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Abstract

In this paper we investigate maximal L7-regularity for time-dependent viscous
Hamilton—Jacobi equations with unbounded right-hand side and superlinear growth
in the gradient. Our approach is based on the interplay between new integral and
Holder estimates, interpolation inequalities, and parabolic regularity for linear equa-
tions. These estimates are obtained via a duality method a la Evans. This sheds new
light on the parabolic counterpart of a conjecture by P.-L. Lions on maximal regularity
for Hamilton—Jacobi equations, recently addressed in the stationary framework by the
authors. Finally, applications to the existence problem of classical solutions to Mean
Field Games systems with unbounded local couplings are provided.
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1 Introduction

The purpose of this paper is two-fold. First, to establish maximal L?-regularity for
parabolic Hamilton—Jacobi equations with unbounded right-hand side of the form

oru(x,t) — Au(x,t) + H(x, Du(x,t)) = f(x,t) inQr = T x ©0,7),
u(x,0) = ug(x) in T¢
(HI)

where H has superlinear growth in the gradient variable and f € L9(Qr) for some
q > 1. Second, to apply these regularity results to prove the existence of classical
solutions for a large class of second-order Mean Field Games systems with local
coupling, i.e.

—diu — Au+ H(x, Du) = g(m(x,t)) in Q7
oym — Am — div(D,H(x, Du)ym) =0 in Qr (MFG)
m(0) = mo, u(T)=ur in T,

Maximal regularity for (HJ). The problem of maximal L9-regularity for (HJ)
amounts to show that bounds on the right-hand side f in LY(Q7) imply bounds
on individual terms 9,1, Au and H(x, Du) in LY(Q7) (see Theorem 1.1 below for
a more precise statement). This problem has been proposed for stationary Hamilton—
Jacobi equations by P.-L. Lions in a series of seminars (see, e.g., [46,47]). Under the
assumption that

H(X»P):|P|Vv y>17

he conjectured that maximal regularity holds provided that ¢ is above the threshold
d(y — 1)/y. The conjecture has been proved recently in [21] via a refined Bernstein
method, which unfortunately breaks down in the parabolic setting. Here, we are able
to obtain parabolic maximal regularity via different methods, assuming that g is above
a certain (parabolic) threshold, that is

—1 d—+2
g>d+l— =
Y Y

/

in the regime of subnatural growth, that is, for y < 2. For y > 2, we obtain the larger
threshold

—1
q>(d+2)yT.

Besides maximal regularity, we prove new results on the Holder regularity of solutions
when y > 2.

Before stating our results, we briefly review some contributions on the existence and
regularity of solutions to Hamilton—Jacobi equations with unbounded right-hand side.
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We first discuss the case y < 2, that is, when the nonlinear term H (Du) plays a mild
role, being the diffusion term (formally) dominating at small scales. When f € L9,
q > (d +2)/2, the boundedness and Holder continuity of weak solutions are classical
[41, Chapter 5]. For such values of ¢, boundedness has actually been established for
much more general quasi-linear equations, see, e.g., [58]. For these problems, it was
shown [27,33] that the existence of weak (and possibly unbounded) solutions holds up
tog = (d +2)/2. For y < 2, namely, strictly below the natural growth, the existence
assumption has been relaxed to ¢ > (d + 2)/y’ in the recent paper [49]. Still, the
solutions obtained are in a weak or renormalized sense, and although they need not
be bounded, the question of further regularity beyond H (Du) € L' in the existence
regime (d +2)/y’ < g < (d + 2)/2 has remained open so far. Beyond the natural
growth, that is, in the super-quadratic case y > 2, the existence and regularity are
even less understood. Under the sign condition f > 0, it has been proven in [13,66]
that viscosity solutions enjoy Holder bounds depending on || f||4, withg > 1 +d/y.
It is worth mentioning that these results only rely on the super-quadratic nature of H,
and tolerate degenerate diffusions. Below this exponent, bounds in L?” spaces have
been shown in [14] (see also [35, Section 3.4]). It is remarkable that the exponent
1 4+ d/y decreases as y grows in the super-quadratic regime, so estimates in L™
require milder assumptions on f than in the sub-quadratic regime. On the other hand,
further regularity, especially involving Du, seems to be difficult to achieve. For general
y > 1, Lipschitz regularity has been recently investigated in [20], and proven under
the (optimal) assumption ¢ > d + 2 when y < 3 and larger ¢ when y > 3. Note
that whenever Lipschitz regularity is established, maximal regularity for (HJ) follows
from maximal regularity for linear equations (e.g. [29,38,42,60,61]), being H (Du)
controlled in L°°. We finally mention that within the context of L”-viscosity solutions,
Hamilton—Jacobi equations with unbounded right-hand side have been considered, see
e.g. [26].

Maximal regularity typically requires some mild smoothness of coefficients in the
equation (diffusions with coefficients merely in L°° are not allowed even in the linear
framework), but provide the integrability of D%u, dru, thus allowing to recover most
of the aforementioned properties of solutions by means of Sobolev embeddings, as
q varies. To our knowledge, there are only a few instances of this type of results in
the literature, and in the regime y < 2 only. In [64] maximal regularity is stated for
f e Li, g > d+ 1 (see also [51,63]). For Hamilton—Jacobi equations driven by
the Laplacian, some results can be found in [35], under the more general assumption
q > (d +2)/2, but no results are available below this exponent, nor for y > 2.

As we previously announced, the first main result of this paper consists in achieving
maximal regularity in the full range ¢ > (d+2)/y’ in the sub-quadratic setting y < 2,
and for g > (d +2)(y — 1)/2 when y > 2. Data will be periodic in the x-variable,
namely, functions will be defined over the d-dimensional flat torus T¢. This will be
convenient for the applications to MFG systems. We suppose that H € C(T¢ x RY)
is convex in the second variable, and that there exist constants y > 1 and Cyg > 0
such that

Cy'lpl” —Cy < H(x,p) < Cu(pl” +1), (H)
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for every x € T, pE R, Concerning the case y > 2, we will further assume some
additional regularity in the x-variable, i.e. for « € (0, 1) to be specified,

H(x,p) = H(x +&, p) < Chl§|*(ID,H(x, p)I” +1) (Ho)
forall x, £ € T¢ and p € R?. A typical example of H satisfying (H) is
H(x,p) =h@)|pl" +bx)-p. 0<ho<h(x), hbeCT).

If h € C*(T9), this Hamiltonian will satisfy also (Hg).
Hoping to help the reader to have a clearer picture, we sketch known and new
regularity regimes as y and ¢ vary in Fig. 1.

Theorem 1.1 Assume that (H) holds, and ( Hy ) also when y > 2 (with a as in Theorem
1.2 below). Let u € qu’ ! (Qr) be a strong solution to (HJ) and assume that for some
K >0

I fllzacor) + ||M0||W

<
2_%,q(Td) =
If

@+ if1+ 2 <y <2
d+257 ify =2

then, there exists a constant C > 0 depending on K, q, d, Cy, T such that

The strategy of the proof is based on the following procedure. By maximal regularity
for linear equations, one has

2
ID?ullze S NHDwllza + 1 fllze + luollwa-2sa.a S UDulLya + I fllLs + luollw2-2/aq-

Then, one looks for a suitable norm |||-||| so that a Gagliardo-Nirenberg type interpo-
lation inequality of the form

y 2 v 1-0
IDully .y S ID>ullyy Ml 4=

with y6 < 1 holds. Combining the two inequalities, maximal regularity is achieved
whenever it is possible to produce bounds on |||« |||. This way of producing estimates for
nonlinear problems, using linear estimates and interpolation inequalities, goes back to
the works of Amann and Crandall [2]. When y = 2, a good choice for [|-||| is the L*>°
norm, which is easily controlled by || f || oo (ABP type estimates allow to reach || f||4+1,
as in [64]). Here, we start with the observation that when y < 2, the optimal choice is
a suitable L? norm, while for y > 2, a Holder bound on u is needed. A crucial step in
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this work is the derivation of such estimates. These are obtained by duality arguments,
inspired by [20,32]. The main idea behind duality is to shift the attention from (HJ)
to the formal adjoint of its linearization, which is a Fokker—Planck equation. Crossed
information on u and the solution p to the “dual” equation allow to retrieve estimates
on p, that are then transferred back to u. A more detailed heuristic explanation of
this method can be found in [20] (see also the references therein). Note that [20] is
devoted to Lipschitz regularity of u, while here we investigate Holder regularity, which
requires a further inspection of the regularity of p at the level of Nikol’skii spaces.
As already mentioned, the nonlinear adjoint method started with the works of L.C.
Evans [31,32]. Further results for stationary equations have been obtained in [69], see
also [11,54] for further applications. This method has been successfully applied to
study the regularity of parabolic Hamilton—Jacobi equations and Mean Field Games
systems in recent works [19,20,25,36], see also [22] for maximal L} — LY regularity
estimates in the long-time (quadratic) regime.

We underline that our results on Holder regularity in the super-quadratic case are
new in the following sense. Recall that Holder bounds have been obtained in [13,66]
when g > 1+ d/y for y > 2, while here we assume the stronger requirement
q > (d +2)/y’ (which is the natural one for maximal regularity). In [13,66] sign
assumptions on f are in force, and explicit Holder exponents are not provided. Here,
we do not require any assumption on the sign of f, and produce explicit Holder
exponents. The statement is as follows.

