cf. also [40]).
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Definition 2.60 (1) The (Bloch–Kato) Shafarevich–Tate group ofM over K at p is

XBK
p (K,M) := H1

f (K,Ap)
/
H1
f (K,Ap)div .

(2) The (Bloch–Kato) Shafarevich–Tate group ofM over K at p is

XBK
p (K,M) := H1

f (K,Ap)
/
H1
f (K,Ap)div .

(3) The (Bloch–Kato) Shafarevich–Tate group ofM over K is

XBK(K,M) :=
⊕
p

XBK
p (K,M),

where p varies over all prime numbers.

There is a splitting XBK
p (K,M) = ⊕p|pX

BK
p (K,M), where the direct sum is taken

over all primes p of F above p. Therefore, we can write

XBK(K,M) =
⊕
λ

XBK
λ (K,M),

where λ varies over all primes of F . Notice thatXBK
λ (K,M) is finite for all λ, and then the

same is trueofXBK
� (K,M) for all primenumbers � (see, e.g., [43,Ch. II, Proposition5.3.5]).

We remark that in Sect. 5.5.1 we introduce also Shafarevich–Tate groupsXNek
p (K,M) à

la Nekovář: the interplay between XBK
p (K,M) and XNek

p (K,M) will be crucial for our
arguments (see, e.g., Sects. 5.5.2 and 5.7.1).

2.18.2 A finiteness conjecture

By analogy with a classical conjecture for Shafarevich–Tate groups of abelian varieties
over global fields, it is natural to propose

Conjecture 2.61 (Finiteness of X) For all number fields K , the group XBK(K,M) is
finite.

Clearly, Conjecture 2.61 (which will play no explicit role in the paper) is equivalent to
the prediction that, for all number fields K , the group XBK

� (K,M) is trivial for all but
finitely many �.

Remark 2.62 To be in line with terminology and notation introduced in Definition 2.60
for Shafarevich–Tate groups, we could alternatively set Selp(K,M) := H1

f (K,Ap) and call
it the Bloch–Kato Selmer group of M over K at p. However, later on we shall reserve a
symbol of this kind (at least when K varies over the finite layers of the cyclotomic Zp-
extension of Q) for Selmer groups in the sense of Greenberg (cf. Sect. 5.6), so here we
chose to adopt the notation that was originally used by Bloch and Kato in [15].

2.19 Local finite cohomology groups

We collect some basic facts on local cohomology groups of p-adic Galois representations.
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2.19.1 Local Tate duality

Let V , T , A be as in Sect. 2.17. Define

T ∗ := HomZp (T,Zp)

and recall that if v is a place ofQ, then under the local Tate duality pairing

(·, ·)v : H1(Qv, T )×H1(Qv, T ∗ ⊗Zp (Qp/Zp)(1)
) −→ Qp/Zp

the subgroups H1
f (Qv, T ) and H1

f
(
Qv, T ∗ ⊗Zp (Qp/Zp)(1)

)
are exact annihilators of each

other ([15, Proposition 3.8]). We remark that H1
f
(
Qv, T ∗ ⊗Zp (Qp/Zp)(1)

)
is defined by

propagation from the corresponding local conditions for the representation V ∗(1), where
V ∗ := HomQp (V,Qp). Now we assume that there is an isomorphism V ∗(1) � V under
which T ∗(1) � T . It follows thatA � T ∗ ⊗Zp(Qp/Zp)(1), soH1

f
(
Qv, T ∗ ⊗Zp(Qp/Zp)(1)

)
is isomorphic to H1

f (Qv, A). Then the local Tate pairing at v yields a perfect pairing

(·, ·)v : H1(Qv, T )×H1(Qv, A) −→ Qp/Zp (2.54)

under which the subgroupsH1
f (Qv, T ) andH1

f (Qv, A) are exact annihilators of each other.
Since (·, ·)v is perfect, this means that there are isomorphisms

ϕv : H1
f (Qv, T ) �−→ H1

s (Qv, A)∨ (2.55)

and

ψv : H1
s (Qv, T ) �−→ H1

f (Qv, A)∨, (2.56)

where for aZp-moduleM we let

M∨ := Homcont(M,Qp/Zp) (2.57)

be the Pontryagin dual ofM.

2.19.2 The case ofmodularmotives

In the case of motives of modular forms, there is an isomorphism V ∗p (1) � Vp under
which T ∗p (1) � Tp, so the results above apply with V = Vp, T = Tp, A = Ap.

Lemma 2.63 There is a commutative diagram

0
⊕

v∈S H1
f (Qv, Tp)

� ϕS

⊕
v∈S H1(Qv, Tp)

⊕
v∈S H1

s (Qv, Tp) 0

⊕
v∈S H1

s (Qv, Ap)∨ H1(GS, Ap)∨ H1
f (Q, Ap)∨ 0

with exact rows.
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Proof The top row is a direct consequence of the definitions of the groups involved, while
the bottom row is obtained by taking Pontryagin duals of the exact sequence

0 −→ H1
f (Q, Ap) −→ H1(GS, Ap) −→

⊕
v∈S

H1
s (Qv, Ap)

induced by (2.52) withM = Ap. The vertical isomorphism on the left is defined by setting
ϕS := ⊕v∈S ϕv , with ϕv as in (2.55). On the other hand, the middle vertical arrow is the
composition of the map

⊕
v∈S H1(Qv, Tp) → ⊕v∈S H1(Qv, Ap)∨ induced by (2.54) and

the dual of the map H1(GS, Ap)→⊕s∈S H1(Qv, Ap) given by restriction in cohomology.
Finally, the right vertical map is the composition of the map ⊕v∈Sψv , where ψv is as in
(2.56), and the dual of the map H1

f (Q, Ap) →⊕s∈S H1
f (Qv, Ap) defined by restriction in

cohomology. The commutativity of the diagram is immediate by construction. ��
For a prime p of F above the prime number p, letAp[p] = Tp/pTp be themod p residual

representation on the p-torsion of Ap (cf. Sect. 3.1.2). In the rest of this article, we work
under the following

Assumption 2.64 (1) p � N ;
(2) Ap[p] is ramified at the primes dividing N for each p | p;
(3) � prime, �2 |N ⇒ V I�

p = 0.

In part (3), I� ⊂ GQ� is the inertia subgroup at �. As a consequence of Assumption 2.64,
the (finite) set of places ofQ from Sect. 2.13 is explicitly given by

S := {� prime | � divides Np} ∪ {∞}. (2.58)

Lemma 2.65 If � �= p is a prime number, then H0
f (Q�, Vp) = H1

f (Q�, Vp) = 0.

Proof Let S be as in (2.58) and let � be a prime number. First assume that � /∈ S. Since Vp
is unramified at �, we have V I�

p = Vp. It follows from (2.32) and [134, Lemma 1.3.2, (i)]
that there is an isomorphism

H1
f (Q�, Vp) � Vp

/
(Frob�−1)Vp. (2.59)

In this case, Frob� acts with eigenvalues α, β such that |α| = |β| = �k/2+1; we deduce that
Frob�−1 : Vp → Vp is an isomorphism, and the result follows from (2.59).
Assume now that � |N . If �2 |N , then by part (3) of Assumption 2.64we haveV I�

p = 0, so
again the result follows from (2.32). Finally, assume that �‖N . The restriction ofVp toGQ�

is isomorphic to
( χcyc c

0 1
)
, where χcyc is the p-adic cyclotomic character and c : GQ� → Vp

is a 1-cocycle. Moreover, I� acts via the map g �→ ( 1 c(g)
0 1

)
, so, since Vp is ramified at �, we

have c �= 0 and V I�
p � Fp(1). In particular, Frob�−1 is an isomorphism on V I�

p , and by
(2.32) the lemma is proved. ��
Lemma 2.66 H0(Qp, Vp) = 0.

Proof By part (1) of Assumption 2.64, Vp is a crystalline, hence de Rham, representation,
soDdR(Vp) = Dcris(Vp). By [15, Theorem 4.1, (ii)], the Bloch–Kato exponential map gives
an isomorphism

expBK : t(Vp)
�−→ H1

f (Qp, Vp),
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and then [15, Corollary 3.8.4] implies that H0(Qp, Vp) = 0. ��

2.20 On the cohomology of Tp, Vp, Ap
Let K be a number field. Recall that we assume throughout that Conjecture 2.12 is true,
i.e., H1

mot(K,M) has finite dimension, denoted by ralg(M/K ), over F . For notational con-
venience, set r := ralg(M/K ). Furthermore, assume also that

• the p-part of Conjecture 2.50 over K holds true.

This condition, for suitable choices of K , will essentially be in force until the end of
the paper (namely, in Sect. 2.20, in Sect. 2.23 and in the main theorems of Section 5).
Therefore, the p-adic regulator map from (2.41) is an isomorphism

regK,p : H1
mot(K,M)p

�−→ H1
f (K,Vp)

of Fp-modules. As a consequence,H1
f (K,Vp) is free of rank r over Fp. Since Fp =∏p|p Fp,

it follows from (2.53) withM = V that the Fp-vector spaceH1
f (L, Vp) has dimension r for

all primes p of F above p. In the following lines, let 
 ∈ {p} ∪ {p | p}.

2.20.1 Cohomology and divisible submodules

Set

H1
f (K, T
) := im

(
H1
f (K, T
) −→ H1

f (K,V
)
)
.

Since H1
f (K, Tp) is finitely generated overOp and there is a canonical isomorphism

H1
f (L, Tp)⊗OpFp

�−→ H1
f (L, Vp)

of Fp-vector spaces (cf. [134, Proposition B.2.4] and [154, Proposition 2.3]), we conclude
thatH1

f (K, Tp) is a freeOp-submodule ofH1
f (K,Vp) of rank r; in other words,H1

f (K, Tp) is
anOp-lattice insideH1

f (K,Vp). Again by (2.53),H1
f (K, Tp) =⊕p|p H1

f (K, Tp), soH1
f (K, Tp)

is a freeOp-submodule of H1
f (K,Vp) of rank r.

It can be checked that there is an exact sequence

H1
f (K, T
) −→ H1

f (K,V
) −→ H1
f (K,A
), (2.60)

which induces an exact sequence

0 −→ H1
f (K, T
) −→ H1

f (K,V
) −→ H1
f (K,A
). (2.61)

The group H1
f (K,V
) is a vector space over a field of characteristic 0, so it is divisible, and

then the rightmost map in (2.60) gives a map

ϒ
 : H1
f (K,V
) −→ H1

f (K,A
)div . (2.62)

Clearly, ϒp =⊕p|pϒp.

Proposition 2.67 The map ϒ
 is surjective.

Proof The surjectivity of ϒp is equivalent to that of ϒp for all p | p, which is well known
(cf. [40], [117, §2.1.3]). ��
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2.20.2 On Pontryagin duals

LetM ∈ {T, V, A}. As is pointed out in Remark B.1, there is an identification

Homcont
(
H1
f (L,Mp),Qp/Zp

) = Homcont
(
H1
f (L,Mp), Fp/Op

)
, (2.63)

which provides an alternative description of the Pontryagin dualH1
f (L,Mp)∨ ofH1

f (L,Mp).
Let us also define

H1
f (K,Mp)∨ := Homcont

(
H1
f (K,Mp), Fp/Op)

and call thisOp-module the Pontryagin dual of H1
f (K,Mp). It follows from (2.63) and the

splitting Fp/Op =∏p|p Fp/Op that

H1
f (K,Mp)∨ =

⊕
p|p

H1
f (K,Mp)∨. (2.64)

Let us write corankO
H1
f (K,A
) for the corank of H1

f (K,A
) over O
, i.e., the rank as an
O
-module of its Pontryagin dualH1

f (L, A
)
∨. The corollary below will be used on several

occasions when proving results on ralg(M) (see, e.g., Theorem 5.22, Sects. 7.2, 8.2, 9.2).

Corollary 2.68 corankO
H1
f (K,A
) = r.

Proof To begin with, corankO
H1
f (K,A
) = corankO
H1

f (K,A
)div. On the other hand, it
follows from (2.61) and Proposition 2.67 that there is an isomorphism ofO
-modules

H1
f (K,A
)div � H1

f (K,V
)
/
H1

f (K, T
) � (F
/O
)r ,

whence the desired equality. ��

2.20.3 Dual bases

In light of Proposition 2.67, taking Pontryagin duals of the map ϒ
 in (2.62) gives an
injection ofO
-modules

ϒ∨
 : H1
f (K,A
)

∨
div ↪−→ H1

f (K,V
)
∨. (2.65)

Again, ϒ∨p =
⊕

p|pϒ∨p .
Now pick an Fp-basis B̃ = {x1, . . . , xr} of H1

f (K,Vp); it generates a rank r free Op-
submodule	B̃ of H1

f (K,Vp). Fix an isomorphism

ϕB̃ : 	B̃
�−→ H1

f (K, Tp)

of Op-modules and set ξi := ϕB̃ (xi) for i = 1, . . . , r. Thus, {ξ1, . . . , ξr} is an Op-basis of
H1

f (K, Tp); it is also an Fp-basis of H1
f (K,Vp). The elements ξ1, . . . , ξn give rise to the dual

basis {ξ∗1 , . . . , ξ∗n } of the Op-linear dual of H1
f (K, Tp) by the recipe ξ∗i (ξj) := δij , where

δij is the Kronecker delta; this gives also a basis, which will be denoted in the same way,
of the Fp-linear dual of H1

f (K,Vp). Composing the Fp-linear maps ξ∗i with the canonical
projection Fp � Fp/Op, we obtain elements ξ∨i of the Pontryagin dual H1

f (K,Vp)∨.

Lemma 2.69 The elements ξ∨1 , . . . , ξ∨r are linearly independent overOp.
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Proof In light of splitting (2.64) forM = V , we may

• assume that ξ∨1 , . . . , ξ∨r belong to H1
f (K,Vp)∨ for a prime p of F above p,

• replaceOp withOp.

Now the lemma follows from Lemma B.8 with, in the notation of Sect. B.3, K = Fp,
O = Op, vi = ξi, V = H1

f (K,Vp), TB = H1
f (K, Tp). ��

Denote by#B̃ theOp-submodule ofH1
f (K,Vp)∨ spanned by ξ∨1 , . . . , ξ∨r ; by Lemma 2.69,

theOp-rank of #B̃ is r.

Lemma 2.70 If B̃ and B̃′ are Fp-bases of H1
f (K,Vp), then #B̃ = #B̃ ′ .

Proof With self-explaining notation, {ξ∗1 , . . . , ξ∗r } and
{
(ξ ′1)∗, . . . , (ξ ′r)∗

}
are bases of the

Op-linear dual of H1
f (K, Tp). In particular, for every i ∈ {1, . . . , r} there are ai,1, . . . , ai,r ∈

Op such that (ξ ′i )∗ = ai,1ξ∗1 + · · · + ai,rξ∗r . On the other hand, the Op-linearity of the
quotient projection Fp � Fp/Op ensures that

(ξ ′i )∨ = ai,1ξ∨1 + · · · + ai,rξ∨r ,

so #B̃ ′ ⊂ #B̃ . Analogously, the inclusion #B̃ ⊂ #B̃ ′ holds as well. ��
In light of Lemma 2.70, from here on we set

#p := #B̃ ⊂ H1
f (K,Vp)∨

for any Fp-basis B̃ of H1
f (K,Vp). Now recall the injection ofOp-modules ϒ∨p from (2.65).

Proposition 2.71 The image of ϒ∨p is #p.

Proof Since ϒ∨p =
⊕

p|pϒ∨p , as in the proof of Lemma 2.69 we may work with a fixed
prime p | p in place of p. Taking Pontryagin duals in the short exact sequence

0 −→ H1
f (K, Tp)

ιp−→ H1
f (K,Vp)

ϒp−→ H1
f (K,Ap)div −→ 0,

where ιp is simply inclusion, gives a short exact sequence ofOp-modules

0 −→ H1
f (K,Ap)∨div

ϒ∨p−−→ H1
f (K,Vp)∨

ι∨p−→ H1
f (K, Tp)∨ −→ 0.

Therefore, if#p denotes the analogue of#p at p, then we need to show that ker(ι∨p ) = #p.
Let ϕ ∈ ker(ι∨p ). This means that ϕ ∈ H1

f (K,Vp)∨ and ϕ|H1
f (K,Tp) = 0, which is equivalent

to ϕ ∈ #p by Proposition B.10 with, in the notation of Sect. B.3, K = Fp, O = Op,
V = H1

f (K,Vp), TB = H1
f (K, Tp), #B = #p. ��

The next corollary will be used in the proof of Theorem 2.83.

Corollary 2.72 The set {ξ∨1 , . . . , ξ∨r } is anOp-basis of the image of ϒ∨p .

Proof By definition of #p, this follows from Proposition 2.71. ��
In light of the fact that ϒ∨p is the dual of the map induced by the canonical projection

Vp � Ap, from now on we shall usually identify H1
f (K,Ap)∨div with its image under ϒ∨p ; in

particular, we shall regard {ξ∨1 , . . . , ξ∨r } as anOp-basis of H1
f (K,Ap)∨div.
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2.21 Tamagawa ideals ofM
For eachprimepofF abovep, the completionOp ofOF atp is a PID (actually, aDVR), sowe
can apply the definition of determinants in Sect. A.3 to the casewhereR = Op =∏p|pOp.
In particular, with notation that already made an appearance in Sect. 1.1.3, if T is a finite
Op-module, then IOp (T ) stands for DetOp (T ) and I−1Op

(T ) stands for Det−1Op
(T ); it follows

that IOp (T ) and I−1Op
(T ) are fractional Op-ideals. More explicitly, with T as above, let

T =⊕p|p Tp be the splitting of T as a product ofOp-modules; then

IOp (T ) =
∏
p|p

IOp (Tp) ⊂ Fp.

Since we shall essentially work withOp-modules only, from now on we simply set

I(T ) := IOp (T ), I−1(T ) := I−1Op
(T ) (2.66)

for every finiteOp-module T , unless confusion may arise.

2.21.1 Finite primes � �= p

Let � �= p be a prime number and for any GQ�-moduleM set

H1
unr(Q�,M) := H1(Gal(Qunr

� /Q�),MI�) = ker
(
H1(Q�,M) −→ H1(I�,M)

)
,

where the equality on the right is a consequence of the inflation-restriction exact sequence
(see, e.g., [134, Proposition B.2.5]). In particular, observe that H1

f (Q�, Ap) ⊂ H1
unr(Q�, Ap)

and the inclusion has finite index. By definition, H1
f (Q�, Vp) = H1

unr(Q�, Vp) and there is
an exact sequence

0 −→ H0
f (Q�, Vp) −→ V I�

p
Frob�−1−−−−−→ V I�

p −→ H1
f (Q�, Vp) −→ 0.

Thus, we obtain a chain of two isomorphisms

ϑ� : DetFp
(
H0
f (Q�, Vp)

) · Det−1Fp
(
H1
f (Q�, Vp)

) �−→ Det−1Fp
(
H1
f (Q�, Vp)

) �−→ (Fp, 0),

the former being a consequence of Lemma 2.65.

Definition 2.73 The p-part of the Tamagawa ideal ofM at � is

Tam(p)
� (M) := ϑ�

(
Det−1Op

(
H1
f (Q�, Tp)

))
. (2.67)

Notice that, in light of the definition given in (A.6), there is a splitting

Tam(p)
� (M) =

∏
p|p

Tam(p)
� (M),

where thep varies over all primes ofF abovep andTam(p)
� (M), thep-part of theTamagawa

ideal ofM at �, is defined as in (2.67) by replacing p with p.
To lighten our notation, set G� := Gal(Qunr

� /Q�) � Ẑ. The auxiliary result below will
be used in the proof of Proposition 2.76.
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Lemma 2.74 H2(G�, T I�
p
) = H2(G�, V I�

p
) = 0.

Proof The G�-module V I�
p , which is a vector space over a field of characteristic 0, is

divisible, soH2(G�, V I�
p
) = 0 by [144, Ch. XIII, Proposition 2]. As for the other vanishing,

note that TI�
p = lim←−n(Tp/pnTp)I� and Tp/pnTp is finite for all n ∈ N. On the other hand,

[134, Lemma 1.3.2, (i)] gives

H1(G�, (Tp/pnTp)I�
) � (Tp/pnTp)I�

/
(Frob�−1)(Tp/pnTp)I� ,

so H1(G�, (Tp/pnTp)I�
)
is finite for all n ∈ N. By [154, Corollary 2.2], it follows that there

is an isomorphism

H2(G�, T I�
p
) � lim←−n

H2(G�, (Tp/pnTp)I�
)
. (2.68)

Finally, since (Tp/pnTp)I� is finite, hence torsion, [144, Ch. XIII, Proposition 2] ensures
that

H2(G�, (Tp/pnTp)I�
) = 0 (2.69)

for all n ∈ N. Combining (2.68) and (2.69), we conclude that H2(G�, T I�
p
) = 0. ��

Recall that H1
unr(Q�, Tp) = H1(G�, T I�

p
)
and that Assumption 2.64 is in force.

Proposition 2.75 #H1
unr(Q�, Tp) <∞.

Proof The kernel of the natural map H1(G�, T I�
p
) → H1(G�, V I�

p
)
is isomorphic to a

quotient ofH0(G�, V I�
p /TI�

p
)
, so it is torsion overOp. By Lemma2.65,H1(G�, V I�

p
) = 0, and

thenH1(G�, T I�
p
)
isOp-torsion. SinceH1(G�, T I�

p
) =∏p|p H1(G�, T I�

p

)
asOp-modules, we

deduce that H1(G�, T I�
p

)
is torsion over Op for all p | p. Furthermore, since Tp is finitely

generated over Op, it follows from [134, Proposition B.2.7] that H1(GQ� , Tp) is finitely
generated overOp for all p | p, and then the same is true of itsOp-submoduleH1(G�, T I�

p

)
.

We conclude that H1(G�, T I�
p

)
is finite for all p | p, which implies that H1

unr(Q�, Tp) =
H1(G�, T I�

p
)
is finite. ��

Let S be the finite set of places of Q that was fixed in (2.58) and recall the notational
convention from (2.66). SetWp := AI�

p
/
(AI�

p )div. The next result is a slight refinement, in
our modular context, of [43, Ch. I, Proposition 4.2.2].

Proposition 2.76 (1) If � /∈ S, then Tam(p)
� (M) � Op.

(2) Tam(p)
� (M) � I

(
WFrob�=1

p
)
for every �.

Proof Part (1) is [43, Ch. I, Proposition 4.2.2, i)]. As for part (2), the inflation-restriction
exact sequence yields a commutative diagram with exact rows

0 H1
(
G�, T I�

p
)

H1(GQ� , Tp) H1(I�, Tp)GQ� 0

0 H1
(
G�, V I�

p
)

H1(GQ� , Vp) H1(I�, Vp)GQ� 0

(2.70)
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in which the surjectivity of the right non-trivial arrows on both rows follows from Lemma
2.74. As a consequence of Lemma 2.65, H1

f (Q�, Tp) is the kernel of the middle vertical
map in diagram (2.70). By [154, Proposition 2.3], the kernels of the middle and the right
vertical arrows in (2.70) are H1(GQ� , Tp)tors and H1(I�, Tp)

GQ�
tors , respectively. By applying

the snake lemma to (2.70), we get a short exact sequence

0 −→ H1
unr(Q�, Tp) −→ H1

f (Q�, Tp) −→ H1(I�, Tp)
GQ�
tors −→ 0. (2.71)

By [43, Ch. I, Proposition 4.2.2, ii)], we know that

Tam(p)
� (M) = DetOp

(
H1(I�, Tp)

GQ�
tors

)
. (2.72)

On the other hand, by [134, Lemma 1.3.5, (iii)], there is an isomorphism ofOp-modules

H1
f (Q�, Tp)

/
H1
unr(Q�, Tp) �WFrob�=1

p . (2.73)

The desired result follows by combining (2.71), (2.72) and (2.73). ��

2.21.2 The prime p

Now we consider the case � = p. There is an exact sequence of Fp-modules

0 −→ H0
f (Qp, Vp) −→ Dcris(Vp)

(ϕ−1,pr)−−−−−→ Dcris(Vp)⊕t(M)p −→ H1
f (Qp, Vp) −→ 0.

(2.74)

By [15, Corollary 3.8.4], H0
f (Qp, Vp) = H0(Qp, Vp), so H0

f (Qp, Vp) = 0 by Lemma 2.66.
Taking determinants in (2.74), we obtain an isomorphism

ϑp : Det−1Fp
(
H1
f (Qp, Vp)

) �−→ Det−1Fp
(
tp(Vp)

)
.

Define theOp-submodule

	p := ϑp
(
Det−1Op

(
H1
f (Qp, Tp)

))

of Det−1Fp
(
tp(Vp)

)
. Recall that tp(Vp) is a free Fp-module of rank 1 and fix an Fp-generator

ω of t(M)p. Then ω is a generator of the free Fp-module DetFp
(
t(M)p

)
of rank 1; more-

over, Det−1Fp
(
t(M)p

)
is free of rank 1 over Fp, and we let ω−1 denote the generator of

Det−1Fp
(
t(M)p

)
corresponding to ω, which is characterized by ω−1(ω) = 1. Now 	p is an

Op-submodule of free Fp-module Det−1Fp
(
t(M)p

) = Fp · ω−1, so there exists an Op-ideal
Tamp,ω(Ap) such that

	p = Tamp,ω(Ap) · ω−1. (2.75)

With TB as in (2.5) and φ∞ the involution from Sect. 2.4.2, we define T+B := Tφ∞=1B and
T+p := H0(R, Tp). There are comparison isomorphisms

CompB,ét : T
+
B ⊗Q Qp

�−→ T+p ⊗Zp Qp, CompB,dR : V+B ⊗Q Qp
�−→ t(Vp). (2.76)
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We deduce from (2.44) that there is an induced isomorphism ofOp-modules

CompB,ét : T
+
B ⊗OF Op

�−→ T+p .

Choose δf ∈ T+B � {0} and set ωδf := CompB,dR(δf ) ∈ t(Vp).

Definition 2.77 The p-part of the Tamagawa ideal ofM at p is

Tam(p)
p (M) := Tamp,ωδf (Ap),

where Tamp,ωδf (Ap) is defined as in (2.75).

Now assume that CompB,ét(δf ) is an Op-generator of T+p (later on, this condition will
be satisfied for a suitable choice of p). Then, since Vp is crystalline, we actually have

Tam(p)
p (M) = Op. (2.77)

This follows from theproof in [5, Theorem4.2.2] ofConjectureCEP,Qp (V ) from [43, §4.5.4]
(cf. also [6, Proposition II.2], and [125, Proposition 4.2.5] in the ordinary case, which will
be the setting of interest for us in subsequent sections).

2.21.3 The archimedean prime

In the archimedean case, we introduce (the p-part of) the Tamagawa ideal ofM as follows.

Definition 2.78 The p-part of the Tamagawa ideal ofM at∞ is

Tam(p)
∞ (M) := Det−1Op

(
H1
f (R, Tp)

)
.

This definition completes the list of the p-parts of Tamagawa ideals of M. When p is
odd, it can be checked that

Tam(p)
∞ (M) = Op (2.78)

(see, e.g., [36, p. 708]).

2.22 Compact cohomology

Our goal is to calculate DetOp

(
R�c(GS, Tp)

)
as defined in (A.8), where R�c(GS, Tp) is the

compact complex from Sect. 2.13.2.

2.22.1 A vanishing lemma

We begin with a basic vanishing result for cohomology with compact support.

Lemma 2.79 H0
c (GS, Tp) = 0.

Proof By (2.35), the groupH0
c (GS, Tp) consists of the elements ofH0

f (Q, Tp) whose image
inH0

f (Qv, Tp) is zero for all v ∈ S. NowH0
f (Q, Tp) injects intoH0

f (Qp, Tp) andH0
f (Qp, Tp)

injects into H0
f (Qp, Vp); since p ∈ S and H0

f (Qp, Vp) = 0 by Lemma 2.66, we conclude
that H0

f (Q, Tp) = 0, as was completing the proof. ��
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2.22.2 ComputingDetOp

(
R�c(GS, Tp)

)

The next result computes DetOp

(
R�c(GS, Tp)

)
.

Proposition 2.80 There is a canonical isomorphism

DetOp

(
R�c(GS, Tp)

) �Det−1Op

(
H1
f (Q, Tp)

) · DetOp

(
H1
f (Q, Ap)∨

) · Det−1Op

(
H0(GS, Ap)∨

)

·
∏
v∈S

DetOp

(
H1
f (Qv, Tp)

) · Det−1Op
(T+p ).

Proof Fix an integer n ≥ 1 and write Ap[pn] for the pn-torsion subgroup of Ap. SinceM
is self-dual, there is a canonical isomorphism Ap[pn] � HomZp

(
Ap[pn], (Qp/Zp)(1)

)
, so

the Poitou–Tate exact sequence (see, e.g., [114, §5.1.6]) gives a long exact sequence

H1(GS, Ap[pn]
) −→

⊕
v∈S

H1(Qv, Ap[pn]
) −→ H1(GS, Ap[pn]

)∨

−→ H2(GS, Ap[pn]
) −→

⊕
v∈S

H2(Qv, Ap[pn]
) −→ H0(GS, Ap[pn]

)∨ −→ 0.

Since these groups are finite, passing to inverse limits on n produces an exact sequence

H1(GS, Tp) −→
⊕
v∈S

H1(Qv, Tp) −→ H1(GS, Ap)∨

−→ H2(GS, Tp) −→
⊕
v∈S

H2(Qv, Tp) −→ H0(GS, Ap)∨ −→ 0.

Using Lemma 2.63, we get an exact sequence

0 −→ H1
f (Q, Tp) −→ H1(GS, Tp) −→

⊕
v∈S

H1
s (Qv, Tp) −→ H1

f (Q, Ap)∨

−→ H2(GS, Tp) −→
⊕
v∈S

H2(Qv, Tp) −→ H0(GS, Ap)∨ −→ 0.

(2.79)

On the other hand, using Lemmas 2.65, 2.66 and 2.79, the definition of cohomology with
compact support (cf. Sect. 2.13.2) yields an exact sequence

0 −→ H0(R, Tp) −→ H1
c (GS, Tp) −→ H1(GS, Tp) −→

⊕
s∈S

H1(Qv, Tp)

−→ H2
c (GS, Tp) −→ H2(GS, Tp) −→

⊕
s∈S

H2(Qv, Tp) −→ H3
c (GS, Tp) −→ 0.

(2.80)

Taking DetOp of (2.79) and (2.80), and using the multiplicativity of determinants, gives
the desired result. ��

2.23 A reformulation of p-TNC

We want to reformulate the p-part of Conjecture 2.56 in a convenient way. We assume
the p-part of Conjecture 2.50 overQ.
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2.23.1 p-torsion ofM
Let H1(Q, Tp)tors be the torsion submodule of H1(Q, Tp).

