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1 Introduction

The analysis of the necessary conditions for a generic effective theory to be compatible with
the existence of an underlying quantum theory of gravity has led in recent years to the
formulation of a number of conjectures giving constraints that allow to distinguish good
models from those that are in the so-called swampland [1].

One of the first such conjectures is the Weak Gravity Conjecture (WGC) [2], which
for a U(1) boson coupled to gravity states that there must always exist a charged particle
with mass m and charge ¢ such that m < gqM,. There is by now strong evidence that
such conjecture is correct (see [3] for a review and for an extensive list of references) and
it has been generalized in various directions. One of the general lessons one learns from
these analyses is that if gravity is required to always be the weakest force then one can
constrain effective theories in various ways.

An interesting generalization of the WGC is its application to forces mediated by
light scalar fields and one can find various proposals in the literature [4]-[14]. The first
formulation of a version of the WGC to scalar fields is due to Palti [4], who considered
particles whose masses m depend on some light scalar ¢ by means of trilinear couplings
Jpm. In this case the conjecture states that (8¢m)2 > m? /M2, so that the force mediated
by ¢ is stronger than the gravitational force. While this applies only to the WGC scalars
whose mass is a function of ¢, it still can give constraints on effective theories, which may
even be too strong with respect to expectations [4]. Still, this idea has been pushed even
further by Gonzalo and Ibafnez in [9], where a strong version of the scalar WGC has been



proposed. The idea is that scalar self-interactions should always be stronger than gravity,
for any scalar in the theory. This was summarized by the inequality

2(V///)2 —yIym > (IJ/\;’Z)Q’
p

(1.1)

where primes are derivatives of the scalar potential V' with respect to the scalar in exam.

This conjecture is much stronger, because it applies to any scalar, including massive
mediators, and results in very strong constraints on effective theory models containing
scalars. While equation (1.1) has nice implications and seems compatible also with the
swampland distance conjecture [15, 17], it mixes ingredients that are clearly long-range
with others that are related to short-range interactions (like the quartic couplings). Its
derivation from first principles, even in simple situations, is therefore challenging.

A different bound involving cubic and quartic interactions has been suggested in a
footnote of [4], where it was noted that, in the context of N=2 supergravity theories, the
masses of supersymmetric black holes have to fulfill an interesting relation, which follows
from special geometry, the geometry underlying the scalar o-model.

In N = 2 supergravity the central charge satisfies the algebraic identity [4, 16]

9"D;D;|Z|* = nv | Z|* + ¢"D; ZD;Z, (1.2)

where ny is the number of vector multiplets. This identity follows rather easily from the
application of special geometry identities [18]

D;Z =0, DiD;Z = gi; Z. (1.3)

Based on this relation, in a footnote of [4] there is a proposal for a scalar WGC constraint
of the form
nm? + g¥9;md;m < %gijDiaj(mZ), (1.4)

where n is the number of scalar fields coupling to the WGC state. This is also a relation
between mass, three-point and four-point couplings of the WGC states to scalar fields, but
very different from (1.1).

In this note we want to give a stronger basis to a scalar WGC relation like (1.4) by
analyzing what happens for N > 2 theories, where the central charge matrix has N(N—1)/2
entries and the supersymmetric black hole mass is equal to the largest of its eigenvalues

MADM:|Z1| >‘ZQ| >0 > |ZN/2|7 (1.5)

where Z1, ..., Zy/p are the eigenvalues of the central charge antisymmetric matrix Zap,
written in normal form [19].

Before generalizing (1.2), one should note that if we want to interpret it as a bound
on the black hole mass we should rewrite it fully in terms of Mapy = |Z|. In this case the
relation above can be expressed as

DiD'(|Z%) = 48, 219"\ Z| + nv | Z|*. (1.6)

It is interesting to note the factor in front of the first derivative terms, which is going to
be crucial in the correct identification of the generalization of such identity.



In this note we will prove two distinct relations. The first is a purely algebraic identity,
valid for any number of supersymmetries and reduces to (1.2) for N = 2:

D.D* (ZapZ*P) = DyZapD" Z*P + 1 Zapz*5, (1.7)
where N 9\(N —3
n:nv—i—( — )2( —3) (1.8)

and we used flat complex indices for the scalar derivatives. This clearly reduces to (1.2)
for N = 2 and depends only on gravity multiplet scalars for N > 4, as expected. The
interesting aspect is that the number n corresponds precisely to half of the rank of the
Hessian matrix of the black hole potential at “fixed scalars”, therefore giving credit to the
fact that in the relation between the mass and the three and four-point couplings only
active scalars should appear, where by active we mean scalars that support the black hole
solutions and are not moduli.