Theorem 1.2 Assume that (H) and (Hy) hold with y > 2. Let u be a strong solution
to (HJ) in qu ’I(QT), q > 42 Then, there exists a positive constant C (depending
on |[uo|lcacray, | flizacor). H.q.d, T) such that

Sup ||l/l(t)||ca('ﬂ‘d) < C
tel0,T]

where o =y’ — d+2 ifg <4< ” 1,whlleoce(O Difg= d+2

We mention that the proof of the Holder bounds could be localized in time, thus
assuming merely ug € C (T?). The constant C would then depend on |ju|~0, see
Remark 3.7.

In the sub-quadratic regime y < 2, the existence and uniqueness of weak solutions
can be obtained up to the critical integrability exponent ¢ = (d + 2)”771 [49]. From
the viewpoint of maximal regularity, this endpoint situation is a bit more delicate than
the one treated in Theorem 1.1, which concerns ¢ > (d +2) yT_l Indeed, the heuristic
procedure previously discussed yields

2 2 ~1
1D ulle S 1D uliLa Nully, ™ + 1 lLe + luollwe-2/a.a,

which is meaningful only if ||u||rr is small. We circumvent this issue by shifting the
analysis from u to u — uy, where uy is the solution to a suitable regularized problem.
Crucial stability estimates on ||[u — uil||Lr then lead to the second main maximal
regularity result of the paper.
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Theorem 1.3 Assume that (H) holds, and 1 + ﬁ <y <2 Letue WqZ’I(QT) be a
strong solution to (HJ), and

1
g=@d+2l—
y

Then, there exists a constant C > 0 depending on f, |\uollw2-2/9.9.9,d, Cu, T such
that

We stress that in this limiting case the dependence of the constant C with respect to
f is not just through its norm, as in the previous Theorem 1.1, but on subtler properties;
see Remark 4.2 below for additional details.

Further comments concerning the thresholds for ¢ in Theorems 1.1 and 1.3 are now
in order. When g < (d + 2)/y’ we believe that maximal regularity results are false in
general. This would be in line with known results for the associated stationary problem
[21], for which maximal regularity does not hold when g < d/y’. We also believe that
the endpoint g = % for quadratic problems y = 2 could be treated by our methods,
using more refined interpolation estimates in Orlicz spaces (or the analysis of a linear
equation obtained via the Hopf-Cole transformation). Regarding the super-quadratic
regime y > 2, we do not know whether our assumption ¢ > (d + 2)(y — 1)/2 is
optimal or not.

It is finally worth noticing that our results, and in particular the Holder estimates
in Theorem 1.2, apply to equations with repulsive gradient term (e.g. Kardar—Parisi—
Zhang type PDEs), i.e.

otv— Av=G(x, Dv(x,1)) — f(x,1)

with G satisfying (H). In other words, the sign in front of H and f does not matter
in (HJ), since it is sufficient to observe that u(x,7) = —v(x,t) solves (HJ) with
H(x, p) = G(x, —p), which satisfies (H) too. We refer to [4,5] and the references
therein for further discussions on these equations.

Mean Field Games. Armed with maximal regularity results for Hamilton—Jacobi
equations, we describe our contributions on Mean Field Games (MFG) systems of
the form (MFG). These arise in the MFG framework, which is a class of methods
inspired by ideas in statistical physics to study differential games with a population
of infinitely many indistinguishable players [43,44]. The PDE system (MFG) appears
naturally when the running cost of a single player depends on the population’s density
in a pointwise manner. This results in the nonlinear coupling term g(m(x, t)) between
the Hamilton—Jacobi and the Fokker—Planck equation in (MFG). When g(-) is an
unbounded function, the regularity of solutions is still a challenging problem that has
not been solved in full generality.

In the so-called monotone case, that is, when g(-) is increasing, there are no restric-
tions on the growth of f if one looks for solutions in some weak sense [14,59], or
for classical solutions when the time horizon T is small [3,24]. Classical solutions

@ Springer



Maximal L9-Regularity for Parabolic Hamilton-Jacobi Equations... Page70f40 19
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Fig. 1 A sketch of estimates that are known for solutions to (HJ), as y and ¢ vary: L? (green region),
Holder (yellow region), Lipschitz (light blue region, [20]). Above the solid red line we prove here maximal
regularity estimates (Theorems 1.1 and 1.3). Above the dashed red line we prove here new Holder estimates
(Theorem 1.2). When y > 2 and 1 + % <q < % (yellow zone between the dashed red line and the
solid black line) Holder estimates have been obtained in [13,66] under sign conditions on the right-hand
side, while integrability estimates in the green region below the threshold ¢ = 1 + % can be found in [14]

for arbitrary T can be obtained by requiring a mild behaviour of g(m) as m — oo,
or a mild behaviour of H(p),ie. y < 1+ 1/(d + 1) (as suggested in [46]). We
deal here with the first situation. For the model problem g(m) = m”, an upper bound
on r depending on y and the space dimension d is usually required. Concerning the
subquadratic case y < 2, a main reference is [34] (see also [6]), while [36] explores
the superquadratic case 2 < y < 3.

We will assume here that g : T x [0, 00) — Ris of class C I and that there exist
r > 0and Cy > 0 such that

Clm < g'm) < Cym™™" +1)  Vm =0. (M)

This implies that g(-) is monotone increasing and bounded from above and below
by power-like functions of type m". As for the Hamiltonian, we will further assume
some additional smoothness and uniform convexity in the p-variable, having always
in mind a power-like growth |p|?: for every p € R?, M € Sym,

-2
Tr(D2,H(x, p)M?) = C3' (1L + [p|») T [M? — Cy,

D2 H(x, p)| < C(Ip ™" + 1), (H2)
|D2 H(x, p)| < Cu(lpl” +1).

Our main result on this class of problems reads as follows.

Theorem 1.4 Under the assumptions (H), (H2) and (M), there exists a (unique)
smooth solution to IMFG) if

y' d ; 1
iIman=y M+ <v =2

r< B i
w-n=  Fr=2

ey
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It is understood here that there are no restrictions on » when d = 1, 2. To our
knowledge, the results of this manuscript extend known classical regularity regimes
in the sub-quadratic case. Note that

/

% 1
oo }1 o 1
d—2d+2—-y) + sy +d+1

y’ d 2
—
d—2Wd+2—y) d-2

asy — 2.

Regarding the super-quadratic case, we actually obtain the same restriction r <
W as in [36], but we are able to cover the full interval y € [2, 0c0), thus

unlocking some smoothness regimes for y > 3. Still, one may conjecture that, for
all d > 1, no restrictions on r should be required to get classical solutions (as for
the purely quadratic case H(p) = | p|? investigated in [12, Theorem 4.1]), but this
remains an open question.

In the non-monotone framework, the assumption of increasing monotonicity of
g(+) is dropped. Conversely, one may even consider a g(-) which is strictly decreasing
(focusing case), and model aggregation phenomenaasin [15,17,23]. In this framework,
a control on the growth of g is structurally needed. For stationary problems, it was

shown in [16] that when g(m) = —m", no solutions on R4 exist when r > df—y,,

and even for r > yj some further assumptions might be needed for solutions to be

obtained. On the other hand, when r < VF/, the existence of weak solutions is shown
in [23], but their classical regularity is proven under much stronger hypotheses, that
impose y < 2.

Now, we suppose

—Cg(m” +1) < g(m) < Co(m” +1). (M™)

With respect to the previous assumptions (M ™) in the monotone case, g need not be
monotone increasing; in contrast, it can be strictly decreasing, for example, g(m) =
—m". We have the following

Theorem 1.5 Under the assumptions (H) and (M ™), there exists a smooth solution to
(MFG) if
v ifl+ 47 <y <2

r< 2 ;
@o-n= fr=2

2

In other words, we prove that solutions in the focusing case obtained in [23] are
always classical in the subquadratic regime. In the superquadratic regime, a new class

/
of smooth solutions is obtained. We stress that the threshold % is crucial, as one may

’
have nonexistence of solutions for a large time horizon 7 when r > VF [18]. For a
summary sketch of the existence regimes that we obtain here, see Fig. 2.
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Fig. 2 A sketch of regions where existence of classical solutions to (MFG) are obtained, in the monotone
case (light blue and green regions) and in the non-monotone case (green region only)

Theorems 1.4 and 1.5 are proven as follows. First, we use structural estimates
to deduce some a priori bounds on ||g(m)| Ls. These are mainly second-order type
estimates in the monotone framework, and first-order estimates in the non-monotone
one (plus some additional interpolation procedures). The assumptions on the growth
r of g(-) guarantee that ¢ is large enough to apply our maximal regularity results for
the HJ equation. Then, once the crucial a priori bounds on u in qu’ are established, a
bootstrap procedure allows to get estimates up to second-order derivatives in Holder
spaces, and the existence follows via standard methods.

Outline. In Sections 2.1 and 2.2 we introduce the functional setting that is used
throughout the paper, while Section 2.3 is devoted to Sobolev regularity results for
Fokker—Planck equations. Section 3 comprehends the proof of a priori integral and
Holder estimates for Hamilton—Jacobi equations with unbounded ingredients. In Sec-
tion 4, Theorem 1.1 on maximal regularity for (HJ) is proven, while in Section 5 the
existence Theorems 1.4 and 1.5 for (MFG) are proven.