Definition 2.81 The p-torsion part ofM is

Torsp(M) := I−1
(
H0(GS, Ap)∨

) · I−1(H1(Q, Tp)tors
)
.

TheOp-module Torsp(M) will play a role in Theorem 2.83.

2.23.2 Some linear algebra of lattices

Let B = {t1, . . . , tr} be a basis of H1
mot(Q,M) as an F-vector space; this is also a basis of

H1
mot(Q,M)p over Fp. Recall that regp is a shorthand for regQ,p and for each i ∈ {1, . . . , r}

put xi := regp(ti). We are assuming the p-part of Conjecture 2.50 over Q, so B̃ :=
{x1, . . . , xr} is a basis of H1

f (Q, Vp) as an Fp-module. As in Sect. 2.20, write 	B̃ for the
freeOp-submodule ofH1

f (Q, Vp) of rank r generated by B̃. Let {ξ1, . . . , ξr} be anOp-basis
of H1

f (Q, Tp) and let AB̃ ∈ GLr(Fp) be the transition matrix from the Fp-basis B̃ to the
Fp-basis {ξ1, . . . , ξr} ofH1

f (Q, Vp). Let ξ∨1 , . . . , ξ∨r ∈ H1
f (Q, Vp)∨ be the dual elements from

Sect. 2.20 (cf. also Sect. B.3) and define x∨1 , . . . , x∨r in an analogous way.

Remark 2.82 If 	B̃ = H1
f (Q, Tp), then AB̃ ∈ GLr(Op). In general, det(AB̃ ) depends

on the choice of an Op-basis of H1
f (Q, Tp) only up to multiplication by elements of O×p ,

which shows that the principal fractionalOp-ideal
(
det(AB̃ )

)
is independent of the choice

of a basis of H1
f (Q, Tp) over Op. On the other hand, keeping {ξ1, . . . , ξr} fixed, if B′ is

another F-basis of H1
mot(Q,M), then det(AB̃ ) and det(AB̃ ′ ) differ by multiplication by

the determinant of the transition matrix fromB toB′.

2.23.3 Reformulation of p-TNC

Recall the comparison isomorphism CompB,ét from (2.76). In particular, Comp−1B,ét(T
+
p ) is

an Op-submodule of the free Fp-module V+B ⊗Q Qp of rank 1. As in Sect. 2.21.2, choose
γf ∈ T+B � {0} and let �∞ := �(γf )∞ ∈ F×∞ be the period from Sect. 2.5.2. Let us consider
the Op-submodule 	γf of T+p generated by CompB,ét(γf ) and set Ip(γf ) := I

(
T+p /	γf

)
.

Let us define the period

�M := �∞
(2π i)k/2

∈ (F ⊗Q C)×. (2.81)

From here on, in order to simplify some formulas, for two invertibleOp-ideals a and b we
shall write a

b in place of a · b−1. With all our current notation in force (in particular, recall
the Shafarevich–Tate groupXBK

p (Q,M) from part (1) of Definition 2.60 and the matrix
AB̃ ∈ GLr(Fp) in Sect. 2.23.2), we can state the reformulation of the p-part of Conjecture
2.56 we are interested in.

Theorem 2.83 Assume that

(1) Conjecture 2.18 holds true;
(2) Conjecture 2.40 (or, equivalently, Conjecture 2.41) holds true;
(3) the p-part of Conjecture 2.50 for K = Q holds true.
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The p-part of Conjecture 2.56 is equivalent to the equality

(
	∗(M, 0)

�M · RegB (M)

)
= I
(
XBK

p (Q,M)
) · Ip(γf ) ·

∏
v∈S Tam

(p)
v (M)

(
det(AB̃ )

)2 · Torsp(M)
(p-TNCB )

of fractionalOp-ideals.

Observe that assumption (3) in the statement of the theorem ensures that Conjecture
2.12 forK = Q holds true (cf.Remark 2.52). In order tomake sense of equality (p-TNCB ),
in particular of how the left-hand side is seen as a principal fractionalOp-ideal, the reader
is referred to Remark 2.8. With notation as in (2.22), it is also useful to bear in mind that
RegB (M) = (RegσB (M)

)
σ∈� .

Remark 2.84 Assumption (1) in Theorem 2.83 is imposed only to force RegB (M) to be
non-zero: if we know that RegB (M) �= 0, we can remove this non-degeneracy require-
ment.

Remark 2.85 Suppose that B and B′ are bases of H1
mot(Q,M) over F . Combining

Remarks 2.22 and 2.82, one sees that (p-TNCB ) holds if and only if (p-TNCB ′ ) holds.

Remark 2.86 By Remark 2.82, the Op-ideal
(
det(AB̃ )

)
on the right-hand side of

(p-TNCB ) is independent of the choice of an Op-basis of H1
f (Q, Tp). Moreover, if

	B̃ = H1
f (Q, Tp), then

(
det(AB̃ )

) = Op; in accord with this fact, one can check that
the left-hand side of (p-TNCB ) does not depend on B if B varies over all F-bases of
H1
mot(Q,M) such that	B̃ = H1

f (Q, Tp).

Proof of Theorem 2.83 If γp is a generator ofT+p , then DetOp (T+p ) = Ip(γf ) ·γp. As before,
given a ring R, an R-module M and m1, . . . , mr ∈ M, set m := m1 ∧ · · · ∧ mr . Keeping
Remark/Notation A.2 in mind, there is an isomorphism ofOp-modules

Det−1Op

(
H1
f (Q, Tp)

) � I−1
(
H1
f (Q, Tp)tors

) ·ξ−1 = det(AB̃ ) ·I−1(H1
f (Q, Tp)tors

) ·x−1.

ByCorollary 2.72 and the convention introduced at the end of Sect. 2.20, {ξ∨1 , . . . , ξ∨r } is an
Op-basis ofH1

f (Q, Ap)∨div. Therefore, setting ξ
∨ := ξ∨1 ∧ · · · ∧ ξ∨r and x∨ := x∨1 ∧ · · · ∧ x∨r ,

there is an isomorphism ofOp-modules

DetOp

(
H1
f (Q, Ap)∨

) � I−1
(
XBK

p (Q,M)
) · ξ∨ = det(AB̃ ) · I−1(XBK

p (Q,M)
) · x∨.

Recall the isomorphism of Fp-modules θp,S from (2.47). Combining Proposition 2.76 with
Proposition 2.80 and Definitions 2.77, 2.78 and 2.81, we get an isomorphism of Op-
modules

DetOp

(
R�c(GS, Tp)

) � det(AB̃ )2 · Torsp(M)

Ip(γf ) · I
(
XBK

p (Q,M)
) ·∏v∈S Tam

(p)
v (M)

·θp,S(βf ), (2.82)

where, as above, βf := x−1⊗x∨⊗γ−1f ⊗ω∨f ∈ �(M). Let ζf ∈ �(M) be as in Conjecture
2.40 and write ζf = aβf for some a ∈ F×. By Proposition 2.43 and its proof, there is an
equality

1
a
= L∗(M, 0)
�∞ · RegB (M)

, (2.83)
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which should be understood as in Remark 2.8. By (2.82) there is an isomorphism

θp,S(ζf )
a
·Op �DetOp

(
R�c(GS, Tp)

) · det(AB̃ )−2 · Ip(γf )
· Torsp(M)−1 · I(XBK

p (Q,M)
) ·
∏
v∈S

Tam(p)
v (M).

(2.84)

Combining (2.83), (2.84), the relation ζ ∗f = ζf /(k/2 − 1)!, formula (2.25) and the defini-
tion of �M given in (2.81) shows that the equality θp,S(ζ ∗f ) · Op = DetOp

(
R�c(GS, Tp)

)
predicted by the p-part of Conjecture 2.56 forO = OF (cf. (2.51)) is equivalent to equality
(p-TNCB ), as claimed. ��

Remark 2.87 Equality (p-TNCB ) is equivalent to the equality

(
(k/2− 1)! · L∗(M, 0)
�∞ · RegB (M)

)
= I
(
XBK

p (Q,M)
) · Ip(γf ) ·

∏
v∈S Tam

(p)
v (M)

(
det(AB̃ )

)2 · Torsp(M)
(p-TNCB -bis)

of fractionalOp-ideals: this follows immediately from (2.25).

To the best of our knowledge, Theorem 2.83 offers the first reformulation of this form
of (the p-part of) the TNC forM in arbitrary analytic rank; the reader is referred to [38]
for a similar interpretation in analytic rank 0.

3 Preliminaries onmodular forms
Let Q̄ denote the algebraic closure of Q in C. As in Section 2, let f ∈ Sk (�0(N )) be a
newform of weight k ≥ 4 and levelN , with q-expansion f (q) =∑n≥1 an(f )qn. From here
on we assume, as in the introduction, that

• f has no complex multiplication in the sense of [130, p. 34, Definition].

As before, let F be the Hecke field of f ; by construction, it is naturally a subfield of Q̄. We
write OF (respectively, DF ) for the ring of integers (respectively, the discriminant) of F .
Finally, let Of := Z

[
an(f ) | n ≥ 1

]
be the order of OF generated over Z by the Fourier

coefficients an(f ) and let cf := [OF : Of ] be the index ofOf inOF .

Remark 3.1 A sufficient condition for f not to have complex multiplication is that N be
square-free (cf. [130, p. 34]), which will be assumed in due course.

3.1 Big image assumptions

We collect two basic results on the Galois representations attached to f , which will allow
us to introduce our assumption on these representations.

3.1.1 Big image

Let p be a prime number. With notation as in Sect. 2.4.3, denote by

ρp : GQ −→ AutOp (Tf,p) � GL2(Op)
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the p-adic Galois representation attached to f and p. We say that ρp has big image if there
is an inclusion

{
g ∈ GL2(Op) | det(g) ∈ (Z×p )k−1

} ⊂ im(ρp).

Theorem 3.2 (Ribet) The representation ρp has big image for all but finitely many p.

Proof Since f is not CM, the theorem follows from [133, Theorem 3.1]. ��

See [88] for an open image result for the adelic Galois representation attached to f .

3.1.2 Residual irreducibility

With notation as above, if p is a prime of F above p, then we denote by

ρp : GQ −→ AutOp (Tf,p) � GL2(Op)

the Galois representation associated with Tf,p. Reducing modulo the maximal ideal ofOp,
we obtain a residual representation

ρ̄p : GQ −→ AutFp (Tf,p/pTf,p) � GL2(Fp),

whereFp := Op/pOp is the residue field of Fp. Moreover, write ρ̄†p for the self-dual twist
of ρ̄p, i.e., the representation attached to T†

f,p � Tp.

Proposition 3.3 If p is a prime number such that ρp has big image, then the image of ρ̄p
contains SL2(Fp) for every prime p of F above p. In particular, ρ̄p and ρ̄†p are irreducible
for every p above p.

Proof Let p be a prime number such that ρp has big image and let p be a prime of F above
p. Then the image of ρp contains SL2(Zp), which implies that the image of ρ̄p contains
SL2(Fp) and ρ̄p is irreducible. Finally, the irreducibility of a representation is preserved
by tensorization with 1-dimensional representations (see, e.g., [84, Exercise 2.2.14, (2)]),
so the irreducibility of ρ̄†p follows from that of ρ̄p. ��

Combining Theorem 3.2 and Proposition 3.3, we get that, for all but finitely many prime
numbers p, the representation ρ̄†p is irreducible for each prime p of F above p (cf. also [133,
Theorem 2.1, (a)]).

Remark 3.4 By a standard group-theoretical result (see, e.g., [146, Ch. IV, §3.4, Lemma
3]), if the image of ρ̄p contains SL2(Fp), then the image of ρp contains SL2(Zp). Therefore,
the converse to Proposition 3.3 holds as well. It is worth pointing out that the big image
condition that we will impose in Assumptions 3.6, 4.5 and 5.38 will always be used in the
guise of Proposition 3.3 (see, e.g., Sect. 4.3.2, the proofs of Propositions 4.3 and 4.8, the
proof of Theorem 5.29).

Remark 3.5 It is a natural problem to study the finitely many “exceptional” primes p
for which Theorem 3.2 fails. Effective versions of the classical “open image” theorem of
Serre for Galois representations attached to elliptic curves without complex multiplica-
tion [143] have been amply investigated in various directions (see, e.g., [30,85,89,98,167]);



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 59 of 136    64 

in particular, a result ofMazur says that themod �Galois representation associated with a
semistable elliptic curve overQ is surjective for every prime number � ≥ 11 ([100, Theo-
rem4]).On the contrary,much less seems to be known forGalois representations attached
to higher (even) weight modular forms: the reader is referred to [11] for a description of
the primes p for which Theorem 3.2 (or, rather, its consequence for mod p representa-
tions, cf. Remark 3.4) does not hold. Here we would like to point out that, later in this
paper (see, e.g., Assumption 4.5), we will need to assume that k ≡ 2 (mod 2(p − 1)), so
that p < k . Therefore, as apparent from [11, Theorem 3.2], the “big image” property is a
constraint we will need to impose on the pair (f, p): in particular, we are not allowed to
simply take p to be “large enough” with respect to k .

3.1.3 Assumptions on Galois representations

To state (in Section 4) Kolyvagin’s conjecture for higher (even) weight newforms, we will
work under

Assumption 3.6 The prime number p satisfies the following conditions:

(1) p � 6NDFcf ;
(2) ρp has big image.

By Theorem 3.2, all but finitely many primes p satisfy Assumption 3.6 (we remark that
the set of “good” primes p with this property is clearly not uniform in f ).

3.2 p-isolation

Let us write Hk (�0(N )) ⊂ EndQ̄
(
Sk (�0(N ); Q̄)

)
for the full Hecke algebra of weight k

and level �0(N ), which is generated over Z by the Hecke operators T� for all primes
� � N and the Hecke operators U� for primes � |N . Moreover, for anyZ-algebra A we set
Hk (�0(N ))A :=Hk (�0(N ))⊗Z A.

Proposition 3.7 Put dk := dimC Sk (�0(N )) ∈ N. For any Z-algebra A, the A-module
Hk (�0(N ))A is free of rank dk ; in particular,Hk (�0(N ))A is flat over A.

Proof It is well known that Sk (�0(N );Z) is free of rank dk overZ (see, e.g., [147, Theorem
3.52]) and that there is an isomorphism Hk (�0(N )) � HomZ

(
Sk (�0(N );Z),Z

)
induced

by the natural duality betweenHecke algebras and spaces of modular forms (see, e.g., [131,
§2]). This proves the proposition for A = Z, and the statement for a generalZ-algebra A
follows by extending scalars fromZ to A. ��

3.2.1 p-isolation of f

Let g(q) =∑n≥1 an(g)qn ∈ Sk (�0(N )) be a normalized eigenform forHk (�0(N )) and let
L := F

(
an(g) | n ≥ 1

)
be the composite of F and the Hecke field of g . Let p be a prime

number and pick a prime p of F above p. The form f is said to be congruent to g modulo p
if

an(f ) ≡ an(g) (mod P)

for some primeP of L above p and for all n ≥ 1. In this case, we write f ≡ g (mod p) and
say that p (andP) is a congruence prime for f .
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Definition 3.8 The form f isp-isolated if there is nonormalized eigenform g ∈ Sk (�0(N ))
other than f such that f ≡ g (mod p) for some prime p of F above p.

The next result tells us that, for a given f , non-trivial congruences modulo primes of F
above p can occur only for finitely many p.

Theorem 3.9 (Ribet) The modular form f is p-isolated for all but finitely many p.

Proof This follows from [131, Theorem 1.4] (cf. also [131, (1.5)]). ��
We briefly elaborate on Theorem 3.9. Following Hida ([56, (6.7b)]), one can introduce

the quantity

C(f ) := u(f )−1 · 2 (k−2)·[F :Q] ·
∏
σ∈�

(f σ , f σ )�1(N ),

where u(f ) ∈ R+ is the transcendental factor associated with f that is defined in [56,
(6.6c)] and (·, ·)�1(N ) denotes the Petersson inner product. By [56, Theorem 6.2],C(f ) ∈ Z;
notice that the integer C(f ) is (at least in principle) explicitly computable. By [131, (1.5)],
the newform f is p-isolated for all p such that p ≥ k and p � 6 · C(f ). Furthermore, a
necessary and sufficient condition for p-isolation in terms of the index of suitable lattices
in parabolic cohomology groups with real coefficients is provided by [131, Theorem 1.4].

Remark 3.10 As was already observed, later on (see, e.g., Assumption 4.5) we will assume
that k ≡ 2 (mod 2(p− 1)), so that p < k . Therefore, much like the “big image” property
introduced in cf. Sect. 3.1.1 (cf. also Remark 3.5), the p-isolation of f is a constraint we
will need to impose on the pair (f, p). From our point of view, a characterization of the
p-isolation of f of the sort described above is useful because it shows that this property is,
in general, compatible with other desirable features, the only price to pay being to throw
away finitely many primes p, which can be explicitly detected.

3.2.2 Congruencemodule of f

Let L be the composite of the Hecke fields of all normalized eigenforms in Sk (�0(N )),
which is a number field whose ring of integers will be denoted by OL. Write θf,OL :
Hk (�0(N ))OL � OL for the (surjective) OL-linear extension of the morphism θf :
Hk (�0(N )) → OL attached to f , which is a homomorphism of OL-algebras. As a short-
hand, setH :=Hk (�0(N ))OL ; denote by Q(H ) the total quotient ring ofH . By Propo-
sition 3.7,H is flat overOL.
As remarked, e.g., in [62, p. 276], there is a unique splitting of L-algebras of the form

Q(H ) = L × Z for some H -algebra Z . Set a := ker(H → Z) for the kernel of the
obvious map induced by the splitting above. Following Hida (and Ribet), we define the
congruence module of f to be

C0(f ;OL) := (H /a)⊗H OL,

where the tensor product is taken via θf,OL ; this is an H -algebra. As explained in [62, p.
277], there is an isomorphism C0(f ;OL) �H

/(
a+ ker(θf,OL )

)
ofH -algebras, where the

sum of ideals is, in fact, direct. In particular, the annihilator of C0(f ;OL) as anH -module
is
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AnnH

(
C0(f ;OL)

) = a+ ker(θf,OL ) = AnnH

(
ker(θf,OL )

)+ ker(θf,OL ),

the second equality being a consequence of the identification a = AnnH

(
ker(θf,OL )

)
,

which can be directly checked. We point out that theH -algebra C0(f ;OL) owes its name
to the fact that it detects congruence primes for f in the sense of Sect. 3.2.1: the congruence
primes for f are exactly the prime ideals ofOL belonging to the support of C0(f ;OL) as an
OL-module.

Remark 3.11 Since C0(f ;OL) is finitely generated as an OL-module, SuppOL

(
C0(f ;OL)

)
consists precisely of the prime ideals of OL containing the annihilator of C0(f ;OL) over
OL (see, e.g., [99, p. 26]).

The reader is referred, e.g., to [60, §6] and [62, §5.3.3] for further details (cf. also [47, §4]
and [132]).

3.2.3 Congruence ideal of f

The notation from Sect. 3.2.2 is kept in force; in particular, H stands for Hk (�0(N ))OL .
The congruence ideal of f is the ideal ofOL given by

ηf,OL := θf,OL

(
AnnH

(
ker(θf,OL )

))
. (3.1)

In order to lighten our notation, let us define A := AnnH

(
ker(θf,OL )

)
, so that ηf,OL =

θf,OL (A ). In general, we write Max(
) for the set of the maximal ideals of a ring 
. It is
elementary to check that the surjective ring homomorphism θf,OL induces a bijection

{
m ∈Max(H )

∣∣ ker(θf,OL ) ⊂ m
} ∼←→Max(OL) (3.2)

by the recipesm �→ θf,OL (m) and m �→ θ−1f,OL
(m). Furthermore, bijection (3.2) restricts to

a bijection

{
m ∈Max(H )

∣∣A + ker(θf,OL ) ⊂ m
} ∼←→

{
M ∈Max(OL)

∣∣ ηf,OL ⊂M
}
. (3.3)

For later use, we record an easy lemma. Let R be a ring containing OF as a subring and
let θf,R : Hk (�0(N ))R � R be the (surjective) homomorphism of R-algebras obtained by
extending θf by R-linearity.

Lemma 3.12 The R-module ker(θf,R) is finitely generated.

Proof The (tautological) short exact sequence of R-modules

0 −→ ker(θf,R) −→Hk (�0(N ))R
θf,R−→ R −→ 0

splits because the rightmost non-zero term is free. SinceHk (�0(N ))R is finitely generated
as an R-module, the lemma follows. ��

Together with the correspondence between maximal ideals described above, Lemma
3.12 will be used in the proof of Proposition 3.13.
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3.2.4 Congruence ideal of f at p

Let θf,p : Hk (�0(N ))Op � Op be the (surjective) Op-linear extension of θf and let
AnnH k (�0(N ))Op

(
ker(θf,p)

)
be the annihilator ideal of ker(θf,p) in Hk (�0(N ))Op

(observe
that, with notation as in Sect. 3.2.3, θf,p is a shorthand for θf,Op ). By analogy with (3.1), the
congruence ideal of f at p is the ideal ofOp given by

ηf,p := θf,p
(
AnnH k (�0(N ))Op

(
ker(θf,p)

))
.

Let us set ηf,p :=∏p|p ηf,p ⊂ Op.
The result we are about to state is presumably well known to the experts; however, for

want of an appropriate reference we provide a proof of it.

Proposition 3.13 Let p be a prime number. If f is p-isolated, then ηf,p = Op.

Proof Let p be a prime number such that f is p-isolated. Of course, we need equivalently
to show that ηf,p = Op for each prime p of F above p. Let p be such a prime. Recall the
congruence ideal ηf,OL ⊂ OL of f from (3.1). Take a prime P of L above p and write OP

for the completion ofOL atP. With self-explaining notation, the congruence ideal of f at
P is

ηf,P := θf,P
(
AnnH k (�0(N ))OP

(
ker(θf,P)

))
.

The flatness of OP over OL and the fact that, by Lemma 3.12, the OL-module ker(θf,OL )
is finitely generated imply that, with notation as in Sect. 3.2.3, there is a canonical identi-
fication

AnnH k (�0(N ))OP

(
ker(θf,P)

) = A ⊗OL OP

(see, e.g., [18, Ch. I, §2, Corollary 2 to Proposition 12]). This shows that there is also a
canonical identification

ηf,P = ηf,OL ⊗OL OP; (3.4)

in other words, ηf,P is the P-adic completion of ηf,OL . Denote by ik,L : OL ↪→ H the
natural (injective) map, then setm := θ−1f,OL

(P) ∈Max(H ) andM := i−1k,L (m) ∈Max(OL).
Notice that the prime M of L lies above p. Now recall the congruence module C0(f ;OL)
of f from Sect. 3.2.2. In order to lighten our notation, from here until the end of this
proof we put C := C0(f ;OL) and O := OL. The map ik,L gives an injection of O-modules
O(M) ↪→ H(m) between localizations. Since f is p-isolated, M /∈ SuppO (C ) (see, e.g.,
[62, p. 277]), i.e., C ⊗O O(M) = 0. Since O injects into H as a subring, there is a
surjection ofO-modules C ⊗O H(m) � C ⊗H H(m). On the other hand, C ⊗O H(m) =
(C ⊗O O(M)) ⊗O (M) H(m) = 0, so C ⊗H H(m) = 0, i.e., m /∈ SuppH (C ). Now, the
H -module C being finitely generated, SuppH (C ) consists exactly of the prime ideals of
H containing the annihilator ofC overH (see, e.g., [99, p. 26]). As observed in Sect. 3.2.2,
this annihilator is equal to A + ker(θf,OL ), where, as in Sect. 3.2.3, A is the annihilator
of ker(θf,OL ) overH . Therefore, bijection (3.3) tells us thatP does not contain ηf,OL , and
then

ηf,P = OP (3.5)
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by equality (3.4).
To prove that ηf,p = Op, one can proceed as follows. Formally identical arguments to

those used above lead to a canonical identification

ηf,P = ηf,p ⊗Op OP (3.6)

that is induced by the inclusion ηf,p ⊂ Op. The natural injectionOp ↪→ OP is a flat local
homomorphism of local rings, hence a faithfully flat ring homomorphism (see, e.g., [18,
Ch. I, §3, Proposition 9]). We consider the short exact sequence ofOp-modules

0 −→ ηf,p −→ Op −→ Op/ηf,p −→ 0. (3.7)

Upon tensoring (3.7) by OP, the flatness of OP over Op and equalities (3.5) and (3.6)
show that

(Op/ηf,p)⊗Op OP = 0.

Finally, by the faithful flatness ofOP overOp, we conclude thatOp/ηf,p = 0, as was to be
shown. ��

Remark 3.14 In the course of proving Proposition 3.13, we showed that if a primeP of L
divides the congruence ideal ηf,OL of f , thenP is a congruence prime for f .

Until the end of this subsection, we assume that f is p-isolated. For each p | p, there is a
(tautological) short exact sequence ofHk (�0(N ))Op

-modules

0 −→ ker(θf,p) −→Hk (�0(N ))Op

θf,p−−→ Op −→ 0. (3.8)

Using the non-triviality of ηf,p and the flatness (ensured by Proposition 3.7) of the Op-
algebraHk (�0(N ))Op

, one can check that

ker(θf,p) ∩ AnnH k (�0(N ))Op

(
ker(θf,p)

) = {0}

(see, e.g., [87, p. 250]). Thus, since ηf,p = Op by Proposition 3.13, the map θf,p restricts to
an isomorphism ofHk (�0(N ))Op

-modules

θf,p : AnnH k (�0(N ))Op

(
ker(θf,p)

) �−→ Op.

This shows that the short exact sequence (3.8) has a unique splitting with values in the
annihilator of ker(θf,p). From now on, we view this distinguished splitting as canonical and
consider (with a slight abuse of notation) the equality ofHk (�0(N ))Op

-modules

Hk (�0(N ))Op
= ker(θf,p)⊕Op. (3.9)

See, e.g., [87] for more details.
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Remark 3.15 The p-isolation of f will play an important role in Sect. 5.9.3, where we
compare the periods of f and of a suitable imaginary quadratic twist of f ; in particular,
the formula in Sect. 5.9.3, which is due to Hida, will be used in the proof of Theorem
5.42. While we certainly expect our main result on the p-part of the Tamagawa number
conjecture to hold without p-isolation in force, at the moment it is not clear to us how to
modify some of our arguments in the absence of this condition.

3.3 On p-adic Abel–Jacobi maps

Following [111, Ch. II, (6.5)], with Tp and Tp as in Sect. 2.4.3, let us define

Jp := �B�ε ·H1
ét
(
X̄ ,Op(k/2)

)
,

which we view as a subgroup of H1
ét
(
X̄ , Fp(k/2)

)
; then Tp = Jp[θf ]. There is a splitting

Jp =∏p|p Jp, where

Jp := �B�ε ·H1
ét
(
X̄ ,Op(k/2)

)
(3.10)

is regarded as a subgroup of H1
ét
(
X̄ , Fp(k/2)

)
. Notice that

Tp = Jp[θf,p] = Jp ⊗H k (�0(N ))Op
Op.

As is pointed out in [110, §3], there is a surjection &p : Jp � Tp whose restriction to Tp
is the multiplication-by-pm map for some m ∈ N. Notation being as in (2.17), for any
number field L the Abel–Jacobi map in (2.39) yields a map

AJL,p : CHk/2
0 (X/L)Op

−→ H1
f (L, Jp)

&p,∗−−→ H1
f (L, Tp), (3.11)

where&p,∗ is induced by&p functorially. Furthermore, both the source and the target of
(3.11) split over the primes p of F above p, and we let

AJL,p : CHk/2
0 (X/L)Op

−→ H1
f (L, Tp) (3.12)

be the p-component of (3.11). Finally, set

	p(L) := im(AJL,p) ⊂ H1
f (L, Tp). (3.13)

TheOp-module H1
f (L, Tp) is finitely generated, so	p(L) is finitely generated overOp.

Remark 3.16 By construction, AJL,p and AJL,p factor through�B�ε ·CHk/2
0 (X/L)Op

and

�B�ε ·CHk/2
0 (X/L)Op

, respectively (cf. [110, p. 105]). In particular, AJL,p andAJL,p induce

Abel–Jacobi maps on CHk/2
arith(X/L)Op

and CHk/2
arith(X/L)Op

, respectively, to be denoted by
the same symbols.

3.4 p-integral motivic cohomology

As at the end of Sect. 3.2.4, from now until the end of this subsection we work under the
assumption that f is p-isolated. ByTheorem3.9, this condition rules out only finitelymany
primes p, which can be characterized as explained in Remark 3.10. We use p-isolation to
split Jp over the Hecke algebra.
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3.4.1 Splitting Jp
In the present situation, one can take&p so that its restriction toTp is the identity (in other
words, one can takem = 0 in Sect. 3.3). More precisely, if Jp is theHk (�0(N ))Op

-module
from (3.10), then the splitting in (3.9) produces a splitting

Jp =
(
Jp ⊗H k (�0(N ))Op

Op

)⊕(
Jp ⊗H k (�0(N ))Op

ker(θf,p)
)
. (3.14)

On the other hand, we already observed that Tp = Jp ⊗H k (�0(N ))Op
Op, so from (3.14) we

get a (projection) map &p : Jp � Tp for each p | p. Taking sums over all p | p gives the
desired surjection&p : Jp � Tp.

3.4.2 p-integral motivic cohomology ofM
Let L be a number field. With notation as in (2.17) and using again (3.9), we can consider
the splitting

CHk/2
arith(X/L)Op

=
(
CHk/2

arith(X/L)Op
⊗H k (�0(N ))Op

Op

)⊕(
CHk/2

arith(X/L)Op
⊗H k (�0(N ))Op

ker(θf,p)
)
.

(3.15)

For each p | p, we define the first p-integral motivic cohomology group ofM over L to be

H1
mot(L,M)p-int := CHk/2

arith(X/L)⊗H k (�0(N )) Op

= CHk/2
arith(X/L)Op

⊗H k (�0(N ))Op
Op,

(3.16)

where theHk (�0(N ))-algebra structure onOp is inducedby composing θf with thenatural
injectionOF ↪→ Op and the bottom identification is a standard canonical isomorphism.

3.4.3 p-integral motivic cohomology ofM
We define the first p-integral motivic cohomology group ofM over L as

H1
mot(L,M)p-int :=

⊕
p|p

H1
mot(L,M)p-int.

It follows that the p-adic étale regulator map from (2.41) yields maps

regL,p : H1
mot(L,M)p-int −→ H1

f (L, Tp) (3.17)

for each p | p and

regL,p : H1
mot(L,M)p-int −→ H1

f (L, Tp) (3.18)

that satisfy regL,p =
⊕

p|p regL,p.Note that, sinceCHk/2
arith(X/L)Op

=⊕p|p CH
k/2
arith(X/L)Op

,
for 
 ∈ {p} ∪ {p | p} there is a commutative triangle

CHk/2
arith(X/L)O


AJL,


�M,L,


H1
f (L, T
)

H1
mot(L,M)
-int

regL,


(3.19)
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in which, bearing (3.16) in mind,�M,L,
 is the projection induced by (3.15) if 
 = p or the
direct sum of such projections over all p | p if 
 = p, whereas AJL,
 is (the restriction of)
the map in (3.11) if 
 = p or in (3.12) if 
 = p.