As mentioned above, this relation is not suitable to be interpreted as a form of scalar
WGC because the various derived quantities in (1.7) cannot be identified with the (square
of) the ADM mass (1.5). We therefore analyzed more in detail the black hole solutions for
N > 2 and found that there is also a general differential relation on the ADM mass of such
black holes, which uses some insights from the black hole solution. This is going to be the
generalization of (1.6) to an arbitrary number of supersymmetries and coincides with (1.7)
for N = 2. This second relation is

P*%D,D'W? = 4 D,WD"W +nW?2 (1.9)

where

1
W = \/2 ZABPLCPRD Zop (1.10)

is the superpotential that can be identified with the ADM mass for BPS black holes in
extended theories, P%, is a projector on the space of active complex scalars and PAp is a
projector on the R-symmetry vector space to the bidimensional eigenspace related to the
largest central charge value, according to (1.5).

While deriving this last identity, we also work out a fully covariant formulation of
the BPS equations and of the BPS squaring of the reduced action on the black hole so-
lution. Since this has a general value for analyzing BPS black hole solutions in extended
supergravities we provide explicitly this construction for N = 3 and N = 4 theories.

We then conclude with some comments on the physics of (1.9) and its compatibility
and relation to the swampland distance conjecture.

2 Preliminaries

When considering N > 2 supergravity theories one should note and use the fact that the
scalar o-model is described by a homogeneous manifold G/H of restricted type, because H
must contain the R-symmetry group U(N) (SU(8) for N = 38). Also, duality invariance in
4 dimensions imposes that G C Sp(2ny, R), where ny is the total number of vector fields



in the theory. These facts allow us to perform a rather general analysis by considering the
general structure of homogeneous manifolds and declining the various formulas to specific
N when necessary. For the sake of self-consistency of this work, we recall here some
preliminary relations already presented in [20-22], whose conventions we mostly follow.
In order to parameterize the scalar manifold, we choose a coset representative L in a
basis that makes manifest duality relations. We therefore take L € USp(ny,ny), i.e. satis-
0 1
—1

ny

—1p, } and LTQL = Q, where Q = 0

fying L'nL = n = diag{1,,,, . A generic

ny
parameterization, useful in the following, is

:1<f+ihf*+ih*>’ 21)

V2 \ f—ih f*—ih*
where
ffh=nTf, (2.2)
i(fTh* — AT f*) = —1. (2.3)

Maurer-Cartan equations define the generic structure of the coset by producing its
vielbeins and connection as

_ w P*

W—leL—<Pw*>, (2.4)

which leads to the definitions
w = i(fTdh — hidf), (2.5)
P =i(hTdf — fTdh), (2.6)

and to the relations

dw+wAw= P A P*, (2.7)
DP =dP+w*ANP+PAw=0. (2.8)

We can make everything explicit by introducing flat indices on the coset manifold G/H.
Since H = (S)U(N) x H', we can write flat indices using a multi-index structure, combining
U(N) indices A,B =1,...,N and H' indices I,J = 1,...,ny, where ny is the dimension
of the fundamental representation of H’. More in detail, we split the real symplectic vector
representation! as VM = (VA, VA), A =1,...,ny, and use the transformation properties
of L under the right action of H to split the same vector in terms of a twofold complex
tensor representation of (S)U(N) and H’. This means that the generic coset representative
can be split accordingly, so that

(A A
i—(f aB: 1) (2.9)

= (haaB, har)

!The real embedding G' C Sp(2nv, R) is appropriate for the explicit action of the duality group on the
vector field strengths, while the complex embedding in USp(nv,nv) is useful to write down the fermion
transformation laws.



and

f* _ (fAAijAI)’

2.10
Wt = (hAAB,hAI). ( )
By using this decomposition we find
Papr = Prap =i (haapdf™s — f*apdhar) (2.11)
Pry =i (hardf®; — f21dhay), (2.12)
Papcp =i (haapdf*cp — f*apdhacp) (2.13)

and PT4B = (Prap)*, P!Y = (Pr;)* and PABYP = (P4pcp)*. Clearly such 1-forms corre-
spond to vielbeins of G/H in different ways according to the number of supersymmetries N.