2 Preliminaries
2.1 Fractional Spaces of Periodic Functions

Letu € (0,1)and 1 < p, g < oo. The Besov space Bﬁfq (Td) consists of all functions
u € LP(T9) such that the norm

1
q 1

L ”f(-x + h) - f(x)”Lp(’ﬂ‘d) dh K
”M”ng(']rd) = ”M”Lp('ﬂ"d) + Td |h|d+ﬂq

is finite. When p = ¢ = oo and i = « € (0, 1), the space Bk o (T?) ~ C%(T%) and
it is endowed with the equivalent norm

ux)—u
||M||Ca(Td) = ”u”C(’]I‘d) + sup M
xsyeTd dist(x, y)*
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19  Page 10 of 40 M. Cirant, A. Goffi

where dist(x, y) is the geodesic distance on T<. When, instead, either p=gqe€(1,00)
and p is not an integer or u is an integer and p = g = 2, it is immediate to recognize
that BY,,(T9) ~ WP (T?), where W*7(T?) is the classical Sobolev—Slobodeckii
scale in the periodic setting. When g = 00, the space B;foo (T9) >~ N*P(T%) is known
as Nikol’skii space [55] and the above norm is interpreted as usual as

||M||Nu,p('[rd) = ||14||Lp(11‘d) + Sl;p |hl ™ llu(x + h) — M(x)”Lp('u‘d) >

[u]N;/..p<Td)

see [45, Chapter 17] for analogous spaces defined on RY, and [67, p. 460], [62, Section
3.5.4] for details in the periodic case. For general © > 0, let © = k + o > 0 with
ke NU{0},0 € (0,1], 1 < p < oo. Then, we define the Nikol’skii class

N®P(T?) = {u € WHP(T9) - [D* U] yop(pay < 00, o] = k}

We mention that in view of [70, Corollary 2 p. 143], Nikol’skii spaces N*+?(T%) can
be endowed with equivalent norms of the form

k—
el oo ray = Nl o pay + sup |1 | Al ray
=k 111>

where k, r € Z are such that 0 < k < pand r > s — k, where A;l are the increments
of order r and step h, see [45]. Moreover, these spaces can be characterized via real
interpolation: form € N, p,q € [1,00] and 8 € (0, 1) we have!

(LP(T%), W™ P(T))g,4 ~ BY"(TY)
with equivalence of the respective norms, see e.g. [48], [45, Theorem 17.24].

2.2 Space-time Anisotropic Spaces

For any time interval (t1,72) C R, let Q4 1, = T x (t1, rn). We will also use the
notation @y, := T x (0, ;). Forany p > 1 and Q = Q, ;,, we denote by le’l(Q)

the space of functions u such that 9/ Df u € LP(Q) for all multi-indices 8 and r such
that | 8| + 2r < 2, endowed with the norm

lull 2100, = //Q Z |87 DPu|Pdxdt

|Bl4+2r<2

! We denote here with (X0, X1)g,4 the standard real interpolation space between Banach spaces X¢, X.
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The space W;’O(Q) is defined similarly, and is endowed with the norm

||u”WIl'O(Q) = ||u“Lf”(Q) + Z ”Dxﬂ””Lp(Q)'
|B1=1

We define the space TH},(Q) as the space of functions u € W;’O(Q) with d,u €
(WII,ZO(Q))’, equipped with the norm

lullschign = lullypogy + 1Akl gyt g, -

Denoting by C([t1, 2]; X), C*([t1, 12]; X) and L9(¢1, t2; X) the usual spaces of con-
tinuous, Holder and Lebesgue functions resPectively, with values in a Banach space
X, we have the following isomorphisms: WZ’O(Q) ~ L2(t;, t; WH2(T?)), and

HQ) =~ (u € L2 (11, 12; WH(T)), du € (L (11, 12; WH2(T)) )}
~ {u e L*(t1, to; WH(TY)), dpu € L2 (11, 123 (W2 (T9))') ],

and the latter is known to be continuously embedded into C([#1, ©2]; L2(’]Td)) (see,
e.g., [28, Theorem XVIII.2.1]). Sometimes, we will use the compact notation C(X)
and L9(X).

2.3 Sobolev Regularity of Solutions to Fokker-Planck Equations

In this section, we collect a few existence and regularity properties of solutions to

3

—0p(x,t) — Ap(x,t) +div(b(x,t)p(x,1)) =0 in Q;,
px, 1) = pe(x) in T¢

Here, 7 € (0, T], O := T? x (0, t) and Qs.z = T x (s, 7). We will assume that
pr € L¥(TY), pr =0 ae. €

We first recall that such a transport equation with diffusion is well-posed in an
energy space and has bounded solutions, when |b| € L*(Q.) with P satisfying the
so-called Aronson-Serrin condition ? > d + 2. For a proof of the following classical
result, see e.g. [20, Proposition 2.3], or [7,8,41].

Proposition 2.1 Let |b| € LT(Q-), with ? > d + 2, and p- be as in (4). Then, there
exists a unique weak solution p € fHé(Qr) NL>®, t; L" (Td))for allr > 110 (3),
ie.

— / (0;0(t), @(1))dt + // Dp-Dgp —bp - Dpdxdt =0 5
N QS,T
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19 Page 12 0f 40 M. Cirant, A. Goffi

foralls > 0 and ¢ € }C;(Qs,f), and p(t) = pe in the L*-sense. Moreover, p is a.e.
nonnegative on Q.

Our analysis will be based on the regularity properties of p in Sobolev spaces that
depend on the integrability of |b| against p itself. Similar results already appeared in
[9,23,52,59].

Proposition 2.2 Let p be the nonnegative weak solution to (3) and 1 < o’ < d + 2.
Then, there exists C > 0, depending on T, o', d, such that

ol 0 =€ (/fQ bGx, ™ pdxdt + ||p,||Lp/(Td)) (6)

d+2

— d - d+2 - 1
where m’ = 1 + and p' = Wi([lﬂ)tfa/>m,whtlep/—llfa/<m.

d+2

it we obtain also

As we will se below, if 0" >

oy ray = C <// |b(x, t)|Wl’pdxdt + ”pf”LP’(Td)> forallz € [0, T].(7)
0

Proof The case o’ < 31% is covered by [20, Proposition 2.5], which is based on dual-

ity combined with maximal regularity arguments (following [52]). We focus here on
the case o’ > %, and prove the theorem via a (standard) method from weak solu-
tions, that does not exploit parabolic Calderon—Zygmund regularity. This is possible

because Zﬁ < o’ <d+2implies2 <m' <d +2.
Set B = m To simplify, we use ¢ := pP as a test function in the weak for-

mulation of (3) integrating on Q; ; := T x (¢, 7), while the argument can be made
rigorous by testing against ¢ := (p + €)#, and then letting ¢ — 0. We have

1
B+1 B—1 2
—_— X, t dx + // Dp|” dxdt
ﬂ+1/w”( ) pf oo
1
< b|pP|D dxdt+—/ B+ ax
f/Q 1bl0P|Dp| — [, 1o

1
<C b2 pPt! dxdt E// B=1Dp|? dxdt —/ P+l g
= ﬁ//QmH,O x +4 Qmp [Dpl|”dx +ﬂJrl lepfl x

. . B+l —1
In particular, noting that Dp 2 = ﬁTp Dp, we write

_ 48 B+1
ﬁf/ of 1|D,0|2dxdt=(,6+—1)2ff |Dp 2 |? dxdt

@ Springer



Maximal L9-Regularity for Parabolic Hamilton-Jacobi Equations... Page130f40 19

to get that

1 / 1 —1 2
— | pGx, 0Pt dx+ﬂ// PN Dp|? dxdt
B+1Jpa O.c

B+l o B+l 5
>cs| | (o0l T)2dx+ [| 1D Pddr|.
T Qt.r

We first pass to the supremum over ¢ € (0, T) and, by means of [30, Proposition 1.3.1]
we deduce

B+1 o Btl »
Cp | €8S SUp; (0.7 d(|,o(x,t)| 2 ) dx + |[Dp 2 |“dxdt
T O
d+2 1-7h
> CB.d <// ,O(ﬁ—H)T dxdt) .
O

We then have

Cpa (/f P BT dxdt) P ff B=11Dp|? dxdt
0.
’ m’ 1 I_W 1
<ci (// |b|™ pdxdt> </f pﬂm/ 3T dxdt) + C2||pr||i;_+l(,ﬂ,d).

