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In this paper, we investigate the k-Facility Location Problem on the line within the Bayesian Mechanism Design framework
and analyze the percentile mechanisms, a class of truthful mechanisms that locates the facilities based on the order of the
agents’ reports. We first connect the k-FLP to the Wasserstein projection problems and use this connection to retrieve the limit
of the ratio between the expected cost of a percentile mechanism and the expected optimal cost. Moreover, we characterize its
limit and convergence speed. We infer an upper bound on the Bayesian approximation ratio when n > k, contrasting the
classic worst-case analysis where percentile mechanisms have an unbounded approximation ratio whenever k > 2. This
allows us to introduce criteria to determine which percentile mechanism is better suited to address a given agent distribution.
We then establish the existence of an optimal percentile mechanism and characterize it via a system of k equations. Finally,
we estimate the optimality loss that occurs if we retrieve the optimal percentile mechanism using an approximation of the
agents’ distribution. All results hold for the Social, Maximum, and lp costs.
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Algorithmic game theory.
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1 Introduction

The scope of Mechanism Design is defining procedures that aggregate a group of agents’ private information for
optimizing a social objective. Nevertheless, merely optimizing the social objective based on the agents’ reported
preferences often leads to undesired manipulation due to the agents’ self-interested behaviour. For this reason,
one of the most important properties a mechanism should possess is truthfulness, which guarantees that no
agent benefits from misreporting its private information. This stringent property is often incompatible with
the optimization of the social objective, so we have to compromise on a sub-optimal solution. To quantify the
efficiency loss, Nisan and Ronen introduced the notion of approximation ratio, which is the highest ratio between
the social objective achieved by a truthful mechanism and the optimal social objective achievable over all the
possible agents’ reports [48].

One of the most famous examples of these problems is the k-Facility Location Problem (k-FLP). In its most
basic form, the k-FLP consists in locating k homogeneous facilities among n self-interested agents. Every agent

*A previous version of this paper appeared in the Proceedings of the 17th Symposium of Algorithmic Game Theory (SAGT 2024) [9]. In
this improved version of the paper, we complement our studies by considering percentile vectors that have 0-1 entries and by studying the
problem under different metrics, such as the Maximum Cost and the lp costs.
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needs to access one of the facilities, since all the facilities provide the same service, they would prefer to have at
least one placed as close as possible to their position. Despite its simplicity, this problem and its variants have
found a wide range of applications in fields such as disaster relief [12], supply chain management [46], healthcare
[1], clustering [38], and public facilities accessibility [14]. The study of the k-FLP from an algorithmic mechanism
design viewpoint was initiated by Procaccia and Tennenholtz. In their seminal work [50], they considered the
problem of locating one facility amongst a group of agents located on a line. They were the first to design an
allocation process that places the facility while keeping in mind that every agent is self-interested, i.e. that
the agents would manipulate the process in its favour if able. Ever since the study of the social aspects of the
k-FLP has received extensive attention. Subsequently, a variety of methods with fixed approximation ratios for
positioning one or two facilities on different types of structures such as trees [29, 30], circles [42, 43], general
graphs [2, 25], and metric spaces [9, 24, 58] were introduced. Despite the overarching generality of the underlying
space, these positive outcomes pertain to scenarios with a limited number of agents or when the facilities to place
are at most 2.

The approximation ratio results are, indeed, much more negative when we move to three or more facilities.
Fotakis and Tzamos [32] showed that for every k > 3, there does not exist any deterministic, anonymous, and
truthful mechanisms with a bounded approximation ratio for k-FLP on the line, even for simple instances with
k + 2 agents. The same result has been later shown to be true for higher dimensions problems [60]. Nonetheless,
it is still possible to define truthful mechanisms with a bounded approximation ratio when the number of agents
is equal to the number of facilities plus one, as shown in [26], by considering randomized mechanisms [31], or
when the facilities have a capacity limit [8].