Remark 3.17 Let 
 ∈ {p} ∪ {p | p}. Of course, extending regL,
 in (3.17) and (3.18) F
-
linearly we recover the p-adic regulator map in (2.41) if 
 = p or the p-adic regulator map
in (2.42) if 
 = p, which justifies the slight abuse of notation.

3.4.4 A conjecture on regL,p
The following conjecture on the p-adic regulatormap regL,p in (3.18) is a stronger, integral
version of Conjecture 2.50. It predicts that if f is p-isolated, then regL,p is not only injective
(as implied by Conjecture 2.50), but also surjective.

Conjecture 3.18 Let L be a number field. The map regL,p in (3.18) is an isomorphism of
Op-modules for all but finitely many primes p at which f is p-isolated.

In particular, we conjecture regL,p to be an isomorphism of Op-modules for all but
finitely many p (cf. Theorem 3.9). At a certain point, we will assume that Conjecture 3.18
is true for a specific choice of L (namely, L = Q or L a suitable imaginary quadratic field).

Remark 3.19 Conjecture 3.18 implies Conjecture 2.50 for all primes p at which f is p-
isolated (cf. Remark 3.17).

Remark 3.20 Our main motivation for proposing Conjecture 3.18 is the following. Let
T be an abelian tensor category and let H = (H•(·, 
), H•(·, 
)

)
be a T -valued twisted

Poincaré duality theory with weights (see, e.g., [67, §6]). Furthermore, let X be a smooth
proper variety of dimension d over a field. As explained, e.g., in [67, §9.1], there is an
Abel–Jacobi map

rH : Zj(X)0 −→ R1�H2j−1(X, j)

for all integers 0 ≤ j ≤ d, where Zj(X)0 is the group of cycles of codimension j on X that
are homologically equivalent to 0 and

R1�H2j−1(X, j) = Ext
(
1, H2j−1(X, j)

)
.

Now letHB be the Betti cohomology theory with coefficients in Q̄. The image of rHB and
integral Betti cohomology induce integral structures on Ext

(
1, H2j−1(X, j)

)
that we expect

to coincide after localization at a prime number p for all but finitelymany p. Therefore, the
comparison isomorphism between Betti and étale cohomology suggests that the p-adic
Abel–Jacobi map is surjective when regulator maps can be defined (using an assumption
of p-isolation on f ), and this led us to Conjecture 3.18. Admittedly, at present we are at a
loss to provide a more convincing and less vague motivation for this conjecture.

4 Kolyvagin’s conjecture for modular forms
Our goal in this section is to state and prove Kolyvagin’s conjecture for a large class of
higher (even) weight modular forms.
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4.1 Heegner cycles

We recall the definition of (classical) Heegner cycles in the sense of Nekovář [110,111].

4.1.1 Heegner hypothesis

Let K be an imaginary quadratic field of discriminant DK such that

• all the prime factors of N split in K .

In other words,K satisfies theHeegner hypothesis relative toN . By virtue of this condition,
if OK is the ring of integers of K , then we can fix an N -cyclic ideal of OK , i.e., an ideal
N ⊂ OK such that OK /N � Z/NZ. Let us choose once and for all an embedding
K ↪→ C. For every integer n ≥ 1 prime to NpDK let On := Z + nOK be the order of K
of conductor n. The isogeny C/On → C/(On ∩N )−1 of complex tori defines a Heegner
point xn ∈ X0(N ) that, by the theory of complex multiplication, is rational over the ring
class field Kn of K of conductor n (in particular, K1 is the Hilbert class field of K ).

4.1.2 Heegner cycles

Write πN : X(N ) → X0(N ) for the map induced by the inclusion �(N ) ⊂ �0(N ) and
choose x̃n ∈ π−1N (xn). The elliptic curveEn corresponding to x̃n has complexmultiplication
byOn. Fix the unique square root ξn =

√−n2DK of the discriminant ofOn with positive
imaginary part under the chosen embedding K ↪→ C. For any a ∈ On let �n,a ⊂ En × En
denote the graph of a and let ix̃n : π̃−1k−2(x̃n) = Ek−2

n ↪→ X be the canonical inclusion
(recall that X = Ẽk−2

N ). We will frequently write the same symbol Z for a cycle Z and the
class [Z] of Z in the Chow group. Put

Zk (x̃n) := �n,ξn �
[
(En × {0}) ∪ ({0} × En)

]
(4.1)

and, with notation as in (2.17), define

�̃n := �B�ε · (ix̃n )∗
(
Zk (x̃n)(k−2)/2

) ∈ �B�ε · CHk/2(X/Kn), (4.2)

where�B�ε ·CHk/2(X/Kn) is to be viewed as a subgroup of CHk/2(X/Kn)Q. As explained
in [110, p. 105], there is an equality

�ε · CHk/2(X/Kn)Zp = �ε · CHk/2
0 (X/Kn)Zp

inside CHk/2
0 (X/Kn)Qp

. We call the image

�n,p ∈ �B�ε · CHk/2
0 (X/Kn)Op

⊂ CHk/2
0 (X/Kn)Fp (4.3)

of �̃n the geometric Heegner cycle (at p) of conductor n. Moreover, for each p | p we write

�n,p ∈ �B�ε · CHk/2
0 (X/Kn)Op

⊂ CHk/2
0 (X/Kn)Fp (4.4)

for the image of �n,p (here we are implicitly using the splitting�B�ε ·CHk/2
0 (X/Kn)Op

=
⊕

p|p�B�ε ·CHk/2
0 (X/Kn)Op

). The arithmetic Heegner cycle (at p) of conductor n is then
the image

yn,p := AJKn,p(�n,p) ∈ H1
f (Kn, Tp)
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of the cycle in (4.3) via the p-adic Abel–Jacobi map from (3.11), which factors through
�B�ε ·CHk/2

0 (X/Kn)Op
(cf. Remark 3.16).With notation as in (3.13), for each p | pwe also

set

yn,p := AJKn,p(�n,p) ∈ 	p(Kn),

where AJKn,p is the p-adic Abel–Jacobi map in (3.12) and, as in (3.13),	p(Kn) is its image.
In other words, yn,p is the natural image of yn,p inH1

f (Kn, Tp). It turns out that yn,p and yn,p
are independent of the choice of x̃n ([110, p. 107]). In the rest of this paper, the expression
“Heegner cycle of conductor n” will always refer to yn,p for a fixed p as above.
Finally, a crucial role in our arguments will be played by the cycle

yK,p := coresK1/K (y1,p) ∈ 	p(K ); (4.5)

here we exploit the Galois-equivariance of the maps AJ
,p, which implies that the square

�B�ε · CHk/2
0 (X/K1)Op

trK1/K

AJK1 ,p
	p(K1)

coresK1/K

�B�ε · CHk/2
0 (X/K )Op

AJK,p
	p(K )

(4.6)

commutes (as the notation suggests, trK1/K is the Galois trace map on Chow groups).

4.2 Kolyvagin integers

Recall that, byAssumption3.6, theprimep is unramified inF , hencep is a local uniformizer
for F at p. Let vp be the valuation of Fp normalized so that vp(p) = 1.

4.2.1 Kolyvagin primes

A prime number � is a Kolyvagin prime for the data (f, p, K ) if
(1) � � Np;
(2) � is inert in K ;
(3) M(�) := min

{
vp(�+ 1), vp

(
a�(f )

)}
> 0.

Denote by PKol(f ) the set of Kolyvagin primes for (f, p, K ).

4.2.2 Kolyvagin integers

Let us write

	Kol(f ) :=
{
square-free products of primes in PKol(f )

}

for the set of Kolyvagin integers for (f, p, K ). If we need to specify the data (p, K ) we
also write PKol(f, p, K ) and 	Kol(f, p, K ) for PKol(f ) and 	Kol(f ), respectively. Notice that
1 ∈ 	Kol(f ). Finally, for every n ∈ 	Kol(f ) define

M(n) :=

⎧⎪⎨
⎪⎩
min
{
M(�) | � | n} if n ≥ 2,

∞ if n = 1.
(4.7)

We callM(n) the Kolyvagin index of n.
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4.3 Kolyvagin classes and Kolyvagin’s conjecture

We attach to our newform f a systematic supply of Galois cohomology classes, which we
call Kolyvagin classes, that are indexed by Kolyvagin integers and take values in quotients
of Tp (or, equivalently, in torsion submodules of Ap, cf. Sect. 2.17.2). Our strategy for
producing these classes, which are defined in terms of the Heegner cycles of Sect. 4.1,
follows the recipe proposed by Kolyvagin for modular abelian varieties (see, e.g., [53, §4]
and [166, §3.7]). In order to fix notation that we will use in the rest of the paper, and for
the convenience of the reader, we describe the construction of Kolyvagin classes in our
higher weight setting.

4.3.1 Kolyvagin derivatives

For all n ∈ 	Kol(f ), let us set Gn := Gal(Kn/K1) and Gn := Gal(Kn/K ) � Pic(On), so
that, by class field theory, Gn =∏�|n G� with G� cyclic of order �+ 1, where � varies over
the prime divisors of n. For all � ∈ PKol choose a generator σ� of G�; define Kolyvagin
derivative operators as

D� :=
�∑

i=1
iσ i
� ∈ Z[G�], Dn :=

∏
�|n

D� ∈ Z[Gn].

In particular, D1 is the identity operator. Fix n ∈ 	Kol(f ), let G be a system of representa-
tives for Gn/Gn and set

zn,p :=
∑
σ∈G

σ
(
Dn(yn,p)

) ∈ 	p(Kn).

Remark 4.1 Since G1 is trivial and D1 is the identity operator, z1,p = ∑σ∈G1 σ (y1,p) ∈
	p(K1). A direct computation shows that

resK1/K (yK,p) = z1,p, (4.8)

where yK,p ∈ 	p(K ) is the cycle defined in (4.5).

4.3.2 Kolyvagin classes

As a consequence of [93, Corollary 2.7, (3)] and [93, Proposition 2.8], for any number field
L and every integerM ≥ 1 there is a natural Galois-equivariant injection

ιL,M : 	p(L)
/
pM	p(L) ↪−→ H1(L, Ap[pM]

)
. (4.9)

This map should the thought of as a higher weight avatar of the usual Kummermap in the
Galois cohomology of abelian varieties over number fields. The extension Kn/Q, which is
generalized dihedral, is solvable, so [93, Lemma 3.10, (2)] ensures thatH0(Kn, Ap[pM]

) =
0. It follows that restriction induces an isomorphism

resKn/K : H1(K,Ap[pM]
) �−→ H1(Kn, Ap[pM]

)Gn . (4.10)

Moreover, one can easily check that if [zn,p]M denotes the class of zn,p modulo pM (anal-
ogous notation will be used, below, for yK,p) and M(n) is the Kolyvagin index of n from
(4.7), then
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M ≤ M(n) =⇒ [zn,p]M ∈
(
	p(Kn)

/
pM	p(Kn)

)Gn ,

whence

M ≤ M(n) =⇒ ιKn,M
(
[zn,p]M

) ∈ H1(Kn, Ap[pM]
)Gn .

For notational convenience, and also for later reference, let us define

dM(f, n) := ιKn,M
(
[zn,p]M

) ∈ H1(Kn, Ap[pM]
)Gn .

Keeping isomorphism (4.10) in mind, for allM ≤ M(n) we can define the Kolyvagin class
cM(f, n) as

cM(f, n) := res−1Kn/K
(
dM(f, n)

) ∈ H1(K,Ap[pM]
)
.

In particular, one has

cM(f, n) = 0 ⇐⇒ dM(f, n) = 0. (4.11)

The Kolyvagin set associated with (f, p, K ) is

κ
(K )
f,p,∞ := {cM(f, n) | n ∈ 	Kol(f ), 1 ≤ M ≤ M(n)

}
. (4.12)

If p and K are clear from the context (which will usually be the case), then we shall write
κf,∞ in place of κ (K )

f,p,∞.

4.3.3 Kolyvagin’s conjecture in higher weight

The following conjecture was first proposed, with a slightly different formalism, in [97,
Conjecture A].

Conjecture 4.2 (Kolyvagin’s conjecture, higher weight) κf,∞ �= {0}.

This is a higher (even) weight counterpart of a conjecture for rational elliptic curves due
to Kolyvagin ([82, Conjecture A]).
It is convenient to introduce some more terminology. The strict Kolyvagin set attached

to (f, p, K ) is

κ
(K ),st
f,p,∞ := {c1(f, n) | n ∈ 	Kol(f )

}
. (4.13)

As above, we shall write κstf,∞ in place of κ (K ),st
f,p,∞ if no confusion is likely to arise. Clearly,

there is an inclusion κstf,∞ ⊂ κf,∞, so the non-triviality of κstf,∞ implies Conjecture 4.2. In
fact, we will verify that, under our assumptions, κstf,∞ �= {0}, thus proving Conjecture 4.2
in our setting.
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4.4 The Kolyvagin classes cM(f, 1)

Of special interest will be the classes cM(f, 1) for M ≥ 1; in the next result, we describe
them more explicitly.

Proposition 4.3 cM(f, 1) = ιK,M
(
[yK,p]M

)
.

Proof As is explained, e.g., in [16, §A.9.17], there is a natural base change map

CHk/2
0 (X/K ) −→ CHk/2

0 (X/K1)G1 . (4.14)

By composing (4.14) with the (restriction of the) Abel–Jacobi map'K1 , we get a map

ψK,K1 : CH
k/2
0 (X/K ) −→ H1(K1, Tp)

G1 .

On the other hand, since the extension K1/Q is solvable, by [93, Lemma 3.10, (2)] one has
H0(K1, Ap[pm]) = 0 for all m ≥ 1, so H0(K1, Tp) = lim←−m H0(K1, Ap[pm]

) = 0. It follows
that restriction induces an isomorphism

resK1/K : H1(K, Tp)
�−→ H1(K1, Tp)

G1 .

Now it turns out (see, e.g., the proof of [28, Proposition 6]) that the composition

res−1K1/K ◦ ψK,K1 : CH
k/2
0 (X/K ) −→ H1(K, Tp)

coincides with the Abel–Jacobi map. Since 	p(K ) = im(rK,p) and 	p(K1) = im(rK1 ,p),
we obtain a natural injection 	p(K ) ↪→ 	p(K1)G1 given by x �→ resK1/K (x). This map, in
turn, induces a map ηK,K1 that is given by the composition

	p(K )
/
pM	p(K ) −→ 	p(K1)G1

/
pM	p(K1)G1 ↪−→ (	p(K1)

/
pM	p(K1)

)G1

and fits into the commutative square

	p(K )
/
pM	p(K )

ιK,M

ηK,K1

H1(K,Ap[pM]
)

resK1/K�

(
	p(K1)

/
pM	p(K1)

)G1 ιK1 ,M H1(K1, Ap[pM]
)G1 .

Finally, one has ηK,K1

(
[yK,p]M

) = [resK1/K (yK,p)
] = [z1,p]M , where the second equality is

a consequence of formula (4.8), so

ιK,M
(
[yK,p]M

) = res−1K1/K

(
ιK1 ,M

(
ηK1/K ([yK,p]M)

)) = res−1K1/K
(
ιK1 ,M([z1,p]M)

) = cM(f, 1),

as desired. ��

4.5 Toward a proof of Kolyvagin’s conjecture: assumptions

Our goal in the next sections is to prove Conjecture 4.2 for a large class of modular forms.
As hinted at in the introduction, our strategy is based on adeformation-theoretic approach
via Hida theory.
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4.5.1 p-ordinariness of f

Recall that f is p-ordinary if ap(f ) ∈ O×p . Furthermore, the semisimplification ρ̄ssp of
ρ̄p is p-distinguished if its restriction to GQp can be put in the shape ρ̄ssp |GQp

= ( ε1 ∗0 ε2
)

for characters ε1 �= ε2 (see, e.g., [48, §2]). Moreover, by [133, Theorem 2.1, (a)], if p is
sufficiently large (i.e., if p lies outside a suitable finite set of prime numbers), then ρ̄f,p is
irreducible for all p as above.

Proposition 4.4 If f is p-ordinary, then ρ̄ssp is p-distinguished.

Proof This is a consequence of [163, Theorem 2.1.4]: see, e.g., [159, Lemma 4.12] for
details (cf. also [95, §2.3] for related computations). ��

4.5.2 Assumptions

We work under the following assumption, which includes Assumption 3.6 stated before.
We explicitly remark that no p-isolation condition on f is required.

Assumption 4.5 The pair (f, p) satisfies the following conditions:

(1) N ≥ 3 is square-free;
(2) p � 6NDFcf ;
(3) k ≡ 2 (mod 2(p− 1));
(4) ap(f ) ∈ O×p ;
(5) ap(f ) �≡ 1 (mod p);
(6) ρp has big image;
(7) ρ̄p is ramified at all primes dividing N .

See Definition 3.8 for the notion of p-isolated form. By Proposition 4.4, if f and p satisfy
Assumption 4.5, then ρ̄ssp is p-distinguished.

Remark 4.6 In light of results of Serre on eigenvalues of Hecke operators ([145, §7.2]), it
seems reasonable to expect that condition (4), which is an ordinariness property for f at
p, holds for infinitely many p. In fact, questions of this sort appear to lie in the circle of
ideas of the Lang–Trotter conjectures on the distribution of traces of Frobenius acting on
elliptic curves [86] and of their extensions to higher weight modular forms (see, e.g., [108],
[109]).

Remark 4.7 It can be checked that f is p-distinguished also as a consequence of the fact
that, by condition (3) in Assumption 4.5, k is not congruent to 1 modulo p − 1: see, e.g.,
[78, Remark 7.2.7] and the reference therein.

We record the following consequence of Assumption 4.5.

Proposition 4.8 Let L be a number field such that the extension L/Q is solvable.

(1) TheOp-module H1(L, Tp) is torsion-free.
(2) TheOp-modules H1

f (L, Tp) and	p(L) are free of finite rank.

Proof As p is a uniformizer for Op, in order to show that H1(L, Tp) is torsion-free over
Op it is enough to check that the p-torsion of H1(L, Tp) is trivial. Since Tp is free (hence
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torsion-free) overOp, we can consider the short exact sequence of Galois modules

0 −→ Tp
p·−→ Tp −→ Tp

/
pTp = Ap[p] −→ 0,

where the first non-trivial arrow is the multiplication-by-pmap and the equality denotes
a canonical identification. Passing to cohomology, we see that the p-torsion subgroup of
H1(L, Tp) is a quotient of H0(L, Ap[p]

)
. On the other hand, H0(L, Ap[p]

)
is trivial by [93,

Lemma 3.10, (2)], and part (1) is proved. Finally, theOp-submodulesH1
f (L, Tp) and	p(L)

of H1(L, Tp) are finitely generated, so part (2) follows from part (1). ��

4.6 Hida families of modular forms

We sketch the basics of Hida’s theory of families of modular forms; see, e.g., [58], [59], [61,
Ch. 7] for details and proofs.

4.6.1 p-stabilization of f

Let f ∈ Sk (�0(N )) be the newform fixed above. Let us write f ((q) = ∑n≥1 an(f ()qn ∈
Sk (�0(Np)) for the ordinary p-stabilization of f (see, e.g., [52, p. 410] or [159, §2.4]). The
cusp form f ( can be characterized as the unique (normalized) p-ordinary eigenform of
weight k and level divisible by p with the property that an(f () = an(f ) except for those n
divisible by p ([57, Lemma 3.3]).

4.6.2 Arithmetic primes

Set � := 1+ pZp, choose a finite extension L ofQp with valuation ringOL and form the
Iwasawa algebra 	L := OL[[�]] of � with coefficients inOL; in the following, we will take
L = Fp. Let A be a finitely generated commutative 	-algebra. As in [65, Definition 2.1],
anOL-algebra homomorphism κ : A→ Q̄p is said to be arithmetic if the composition

� −→ A× κ−→ Q̄×p

with the canonical map�→ A× has the form γ �→ ψ(γ )γ k−2 for some integer k ≥ 2 and
some finite order character ψ of �. A prime ideal of A that is the kernel of an arithmetic
homomorphism is an arithmetic prime of A; we writeX arith(A) for the set of such primes.
If ℘ is an arithmetic prime of A and A℘ is the localization of A at ℘, then the residue field
L℘ := A℘/℘A℘ is a finite extension of L. The composition � → A× → L×℘ has the form
γ �→ ψ℘(γ )γ r℘−2 for a finite order characterψ℘ : �→ L×℘ and an integer r℘ ≥ 2; we call
ψ℘ and r℘ the wild character and the weight of ℘, respectively.

4.6.3 p-adic Hida family through f

LetR denote the branch of the p-adic Hida family f passing through f (or, rather, through
f (; cf. [65, §2.1]); we briefly explain the terminology, referring to, e.g., [65] for details. The
ring R is a complete local noetherian domain that is a finite flat 	L-algebra; we write
mR for the maximal ideal of R, FR := R/mR for its residue field, which is finite of
characteristic p, and F := frac(R) for its quotient field. Without loss of generality, we
may assume that FR is equal to the residue field FL := OL/πLOL of L, where OL is the
valuation ring of L and πL ∈ OL is a uniformizer. As above, for every ℘ ∈ X arith(R)
let L℘ := R℘/℘R℘ ; moreover, set s℘ := max

{
1, cond(ψ℘)

}
, where cond(ψ℘) is the
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conductor of ψ℘ . There exists a formal power series

f =
∑
n≥1

an(f )qn ∈ R[[q]]

such that

• for every ℘ = ker(κ) ∈ X arith(R), the power series

f℘(q) :=
∑
n≥1

κ
(
an(f )

)
qn ∈ L℘[[q]]

is the q-expansion of an ordinary cuspidal eigenform of weight r℘ , level �1(Nps℘ ) and
character ψ℘ω2−r℘ , where ω is the Teichmüller character;

• there is ℘f ( ∈ X arith(R) such that f℘f (
= f (.

Finally, denote by hordN Hida’s p-ordinary Hecke algebra of tame level N . The homomor-
phism hordN → R associated with f corresponds to a minimal prime ideal a of hordN , and
then R is the integral closure of hordN /a in its quotient field. In particular, R is a module
over hordN .

4.7 Big Galois representations

As in Sect. 2.3, let Z̄ be the ring of integers of Q̄ and choose a prime ideal P of Z̄ such
thatP∩OF = p. Let us denote by Fg the Hecke field of a given eigenform g . Furthermore,
notation being as in Sect. 2.3, we write Vg for the representation of GQ attached to g and
the primeP∩Fg , then letV †

g = Vg (k/2) be the self-dual twist ofVg , where k is the weight
of g .

4.7.1 The representationT

Let T denote the representation of GQ attached to the Hida family f from Sect. 4.6; this
“big”Galois representationwas constructedbyHida in [58] (cf. also [65, Proposition2.1.2]).
Namely, for all s ≥ 1 let J1(Nps) be the Jacobian variety of the (compact) modular curve
X1(Nps). By Albanese (i.e., covariant) functoriality, the degeneracy maps X1(Nps+1) →
X1(Nps) yield maps J1(Nps+1) → J1(Nps), which in turn give maps Tap

(
J1(Nps+1)

) →
Tap
(
J1(Nps)

)
between p-adic Tate modules. As in 4.6, let hordN be Hida’s p-ordinary Hecke

algebra of tame level N , then define

T :=
(
lim←−s
(
Tap
(
J1(Nps)

)⊗Zp OL
)ord)⊗hord

N
R, (4.15)

where the superscript “ord” indicates ordinary parts, which are cut out by Hida’s ordinary
projector (see, e.g., [58, p. 551] and [61, §7.2, Lemma 1]). The R-module T is equipped
with a natural action of GQ.

4.7.2 Basic properties ofT

Under standard assumptions on residual representations (cf. Sect. 4.8), T is a free R-
module of rank 2. It satisfies the following crucial property: for every arithmetic prime ℘
of R, the specialization T℘/℘T℘ of T at ℘ is equivalent over Q̄p (i.e., after a finite base
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change) to the dual (i.e., contragradient) representation V ∗f℘ of the p-adic representation
Vf℘ of GQ attached to f℘ (see, e.g., [117, (1.5.5)]). The representation

ρf : GQ −→ GL(T) � GL2(R)

is unramified outside Np and

tr
(
ρf (Frob�)

) = a�(f )

for all prime numbers � � Np, where Frob� denotes the conjugacy class in GQ of an
arithmetic Frobenius at � (see, e.g., [27, Theorem 4.3]).
Now let v be a place of Q̄ above p, let Gv ⊂ GQ be the decomposition group at v and let

Iv ⊂ Gv be the inertia subgroup; by [65, Proposition 2.4.1], there is a short exact sequence
of (left)R[Gv]-modules

0 −→ F+v (T) −→ T −→ F−v (T) −→ 0

in which both F+v (T) and F−v (T) are free of rank 1 over R. The group Gv acts on F−v (T)
via the unamified character ηv : GFv/Iv → R× taking the arithmetic Frobenius to Up,
while it acts on F+v (T) via η−1v εcyc[εcyc], where εcyc : GQ → Z×p is the p-adic cyclotomic
character and z �→ [z] denotes the inclusion Z×p ↪→ Zp[[Z×p ]]× of group-like elements
(here recall that Z×p � lμ.. p−1 × �, where lμ.. p−1 ⊂ Q̄×p is the group of (p − 1)-st roots of
unity).

4.8 Critical twist and residual representations

Rather than inT itself, we will be interested in a suitable twistT† ofT.

4.8.1 Critical character and critical twist

Let us fix a critical character � : GQ→ 	× as in [65, Definition 2.1.3]; with notation and
terminology as in [65], in our case k ≡ 2 (mod 2(p − 1)) and j = 0, so only the “wild”
part of � plays a role. We remark that the choice of � amounts to the choice of a square
root of ωk−2, i.e., an integer amodulo p− 1 such that 2a = k − 2; let us fix such a choice
once and for all (cf. [65, Remark 2.1.4]). Let R† denote R viewed as a module over itself
but with GQ acting via�−1, then define th critical twist ofT to be

T† := T⊗R R†.

The twist T† has the property that for every arithmetic prime ℘ of R of weight k℘ ≡ 2
(mod 2(p− 1)) and trivial character the specializationT†

℘

/
℘T†

℘ ofT† at ℘ is equivalent
to V †

f℘ after a finite base change (see, e.g., [117, (3.2.4)]). As a consequence, there is a
specialization map

T† −→ T†
℘

/
℘T†

℘ � V †
f℘ ,

which in turn induces specialization maps in cohomology. Summing up,T andT† enjoy
the following interpolation properties, up to a finite base change:

• the specialization ofT at an arithmetic prime ℘ ofR is equivalent to V ∗f℘ ;
• if k℘ ≡ 2 (mod 2(p− 1)), then the specialization ofT† at ℘ is equivalent to V †

f℘ .
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4.8.2 Residual representations

Define

T̄ := T/mRT = T⊗R FR,

which is a 2-dimensional representation of GQ over FR. As above, let ℘ be an arithmetic
prime of weight k℘ ≡ 2 (mod 2(p− 1)) and trivial character; as in Sect. 2.4, let Tf℘ be the
lattice realizing theP-adic representation attached to f℘ and let T†

f℘ be the self-dual twist
of Tf℘ . As explained, e.g., in [159, §2.2], we have reduced representations

ρ̄f℘ : GQ −→ GL(T̄f℘ ), ρ̄†f℘ : GQ −→ GL
(
T̄†
f℘
)

and their semi-simplifications

ρ̄ ss
f℘ : GQ −→ GL(T̄ ss

f℘ ), ρ̄
†,ss
f℘ : GQ −→ GL

(
T̄†,ss
f℘
)
.

It turns out that if ℘ and ℘′ are two arithmetic primes, then

ρ̄ ss
f℘ � ρ̄ ss

f℘′ (4.16)

after a finite base change ([59, p. 251]). If ρ̄f℘ (equivalently, ρ̄ ss
f℘ ) is irreducible and p-

distinguished for one (hence for every) arithmetic prime ℘, then

• T is free of rank 2 overR ([103, Théorème 7]);
• T̄ � ρ̄f℘ after a finite base change for all such ℘ (see, e.g., [91, Proposition 5.4]).

Notice that property (4.16) no longer holds unconditionally once ρ̄ ss
f℘ and ρ̄ ss

f℘′
have been

replaced by ρ̄†,ssf℘ and ρ̄†,ssf℘′
, respectively. However, it is true that if ℘ and ℘′ are arithmetic

primes such that k℘ ≡ k℘′ ≡ 2 (mod 2(p−1)), then ρ̄†,ssf℘ � ρ̄
†,ss
f℘′

after a finite base change
(cf. [159, Remark 2.7]).
Finally, set T̄† := T†/mRT†. An easy computation shows that� is trivial modulomR,

so there is a canonical identification T̄ = T̄† of representations ofGQ overFR. We write
πR : T† � T̄ for the surjection determined by the identification between T̄ and T̄†, and

πR,L : H1(L,T†) −→ H1(L, T̄) (4.17)

for the map in cohomology induced functorially by πR, where L is a given number field.

4.9 Abelian varieties and Kummer maps in weight 2

Let f2 be the specialization of f of weight 2 and trivial character; the cusp form f2 is
a p-ordinary, p-stabilized newform (in the sense of [52, Definition 2.5]) of level Np and
conductor eitherN orNp. If f2 has conductorN , then f2 is the p-stabilization of a newform
g of weight 2 and level N , otherwise we set g := f2. In both cases, denote by Ng the
level (i.e., conductor) of the newform g and write

∑
n≥1 an(g)qn for the q-expansion of

g ∈ S2(�0(Ng )).
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4.9.1 The abelian variety Ag
As in Sect. 4.7, let Fg = Q

(
an(g) | n ≥ 1

)
be the Hecke field of g ; denote by Ag the abelian

variety overQ of conductorNg attached to g via the Eichler–Shimura construction. Then
Ag , which arises as a quotient of the Jacobian J0(Ng ) of the modular curve X0(Ng ), has
dimension equal to the degree of Fg and is of GL2-type. Furthermore, the endomorphism
ring of Ag is (isomorphic to) the ring of integers Og of Fg and all endomorphisms of Ag
are defined overQ.