We then note that o < d + 2 implies m’ > 2 and

d+2 m’ - d+2

1 = = .
F+D d 'Bm’—2+ d+2—m

We apply Young’s inequality to the first term on the right-hand side to conclude

=2
c1 </f |b|'"’pdxdt> <ff oP ot dxdt)
T T ﬁ
/ d 2 m’ ¥
<3 (// |b|mpdxdt) ' +c’37’d <f/ B+DEFE dxdt) .
Q‘[ T

d
a2
Cp.d (// pd+2 m’ dxdt) + g // plg_lle|2 dxdt
_d
d+2—m’
< [(// pdxdr) ol P ]
T Lt/+2 m’ (’]I‘d)
d
d+2—m’
scs[ff BI" p dxdt + | pe } |
0. d+2 m’ (T)

Hence
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We thus conclude the estimates

ol <C (/f bI™ pdxdt + llpell _a )
Ld+2—m" 2 m’ (Q) . L d+2—m’ (Td)

and
d
ﬂ*l 2 - m d+2—m’
p" 1 Dpl7dxdt < C |bI"™ pdxdt + ||p|l __a - (®)
QT QT Ld+2ﬂn’ (Td)
Finally, recalling that o’ = %, we get the Sobolev estimate applying Holder’s

inequality, using (8) and finally exploiting Young’s inequality as

(1-8)/2 I

)/2
IDpll o (0 = ||P Dp”LZ(Q,)”:O 2(d+2)

Ld+4=2m" (Q,)

1 d+4-2m'
. ) 2 d+2 2d+2)
= (// )Oﬂ |Dp| dxdt) (// p d+2-nm’ d_xdt)
=6 (// |b] pdxdt+||pt )
(o3 m’ (Td)

The estimate on the time derivative in (W(}'O(Qf))’ can be obtained by duality, as in
[20, Proposition 2.4]. |

Corollary 2.3 Let p be the nonnegative weak solution to (3). Then, there exists C; > 0,
depending on T, q, d, such that if g < %

d+2
sup oy gay + 1010 0,y = C1 (//Q |b(x, 1) 4 pdxdt+||p,||Lp/(Td))

tel0,7]

d g d+2
where p = m, while if g > 452,

sup oI 4
1el0,7] wd+2

<C ([/ Ib(x,t)IT,dedt + ”p‘L'”L'(Td)> .
Q-

Proof The first estimate follows by Proposition 2.2, applied with m’ = dqiz (see

also (7)), and the continuous embedding of H;,(Q,) into Lq/(QT). The sec-

ond estimate follows analogously, using also the embedding of f}{}y,(Qt) into
2 (d+2)q

CA[0, 7], W0 65550 (1)), 0

2 @429 +llelle
q" d+2+Z (Td) LT(Q0)
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3 Bounds of Solutions to HJ Equations in Lebesgue and Holder Spaces

We derive in this section some preliminary bounds on solutions to Hamilton—Jacobi
equations via duality methods. Since we are in the settin% of maximal regularity and
f € L9(Qr), we assume that u € qu’l(QT) N W;;I (Qr) is a strong solution
to (HJ), i.e. it solves the Hamilton—Jacobi equation almost everywhere. The initial
datum u is achieved in W2~2/2:4(T¢), as suggested by the Lions—Peetre trace method
in interpolation theory (cf Lemma A.1 below). Note that by classical embedding
properties for Sobolev—Slobodeckii spaces, we have the following inclusions

d+2
; c* T (T4) forq > d% )
WZ_E’q(Td) s LP(’]I‘d) for p € [1,00) and g = % s )

d
Ldﬂzh (T?)  forgq < d%z .

Since we will work under the assumptions

2
9 1 b
y! V= +d+2

embeddings of W,]Z’I(QT) imply that u is bounded in W}};]O(QT) (so we can drop

u € W)};IO(QT) in the statements of our results), and u € L2(0, T; W2(T%)). Fur-
thermore,

|Dul”~' e L*(Qr)  forsome P > d + 2,

so the dual equation (3) is well-posed in i]-f; whenever b(x,t) = —DpH (x, Du(x, t)).
Note finally that when g > (d 4+ 2)/2, any solution is automatically continuous and u
solves (HJ) in the weak sense used in [20]. This always happens in the superquadratic
regime y > 2. On the other hand, in the subquadratic case y < 2, u is not necessarily
continuous when (d +2)/y’ < q < (d +2)/2.

Remark 3.1 The assumption
y>14+—

guarantees that u € L2(0, T; W2(T%)), so u has finite energy and it can be safely
used as a test function for the dual equation (3). One can drop this requirement in all
following statements, relaxing to

|
1 o 1
=it o

so that g > d+2 1, and assuming a priori that u € L2(0, T; Wl'z(Td)) (which is

always true for example when u is a classical solution, as in Section 5 on MFG). One
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could also invoke methods from renormalized solutions, to deal also with the case
y <1+ ﬁ but this is beyond the scope of this paper.

3.1 Bounds in Lebesgue Spaces

We obtain in this section the bounds on the L”-norm of u, elaborating in particular

the case d;rz < g < T2 thatis when y < 2.

T (s) = max { —s, mm{s, k} } below will denote the truncation operator at level k >
0, u™ = max{u, 0} and u~ = (—u)™ the positive and negative part of u respectively.
We start with some bounds on u, that are obtained with no restrictions on q=>1

Lemma 3.2 Assume that H is nonnegative. Let u be a strong solution to (HJ) in
qu’l (Or), q = 1. There exists a positive constant Cq (depending on q,d, T ) such
that

||'4+(T)||LP(W) =< ||M3_||L17(11*d) + C0||f+||L‘i(Q,)7 (10)

d . d+2 . . d+2
wherepzmlfq<%,whzlep:ooqu>%.

Note that qu o1 (Qr) is embedded into C([0, T']; L? (Td )) (p as in the previous state-
ment) so (10) has the form of an a priori bound.

+

Proof We detail the proof in the case ¢ < ‘”2 only. The case g > 4%2 can be treated

in an analogous way (essentially following [20 Section 3]).
For k > 0,let u = uy be the weak nonnegative solution of the following backward
problem

—Opu(x, 1) — Ap(x,1) =0 in Qr,

— [Tk(u+(x’r))]l)_l in Td

X, T =
w7 lut @15~

Note that [[p¢ ||, 1) = 1. Since p solves an equation of the form (3) with b = 0, by
Corollary 2.3 we have

”M”Lq/(QI) <C,
where C does not depend on k. Since u™ is a weak subsolution of
dut (x, 1) — Aut(x, 1) < [f(x, 1) — H(x, Du(x, 1) | x>0y  in Qr,

testing against u, and testing the equation for x against u we get that

/ u+(r)u(r)dx§/ ugM(O)der// fudxdt
Td Td N{u>0}

—// H(x, Du)pdxdt.
+N{u>0}
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We apply Holder’s inequality to the second term of the right-hand side of the above
inequality, the assumption H > 0 on the Hamiltonian, and the fact that the backward
heat equation preserves the LY norm, i.e. ||M(t)||Lp/('[rd) < lforallz € [0, 7], to get,
after sending k — o0, the desired inequality. O

We now proceed with some more delicate bounds on u~, under the restriction
g > 2. We will use the following property of H: under the standing assumptions
on H, the Lagrangian L(x,v) = supp{v - p — H(x, p)} satisfies for some C; > 0
(depending on Cg)

Co'wl” = CL < Lx,v) < Cov|” +Cyp. (11)

Lemma 3.3 Assume that (H) holds. Let u be a strong solution to (HJ) in qu’l(QT),

q > d% There exists a positive constant C (depending on Cy, q, d, T ) such that

lu™ @l oezty < € (g oy + 1 1zocn)
97’
+20CL7 (g llperay + 1 Lacon) 7@ + Cpr. (12)
d . . .
wherep:mzfq < %,whllepzoolfq > #.

Proof As before, we detail the case g < ‘% only. For k > 0, let p = p; be the weak

nonnegative solution of
~0p(x, 1) = Ap(x. 1) + div(Dp H(x, Du(x, D) xpu<o}px,0)) =0 in Qs ,

[Tk(ui(x’r))]p_l in Td

- =
lu=@lI5

plx, 1) =
As before, ||tr ”LP’(W) < 1. By Corollary 2.3 we have
||P(0)||Lp’('1[*d) + ”IO”L‘I/(QT)

d+2
<c ( / /Q D, H(x, Du)| X{u<0},0dxdt+||,0r||Lp/(Td)>, (13)

where C does not depend on k. Since u™ is a weak subsolution of
du (x,0) — Au~(x,1) < [ = f(x,0) + H(x, Du(x, )] Xu<0y ~ in Qr,

testing against p, and testing the equation for p against u~ we get that

/d u (t)p(r)dx + // [— D,H(x, Du) - Du™ — H(x, Du)])({u<o}p dxdt
T O

5/ uy p(0)dx —// fpdxdt.
Td QN{u<0}
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On the one hand, in view of (11) note that

[ — DpH(x, Du) - Du~ — H(x, Du)|x(u<0y = L(DpH (x, —Du")) xu<0)
> [CLMIDpH(x. Dw)” = Co]xpu<o).

and on the other hand by Holder’s inequality

/Tdu*(r)p(r)dx +c;! /f |D,H(x, Du)|” xpu<0)p dxdt
0

—Cr // X{u<oyp dxdt
O«

< llug o eray 10O Lt oy + 1~ Nz 1010 .- (14)

Then, plugging (13) into (14) we obtain
f JuT(@p@ dx+ / f Dy H(x, D" xpu<op dxd
T O
_ _ d+2
< C1 (g ppenty + 1 sc00) (/fQ Dy H(x. Du)| "t xuzoyp dxdi + 1)

4o [ xuueonp dna. (1)

Since ¢ > 92 one can use Young’s inequality and the fact that [ p()dx <

eI, P (1dy < 1 to get the desired inequality (after passing to the limit k — o0). O

Combining (10) and (12), we get the following estimate in the case g > dyi,z.