Our study concerns a class of truthful mechanisms for the generic k-FLP, the percentile mechanisms, first
introduced in [57]. Although every percentile mechanism has an unbounded approximation ratio, we show that
this is not the case if the agents’ type is sampled from a probability distribution. This framework is also known
as Bayesian Mechanism Design [20, 35]. Under these premises, we show that, depending on the distribution that
describes the agents’ position, it is possible to select a percentile mechanism that asymptotically behaves optimally,
i.e. it minimizes the Social Cost. Furthermore, given the agents’ distribution, we provide a characterization of
the optimal percentile mechanism via a system of equations. Interestingly, these results hold for more generic
settings; in particular, we show that all our results hold when we consider different costs, such as the Maximum
Cost or the [, costs. Our results mark an important connection between Optimal Transportation and Mechanism
Design, which allows us to (i) define a general way to study mechanisms from a Bayesian perspective, and
(ii) provide an alternative framework to retrieve optimal truthful mechanisms, which is the defining problem of
Automated Mechanism Design [53].

1.1 Our Contribution

In this paper, we conduct a comprehensive investigation of the k-Facility Location Problem (k-FLP) from a
Bayesian Mechanism Design perspective, where we assume that agents’ positions on the line follow a distribution
1 [35, 36]. We focus specifically on the class of percentile mechanisms [57] and explore the conditions under which
the Bayesian approximation ratio of these mechanisms — defined as the ratio between the expected cost induced
by a mechanism and the expected optimal cost — is bounded. We establish that each percentile mechanism exhibits
distinct performance depending on the measure p and we identify the optimal percentile mechanism tailored
to a distribution . In particular, we show that, for any given probability measure p, there exists a percentile
mechanism whose Bayesian approximation ratio goes to 1, proving that considering just percentile mechanisms
is not restrictive.

Our study begins by establishing a connection between the k-FLP and a projection problem in the Wasserstein
space. Through this connection, we import tools and techniques from Optimal Transport theory to approach

ACM Trans. Econ. Comput.



Leveraging Optimal Transport to Design Optimal Mechanisms for the Facility Location Problem + 3

the k-FLP. In particular, we demonstrate that when the number of agents on the line tends to infinity, the ratio
between the expected cost induced by the mechanism and the expected optimal cost converges to a bounded
value. Moreover, we characterize both the limit value of the ratio and the speed of convergence. Finally, leveraging
the characterization of the limit and its convergence rate, we derive a bound on the performances of percentile
mechanisms for any finite number of agents.

We then tackle the problem of retrieving the best percentile mechanism tailored to a distribution y and the
number of facilities k. We show that there always exists a percentile vector, namely 5” € (0, 1)k , that induces the
optimal percentile mechanism, i.e. a mechanism whose expected social cost is asymptotic to the optimal expected
cost as the number of agents increases. We characterize this vector as the solution to a system of k equations
and employ it to compute the optimal percentile vector associated with common probability measures, such as
the Uniform and Gaussian distributions. Lastly, we show that the optimal percentile vector is invariant under
positive affine transformations of the probability measures describing agents. In particular, 7, does not depend
on the specific mean and variance of the distribution .

To conclude the paper, we present a study on the stability of the optimal percentile vector. Specifically, let ji be
an approximation of the true agents’ distribution y. Additionally, let 7; and 3, represent the optimal percentile
vectors associated with [ and p, respectively. We demonstrate that when the agents are distributed according to p,
the Bayesian approximation ratio limit of the percentile mechanism induced by u; deviates from 1 by an amount
proportional to the infinity Wasserstein distance between p and fi. Notably, the more precise the approximation
of 1, the better the asymptotic performance of the optimal percentile mechanism induced by 4, when the agents
are distributed according to p. All the results discussed hold for the most common social objectives, including the
Social Cost, the Maximum Cost, and the [, costs. To maintain focus in the main discussion, we first introduce
all the main results for the Social Cost and then extend the results to the /, and Maximum Costs in a dedicated
Section.

A preliminary version of this paper appeared in the Proceedings of the 17th Symposium of Algorithmic Game
Theory 2024 (SAGT 24) [9]. In this revised and enhanced version, we have complemented the study by considering
the case in which the percentile vector inducing the percentile mechanism has one or more 0-1 entries and
extended our study to include the Maximum Cost and the [, cost. Owing to this extension, we have been able to
retrieve the optimal percentile mechanism for both the [, and Maximum Costs, in particular we retrieve a closed
formula that computes the optimal percentile mechanism with respect to the Maximum Cost regardless of the
number of facilities k.

