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ABSTRACT: Cosmic Birefringence (CB) is a phenomenon in which the polarization of the
Cosmic Microwave Background (CMB) radiation is rotated as it travels through space due to
the coupling between photons and an axion-like field. We look for a solution able to explain
the result obtained from the Planck Public Release 4 (PR4), which has provided a hint of
detection of the CB angle, & = (0.30 £0.11)°. In addition to the solutions, already present in
the literature, which need a non-negligible evolution in time of the axion-like field during
recombination, we find a new region of the parameter space that allows for a nearly constant
time evolution of such a field in the same epoch. The latter reinforces the possibility to employ
the commonly used relations connecting the observed CMB spectra with the unrotated ones,
through trigonometric functions of the CB angle. However, if the homogeneous axion field
sourcing isotropic birefringence is almost constant in time during the matter-dominated era,
this does not automatically imply that the same holds also for the associated inhomogeneous
perturbations. For this reason, in this paper we present a fully generalized Boltzmann
treatment of this phenomenon, that is able, for the first time to our knowledge to deal with
the time evolution of anisotropic cosmic birefringence (ACB). We employ this approach to
provide predictions of ACB, in particular for the set of best-fit parameters found in the new
solution of the isotropic case. If the latter is the correct model, we expect an ACB spectrum
of the order of (10715 + 10732) deg? for the auto-correlation, and (10~7 < 10~17) uK- deg for
the cross-correlations with the CMB T and E fields, depending on the angular scale.
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1 Introduction

In the last decades, the investigation of parity-violating signatures in cosmology has become
one of the most ambitious goals (see e.g. [1, 2]). Many efforts have been made to constrain
parity-breaking effects coming, e.g., from non-standard inflationary models, not only at
the level of the CMB angular power spectra [3—12], but also by looking at higher-order
correlation functions, such as bispectra and trispectra [13-30]. Furthermore, besides CMB
observables, recently the research on parity-breaking signals in large-scale structures [31-40]
and from astrophysical and cosmological gravitational waves at interferometers [41-53] has
known an increasing interest.

However, one of the most intriguing sources of cosmological parity violation seems to come
from cosmic birefringence, which is nothing but the rotation of the linear polarization plane
of CMB photons when free-streaming as a consequence of an electromagnetic Chern-Simons
coupling with a pseudo-scalar field x [54],

1
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where \/f is a parameter with the dimensions of the inverse of an energy, F* = g P? Foo/
(2y/—g) is the Hodge dual of the Maxwell tensor F),,, and e#*#7 is the Levi-Civita antisymmet-
ric symbol. Indeed, this extension of the Maxwell theory induces a rotation of the observed
Stokes parameters describing the linear CMB polarization (see e.g. [55-57]),

(Q £iU) = (Q % iU)wene®™®, (1.2)

where the label “wcb” denotes a quantity that one could obtain without cosmic birefringence,
and the birefringence angle « is strictly related to the time evolution of the field ¥,

o = 2)}. (Xobs - Xemi) 5 (13)



with Yemi and Xops labeling the field’s values at the moment of photons’ emission and
observation, respectively. An observational consequence of the rotation described in eq. (1.2)
is, e.g., the switching-on of a parity-breaking angular cross-correlation between the E and
B modes of CMB polarization,

1.
C’ZEB =5 sin(4a) [C’fﬁb - Cfﬁb} . (1.4)

Cosmic birefringence can be seen as a probe for the existence of such a field y, which
could be a candidate for early and late dark energy [58-65] or dark matter [66-72], in the
form of an axion-like field [73-85]. Other possible physical explanations for the birefringence
are investigated e.g. in [86-88] and in the refs. therein. The tantalizing idea of succeeding in
unveiling the nature of the dark sector of the Universe by looking for cosmological parity-
violating signatures has also brought with it the necessity to look for signatures that are
able to discriminate among the different models able to induce the birefringence effect, and
according to this purpose, a tomographic approach has been recently proposed [89-93]. A
complete treatment of cosmic birefringence should consider the possibility that the field x, in
general, may not be homogeneous, implying the presence of a non-zero anisotropic component
in the birefringence angle [94-103]: such anisotropies in the birefringence angle can provide
by themselves a further and complementary observational test of models for birefringence.

An increasing number of observational constraints on both isotropic and anisotropic
cosmological birefringence are present in the literature, as results of several CMB experiments:
WMAP [104-107], POLARBEAR [108, 109], ACTPol [110], SPTpol [111], BICEP/Keck [112,
113], and the Planck satellite [114-121]. In particular, the authors of [122], exploiting the
latest Planck data release, have found a hint of detection of the isotropic birefringence angle
a = (0.30 £ 0.11)° [122]. However, a more detailed analysis is required to be sure that such a
rotation has effectively a cosmological origin, and it is not instead caused by, e.g., galactic
dust or miscalibration angles [123-134]. Nevertheless, let us just mention that if the new
physics hypothesis for the existence of a non-zero EB cross-correlation would be confirmed,
most probably this could only be explained by cosmic birefringence as shown by eq. (1.4)
since any observed E'B correlation sourced by primordial chiral gravitational waves does
not work due to the overproduction of the B modes concerning the current constraints on
the tensor-to-scalar ratio [9, 135].

In this paper, we consider the field theory defined by the following action for the axion-like
field! together with the axion-photon coupling shown in eq. (1.1),

1, 1
Sy =— /d4x V=g [29“ OuxOux + §mix2 : (1.5)

We perform a chi-squared analysis to find the values for the axion mass m, and the Chern-
Simons coupling A/f that best fit the previously mentioned Planck result [122], which
nevertheless just refers to the regime of isotropic birefringence. For this reason, to consis-
tently compare theory with observations, we initially restrict our analysis to the case of a
homogeneous field, x = xo(n), where n denotes the conformal time.

"However, our results are not strongly dependent on the chosen potential for x (see also appendix A).