Corollary 3.4 Assume that (H) holds. Let u be a strong solution to (HJ) in qu’l (Qr),

q > dyi,z, and assume that

luoll rcray, 1 fllLacor) < K.

Then, there exists a positive constant C (depending on K, Cy, q,d, T ) such that

sup |u(@®)l ey < C, (16)
1€[0,T]

wherepz(déﬁifq < dziz,whilep=ooifq > %

Note that the previous result does not cover the critical case ¢ = “£2. The rest of
the section is devoted to this endpoint situation, and more precise information on the
stability of solutions in L? will be obtained. This will be crucial in the subsequent
analysis of maximal regularity. It is worth noting that the constants appearing in
the estimates below will not depend just on the norms || f||z4, |luo|lz», but on finer
properties of f in L7 and ug in L?; see Remark 3.6.

@ Springer



Maximal L9-Regularity for Parabolic Hamilton-Jacobi Equations... Page190f40 19

Let I'(x, t) be the fundamental solution of the heat equation on T¢ x (0, 00).
Consider, for k > 0, the solution uy to the problem with truncated / regularized data,
i.e.

Orup(x,t) — Aug(x, t)+H (x, Duy(x, t)):Tk(f(x, t)) in 07 =T9 x (0, T()1,7)
ur(x,0) = ug( )+ (-, 1/k) (x) inT9,

where » stands for the standard convolution computed in space only, i.e. fixfa(x) =
de f1(x —y) f2(y) dy. In other words, uj solves an Hamilton—Jacobi equation with
L right-hand side and an initial datum in C°°. Such an initial datum is actually
ui(x,0) = z(x, 1/k), where z is the solution to the heat equation

dz(x, 1) — Az(x,1) =0 inQr =T¢ x (0, T),
z(x,0) = ug(x) in T,

and converges to uq in W2-2/4:9(T9) as k — oo. The existence and uniqueness of a
strong solution uy € W,%’l (Qr) for all p > 1 can be obtained using, for example, the
results in [20]. We prove now the estimates on u — u.

Proposition 3.5 Assume that (H) holds. Let u and uy be strong solutions to (HJ) and
(17) respectively, y < 2 and q = 432 Then, there exists a positive constant C
(depending on f,uo,Cy,q,d,T) suc}: that

sup [lu(t)—ur ()l ppray <C(If = TN Lacor) + lluo — uoxT (1/k) || Lo pay)-
1€[0.7]

(18)

_ dq _ gr—1
where p = m = dﬁ
Proof Let w = u — uy. Note that w depends of course on k, but we will drop the
subscript for simplicity.
As before, we argue by duality, and estimate wT first. Fix t € (0, T]and p = p
be the weak nonnegative solution of

—3p(x, 1) — Ap(x, 1) + div(D, H (x, Dug(x, ))p(x, 1)) =0 in Qy ,
_[rren)”
px,T) = *— 1

: d
oty in 1
Note that as in previous lemmas, one should further truncate p(t) to ensure the exis-
tence of p in an energy space (cf Proposition 2.1), and then pass to the limit, but we
will omit this step for brevity.

Step 1: bounds on [ |D, H (x, Duy)|” p. Testing (17) against p, and testing the
equation for p against u; we get that
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// L(x D, H (x, Duk) pdxdt = // T (fHpdxdt — / ur(0)p(0)dx

+/ ur(t)p(r)dx. (19)
Td

Recall that for all 7, [ p(t)dx = [14 p(T)dx < lo (@)l (ray = 1. Then, for i > 0
that will be chosen below,

—// Tk(f)pdxdtf/ fﬂodxdtf// f~pdxdt + ht
O O~ O:N{f~=h}
= I xi=mlaconlely g,y +hT.

Similarly, for any 9 > 0, by Young’s inequality for convolutions and Holder inequal-
ity,

—/ ur(0)p(0)dx = —/ uo I'(1/k)xp(0)
Td Td
5/ uy U'(1/k)*p(0) dx +h0/ I'(1/k)xp(0)dx
TN {uy >ho) Td

< 1005 Ky 10y [T/ Oy + o /T T/ /T PO

=< Ilu6X{uazh0} ”LP(T‘J) ||p(0) ”LP/(T‘J) + hO'

Finally, applying Lemma 3.2 to uy and noting that (uo*I'(1/k))™ < ug*l"(l/k) by
the comparison principle,

fT uk(©)p(@) dx = e Ol o 1@ gy
< I @orT (/) Il o pay + Col Te(H)  lzacony < g llpczay + Coll £ 1ac00)

Plugging the previous inequalities back in (19), and using the bounds from below on
L, we then get

c;lf/ |DpH(x,Duk)|V’pdxdt—cL// pdxdt
Q'L' T

< hT + ho + llug | Locray + Coll f T Lacor)
(4o Xz =nopl vty + 1~ xp=2mllza@o) (0O L (ay + 101 Lo )
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Then Corollary 2.3 yields bounds on p, i.e.

cr' // |DpH (x, Dup)|” pdxdt < (h+ CL)T + ho + lug oy + Coll f ¥ IlLacoo)
Q¢

+C1 (g Xpug =nop lLr vty + 1L~ xep-2my Il Laco0)

(f/ |D,H(x, Duy)|” p dxdi + 1)
0.

for some C; depending only on 7', d, y. Finally, # and h( are chosen large enough so
that

_ _ 1
[lug X{ugzho}”L!’(Td) + I xip-=mllLag,) < m,

that gives

/f |DpH (x, Duy)|” pdxdt < 2CL[(h + CL)T + ho + ||“(J)r||LP(1rd)
o
+Coll fTllLaon] +1=:C. (20)

Step 2: bounds on w™. Taking the difference between (17) and (HJ), by the con-
vexity of H(x, -), w™ is a weak subsolution of

dw'(x, 1) — Awt(x,1) + DpH (x, Dug(x, 1)) - Dw™ < [f — Ti(f (x. D)) | X(w=0)

Testing against p, and testing the equation for p against w™ gives
I @llLe ey = / wh(t)p(r)dx < / w*(0)p(0) dx
Td Td
+// [f = Ti(f . 1) ] xw=0)p dxdt.

Hence, using Corollary 2.3 and the estimate (20) we obtain

||w+||Lp(11‘d) = Cl(||w+(0)||Lp(11‘d) +If - Tk(f)|||Lq(11‘d))
</f |D,H (x, Dup)|” p dxdt + 1)
O
=G (6‘1‘ 1)(””0 - MO*F(I/k)”LP(Td) +IIf - Tk(f)|||m(1rd)),
which is “half” of the desired estimate.
To get an analogous estimate for ||[w™ || ye), Which allows to conclude since
w = u — uy, one can proceed as in Step 1 and 2, noting that w™ satisfies

w” (x,1) — Aw™ (x,t) + DpH(x, Du(x,1)) - Dw™ < [Tk(f(x, t)) - f]X{w<0}~
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To argue as before, it is sufficient to exploit properties of the dual problem

—0p(x, 1) — Ap(x, 1) +div(DpH (x, Du(x,1)p(x, 1)) =0 in Qr,
[w‘(x,r)]lkl

— in T4,
lw= @15~

px, 1) =

Remark 3.6 Note that (18) directly yields the estimate

sup |u()| ,y-1 <C,
t€[0,T] L 2V (Td)

thus extending (16) up to the critical case ¢ = (d + 2)/y’. Let us focus on the the
way C depends on f and ug. When ¢ > (d + 2)/y’, C depends on | f| ¢ and
lluollLr only. At the endpoint ¢ = (d + 2)/y’, the constant C above (and similarly
the constant in (18)) is proportional to C defined in (20), that depends in turn on
||I/l8_||Lp(’]1‘d), Il f*llLa(0,), k. ho, Where h, hg are such that

_ _ 1
||u0 X{uazho}”Ll’(Td) +If X{f*zh}”Lq(Qr) =< m,

and C; = C1(T, g, d) is as in Corollary 2.3. Thus, these constants remain bounded
when f and ug vary in bounded and equi-integrable sets in L1(Q71) and LP(T9)
respectively. This is completely in line with the results in [49].

3.2 Bounds in Holder Spaces

We now proceed with bounds on u in Holder spaces, which will be obtained in par-
ticular when y > 2, that is when ¢ is necessarily greater than d%z (and therefore u is
continuous).

Proof of Theorem 1.2 Step 1. Since we have the representation H (x, Du(x,t)) =
sup,crd (v - Du(x,t) — L(x,v)} forae. (x,t) € Qr, we get

T
/ (3zu(t),<p(t))dt+/f diu(x, 1) 9i(p(x, 1))
0 O
+[E(x,t) - Du(x,t) — L(x, E(x,t))]pdxdt
< // f(x,e(x, t)dxdt 21
op
for any measurable & : Q; — R? such that L(-, E(-,-)) € L"(Q;) and E - Du €
L"(Q¢), r > 1, and test function ¢ € iH%(QT) N L’/(Q,). The previous inequality

becomes an equality if E(x,t) = D, H(x, Du(x, 1)) in Q-.
Fixnowany t € [0, T],and letx, y € T4 be such that

u(y) —ux) =1y —x|* - [u, ©)lce(pdy-
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Let p; be any smooth nonnegative function satisfying fw pr =1l,and p € }C;(Q,) N
Lr/(QT) (for all 7 > 1) be the solution to

—0p(x, 1) — Ap(x, t) + div(DpH(x, Du(x, t))p(x, t)) =0 inQ¢,
p(x,7) = pr(x) inT9.