For N = 3, the scalar manifold is G/H = SU(3,ny)/ [SU(3) x SU(ny) x U(1)], which
has dimension 3ny . This means that the flat vielbein indices lie in the (3, ny) representa-
tion of H and hence PABCD = P]J =0.

For N = 4 the scalar manifold is G/H = SU(1,1)/U(1) x SO(6,ny)/[SO(6)x SO(ny)]
and therefore the vielbein splits in two, P, being the complex vielbein of the first factor
and Prap in the (6,ny) representation of SU(4) x SO(ny) the complex vielbein of the
second factor. This implies Papcp = €eapcpFp, Prj = 01 JFZ}. Moreover one should note
that there is a complex self-duality condition on the vielbeins so that

1 *
Prap = §5IJ eapcp PP = (PTAB)~, (2.14)

For N = 5,6 and 8 there are no vector multiplets and the scalar manifolds are
SU(1,5)/U(5), SO*(12)/U(6) and E)/SU(8), respectively of dimension 10, 30 and 70.
The vielbeins lie in the 5, 15 and 35 representations of U(5), U(6) and SU(8) and are
therefore always described by the complex P4pcp. However, the vector fields are in the
10, 15+1 and 28 dimensional representations of their respective R-symmetry groups. This
means that in the N = 6 case there is a vector field that behaves as a matter vector field,
being a singlet of the R-symmetry group. We therefore have P;; = 0 and Prap = 0 for
N = 5,8, while for N = 6 we also have P p = %GABCDEFPCDEF, where the - stands for
the U(6) singlet. Finally, in the N = 8 case we also have a complex self-duality condition
of the form

1
Papcp = IGABCDEFGHP BEGH (2.15)

From the relation d. = LW we can now obtain general relations for the covariant
derivatives of the coset representatives:

1
Df*ap = fMPrap + 5 AP Popag,
1 (2.16)
Dfr = 3 AP Prop + A Py,

where we also used that f* = (fA45, fAD),
In the following we are interested in relations that involve derivatives of the central
charges of N-extended supergravities, for N > 2. Central charges are introduced as a



symplectic product of a charge vector @ = (p”, qa) and the section vector V = (2, hy).
We therefore see that we have two types of charges

Zap = phaas — anf aB, (2.17)
Zr = phar — aafr (2.18)

The first set Zap defines the actual central charges associated to the N(N —1)/2 gravipho-
tons in the theory, while Z; are the matter charges, related to the possible additional
vector multiplets (with the exception of the N = 6 theory, as mentioned above). It is
then straightforward to obtain relations between these charges by taking their covariant
derivatives, using (2.16), (2.17) and (2.18):

1

DZap = Z'Prap + 5 Z° Popas, (2.19)
1

DZ;=27Pj + 3 Z°P Prep. (2.20)

In order to compute (second) derivatives of the central charges and of the ADM mass,
we need the explicit expression of the derivatives we can obtain from (2.19) when projecting
on the scalar o-model vielbeins. The exercise is straightforward and we report here the
outcome for the different values of N:

1 1
N=3: D= §PIABDIAB + §PIABDIA37
D'PZap =265 2", DicpZap =0, (2.21)
DI¢Pz, = 6L 72¢P, DicpZy = 0.
1 1 _
N=4: D= ZPIABD““E"JrEPU‘BDMB+Pl,,Dp+Pﬁpp,
DicpZap = €apcp o1 Z7, D'Pz,p=2652",
1
DjapZ; = B d17eapcp Z°P, DIAB 7, = 5] 748, (2.22)
1
D,Zsp = §€ABCDZCD7 DpZap =0,
D,Zp =0, DpZy = 61,77,
1 1
N=5: D = = PapepDAPCP 4 Z pABCD D\ pop,
4! 4l (2.23)
DABOD 7,0 — 126148 76D], DapcpZer = 0.
1 1
N =6: D = EPABCDDABCD + EPABCDDABCD,
_ Al
DapcpZer = €aBoDEFRZ, DABD 7 = 55%415201)}, (2.24)
1
DapepZ = §€ABCDEFZEFa DABCP 7 = .
11 apcp | 11 Sagep
N =28: D = -—PapcpD + 5P Dapep,
| )
DapcpZEr = 3 eapcpereu 2. DABCD 7pp =12 5%‘520[)}.



3 The identity

In this section we provide the details of the derivation of the general algebraic identity (1.7).
The formula encompasses the specific forms we obtained for similar calculations done for
different numbers of supersymmetries. We therefore perform our calculations by using
the derivative relations on the central charges obtained in the previous section, declined
for specific N in (2.21)—(2.25), and applying them to the square of the central charges
ZABZ AB, which is an H-invariant tensor.