One of the main findings of the present paper is the existence of a set of best-fit parameters
for which the axion field is almost constant in time during the epoch of recombination, which
has not been obtained in previous analyses. It is well known in the literature that the
formula in eq. (1.2) holds only in the sudden recombination approximation or when the
axion time evolution is sufficiently slow during recombination. Otherwise, eq. (1.2) could
not be directly used for deriving an expression for the CMB spectra modified by cosmic
birefringence. Indeed, it becomes necessary to solve the polarized Boltzmann equation for
photons by taking into account the birefringence effect from the beginning, and eq. (1.2) still
holds, but photon-by-photon emission time [136-140], so that eq. (1.4) is recovered only in
the regimes mentioned before. According to our results, the kind of evolution experienced
by the axion seems to be compatible with the use of such an approximation, consistently
with what recent data analysis seem to suggest, see e.g. in [120].

Moreover, our idea is to use the results of the fit to find the anisotropic birefringence
signal associated with the set of best-fit parameters for the isotropic case. This approach
has a twofold purpose: first of all, if the amount of anisotropic birefringence predicted by a
theoretical model, whose parameters best fit the amount of isotropic birefringence, is found
to be excluded by the constraints on anisotropic birefringence itself, this would mean that
such a model is not a good theory for the axion field, making our approach a promising way
for breaking degeneracies between different models. Second, as we are going to show in the
next sections, the associated perturbations dx(n,x) do not behave in the same way as the
homogeneous part, giving us the motivation for generalizing the state-of-the-art of anisotropic
cosmic birefringence and verify when it is possible to recover the treatment mainly used in
the literature. Indeed, up to now, the anisotropic birefringence angle has been related to
the value of the field at the epoch of recombination [94],

da(h) = —

A
ﬁ(;X[nreca (770 - nreC)ﬁ]v (1'6)

where dx = x — xo0(n) is the inhomogeneous perturbation of the axion field, —f is the
photons’ coming direction, and 7y (7)) is the conformal time today (at recombination).
However, eq. (1.6) holds only in the sudden recombination approximation or when dx does
not evolve significantly in time during the recombination epoch. To take into account
that photons have been emitted according to a visibility function, partial generalizations of
eq. (1.6) have been adopted, either by convolving dx[n, (no — n)fi] with the visibility function
itself [98], or by adopting a tomographic approach to separate the recombination contribution
from the reionization one [92]. Nevertheless, for the first time, in this paper, we propose
the most general treatment for anisotropic cosmic birefringence, which directly solves the
modified Boltzmann equation, in analogy with what has been done in the literature for the
isotropic counterpart. Our approach can completely characterize anisotropic birefringence as a
second-order effect in perturbation theory, whose redshift evolution is now taken into account.

The structure of the paper is organized as follows. In section 2, we present a chi-squared
analysis for isotropic cosmic birefringence, and we show that an almost constant-in-time
homogeneous field xg does not automatically imply that the same behavior is also shared with
its inhomogeneous perturbations dx. In section 3, we describe our generalized Boltzmann
treatment of anisotropic cosmic birefringence and we derive the analytical expression for the



modified CMB angular power spectra. We conclude in section 4 with a summary of our main
findings and suggestions for future work. In appendix A we have also extended our discussion
to a different axion potential with respect to that considered in the main body of the paper.

2 Constraining the axion parameters

As described by eq. (1.3), the value of the birefringence angle is related to the difference in
the value of the field x between the moment of the photon’s observation and emission. We
now focus on the case of isotropic birefringence, for which a homogeneous field x = xo(n)
can induce a birefringence effect parameterized by an isotropic angle a = «g. In particular,
we want to find the set of parameters for the model defined in eq. (1.5) that can explain
ap = (0.30 £ 0.11)° [122]. Since we are focusing now on the purely isotropic case, it is
easy to derive the equation of motion for the axion x( by taking the functional derivative
of eq. (1.5) with respect to the scalar field,?> and by working in the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric:

X0 + 2Hx0 + a*mixo = 0, (2.1)

where a is the scale factor of the Universe and H = a'/a is the conformal Hubble parameter,
and / denotes the differentiation with respect to conformal time. The solution of eq. (2.1)
can be found once the initial conditions for the field are set. As already remarked e.g. in [90],
we can divide both sides of eq. (2.1) by the initial value of the field x, so that we can
trade our mathematical problem with solving the same differential equation but for the field
€ = xo(n)/xM. In this way, one of the initial conditions in such a differential equation is
automatically fixed as €™ = 1. Moreover, as already done in [92], here we choose the axion
initial velocity to be (dyo/dn)™ = (d&¢/dn)™ = 0, which is equivalent to impose the axion
behaving as pure dark energy in its early evolution. Let us mention that, similarly to what has
been done in [90-92], to solve eq. (2.1) we have assumed that the energy density of the axion
is small so that we can take the field to be decoupled from the rest of the components in H.

Now, we perform a chi-squared analysis to compare our theoretical prediction in the
sudden recombination approximation,

i )\Xini
0N/ £ ) = 0 [6(0) = € (22)
with the Planck result. The subscript m,, on the right-hand side of eq. (2.2) labels the fact that
the dependence of ag on the axion mass is “hidden” in the field variation, since different masses

imply a different time evolution (see e.g. [90-92]). We have adopted a Bayesian approach
and computed the posterior probability, identifying the best-fit parameters with those that
maximize the posterior itself, by assuming a Gaussian likelihood and a uniform prior,

exp { = 5Lz [amest — a0 (E/£,my)] |
V2ro? ’

P (abests oA/ £y ) o (23)

where apest = 0.30° and o = 0.11°.

2As shown in [92], although the Chern-Simons term in eq. (1.1) is responsible for the birefringence
mechanism, it gives no contribution to the equation of motion for x at zero- and first-order in cosmological
perturbation theory.
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Figure 1. Dependence of the isotropic birefringence angle on the axion mass m, and the coupling
parameter A/ f. The numerical computation has been performed by running several simulations of the
axion field dynamics, by setting the initial velocity of the axion field equal to zero, and by taking
the fiducial values of the ACDM parameters provided in [23]. Figures 1(a)-1(b) show the likelihood

ini

as a colormap in the parameter space, for positive and negative values of Ax{"/f, respectively. The
darkest red region between the innermost black curves explains the CMB birefringence angle at 1o
C.L. reported by Planck PR4 [122].