4.9.2 Galois representations attached to g

Let P be the prime ideal of Z̄ from Sect. 4.7. Set p := P ∩ Og , which is a prime of Fg
above p, and let Fg,p be the completion of Fg at p, whose valuation ring will be denoted
by Og,p. Let Tap(Ag ) be the p-adic Tate module of Ag and let Vp(Ag ) := Tap(Ag ) ⊗ Q

be the associated Fg,p-linear representation of GQ. If Vg,p denotes the Fg,p-linear Galois
representation attached to g then there is an identification

Vg,p = H1
ét(Ag , Fg,p) � Vp(Ag )∗, (4.18)

whereVp(Ag )∗ := HomFg,p
(
Vp(Ag ), Fg,p

)
is the Fg,p-linear dual ofVp(Ag ) equippedwith its

contragradientGQ-action (the isomorphism in (4.18) followsby combining [106,Theorem
15.1, (a)] with theGQ-equivariant splitting Tap(Ag ) =⊕π |p Taπ (Ag ), with π varying over
all the primes of Fg above p). By taking the self-dual twist, we obtain

V †
g,p = Vg,p(1) � Vp(Ag )∗(1) � Vp(Ag ), (4.19)

where the rightmost isomorphism, which we fix once and for all, is a consequence of the
Weil pairing. Let us choose a GQ-stableOg,p-lattice Tg,p ⊂ Vg,p whose Tate twist

T†
g,p := Tg,p ⊗Og,p Og,p(1) ⊂ V †

g,p

corresponds to Tap(Ag ) under isomorphism (4.19). For any number field L, let

ξg,L : H1(L, T†
g,p
) �−→ H1(L,Tap(Ag )

)
(4.20)

be the isomorphism induced by (4.19) functorially.

Notation 4.9 From here on, we drop dependence on p from our notation and simply
write T†

g (respectively, V †
g ) in place of T†

g,p (respectively, V †
g,p).

4.9.3 Kummermaps

Now letAg [p] be the p-torsionOg -submodule ofAg (Q̄). For any number field L and every
integerM ≥ 1 let

πg,L,M : H1(L,Tap(Ag )
) −→ H1(L, Ag [pM]

)
(4.21)

be the map induced by the surjection Tap(Ag ) � Ag
[pM] and let

δg,L : Ag (L) −→ H1(L,Tap(Ag )
)
, πg,L,M ◦ δg,L : Ag (K ) −→ H1(L, Ag [pM]

)
(4.22)
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be the Kummer maps in Galois cohomology (see, e.g., [54, Appendix A.1]). In turn, the
second map gives an injection

δ̄g,L,M : Ag (L)
/pMAg (L) ↪−→ H1(L, Ag [pM]

)
(4.23)

that, in our context, is the weight 2 counterpart of the map ιL,M introduced in (4.9). From
now on, we shall simply set πg,L := πg,L,1 and δ̄g,L := δ̄g,L,1.

4.10 Kolyvagin classes in weight 2

Let g =∑n≥1 an(g)qn ∈ S2(�0(Ng )) be the newform from Sect. 4.9. Assume that p splits
in K , so that the imaginary quadratic field K satisfies the Heegner hypothesis with respect
to both N and Np.

4.10.1 Kolyvagin integers

Let vp be the valuation of Fg,p normalized by declaring that vp takes the value 1 at a
uniformizer of Og,p. By analogy with the definition given in Sect. 4.2, using vp in place
of vp, one can introduce the sets PKol(g) of Kolyvagin primes and 	Kol(g) of Kolyvagin
integers for the data (g,p, K ). Moreover, complex multiplication allows one to define
Heegner points αc ∈ Ag (Kc) indexed by integers c ≥ 1 coprime to N . These points arise
by modularity from the Heegner points xc ∈ X0(N )(Kc) appearing in Sect. 4.1. For details,
the reader is referred to [53,81,83].

4.10.2 Weight 2 Kolyvagin classes

Using the points αn instead of the cycles yn,p, and the maps δ̄g,Kn,M from (4.23) in place of
the maps ιKn,M , the recipe in Sect. 4.3 yields Kolyvagin cohomology classes

cM(g, n) ∈ H1(K,Ag [pM]
)
, dM(g, n) ∈ H1(Kn, Ag [pM]

)Gn

for n ∈ 	Kol(g) andM ≤ M(g, n), and then a Kolyvagin set

κg,∞ := {cM(g, n) | n ∈ 	Kol(g), 1 ≤ M ≤ M(g, n)
}

attached to (g,p, K ). In particular, one has

cM(g, n) = 0 ⇐⇒ dM(g, n) = 0. (4.24)

The set κg,∞ is the supply of Galois cohomology classes whose non-triviality was predicted
(at least whenAg is an elliptic curve) byKolyvagin in [82] and then confirmed (in a stronger
form, under some assumptions) by Zhang in [166] and by Skinner–Zhang in [152]. For
more details on the construction of κg,∞, see, e.g., [166, §3.7].

Remark 4.10 By analogy with what was done in Sect. 4.3, we should write κ (K )
g,p,∞ instead

of κg,∞. However, since this family of Kolyvagin classes will play only an auxiliary role, we
prefer to keep our notation as light as possible.

Remark 4.11 The results of Zhang on Kolyvagin’s conjecture for weight 2 newforms have
been extended by Sweeting in [153], where some of the technical assumptions in [166] are
relaxed. Observe, however, that Sweeting’s results are proved, like Zhang’s, exclusively for
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modular forms of weight 2, so they do not overlap with ours. For results on Kolyvagin’s
conjecture for a rational elliptic curve E that cover, in particular, many cases where p is
an Eisenstein prime for E, thus complementing Zhang’s work, see also the recent paper
[23] by Burungale–Castella–Grossi–Skinner.

For later use, we prove

Lemma 4.12 	Kol(g) = 	Kol(f ).

Proof Let � be a prime number. Clearly, vp(�+ 1) > 0 if and only if vp(�+ 1) > 0. On the
other hand, there is a congruence

a�(f ) ≡ a�(g) (mod P) (4.25)

(cf. [59, p. 251]), which immediately implies that vp
(
a�(f )

)
> 0 if and only if vp

(
a�(g)

)
> 0.

This shows that PKol(f ) = PKol(g), and the lemma is proved. ��

4.11 Distinguished specialization maps

Let℘f be the arithmetic prime ofR such that f℘f = f (. Similarly, with notation as in Sect.
4.9, let ℘g be the arithmetic prime ofR such that f℘g = g . Let 
 ∈ {f, g}.

4.11.1 Specializations and reductions

As was already remarked in Sect. 4.8.1, the representation T†
℘


/
℘
T

†
℘


ofGQ is equivalent
(after a finite base change) to V †


 ; for later use in the statement of the specialization
theorem for bigHeegner points (Theorem4.13) and in our proof of Kolyvagin’s conjecture
in higher weight (Theorem 4.14), here we fix once and for all an isomorphism between
these two representations (cf. [122, Remark 1.3, (4)]). Following Ota, let

sp
0 : T
† −→ T†


 (4.26)

be theGQ-equivariant specializationmap that is described in [122, §2.6]. This map factors
through the surjection T† � T†/℘
T† and induces, possibly after a finite base change,
an isomorphism

sp
0 : T
†
℘


/
℘
T

†
℘


�−→ V †

 (4.27)

of representations of GQ. Note thatT†/℘
T† sits as anR/℘
-lattice insideT†
℘


/
℘
T

†
℘

.

As explained, e.g., in [159, §5.1], isomorphism (4.27) determines, up to finite base change
(i.e., over F̄p), an isomorphism

sp
0 : T̄
�−→ T̄†


 (4.28)

of representations of GQ that makes the square

T† sp
0

πR

T†



T̄
sp
0
� T̄†




(4.29)
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commute (cf. also [78, §7.3]); here πR is, as before, given by reduction modulo mR and
the right vertical arrow is the canonical surjection.

4.11.2 Specializations and cohomology

By functoriality, for any number field L the maps in (4.26) and (4.28) determine maps

sp
0,L : H1(L,T†) −→ H1(L, T†



)
, sp
0,L : H1(L, T̄) �−→ H1(L, T̄†




)
, (4.30)

and then the square in (4.29) gives a commutative square

H1(L,T†)
sp
0,L

πR,L

H1(L, T†



)

&
,L

H1(L, T̄)
sp
0,L
� H1(L, T̄†




)

(4.31)

in Galois cohomology, where πR,L is the map in (4.17) and&
,L is induced functorially by
the surjection T†


 � T̄†

 .

4.12 Big Heegner points in Hida families

Let K be the imaginary quadratic field from Sect. 4.10; the ring class fields of K will be
denoted as in Sect. 4.1.

4.12.1 Heegner points in towers of modular curves

Following a recipe described by Castella in [27], which refines a construction originally
proposed by Howard in [65], we consider the tower of modular curves X̃s := X1(Nps) for
integers s ≥ 1. Let n ≥ 1 be an integer coprime to Np. As in [27, §4.2], one can define
Heegner points Pn,s ∈ X̃s

(
L̃nps (lμ.. ps )

)
, where lμ.. ps is the set of ps-th roots of unity (in a

fixed algebraic closure of K ) and L̃nps is the compositum of Knps and the ray class field
of K of conductor N ; here N is the ideal of OK with OK /N � Z/NZ appearing in the
construction of those Heegner points (cf. [27, §2.5]): we fix it as in Sect. 4.1.

4.12.2 Big Heegner points

As in Sect. 4.6, let hordN be Hida’s ordinary Hecke algebra of tame level N . Let Taordp
(
J̃s
)

be the ordinary part of the p-adic Tate module of the Jacobian variety J̃s of X̃s and define
T†

s := Taordp (J̃s) ⊗hord
N

R†. For any number field L denote by GL the Galois group over
L of the maximal extension of L unramified outside the primes above Np. Applying the
twisted Kummer map defined in [65, p. 101] to Pn,s gives rise to a cohomology class in
H1(GL̃nps (lμ.. ps ),T

†
s
)
; inflating and then corestricting from L̃nps (lμ.. ps ) to Kn, we get a class

Pn,s ∈ H1(Kn,T†
s
)
. These classes satisfy the compatibility relation

αs,∗(Pn,s) = Up · Pn,s−1

for all s ≥ 2, where αs : X̃s → X̃s−1 is the natural coveringmap and themap αs,∗ is induced
functorially by αs in cohomology. The big Heegner point of conductor n is then

Xn := lim←−s
U−sp · Pn,s ∈ H1(Kn,T†); (4.32)
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observe that this expression does indeed make sense because the Hecke operator Up acts
invertibly on ordinary submodules.

4.13 Specializations of big Heegner points

Let c ≥ 1 be an integer coprime to NDKp. Let αc and yc be the Heegner point and the
Heegner cycle of conductor c introduced in Sects. 4.10 and 4.1, respectively. Finally, let
Xc be the big Heegner point of conductor c from (4.32). We identify (big) Heegner points
and Heegner cycles with their images via the natural group homomorphisms

H1(L,M) −→ H1(L,M ⊗ Z̄p
)
, H1(L,M′) −→ H1(L,M′ ⊗ F̄p

)

where M ∈ {Tap(Ag ), T†
g ,T†, T†

f
}
, M′ ∈ {Ag [p], T̄†

g , T̄, T̄†
f
}
and L is either K or a ring

class field of K . Recall the maps

spf0,Kc
: H1(Kc,T†)→ H1(Kc, T†




)
, ξg,Kc ◦ spg0,Kc

: H1(Kc,T†)→ H1(Kc,Tap(Ag )
)

from Sect. 4.9.2 and Sect. 4.11.1. It is natural to consider spf0,Kc
(Xc) and ξg,Kc

(
spg0,Kc

(Xc)
)

and compare them to Heegner cycles and to Heegner points, respectively. The results we
are interested in are due to Howard (in weight 2, [64]), Castella [27] and Ota [122].

4.13.1 Weight 2 specialization: the case Ng = N

This is the case covered by the results of Castella [27] and of Ota [122]: see part (2) of
Theorem 4.13.

4.13.2 Weight 2 specialization: the case Ng = Np

In this case, the comparison between ξg,Kc

(
spg0,Kc

(Xc)
)
and Heegner points is easier; it is

carried out, albeit somewhat in disguise, by Howard in [64, Section 3]. To explain this
result, including the fact that the big Heegner points considered in [27] differ slightly
from those originally defined in [65], we proceed as follows (the actual relation between
Howard’s classes and Castella’s is immaterial for our goals, so we shall be quite brief and
simply outline the arguments).
Notation from Sect. 4.9 is in force. For all s ≥ 1 setX0,1(N, ps) := X

(
�0(N )∩�1(ps)

)
and

write J0,1(N, ps) for the Jacobian variety of X0,1(N, ps); there are obvious degeneracy maps
X0,1(N, ps+1) → X0,1(N, ps) that yield maps between p-adic Tate modules of Jacobians.
Set

T̃ :=
(
lim←−s
(
Tap
(
J0,1(N, ps)

)⊗Zp OL
)ord)⊗hord

N
R.

This is the big Galois representation considered by Howard in [65]; its critical twist T̃†

is defined as in Sect. 4.8. The canonical degeneracy maps X1(Nps) → X0,1(N, ps) induce
maps between p-adic Tatemodules of Jacobians and, since the tame character of our Hida
family is trivial, a natural isomorphism T† �−→ T̃† of representations of GQ, where T is
defined in (4.15). By functoriality, for any number field K we get an isomorphism

#K : H1(K,T†) �−→ H1(K, T̃†). (4.33)
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Let

ξ̃g,K ◦ s̃pg0,K : H1(K, T̃†) −→ H1(K,Tap(Ag )
)

be the analogue of ξg,K ◦ spg0,K for the representation T̃†; then

ξg,K ◦ spg0,K = ξ̃g,K ◦ s̃pg0,K ◦#K. (4.34)

Given c ≥ 1 coprime to Np, denote by XHow
c ∈ H1(Kc, T̃†) the image under inflation of

Howard’s original big Heegner point of conductor c ([65, Definition 2.2.3]). As remarked
in the proof of [27, Proposition 4.4], the Heegner points used in [27], which live on the
tower of modular curves X1(Nps), project to those from [65], which live on the tower
of modular curves X0,1(N, ps). On the other hand, the constructions in [27] and [65] are
compatible with projections, and then one can check that

#Kc (Xc) = XHow
c , (4.35)

where #Kc is the map in (4.33) with K = Kc.
Now, for all s ≥ 1 embed X0(Ng ) into its Jacobian J0(Ng ) by sending the cusp∞ to 0.

Since g has trivial character, the degeneracy mapsX1(Ng )→ X0,1(Ng )
ϑ−→ X0(Ng ) induce

by covariant functoriality a commutative diagram

J1(Ng )

J0,1(N, p)

ϑ∗

Ag ,

J0(Ng )

where the horizontal arrow is defined as the composition of themaps in the lower triangle.
Denote by x̃cp ∈ X0,1(N, p)

(
Kcp(lμ.. p)

)
the Heegner point that appears in [65, p. 98] in the

construction of XHow
c . If xcp ∈ X0(Ng )(Kcp) is the Heegner point of conductor cp from

Sect. 4.1 and kolyvaginspsclasssps2spssubsec, then it is not restrictive to assume that
xcp = ϑ(x̃cp). It turns out that, since g has trivial character, ξ̃g,Kc

(
s̃pg0,Kc

(XHow
c )
)
is the

image under the Kummer map of the trace
∑

σ∈Gal(Kcp(lμ.. p)/Kc)

(
[x̃cp]− [∞]

)σ (4.36)

(cf. [65, eq. (7)]). On the other hand, xcp is rational over Kcp, so the image in J0(Ng ) via ϑ∗
of the divisor class in (4.36) is

(p− 1) ·
∑

σ∈Gal(Kcp/Kc)

(
[xcp]− [∞]

)σ . (4.37)

As explained, e.g., in [8, §2.4], there is an equality
∑

σ∈Gal(Kcp/Kc)

(
[xcp]− [∞]

)σ = (Up − 1)
(
[xc]− [∞]

)
,
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where xc ∈ X0(Ng )(Kc) is the Heegner point of conductor c introduced in Sect. 4.1 andUp
is the usual Hecke operator. It follows that the image of (4.37) in Ag is

(
ap(g)− 1

) · (p− 1) · αc.

By part (5) of Assumption 4.5, ap(f ) �≡ 1 (mod p), so ap(g) �≡ 1 (mod p), by congruence
(4.25). Finally, combining all these facts with (4.34) forK = Kc and (4.35), a computation
shows that

ξg,Kc

(
spg0,Kc

(Xc)
) = d · δg,Kc (αc) (4.38)

for a suitable d = d(c) ∈ Z̄×p , where δg,Kc is the Kummer map from (4.22).

4.13.3 The specialization theorem

We keep notation from (4.22) in force. The next result will play a crucial role in our proof
of Kolyvagin’s conjecture for f .

Theorem 4.13 (Castella, Howard, Ota) There exist d = d(c) ∈ Z̄×p and e = e(c) ∈ Z̄×p
such that

(1) ξg,Kc

(
spg0,Kc

(Xc)
) = d · δg,Kc (αc);

(2) spf0,Kc
(Xc) = e · yc,p.

Proof Part (2) is [27, Theorem 6.5], while part (1) follows by the same arguments if
Ng = N (cf. [27, Remark 6.6]) and by the arguments sketched in Sect. 4.13.2 if Ng = Np
(cf. equality (4.38)). Note that, in our setting, the constant appearing in [27, Theorem 6.5]
is a p-adic unit. See also [122, Theorem 1.2] for a refinement of the main result of [27]
that works under our assumptions, which are slightly weaker than those in [27]. ��

4.14 Big Kolyvagin classes

For every integer c ≥ 1 coprime to N let Xc ∈ H1(Kc,T†) be the big Heegner point of
conductor c from (4.32). With notation as in Sect. 4.3, for every n ∈ 	Kol(f ) define the big
Kolyvagin class of conductor n as

d(f , n) :=
∑
σ∈G

σ
(
Dn(Xn)

) ∈ H1(Kn,T†). (4.39)

As we shall see in Sect. 4.15, the classes d(f , n) will be crucially used to prove, under
suitable assumptions, Conjecture 4.2.

4.15 Proof of Kolyvagin’s conjecture

Recall the strict Kolyvagin set κstf,∞ that was attached to f , p, K in (4.13). We can now
establish (under our running assumptions, cf. Sect. 4.5.2) the non-triviality of κstf,∞; as a
consequence, we deduce the validity of Conjecture 4.2 for f , thus proving Theorem C.

Theorem 4.14 There exists n0 ∈ 	Kol(f ) such that c1(f, n0) �= 0. In particular, κstf,∞ �= {0}.
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Proof For any number field L, square (4.31) gives a commutative diagram

H1(L,Tap(Ag )
)

πg,L

H1(L, T†
g
)

&g,L

�
ξg,L

H1(L,T†)
spf0,Lspg0,L

πR,L

H1(L, T†
f
)

&f,L

H1(L, Ag [p]
)

H1(L, T̄†
g
)

�
ξ̄g,L

H1(L, T̄)
spg0,L
� H1(L, T̄†

f
)

(
spf0,L
)−1
�

(4.40)

in which ξg,L is as in (4.20), while the central and right horizontalmaps are those appearing
in (4.30) and the vertical ones are as in (4.21), (4.17) and Sect. 4.11. We remark that,
although our notation does not reflect this, all characteristic 0 (respectively, residual)
representations in (4.40) are base changed to Z̄p (respectively, F̄p).
Recall from Lemma 4.12 that 	Kol(f ) = 	Kol(g). Let n ∈ 	Kol(f ) and let d(f , n) ∈

H1(Kn,T†) be the big Kolyvagin class of conductor n introduced in (4.39). By part (2) of
Theorem 4.13, spf0,Kn

(Xn) = e · yn,p for some e ∈ Z̄×p . Since

• there is a canonical identification T̄†
f = A†f [p],

• the square

	p(Kn) H1(Kn, T†
f
)

&f,Kn

	p(Kn)
/
p	p(Kn)

ιKn,1 H1(Kn, A†f [p]
)
,

where the top horizontal arrow is the set-theoretic inclusion, is commutative,
• all the maps in (4.40) are Galois-equivariant,

it follows that

spf0,Kn

(
d(f , n)) =

∑
σ∈G

σ
(
Dn
(
spf0,Kn

(Xn)
)) = e ·

∑
σ∈G

σ
(
Dn(yn,p)

) = e · zn,p,

whence

&f,Kn

(
spf0,Kn

(
d(f , n))

)
= ē · ιKn,1

(
[zn,p]1

) = ē · d1(f, n) (4.41)

with ē ∈ F̄×p . On the other hand, ξg,Kn

(
spg0,Kn

(Xn)
) = d · δg,Kn (αn) for some d ∈ Z̄×p , by

part (1) of Theorem 4.13. Thus, if [αn]1 denotes the image of αn in Ag (Kn)/pAg (Kn), then

πg,Kn

(
ξg,Kn

(
spg0,Kn

(Xn)
)) = d̄ · πg,Kn

(
δg,Kn (αn)

)

= d̄ · δ̄g,Kn

(
[αn]1

)

with d̄ ∈ F̄×p . By definition of d1(g, n), this immediately implies that

πg,Kn

(
ξg,Kn

(
spg0,Kn

(
d(f , n))

))
= d̄ · d1(g, n). (4.42)
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For simplicity, set

ψn := ξ̄g,Kn ◦ spg0,Kn
◦ (spf0,Kn

)−1 : H1(Kn, T̄†
f
) �−→ H1(Kn, Ag [p]

)
.

In light of (4.41) and (4.42), the commutativity of (4.40) with L = Kn ensures that

ψn
(
d1(f, n)

) = ē−1 · ψn

(
&f,Kn

(
spf0,Kn

(
d(f , n))

))
= ē−1d̄ · d1(g, n), (4.43)

with ē−1d̄ ∈ F̄×p . Now observe that, by [166, Theorem 1.1] (respectively, [152, Theorem
1.3]) if Ng = N (respectively, Ng = Np), there is n0 ∈ 	Kol(g) = 	Kol(f ) such that
c1(g, n0) �= 0. By (4.24), it follows that d1(g, n0) �= 0, and then d1(f, n0) �= 0 by (4.43).
Finally, by (4.11) we conclude that c1(f, n0) �= 0, so κstf,∞ �= {0}. ��

Remark 4.15 We expect that a similar deformation-theoretic strategy can be adopted to
prove an analogue of Theorem 4.14 for newforms of finite slope at p, replacing the results
due to Castella and Ota on specializations of big Heegner points in Hida families with
those by Büyükboduk–Lei [25] and Jetchev–Loeffler–Zerbes [68] on the interpolation of
Heegner points and Heegner cycles in Coleman families (cf. [124] for applications of the
main results of [25] to the study of algebraic ranks, analytic ranks and Shafarevich–Tate
groups when the modular forms they are attached to vary in a Coleman family).

Remark 4.16 In our recent article [90] with Pati, we give an alternative proof (under mild
technical assumptions) of Conjecture 4.2 at ordinary primes. More precisely, our strategy
in [90], which is inspired by the work of W. Zhang in weight 2, is based on a variant for
modular forms of the congruence method originally introduced by Bertolini–Darmon to
prove one divisibility in the anticyclotomic Iwasawa main conjecture for rational elliptic
curves [9]. Namely, in [90] we adapt to higher (even) weight modular forms this approach
via congruences, building crucially on results of Wang on the indivisibility of Heegner
cycles over Shimura curves [161]. Since in [90] we need p > k + 1, our main theorem and
its applications in [90] can be viewed as complementary to results in the present paper,
where p < k because the congruence k ≡ 2 (mod 2(p− 1)) is imposed.

5 The p-part of the TNC forM
Our goal is to prove, under suitable assumptions on f and p, the p-part of the TNC for
the motiveM when the analytic rank ofM is 1; this will be done in Sect. 5.9.4.

5.1 Heegner modules

We review the construction of Heegner cycles in [165] and compare it with that from
[110]. Recall that we use the same symbol for an algebraic cycle and for its class in the
corresponding Chow group. We point out that the assumption that the level N of f be
square-free is not needed in Sects. 5.1, 5.2, pspsprimaryspsShaspssubsec. The freedom to
work with newforms whose level is not necessarily square-free will be important in Sect.
9.1, when collecting some of the arithmetic consequences of our main results.

5.1.1 Zhang’s cycles

Fix an imaginary quadratic fieldK inwhich all the primes dividingNp split. Let xn ∈ X0(N )
be a Heegner point of conductor n and let x̃n ∈ X(N ) be the lift of xn that was chosen in



   64 Page 86 of 136 M. Longo, S. Vigni Res Math Sci (2026) 13:64

Sect. 4.1. Recall the cycle Zk (x̃n) from (4.1). To begin with, Zhang considers in [165, §2.4]
the k/2-codimensional cycle

Wk (x̃n) :=
∑

g∈Sk−2
sgn(g) · g∗

(
Zk (x̃n)(k−2)/2

)
∈ CHk/2(X/Kn) (5.1)

(recall that X = Ẽk−2
N ), where sgn(g) is the sign of the permutation g . Recall that the

geometric Heegner cycle �̃n defined in (4.2) belongs to�B�ε · CHk/2(X/Kn).

Lemma 5.1 The equalities

(1) �ε ·
(
Zk (x̃n)(k−2)/2

)
= Wk (x̃n)

(k − 2)!
,

(2) �̃n = �B ·Wk (x̃n)
(k − 2)!

hold in�B�ε · CHk/2(X/Kn).

Proof Part (2) is an immediate consequence of part (1) and the definitions, so we only
need to check part (1). Recall from Sect. 2.2.2 that the restriction of ε to the subgroup
Sk−2 of the group �k−2 in (2.3) is the sign character, so the projector associated with
this restriction is �′ε := 1

(k−2)!
∑

g∈Sk−2 sgn(g)g
∗. On the other hand, as in the proof of

[165, Lemma 2.4.3],
(
(Z/NZ)2 � Z/2Z

)k−2 acts on Zk (x̃n)(k−2)/2 via the restriction of
ε to

(
(Z/NZ)2 � Z/2Z

)k−2. Now ε is trivial on (Z/NZ)2(k−2) and the product map
on (Z/2Z)k−2. It follows that the projector �′′ε associated with the restriction of ε to(
(Z/NZ)2 � Z/2Z

)k−2 acts trivially on Wk (x̃n). Finally, �ε = �′ε · �′′ε , so there are
equalities

�ε · Zk (x̃n)(k−2)/2 = �′ε · Zk (x̃n)(k−2)/2 = Wk (x̃n)
(k − 2)!

,

as desired. ��

5.1.2 Base changemaps and tracemaps

Let L2/L1 be a Galois extension of number fields and set G := Gal(L2/L1). From here up
to Sect. 5.1.3, let us adopt the convention that CHn

∅ stands for CH
n. Let 
 ∈ {∅, 0, arith}.

Denote by

ιL1→L2 : CH
k/2

 (X/L1) −→ CHk/2


 (X/L2)G (5.2)

the base change map from L1 to L2, a special case of which was introduced in the proof of
Proposition 4.3. Galois trace induces a map

trL2/L1 : CH
k/2

 (X/L2) −→ CHk/2


 (X/L1); (5.3)

the composition trL2/L1 ◦ ιL1→L2 is equal to the multiplication-by-[L2 : L1] map, so the
kernel of ιL1→L2 is torsion, annihilated by [L2 : L1]. Extending scalars in (5.2) and (5.3) to
any ring R in which [L2 : L1] is invertible, we get maps

CHk/2

 (X/L1)R

ιL1→L2
CHk/2


 (X/L2)GR
trL2/L1

(5.4)
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such that trL2/L1 ◦ ιL1→L2 and ιL1→L2 ◦ trL2/L1 are isomorphisms. Therefore, the extension
of scalars to such an R of the map in (5.2) is an isomorphism. In particular, when R = F
we obtain a map

CHk/2

 (X/L1) −→ CHk/2


 (X/L1)F
ιL1→L2
� CHk/2


 (X/L2)GF (5.5)

whose kernel is the torsion subgroup of CHk/2

 (X/L1).

Notation/Convention 5.2 We identify a non-torsion element of CHk/2

 (X/L1) with its

image under the map in (5.5) and use the same symbol for both cycle classes. Conversely,
we identify an element of CHk/2


 (X/L2)GF with its image in CHk/2

 (X/L1)F under the trace

map trL2/L1 in (5.4). In particular, since the kernel of the obvious map

CHk/2

 (X/L2)G −→ CHk/2


 (X/L2)GF

is the torsion subgroup of the left-hand side term, we shall not distinguish between a non-
torsion element of CHk/2


 (X/L2)G and its image in CHk/2

 (X/L1)F via trL2/L1 . In a similar

fashion, with our usual notation in force, a non-torsion subgroup of CHk/2

 (X/L2) injects

into CHk/2

 (X/L2)Op

, so that we shall freely identify it with its image in thisOp-module.

Remark 5.3 The fact that ker(ιL1→L2 ) is torsion is a special case of an analogous result for
smooth projective varieties and arbitrary field extensions: see, e.g., [14, Lemma (1A.3)],
[128, p. 238] for details (the statement in [14] is given only for the Chow group CH2 of a
surface, but the arguments in the proof work for all groups CHi of a variety).

5.1.3 The Heegnermodule of level N

As in Sect. 4.1.2, let πN : X(N ) → X0(N ) be the canonical degeneracy map; as in Sect.
2.2.2, put tN := #

(
�0(N )/�(N )

)
, then write π∗N (xn) =

∑tN
i=1 x̃n,i. Set

Wk (xn) := �B ·Wk (x̃n) = 1
tN
·

tN∑
i=1

Wk (x̃n,i). (5.6)

As in Sect. 4.3.1, let G1 := Gal(K1/K ). The Heegner module HeegK,N of level N is the
subgroupofCHk/2

arith(X/K1) generated byTm ·Wk (xσ1 ) for allσ ∈ G1 and allHecke operators
Tm with (m,N ) = 1 (the cycles Tm ·Wk (xσ1 ) do indeed lie in CH

k/2
arith(X/K1), cf. [165, §3.1]):

we view HeegK,N as a subgroup of�B�ε ·CHk/2
0 (X/K1), which in turn should be thought

of as a subgroup of CHk/2
0 (X/K1)Q (cf. Sect. 2.6.1).

Fix a prime number p such that p � 2N . As was summarized in Sect. 5.1.2, if p is a prime
of F above p, then there are natural maps

HeegG1
K,N ↪−→ CHk/2

arith(X/K1)G1 −→ CHk/2
arith(X/K1)G1

Op

trK1/K CHk/2
arith(X/K )Op

,

(5.7)

where the leftmost arrow is the set-theoretic inclusion and the middle one is extension of
scalars. Thus, by composition with (5.7), the p-adic Abel–Jacobi map AJK,p yields a map

AJK,p : HeegG1
K,N −→ 	p(K ), (5.8)
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which will be denoted by the same symbol (cf. Remark 3.16). Let us define the cycle

XK :=
∑
σ∈G1

Wk (xσ1 ) = trK1/K
(
Wk (x1)

) ∈ CHk/2
arith(X/K ), (5.9)

where the second equality can be checked by unfolding the definition of the Galois action
on Heegner cycles.