N = 3 identity. The computation of the second derivative of the sum of the squares
of the central charges can be easily obtained by applying the rules described in (2.21) and
leads directly to the desired result:

1 1
§D]CDDICD(ZABZAB) = §DICDZABDICDZAB +ny ZapZE. (3.1)

N = 4 identity. In the N = 4 case, one has to be more careful because there are two
factors in the o-model and there is a duality constraint between Pr4p and P! AB  This is
also reflected in the numerical factors needed to obtain the correct result:

%DICDDIC’D (ZABZAB) + D,Dj; (ZABZAB) =
1

1
-3 DICP 7, 2 Diep 278 + :

+ (1 +ny)ZapzA8,

DicpZapD'CP Z4B 4 D, 745D, Z7P (3.2)

where we identify 1 = (N — 2)(N —3)/2.

N = 5 identity. In this case the identity follows again straightforwardly from the ap-
plication of (2.23)

1

1
ZDCDEFDCDEF (ZapZ4P) = = DcpprZ*P DPEE Z 45 + 3 24P Z 4, (3.3)

T4

where we identify 3 = (N —2)(N — 3)/2.

N = 6 identity. While the final relation in the N = 6 case has the same structure as
the previous ones, the derivation is a bit more delicate, because there is a vector in the
gravity multiplet that is a singlet of the R-symmetry group and therefore its central charge
behaves as a matter charge. Anyway, by repeatedly using (2.24) one obtains

1 1
EDCDEFDCDEF (Zapz*P) = EDC’DEFZABDCDEFZAB + 7248 745, (3.4)
where we identify 7 = 1+ (N —2)(N — 3)/2 and the extra unity corresponds to the vector
that acts as a matter multiplet.



N = 8 identity. The only delicate point is once more the duality relation between the
vielbeins. This is the reason for the different coefficient in the formula with respect to the
N =6 case. Using (2.25) we obtain
1
3 4|DCDEFDCDEF (Zap2*P) =

11
~—DcpprZ*BDPEE 7,5 + iﬁDCDEFZABDCDEFZAB +15 248725,

where we identify 15 = (N — 2)(N — 3)/2.

(3.5)

General form. Altogether we can summarize all these identities in a single formula,
where we use a single-index complex notation for the scalar fields:

D,D" (ZapZ*P) = D, ZapD" Z*P + n ZspZ®, (3.6)
where N_ 9N —3
n=mny + (V- )2( — ) (3.7)

As noted in the introduction, the number n corresponds to half of the rank of the
Hessian matrix of the black hole potentials at fixed scalars, but our derivation was fully
general and did not make use of the black hole solution at any stage. It is indeed an identity
that follows by purely algebraic relations imposed by the geometry of the scalar o-model.

4 BPS black holes in N = 3 supergravity

The identity derived in the previous section has general validity and reduces to the N = 2
identity noted in [4] to argue that there may be a scalar WGC constraining cubic and quartic

ZAB cannot be identified directly

interactions. However, for N > 2 the combination Zp
with the ADM mass and the first-derivative terms do not act on duality-invariant quantities,
but directly on the central charges, hence giving expressions that depend on the basis.
For this reason we now analyze in detail the BPS rewriting of the reduced action of
N-extended supergravity and propose a new relation that generalizes (1.6) for arbitrary N.
The general metric ansatz for an extremal, asymptotically flat black hole solution [23]

depends on a unique unknown function:
ds? = =2V 4+ e 2V gr? 4 12402, (4.1)

where dQ? = df? + sin? 0 d¢? is the line-element of a two-sphere and U is the warp factor,
which depends only on the radial variable to respect spherical symmetry. The vector
and scalar fields also satisfy the same spherical symmetry requirement, with electric and
magnetic charges located at r = 0. We can therefore reduce the 4-dimensional supergravity
action to a 1-dimensional action depending only on the r variable, denoting derivatives with
respect to r by a prime.