To evaluate ag and the posterior probability P we have used a modified version of the
Boltzmann code CLASS [141], in which the dynamics of the axion field is implemented. Since,
as mentioned before, the dependence of ap on m, is not analytical, we have performed a
large number of simulations running our version of CLASS, and then we have numerically
interpolated the predicted theoretical birefringence angle over a grid of values for the axion
mass and the product between the coupling parameter and the field’s initial value. We have
then obtained contour plots in the parameter space, by evaluating eq. (2.3) on such a grid,
as shown in figures 1(a)—1(b), where we have found two different regions, according to the
sign of the dimensionless quantity Ax/f.

ini

As a result, the best-fit parameter Axg"/f and the best-fit masses are estimated to be:
o )\X%)ni/f ~ —0.02 and m, ~ 3.00 x 10733 oV
. )‘ani/f ~ 0.12 and m, ~ 5.28 x 1027 eV,

according to the two different regions of the parameter space that we have found to be most
consistent with the Planck result. Different values for m, imply different evolution of x, as
shown in figure 2. Indeed, for m, ~ 3.00 x 10733 eV (which is associated with a Ax/f < 0),
the field seems to be constant during the epoch of recombination, whereas the opposite occurs
for m, =~ 5.28 x 10727 eV (which is instead associated with Axi/f > 0).

The existence of two very different regions in the parameter space yielding a value of aq
consistent with Planck can be explained as follows: by looking at eq. (2.2) it is clear that
to get a small positive value close to apesy = 0.30° the product between Ax/f and the
time variation of &(n) must be positive as well, and this can happen when both these two
quantities are positive or negative. By direct inspection of figure 2, we can easily see that in
the m,, ~ 10733 eV, the evolution of the axion field is really slow and &(n) < &(7rec), so that
a negative sign of AxiM/f is needed to provide a positive angle. Instead, for My ~ 10727 eV,
the field evolution is faster than in the previous case, so that, because of the strong oscillatory
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Figure 2. Redshift evolution of the ratio between the homogeneous scalar field x(o and its initial
value xI for the two best-fit masses resulting from our chi-squared analysis. The colored region is
the range of redshifts corresponding to recombination evaluated using the HyRec algorithm [142-144).
As in figure 1, the numerical computation has been performed by setting the initial velocity of the
axion field equal to zero, and for the fiducial values of the ACDM parameters provided in [23].

behavior, it is possible to achieve &(ng) > &(nrec) in specific moments leaving the possibility
to have a positive Ax/f. However, let us note that in the latter situation, as can be seen
by looking at figure 1(b), the region of the parameter space consistent with apest is smaller
with respect to that of the former case, presented instead in figure 1(a). The reason is that
to get apest Starting from eq. (2.2) exploiting a positive Axi/f and an oscillatory behavior,
one needs to fine-tune the value of the axion mass, to reach exactly the desired amount of
isotropic cosmic birefringence. On the contrary, in the case of a negative Ax{l/f, it is possible
to find a more stable solution with an almost constant field during the matter-dominated
epoch. Now, if the axion field is not constant in time during recombination, an important
consequence is that one should account for the birefringence effect for each photon emitted
in that range of redshifts, i.e. the one associated with its own emission’s redshift. This is
something that has been already pointed out in the literature, and such an issue has been
solved by including the birefringence effect directly in the polarized Boltzmann equation
for CMB photons [62, 136-140]. Before proceeding, let us just remember that our analysis
has been adopted for the V(x) = mix2 /2 potential, and so with a different potential, the
situation could in principle change. However, we have found a similar result for an Early
Dark Energy (EDE) potential (see appendix A). Let us highlight that in our analysis we
have neglected the astrophysical constraints, but we are authorized to do that because the
orders of magnitude at which they become relevant are well outside of the regions explored
in our contour plots, as shown in [60]. Moreover, let us note that in fact a solution associated
with an ultra-light axion field appears also in [60], where the authors constrained models of

cosmic birefringence by just relying on the absolute value of the isotropic angle. However, it is



essential to predict the sign of the isotropic birefringence angle. Indeed, the analysis performed
in [60] is insensitive to the sign of xo(10) — X(7rec). In order to recover the amplitude and the
sign of the isotropic angle observed in [122], with an ultra-light axion field it is necessary to
set negative initial conditions for the homogeneous axion-field itself. Instead, by considering
a positive initial condition, such a value of the isotropic angle can only be explained with a
much larger mass, as shown above. As previously mentioned, we have identified two distinct
regions in the parameter space that can reproduce the observed cosmic birefringence angle,
rather than just two specific parameter values. Indeed, with our simple chi-squared analysis,
our goal is to highlight the existence of these two regions, with the ‘best-fit solutions’ serving
as representative examples of the behavior of the solutions within these regions.

As mentioned in section 1, one of our aims is to find the predicted amount of anisotropic
cosmic birefringence for that set of parameters that predicts the level of the isotropic one
found from Planck data. First of all, we now expand the anisotropic angle defined in eq. (1.6)
over the celestial sphere as

am = [ 0 Y7,(8) ba(@), (2.4)

so that by performing a treatment similar to that adopted e.g. in [92, 95, 97, 98], we can
compute the angular auto- and cross-correlations of anisotropic cosmic birefringence as
1
M _ *
cy = YT > A M) (2.5)

oy
where M can be a, the CMB temperature 1" or E polarization modes. The results are
shown in figure 3: by looking at them we can notice that for such a set of parameters,
the predicted amount of anisotropic birefringence is expected to be well below the current
observational constraints reported e.g. from Planck data [118]. This implies that (in this
model) the anisotropic contribution to cosmic birefringence is predicted to be extremely
subdominant with respect to the isotropic one. Moreover, it is then clear that if a future
observation detects an anisotropic signal larger than that predicted by our model, this will
be evident proof that the model under consideration has to be ruled out. In this sense, we
can regard anisotropic birefringence as a potentially further observable useful for consistency
checks and sensitive to scientific falsifiability.