Remark 5.4 At some point in this article, we will need to consider also the counterpart
of AJK,p with f replaced by the quadratic twist f K . We will denote this map by AJf K ,K ′ ,p,
where K ′ is a suitable imaginary quadratic field. In this case, we will use the symbol G′1 for
the analogue of the Galois group G1.

In the statement below, yK,p ∈ 	p(K ) is the cycle introduced in (4.5).

Lemma 5.5 AJK,p(XK ) = (k − 2)! · yK,p.

Proof Recall the cycle �1,p in (4.4) and set

�K,p := trK1/K (�1,p) ∈ �B�ε · CHk/2
0 (X/K )Op

.

By part (2) of Lemma 5.1, there is an equalityWk (x1) = (k − 2)! ·�1,p, which implies that

XK = (k − 2)! · �K,p (5.10)

in CHk/2
arith(X/K )Op

. Combining equality (5.10), the fact that y1,p = AJK1 ,p(�1,p) and the
commutativity of (4.6), we obtain

AJK,p(XK ) = (k − 2)! · coresK1/K (y1,p) = (k − 2)! · yK,p,

as claimed. ��

5.2 Zhang’s formula of Gross–Zagier type

We review the main result of [165], which is a counterpart of the Gross–Zagier formula
([55, Theorem 6.3]) for higher (even) weight modular forms.

5.2.1 Zhang’s cycles with coefficients inR

WithWk (x̃n) as in (5.1), let us consider the k/2-codimensional cycle with real coefficients

Sk (x̃n) := cn ·Wk (x̃n) (5.11)

on X , where cn ∈ R is a positive constant such that the self-intersection of Sk (x̃n) on each
fiber is equal to (−1)(k−2)/2 (cf. [165, §2.4]).
We thank Congling Qiu for providing us with a proof of the next result, which will be

crucial in our subsequent arguments (recall that we write DK for the discriminant of K ).

Lemma 5.6 The self-intersection of Wk (x̃n) is (k/2− 1)! 2 · (k − 2)! · (−2n2DK )k/2−1.
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Proof The Heegner point xn ∈ X0(N ) corresponds to an elliptic curve En with complex
multiplication by the order On of conductor n of K , equipped with a cyclic subgroup
of order N ; the elliptic curve En is defined over Kn. Now set V := H1

dR(E/Kn) ⊗Kn C,
the tensor product being taken with respect to a fixed embedding Kn ↪→ C. Choose a
basis {ω, η} of V such that 〈ω, η〉 = 1, where 〈·, ·〉 is the intersection pairing. Consider the
pairing [·, ·] in V ⊗C V induced by 〈·, ·〉, which has antidiagonal matrix (1,−1,−1, 1) in
the basis {ω ⊗ ω,ω ⊗ η, η ⊗ ω, η ⊗ η}. The self-intersection of Zk (x̃n) is −2n2DK (cf. the
proof of [110, Proposition 5.1]), so in V ⊗C V we have

[
Zk (x̃n), Zk (x̃n)

] = −2n2DK . (5.12)

The induced symmetric pairing on Symk−2(V ), denoted for simplicity by the same symbol,
is given by the formula

[
x1 ⊗ · · · ⊗ xk−2, y1 ⊗ · · · ⊗ yk−2

] = 1
(k − 2)!

·
∑
σ∈Sk−2

k−2∏
i=1

〈
xi, yσ (i)

〉
. (5.13)

Therefore, we may now compute

[
Wk (x̃n),Wk (x̃n)

] = (k − 2)!2 · [Zk (x̃n)k/2−1, Zk (x̃n)k/2−1
]

= (k − 2)!2 · [Zk (x̃n), Zk (x̃n)
]k/2−1 · (k/2− 1)!2

(k − 2)!
= (k/2− 1)! 2 · (k − 2)! · (−2n2DK )k/2−1,

(5.14)

where the first equality in (5.14) follows from Lemma 5.1, the second from (5.13) and the
third from (5.12). ��

It follows from Lemma 5.6 that

cn = 1

(k/2− 1)! ·√(k − 2)! · (√−2DK
)k/2−1 . (5.15)

With notation from Sect. 5.1, as in [165, §4.1] we define

Sk (xn) := 1√
deg(πN )

·
tN∑
i=1

Sk (x̃n,i) ∈ CHk/2
arith(X/Kn)R, (5.16)

where the cycles Sk (x̃n,i) are defined as in (5.11). As above, the fact that Sk (xn) belongs to
CHk/2

arith(X/Kn)R follows from [165, §3.1].

Lemma 5.7 The equality

Wk (xn) = Sk (xn)
cn ·
√
deg(πN )

holds in�B�ε · CHk/2(X/Kn)R.
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Proof Let {γ1, . . . , γtN } be a set of representatives of �0(N )/�(N ) and for all i = 1, . . . , tN
put x̃n,i := γ ∗i (xn). By definition, there are equalities

Wk (xn) = �BWk (x̃n) = 1
deg(πN )

·
tN∑
i=1
γ ∗i Wk (x̃n) = 1

deg(πN )
·

tN∑
i=1

Wk (x̃n,i).

Since eachWk (x̃n,i) has self-intersection cn, the result follows. ��

Now we can prove

Proposition 5.8 The equality

Sk (x̃n) =

√√√√deg(πN ) ·
( k−2
k/2−1

)

(−2n2DK )k/2−1
· �̃n

holds in�B�ε · CHk/2(X/Kn)R.

Proof Immediate by combining Lemmas 5.1 and 5.7 with the expression for c in (5.15). ��

Let us consider theR-linear extension

〈·, ·〉GS : CHk/2
arith(X/K1)R × CHk/2

arith(X/K1)R −→ R

of the Gillet–Soulé height pairing from Sect. 2.7. Moreover, let Sk (xn) be the cycle from
(5.16). Following [165, §0.1], define V to be the R-subspace of CHk/2

arith(X/K1)R that is
generated by Tm · Sk (xσ1 ) for all σ ∈ G1 and all Hecke operators Tm with (m,N ) = 1.
It follows that V = HeegK,N ⊗Z R and Sk (x̃1) ∈ V . Let V ′ be the quotient of V by
the null subspace for 〈·, ·〉GS. Then V ′ is a subquotient of the direct sum Sk (�0(N ))hK ,
where hK := #G1 is the class number of K ([165, Theorem 0.3.1]). Clearly, 〈·, ·〉GS yields
a height pairing, to be denoted in the same way, on V ′. Choose an orthonormal basis
{f = f1, . . . , ft} of V ′ with respect to the Petersson inner product (·, ·)�0(N ), so that V ′

splits into fj-eigencomponents V ′fj . Now define s′k,f (x
σ
1 ) to be the image of Sk (xσ1 ) in V ′f

(where, as above, σ ∈ G1) and put

s′f :=
∑
σ∈G1

s′k,f (x
σ
1 ) ∈ V ′f ,

so that s′f is the image of
∑
σ∈G1 Sk (x

σ
1 ) in V ′f . Notice that, in fact, s′f ∈ (V ′f )

G1 .

Remark 5.9 If 〈·, ·〉GS is non-degenerate on V , then V ′ = V and

s′f ∈
(
HeegG1

K,N ⊗Z R
)
[θf ] ⊂ CHk/2

arith(X/K )
R
[θf ].

This fact will play a role in the proof of Proposition 5.11.
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5.2.2 Zhang’s formula

In the statement below, uK := #O×K /2. There is a splitting

L(f /K, s) = L(f, s) · L(f K , s), (5.17)

which implies that ran(f /K ) ≥ 1 (see, e.g., [20, p. 543]).

Theorem 5.10 (S.-W. Zhang) L′(f /K, k/2) = 22k−1 · πk · (f, f )�0(N )

(k − 2)! · u2K ·
√|DK |

· 〈s′f , s′f 〉GS.

Proof With notation as in [165], this follows immediately from [165, Corollary 0.3.2]
upon taking χ to be the trivial character. ��
Recall the map AJK,p from (5.8); by a slight abuse of terminology, it will be interpreted

as the restriction to HeegG1
K,N of the map in (3.12). The following result is implicit in [165];

since we shall use it later, we provide a complete proof of it.

Proposition 5.11 (1) Assume that AJK,p is injective on HeegG1
K,N . If ran(f /K ) = 1, then

yK,p is notOp-torsion.
(2) Assume that 〈·, ·〉GS is non-degenerate on HeegK,N ⊗Z R. If ran(f /K ) > 1, then yK,p is

Op-torsion.

Proof For simplicity, set CH := CHk/2
arith(X/K ). We first show (1). By Theorem 5.10, s′f

is non-zero because ran(f /K ) = 1, and so
∑
σ∈G1 Sn(x

σ
1 ) is non-zero as well. Thanks to

Proposition 5.8,
∑
σ∈G1 �̃

σ
1 is non-zero in�B�ε ·(CH⊗Z R), hence in�B�ε ·(CH⊗Z R).

LetXK be as in (5.9). Part (2) of Lemma 5.1 implies thatXK = (k−2)!
∑
σ∈G1 �̃

σ
1 , soXK

is non-torsion in HeegG1
K,N . Finally, part (1) follows from Lemma 5.5 and the injectivity of

AJK,p on HeegG1
K,N , which we are assuming.

Now we prove (2), which is more delicate. In light of Lemma 5.5, we need equivalently
to show that AJK,p(XK ) is Op-torsion in 	p(K ). If F ∈ {R,R ∩ Q̄, Q̄p

}
, then there is a

decomposition

�B�ε · (CH⊗ZF ) =
⊕
g
�B�ε · (CH⊗ZF )[θg ], (5.18)

where g varies over all normalized newforms in Sk (�0(N )) and, with notation as in (2.4),
�B�ε ·

(
CH⊗ZF

)
[θg ] denotes the g-isotypic submodule of �B�ε ·

(
CH⊗ZF

)
; see,

e.g., [111, pp. 656–657] for details (strictly speaking, [111] deals solely with F = Q̄p, but
what one only needs is that the field F contains all Hecke eigenvalues of all normalized
newforms; when F = Q̄p, we are implicitly using an embedding Q̄ ↪→ Q̄p, which allows
us to view complex algebraic numbers as elements of Q̄p). It is straightforward to check
that

�B�ε · CH =
(
�B�ε · CH

)⊗Op Q̄p (5.19)

with either CH = CH⊗Z Q̄p or CH =
(
CH⊗Z Q̄p

)
[θg ] for some g as above. Then, using

the fact that the Abel–Jacobi map AJK,p is Hecke-equivariant and 	p(K ) is f -isotypic, it
follows that AJK,p⊗ idQ̄p factors through the f -isotypic component as

AJK,p⊗ idQ̄p : �B�ε ·
(
CH⊗Z Q̄p

) −� �B�ε ·
(
CH⊗Z Q̄p

)
[θf ] −→ 	p(K )⊗OpQ̄p,
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where the first map is the projection induced by (5.18) with F = Q̄p. There is a commu-
tative diagram

�B�ε ·
(
CH⊗Z Q̄p

) π1,f

AJK,p ⊗ idQ̄p

�B�ε ·
(
CH⊗Z Q̄p

)
[θf ] 	p(K )⊗Op Q̄p

�B�ε ·
(
CH⊗Z (R ∩ Q̄)

) π2,f

ι2

ι1

�B�ε ·
(
CH⊗Z (R ∩ Q̄)

)
[θf ]

ι3

�B�ε · (CH⊗Z R)
π3,f

�B�ε · (CH⊗Z R)[θf ]

(5.20)

in which the horizontal surjections are the projections induced by (5.18) and the vertical
injections are given by extension of scalars. Adopting the same symbol forXK and for its
natural image in�B�ε ·

(
CH⊗Z (R ∩ Q̄)

)
, we want to show that

(
(AJK,p⊗ idQ̄p ) ◦ ι1

)
(XK ) = 0. (5.21)

Since ran(f /K ) > 1, Theorem 5.10 and the non-degeneracy of 〈·, ·〉GS imply that s′f = 0 in
�B�ε · (CH⊗Z R)[θf ] (cf. Remark 5.9). To lighten our notation, set c := c1. Comparing
(5.6), (5.9) and (5.11) gives the equality

ι2(XK ) = �B
c
·
∑
σ∈G1

Sk (xσ1 )

in�B�ε · (CH⊗Z R), and then π3,f
(
ι2(XK )

) = (�B/c) · s′f = 0. Now the commutativity
of the lower square in (5.20) and the injectivity of ι3 yield π2,f (XK ) = 0, while the
commutativity of the upper square in (5.20) shows that π1,f

(
ι1(XK )

) = 0. This clearly
implies (5.21).
Keeping equality (5.19) in mind (with CH = CH⊗Z Q̄p), the vanishing in (5.21) shows

that the image of AJK,p(XK ) ∈ 	p(K ) in	p(K )⊗OpQ̄p is trivial. Finally, the natural map
	p(K )⊗OpFp→ 	p(K )⊗OpQ̄p is injective, so the image of AJK,p(XK ) in	p(K )⊗OpFp
is trivial. This means that AJK,p(XK ) isOp-torsion in	p(K ), as desired. ��

Remark 5.12 Unfortunately, while it is natural to impose a non-degeneracy condition like
that in part (2) of Proposition 5.11 when studying the arithmetic of Heegner cycles (see,
e.g., [164, Assumption 4.1]), we are not aware of any result in this direction (except for
weight 2 modular forms, which are not considered in this paper).

5.3 Periods of modular forms

We begin by connecting the periods �(γ )∞ from Sect. 2.5 to those appearing in the work
of Vatsal [156] and of Skinner–Urban [151]. To do this, we clarify the relation between
these periods and modular symbols. In what follows, we set

ε := (−1) k−22 . (5.22)
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5.3.1 Modular symbols

LetR be a commutative ring, let k ≥ 2be an integer, setn := k−2 and letLn(R) := Symn(R)
be the R-module of homogeneous polynomials of degree n in the variables X ad Y with
coefficients in R. We write Ln(R) also for the corresponding locally constant sheaf on the
open modular curve Y� of level �, where � ∈ {�1(N ),�0(N )

}
.

Let

Symb�
(
Ln(R)

)
:= Hom�

(
D0, Ln(R)

)

be the group of �-invariant Ln(R)-valued modular symbols, where D0 is the group of
degree 0 divisors onP1(Q) equipped with its left action of R[�] ([52, Definition 4.6]). We
also let

Bound�
(
Ln(R)

)
:= Hom�

(
D, Ln(R)

)

be the group of �-invariant Ln(R)-valued boundary symbols, where D is the group of
divisors onP1(Q) equippedwith the natural left action ofR[�]. There is an exact sequence

0 −→ H0
(
�, Ln(R)

)
−→ Bound�

(
Ln(R)

)
−→ Symb�

(
Ln(R)

)
−→ H1

par

(
�, Ln(R)

)
−→ 0.

As before,H1
par
(
�, Ln(R)

)
denotes parabolic cohomology of the open modular curve Y (�)

of level�with coefficients in the locally constant sheaf associatedwithLn(R) (i.e., the image
of the compact cohomology groupH1

cpt
(
�, Ln(R)

) = H1
cpt
(
Y (�), Ln(R)

)
inH1(�, Ln(R)

) =
H1(Y (�), Ln(R)

)
). Using notation from [52, §4], themap Symb�

(
Ln(R)

)→ H1
par
(
�, Ln(R)

)
sends' to the cohomology class represented by the 1-cocycle γ �→ '

({γ (c)} − {c}).
Write Hk (�) for the Hecke algebra acting on modular forms of level � and weight k

(in particular, for � = �(N ) we recover the algebra Hk (�(N )) from Sect. 2.2). By [52,
Theorem 4.2], there is an Hk (�)-equivariant isomorphism

Symb�
(
Ln(R)

) � H1
cpt
(
�, Ln(R)

)
(5.23)

such that the action of complex conjugation on H1
cpt
(
�, Ln(R)

)
corresponds to the action

of the matrix ι := (−1 0
0 1
)
on Symb�

(
Ln(R)

)
. The map

� : H1(�, Ln(R)
) −→ Symb�

(
Ln(R)

)
(5.24)

defined by ω �→ ηq · ', where ' is any lift of ω, Tq is the Hecke operator at a prime
number q ≡ 1 (mod Np) and

ηq := Tq − (q + 1), (5.25)

is independent of the choice of ' because ηq kills Bound�
(
Ln(R)

)
, i.e., ηq · x = 0 for all

x ∈ Bound�
(
Ln(R)

)
([156, §1.6]). Furthermore, the map � is Hk (�)-equivariant and also

equivariant for the action of complex conjugation on H1(�, Ln(R)
)
and for the action of ι

on Symb�
(
Ln(R)

)
. We also write

� : H1(�, Ln(R)
) −→ H1

cpt
(
�, Ln(R)

)
(5.26)

for the composition of (5.23) and (5.24).
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If R = C, then the modular symbol'f,� associated with f is given by

'f,�
({a} − {b}) := 2π i ·

∫ a

b
f (z) · (zX + Y )k/2−1dz,

where the integral is computed along a geodesic path (with respect to the Poincarémetric)
from b to a in the complex upper half-plane. Split the C-vector space Symb�

(
Ln(C)

)
into ±-eigenspaces Symb±�

(
Ln(C)

)
for complex conjugation, then denote by '±f,� the

projections of 'f,� to the respective eigenspaces. Observe, in particular, that there is an
isomorphism

VB(−k/2)⊗F C � H1(�, Ln(C)
)
[θf ] = C ·'+f,� ⊕C ·'−f,� (5.27)

satisfying the following property: an element of VB(−k/2)⊗F C lies in the +-eigenspace
for complex conjugation if and only if its image under (5.27) lies inC ·'εf,� , with ε ∈ {±1}
as in (5.22). The comparison isomorphism between Betti and de Rham realizations gives
rise to an isomorphism

CompB,dR : Symb�
(
Ln(C)

) �−→ VdR ⊗F C

that is equivariant with respect to the action of complex conjugation. Define

ϕf,� := CompB,dR('f,�). (5.28)

Note that the generator ωf of Filk/2−1(VdR) from (2.14) is sent to (2π i)−1 · ϕf,�0(N ) by the
comparison isomorphism.

5.3.2 The periods�±
f,�

We further elaborate on the definition of periods given in Sect. 2.5; we find it more
convenient to work integrally throughout. For this, define

Tpar,� := im
(
H1(�, Ln(OF )

) j−→ H1(�, Ln(F )
))

where j is the natural map. With the usual±-notation, pick δ±f,� ∈ T±par,�[θf ]� {0} and set

η±f,� := (CompB,dR ◦�)
(
δ±f,�
)
;

here� is the map in (5.24) for R = F , which we view� as taking values in Symb�
(
Ln(C)

)
by means of the distinguished embedding ιF : F ↪→ R. Define periods �±f,� ∈ C via the
equality

ϕf,� = �+f,� · η+f,� +�−f,� · η−f,� ,

where ϕf,� was introduced in (5.28). Consider the module index

a±f,� := [T±par,� : δ±f,� ·OF
]

as defined, e.g., in [45, p. 10]; by [45, §3, Proposition 1, (ii)], a±f,� is a non-zero (integral)
ideal ofOF .

Remark 5.13 The periods �±f,� depend on our choice of δ±f,� , but the products �
±
f,� · a±f,� ,

where we see a±f,� as anOF -submodule ofR via the (set-theoretic) inclusion ιF , do not.



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 95 of 136    64 

5.3.3 Comparison of periods

Now we relate the period �(γf )∞ to the periods introduced in Sect. 5.3.2. For any σ ∈
�, replacing f with f σ and ιF with σ in Sect. 5.3.2, we obtain periods �±f σ ,� and OF -
submodules a±f σ ,� of R (a±f σ ,� is endowed with an OF -module structure via σ ). Briefly,
choose δ±f,� as in Sect. 5.3.2, fix σ ∈ � and define η±f σ ,� := (CompB,dR ◦�σ )

(
δ±f,�
)
, where

�σ is themapobtainedby composing�withσ . Defineperiods�±f σ ,� ∈ C× via the equality
ϕf σ ,� = �+f σ ,�η+f σ ,� +�−f σ ,�η−f σ ,� . With a slight abuse of notation, for ε = (−1)k/2−1 as in
(5.22), in the following lines we do not distinguish between ε and its sign; set

• δf,� := δεf,� ;
• �f σ ,� := �εf σ ,� for each σ ∈ �;
• af,� := aεf,� .

The proposition below provides the comparison result we need.

Proposition 5.14 Set γf := (2π i)k/2 · (�B�ε) · δf,�0(N ) ∈ T+B � {0}. The equality

�
(γf )∞ = C ·

(
(2π i)

k−2
2 ·�f σ ,�0(N )

)
σ∈� (5.29)

holds in F×∞ for some C ∈ F× satisfying ordλ(C) = 0 for all primes λ of F such that
λ � N · af,�0(N ).

Proof We use the argument in [38, Lemma 4.1], which follows a duality argument from
[34, §1.7]. Fix σ ∈ � and denote by�(γf )∞,σ the determinant of the comparison isomorphism

V εB ⊗F,σ C
�−→ (VdR/ Fil0(VdR)

)⊗F,σ C

computed with respect to the latticeOF · γf and the image of TdR, which is generated by
ωf σ ; thus, by definition,�

(γf )∞ =
(
�

(γf )∞,σ
)
σ∈� . In the notation of [38], we have�

(γf )∞,σ = vol∞
(observe that in [38] the term vol∞ is the determinant of the isomorphism

V εB (−k/2)⊗F,σ C
�−→ (VdR/ Fil0(VdR)

)⊗F,σ C

computed with respect to the lattice OF · δf,�0(N ) and the image of TdR multiplied by
(2π i)k/2, and the last factor (2π i)k/2 is taken into account directly by the twist isomorphism
between V±B and V±B (−k/2)). We view af σ ,�0(N ) = σ (af,�0(N )) as an OF -submodule of R
via σ . By [38, Lemma 4.1], there is an equality of sets

�
(γf )∞,σ · a−1f σ ,�0(N ) = σ (C0) · (2π i)k/2−1 ·�f σ ,�0(N ) · af σ ,�0(N )

for a suitable C0 ∈ F×, independent of σ , with ordλ(C0) = 0 for all primes λ of F such
that λ � N (note that the term�± in [38] is defined by comparison with (2π i)−1ϕ±f σ , which
explains the power of 2π i appearing in (5.29)). Therefore, we get an equality

�
(γf )∞,σ = σ (C) · (2π i)k/2−1 ·�f σ ,�0(N )

for some C ∈ F× with the property that ordλ(C) = 0 for all primes λ of F such that
λ � N · af,�0(N ), as desired. ��
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5.3.4 Special values and their algebraic parts

For each σ ∈ �, set �f σ := �εf σ ,�0(N ) and �f := �f ιF (as before, ε is as in (5.22)). The
special value of L(f, s) at s = k/2 is described (see, e.g., [102, Ch. I, §7]; cf. also [38, §5]) by
the formula

L(f, k/2) = (2π )k/2

(k/2− 1)!
·
∫ ∞
0

f (it)t
k−2
2 dt. (5.30)

Let us define the algebraic part of L(f, k/2) as

Lalg(f, k/2) := L(f, k/2)
(2π i)k/2−1 ·�f

; (5.31)

it is well known that Lalg(f, k/2) belongs to F . The period �f depends on δεf,�0(N ), so the
same is true of Lalg(f, k/2).

5.3.5 Algebraic parts of special values and real embeddings

The algebraic part Lalg(f, k/2) in (5.31) belongs to F , so it makes sense to consider
σ
(
Lalg(f, k/2)

)
for σ ∈ �.

Proposition 5.15 For each σ ∈ �, there is an equality

σ
(
Lalg(f, k/2)

) = Lalg(f σ , k/2).

Proof For P ∈ Ln(R) we write P(X, Y ) =∑k−2
j=0 rj(P)XjY k−2−j . From (5.30) we get

Lalg(f σ , k/2) = (−i)k/2
(2π i) · (k/2− 1)! ·�f σ

·
∫ ∞
0

f σ (it)t
k−2
2 dt.

Since f σ has real Fourier coefficients, the integral belongs to the ε-eigenspace for complex
conjugation. Thus, taking the definition of modular symbols into account, we obtain an
equality

Lalg(f σ , k/2) =
r k−2

2

(
ϕf σ
({i∞} − {0})

)

(k/2− 1)! ·�f σ
.

Let ηq be the Hecke element introduced in (5.25). Since σ
(
θf (ηq)

) = θf σ (ηq) by definition,
it suffices to show that σ

(
�(δf )

) = �(δf σ ). Thus, we are reduced to showing that the
square

H1
cpt
(
�0(N ), Ln(F )

)

σ

H1
B
(
�0(N ), Ln(F )

)

σ

�

H1
cpt
(
�0(N ), Ln(C)

)
H1
B
(
�0(N ), Ln(C)

)�

is commutative (here � stands for the map in (5.26)). This is an immediate consequence
of the definition of� and the fact that σ commutes with Hecke operators. ��
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5.3.6 A comparison of periods

Now we make our choice of δ±f,� more precise. Specifically, we choose elements δ±f,� ∈
T±B,� � {0} such that their natural images in T±B,� ⊗Z Op generate this freeOp-module of
rank 1. At the cost of discarding finitely many primes p, one can proceed as follows. Take
δ±f,� ∈ T±B,� � {0} and recall the module index a±f,� from Sect. 5.3.2, which is an ideal ofOF
defined in terms of δ±f,� . Let N

(
a±f,�
)
:= #
(
OF/a

±
f,�
)
be the norm of a±f,� . Basic properties of

the module index (see, e.g., [45, §3]) allow one to check that if p � N
(
a±f,�
)
, then the image

of δ±f,� in T±B,� ⊗Z Op generates T±B,� ⊗Z Op.
Thus, we assume that p � N

(
a±f,�0(N )

)
; we want to compare the periods �f,�1(N ) and

�f,�0(N ). Before doing this, we need to fix somemore notation: for each prime p of F above
p, denote byO(p) the localization ofOF at p, then setO(p) :=

∏
p|pO(p).

Proposition 5.16 The periods �f,�1(N ) and �f,�0(N ) differ by multiplication by elements
ofO×(p).

Proof Recall that the C-vector space Sk (�0(N )) is isomorphic to the Hk (�1(N ))-
submodule of Sk (�1(N )) consisting of those forms on which �0(N )/�1(N ) acts via the
trivial character. Therefore, there is a canonical map Hk (�1(N )) → Hk (�0(N )), so any
Hk (�0(N ))-module is also equipped with a structure of Hk (�1(N ))-module by means of
this map. There is a commutative diagram of Hk (�1(N ))-modules with exact rows

Bound�0(N )
(
Ln(O(p))

)
Symb�0(N )

(
Ln(O(p))

)
H1
B

(
�0(N ), Ln(O(p))

)
0

Bound�1(N )
(
Ln(O(p))

)
Symb�1(N )

(
Ln(O(p))

)
H1
B

(
�1(N ), Ln(O(p))

)
0

in which the vertical arrows are induced by restriction in cohomology.
Let p be a prime of F above p, denote by Fp the residue field of F at p and let � ∈{
�1(N ),�0(N )

}
; there is a canonical map Hk (�)→ Fp, whose kernel will be denoted by

m� . IfM is an Hk (�)-module, then we writeMm� for the localization ofM at m� . Then

Bound�
(
Ln(O(p))

)
m�
= 0

because the action of Hk (�) on boundary symbols is Eisenstein, so we get a commutative
square of Hk (�)-modules

Symb�0(N )
(
Ln(O(p))

)
m�0(N )

� H1
B
(
�0(N ), Ln(O(p))

)
m�0(N )

Symb�1(N )
(
Ln(O(p))

)
m�1(N )

� H1
B
(
�1(N ), Ln(O(p))

)
m�1(N )

(5.32)

in which the horizontal maps are isomorphisms. Now we prove that the right vertical
arrow is an isomorphism; to do this, we show that the map of freeO(p)-modules

Hom�0(N )
(
D0, Ln(O(p))

)
m�0(N )

−→ Hom�1(N )
(
D0, Ln(O(p))

)
m�1(N )

(5.33)
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is an isomorphism (note that Hom�

(
D0, Ln(O(p))

)
m�

is a finitely generated torsion-free,
andhence free,O(p)-module).ThemapHom�0(N )

(
D0, Ln(O(p))

)→ Hom�1(N )
(
D0, Ln(O(p))

)
is injective, so (5.33) is injective, as localization is a flat operation. By Nakayama’s lemma,
it suffices to show that the map

Hom�0(N )
(
D0, Ln(Fp)

)
[m�0(N )] −→ Hom�1(N )

(
D0, Ln(Fp)

)
[m�1(N )] (5.34)

is surjective. If this map is not surjective, then there is φ ∈ Hom�1(N )
(
D0, Ln(Fp)

)
[m�1(N )]

on which �0(N )/�1(N ) acts via a non-trivial character ε; by Nakayama’s lemma,
there is a non-zero ' ∈ Hom�1(N )

(
D0, Ln(O(p))

)
m�1(N )

[ε] mapping to φ under the
canonical surjection O(p) � Fp. Therefore, we obtain two modular symbols 'f,�1(N )
and ' in Symb�1(N )

(
Ln(O(p))

)
m�1(N )

that are distinct (because ε is non-trivial) and
share the eigenvalues for the action of Hk (�1(N )). The images of 'f,�1(N ) and ' in
H1
B
(
�1(N ), Ln(O(p))

)
m�1(N )

coincide because f is a newform and then, in light of (5.32),
we deduce that ' = 'f,�1(N ): this contradiction proves the surjectivity of (5.34), whence
the surjectivity of (5.33). Using (5.32), we conclude that there is an isomorphism ofO(p)-
modules

H1
B
(
�0(N ), Ln(O(p))

)
m�0(N )

� H1
B
(
�1(N ), Ln(O(p))

)
m�1(N )

.

Upon taking ±-eigenspaces for complex conjugation and m�0(N )- and m�1(N )-torsion
submodules, respectively, we get an isomorphism

H1
B
(
�0(N ), Ln(O(p))

)
m�0(N )

[
θf,�0(N ),±

] � H1
B
(
�1(N ), Ln(O(p))

)
m�1(N )

[
θf,�1(N ),±

]

of free O(p)-modules of rank 1, where θf,�0(N ) and θf,�1(N ) denote the two ring
homomorphisms associated with f . Therefore, γ±f,�1(N ) and the image of γ±f,�0(N ) in
H1
B
(
�1(N ), Ln(O(p))

)
are both generators of these free O(p)-modules, which implies that

the periods �f,�0(N ) and �f,�1(N ) differ by a unit ofO(p), as was to be shown. ��

Remark 5.17 When the modular form f has weight 2 (a case that we have excluded from
the outset), Proposition 5.16 is proved in [152, Lemma 9.4] by different arguments. More
precisely, the proof of [152, Lemma 9.4] uses in a crucial way Eisenstein properties of
the Shimura subgroup, which in our higher weight context are replaced by Eisenstein
properties of modular symbols.