In the case of N = 3 supergravity [24], the reduced lagrangian is

1
E — 5 P;ABP/IAB + (U/)2 + €2UVBH7 (42)



where [20] ,
Ve = §ZABZAB+Z[ZI. (4.3)

The BPS equations [20] follow from requiring the vanishing of the supersymmetry trans-
formation of the fermions on this background:

ey — %GU’YOZABéB =0, (4.4)
Ueg —ieV~°Zpe? =0, (4.5)
Zapec B¢ =0, (4.6)

P} gec B¢ =0, (4.7)

Py apeB =ieV Z1y% 4. (4.8)

The interpretation of these equations is that the first fixes the radial dependence of the
supersymmetry spinor, the second gives the flow of the warp factor, the third projects
away one component of the spinor, the fourth constrains the number of scalars flowing and
finally the last one gives the flow equations of the scalar fields. Essentially, we have first
a reduction from N = 3 to N = 2 because of (4.6) and then we recover the same type of
equations as for the N = 2 case, with the addition of a constraint on the active scalars. To
see this in detail, we define the normalized vector

Vi = (22pp22F) V% €45 25€, (4.9)

which is going to give the direction orthogonal to the preserved supersymmetry, according
to (4.6), and we use it to define the projector to its orthogonal subspace:

PAp =08 — VAV, (4.10)

The correct set of BPS equations follows now as gradient flows activated by the superpo-
tential

1
W= \/2 ZepPC 4 PP g ZAB, (4.11)

which coincides with the ADM mass of the solution. We emphasize this definition of the su-
perpotential, because it is going to be the expression that will be generalized to arbitrary V.
The first thing to note is that in this special instance (N = 3) the superpotential

W= ,/%ZABZAB, (4.12)

because the central charge is automatically orthogonal to the V' vector:

reduces to

ZA%Y5 ~ ecppZAC ZPE = ecppZAC ZPE] = ¢ ppZIAC ZPEl = . (4.13)

In order to derive bosonic flow equations, we then have to impose two projectors on the
Killing spinors to reduce supersymmetry to N = 1 along the solution. One projection
follows straightforwardly from (4.6), the other can be read from the (4.5) equation and is



needed to relate the action of the v matrix on the spinor with the action of the central
charge matrix:

1
inyeh = WZABEB, (4.14)

VAdcs=0 < Plep=ca. (4.15)

Consistency of these projection operations is easy to check. For instance

Z 1 1
(’yO)QEA =1 ;/B’)/OEB = WZBCZABEC = w2 (WGBCDVD WEABEVE) Ec = —PCAac,
(4.16)
which correctly produces (7°)2e4 = —e4 once (4.15) is employed. We see that, in addition

to the equation fixing the Killing spinor, the 1/3 BPS black hole solution is determined by
the following two BPS equations:

U =—e"W, (4.17)

Piap = —2€e"DrapW, (4.18)

where the derivative of the superpotential can be obtained by applying (2.21):

1
DrapW = =—Z1Zap. 4.19
IAB oW I14AB ( )

The flow equations (4.17) and (4.18) have been derived previously in [25, 26], where also
the correct superpotential (4.12) has been identified, though using a different approach.

Note that the explicit expression of D;4pW implies right away that only 2ny scalars
flow rather than 3ny -, because

VAPLop ~ VADapW ~ Z1VAZap = 0. (4.20)

Once the flow equations have been fixed we can provide the identification of the su-
perpotential with the ADM mass by the BPS rewriting of the lagrangian (4.2). The first
thing to note is that, using (2.21), the black hole potential can be rewritten as a squared
expression in terms of the superpotential

1
Ve = 4 (2D1ABWDIABW) + W2 (4.21)

which mimics what happens in NV = 2 in terms of the absolute value of the central charge.
The action then vanishes on the BPS solutions, up to a boundary term, which is identified
with the ADM mass

L= [U’+eUW]2+% (Phap+2e" DragW) (PTAB 12V DIABW) —[2eV W], (4.22)
4.1 ADM mass constraint

Once identified W with the ADM mass, we can prove that it satisfies the relation

1 1
5PCAPDB DicpD™B (W?) =4 (2 DIABWDIABW> +ny W2 (4.23)

~10 -



As explained in the introduction, it is crucial to project the second derivatives of the
superpotential on the set of scalars active on the black hole solution, otherwise additional
terms appear on the right hand side of the equation. The reason for this has to do with
the fact that even if the only derivatives of the superpotential different from zero are
along the directions of the running scalars, the second derivative may contain non-zero
contributions from orthogonal directions because of the connection terms. While this
projection may seem ad hoc, we stress that this is precisely what we should expect if we
want to interpret such relation as a scalar WGC constraint. Only the scalar mediating the
interaction between the black holes should be taken into account.