However, although we have discovered a region in the parameter space that seems to
indicate that the approximation involving a constant isotropic birefringence angle is justified,
this cannot be automatically extended to its anisotropic counterpart. The reason is simply
that, according to eq. (1.6) and eq. (2.2), the isotropic birefringence angle ap and the
anisotropic one d« are related to the dynamics of the homogeneous field xg and its associated
perturbation &y, respectively, but these two fields obey different equations of motions. In
the following, we are going to show that dy can present a non-trivial time evolution even
if xo is almost constant in time. As we know, the equation of motion for xo is eq. (2.1),
whereas that for dy can be obtained by simply varying the action in eq. (1.5) with respect
to dx by working at linear order in perturbation theory. For instance, in the Newtonian
conformal gauge, it can be easily evaluated to be [92, 95, 98],

X"+ 2HIY + (k2 + ani) dx = (3% + ¥') — 2a2miX0\IJ, (2.6)
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Figure 3. Angular power spectra involving anisotropic cosmic birefringence for the first one of the two

sets of best-fit parameters resulting from the chi-squared analysis we performed for o. The numerical

computation has been performed by setting the axion mass equal to 3.0 x 10733 eV, the parameter

M/ f equal to 1.6 x 10720 GeV ™!, the initial value of the axion field X equal to —mp;/2 (with
mp; = Mpl/\/§ being the reduced Planck mass), so that, according to our parameter estimation,
A fxii ~ —0.02. Moreover, the initial velocity of the axion field has been set equal to zero, and we
have used the fiducial values of the ACDM parameters provided in [23].

where we also moved to the Fourier space. Now, let us try to understand how &y evolves
in time during the matter-dominated epoch, i.e. when almost all the CMB photons have
been emitted. Since the two Newtonian potentials are constant in time and a ~ QmngnQ /2
during that epoch, the equation above reduces to

4
ox" + H(SX’ + (k2 4+ A%n") ox = —24%x0 W (k)n', (2.7)

where we have defined A = mXQmng /2. Hence, we have found a second-order linear
ordinary differential equation that does not admit a solution that can be expressed in terms
of elementary functions. However, our purpose here is not to find an analytical solution,
but just to show that a constant xg does not imply a constant in time . For this reason,
let us make a further reasonable simplification: according to our parameter estimation, the
background field x( is almost constant in time during matter-domination when its mass
is about m, ~ 3 x 10733 eV, as can be seen by looking at figure 2, so that we can safely
disregard the A%n*éx < (4/1)0x’ contribution® on the left-hand side of eq. (2.7). After doing

3Indeed, by recalling our definitions, we can roughly estimate the ratio between A?5*dy and (4/1)8x’ to
be ~ (my/H)?, and we checked that in the ACDM model the Hubble parameter is such that m, < H for
almost the entire duration of the matter-dominated epoch, if m, ~ 3 x 10733 eV.



that, the solution of the differential equation can be easily found to be

2A2X0\I/(]{7)
k6

+ \/3774[ (:717 - Cg) sin(kn) — <C1 + g;) cos(kn)}, 2

where C; and Cy are integration constants. The approximation we made is valid as long

Sx(n, k) = (28k2772 - 280)

as the axion mass m, is small, and in the limit m, — 0, the homogeneous axion x field
becomes completely constant (see e.g. [92]). On the contrary, we can see that, even in such
a regime, 0y still encodes a non-trivial time dependence.

This proves our statement about the fact that, although our parameter estimation for
isotropic birefringence has selected a region of the parameter space for which yg does not
evolve significantly during matter-domination, we cannot simply extend this result also to
dx. Therefore, our goal is now to propose a new treatment that can be seen as the most
complete generalization of the current state of the art concerning cosmic birefringence, in
which the redshift evolution of both the pseudoscalar field inducing the rotation and its
inhomogeneous perturbations are taken into account.

3 Generalized Boltzmann equation for cosmic birefringence

Let us start with the standard polarized Boltzmann equation for CMB photons [145-147],

d
8‘977 _ik-h— dT; LAp(n,k,f) = +Sp(n, k, A), (3.1)
where the optical depth is defined as
no B B
) =or [ dijne(ia(i). (32)
n

ne being the free electrons’ number density and op being the Thomson cross-section, re-
spectively. +Sp instead is the polarization’s source function, encoding the contributions
due to Thomson scattering [148],

dr & 67 .
+Sp = I > \ = £2Yea(W)I\(n, k), (3.3)
=,V 5

where IIy is the polarization source. The quantity +Ap is the Fourier transform of the linear
combination of Stokes parameters ) and U,
: A d*k Ay ikex
[Q + ZU] (”7’ X, Il) = / 79.\3 iAP(na k7 n) € . (34)
(2m)
To include cosmic birefringence in eq. (3.1), we consider eq. (1.2) as valid at each redshift.
By differentiating it with respect to conformal time we get

dx g, 9

Q + U] (%, 8) = [dn v 877} Q +iU] (n, %, ), (3.5)

4
dn



which can be rewritten as

3
dl;[aa —dk -1
n

We can define now a birefringence angle for any photon emitted, and eq. (1.3) generalizes to
a(nu X) = 040(77) + 50[(7’], X)a (37)

where ag and da are the isotropic and anisotropic angles:

A
2f

rlexlxn) - [ App k)R (30

ao(n) =

da(n,x) =

[xo(no) = xo(n)], (3.8)

27 [5X(no,XO) ox(n,x)] . (3.9)

Since our goal here is to find how cosmic birefringence impacts the Boltzmann equation,
let us assume just for now that CMB polarization is only affected by the presence of the
axion, so that we will include the contribution from the source function +Sp only later.
By starting from eq. (1.2), we can easily compute the total conformal time derivative of
the Stokes parameters as

;}7 (Q+4U] (1,x, 8) = 2 [Q £ U] (1, . ﬁ>£7 loo(n) +da(n.x)].  (3.10)

We have already Fourier-transformed the left-hand side of the equation above in eq. (3.6),
so by doing the same for the right-hand side we obtain

3k [0
/( 27)? [817 ik-n| tAp(n, k,n)ekx

dag [ d®k iox
:q:z{dn /( gt +Ap(n, k, H)e® (3.11)
/(13]‘71(131‘72 Ap(n,k )[8—ik -ﬁ} Sa(n, kg) eilkitke)x
(27T) +Aap(7, K1, n 87’] 2 7, K2 .