Fromhere on, as in Sect. 5.3.3,we set δf,�0(N ) := δεf,�0(N );moreover, put af,�0(N ) := aεf,�0(N )
and, as in Proposition 5.14, define

γf := (2π i)k/2 · (�B�ε) · δf,�0(N ) ∈ T+B � {0}.

By what we noticed previously, if p � N(af,�0(N )), then CompB,ét(γf ) generatesT+p . In other
words, notation being as in Sect. 2.23.3, we know that

p � N(af,�0(N )) =⇒ Ip(γf ) = Op. (5.35)

This implication will be used in the proof of our main results.
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Remark 5.18 Although TB and γf ∈ T+B are defined in terms of the congruence subgroup
�(N ), Proposition 5.16 ensures that, for our goals and arguments, we can equivalently
work with the period �f,�0(N ).

5.4 Choice of auxiliary imaginary quadratic fields

In the remainder of the paper, we will need to fix auxiliary imaginary quadratic fields in a
judicious way. For our purposes, we may restrict ourselves to ran(M) ∈ {0, 1}.

5.4.1 The ran(M) = 0 case

Assume that ran(M) = 0. Let us consider the imaginary quadratic fields K satisfying the
following two conditions:

• the primes dividing Np split in K ;
• ran(f K ) = 1.

Denote byI0(f, p) the set of all such fields. By Lemma 2.34, ran(f ) = 0, so ε(f ) = +1, and
then it follows from [20, p. 543, Theorem, (i)] (cf. also [107]) that I0(f, p) �= ∅. Note that
ran(f /K ) = 1 for all K ∈ I0(f, p).

5.4.2 The ran(M) = 1 case

Assume that ran(M) = 1. Let us consider the imaginary quadratic fields K satisfying the
following two conditions:

• the primes dividing Np split in K ;
• ran(f K ) = 0.

Denote by I1(f, p) the set of all such fields. By Lemma 2.34, ran(f ) = 1, so ε(f ) = −1,
and then I1(f, p) �= ∅ by [20, p. 543, Theorem, (ii)] (cf. also [160]). Again, observe that
ran(f /K ) = 1 for all K ∈ I1(f, p)

5.5 Rationality conjecture forM in analytic rank 0

Here we prove (under suitable assumptions) the rationality conjecture (Conjecture 2.40)
when ran(M) = 0.

5.5.1 Nekovář’s theorem

Let L be a number field. Following [110], we define the Shafarevich–Tate group ofM over
L at p à la Nekovář via the short exact sequence ofOp-modules

0 −→ 	p(L)⊗Op (Fp/Op) −→ H1
f (L, Ap) −→XNek

p (L,M) −→ 0 (5.36)

(see, e.g., [93, §2.4] for details on the leftmost non-trivialmap,whichwill be tacitly regarded
as a set-theoretic inclusion). Let us also define the Shafarevich–Tate group of M over L
at p à la Nekovář by setting

XNek
p (L,M) :=

⊕
p|p

XNek
p (L,M), (5.37)

where the direct sum ranges over all primes of F above p.
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Remark 5.19 ThegroupXNek
p (L,M) should be thought of as a higherweight counterpart

of the classical Shafarevich–Tate group of an abelian variety, which is given by the recipe
“Selmer group modulo rational points”.

As before, let K be an imaginary quadratic field in which all the prime divisors of Np
split and let p be a prime of F above p. The theorem below is a higher weight analogue
of a well-known result of Kolyvagin for Mordell–Weil and Shafarevich–Tate groups of
elliptic curves (see, e.g., [53, Theorem 1.3]).

Theorem 5.20 (Nekovář) If yK,p is not torsion, then

(1) 	p(K )⊗Z Q = Fp · yK,p;
(2) XNek

p (K,M) is finite;
(3) corankOpH1

f (K,Ap) = 1.

Proof This is [110, Theorem 13.1] (cf. also [111, Ch. II, (6.5)]). ��
As an immediate consequence of Theorem 5.20 and (5.37), if yK,p is not torsion for each

p | p, thenXNek
p (K,M) is finite.

5.5.2 Comparing Shafarevich–Tate groups

Given a number field L, there is an inclusion 	p(L) ⊗Op (Fp/Op) ⊂ H1
f (L, Ap)div, which

induces a surjection XNek
p (L,M) � XBK

p (L,M) of Op-modules. To our knowledge,
no finer, general comparison between XBK

p (L,M) and XNek
p (L,M) is available in the

literature.
Take an imaginary quadratic field K as above. The next result, which is a by-product

of Theorem 5.20, offers an alternative description ofXBK
p (K,M) in an important special

case.

Proposition 5.21 [Nekovář] If yK,p is not torsion, thenXBK
p (K,M) =XNek

p (K,M).

Proof If yK,p is not torsion, then, by Theorem 5.20, both 	p(K ) ⊗Op (Fp/Op) and
H1
f (K,Ap) have corank 1 over Op, so 	p(K ) ⊗Op (Fp/Op) is the maximal p-divisible

submodule of H1
f (K,Ap), whence the claim of the proposition. ��

5.5.3 On Conjecture 2.30, ran(M) ∈ {0, 1}
The next result, which is basically a consequence of Theorems 5.10 and 5.20, establishes
(conditionally on certain assumptions on p-adic Abel–Jacobi maps and regulators) the
“algebraic rank=analytic rank” conjecture (Conjecture 2.30) overQwhen ran(M) ∈ {0, 1}.
We use notation from Sect. 5.4.

Theorem 5.22 (Nekovář, S.-W. Zhang) Assume that ran(M) ∈ {0, 1} and that

(1) there exists K ∈ Iran(M)(f, p) such that AJK,p is injective on HeegG1
K,N for some p | p;

(2) the p-part of Conjecture 2.50 overQ holds true.

Then ralg(M) = ran(M).

Proof Assume that ran(M) = 1. Fix K ∈ I1(f, p) and a prime p of F above p for which
condition (1) holds. It follows from splitting (5.17) that ran(f /K ) = 1, hence, by part (1) of
Proposition 5.11, yK,p is notOp-torsion. As explained in the proof of [159, Theorem 5.26],
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an analysis of the action of complex conjugation on yK,p combined with Theorem 5.20
shows that 	p(K ) ⊗Op Fp and 	p(Q) ⊗Op Fp are both 1-dimensional over Fp and that
XNek

p (K,M) andXNek
p (Q,M) are both finite (cf. also [159, Proposition 5.25]). It follows

from (5.36) that corankOpH1
f (Q, Ap) = 1, and then, since we are assuming condition (2),

ralg(M) = 1 by Corollary 2.68.
Now assume that ran(M) = 0. Fix K ∈ I0(f, p) and a prime p of F above p for which

condition (1) holds. As in the previous case, it follows from (5.17) that ran(f /K ) = 1,
hence, by part (1) of Proposition 5.11, yK,p is not Op-torsion. As in the proof of [159,
Theorem 7.4], an analysis of complex conjugation acting on yK,p allows one to show that
	p(Q) ⊗Op Fp is trivial. On the other hand, it follows from Theorem 5.20 and [159,
Proposition 5.25] that XNek

p (Q,M) is finite. Therefore, corankOpH1
f (Q, Ap) = 0, and

then, since we are assuming condition (2), ralg(M) = 0 by Corollary 2.68. ��

Remark 5.23 In the statement of Theorem 5.22 and elsewhere in this paper, we impose
injectivity assumptions on p-adic Abel–Jacobi maps; assumptions of this sort are natural
to ask for if one wants to get (by combining Theorems 5.10 and 5.20) results on algebraic
ranks from information on analytic ranks. While it is a “folklore” conjecture that such
maps are always injective, it is worth emphasizing that, in the present article, conditions
of this kind are only exploited, in the guise of part (1) of Proposition 5.11, to use Theorem
5.20 and prove Conjecture 2.30 and the finiteness of XNek

p (Q,M) in the special cases
we are interested in. In particular, if one is willing to assume the validity of Conjecture
2.30 and the finiteness of XNek

p (Q,M) in low rank situations, then the aforementioned
conditions can be dispensed with (specifically, we are referring to Theorems 5.24, 5.29,
5.37, 5.42).

5.5.4 Proof of Conjecture 2.40, ran(M) = 0

Now we can prove the main result of this subsection.

Theorem 5.24 Assume that ran(M) = 0 and that

(1) there exists K ∈ I0(f, p) such that AJK,p is injective on HeegG1
K,N for some p | p;

(2) the p-part of Conjecture 2.50 overQ holds true.

Then Conjecture 2.40 is true.

Proof Assume that ran(M) = 0; this implies, by Lemma 2.34, that ran(f σ ) = 0 for all
σ ∈ �. Thanks to Theorem 5.22, ralg(M) = 0, so Reg(M) = 1. Let �∞ be the period
in Sect. 2.23.3; by Proposition 2.43, to prove the theorem we can equivalently show that
L∗(M, 0)

/
�∞ ∈ F×. Namely (cf.Remark 2.8), weneed to show that there existsLM ∈ F×

such that

ι�(LM) = L∗(M, 0)
�∞

. (5.38)

By definition of ι� , and in light of (5.29), equality (5.38)means thatσ (LM) = Lalg(f σ , k/2)
for all σ ∈ �. By Proposition 5.15, the elementLM := Lalg(f, k/2) ∈ F× does the job, and
we are done. ��
As explained in Sect. 2.11.2, Theorem 5.24 shows that, under the specified assumptions,

the analytic rank 0 case of Conjecture 2.41 holds true as well.
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5.6 p-TNC forM in analytic rank 0

As before,DF is the discriminant of F , while the ideal af,�0(N ) ofOF was introduced at the
end of Sect. 5.3.6 and cf = [OF : Of ]. Furthermore, recall from Sect. 3.1.1 that the Galois
representation ρp is said to have “big image” if the image of ρp contains all g ∈ GL2(Op)
such that det(g) ∈ (Z×p )k−1.
We work under the following list of conditions on the pair (f, p).

Assumption 5.25 (1) p � 6NDFN(af,�0(N ))cf ;
(2) k ≡ 2 (mod 2(p− 1));
(3) ap(f ) ∈ O×p ;
(4) ap(f ) �≡ 1 (mod p) for each prime p | p;
(5) ρp has big image;
(6) N ≥ 3 and there exists a prime � dividing N exactly such that ρ̄p is ramified at � for

each prime p | p.

Our purpose is to prove the p-part of the TNC for M when ran(M) = 0. Unless
otherwise stated, from here on we make our choice of periods as in Sect. 5.3.6.

5.6.1 p-adic L-functions

LetQ∞ be the cyclotomicZp-extension ofQ, define

� := Gal(Q∞/Q) � Zp

and write 	p := Op[[�]] for the Iwasawa algebra of � with coefficients in Op. For every
n ∈ N letQn be the subfield ofQ∞ such thatGal(Qn/Q) � Z/pnZ; in particular,Q0 = Q.
For any prime v of Qn denote by Qn,v the completion of Qn at v and write In,v = IQn,v

for the corresponding inertia group. Finally, let χcyc : � → Z×p be the p-adic cyclotomic
character.
Let �±f := �±f,�0(N ) ∈ C× be the periods from Sect. 5.3.2. In [151], the periods �±f,�1(N )

are considered instead, but the choice of�±f,�0(N ) is equivalent for us since, by Proposition
5.16, these complex numbers differ by a p-adic unit. Let Q̄ ↪→ Q̄p be an embedding
corresponding to p, which allows us to consider Lalg(f, k/2) ∈ F as a p-adic number in Q̄p;
here recall that Lalg(f, k/2) = L(f, k/2)

/
(2π i)k/2−1 · �f , where �f = �εf and ε is the sign

of (−1)k/2−1.
LetLf,p ∈ 	 be the cyclotomic p-adic L-function of f and p constructed in [74, Theorem

16.2] and [151, §3.4.4] (cf. also [102]). Adopting the conventions in [74, Theorem 16.2],
there is an interpolation formula

Lf,p(χk/2
cyc ) =

(
1− p

k−2
2

α

)2
·
(
k − 2
2

)
! · Lalg(f, k/2). (5.39)

Since k > 2, the multiplicative factor
(
1− p

k−2
2
α

)2
is a unit ofO(p). Therefore, there is an

equality ofOp-ideals

(
Lf,p(χk/2

cyc )
)
=
(
(k/2− 1)! · Lalg(f, k/2)

)
. (5.40)
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5.6.2 Comparing the periods of f and f K

As in Remark 2.3, let f K be the twist of f by the Dirichlet character εK attached to K . Of
course, the Hecke field of f K is F .

Lemma 5.26 (1) For any choice of δ±f as in Sect. 5.3.2, the equality �∓f K =
√
DK · �±f

holds up to elements of F×.
(2) For any choice of δ±f and δ±f K as in Sect. 5.3.6, the equality�±f = �∓f K holds up to p-adic

units.

Proof For part (1), we adapt (with minor changes) the proof of [152, Lemma 9.6]. For any
ringR as before, let us define a homomorphismH1(�0(N ), Ln(R)

)→ H1(�0(ND2
K ), Ln(R)

)
of R-modules by

ϕ �−→
(
γ �→

∑
a∈(Z/DKZ)×

εK (a) · ϕ
(( 1 −a/DK

0 1
) · γ · ( 1 a/DK

0 1
)))

.

For R = C, ω±f is mapped to τ (εK ) · ω∓f K , where τ (εK ) is the Gauss sum of εK . For R = F ,
δ±f is mapped to an F×-multiple of δ∓f K . Therefore, �

±
f K is an F×-multiple of �∓f /τ (εK ),

and the conclusion follows because τ (εK )2 = DK .
Part (2) is a consequence of the interpolation formulas satisfied by the p-adicL-functions

associated with f and f K . With notation as in [151, §3.4.4], Lf,εK (1) and Lf K ,1(1) differ by
a p-adic unit, so comparing with the interpolation formulas in [151, §3.4.4] we see that
�±f K is an O×p -multiple of �∓f /τ (εK ), and the conclusion follows because τ (εK )2 = DK
and p splits in K . ��

Remark 5.27 In the case of elliptic curves, the analogue of part (2) of Lemma 5.26 is
proved, e.g., in [152, Lemma 9.6] with a different method.

5.6.3 Greenberg’s Selmer group

Let ηp : GQp = Gal(Q̄p/Qp) → Q̄×p denote the unramified character of GQp taking
arithmetic Frobenius to ap(f ). Since f is ordinary at p and Vp is (equivalent to) the self-
dual twist of the p-adic representation attached to f , there is a short exact sequence of
GQp-modules

0 −→ V+p −→ Vp −→ V−p −→ 0

such that V+p and V−p are 1-dimensional Fp-vector spaces, and GQp acts on V+p and V−p
through η−1p χ

k/2
cyc and ηpχ−k/2+1cyc , respectively. Define T+p := Tp ∩ V+p , A+p := V+p /T+p ,

A−p := Ap/A+p and set

H1
ord(Qn,v, Ap) := ker

(
H1(Qn,v, Ap) −→ H1(IQn,v , A−p )

)
.

For every n ∈ N, define the p-primary Greenberg Selmer group of f overQn to be

Selp(f /Qn) := ker
(
H1(Qn, Ap) −→

∏

v�p

H1(Qn,v, Ap)
H1
ur(Qn,v, Ap)

×
∏
v|p

H1(Qn,v, Ap)
H1
ord(Qn,v, Ap)

)
,
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where v denotes a prime of Qn. By [121, Proposition 4.2], for all n there is an injection
H1
f (Qn, Ap) ↪→ Selp(f /Qn) with finite cokernel whose order is bounded independently of

n. As in [151], let us consider the p-primary Greenberg Selmer group of f over Q∞ given
by

Sp = Selp(f /Q∞) := lim−→n
Selp(f /Qn),

where the direct limit is taken with respect to restriction maps. By [74, Theorem 17.4,
(1)] (cf. also [151, Theorem 3.15]), the	p-module Sp is cotorsion, i.e., the Pontryagin dual
Xp := Hom(Sp, Fp/Op) of Sp is torsionover	p; wewrite (Ff,p) ⊂ 	p for the characteristic
ideal of Xp.

5.6.4 Proof of p-TNC, ran(M) = 0

The following theorem is a special case of a result for Selmer groups over finite abelian
extensions ofQ.

Theorem 5.28 (Kato) If ran(f ) = 0, then H1
f (Q, Ap) is finite.

Proof This is [74, Theorem 14.2, (2)] for K = Q. ��

Nowwe prove the p-part of the Tamagawa number conjecture forMwhen ran(M) = 0;
in fact, we prove, more generally, a rank 0 counterpart of Theorem B. As will be clear,
our proof builds crucially on work of Kato and of Skinner–Urban. Recall that Assumption
5.25 is in force.

Theorem 5.29 Assume that ran(M) = 0 and that

(1) there exists K ∈ I0(f, p) such that AJK,p is injective on HeegG1
K,N for some p | p;

(2) the p-part of Conjecture 2.50 overQ holds true.

Then the following results hold:

(a) ralg(M) = 0;
(b) XBK

p (Q,M) =XNek
p (Q,M) for each p | p satisfying (1);

(c) the p-part of Conjecture 2.56 is true.

Furthermore, if condition (1) holds for each p | p, thenXBK
p (Q,M) =XNek

p (Q,M).

Proof Part (a) was already proved in Theorem 5.22. Let p | p be a prime of F satisfying
condition (1). As explained in the proof of Theorem 5.22, 	p(Q) ⊗Op Fp is trivial, and
then 	p(Q) ⊗Op (Fp/Op) is trivial as well. Thus, XNek

p (Q,M) = H1
f (Q, Ap). On the

other hand, H1
f (Q, Ap) = XBK

p (Q,M) because, by Theorem 5.28, H1
f (Q, Ap) is finite:

this proves part (b) and (by taking direct sums over all p | p) the last statement.
Weprove part (c) by proving equality (p-TNCB ) inTheorem2.83. To startwith, observe

that Conjecture 2.40 is true in this case, by Theorem 5.24. Thus, all the assumptions in
Theorem 2.83 are verified (cf. Remark 2.84).
By Lemma 2.34, ran(f ) = 0. Let 1 denote the trivial character. We first show that

(
Ff,p(1)

) = (Lf,p(χk/2
cyc )
)

(5.41)
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as ideals ofOp. Define the	p-torsion module

Xp(k/2) := Hom
(
Sp(−k/2), Fp/Op

)

and write C = Char
(
Xp(k/2)

)
for its characteristic power series, which does not depend

on k (cf. [74, Proposition 17.2]). By [74, Theorem 17.4] and [151, Theorem 3.29], there is
an equality (C) = (Lf,p), so C

(
χ
k/2
cyc
)
and Lf,p

(
χ
k/2
cyc
)
generate the same ideal of Op (here,

for an element x ∈ 	 and a character χ : �→ Q̄×p , we set x(χ ) := χ (x)). In order to show
(5.41), it therefore remains to note that C

(
χ
k/2
cyc
)
andFf,p(1) generate the same ideal ofOp,

which follows easily by taking into consideration the Tate twist in the relevant definitions
(see, e.g., [134, Lemma 1.2]).
Combining (5.39) and (5.41), we obtain the equivalences

L(f, k/2) �= 0⇐⇒ Lf,p
(
χk/2
cyc
) �= 0⇐⇒ Ff,p(1) �= 0.

Since ran(f ) = 0, we deduce from Theorem 5.28 thatH1
f (Q, Ap) is finite. A generalization

to our setting of the arguments in [51, Section 4] (see [95]) shows that

IOp

(
Op/Ff,p(1) ·Op

) = IOp

(
S�p /(#Sp)�

) = IOp

(
H1
f (Q, Ap)

) ·
∏
�|N

Tam(p)
� (M).

(5.42)

Combining (5.40), (5.41) and (5.42), we see that for each p | p there is an equality
(
(k/2− 1)! · Lalg(f, k/2)

)
= IOp

(
H1
f (Q, Ap)

) ·
∏
�|N

Tam(p)
� (M) (5.43)

of (fractional)Op-ideals. On the other hand, by Proposition 5.15 (cf. the proof of Theorem
5.24), ι�

(
(k/2−1)! ·Lalg(f, k/2)) = (k/2−1)! ·L∗(M, 0)

/
�

(γf )∞ . Thus, with the convention
from Remark 2.8, one can replace (k/2− 1)! · Lalg(f, k/2) with (k/2− 1)! · L∗(M, 0)

/
�

(γf )∞
in (5.43). Since H1

f (Q, Ap) = XBK
p (Q,M) and (5.43) holds for each p | p, we obtain an

equality
(
(k/2− 1)! · L∗(M, 0)

�∞

)
= IOp

(
XBK

p (Q,M)
) ·
∏
�|N

Tam(p)
� (M) (5.44)

of (fractional) Op-ideals. Now notice that, by part (1) of Proposition 4.8, H1(Q, Tp)tors is
trivial for each p | p, so H1(Q, Tp)tors is trivial. Furthermore, it follows from Proposition
3.3 that H0(GS, Ap) is trivial (cf. also the proof of [94, Lemma 2.4]). This shows that
Torsp(M) = Op (cf. Sect. A.3). By (2.77), Tam(p)

p (M) = Op, while Tam
(p)
∞ (M) = Op by

(2.78) and Ip(γf ) = Op by (5.35). Finally, by Theorem 5.22, ralg(M) = 0, so Reg(M) = 1.
Therefore, equality (5.44) coincideswith equality (p-TNCB ) (or, better, with its equivalent
form (p-TNCB -bis) in Remark 2.87) in our setting, which completes the proof. ��

Remark 5.30 We want to explain how to relax an assumption in [95] so that the
results in [95] can be safely applied in our current setting. In [95], one requires ([95,
Assumption 6(b)]) that H0(Iv, A−) = 0, which is too restrictive for the applications
described above. This condition is used in the proof of [95, Lemma 5.4] to show that
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H1(Gun
v , H1(Iv, T−)tors

) = 0. In that argument, we identifyH1(Iv, T−)tors with the largest
cotorsion quotient ofH0(Iv, A−) and then conclude usingH0(Iv, A−) = 0. It turns out that
we can relax the assumption H0(Iv, A−) = 0 and still show that H1(Gun

v , H1(Iv, T−)tors
)

is trivial, arguing as follows. As observed above, the group Gun
v acts on H0(Iv, A−) via the

unramified character taking the geometric Frobenius to the unit root α of the Hecke
polynomial. In the case of weight 2, we have H0(Iv, A−) = A−, hence the largest
cotorsion quotient of H0(Iv, A−) is trivial (as A− is divisible) and we conclude that
H1(Gun

v , H1(Iv, T−)tors
)
is trivial using the argument in [95]. If the weight is bigger than

2, thenH0(Iv, A−) = A−[pn] for some integer n, due to the fact that inertia acts on A− via
the (1−k/2)-th power of the cyclotomic character. Since ap(f ) �≡ 1 (mod p),we also have
α �≡ 1 (mod p). Thus,H1(Gun

v , H1(Iv, T−)tors
)
is isomorphic to A−[pn]

/
(α− 1) ·A−[pn].

Nowα−1 is invertiblemodulo p, so (α−1)·A−[pn] = A−[pn] andH1(Gun
v , H1(Iv, T−)tors

)
is trivial.

5.7 Kolyvagin’s conjecture and Shafarevich–Tate groups

As usual, let p be a prime of F above p. We gather some results onXBK
p (K,M), where K

is, as usual, an imaginary quadratic field in which all the prime factors of Np split.

5.7.1 A structure theorem forXBK
p (K,M)

Following [97, §4.2], for every integer M ≥ 1 we define S̃1(M) to be the set of prime
numbers � such that

• � � Np;
• � is inert in K ;
• pM | �+ 1.

Denote by S̃n(M) the set of square-free products of n primes in S̃1(M) (here S̃0(M) := {1})
and define

S̃(M) :=
⋃
n∈N

S̃n(M).

For every integerm ≥ 1, letM (m) be the set of integersM ≥ 1 such thatm ∈ S̃(M).
As in [97, §7.1], we also consider the set S1(M) of prime numbers � such that

• � � Np;
• � is inert in K ;
• pM | a�(f ), pM | �+ 1;
• pM+1 � �+ 1± a�(f ).

Write Sn(M) for the set of square-free products of n primes in S1(M) (with S0(M) := {1})
and define

S(M) :=
⋃
n∈N

Sn(M).

With notation as in Sect. 4.3, for every integer n ≥ 1 set

ω(n) := max
{
M ∈M (n) | [zn,p]M = 0

}
,
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where we put ω(n) := ∞ if this maximum does not exist. Finally, for every r ∈ N set

Mr := min
{
ω(n) | n ∈ Sr(ω(n)+ 1)

}
,

withMr := ∞ if ω(n) = ∞.

Lemma 5.31 M0 is finite and Mr ≥ Mr+1 ≥ 0 for all r ∈ N.

Proof This is [97, Lemma 7.4]. ��

SetM∞ := inf
{
Mr | r ∈ N

}
and note that Conjecture 4.2 is equivalent to the statement

thatM∞ <∞. LetXBK,±
p (f /K ) be the±-eigenspaces ofGal(K/Q) actingonXBK

p (K,M)
and let ε ∈ {±} be the sign of the root number of f (cf. Sect. 2.9).
In the next theorem, which is a higher weight analogue of the main result of [105, §5],

we let Ni := Mi−1 −Mi for all i ≥ 1. Observe that, by Lemma 5.31, Ni ≥ 0 for all i.

Theorem 5.32 (Nekovář, Masoero) If yK,p is not torsion, then there are isomorphisms

XBK,−ε
p (f /K ) � (Op/pN1Op

)2 ⊕ (Op/pN3Op

)2 ⊕ . . .

and

XBK,ε
p (f /K ) � (Op/pN2Op

)2 ⊕ (Op/pN4Op

)2 ⊕ . . .

ofOp-modules.

Proof By Proposition 5.21,XBK
p (K,M) =XNek

p (K,M). Thus, the theorem is essentially
[97, Theorem 7.3], the only difference being that in [97] one is interested in the structure
ofXNek

p (K,M) as an abelian group, whereas here we are looking at it as an Op-module.
��

5.7.2 Some consequences onXBK
p (K,M) and yK,p

The next theorem is a consequence of Theorem 4.14, which asserts the validity of Conjec-
ture 4.2, and Theorem 5.32; it will play a key role in the proof of our results on the p-part
of the TNC forM in analytic rank 1.

Theorem 5.33 If yK,p is notOp-torsion, then lengthOp

(
XBK

p (K,M)
) = 2M0.

Proof As in the proof of [97, Corollary 7.11], it follows from Theorem 5.32 that

lengthOp

(
XBK

p (K,M)
) = 2(M0 −M∞). (5.45)

On the other hand, Theorem 4.14 says that c1(f, n) �= 0 for a suitable n ∈ 	Kol(f ), which
implies thatM∞ = 0. The theorem is then a consequence of equality (5.45). ��

For later reference, we prove

Proposition 5.34 If yK,p is notOp-torsion, then M0 = lengthOp

(
	p(K )/yK,p ·Op

)
.
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Proof By definition,M0 is the largest integerM ≥ 1 such that [z1,p]M = 0. Equivalently,
M0 is the largest integerM ≥ 1 such that z1,p ∈ pM	p(K1). Now denote byM′0 the length
of	p(K )/yK,p ·Op as anOp-module, which can be described as the largest integerM ≥ 1
such that yK,p ∈ pM	p(K ). We want to show thatM0 = M′0.
As explained in the proof of Proposition 4.3, restriction gives anOp-linear injection

resK1/K : 	p(K ) ↪−→ 	p(K1)G1 ⊂ 	p(K1) (5.46)

such that, by (4.8), resK1/K (yK,p) = z1,p. It follows immediately that M′0 ≤ M0. On the
other hand, part (1) of Proposition 4.8 ensures that	p(K1) is torsion-free, so (5.46) induces
for every integerM ≥ 1 anOp-linear injection

	p(K )
/
pM	p(K ) ↪−→ 	p(K1)

/
pM	p(K1).

This shows thatM0 ≤ M′0, and the proof is complete. ��

5.8 Rationality conjecture forM in analytic rank 1

Our goal here is to prove the rationality conjecture (Conjecture 2.40) when ran(M) = 1.
Notation from Remark 5.4 and Sect. 5.4 is in force.

5.8.1 Splitting CHk/2
arith(X/L)F over the Hecke algebra

The arguments that follow are very similar to those in Sect. 3.2.4. We assume that f is
p-isolated. Let θf,F : Hk (�0(N ))F � F be the (surjective) F-linear extension of θf and
denote by AnnH k (�0(N ))F

(
ker(θf,F )

)
the annihilator ideal of ker(θf,F ) in Hk (�0(N ))F . The

congruence ideal of θf,F is the ideal of F given by

ηf,F := θf,F
(
AnnH k (�0(N ))F

(
ker(θf,F )

))
.

As explained, e.g., in [87, p. 250], ker(θf,F ) ∩ AnnH k (�0(N ))F
(
ker(θf,F )

) = {0}: as before,
this follows from the fact that Hk (�0(N ))F is (trivially) flat over F and f is p-isolated. In
particular, ηf,F = F and the (tautological) short exact sequence ofHk (�0(N ))F -modules

0 −→ ker(θf,F ) −→Hk (�0(N ))F
θf,F−→ F −→ 0

has a unique splitting with values in the annihilator of ker(θf,F ) (actually, in [87] it is
assumed that the counterpart of θf,F takes values in a complete DVR, but this property
is not necessary for the conclusion above to hold). As in Sect. 3.2.4, we shall regard this
distinguished splitting as canonical, so that there is an identification (or, rather, a canonical
isomorphism) ofHk (�0(N ))F -modules

Hk (�0(N ))F = ker(θf,F )⊕ F. (5.47)

Now let L be a number field. The splitting in (5.47) yields a splitting

CHk/2
arith(X/L)F =

(
CHk/2

arith(X/L)F ⊗H k (�0(N ))F F
)⊕(

CHk/2
arith(X/L)F ⊗H k (�0(N ))F ker(θf,F )

)
.

(5.48)
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On the other hand, there is an identification

H1
mot(L,M) = CHk/2

arith(X/L)F ⊗H k (�0(N ))F F. (5.49)

Combining (5.48) and (5.49), we get a canonical surjection

�M,L : CHk/2
arith(X/L)F −� H1

mot(L,M) (5.50)

ofHk (�0(N ))F -modules. In order not tomake our notation heavier than necessary, ifR is
any subring of F , then we shall use the same symbol for the obvious natural map induced
on CHk/2

arith(X/L)R by�M,L.

5.8.2 A distinguishedQ-rational cycle

Recall the cycleXK ∈ HeegG1
K,N introduced in (5.9) and the map

�M,Q : CHk/2
arith(X/Q)F −→ H1

mot(Q,M)

from (5.50) with L = Q. It turns out that, in the setting we are concerned with, XK is
Q-rational, as we prove in the following proposition. We use notation from Sect. 5.4.2.

Proposition 5.35 Assume that ran(M) = 1 and that K ∈ I1(f, p) has the property that
AJK,p is injective on HeegG1

K,N for some p | p. Then
(1) XK ∈ CHk/2

arith(X/Q)F ;
(2) �M,Q(XK ) �= 0.