The derivation is rather easy once one applies the derivatives correctly and uses their

properties:
%PCAPDB DicpD™B (WZ) - EPCAPDB DicpD™” (ZEFZEF)
_ EPCAPDB Dicp (ZEFDIABZEF)
_ %PCAPDB Dicp (2B 21 (4.24)

1
=3 PC4PP g (nvZepZtP + 2121 2688)
=nyW?+22,2"%.
Here we first used the definition of W and the derivative relations (2.21). Then, in the last

equality we used once more the definition of W and the fact that P44 = 2. Finally we
recover (4.23) by using (4.19).

5 BPS black holes in N = 4 supergravity

In the case of N = 4 supergravity [27, 28], the scalar manifold is factorized and we need to
introduce two different types of complex vielbeins, P, and Prag. They are in one to one
correspondence to the first and second factor in

SU(1,1) SO(6,ny)
UML) ~ SO(6) x SO(ny)

Mscalar = (51)

Using the same ansatz for the metric, scalars and vector fields as in the N =2 and N =3

cases, we can write the reduced 1-dimensional lagrangian as

1
L= PrapP""P + PP+ (U') + € Vi, (5.2)
where once more [20]
1
Vei =5 Zap 2" + 212" (5:3)

Note that in this case the kinetic term of the vector multiplet scalars has an additional 1/2
factor to take into account the redundancy in the representation with the Prap vielbeins,
which indeed satisfy a complex self-duality constraint.

- 11 -



The BPS equations for such theory are

ey — %eU W ZageB =0, (5.4)
Uty —ieV°Zpe? =0, (5.5)
P;€A _ _% eV ABCD 7 20 (5.6)

Pl apeB =iV 717 ey, (5.7)

and the resulting configurations should preserve 1/4 of the original supersymmetry. As
in the previous case we would like to obtain such configurations by means of two projec-
tors, one that reduces supersymmetries by half and projects on the subspace determined
by the highest eigenvalue of the central charge and another one that further reduces su-
persymmetry by half, relating the projections on the SU(4) indices and on the spinor
indices. The N = 4 central charge can be skew-diagonalized, so that the squared matrix
MAp = ZAC Z 50 has two distinct eigenvalues e; and eg with multiplicity 2. If we assume
that e; > ex > 0, the ADM mass of the black hole should be identified with /ey [20].
We therefore want to construct the BPS flow equations as gradient flow equations deriving
from a superpotential that coincides with this eigenvalue. In order to do so, we employ
the same technique we employed in the N = 3 case and construct a projector P45 that
projects along the e; eigenspace and define the superpotential as in (4.11):

1
W \/ L POAPD 2024, (5.8)
The projectors can be easily constructed following Schwinger’s procedure as

A AC A

pAL — pA. — 27" Zpc —e10p

1 B— ) 2 B — .
€1 — €2 €2 — €1

(5.9)

In order to have a covariant expression in terms of the central charges, we note that we
can write the following combinations:

1
61+62=:§ZABZAB, (5.10)
(e1 — e9)* = detA, (5.11)

where ]
Alp =224Zcp + 5 op Zpr 2P (5.12)

Hence, after some simple algebra, we see that the projections to the two distinct eigenspaces
can be rewritten in terms of

1
PfBzzi(égj:HAB), (5.13)
where "
Mi,=_-5B 5.14
B (detA)1/A (5.14)
and
P_=pP, P, =P, (5.15)

~12 -



Note that IT? = 14, as expected for a projector and therefore we also have the identities
A% = Vdet A1y = |28 2072 P Zpa — i (ZerZPF)?| 1. (5.16)
It is also interesting to note that in this case the projector on the central charge satisfies
PACPBzOP = pALZCB = _pB 204, (5.17)
as follows from the algebraic identities

HACIIE p 260 = 748, (5.18)
4-2z¢8 = —11B,z¢4. (5.19)

Using this notation, the superpotential can also be expressed as

1
W= \ ZapZAB +2(det A) V4, (5.20)

which can be better handled to compute its derivatives.