Use now (21) with E(x,¢) = D, H(x, Du(x,t)) and ¢ = p,and u € J—Cé(QT) asa
test function for the equation satisfied by p to get

/ u(x,r),o,(x)dx:f uo(x)p(x,O)dx~|—// fx,)p(x, t)dxdt
Td Td 0+

+// L(x,DpH(x,Du(x,t)))p(x,t)dxdt. (22)
Setting &€ = y — X, one can easily check that p(x, t) := p(x — &, t) satisfies

—0;p(x, 1) — Ap(x, 1) + div(DpH(x — &, Du(x —&,1)p(x, t)) =0 in Qy,
p(x,7) = pr(x —§) in T,

As before, plugging E(x,1) = D,H(x — &, Du(x — &, 1)) and ¢ = p into (21), and
using u € IJ{%(QT) as a test function for the equation satisfied by p yields

/u(x,f)ﬁr(x)dxif uo(x)p(x, 0)dx
Td Td

+// L(x,DpH(x—E,Du(x—é,t))),ﬁdxdt—l—/ fodxdt
T Qf

which, after the change of variables x — & — x, becomes
/ u(x +§, 1)p(x)dx = f uo(x +§)p(x, 0)dx
Td Td
+// L(x +&, DyH(x, Du(x, 1)))pdxdt + // fpdxdt. (23)
T QT
Taking the difference between (23) and (22) we obtain
/T G+ 5.1 — u(x D) pr()dx < /T (o +£) = ug(0)p(x, 0)dx
+// (L(x +&,DpH(x, Du(x,t))) — L(x, Dy H(x, Du(x, t))))p(x, t)dxdt

+f/Q [ n(px —&,1) — p(x, 1)) dxdr. (24)
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Step 2. To estimate the terms appearing in the right hand side of (24), we first derive
bounds on p. We stress that constants C, Cy, ... below are not going to depend on t
and p;. Rearranging (22) we have

// L(x, DpH(x, Du(x, 1)))p(x, t)dxdt
- / u(x, D)pe (r)dx — f uo(0)p (x, 0)dx — / / F v 0p, Ddxdr,
Td Td 0+
and by (11) and the bounds on ||u ||« of Proposition 3.4 we get
cr' /f |DpH (x, Du(x, )" p(x. t)dxdr < C + I fllLaconllpll e o,
0-

Using Corollary 2.3,

c;! /f |D,H (x, Du(x,))|” p(x, t)dxdt < C

o

d+2
1l Lo (// D, H(x, Dux, )]s pdxdz+||pf||Lpf(Td)>.
[

This provides a control on foT |DpH(Du) |V,,0, and by means of Proposition 2.2,

//Q D, H(x, Dux, )] p(r, 0)dxdt + o]l o (0 SC2 (29

d+3—y’

Step 3. First, recall that [, p(0) = 1,

/T (ol +§) = uo(@))p(x. 0dx = [£[* o).

As for the second term in (24), L(x,v) = suppeRd{v - p — H(x, p)}, and if
v=D,H(x, p),then L(x,v) =v-p— H(x, p), hence

L(x+&,DpH(x, Du(x,t))) — L(x, Dp,H(x, Du(x, 1))
< H(x, Du(x,t)) — H(x + &, Du(x, t)).

Next, using (Hy),
// (L(x +&,DpH(x, Du(x,t))) — L(x, DpyH (x, Du(x, t))))p(x, t)dxdt

< // (H(x, Du(x,t)) — H(x + &, Du(x, t))),o(x, t)dxdt
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< Chlgl® // (1DpHx, Due, )1 +1)p(x, 1) dxdr.
0.

Finally, we apply the embeddings of Propositions A.3 and A.2 (with § = ¢’,

— _d+2 — ) d+2
P =Ty and hence ¢ = y 7 ) to get

‘/ 0 F,0(p(x =&, 1) — p(x, 1)) dxdr

—&,1) — , 1
< |€|Ot /\/\Q |f(.x,t)| |(10(x $|h)|a Io(x ))| dxdt < |§|a”f”L‘i(QT)”p“Lq’(NO‘q/(Td))

< CIEFN S NLacoollll Lo e ey,
< [EFI NLaenllellse | (0.

d+3—y’

Plugging now all the estimates in (24) and using (25) we obtain

/Td (ux + £, 1) — u(x, ) pr (Wdx < C1lE[".

It is now sufficient to recall that p; can be any smooth nonnegative function satisfying
Jra pr = 1,50

[y — %% - [u(, T)]ca(qrd) =u(y) —u(x) < Cily — x|*
and we have the assertion. O

Remark 3.7 Adding an additional time localization term in the previous procedure,
as in [20], it is possible to obtain Holder bounds that are independent of the initial
datum, but just depend on the sup-norm of the solution. This indicates that the equation
regularizes at Holder scales, and the weak solutions (in an appropriate sense) become
instantaneously Holder continuous at positive times.

4 Maximal L9-Regularity

We start with a straightforward consequence of parabolic regularity results for linear
equations.

Proposition 4.1 Assume that (H) holds. Let u be a strong solution to (HJ) in qu’l (Or7).
Then,

lelly21 g,y < CUDU vagyy + 1/ Nesor + ol +1) (Q6)

2
2739 (Td)

for some positive constant C depending on q,d, Cp.
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Proof The proofis an easy consequence of well-known Caldéron-Zygmund type max-
imal regularity results for heat equations with potential

oru(x,t) — Au(x,t) = V(x,t) in Q. ,
u(x,0) = ugp(x) inT9,

which satisfies the estimate (see [41,42], or [38] and the references therein)

||M||W2 lop = CUViLacr) + lluoll )-

W20 ()
To get (26), it is now sufficient to choose V = —H (x, Du)+ f, and use the assumption
(H). O

We now proceed with our main result on maximal regularity for (HJ) when ¢ >
d+2)/y.

Proof of Theorem 1.1 To prove the assertion, we will combine the estimates derived in
Section 3 with Gagliardo-Nirenberg type interpolation inequalities.
The subquadratic case y < 2. We start from Proposition 3.4, which gives

sup [u(@®)|ls(pay < C, (27)
t€l0,T]
forany s < p = # if g < M while s < o0 if g > %.Reeall then the

classical Gagliardo-Nirenberg 1nequahty ([56, Lecture II Theorem p.125-126])
1 Du)|l e (ray < C1IIM(I)IIqu(Td)IIM(t)IILA(W) (28)

fors € [1,00] and 6 € [1/2, 1) satisfying

Note that since g > % we have p >

s (close to 99=) so that 0 € [1/2, 1/y) and (27) and (28) holds. Then, raising (28)
to yg and 1ntegrat1ng on (0, T) yields

d(y_yl) and therefore it is possible to choose

T rq
0
/0 ||Du(r>||m(w)drscf"<sup a5, W)) /O e 113y paydt.

te[0,T]
and since y0 < 1,
||DM||LW1(QT) = C2||M||Lq(0 T; W24 (TdY) ”u”Loo(O T;L5(Td))" (29)
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Plugging (27) and (29) into (26) we obtain

”””W“(Q ) = C3(||M|| o + 1 fllacor) + lluoll Q,Aq(Td))

and we conclude the assertion because 6y < 1.
The superquadratic case y > 2. We start from Holder bounds of Theorem 1.2,
namely,

sup |[u(@®)llca(rey < Ci,
1€[0,T]

where o = y' — % (ora € (0,1) when g > ;1+2) and invoke the following
Miranda-Nirenberg interpolation inequality (see [37,50,53,57])

1 DU o rty < Oy oy 11O

where 6 € [;%g, 1) satisfies

Choosing 6 = é:—g (or « close enough to 1 when g > d+2) we have 0y < 1 if and
only if

(d+2(y -1
> — .
2

Hence,

1—
| Dullzracory < CCy ||”||Lq(o T3 W24 (Td))-

Plugging this inequality into (26) and using the fact that y6 < 1, we conclude. O

We now consider the maximal regularity problem in the limiting case ¢ = (d +
2)/y’. The scheme of the proof is similar to the one of Theorem 1.1, but requires
an additional step involving solutions uy to the regularized problem (17), that is; for
k>0,

Orup(x,t)—Aug(x, t)+H(x, Dui(x,t)) = Tk(f(x, t)) in 07 =T x (0, T),
up(x,0) = ug(-)*I'(-, 1/k) (x) in T¢.
(30)

Proof of Theorem 1.3 Let w = u — ug, k to be chosen. From Proposition 3.5, we have
the existence of C depending on f, ug, Cy, q,d, T such that
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S[lépﬂ lwO peray < C(ILF = Ti(HliLacor) + luwo — uoxl (/K)o (pay )
1€[0,