Proof Let p be a prime of F above p such that AJK,p is injective on HeegG1
K,N . Since K ∈

I1(f, p), we know that ran(f /K ) = 1. Part (1) of Proposition 5.11 tells us that yK,p is not
Op-torsion. Furthermore, an analysis of the action of complex conjugation on yK,p shows
that yK,p ∈ 	p(K )Gal(K/Q) (see, e.g., the proof of [159, Theorem 5.27]). On the other hand,
AJK,p(XK ) = (k−2)! ·yK,p by Lemma 5.5, soXK is not torsion. In addition, themap AJK,p
is Gal(K/Q)-equivariant, so the injectivity of AJK,p on HeegG1

K,N (which we are assuming)
allows us to conclude that

XK ∈
(
HeegG1

K,N

)Gal(K/Q) ⊂
(
CHk/2

arith(X/K1)G1
)Gal(K/Q)

= CHk/2
arith(X/K1)Gal(K1/Q).

Let K ∈ {F, Fp}. By what we explained in Sect. 5.1.2 (cf. Notation/Convention
5.2), the cyclic subgroup of CHk/2

arith(X/K1)Gal(K1/Q) generated by XK injects into
CHk/2

arith(X/K1)Gal(K1/Q)
K : we will not distinguish between XK and its image in this vec-

tor space; moreover, we identify this element (hence XK as well) with its image in
CHk/2

arith(X/Q)K. With this convention in force, this shows, in particular, that XK ∈
CHk/2

arith(X/Q)F . There is a commutative diagram

CHk/2
arith(X/Q)F

ιQ→K

CHk/2
arith(X/Q)Fp

ιQ→K

AJQ,p
	p(Q)⊗Op Fp

resK/Q

CHk/2
arith(X/K )F CHk/2

arith(X/K )Fp
AJK,p

	p(K )⊗Op Fp

(5.51)



   64 Page 110 of 136 M. Longo, S. Vigni Res Math Sci (2026) 13:64

in which, as before, the left andmiddle vertical arrows are the base changemaps from (5.2)
and the unlabelled maps are extensions of scalars. By a slight abuse of notation, we write
AJQ,p (respectively, AJK,p) also for the composition of the two upper (respectively, lower)
horizontal maps. Since yK,p is notOp-torsion, diagram (5.51) shows that AJQ,p(XK ) �= 0
in H1

f (Q, Vp). Finally, triangle (3.19) with L = Q and 
 = p induces a commutative
diagram

CHk/2
arith(X/Q)F

�M,Q

CHk/2
arith(X/Q)Fp

AJQ,p

�M,Q,p

H1
f (Q, Vp)

H1
mot(Q,M) H1

mot(Q,M)p

regp

(5.52)

in which H1
mot(Q,M)p is the Fp-vector space from (2.38) and the unlabelled horizontal

maps are extensions of scalars. Since AJQ,p(XK ) �= 0 in H1
f (Q, Vp), diagram (5.52) gives

�M,Q(XK ) �= 0. ��
From here on, set

YM := 1
(k − 2)!

·�M,Q(XK ) ∈ H1
mot(Q,M) � {0}. (5.53)

Set YM,K := ιQ→K (YM) ∈ H1
mot(K,M) � {0}. As a consequence of triangle (3.19) with

L = K and Lemma 5.5, there is an equality

regK,p(YM,K ) = yK,p (5.54)

for each prime p of F above p.
The next result establishes, for each p | p, an isomorphism between 	p(Q) and

	p(K )Gal(K/Q).

Proposition 5.36 For each prime p of F above p, restriction induces an isomorphism

resK/Q : 	p(Q) �−→ 	p(K )Gal(K/Q)

ofOp-modules.

Proof Let p be a prime of F above p. Since [K : Q] = 2 and p is odd, base change gives an
isomorphism

ιQ→K : CHk/2
0 (X/Q)Op

�−→ CHk/2
0 (X/K )Gal(K/Q)

Op

ofOp-modules (cf. Sect. 5.1.2). On the other hand, there is a commutative square

CHk/2
0 (X/Q)Op

AJQ,p

ιQ→K�

	p(Q)

resK/Q

CHk/2
0 (X/K )Gal(K/Q)

Op

AJK,p
	p(K )Gal(K/Q)



M. Longo, S. Vigni Res Math Sci (2026) 13:64 Page 111 of 136    64 

in which the bottom horizontal arrow is surjective by [159, Lemma 5.8] and the injectivity
of resK/Q follows as in the proof of Proposition 4.3.We conclude that resK/Q is necessarily
surjective, hence an isomorphism. ��

Under the assumptions of Proposition 5.35, we know that yK,p ∈ 	p(K )Gal(K/Q). Thus,
in light of Proposition 5.36, we define

yQ,p := res−1K/Q(yK,p) ∈ 	p(Q). (5.55)

In particular, yQ,p is notOp-torsion. Observe that the square

H1
mot(Q,M)p

regp

ιQ→K�

	p(Q)⊗OpFp

resK/Q�

H1
mot(K,M)Gal(K/Q)

p

regK,p
	p(K )Gal(K/Q) ⊗OpFp

is commutative, so equality (5.54) guarantees that

regp(YM) = yQ,p (5.56)

for each prime p of F above p.

5.8.3 Proof of Conjecture 2.40, ran(M) = 1

We are in a position to prove the main result of this section.

Theorem 5.37 Assume that ran(M) = 1 and that there exists K ∈ I1(f, p) such that

(1) there is K ′ ∈ I0(f K , p) with AJf K ,K ′ ,p injective on HeegG
′
1

K ′ ,N for some p | p;
(2) the p-part of Conjecture 2.50 forM(f K ) overQ holds true.

Then Conjecture 2.40 is true.

Proof Assume that ran(M) = 1; this implies, by Lemma 2.34, that ran(f σ ) = 1 for all
σ ∈ �. Let B be a basis of H1

mot(Q,M) over F . By definition of the embedding ι� in
Remark 2.8, and bearing (2.22) and (5.29) in mind, we need to show that there exists
L ′ ∈ F× such that

σ (L ′) = L′(f σ , k/2)
(2π i)k/2−1 ·�f σ · RegσB (M)

(5.57)

for all σ ∈ �.
Choose an imaginary quadatic field K ∈ I1(f, p) satisfying conditions (1) and (2); then

ran(f /K ) = 1. Set g := f K ; again by Lemma 2.34, ran(gσ ) = 0 for all σ ∈ �. Theorem 5.10
ensures that for each σ ∈ � there is an equality

L′(f σ /K, k/2) · (k − 2)! · u2K ·
√|DK |

22k−1 · πk · (f σ , f σ )�0(N ) · 〈s′f σ , s′f σ 〉GS
= 1.
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Thanks to the factorization in (5.17) for L(f σ /K, s) and the fact that gσ = (f σ )K , we can
write

L′(f σ , k/2) · (k − 2)! · u2K ·
√|DK | · ik/2−1 ·�gσ

23k/2 · πk/2+1 · (f σ , f σ )�0(N ) · 〈s′f σ , s′f σ 〉GS
=
(
Lalg(gσ , k/2)

)−1
.

Properties (1) and (2) ensure that we can apply Theorem 5.24 to g . Therefore, there exists
L̃ ′ ∈ F× such that

σ
(
L̃ ′
) = L′(f σ , k/2) · √|DK | · ik/2−1 ·�gσ

πk/2+1 · (f σ , f σ )�0(N ) · 〈s′f σ , s′f σ 〉GS
(5.58)

for all σ ∈ �. Comparing (5.57) and (5.58), we see that it suffices to show that there exists
A ∈ F× such that

σ (A ) = �f σ ·�gσ · √|DK |
π2 · (f σ , f σ )�0(N )

· Reg
σ
B (M)

〈s′f σ , s′f σ 〉GS
(5.59)

for all σ ∈ �, for then (5.57) follows withL ′ := L̃ ′
/
A . To prove (5.59), we deal with the

two factors on the right-hand side separately. By Lemma 5.26, �f�g
√|DK | = i�+f �

−
f

up to elements of F×; furthermore, i�+f �
−
f
/
π2(f, f )�0(N ) belongs to F× and satis-

fies the equality σ
(
i�+f �

−
f
/
π2(f, f )�0(N )

) = i�+f σ �
−
f σ
/
π2(f σ , f σ )�0(N ) for all σ ∈ �

(see, e.g., [66, §1.4]). This ensures that �f�g
√|DK |

/
π2(f, f )�0(N ) belongs to F× and

σ
(
�f�g

√|DK |
/
π2(f, f )�0(N )

) = �f σ �gσ
√|DK |

/
π2(f σ , f σ )�0(N ) for all σ ∈ �.

As for the other term, up to replacing the chosen basisB (consisting of a single element)
with a multiple in F×, we can take B = {YM}, where YM ∈ H1

mot(Q,M) was defined
in (5.53). Then Proposition 5.8 implies that RegιFB (M)

/〈s′f , s′f 〉GS also belongs to F× and
satisfies σ

(
RegιFB (M)

/〈s′f , s′f 〉GS
) = RegσB (M)

/〈s′f σ , s′f σ 〉GS for all σ ∈ �. Summing up,
the element

A := �f ·�g · √|DK |
π2 · (f, f )�0(N )

· Reg
ιF
B (M)

〈s′f , s′f 〉GS
∈ F×

satisfies (5.59), which concludes the proof. ��
As observed in Sect. 2.11.2, Theorem 5.24 also shows that, under the assumptions

appearing in its statement, the analytic rank 1 case of Conjecture 2.41 holds true.

5.9 p-TNC forM in analytic rank 1

We prove the main result of this paper, which says that, under the assumptions in Sect.
5.9.1 and those directly described in the statement of Theorem 5.42, the p-part of the
TNC forM is true when ran(M) = 1.

5.9.1 Assumptions

We work under the following assumption on the form f and the prime p; we freely use
notation from previous sections.

Assumption 5.38 (1) Assumptions 4.5 and 5.25 are satisfied by (f, p) for all p | p.
(2) f is p-isolated.
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(3) Conjecture 3.18 holds true for L = Q, i.e., the p-adic regulator

regp : H1
mot(Q,M)p-int −→ H1

f (Q, Tp)

from (3.18) is an isomorphism ofOp-modules.

These hypotheses could certainly be relaxed, but we prefer to state here assumptions
that sit well in the general framework of Section 2.Notice that condition (3) inAssumption
5.38 implies the validity of Conjecture 2.50 for the number fields specified above.

Remark 5.39 Since N is assumed to be square-free, f has no complex multiplication.

5.9.2 Tamagawa ideals ofM(f K )

Recall that M(f K ) denotes the motive of the twist f K of f , which is a newform of level
ND2

K , as (N,DK ) = 1. In the statement that follows, � is a prime number.

Proposition 5.40 (1) If � |N, then Tam(p)
�

(
M(f K )

) = Tam(p)
� (M) = Op.

(2) If � |DK , then Tam(p)
�

(
M(f K )

) = Op.

Proof Write AK
p for the analogue of Ap relative to f K ; there is an isomorphism AK

p � Ap
of GK -modules. If � |N is a prime number, then � splits in K , so the representations
Ap and AK

p are isomorphic as GQ�-modules and the first equality in part (1) follows. To
conclude the proof of (1), recall from Lemma 5.40 that Tam(p)

� (M) � I
(
WFrob�=1

p
)
where

Wp := AI�
p
/
(AI�

p )div is a finite group. Now, V I�
p is 1-dimensional (see, e.g., [114, §12.4.4.2

and Lemma 12.4.5, (ii)]), so the divisible subgroup of AI�
p contains a subgroup isomorphic

to the divisible group Fp/Op. If Wp were not trivial, then Ap[p] would be unramified for
some p | p, which contradicts part (1) of Assumption 5.38. Therefore, Wp = 0 and the
second equality in (1) follows. Nowwe turn to part (2) (cf. also [152, Corollary 9.2]). Take a
prime number � |DK , let λ be the unique prime of K above � and let I� (respectively, Iλ) be
the inertia subgroup of GQ� (respectively, GKλ ); note that the residue field of K at λ isF�.
The prime � ramifies inK , so I� = Iλ. Sincep �= 2,wemay splitH1

unr(Kλ, Ap) = H1(F�, AI�
p )

into the direct sum of its eigenspaces for the action of G := Gal(Kλ/Q�); the eigenspace
on which G acts trivially (respectively, as−1) isH1

unr(Kλ, Ap)G (respectively, is isomorphic
to H1

unr(Kλ, AK
p )G). Therefore, the canonical map

H1
unr(Q�, Ap)⊕H1

unr
(
Q�, AK

p
) −→ H1

unr(Kλ, Ap)

is an isomorphism. Keeping Proposition 2.76 in mind, since

I
(
H1
unr(Q�, AK

p )
) = I

(
H1
unr(Kλ, Ap)

) = Op

because � � N , we deduce that

Tam(p)
�

(
M(f K )

) = I
(
H1
unr(Q�, AK

p )
) = Op,

concluding the proof. ��
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5.9.3 Comparison of periods

Since f is p-isolated (cf. Assumption 5.38), by [60, Theorem 0.1] and Lemma 5.26 there is
an equality

(
π2 · (f, f )�0(N )
�f ·�f K

)
= Op (5.60)

of (fractional)Op-ideals. See also [66, §1.4] for details.

5.9.4 Proof of Theorem B

Retaining the assumptions of Proposition 5.35, now we state a technical result that will be
used in the proof of our main theorem. We fix a prime p of F above p.

Lemma 5.41 lengthOp

(
	p(Q)/yQ,p ·Op

) = lengthOp

(
	p(K )/yK,p ·Op

)
.

Proof Since resK/Q(yQ,p) = yK,p by (5.55), one can proceed mutatis mutandis as in the
proof of Proposition 5.34. ��

We restate TheoremB in a precise form; as before, we employ notation fromRemark 5.4
and Sect. 5.4. Recall thatAssumption 5.38 is in force.Moreover, recall the sets of imaginary
quadratic fieldsI0(f, p) andI1(f, p) introduced in Sects. 5.4.1 and 5.4.2, respectively.

Theorem 5.42 Assume that ran(M) = 1 and that there exists K ∈ I1(f, p) such that

(1) AJK,p is injective on HeegG1
K,N for all p | p;

(2) there is K ′ ∈ I0(f K , p) with AJf K ,K ′ ,p injective on HeegG
′
1

K ′ ,N for some p | p;
(3) the p-part of Conjecture 2.50 forM(f K ) overQ holds true.

Moreover, assume that

(4) the p-part of Conjecture 2.50 overQ holds true.

Then the following results hold:

(a) ralg(M) = 1;
(b) XBK

p (Q,M) =XNek
p (Q,M);

(c) the p-part of Conjecture 2.56 is true.

Proof As was already observed, parts (a) and (b) are due to Nekovář. More precisely, part
(a) was proved in Theorem 5.22. On the other hand, the arguments used in the proof of
Proposition 5.21 show that there is an equality XBK

p (Q,M) = XNek
p (Q,M) for each

p | p (cf. also the proof of Theorem 5.22), and then part (b) follows upon taking direct sums
over all such p.
As we did in rank 0 in Theorem 5.29, we prove part (c) by checking equality (p-TNCB )

in Theorem 2.83. First of all, the existence of K ∈ I1(f, p) satisfying properties (2) and
(3) guarantees, by Theorem 5.37, that Conjecture 2.40 is true in this case. Thus, keeping
property (4) in mind and noting that Theorem 5.10 implies that the regulator we will
be working with is non-zero (cf.), all the assumptions in Theorem 2.83 are verified (cf.
Remark 2.84). As a further preliminary observation (implicit in the proofs of parts (a) and
(b)), notice that if we fix K ∈ I1(f, p) with the properties in the statement of the theorem
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and let p be a prime of F above p, then ran(f /K ) = 1 and, thanks to property (1) and part
(1) of Proposition 5.11, yK,p is not torsion.
By Theorem 5.22, ralg(M) = 1. Let YM ∈ H1

mot(Q,M) � {0} be as in (5.53). Thus,
B := {YM} is an F-basis ofH1

mot(Q,M). Let yQ,p ∈ 	p(Q) be as in (5.55) and recall from
(5.56) that regp(YM) = yQ,p. Recall the p-adic regulators

regp : H1
mot(Q,M)
 −→ H1

f (Q,Mp)

from (2.42) if (
,M) = (p, V ) or from (3.17) if (
,M) = (p-int, T ). The surjectivity of
�M,Q,p implies that im(regp) = 	p(Q). It follows that condition (3) in Assumption 5.38
yields an equality 	p(Q) = H1

f (Q, Tp) of free Op-modules of rank 1; once we view them
in H1

f (Q, Vp), these twoOp-lattices coincide with H1
f (Q, Tp).

For each p | p, pick&p ∈ p� (p2 ∪⋃p′|p,p′ �=p p′); in particular,&p is a uniformizer at p.
Let us write

H1
f (Q, Tp)

/
yQ,p ·Op � Op

/
(pOp)fp = Op

/
(& fp

p Op) (5.61)

for some fp ∈ N, then set �p :=∏p|p&
fp
p ∈ OF � {0}. Now define

yQ,p := (yQ,p)p|p ∈
⊕
p|p

H1
f (Q, Tp) = H1

f (Q, Tp)

and ŷQ,p := �−1p ·yQ,p ∈ H1
f (Q, Tp). Observe that, by construction, {ŷQ,p} is anOp-basis of

H1
f (Q, Tp) = H1

f (Q, Tp). Furthermore, with notation as in Sect. 2.23.2, regp(YM) = yQ,p,
so that B̃ = {yQ,p}. Therefore, there is an equality

AB̃ = (�p). (5.62)

Recall from Sect. 5.8.2 the element YM,K = ιQ→K (YM) ∈ H1
mot(K,M) � {0}. By Propo-

sition 5.8 and our choice of p, there are equalities

〈s′f , s′f 〉GS =
deg(πN ) ·

( k−2
k/2−1

)

(−2DK )k/2−1
· 〈YM,K ,YM,K

〉K
GS,ιF

= deg(πN ) ·
( k−2
k/2−1

)

(−2DK )k/2−1
· 〈YM,YM

〉K
GS,ιF ,

where the superscripts indicate that the pairings are taken with respect to the ground field
K . On the other hand, 〈YM,YM〉KGS,ιF = 2〈YM,YM〉QGS,ιF , where the pairing on the right
is taken relative to the ground fieldQ (see, e.g., [17, §3.1.4]). Thus, since p � 2DK deg(πN ),
we can replace the term 〈s′f , s′f 〉GS in Theorem 5.10 with

( k−2
k/2−1

) · 〈YM,YM〉QGS,ιF . Observe

that Theorem 5.10 ensures that 〈YM,YM〉QGS,ιF �= 0 because ran(f /K ) = 1; since
RegιFB (M) = 〈YM,YM〉QGS,ιF , we have Reg

ιF
B (M) �= 0.

Combining Theorem 5.10 with the period comparison formula (5.60) yields, for each
prime p of F above p, an equality

( (
(k/2− 1)!

)2 · L′(f /K, k/2)
πk−2 ·�f ·�f K · RegιFB (M)

)
= Op (5.63)
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of fractionalOp-ideals. Since equality (5.63) holds for each p | p, we get an equality

( (
(k/2− 1)!

)2 · L′(f /K, k/2)
πk−2 ·�f ·�f K · RegιFB (M)

)
= (�−2p ) · (� 2

p ) ·Op

= (det(AB̃ )
)−2 ·

(
IOp

(
H1
f (Q, Tp)

/
yQ,p ·Op

))2

= (det(AB̃ )
)−2 · IOp

(
XBK

p (K,M)
)

(5.64)

of fractional Op-ideals, where the second equality follows from (5.61) and (5.62), while
the third, in light of Definition 2.60 and Lemma 5.41, is a consequence of Theorem 5.33
and Proposition 5.34.
The p-adic Galois representation attached to f K is the twist of ρp by εK , so Assumption

4.5 holds for f K . Thus, by Theorem 5.29 and Proposition 5.40, there is an equality

(
(k/2− 1)! · L(f K , k/2)

(2π i)k/2−1 ·�f K

)
= IOp

(
XBK

p
(
Q,M(f K )

))
(5.65)

of fractionalOp-ideals. Combining the factorization

L′(f /K, k/2) = L′(f, k/2) · L(f K , k/2)

and formula (5.60) with equalities (5.64) and (5.65), we obtain an equality

(
(k/2− 1)! · L′(f, k/2)

(2π i)k/2−1 ·�f · RegιFB (M)

)
= (det(AB̃ )

)−2 · IOp

(
XBK

p (K,M)
)

· I−1Op

(
XBK

p
(
Q,M(f K )

))
.

Furthermore, the splittingXBK
p (K,M) =XBK

p (Q,M)⊕XBK
p
(
Q,M(f K )

)
of Shafarevich–

Tate groups, which is a consequence of an analogous decomposition of Selmer groups (see,
e.g., [92, Proposition 6.2]), induces an equality

(
(k/2− 1)! · L′(f, k/2)

(2π i)k/2−1 ·�f · RegιFB (M)

)
= (det(AB̃ )

)−2 · IOp

(
XBK

p (Q,M)
)
. (5.66)

of fractionalOp-ideals.
Now we compare (5.66) with equality (p-TNCB ) in Theorem 2.83. Thanks to Theorem

5.37, we already know that

L∗(M, 0)
�∞ · RegB (M)

=
(

L′(f σ , k/2)
(2π i)k/2−1 ·�f σ · RegσB (M)

)

σ∈�

belongs to F× in the sense of Remark 2.8; more explicitly, there is an equality

ι�

(
L′(f, k/2)

(2π i)k/2−1 ·�f · RegιFB (M)

)
= L∗(M, 0)
�∞ · RegB (M)

. (5.67)
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Combining (5.66) and (5.67), we get an equality

(
(k/2− 1)! · L∗(M, 0)
�∞ · RegB (M)

)
= (det(AB̃ )

)−2 · IOp

(
XBK

p (Q,M)
)

(5.68)

of fractional Op-ideals. As we explained in the proof of Theorem 5.29, Torsp(M) =
Op. In addition, if � |N , then Tam(p)

� (M) = Op by part (1) of Proposition 5.40, while
Tam(p)

p (M) = Op by (2.77) and Tam(p)
∞ (M) = Op by (2.78). Finally, Ip(γf ) = Op by

(5.35). Therefore, equality (5.68) coincides with (p-TNCB ) (or, rather, with its equivalent
form (p-TNCB -bis) in Remark 2.87) in our setting, and the proof is complete. ��

6 On the structure of Selmer groups
As an application of Theorem 4.14, we deduce results on the structure of Selmer groups
of modular forms. As will be apparent, these results basically follow from [97].
Fix a newform f with Hecke field F and a prime p of F above p that satisfy Assumption

4.5. For any number field L, let

rp(f /L) := corankOpH1
f (L, Ap) (6.1)

be the corank of H1
f (L, Ap) overOp. Set also rp(f ) := rp(f /Q).

Throughout this section,K is an imaginary quadratic field in which all the prime factors
of Np split.

6.1 Vanishing order of κf,∞
Let κf,∞ be the Kolyvagin set attached to f , p, K from (4.12). By Theorem 4.14, κf,∞ �= {0}.
For every n ∈ 	Kol(f ) = 	Kol(f, p, K ), denote by ν(n) the number of prime factors of n
and letM(n) be the Kolyvagin index of n that was introduced in (4.7).

Definition 6.1 The vanishing order of κf,∞ is

ν∞ := min
{
ν(n) | n ∈ 	Kol(f ) and cM(f, n) �= 0 for someM ≤ M(n)

} ∈ N.

The following result will be used in the proof of Theorem 9.2.

Proposition 6.2 If yK,p isOp-torsion, then ν∞ ≥ 1.

Proof By part (2) of Proposition 4.8, theOp-module	p(K ) is free, so yK,p = 0. It follows
from Proposition 4.3 that cM(f, 1) = 0 for allM, whence ν∞ ≥ 1. ��

As before, let ε(f ) ∈ {±1} be the root number of f . It is convenient to consider the sign

ε∞ := sign
(
ε(f ) · (−1)ν∞+1) ∈ {±}, (6.2)

which will appear in Theorem 6.4.
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6.2 A structure theorem for H1
f (K, Ap)

From now on, let H1
f (K,Ap)± denote the ±1-eigenspaces of complex conjugation acting

on H1
f (K,Ap) and write

r±p (f /K ) := corankOp H1
f (K,Ap)±

for the corresponding coranks overOp. Observe that

rp(f /K ) = r+p (f /K )+ r−p (f /K ). (6.3)

6.2.1 A lemma on pm-torsion

The next auxiliary result will be used in the proof of the structure theorem for H1
f (K,Ap)

(Theorem 6.4).

Lemma 6.3 For all m ∈ N there is a Galois-equivariant identification

H1
f
(
K,Ap[pm]

) = H1
f (K,Ap)[pm].

Proof By [94, Lemma 2.4, (1)],H0(K,Ap) = 0, so the inclusion Ap[pm] ↪→ Ap induces an
identification

H1(K,Ap)[pm] = H1(K,Ap[pm]
)
. (6.4)

By definition, H1
f
(
K,Ap[pm]

)
consists of the elements of H1(K,Ap[pm]

)
whose image in

H1(K,Ap) lies in H1
f (K,Ap), and then the lemma follows from (6.4). ��

6.2.2 Structure theorem

Recall that p, which is unramified in F , is a uniformizer forOp. As in Sect. 5.7, let ε ∈ {±}
be the sign of the root number of f . Write

H1
f (K,Ap)± � (Fp/Op)r

±
p (f /K ) ⊕ X±p

where X±p is a finiteOp-module, then introduce splittings

X−εp � (Op/pn1Op)2 ⊕ (Op/pn3Op)2 ⊕ . . .

and

X ε
p � (Op/pn2Op)2 ⊕ (Op/pn4Op)2 ⊕ . . .

of Op-modules. Finally, let the integers Ni ∈ N be defined as in Sect. 5.7 (cf. Theorem
5.32) and let ε∞ ∈ {±} be the sign from (6.2).

Theorem 6.4 (1) rε∞p (f /K ) = ν∞ + 1 and r−ε∞p (f /K ) ≤ ν∞.
(2) ν∞ = max

{
r+p (f /K ), r−p (f /K )

}− 1.
(3) ni = Ni for all i > ν∞ + 1.
(4) 0 ≤ ν∞ − r−ε∞p (f /K ) ≡ 0 (mod 2).
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Proof Parts (1) and (3) are consequences of the techniques exploited in the proof of [97,
Theorem 8.4], using the decomposition as Op-modules rather than as groups; details
are left to the reader. Part (2) is a restatement of (1), since max

{
r+p (f /K ), r−p (f /K )

} =
rε∞p (f /K ), by (1). By the second statement in (1), it remains to show the congruence in (4).
We write r = r−ε∞p (f /K ) to simplify the notation. As above, consider the decomposition

H1
f
(
K,Ap[pM]

) = H1
f
(
K,Ap[pM]

)+ ⊕H1
f
(
K,Ap[pM]

)−

under the action of Gal(K/Q). By Lemma 6.3, the invariants of H1
f
(
K,Ap[pM]

)−ε∞ are
those of X−ε∞f,p shifted by r terms all equal to M coming from the divisible subgroup
(Fp/Op)r of Selp(f /K )−ε∞ . Thus, by (3), the last ν∞+1+r invariants ofH1

f
(
K,Ap[pM]

)−ε∞
are in even number. The existence of a Flach–Cassels pairing on H1

f
(
K,Ap[pM]

)−ε∞ that
is alternating and non-degenerate ([40], [97, Section 6]) ensures that the total number of
the invariants of H1

f
(
K,Ap[pM]

)−ε∞ is even, and therefore ν∞ + r is even. ��

7 Parity results
We prove a p-parity result for modular forms (Sect. 7.1) and then deduce from it part (1)
of Theorem D (Sect. 7.2). We fix throughout a newform f with Hecke field F and a prime
p of F above p satisfying Assumption 4.5.

7.1 A p-parity result

Let rp(f ) be defined as in (6.1) and, as in Sect. 2.9, let ε(f ) be the root number of f . The
following is a p-parity result for f .

Theorem 7.1 (−1)rp(f ) = ε(f ).

Proof Choose an imaginary quadratic field K in which all the prime factors of Np split.
Combining the inflation-restriction exact sequence

0 −→ H1(Gal(K/Q), Ap(K )
) −→ H1(Q, Ap)

−→ H1(K,Ap)Gal(K/Q) −→ H2(Gal(K/Q), Ap(K )
)

and the triviality of Ap(K ) from [94, Lemma 2.4, (1)] gives an identification

H1(Q, Ap) = H1(K,Ap)+. (7.1)

By keeping track of local conditions, one can then check that (7.1) induces an identification

H1
f (Q, Ap) = H1

f (K,Ap)+. (7.2)

The desired equality follows from Theorem 6.4 by an easy combinatorial argument. ��

Remark 7.2 The analogue of Theorem 7.1 for a large class of elliptic curves and, more
generally, Hilbert modular forms of parallel weight has been proved by Nekovář [113,115,
116]. It is worth pointing out that a crucial ingredient in Nekovář’s arguments is the fact
that the truth of the parity conjecture is constant in Hida families: Theorem 7.1 can be
seen as an incarnation of this general principle.
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7.2 Proof of part (1) of Theorem D

Recall the set � of real (equivalently, complex) embeddings of F . For all σ ∈ �, the
representation of GQ attached to f and p is equivalent (over Q̄p) to the representation
of GQ attached to f σ and the prime σ (p) of the Hecke field σ (F ) of f σ . In particular,
rp(f ) = rσ (p)(f σ ) for all σ ∈ �. Then, by Theorem 7.1, ε(f σ ) is constant as σ varies in �,
which means, by (2.26), that the parity of ran(f σ ) is constant as σ varies in �. In light of
equality (2.27) and Theorem 7.1, we get the congruence

rp(f ) ≡ ran(M) (mod 2).

Now, by Corollary 2.68, rp(f ) = ralg(M), and the proof is complete. ��

8 Converse theorems
We prove p-converse theorems for modular forms (Sect. 8.1) and then deduce from them
part (2) of Theorem D (Sect. 8.2). We fix throughout a newform f with Hecke field F and
a prime p of F above p satisfying Assumption 4.5.

8.1 p-converse theorems

For any number field L, define the Fp-vector space

Xp(L) := 	p(L)⊗Z Q = 	p(L)⊗OpFp.

8.1.1 Results over K

The following result is a higher weight analogue of the part of [166, Theorem 1.3] that
deals with Mordell–Weil ranks and Shafarevich–Tate groups.

Theorem 8.1 Let K be an imaginary quadratic field in which all the prime factors of Np
split. If rp(f /K ) = 1, then

(1) yK,p is notOp-torsion;
(2) dimFp

(
Xp(K )

) = 1;
(3) XNek

p (K,M) is finite.