Before dealing with the BPS equations we give here the outcome of the application
of the covariant derivatives on the superpotential, which can be computed directly by
using (2.22) on (5.20):

1 _
1 1
DiagW = T Z1Z4cP% 5 + G 51727 eapopZCF PP g, (5.22)

where we introduced the shorthand notation
1
PfZ =~ ABOD 78 Zcp (5.23)

for the Pfaffian of the matrix Z.
The BPS flow equations can be obtained from (5.4)—(5.7) by employing the projectors
PigeB =0, (5.24)

, I aB
w%“‘zwz . (5.25)

The first projector halves the supersymmetries leaving only the spinors in the eigenspace of
the maximum eigenvalue of Z, while the second further reduces by half the supersymmetries
relating different spinor components between them. We can check consistency of the two
projections noting that the first implies

1
A pel = —(det A)MV4eA = <—2W2 +3 ZCDZCD> et (5.26)

and therefore
ZAB Zpce’ = —W2 e, (5.27)
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while
1

)
(’yo)zs’4 =W ZABA Ve = 2 ZAB ZpceC = —£4, (5.28)

by using the first projection.
Once we use the projectors in the BPS equations we get

U =—-eW, (5.29)
P, = —2¢V D;W, (5.30)
Plig=—2e" DrapW. (5.31)

These flow equations (5.29)—(5.31) have also been discussed in [25, 26], together with the
superpotential (5.20), though for the case where only the gravity multiplet is present.
Note that out of the 6ny scalars in Prap, only 2ny flow, because

PCAPP g DicpW =0, (5.32)

which gives 4ny conditions. This follows from (5.22), noting that the first term is fully
projected on the P_ subspace and the second is fully projected on the P, subspace and
PARP f c=0.

The BPS squaring of the action follows by recognizing that

1 1
4 (DpWDpW +3 DIABWDIABW> = 57 PfZ|? + Z; 2" (5.33)
and 1 1
2 2 _ - AB
W2t 5 PE2 = 5 Zap 2?7, (5.34)
so that )
Vpy = 4 <DpWDpW + 4 D1 ABWD“‘BW> + W2, (5.35)

Plugging this into the Lagrangian we eventually obtain

L= U +e" W)* +|P,+ 2 DW|
1 (5.36)
+ 5 (Plap +2€" DiapW) (P48 +2eV DMABW) — (28w,
so that again we identify W with the ADM mass.

5.1 ADM mass constraint
The superpotential satisfies an interesting relation, which is the N = 4 instance of the

general expression (1.6):

1
DypDy(W?) + 1 (PéC’PPD + PfCPfD) DrapD'CP(W?) =
5.37)
1 (
4 <4 DIABWDIABW> + (ny + 1)W2.

Also in this case it is crucial to project on the subspace of complex scalars flowing, given
by the ++ and —— combinations of the projectors.
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Before beginning with the actual derivation, we note two identities:
ABCDEE) = ABEFOTD] (5.38)
ABCPpIF | pEl PGy = FFBP pC pG . (5.39)

We then compute

% (PAcPPp+ PLoPPp) DrapD'“P(W?) =

= i (PfCPPD + PfCPfD) Dias <ZIZCEPPE + %5” Zy ECDEFZEGP_GF>

= i (PAcPBp + PAcPPp) (nVZABZCEPPE +209E 2, 2" PP, — %Z]ZCEDI AP
+ %nv EABPQZPQECDEFZggP,GF + % ZIZIGABEGeCDEFng
—i(s” Zy eCDEFZEgDIABHGF> . (5.40)

Using projector identities like P2 = P_, P,P_ = 0, eABCP PLE APf] sP%p = 0 and
HA5DrprIIB o = 0, we see that
1
1 (PAoPPp + PLcPlp) DiapD"“P(W?) =
1
=nyW?+ Z; 27 — 1 Z1Z" (DraplPo — E TP oD prllt 5) 24¢ (5.41)

1
- §5UZJ PP 706 (Drapllp + TF 4117 g Dyppll®p) .

Now, recalling that Z4¢ = ZEFIIALIC r, the third term vanishes, and we can see that
also the last one vanishes upon using the identities above:

1
~3 617 25 PP Zo (Dpapl® p + TP 4TTF g DIl p)
1 1
= —ZZJZCGDJCDHGD ~ 5 61725 eABOP ZoqllE TP pDyppll®p (5.42)

1
=—17Z (Zac — Zppll® 411" ) D7APIIC = 0.

Finally, we use (5.35) in (5.41) to recover (5.37).