1.2 Related Work

The study of k-FLP research from an algorithmic mechanism design viewpoint was initiated by Procaccia and
Tennenholtz in [50]. When k = 1, 2 there are several truthful mechanisms, such as the median mechanism [15] and
its generalizations [13, 47], that achieve small constant worst-case approximation ratios. When k > 2, however,
these efficiency guarantees are much more negative. Indeed, due to an impossibility result, it is well-known that
there does not exist a truthful mechanism that has a bounded approximation ratio while being deterministic and
anonymous [32, 60]. It is worthy of notice however, that this impossibility result does not apply to randomized
mechanisms [31], to instances where the number of agents is precisely equal to the number of facilities plus one,
as shown in [26], and to instances where the facilities have a uniform capacity limit as shown in [8].

The Percentile Mechanisms are a class of mechanisms for the k-FLP that, similarly to the median mechanism,
places the facilities at the place of k agents depending on their order on the line, [57]. Due to the dictatorial-like
nature of these mechanisms, it is easy to build an ad hoc instance of the k-FLP on which the optimal social cost is
as small as we like, but the cost attained by the mechanisms greater than a positive constant. These instances,
however, do depend on the percentile mechanism and, in most of the applied contexts, carry little practical sense.
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Bayesian Mechanism Design is an alternative paradigm to evaluate the performances of a mechanism. While
in classic Mechanism Design, the designer does not have any information about the agents’ type, in Bayesian
Mechanism Design, every agent’s type is drawn from a known probability distribution, [20, 35]. Consequentially,
this defines a distribution over the set of inputs over which the mechanism is defined, allowing us to introduce
the notion of expected cost of a mechanism. The Bayesian Mechanism Design framework has been used to study
routing games [34], facility location problems [62], combinatorial mechanisms based on e-greedy mechanisms
[44], and, more extensively, auction mechanism design problems [19, 37, 61]. To the best of our knowledge, the
only other two papers studying the k-FLP in a Bayesian Mechanism Design framework, are [10], where the
k-Capacitated Facility Location Problem is considered, and [62], in which the authors study how to use the
Lugosi-Mendelson median [45] to define approximately truthful mechanisms for the 1-FLP.

Over the past few decades, Optimal Transport (OT) methods have gradually found their application within
the broad landscape of Theoretical Computer Science. Notable examples include Computer Vision (7, 49, 51, 52],
Computational Statistics [41], Clustering [6], and Machine Learning in general [21, 33, 55, 56]. However, there has
been limited advancement in applying OT theory to the field of mechanism design. To the best of our knowledge,
aside the k-Capacitated FLP [10], the only field related to mechanism design that has been explored using OT
theory is auction design [22]. In their work, the authors demonstrated that the optimal auction mechanism for
independently distributed items can be characterized by the Dual Formulation of an OT problem. Moreover, they
utilized this relationship to derive the optimal mechanism for various item classes, thereby establishing a fruitful
application of OT theory in the context of mechanism design.

2 Preliminaries

In this section, we fix the necessary notations on the k-Facility Location Problem (k-FLP), Bayesian Mechanism
Design, and Optimal Transport (OT). Furthermore, we recall the definition of the percentile mechanisms.

2.1 The k-Facility Location Problem

Given a set of self-interested agents N' = [n] := {1,2,...,n}, we denote with {x;};c[n] the positions of the
agents over R. Without loss of generality, assume that the agents are indexed such that the positions x;’s are
in non-decreasing order. We denote with ¥ := (x1,xz,...,%,) € R" the vector containing the elements of X.

In this setting, if the k facilities are located at the entries of the vector § := (y1,ys...,yx) € RF, an agent
positioned in x; incurs a cost of ¢;(x;, ) = minjex] |x; — y;| to access a facility.! Finally, a cost function is a
map C : R" x RF — [0, +00) that associates to every couple (X, i) the overall cost of placing the facilities at
iy when the agents are located at the entries of ¥. Given a vector ¥ € R" containing the agents’ positions, the
k-Facility Location Problem with respect to the cost C, consists in finding the locations for k facilities that minimize
the function § — C(X, ). There are two typical cost functions. One is the Social Cost (SC), also known as the
Utilitarian Cost, which is defined as the sum of all the agents’ costs, i.e.,

SCGE ) = D el ).
i€[n]

The other is the Maximum Cost (MC), also known as the Egalitarian Cost, which is defined as the maximum cost
amongst all agents’ costs, i.e.,

MC(X,4) = max ci (i, §).