-1
p=d )/_
2-vy
The Gagliardo—Nirenberg inequality reads
1 1

1 1—
I DWO Lracray < CalwOag o 10O

where C; depends on d, p, q. Thus,

_ -1
IDwIY a0,y < CYC"(ILf = Ti(PllLacor) + lluo — uoxT (/K)o ray)”
lwll a0, 7;w2a (Td))- (€29)
Note now that w solves a.e. on Q7
dw(x, 1) — Aw(x,t) = H(x, Dug(x, 1)) — H(x, Du(x, 1)) + f(x,1)
—Ti(f (x,1)), (32)

and that, by assumptions on H, |D,H (x, p)| < C}1(|p|7_1 + 1), so by Young’s
inequality

|H (x, Dug(x, 1)) — H(x, Du(x, 1))|
< |Dw(x, )| - max{| D, H(x, Duy(x, )|, |DpH(x, Du(x, )|}
< C3(1Dug (x, D))" + [Dulx, )" + |[Dw(x, )" + 1)

= C4(|Dug (x, D" + [Dw(x, " +1)

where C3, C4 depend on Cy only. Then, by maximal regularity applied to the linear
equation (32),

lwll za(0,7: w2 (T4))

< C5<|IH(X, Duy) — H(x, Du)|acor) + IL.f — Ti(f)lzacor)
+ g = ug AR, 2, (Td))

= ColDwIya gy + Co(1DN gy + 1F = Te(F)lscor)

+lluo — uo*F(l/k)llwz,%‘q(Td) + 1),

where C¢ depends on Cy, d, g. Plugging now this inequality into (31) yields

_ —1
IDWIT 140,y < CoCYCY (I = Tu(P)lLacor) + luo — wox T (1/K) | o zay)”
4
||Dw||LVq(QT) e
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Hence, we choose k large enough so that

Y r—1 3 i y—1_1
C6CyC" (ILf = Te(Nacor) + lluo — uor T A/K) | Lo epay)” < > (33)
to get
||Dw||)£yq(QT)
= ”DMIE”I)CW(QT) + ”f - T];(f)”LfJ(QT) + ”MO - uo*F(l/k)H 2_2 q(Td)
= 1D ra(gp) + 21 Neacon +2luoll ooz, 41 (34)

Since u(0) is smooth and T;(f) € L*°(Q7), we can apply Theorem 1.1 to uj
solving (17) to estimate Duj. Indeed, pick any g > ¢. Then,

d
2 _ i i AR
ITx(PHllLicor) + ||M0*F(1/k)||Wz_§,q(Td) =k+ C5k< G- )||M0|| W34 pa

in view of standard decay estimates for the heat equation (Cs depends on d, g, g only,
see, e.g., [68, Chapter 15]). Therefore, by Theorem 1.1,

where Cj depends on k, HMOHWZ‘%’q(Td)’ q,d,Cpg, T. Actually, Du can be proven to

be bounded in L>*(Q7), see [20]. It is now straightforward to conclude. Indeed,

| DullLyagry < IDwllLvacor) + I DugllLracor),

and the assertion follows by (34) and (35). O

Remark 4.2 We claim that C appearing in the statement of Theorem 1.3 remains
bounded when

e f varies in a bounded and equi-integrable set 3 C L9(Qr), and
e u( varies in a bounded set Uy ¢ W2~2/4:4(T4).

Indeed, in addition to ||ug|| ,q,d,T,Cpy, the constant C crucially depends

2—— 4 md
(T4)’
on k appearing in (33). ThlS is chosen in the proof large enough so that

(If = Te(DllLacor) + luo — uoxT (1 /K)o (ray) < €

In turn, ¢ = (2C6C%/C7’_1)_1 is independent of f € JF and ug € Uy, since they
vary in bounded and equi-integrable sets in L(Q7) and L”(T?) respectively, cf.
Remark 3.6. Note that by Sobolev embeddings, the closure of Ug in L (with p, g as
above) is compact in L?(T¢), and hence weakly compact and L”-equi-integrable by
the Dunford—Pettis theorem, see [10, Theorem 4.30].
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Hence, we just need to verify that for ¢ > 0, there exists k independent of uo € Uy
such that

luo — uoxI" (1 /K| Lp(1ay < c.

This follows again by the compactness of Ug in L?, which can be covered by finitely
many balls B./3(u;) in L? (T?). Choosing k large so that

lluj — uj*F(l/k)||Lp('ﬂ‘d) <c¢/3 forall j,
we get, for ug € Be3(uj),

lluo — MO*F(I/k)”LP(Td)
< luo —ujllpreray + luj — wjx DA/ Lo epay 4 N j = woll Lo cra) IT A/ 1 (pay < €

Remark 4.3 One can implement the same scheme to handle more general Hamilton—
Jacobi equations of the form

du — Y ayj(x, )djulx, ) + H(x, Du) = f(x,1)
ij

where A € C([0, T]; W2°°(T?)) and Al; < A < Al; for 0 < A < A. In partic-
ular, one has to appropriately adjust the proofs of the integral and Holder estimates,
following [20], and use the linear maximal regularity results in [61].

5 Applications to Mean Field Games

For a given couple uz, mg € C3(T¢), consider the MFG system

—oiu — Au+ H(x, Du) = g(m(x,t)) in Q7
oym — Am — div(D,H(x, Duym) =0 in Q7
m(0) = mo, u(T)=ur in T¢.

5.1 The Monotone (or Defocusing) Case

Proof of Theorem 1.4 We argue that under the restrictions on r it is possible to prove a
priori bounds on second-order derivatives of solutions to (MFG) (and beyond, assum-
ing additional regularity of the data). These are typically enough to prove existence
theorems. One may indeed set up a fixed-point method, or a regularization procedure,
which consists in replacing g (m) by g(m#y.)xx. (Where . is a sequence of standard
symmetric mollifiers). The existence of a solution (mg, u.) is then standard (see e.g.
[35]). Since the bounds on (m,, u.) do not depend on ¢ > 0, it is therefore possible
to pass to the limit and obtain a solution to (MFG).
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The key a priori bound is stated in the next Lemma 5.1. Once bounds for u in

q (QT) q > (d +2)/y’, are established, one can indeed improve the estimates
via a rather standard bootstrap procedure involving parabolic regularity for linear
equations. Indeed, D, H (x, Du) turns out to be bounded in L” for some p > d + 2,
which is the usual Aronson-Serrin condition yielding space-time Holder continuity of
m on the whole cylinder (see e.g. [41, Theorem II1.10.1]). We can then use Theorem
1.1 to conclude that u in Wq (QT) forany g > d + 2. ThlS immediately implies by

the embeddings of Wq (QT) that u is bounded in CH"S = (QT) for any § € (0, 1).
Then, we can regard the Hamilton—Jacobi equation as a heat equation with a space-time
Holder continuous source, and by [41, Section IV.5.1] conclude that u, is bounded in
o (Qr) independently of ¢. One then goes back to the Fokker—Planck equation

to deduce that m also enjoys 2 (QT) bounds. O
Below we state and prove the crucial a priori estimate on solutions to (MFG).

Lemma 5.1 Let (u, m) be a classical solution to (MFG). Under the assumptions of
Theorem 1.4, there exists a constant C > 0 such that

d+2
Y/

”M”qul(QT) + ”Du”LV‘i(QT) =< Ca q >

for some positive constant C (depending only on the data).

Proof Step 1. First order estimates. These are standard (see e.g. [35, Proposition
6.6]), and easily obtained by testing the Hamilton—Jacobi equation with m — mq and
the Fokker—Planck equation with u — ur; using the standing assumptions on H and

f one obtains
// |Du|” m dxdt +/f m T dxdt < C. (36)
or or

Step 2. Second order estimates. These are obtained by testing the Hamilton—Jacobi
equation with Am and the Fokker—Planck equation with Au:

// Tr(Df,pH(DZM)z)mdxder// ¢'(m)|Dm|* dxdt
or or
=/ Aurm(T)dx—/ Au(Q)ymg dx

Td

—2// Tr(D), HDzu)mdxdt—// AyH(x, Duymdxdt . (37)
or or

On one hand, [ Tr(D3,H(D*u)*)m = [[ICy "+ |1DuP)= |D2u|2 Cylm by
(H?2), while on the other hand by Young and Cauchy—Schwarz inequality
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—2// Tr(Df,xHDZM)mdxdt—// Ay H(x, Du)ym dxdt
or or

C_l -2
< i/ (14 |Dul>) 7 |D?ul’m
2 or

+c (/ H(x, Du)mdxdt + // mdxdt) ,
or or

therefore, back to (37), integrating by parts we obtain

ci! -
—H/ (1+|Du|2)yTz|D2u|2mdxdt~|—// ¢ (m)|Dm|? dxdi
2 or or
=/ Aurm(T)dx—/ u(O)Ammix—i—c/f |Du|” mdxdt + cT.
Td Td Oor

Plugging in (36), using lower bounds on g’ and the fact that ¥ > min u7 + min H (-, 0)
by the comparison principle, we finally get

/Q (1+|Du|2)y2_2|D2u|2mdxdt+//Q DT )2 dxdt < Co.  (38)
T T

Step 3. Setting b(x,t) = —D,H (x, Du(x, t)), by the assumptions on H, (36) and
(38) (recall also that |D, H (x, p)| = ¢~ '|p|”~! — ¢), we have

// |div(b)|’Pmdxdt < C ify <2
or
2—
// IdivD)2(1 + |b) 7 Tmdxdt < C ify > 2,
or

and since m solves a Fokker—Planck equation with drift b, applying Lemma 5.2 with
nw=2ify <2and u =y if y > 2 yields
4 ify <2

||m||Loo(0’T;Lr/(Td)) < C’) for any 1 =n= dg(2y—l) if 2
- iy >2

Therefore, using again (38), we have bounds on m% in L*°(0, T; L"r%l('ﬂ‘d)) N
L2(0, T; W12(T9)), which, by parabolic interpolation [30, Proposition 1.3.2] imply

L+ i ify <2

( —
d+2)(y—=1)-2

lm" | Lgeray < C2 forany g < [ f .
1+ m lf]/ > 2.