It is now the moment in which we add the contribution from the Thomson scattering.
However, before doing that, let us expand the transfer function for CMB polarization and
its source function at second-order in perturbation theory [149-155], for a reason which
will be clarified very soon:

:I:Ap(naka ﬁ) - iAg)(nvka ﬁ) + iAg)(Tlvkv ﬁ)7 (312)
L Sp(n.k,0) = +:SW(n,k, 1) + +S2 (n,k, ), (3.13)
(7, k) = T (9, k) + 12 (n, k). (3.14)

Indeed, if we take the inverse Fourier transform of eq. (3.11) and we plug this result in
eq. (3.1), we find two generalized Boltzmann equations: the former is valid at first-order
in perturbation theory,

0 dr dayg (1) (1) ~
— —gdk-n— — +£2i—— A k = k 1
877 ¢ d?’] d77 (777 Il) :ES (77, ,Il), (3 5)
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whereas the latter at second-order, encoding an extra-term due to anisotropic cosmic bire-

fringence,
0 dr dOéo (2)
—— —ik-h— —+2i——| tAp k,
5~k = 2 AP (. kd)

d3 kld k2 50

S( )(n,k, i) F 2i / (k — ki — kz)iA%)(n, ky, 1) {5;7 — ik fl} da(n, ka).

(3.16)

Now it is clear why we have adopted a perturbative expansion of the relevant quantities.
As can be seen by looking at egs. (3.15)—(3.16), isotropic cosmic birefringence affects CMB
polarization at any order in perturbation theory, whereas anisotropic cosmic birefringence
does it starting from the second-order. This is obvious, since the inhomogeneous fluctuation
of the axion field is, in fact, an extra cosmological perturbation. To solve the two differential
equations, we firstly integrate along the line-of-sight for a generic final time 1 both sides
of eq. (3.15),

n oA . ~ . ~
AL (k1) = /0 77 SV (7, k, )k 20— g~ [r() =7 ()] g£2ila0 (M) ~a0 ()], (3.17)

This procedure is standard in cosmological perturbation theory, and it is performed because
we need such a quantity not only to find iAg)(nO,k, i) (by simply replacing n with ),
but also iAg) (no, k, 1), since, as can been seen by looking at eq. (3.16), it depends on the
first-order transfer function. Therefore, we find

n eh :
LAY (0, k, 7) = /o "dy =89 (n, k, i) el R0n0—) o= () E2icko(n) (3.18)

where we have neglected the value of the optical depth today, and we have used that the
isotropic birefringence angle for a photon emitted today is identically zero, according to the
definition given in eq. (1.3). Let us notice that eq. (3.18) is exactly the same formula used
in [62, 136-140]. Similarly, the second-order transfer function, after integrating by parts, reads

iAﬁf) (10, k, ) = /770 dn K200 =) g=7(1) g E2ic0 (1)
’ 3 (3.19)
<[P 22 [ 0 satnk - 025 an
Eq. (3.18) and eq. (3.19) are the core of our generalized treatment of CMB polarization.
Armed with these expressions, we can investigate how they are related to the more common
approaches used in the literature, and what is the impact on the CMB power spectra.

3.1 Recovering the sudden recombination approximation

Let us now show how it is possible to recover the formulas used up to now in the literature
for cosmic birefringence in specific regimes. Indeed, as we are going to prove, our treat-
ment is completely general and reduces to the standard one in the sudden recombination
approximation, i.e. by assuming that all the CMB photons have been emitted at the same
time during the recombination epoch.

— 11 —



In order to see this, let us firstly substitute eq. (3.3) in eq. (3.19), so that, according

(2)
P

to eq. (3.4), we can easily relate 1A}’ to the second-order linear combination of Stokes

parameters () and U observed today (n = n9) on Earth (x = xo = 0) as

Q) £iUP | (0,0, 1)

67 < o ;
_ jb7 y: A~ d +2iap(n)
Vv Y +2Yaa(D) ; ng(n)e (3.20)

A=—2

Bk s Bk
SN iken(no—n)1p(2) ; ik-fA(no—n) (1)
X {/ on)? e 0T (n,k)iZz/ (27r)3@ 0 {(504(77)*1’[/\ (n)} (k)}7

where we defined the definitions of the convolution product,

3
e« 1P )] () = [ 2 stk - @l 0.0 (3.21)

and the photons’ visibility function,

A7\ vt
=—|— . 3.22
o == (5 ) e (3.22)
Let us stress that the term on the right-hand side of eq. (3.20) proportional to Hg?) (n,k) has
never been considered in the literature as far as the birefringence effect is concerned.

We can now simplify eq. (3.20), by exploiting the convolution theorem, which allows us
to deal with the Fourier transform of the convolution in the last line so that we can write

2
’ .
[Q@) + iU(Q)} (10, %0, 1) = 4/ or > 12Yaa(h) ’ dn g(n)e*20t)
) ' 0

A=—2

x {H&” [, (0 — )] = 2i6a[n, (no — )AL [, (o — n>ﬁ1},
(3.23)

Notice that up to now we have made no approximations, but if we assume the sudden
recombination regime, i.e. we trade the photons’ visibility function for a Dirac delta peaked
at the recombination, then the time integral would be trivially computed leading to the
following results:

QW +iUM] (8) = 20 [ +UD] (), (3.24)

wcC

Q@ +iU®)] (a) :eﬂmO{ QP +iU®]  (h) + 2ida() QY +iUW] b(ﬁ)}, (3.25)

wcb wc

where the Stokes parameters on the right-hand side are those that one could obtain without
any birefringence effects, whereas the first-order expression for (@ +iU) has been obtained by
simply mimicking the procedure we adopted for the second-order one. As a consequence of
the sudden recombination approximation, here o and da(fi) are the same defined in eq. (2.2)

— 12 —



and eq. (1.6), respectively, because dx for n = gy gives rise to an unobservable monopole
contribution. If we sum together egs. (3.24)—(3.25) we get

2

[Q +iU] () = eﬂ“’”{ > [ @]

wce
z=1

(8) +2ida(h) [QM =D (a)+ 0(53)},
wcb
(3.26)
where O(83) denotes terms at third-order in perturbation theory. Indeed, we notice that
eq. (3.26) matches exactly eq. (1.2) expanded at second-order in perturbation theory once
the full birefringence angle is decomposed into its isotropic and anisotropic parts.
Therefore, this proves that our generalized expression reduces to the standard ones [92, 94—
101] in the sudden recombination approximation. Similarly, if in eq. (3.23) we substitute
the photon visibility function with a series of Dirac deltas associated with the peaks of the

original g(n), we could take into account also the contribution from the reionization epoch:

9(77) = grec(s(n - 771rec) + greié(n - nrei)a (327)

With grec > grei- In such a case we would recover exactly the results of a tomographic
approach [89-92], i.e

Q+4U] () =
= ) ot Q kiU, (B). (3:28)

c=rec, rei

3.2 Harmonic expansion of CMB polarization

Once we have proved that our treatment is mathematically consistent with the current
state-of-the-art about cosmic birefringence, it is time to find the expression of the CMB
angular power spectra. To do that, it is convenient to come back to +Ap and adopt a more
efficient notation so that we have to do the same procedure for all the perturbation orders
just once. Therefore, let us now define the two following quantities:

LT (0, k) = X2tV k), (3.29)
and similarly
TP (k) = eﬂia(’(”){ﬂ(f)(n,k)i% [ () + 1157 ()] (k)}. (3.30)

Indeed, if we replace eq. (3.3) in egs. (3.18)—(3.19), we can then write a compact expression
valid for any perturbative order z = 1,2:

2

x A 67T 1o ki — A x
AP ko) = [T e o) 3 ovan@) T k). (331)

A=—2

Eq. (3.31) is the main result of this section, and we have put it in such a specific form because
now the mathematical computation becomes less challenging since it has the same form of
the standard transfer function of CMB polarization: for instance, it looks like exactly eq. (14)
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of [148]. Indeed, we can appreciate that cosmic birefringence affects CMB polarization as a
modification of the transfer function i7j\(m) (n,k), and this occurs because cosmic birefringence
is a propagation effect. As previously shown, eq. (3.31) yields the standard formalism of
cosmic birefringence when assuming the sudden recombination approximation. However, it
is easy to show that the same happens also when the birefringence angle is independent
of the photons’ emission time, which is the case occurring when the axion field is constant
in time during the matter-dominated epoch.

To test our generalized treatment of cosmic birefringence, let us compute the CMB
angular power spectra. First of all, let us notice that the dependence of LA g) on i is
encoded in 4+2Y5 y(f) but also in the complex exponential. Then, for our purposes it is
convenient to move to the multipole space, by evaluating the following harmonic transform:

z d?n . A d3k z .
P o x0) = [ G o¥in(®) [ 555 <A (0.1 9). (3:32)

We now adopt the plane wave-expansion [156] for the complex exponential involving k,

ik (no—n) 5. Lo )
T > it grlk(no —m)]Yiy (k) Yrar(d), (3.33)
LM

where jy, is the L-th spherical Bessel function. By substituting eq. (3.33) in eq. (3.31), we
can easily see that now the dependence on 1 is encoded in the product of two spin-weighted
spherical harmonics, which can be rewritten as a single one using the composition of angular
momenta [157],

S1 }/él ;1M1 (ﬁ) 52 Y227m2 (ﬁ)

_ ¥ (261 +1)(209 +1)(203 + 1) (el ly e?,)(zl ly 03

(3.34)

47 —81 —892 —S83 mi m9o Mms

) 53 ymg (),

f3ms3s3
where the “matrix” is a Wigner 3-j symbol, which satisfies the following selection rules:

[y — Lo| < l3 < [y + Lo, (3.35)
mi1 +mo +mg=0= 51 + s9 + s3. (3.36)

However, to better digest such a long computation, it is better to adopt a standard trick
in CMB calculations: indeed, instead of directly evaluating eq. (3.32). we apply a sort of
“fake” rotation of the k unit vector, that is we firstly compute

LAY (0, k, ) = Rz [iAg;@ (no, k2, ﬁ)] : (3.37)

In other words, we choose to work in the coordinate system where k || Z, and then, before
performing the angular integration, we apply a rotation Rz, which brings k in a generic
direction. Nevertheless, rotating the reference system implies that also i rotates and we
have to take this into account.

— 14 —



We substitute eq. (3.33) and eq. (3.34) within eq. (3.31) and we plug all together in
eq. (3.37), so that we obtain

0 L 2 L
A (o, k., # f / d - (2L + 1)(2L' + 1

L’M’

) R [Vie () T (0 8) w2V )] (339

Thanks to our choice of k = Z, the associated spherical harmonics is simply given as [158]

Yy (z2)=0 .
L0 (2) = On0\| — (3.39)
so that in the last line of eq. (3.38) we have
Registe [V (2) £ T3 (1, k2) 2 Y00 (8)]
(3.40)

2L +1
47

=00 i7j\(x)(777 k) Rizok [ 2Y 7700 ()]

where we have exploited that the rotation operator is unitary, and so applying it to a product
of quantities is equivalent to multiplying the rotated quantities themselves. The action of the
rotation operator on the spin-weighted spherical harmonics is given as [15§]

Ristc [ 2Y a0 ()] = Z DY (R 52 Yz ()
(3.41)

= Z 2L/ +1 M’YL*’,m’(k) :|:2YL/,m’ (ﬁ)’

where the Dﬁf,)M,’s are elements of the Wigner D-matrix. We now substitute the results of
eqs. (3.40)—(3.41) in eq. (3.38). By exploiting the orthonormality of spin-weighted spherical
harmonics [159],

/d2ﬁ SYZml () sYtomo (B) = 001.050myms ) (3.42)

we can finally evaluate the right-hand side of eq. (3.32),

£+2 2
(@) \f L2 L2 ¢
P Lr
Lo 0m (110, %0) + )(0 2 49 éi; 0\ —\

= ‘Z 2' (3.43)
d3k «
X / ams M Yim(K) / dn g(n) + T3 (n, k)i [k(no — ).
We now move to the standard decomposition in £ and B modes, that is
P:E:;I;Q),Zm(n()va) =- [Eéfff + lngfn)} (n0,%0)- (3.44)
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Therefore, we are now in the position to give the most general expression for the harmonic
coefficients of the CMB polarization. By recalling all the procedure that we have made, it
can be easily understood that the results of eq. (3.45) and eq. (3.46) are valid for any kind of
cosmological perturbations (scalar, vector or tensor) up to the second-order in perturbation
theory (z = 1,2), and for any kind of initial conditions:

042 2 3
L 2/ L2/ d°k N
E (no, \f P2 (2L +1 / k
b (10, %0) = L (P E 0x-x)] @y Y (k)

L= \e 2] (3.45)
< [" ang(m [+ T n.k ,>+«—1V+L_7§”o%kﬂjLWOm—nn,
& L 20\ & (L2 ¢ a3k R
X, L+1
Bém - 0) \/>L |e—2| 2L (O —2 2) Z (0 A )‘)/( 2m)? AV (3.46)

< [ dngln) [T 00 = (<1 T 0.8 s o)

The inflationary information is encoded in the k dependence of i7;\(w), which is left general
so that we have not assumed primordial Gaussianity, statistical isotropy or adiabaticity of
the initial conditions a priori. Here we have not considered the contributions from weak
lensing and spectral distortions, that could be relevant in general, but this is beyond the
purpose of our paper.

3.3 CMB power spectra

To better appreciate the power of the formulas for the £ and B modes of CMB polarization
given by egs. (3.45)—(3.46), we can now compute the CMB power spectra, that are defined as

CMN = 2£1+1 > (M NG)) + (MEPNED + ., (3.47)

where M, N = T, E,B. The dots in eq. (3.47) denote terms that we are not taking into
account, such as correlations involving higher-order terms, e.g. <M gg N é(;) >, and eventual
non-Gaussian contributions.

Now, to evaluate the Cy’s we can use egs. (3.45) and eq. (3.46), which are completely
general, but for the sake of simplicity, we are now going to give a simplified estimation of the
power spectra. First of all, let us consider just the contributions coming from the A = 0 case.
Indeed, if we recall the definition of eq. (3.3) and egs. (3.29)—(3.30), setting A = 0 means
selecting just scalar perturbations (see e.g. [147]). By the way, let us notice that when going
at second order in perturbation theory, the axis-symmetry of the radiation field around the
mode axis is broken by coupling to other modes [148, 149].

However, as said, here we want just to provide an estimation, and this is why we are
now going to provide the harmonic coefficients of CMB polarization with A = 0. At first
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order we get

0+2 3
L 27/ L2/ d°k A
Zm (10, X0 |)\ ) \/7 itt2(2L 4+ 1) (0 9 2) <O 0 O> /( pE Yo, (k)

L= |e 2| (3.48)
< [" dng(n) cosf2a0(mIg (n. 10 kno — )
&2 L2 ¢\ [(L2¢\ [ &3k .
Bl (0:0)] g \[L i 2L+ ) (o —2 2) <0 0 O> /( )3 Yim(k) (3.49)

x /0 dn () sin[2a0 (]IS (n, k)i [k(no — ).

whereas at second-order in perturbations we have

0+2 3
L 20\ [(L2¢\ [ Bk R
L+2
(2L + 1 k
B (0:%0) 5y \f * )<0 9 2) (0 0 0) / (2)3 Vi (k)

L|£ 2]

" (2) 94 (1) : _
X dng(n){605[2ao(n)]ﬂo (n, k) — 2sin[2a0(n)] [da(n) + 115" ()| (k)}JL[k(no ],

0
(3.50)
042
() L 27/ A3k N
By, (110, %0)| g \/7L By iFT2(2L 4+ 1) ( 5 2) ( ) 2n)? Y, (k)
x 0"°dngm{sin[2ao<n>1H32><n, k) + 2 cos[2a0(n)] [da(n) * 15" ()] <k>}jL[k<no—n>1.
(3.51)

By inspecting the first-order expressions, we can see that, if the isotropic birefringence angle
equals zero, we have no B-modes, and this is something completely expected since B modes
are primordially sourced just by tensor perturbations. This is fully consistent with what is
already present in the literature [62, 137-140], that our treatment has been able to generalize.

As previously said, one of the main goals of our paper is to estimate the impact on
CMB observables of the predicted anisotropic birefringence associated with the set of best-fit
parameters most consistent with the isotropic birefringence angle measured from Planck data.
To do that, we can numerically evaluate the CMB power spectra using egs. (3.48)—(3.51),
and this is precisely what we have done in figure 4. However, dealing with second-order terms
in perturbation theory could be extremely challenging and time-consuming: this is why to
obtain the plot shown in figure 4 we have applied the tomographic approximation of eq. (3.27)
to a modified version of Boltzmann code SONG [153] so that we have partially bypassed the
integration over the conformal time. Indeed, we have used a modified version of SONG for
computing the first term in the time-integrals at the right-hand side of egs. (3.50)—(3.51),
which represent the second-order polarization term just affected by isotropic birefringence,
whereas we have exploited our modified version of CLASS to evaluate the remaining first- and
second-order terms. In particular, we have taken advantage of the tomographic approximation

(1)

to deal with the convolution product da * Il ’. Of course, a more rigorous treatment should
involve a full integration like that present in our general theoretical formulas, which requires

a much higher computational cost, but this is something beyond the purpose of our paper.
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Figure 4. Absolute value of the unlensed angular power spectra of CMB, £(£41)|Cy|/(27), in units of
1K ? affected by isotropic and anisotropic cosmic birefringence compared with the ACDM predictions
without any birefringence effects (black dashed lines). The numerical computation has been performed
by setting the axion mass equal to 3.0 x 10733 eV, the parameter \/f equal to 1.6 x 10~2° GeV ™!, the
initial value of the axion field x{" equal to —mp;/2 (so that, according to our parameter estimation,
N fxi ~ —0.02), and its initial velocity equal to zero, and for the fiducial values of the ACDM

parameters provided in [23]. The tensor-to-scalar ratio has been set equal to zero.

By direct inspection of figure 4, we can recover a completely expected behavior of the
birefringent CMB correlation functions. Indeed, it seems that the spectra involving the
B-modes can be obtained using the standard rescaling of those involving the E ones, i.e.