Proof If (1) holds, then (2) and (3) follow from Theorem 5.20, so we need to show only
(1). If rp(f /K ) = 1, then equality (6.3) implies that

max
{
r+p (f /K ), r−p (f /K )

} = 1.

By part (2) of Theorem 6.4, this is equivalent to ν∞ = 0, i.e., cM(f, 1) �= 0 for someM ≥ 1.
On the other hand, Proposition 4.3 says that cM(f, 1) = ιK,M

(
[yK,p]M

)
, so we surmise that

yK,p �= 0. By part (2) of Proposition 4.8, theOp-module	p(K ) is free of finite rank, hence
yK,p is not torsion, as was to be shown. ��

For another higherweight converse to theKolyvagin–Gross–Zagier theorem, the reader
is referred to [161, Theorem 2].
Recall that if K is a field as in Theorem 8.1, then ran(f /K ) ≥ 1. The following is a

p-converse result over K .
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Corollary 8.2 Let K be an imaginary quadratic field in which all the prime factors of
Np split. Assume that 〈·, ·〉GS is non-degenerate on HeegK,N ⊗Z R. If rp(f /K ) = 1, then
ran(f /K ) = 1.

Proof Bypart (1) ofTheorem8.1, yK,p is notOp-torsion. Sincewe are assuming that 〈·, ·〉GS
is non-degenerate on HeegK,N ⊗Z R, the claim follows from part (2) of Proposition 5.11.
��

Focusing now on the case where the base field isQ, we can prove an analogue in higher
weight of the algebraic part of [166, Theorem 1.4, (i)].

Theorem 8.3 If rp(f ) = 1, then

(1) dimFp
(
Xp(Q)

) = 1;
(2) XNek

p (Q,M) is finite.

Proof Since rp(f ) = 1, it follows from Theorem 7.1 that ε(f ) = −1. Choose an imaginary
quadratic field K such that

• all the prime factors of Np split in K ;
• ran(f K ) = 0.

The existence of such a K is guaranteed by [20, p. 543, Theorem, (ii)]. Let AK
p be the

analogue for f K of the Op-module Ap associated with f . By Theorem 5.28 with f K in
place of f , the Selmer group H1

f
(
Q, AK

p

)
is finite, so rp(f K ) = 0. It can be checked (see,

e.g., the proof of [92, Proposition 6.2]) that there is a canonical identification

H1
f
(
Q, AK

p

) = H1
f (K,Ap)−. (8.1)

Combining (6.3), (7.2) and (8.1), we obtain

rp(f /K ) = rp(f )+ rp(f K ) = 1, (8.2)

and thenTheorem8.1 ensures that dimFp
(
Xf,p(K )

) = 1 andXNek
p (K,M) is finite. Finally,

part (1) and part (2) of the theorem follow from [159, Theorem 5.26] and [159, Proposition
5.25], respectively. ��

8.1.2 Assumption (GS) and results overQ
To complete the picture, we prove a p-converse result over Q that can be regarded as a
higher weight counterpart of [150, TheoremA], [157, TheoremA] and [166, Theorem 1.4,
(i)]. To do this, with notation as in Sect. 5.4.2, we need to introduce hypotheses concerning,
in particular, the non-degeneracy of the Gillet–Soulé height pairings:

(GS) there is K ∈ I1(f, p) such that 〈·, ·〉GS is non-degenerate on HeegK,N ⊗Z R.

Now we can prove

Theorem 8.4 If rp(f ) = 1 and (GS) holds, then ran(f ) = 1.

Proof On the one hand, Theorem 5.28 gives rp(f K ) = 0, and then rp(f /K ) = 1 by the
first equality in (8.2). Therefore, we can apply Corollary 8.2 to deduce that ran(f /K ) = 1.
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On the other hand, factorization (5.17) yields the equality

ran(f /K ) = ran(f )+ ran(f K ),

whence ran(f ) = 1. ��

Remark 8.5 If we knew that Gillet–Soulé height pairings are non-degenerate (at least on
theR-vector space HeegK,N ⊗Z R, or in full generality, as predicted by the conjectures in
[4,12,50]), then Corollary 8.2 and Theorem 8.4 would become unconditional. Unfortu-
nately, non-degeneracy results of this kind appear to lie well beyond the scope of currently
available techniques.

Remark 8.6 Recently, Burungale and Tian proved a p-converse result for CM elliptic
curves over Q at good ordinary primes p ([24, Theorem 1.2]). It would be desirable
to obtain p-converse theorems (possibly conditional, like Theorem 8.4, on the non-
degeneracy of suitable height pairings) for higher weight CM newforms.

8.2 Proof of part (2) of Theorem D

Recall that we are assuming that

• Conjecture 2.50 holds true for p andQ;
• condition (GS) from Sect. 8.1.2 is satisfied.

With notation as above, if ralg(M) = 1, then rp(f ) = 1 by Corollary 2.68 (with 
 = p), so
Theorem 8.4 gives ran(f ) = 1. By Lemma 2.34, ran(M) = 1, as desired. ��

9 Higher rank results
In this final section, we collect higher rank results for f and its motive M. As before, we
require throughout that f and the prime p of F above p satisfy Assumption 4.5.

9.1 Higher rank results for f

Webegin with results on f , in particular on the invariant rp(f ) from (6.1).We use notation
from Sect. 5.4.1.

9.1.1 Assumption (reg)
According to the sign of the root number of f , we will need to assume one of two different
sets of hypotheses. The first is (GS) from Sect. 8.1.2, whereas the second takes care,
in addition, of the injectivity (at least on Heegner modules) of p-adic regulators over
imaginary quadratic fields:

(reg) there is K ∈ I0(f, p), of discriminant DK , such that

– 〈·, ·〉GS is non-degenerate on HeegK,N ⊗Z R,
– regf K ,K ′1 ,p is injective on HeegK ′ ,ND2

K
for every imaginary quadratic field K ′ in

which all the prime factors of NDKp split.

Here regf K ,K ′1 ,p is the counterpart of the p-adic regulator regK ′1 ,p relative to the motive
M(f K ). As before (cf.Remark 8.5), note that the results in [20] guarantee that if ε(f ) = −1,
then there is always an imaginaryquadraticfield satisfying thefirst twoconditions in (reg).
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Remark 9.1 Since (N,DK ) = 1, the level of f K is ND2
K : this is the reason why in (reg) we

consider Heegner modules of level ND2
K .

9.1.2 Higher rank results for f

The following result is a higher weight analogue of [166, Theorem 1.4, (ii)]; in Sect. 9.2 we
shall deduce from it analogous results forM.

Theorem 9.2 Assume that either

• ε(f ) = −1 and (GS) holds

or

• ε(f ) = +1 and (reg) holds.

If ran(f ) > 1, then

rp(f ) ∈
{
2n+ 1− ε(f )

2

∣∣∣ n ∈ Z≥1
}
.

In particular, rp(f ) ≥ 5− ε(f )
2

.

Proof We need to show that

• rp(f ) ≥ 3 if ε(f ) = −1,
• rp(f ) ≥ 2 if ε(f ) = +1.

Assume first that ε(f ) = −1 and (GS) holds. By Theorem 7.1, rp(f ) is odd. If rp(f ) = 1,
then ran(f ) = 1 by Theorem 8.4, so rp(f ) ∈ {2n+ 1 | n ≥ 1}.
Assume now that ε(f ) = +1 and (reg) holds; recall the vanishing order ν∞ of κf,∞

introduced inDefinition 6.1. ByTheorem7.1, rp(f ) is even. Choose an imaginary quadratic
field K satisfying (reg). Then ran(f /K ) > 1, so part (2) of Proposition 5.11 guarantees
that yK,p isOp-torsion. It follows from Proposition 6.2 that ν∞ ≥ 1; equivalently, by part
(2) of Theorem 6.4, we obtain

max
{
r+p (f /K ), r−p (f /K )

} ≥ 2. (9.1)

On the other hand, since ran(f K ) = 1, by [20, p. 543, Theorem, (ii)] there exists an
imaginary quadratic field K ′ (which we fix) such that

• all the prime factors of NDKp split in K ′;
• ran(f K /K ′) = 1.

Using the injectivity of regf K ,K ′1 ,p on HeegK,ND2
K
, we apply Theorem 5.20 to f K and obtain,

in particular, rp(f K /K ′) = 1. Finally, reasoning as, e.g., in the proof of [159, Theorem
5.27], we get rp(f K ) = 1, and then the equality r−p (f /K ) = rp(f K ) combined with (9.1)
gives rp(f ) = r+p (f /K ) ∈ {2n | n ≥ 1}. ��

Remark 9.3 We sketch an alternative approach to the ε(f ) = +1 part of Theorem 9.2
that does not use the injectivity on HeegK,ND2

K
of the p-adic regulator, but relies instead

on certain conjectural (non-)vanishing properties of p-adic L-functions of modular forms.
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Namely, let g be a weight k ≥ 4 newform on �0(M) with p � M and let Lp(g, s) be the
p-adic L-function of g in the sense of Mazur–Tate–Teitelbaum ([102, Ch. I, §13]; for
simplicity, we suppress dependence of Lp(g, s) on the “allowable p-root for g”, cf. [102, Ch.
I, §12]). We normalize Lp(g, s) as in [52, p. 430]. It is conjectured in [102, Ch. I, §16] that,
in our non-exceptional setting (cf. [102, Ch. I, §15]), ords=k/2Lp(g, s) = ran(g). Here we
just assume the following implication:

ran(g) = 1 =⇒ ords= k
2
Lp(g, s) = 1. (9.2)

With notation as in the proof of Theorem 9.2, rather than using the last condition in
(reg), we combine the equality ran(f K ) = 1 and (9.2) to get ords=k/2Lp(f K , s) = 1. Then,
keeping Corollary 2.68 in mind, [111, Theorem C, (2)] gives rp(f K ) = 1, and by (9.1) we
conclude that rp(f ) ∈ {2n | n ≥ 1}.

9.2 Proof of parts (3) and (4) of Theorem D

For the sake of clarity, we restate the result we want to prove on the motiveM.

Theorem 9.4 Assume that either

• ran(M) is odd and (GS) holds

or

• ran(M) is even and (reg) holds.

Furthermore, assume that Conjecture 2.50 holds true for p andQ.
If ran(M) > 1, then

ralg(M) ∈
{
2n+ 1− (−1)ran(M)

2

∣∣∣ n ∈ Z≥1

}
.

In particular, ralg(M) ≥ 5− (−1)ran(M)

2
.

Proof To begin with, note that, by Lemma 2.34, ran(M) > 1 if and only if ran(f ) > 1.
Moreover, recall from Sect. 7.2 that ran(M) and ran(f ) have the same parity; in other
words, (−1)ran(M) = ε(f ). Finally, since we are assuming Conjecture 2.50 for p and Q,
Corollary 2.68 gives ralg(M) = rp(f ), and then the desired result follows from Theorem
9.2. ��

Appendix A Determinants of projective modules
We sketch the basic elements of the theory of determinants of projective modules over
commutative rings, putting a focus on modules over (products of finitely many) principal
ideal domains. In doing so, we follow [73, §2.1] and [77, Lecture 1, §5] quite closely.

A.1 Determinants over commutative rings

Let R be a commutative ring. Denote byLR the category of isomorphism classes of graded
invertible R-modules: the objects of LR are pairs (L, r) consisting of an invertible (i.e.,
projective, rank 1) R-module L and a function r : Spec(R)→ Z, which is to be thought of
as a grading, that is locally constant for the Zariski topology, while morphisms between
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two objects (L, r) and (M, s) are trivial if r �= s and isomorphisms of R-modules L → M
otherwise. One defines a product in LR by

(L, r) · (M, s) := (L⊗R M, r + s), (A.1)

and then (R, 0) is the unit object for this product. The inverse of a pair (L, r) is (L, r)−1 :=
(L∗,−r), where L∗ := HomR(L, R) is the R-linear dual of L; more precisely, there is a
canonical isomorphism

(L, r) · (L∗,−r) � (R, 0)

induced by the usual evaluationmap L⊗RHomR(L, R)→ R. Themonoidal categoryLR is
equipped with a modified commutativity constraint involving a sign that depends on the
grading (see, e.g., [21, §2.5], [77, Definition 1.27]). If f : R→ R′ is a ring homomorphism,
then one defines a functor

LR −→ LR′

by the recipe (L, r) �→ (L⊗R R′, r ◦ f ∗) on objects and in the obvious way (i.e., by extension
of scalars) on morphisms, where f ∗ : Spec(R′) → Spec(R) is the map induced by f by
(contravariant) functoriality.
Let us write ProjfgR for the category of finitely generated, projective R-modules. For every

objectM of ProjfgR let

rkR(M) : Spec(R) −→ Z

be the rank function attached toM, whichmaps p to rkRp (Mp) and is locally constant with
respect to the Zariski topology on Spec(R) (see, e.g., [162, Ch. I, Corollary 2.2.2]); notice
thatMp is projective, hence free, of finite rank over the local ring Rp. If rkR(M) is constant,
then ∧rkR(M)

R M denotes the usual rkR(M)-th exterior power ofM over R. If rkR(M) is not
constant, then the definition of ∧rkR(M)

R M is more delicate: see, e.g., [127, Definition 1.3.1]
or [162, p. 21]. In both cases, ∧rkR(M)

R M is an invertible R-module, called the determinant
of M; see, e.g., [41, Part 3] for motivation for retaining the rank information. There is a
(covariant) functor ProjfgR → LR defined by

M �−→ DetR(M) :=
( rkR(M)∧

R
M, rkR(M)

)

on objects and in the obvious fashion on morphisms. Notice that DetR(0) = (R, 0). For
notational convenience, for every objectM of ProjfgR we set Det−1R (M) := DetR(M)−1.

Caveat A.1 In this paper, we frequently use expressions like “N is an R-submodule of
DetR(M)”, meaning thatN is a submodule of theR-module underlyingDetR(M). A similar
interpretation must be given to statements like “The set 
 is a basis of DetR(M) over R”.

It turns out that DetR is multiplicative on short exact sequences: if we are given an exact
sequence

0 −→ K −→ P −→ C −→ 0
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in ProjfgR , then

DetR(P) � DetR(K ) · DetR(C), (A.2)

where the product on the right is defined as in (A.1). Moreover, if there is a short exact
sequence of R-modules

0 −→ P −→ Q −→ T −→ 0 (A.3)

with P,Q objects of ProjfgR , then we define DetR(T ) := DetR(Q) ·Det−1R (P). One can check
that DetR(T ) is independent of the choice of an exact sequence as in (A.3).

Remark/Notation A.2 Suppose thatM is free of finite rank r over R. If {m1, . . . , mr} is an
R-basis of M, then {m1 ∧ · · · ∧ mr} is an R-basis of DetR(M). In this case, we denote by
(m1 ∧ · · · ∧mr)−1 the dual element of m1 ∧ · · · ∧mr , so that

{
(m1 ∧ · · · ∧mr)−1

}
is an

R-basis of Det−1R (M). Furthermore, for every n ≥ 1, the natural pairing

n∧
M ×

n∧
M∗ −→ R, (m1 ∧ · · · ∧mn, �1 ∧ · · · ∧ �n) �−→ det

(
�i(mj)

)

is perfect, so it induces a canonical isomorphism

n∧
M∗ �

( n∧
M
)∗

(A.4)

of R-modules, which can be regarded as an identification. With standard notation, the
basis

{
(m1 ∧ · · · ∧mr)−1

}
of Det−1R (M) corresponds, under the identification (A.4), to the

basis {m∗1∧· · ·∧m∗r }ofDetR(M∗). Finally, there is obviously an equality rkR(M) = rkR(M∗)
of rank functions, so it follows that Det−1R (M) and DetR(M∗) have the same underlying
R-module but opposite rank functions: this is the reason why we use different symbols for
the bases of Det−1R (M) and of DetR(M∗) that are built out of a given basis ofM over R. It is
useful to keep this observation in mind when computing with determinants of modules.

Remark A.3 Assume that R is noetherian (which is always the case in the main body of
the article). IfM is an object of ProjfgR , thenM∗ is an object of ProjfgR . Since R is noetherian,
M is finitely presented over R, so for every p ∈ Spec(R) there is a canonical isomorphism
(M∗)p � M∗p of Rp-modules, where the right-hand term is the Rp-linear dual ofMp (see,
e.g., [99, p. 52, Corollary]). Thus, there is an equality rkR(M) = rkR(M∗) of rank functions.

A.2 Determinants over PID’s

Let R be a principal ideal domain, write frac(R) for its fraction field and let T be a finitely
generated torsion R-module. Choose a resolution

0 −→ P φ−→ Q −→ T −→ 0

of T with objects P,Q of ProjfgR . Since R is a PID, P and Q are free over R; furthermore, T
being torsion forces the ranks of P and Q to be equal. It turns out that

DetR(T ) = det(φ)−1 · R ⊂ frac(R),
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where det(φ) is computed with respect to fixed bases of P and Q. Equivalently, DetR(T )
is the inverse of the ideal that is generated by the product of the elementary divisors of
the R-module T . In this setting, we usually write IR(T ) in place of DetR(T ) to stress the
fact that DetR(T ) is a fractional ideal of R; we also set I−1R (T ) := Det−1R (T ). In particular,
IR
(
(0)
) = R. See, e.g., [77, Example 1.31] for details in the R = Zp case.

Remark/Notation A.4 Let r be the rank of P and Q and let {p1, . . . , pr} (respectively,
{q1, . . . , qr}) be a basis of P (respectively, Q) over R. Keeping Remark/Notation A.2 in
mind, there is an equality

DetR(Q) · Det−1R (P) = R · (q1 ∧ · · · ∧ qr) · (p1 ∧ · · · ∧ pr)−1, (A.5)

where (q1∧· · ·∧qr)·(p1∧· · ·∧pr)−1 is just a shorthand for (q1∧· · ·∧qr)⊗(p1∧· · ·∧pr)−1.
Finally, combining (A.2) and (A.5) yields a natural isomorphism

DetR(T ) � R · (q1 ∧ · · · ∧ qr) · (p1 ∧ · · · ∧ pr)−1,

which will often be viewed as an identification.

A.3 Determinants over products of PID’s

Let R1, . . . , Rn be PID’s and consider their product R := ∏n
i=1 Ri. For i = 1, . . . , n let

ei ∈ R be the idempotent corresponding to Ri, so that there is an identification Ri = eiR.
Let T be an R-module. For i = 1, . . . , n set Ti := eiT ; equivalently, Ti = T ⊗R Ri. The
R-submodule Ti of T is naturally an Ri-module and there is a canonical identification

T =
n⊕

i=1
Ti

of R-modules. Assume now that T is finitely generated and torsion over R; of course, this
is tantamount to Ti being finitely generated and torsion over Ri for every i = 1, . . . , n. Let
Q(R) be the total quotient ring of R and set

DetR(T ) :=
n∏

i=1
DetRi (Ti) ⊂

n∏
i=1

frac(Ri) = Q(R), (A.6)

where DetRi (Ti) is defined as in Sect. A.2. As in the n = 1 case treated above, we also
set IR(T ) := DetR(T ) and I−1R (T ) := Det−1R (T ). In particular, IR

(
(0)
) = R. Finally, a

fractional R-ideal will be, by definition, a product of the form I = I1 × · · · × In where Ij
is a fractional Rj-ideal for j = 1, . . . , n; in this case, IR(I) =∏n

j=1 IRj (Ij).

Remark A.5 In the applications we have in mind, the Ri will be discrete valuation rings
(namely, they will be the completions of OF at prime ideals above a fixed prime number
p), so R will be regular.
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A.4 Determinants and base change

If R→ S is a ring homomorphism and P is an object of ProjfgR , then P ⊗R S is an object of
ProjfgS and there is a base change isomorphism

DetR(P)⊗R S � DetS(P ⊗R S) (A.7)

of S-modules.

A.5 Determinants of complexes

Let Proj•R denote the category of complexes of R-modules that are quasi-isomorphic
to a bounded complex of R-modules in ProjfgR . For an object C• in Proj•R, fix a quasi-
isomorphism C̃• → C• with a bounded complex C̃• of modules in ProjfgR and define

DetR(C•) :=
∏
i∈Z

Det−1R
(
C̃i) (A.8)

([77, Definition 1.29]). If an object C• of Proj•R has the property that Hj(C•) is an object
of ProjfgR for all j, then there is an isomorphism

DetR(C•) �
∏
j∈Z

Det(−1)
j

R
(
Hj(C•)

)

of R-modules.

Appendix B Remarks on Pontryagin duals
We gather some facts about Pontryagin duals that are used in the main body of the paper.
These results are consequences of well-known properties of duals of local fields; however,
for several of themwe could not find a convenient reference in the literature, sowe decided
to collect them here for the reader’s benefit.

B.1 Generalities on Pontryagin duals

Let T := {z ∈ C | |z| = 1} � R/Z be the unit circle in the complex plane, viewed as a
subgroup ofC×. The Pontryagin dual of a locally compact, Hausdorff topological abelian
group G is the group

G∧ := Homcont(G,T) (B.1)

of characters ofG, i.e., continuous homomorphisms fromG toT, whereT is equippedwith
its natural complex topology (equivalently, the quotient topology of R/Z). In turn, G∧

can be endowed with the compact-open topology. This definition of Pontryagin dual does
not coincide, in general, with the one that is given in Sect. 2.19 forZp-modules; however,
it is well known that if G is profinite, then the image of any continuous homomorphism
G→ T is finite (take, e.g., n = 1 in [62, Proposition 2.2]), so G∧ = Homcont(G,Q/Z). Of
course, this equality is true also if G is a torsion abelian group. Thus, if G is either

• aZp-module that is a torsion abelian group

or
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• a profiniteZp-module,

then G∧ = Homcont(G,Qp/Zp). In other words, with notation as in (2.57), G∧ = G∨.

Remark B.1 If G is a profinite Zp-module, then every element of Homcont(G,Qp/Zp) is
Zp-linear. Conversely, if G is a finitely generated Zp-module, then a Zp-linear homo-
morphism G → Qp/Zp is always continuous, so G∧ = G∨ = HomZp (G,Qp/Zp) in this
case. More generally, suppose that K is a finite extension of Qp with valuation ring O .
As explained, e.g., in [114, §2.9.1, §2.9.2], if G is a (co)finitely generated O-module, then
G∧ = G∨ � HomO (G,K /O).

B.2 Pontryagin duals of finite extensions ofQp

LetK be a finite extension ofQp. Recall the definition ofK ∧ from (B.1). Fix a compatible
system (ζpn )n≥1 of p-power roots of unity: ζpn ∈ Q̄ is a primitive pn-root of unity such that
ζ
p
pn+1 = ζpn for all n ≥ 1; the standard choice is ζpn := e2π i/pn for all n ≥ 1. Let us define
the (non-trivial) standard character χ0 ∈ Q∧p by

χ0

( +∞∑
k=−n

akpk
)
:=

−1∏
k=−n

ζ
ak
p|k| ; (B.2)

here n ∈ N and ak ∈ Z for all k ≥ −n. More succinctly, with the choice of roots of unity
specified above, χ0 is the composition

χ0 =
(
Qp −� Qp/Zp ↪−→ Q/Z

e2π i(·)−−−→ T
)
.

Now fix a non-trivial ϕ ∈ K ∧. It turns out that for every ψ ∈ K ∧ there exists a unique
aϕ(ψ) ∈K such that ψ(x) = ϕ(aϕ(ψ) · x

)
for all x ∈K and the map

K ∧ �−→K , ψ �−→ aϕ(ψ) (B.3)

is an isomorphism of topological groups. See, e.g., [61, §8.3, Proposition 1] and [129, Ch.
7, Exercise 1] for details.

Remark B.2 The (non-trivial) standard character ofK is χ0 ◦ trK /Qp , with χ0 as in (B.2).

LetK ∨ be defined as in (2.57).

Proposition B.3 There is an isomorphismK ∨ �K ∧ of topological groups.

Proof Observe thatZp is contained in the kernel of the character χ0 from (B.2), so there
is an induced map

χ̄0 : Qp/Zp −→ T, [x] �−→ χ0(x), (B.4)

where [x] is the image of x ∈ Qp inQp/Zp. One can show that χ̄0 yields an isomorphism
of groups betweenQp/Zp and the subgroup lμ.. p∞ ⊂ T of p-power roots of unity. In light
of this fact, from here on we shall view the map χ̄0 from (B.4) as an isomorphism

χ̄0 : Qp/Zp
�−→ lμ.. p∞ . (B.5)
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Given ϕ ∈ K ∨, set ϕ∧ := χ̄0 ◦ ϕ ∈ K ∧. On the other hand, given χ ∈ K ∧, note that
im(χ ) ⊂ lμ.. p∞ (the proof of [61, §8.3, Proposition 1], which treats theK = Qp case, carries
over verbatim to our setting), so we can define χ∨ := χ̄−10 ◦ χ ∈ K ∨. Clearly, ϕ �→ ϕ∧

and χ �→ χ∨ are topological group homomorphismsK ∨ → K ∧ andK ∧ → K ∨ that
are inverse to each other. ��

Since we regard the character χ0 ∈ Q∧p described in (B.2) as canonical, we shall tacitly
view the isomorphismK ∨ �K ∧ as an identification. In light of (B.3), it follows that for
every non-trivial ϕ ∈K ∧ there is an isomorphism of topological groups

aϕ : K ∨ �−→K . (B.6)

Namely, for every ψ ∈K ∨ there is a unique aϕ(ψ) ∈K such that ψ∧(x) = ϕ(aϕ(ψ) · x
)

for all x ∈ K ; equivalently, ψ(x) = ϕ∨(aϕ(ψ) · x
)
for all ψ ∈ K ∨ and x ∈ K , where

ϕ∨ ∈K ∨ corresponds to ϕ under the isomorphism of Proposition B.3.
In the special caseK = Qp we shall take ϕ = χ0 and set a := aχ0 ; here notice that χ∨0

is given by

χ∨0

( +∞∑
k=−n

akpk
)
= χ̄−10

( −1∏
k=−n

ζ
ak
p|k|

)
=
[ −1∑
k=−n

akpk
]
,

where, as above, [x] is the class of x ∈ Qp inQp/Zp and χ̄0 is the isomorphism from (B.5).
In other words, χ∨0 is just the canonical projectionQp � Qp/Zp.
It is convenient to introduce the following notation: given ψ ∈ K ∧ and c ∈ K , we

define c ·ψ ∈K ∧ by (c ·ψ)(x) := ψ(cx) for all x ∈K . This endowsK ∧ with aK -vector
space structure, and an analogous definition can be given forK ∨. In particular, the image
ofψ ∈K ∨ under the isomorphism aϕ in (B.6) can be described by requiring aϕ(ψ) ∈K
to satisfy ψ = aϕ(ψ) · ϕ∨.

Proposition B.4 There is an isomorphism K ∨ � HomO (K ,K /O) of topological
groups.

Proof Let & be a uniformizer for O , so that K = lim−→n∈Z&
nO . For every n ∈ Z, the

O-module & nO is (topologically) free of rank 1, so Remark B.1 ensures that there is an
isomorphism (& nO)∨ � HomO (& nO ,K /O) of topological groups. It follows that there
are isomorphisms of topological groups

K ∨ = lim←−n∈Z(&
nO)∨ � lim←−n∈ZHomO (& nO ,K /O) = HomO (K ,K /O),

as was to be shown. ��

Fromhere on, we view the isomorphism provided by Proposition B.4 as an identification
K ∨ = HomO (K ,K /O).

Remark B.5 The isomorphisms in (B.3) and Proposition B.3 are K -linear, so K ∧ and
K ∨ areK -vector spaces of dimension 1.
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B.3 On Pontryagin duals ofK -vector spaces

Let χK : K � K /O be the canonical projection and let XK := OχK be the O-
submodule ofK ∨ generated by χK .

Lemma B.6 An element ofK ∨ is trivial on O if and only if it belongs to XK .

Proof It is obvious that χK is trivial on O , so every element of XK is trivial on O . Now
pick ψ ∈ K ∨. Thanks to isomorphism (B.3) and Proposition B.3, there exists a unique
aK (ψ) ∈K such that ψ = aK (ψ) · χK . On the other hand, the square

K
a−1K

� K ∨

K /O
�

O∨

(B.7)

is commutative. Ifψ is trivial onO , thenψ has trivial image inO∨, and the commutativity
of (B.7) ensures that the image of aK (ψ) inK /O is trivial as well, i.e., aK (ψ) ∈ O . This
shows that ψ belongs to XK . ��
Now let V be a K -vector space of finite dimension, say r. Let B = {v1, . . . , vr} be a

basis of V overK ; it induces topological isomorphisms V �K r and

V∨ � (K ∨)r . (B.8)

Analogously to what was done in Sect. B.2 for K ∧ and K ∨, one can endow V∨ with
a natural K -vector space structure, and then V∨ is r-dimensional over K (cf. Remark
B.5).

Remark B.7 There is an isomorphism V∨ � V∧ of topological groups, which we can
view as a canonical identification.

For each i ∈ {1, . . . , r}, write v∨i for the elementofV∨ correspondingunder isomorphism
(B.8) to the element of (K ∨)r with all components equal to 0 except the i-th that is equal
to χK . Equivalently, the elements v1, . . . , vr give rise to the dual basis {v∗1 , . . . , v∗r } of the
K -linear dual ofV by the recipe v∗i (vj) := δij , where δij is the Kronecker delta: composing
theK -linear maps v∗i with χK , we obtain the elements v∨i of the Pontryagin dual V∨.

Lemma B.8 The elements v∨1 , . . . , v∨r are linearly independent over O .

Proof Suppose there is an equality

a1v∨1 + · · · + arv∨r = 0 (B.9)

with a1, . . . , ar ∈ O and there is j such that aj �= 0; let νj ∈ N be the valuation of aj . Let
& ∈ O be a uniformizer and notice that χK is O-linear. Then

(
a1v∨1 + · · · + arv∨r

)(
&−(νj+1)vj

) = χK
(
aj&−(νj+1)

) �= 0,

where the inequality on the right is a consequence of the fact that aj&−(νj+1) /∈ O . This
contradicts (B.9). ��
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SinceK is the quotient field ofO , it follows fromLemmaB.8 that v∨1 , . . . , v∨r are linearly
independent over K as well. Keeping in mind that V∨ is an r-dimensional K -vector
space, it makes sense to give

Definition B.9 The Pontryagin dual basis ofB is the basisB∨ := {v∨1 , . . . , v∨r
}
of V∨ as

aK -vector space.

Now let TB be the O-lattice in V spanned byB and write #B for the O-lattice in V∨

spanned byB∨.

Proposition B.10 An element of V∨ belongs to #B if and only if it is trivial on TB .

Proof Immediate from Lemma B.6. ��
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113. Nekovář, J.: On the parity of ranks of Selmer groups. II. C. R. Acad. Sci. Paris Sér. I Math. 332(2), 99–104 (2001)
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