Under our assumptions on r, the exponent g can be chosen large enough to apply
Theorem 1.1, that yields the assertion. O

The following lemma is needed to extract regularity information on m.
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Lemma 5.2 Let m be a classical solution to
om — Am + div(b(x,t)m) =0 in Qr

and assume that for u > 2

1 n=2
(// Idiv(b)2(1 + |b|)21mdxdt>2 (ff |b|u“1mdxdz> k.
or or

Then, there exists a constant C depending on K, and d, such that
”m(t)”LP(’]I‘d) <C+ ||m(0)||Lp(’]rd) vt € [0,T],
wherep—mlfd>2 while p € [1,00) ifd < 2.

Proof The estimate can be obtained by testing the equation against m”~! and using
parabolic interpolation (see [34, Theorem 4.1] for further details). We briefly sketch
it here for completeness. Testing the equation and integrating by parts yields

A4p—1) (' :
f mp(t)dx+M/f \Dm % Pdxds
Td P 0 J1d

t
=/ m?(0)dx — (p — 1)/ / div(bym? dxdt.
Td 0 JTd

We write

t . t . 1 2—p n=2 pup=D+1  pu=2
/ / div(b)ym? dxdt = / / div(b)m2|b|2w=D |b|2e=Dm ~ #® m 2¢ dxdt
0 JTd 0 JTd

Therefore, applying generalized Holder’s inequality with exponents (2, u, l%) we

deduce
fmp(t)dx+mff |Dm% ()] dxds
Td p 0 JTd
! o
5/ m?(0)dx + (p — DK (/ / mW—‘)“(s)dxds) . (39
Td 0 JTd

We then apply parabolic interpolation inequalities (see e.g. [30, Proposition 1.3.1])

t i d+2
/ / |zI°dxds < C | sup [ |z|2(s)dx / / |Dz|2dxds where { =2——,
0 Jrd sel0,r]JTd 0 Jrd d
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5 _d(p —1)+1 .
2, p= d(,E 1))2,80that§=2%,toobtam

1 t
// mu(p—l)ﬂ(s)dxds:/ / 3¢ dds
0 JTd o Jrd
7
<C<// |Dm2|dxds) supfmp(s)dx .
T s5€[0,1] /T4

Then, using also Young’s inequality, the right-hand side of (39) can be controlled as
follows:

withz =m

2

t 1 dp
/ mI’(O)dx—i—C(/ / |Dm§(s)|2dxds>“ ( sup / ml’(s)dx)
Td 0 JTd s€[0,t]JTd

2
dp—1 (' 2o =D
< m? (0)dx + ——= |[Dm?|°dxds + Cy | sup m? (s)dx .
d p 0 JTd se[0,1]JTd

Ifd > 2, then d( —y < 1 and we are done. If d < 2, the proof is somehow simpler,
by different nature of Sobolev embeddings of W12(T%); we refer to [36]. O

5.2 The Nonmonotone (or Even Focusing) Case

Proof of Theorem 1.5 We detail only the derivation of the a priori estimates for smooth
solutions to (MFG), i.e. the existence of a constant C > 0 (depending only on the
data) such that

d+2
Y/

lully21 00, + 1DullLraop < €. > (40)

Since we fall in the maximal regularity regime for the Hamilton—Jacobi equation, the
existence of a solution to the MFG system can then be derived as in Theorem 1.4.

We start from first order estimates as in Lemma 5.1, that now yield, using the
assumptions on g,

f/ L(x, D, H (x, Du))m dxdt — [/ m TV dxdt < Cy.
or Or

To bound the two terms in the left hand side separately, a further step is needed. Recall
a crucial Gagliardo-Nirenberg type inequality proven in [23, Proposition 2.5], that
reads

§
<// mr'H(x, t) dxdt> <C <// |DpH (x, Du(x, t))|7/, dxdt + 1) . 4D
or or
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for some C > 0 and § > 1, provided that r < y’/d. Then, using this inequality, the
assumptions on L and the fact that de m(t) = 1 forall ¢,

c;! // |D,H(x, Du(x,1))|” dxdt — CL.T
or

) 1/8
< // L(x, D, H (x, Du))m dxdt < C (// |D,H(x, Du(x,t))|" dxdr + 1)
or or
+ Cy.

Hence, back to (41), we get

Ilmllpr+10,) < Ca. (42)
Therefore, || g(m)||L B o0 < (3. Note that by the assumptions on r, g = # is
large enough to apply Theorem 1.1, and (40) follows. O

Acknowledgements The authors are members of the Gruppo Nazionale per I’ Analisi Matematica, la Prob-
abilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). This work
has been partially supported by the Fondazione CaRiPaRo Project “Nonlinear Partial Differential Equa-
tions: Asymptotic Problems and Mean-Field Games”. The authors wish to thank Prof. Alessandra Lunardi
for discussions about Lemma A.1.

Funding Open access funding provided by Universita degli Studi di Padova within the CRUI-CARE Agree-
ment.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: Some Embedding Theorems

LemmaA.1 For p > 1, the space U-C}U(QT) is continuously embedded into

Cc([0, T1; W'=2/p-P(T?)), and Wg’l(QT) is continuously embedded into
C([0, T]; W2=2/P-P(T4)),

Proof We consider the embedding of 9{}7 only (the other can be obtained similarly).
Recall that the case p = 2 is classical (see e.g. [28, Theorem X VIIIL.2.1]). The general
statement p # 2 can be proven via abstract methods for evolution problems, see
[1,61]. We provide a short proof for reader’s convenience. First, u € U—C},(QT) can be
extendedtoav € J—(}, (T x (0, 00)) in the usual way: letu(t) = u(T) forallt > T,
and set v(¢) = ¢(¢)u(t), where ¢ is a smooth function in (0, co) which vanishes for
t > T + 1 and is identically one for ¢ € [0, T]. Then, since G{L(Td x (0, +00)) ~
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WP (0, +o0; (WhP'(T9))') N LP(0, +00; W!-P(T%)), apply [48, Corollary 1.14] to
obtain that

H,(T¢ x (0, +00)) <> Cp([0, +00); (WP (T, WhP (T) 11, p)-

One then concludes by means of the Reiteration Theorem [48, Theorem 1.23] (see
also [45]) that

(W=HP @), WhP(TD) 11, p = WITHPP(TY,

which gives the statement. O

Proposition A.2 For p > 1, the parabolic space H},(QT) continuously embedded
into L%(0, T; W*%(T¢)), where § > p and

d+2 d+2
=14+ —=—-=""=
8 p

Proof We adapt a strategy presented in [39,40] (see also [19] for the Bessel potential
spaces setting). Let 6 = p/§ € (0,1) andv = (1 —2/p)(1 — 0) + 6. We now use
the (real) interpolation in the Sobolev—Slobodeckii scale to observe that W7 (T%)
can be obtained by interpolation between WLr(T4) and W1=2/P-P(T?) (see [71,
Theorem 2.4.2 p. 186 and eq. (16)]). Moreover, W"-? (T9) is continuously embedded
into W”*d/s’d/p"s(ﬂ‘d), see [62]. Hence, for a.e. ¢,

0
cd.p. )Nl g4, .- et @)l ty < N3y epay 18O 110 pay -
Then, a_v—% d_ 1+%_a’+2;1—9) and

o 0

’ (1-0)2
i 1 e dt) =€ Oy 5y Oy

T 6
(1-6)p p
= Cy sup (lu(@®lly,1 2, </ (111, dt) ,
re0.T] W1=2/p.p(Td) 0 Wl.r(Td)

Recalling now that & = p/§ € (0, 1) we obtain

1
T 5
$
(fo ||u(r>||waw)dt) < Csllullsey o)
O

LemmaA3 For0 <« < land 1 < p < oo, WP (T?) is continuously embedded
into NP (T4).
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Proof We just need to localize analogous results on R, which go back to [67, Lemma
9 p. 441], see also [65, Proposition 10-(b) Section 5.2] and [45, Theorem 17.38] for a
proof via real interpolation methods. Let x be a compactly supported cut-off function
such that x = 1 on the unit cube [—2, 2]d . It is immediate to see that the extension
operator is bounded

WhP(T9) 5 u s i = yu € WEP(R?)

for all nonnegative integers k > 0 and p > 1, so it is bounded from W7 (']I‘d) to
WP (R?) by interpolation. Then,

lull yerray < Cillit]l yepray < C2llitllwo.pway < C3lltllyappay

where the second inequality relies on the aforementioned embedding W7 (RY) <
NP (RT) ~ BY (RY). o
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