6 Comments

In the previous sections we have built evidence that for asymptotically flat BPS black holes
in 4 dimensions we have a differential constraint on their ADM mass of the form

P%D,D"(M?) = 4D,MD"M + n M?, (6.1)

where derivatives are taken only with respect to the running complex scalars. Starting
from this result, we can now use the WGC to obtain a general constraint on the scalar-
dependent masses of the various fields. For a generic charged black hole in the presence of

scalar fields we have that
M? +%2% - Q% >0, (6.2)
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where M is the ADM mass of the black hole, ¥ represents the scalar charges and Q. are
the U(1) charges at infinity. Our relation can also be written as

D*M? =nM? + %2 = (n — 1)M? + (M?* 4+ %2, (6.3)
where ¥ = 2DW = 2DM. Using the black hole relation (6.2) we therefore find
M? +%2? - Q% =nM?+%? - D*M? >0, (6.4)

which implies that the particle needed to discharge the black hole should satisfy the opposite
inequality

D*m?(¢) = nm(¢)* + 4(Dm(¢))*. (6.5)

This is a rather strong constraint on the possible moduli dependence of the masses of
particles in effective theories. While we would like to take such relation and use it as a novel
scalar WGC, we should first inspect it more closely to better understand its requirements
and limits.

First of all we would like to point out that it is difficult to extract a simple universal
behaviour of the masses as a function of the scalar fields. Take for instance conjugate BPS
configurations in the N = 2 STU model

K = —log [i(s — 8)(t — D) (u— 0)] (6.6)
Z1 = el/? (postu —q18 — qot — q3u) , (6.7)
Zo = /2 (—q"stu + pitu + pasu + psst) . (6.8)

Using a real parameterization

_ 9 e V20s/M — T e V20 /M _ Y e V26u/M
s M+ze , t M+ze , U M—I—ze , (6.9)

we see that only the ¢,;, scalars flow along the black hole solution and the ADM mass
Mapm = |Z| has a very simple and yet different dependence on them, namely

6.10
+ q26(¢>r¢>t+¢>u)/(\/§M) + q36(¢s+¢t*¢>u)/(\/§M)7 ( )
for the Z; charge and
MapM ~ _qoe(¢>s+¢>t+¢u)/(\/§M) +p16(¢>s*¢>r¢u)/(\/5M)
(6.11)

+ pze(_¢s+¢t_¢u)/(\/§M) _|_ pSe(_¢s_¢t+¢u)/(\/§M)

for the Zs charge. We can interpret the resulting behaviour as the outcome of the sum
over different states, whose masses either exponentially vanish or blow-up in the ¢g;, —
+oo limit towards the boundary of the moduli space. This is the expected behaviour
to be compatible with the swampland distance conjecture and also with the microscopic
interpretation of the black hole charges with D-branes wrapping cycles of the internal
manifold (in this case DO, D2, D4 and D6-branes on 0, 2, 4 and 6-cycles of T¢/(Z5 x Z3)).
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Another aspect that emerges from this analysis is that it is crucial in the relation to
have a second covariant derivative spanning over all active complexr scalars. In the N = 2
example that we just presented, 0 = 0 = 7 = v along the whole solution [29], but the
identity is fulfilled only if the terms ¢g??92|Z| and g° 07?38¢S|Z | are taken into account
(and their analogous terms for the ¢ and w fields). Without considering these terms one
would not obtain a differential equation on Mapy resulting in the expected behaviour in
¢s,t.u- This clearly hampers the possibility of a straightforward generalization to theories
where the moduli fields do not come in complex form.

The last point that is quite peculiar of this relation is that its validity rests on the sum
over all complex scalars contributing to the BPS configuration. This means that we are
not able at this stage to extract a strong form of the inequality, to be valid for each scalar,
like the one proposed in [9].

While the formula we proposed for the differential relation on the ADM mass of a BPS
black hole has been written in a form that is independent of the number of supersymmetries,
we should stress that we completed the proof only for N =2, N =3 and N = 4. We do
not foresee obstacles to a further extension to N =5, N =6 or N = 8, and in fact, in [25]
one can find the identification of the superpotential with the appropriate eigenvalue of the
central charge matrix, but it is clear that technically computations become much more
involved because the projectors needed have a rather complicated expression in terms of
traces and determinants of combinations of the central charges. This is an obvious possible
extension of the work reported here.

Another possible extension of this work is the analysis of the extremal non-BPS con-
figurations in extended supegravity, along the lines of what done in [30] for the N = 2 case.
The N = 2 case has been already been discussed in [4], but for N > 2 one can imagine that
different possible superpotentials appear, according to the branch of non-BPS extremal
solutions (see [31] for an overview of the possibilities). Some instances of such superpoten-
tials have been discussed in [26] and it would be interesting to see if they all satisfy the
same differential constraint.
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