CEB ~ CFF tan®(2 x 0.30°), (3.52)
CEB ~ CFF tan(2 x 0.30°), (3.53)
CTB ~ CI'F tan(2 x 0.30°). (3.54)
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Such a behavior is in complete agreement with our previous results: first of all, since we have
set the tensor-to-scalar ratio equal to zero, it is clear that the only source of unlensed B
modes is cosmic birefringence. Secondly, we have evaluated the CMB spectra for the first set
of best-fit axion parameters we found in section 2, which predicts the contribution coming
from anisotropic birefringence to be subdominant with respect to the isotropic one. Thirdly,
the physical source of isotropic cosmic birefringence, i.e. the homogeneous axion-like field xyo,
experiences a phase in which it is almost constant in time during matter-domination for such a
set of parameters. This translates into an isotropic angle which is independent of the photons’
emission time, and this is why the birefringence effect manifests itself as just a multiplicative
factor in figure 4. Let us notice that such features are not only theoretical predictions but
seem to be perfectly consistent with the data analysis of both the isotropic and anisotropic
angle, done e.g. in [118, 120], respectively, which suggest a negligible redshift evolution of the
birefringence angle and an anisotropic contribution compatible with the null hypothesis.

4 Conclusions

In this paper, we have tested the possibility of explaining the Planck’s hint of detection for
isotropic cosmic birefringence with the physics of an axion-like field x interacting with the
electromagnetic one through a Chern-Simons coupling. In particular, we have considered a
pseudoscalar field described by a standard quadratic potential, and we have found that there
exist two different regions of the parameter space that are consistent with g = (0.30£0.11)°:
one characterized by a negative product between the initial value of the field and the
coupling parameter (Axi/f ~ —0.02, m, ~ 3.00 x 10733 eV), the other by a positive one
(A / f ~0.12, m,, ~ 5.28 x 10727 V). Interestingly enough, the first of these two solutions
can explain an isotropic birefringence angle ~ 0.30° for a very light mass of the axion-like
field (of the order 3 x 10733 eV), whose time evolution is almost constant during the matter-
dominated epoch of the Universe. This behavior is perfectly consistent with the results
of [120]. which seem to prefer a CMB E B spectrum, coming from such dynamics with respect
to the case in which the homogeneous field evolves in time during the recombination epoch.
In the second part of the paper we then moved to investigating the implications of such
results for the anisotropic component of cosmic birefringence. For this reason, we also provided
the angular power spectrum of da(f1) and its cross-correlation with CMB temperature and
the E polarization mode. We found that the amount of anisotropic birefringence sourced
by the perturbations of the axion-like field dx for the previously (first) mentioned set of
best-fit parameters is predicted to be well below the latest observational constraints, see also
figure 3. Indeed, for the model defined in eq. (1.5) we predict that the amount of anisotropic
birefringence is of the order of (107%+10732) deg? for the auto-correlation, and (10~7+10~17)
uK-deg for the cross-correlations with the CMB T and FE fields, according to the angular
scale. This is compatible with what has been found e.g. in [118], i.e. a signal consistent with
the null hypothesis. Similar results are found for a different potential, see appendix A.
However, as shown at the end of section 2, a set of parameters predicting an almost
constant-in-time xo(n), does not automatically imply that the same behavior is also followed
by the inhomogeneous perturbations of the axion-like field dx(n,x). Hence, in section 3 we
have presented a generalized Boltzmann approach, which can completely take into account
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the dependence of isotropic and anisotropic birefringence on the photons’ emission time. To
our knowledge, this is the first time in the literature in which anisotropic cosmic birefringence
is formally characterized, i.e. as a second-order effect arising because of the convolution
between the first-order axion perturbations and the standard first-order CMB polarization.
As proof of the validity of our treatment, we have checked that such formalism recovers the
frequently used equations when assuming sudden recombination or when considering the
axion-like field as almost constant during the matter-dominated epoch.

Since dealing with second-order quantities is numerically challenging, we have evaluated
our generalized expressions for Ey,, and By, by invoking the “tomographic approximation”,
already exploited for similar purposes also in [92], so that we have been able to compute
the angular power spectra of CMB polarization and its cross-correlation with temperature
anisotropies, by using the fiducial values of the ACDM model together with the (first) set of
best-fit parameters found in section 2. As shown in figure 4, such spectra are consistent with
a purely redshift-independent isotropic birefringence effect, and, according to our previous
discussions, this is not surprising. Indeed, as just mentioned, for such a set of parameters the
homogeneous axion-like field is predicted to be almost constant in time, and the anisotropic
component of cosmic birefringence to be extremely subdominant. Despite the smallness of
such anisotropic signal, this result is nevertheless really important, since it shows how the
models investigated can provide promising falsifiability checks for future observations.
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A The EDE potential

In this appendix we are going to show the results of a chi-squared analysis, very similar to
what we performed in section 2, but with a different theory for the pseudoscalar often used
to characterize the axion as early dark energy (see e.g. [98, 120])

1 3
Sy = —/d4ZL‘ V=94 9" 0.,x0,x + m? MI%l [1 — cos (X)] . (A.1)
2 X Mp,
The equation of motion for the homogeneous axion-like field x = xo(n) following by eq. (A.1)
reads
I / 202 Mf X0 1 X 2 (A.2)
Xo + 2Hxo = —3a“m5, Mp; sin <> { — cos ()] , .
0 0 X Mpy Mpy
which, contrary to eq. (2.1), is not linear in yq and so it cannot be rescaled by a factor i as
we did in section 2. Therefore, in this case the parameter space for the isotropic birefringence
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Figure 5. Cosmic birefringence from the model described in eq. (A.1). The numerical computation has

ini

been performed by setting the initial value of the axion field x{§" equal to —mp;/2, the initial velocity
of the axion field equal to zero, and for the fiducial values of the ACDM parameters provided in [23].

angle is represented as a grid of values for m, and A/f, whereas we have fixed the initial
value of x = —mp;/2: the results are shown in figure 5.

As in the case of a quadratic potential, we have found that there is a region of the
parameter space consistent with an almost constant in time, homogeneous field xg during
recombination. Moreover, this can be achieved by setting the initial value of the field
equal to a negative amount, which was indeed one of the possibilities already examined
in section 2. Hence, also with an EDE potential, it is possible to find a set of parameters
in agreement with the Planck result, which yields an almost constant in-time evolution of
the axion field at recombination.
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