'In what follows, we will use § = (yi, ..., yx) and the set of points {y;} jelk]> intercheangeably. In particular, we say that the facilities are
located at 3 instead of saying that the facilities are located at the entries of 3.
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These two costs are special cases of the I, costs (Clp), which are defined as the [, norm of the agents’ costs, i.e.,

n 1
€, &9 = (el d)),

i=1
see [28]. Indeed, the Social Cost and the Maximum Cost are the [; Cost and I, Cost, respectively. Given the agent
positions X and the number of facilities k, we denote SCop; (¥), MCop(X), and (Cy, )op¢ (X) the minimal cost for
the Social, the Maximum, and the [, costs, respectively. Given that multiplying the cost function by a constant
does not alter the approximation ratio of the mechanisms, we rescale the Social Cost and the [, costs by the
number of agents. With a slight abuse of notation, from now on, we set

Lo 1 R - 1\ Y
SCx.y) = D eilx ) and G, (X%,9) = (; D e, y)")”,
i€[n] i=1
where n represents the total number of agents. As we will see, this amendment simplifies the exposition of our
results.

2.2 Mechanism Design and the Worst-Case analysis

In the context of Mechanism Design, a k-facility location mechanism is a function f : R” — R that takes the
agents’ reports X in input and returns a set of k locations g for the facilities. In general, an agent may misreport
its position if it results in a set of facility locations such that the agent’s incurred cost is smaller than the cost
they would incur by reporting truthfully. A mechanism f is said to be truthful (or strategyproof) if, for every
agent, its cost is minimized when it reports its true position. That is,

ci(xi, f(X)) Sci(x f(Xoinx)))

for any misreport x] € R, where X_; is the vector X without its i-th component. Albeit deploying a truthful
mechanism instead of computing the optimal location prevents agents from misreporting their positions, it comes
with a loss in terms of efficiency. To evaluate this efficiency loss, Nisan and Ronen introduced the notion of
approximation ratio [48]. Given a truthful mechanism f, its approximation ratio with respect to the Social Cost
is defined as
SCr(x)
ar(f) : S o ) (1)
where SCy(X) is the Social Cost of placing the facilities at f(X) and SC,,;(X) is the optimal Social Cost achievable
when the agents’ report is X. In what follows, we will refer to the worst-case approximation ratio defined in (1)
as the approximation ratio. Similarly, we define the approximation ratio of f with respect to the Maximum Cost
and the I, costs. Depending on the cost we consider, the same mechanism achieves different approximation ratio.
In what follows, it will be clear from the context which cost function we use to evaluate the approximation ratio.
Evaluating a mechanism f from its approximation ratio is also known as the worst-case analysis of f.

2.3 Bayesian Analysis

In Bayesian Mechanism Design, we assume that the agents’ types follow a probability distribution and study the
performance of mechanisms from a probabilistic viewpoint. Every agent’s type is then described by a random
variable X;. In what follows, we assume that every X; is identically distributed according to a law (i.e. a probability
distribution) y and independent from the other random variables. A mechanism is said to be truthful if, for every
agent i, it holds

By Lei(xi, f(xi, X-0))] < By [ei(xi, f(x], X_0))] Vx; €R, ()

—i
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where x; is the agent i’s true type, X_; is the (n — 1)-dimensional random vector that describes the other agents’
type, and E;; is the expectation with respect to the joint distribution of X_;. Given § € R, let X;, be the random

vector describing the agents’ type; a mechanism f is a f-approximation if E[SCf ()_(),,)] <p E[SCOPt()?n)] holds,
so that the lower f is, the better the mechanism is. To unify the notation, we define the Bayesian approximation
ratio for the Social Cost as the ratio between the expected Social Cost of a mechanism and the expected Social
Cost of the optimal solution. More formally, given a mechanism f, its Bayesian approximation ratio with respect
to the Social Cost is defined as follows

E[SCs(X,
™) (f) = G )] (3)
E[Scopt(Xn)]
where the expected value is taken over the joint distribution of the vector X, = (X1, ..., Xn)- Notice that, if

Bi;”)l (f) < +co, then fisa B[(l':,)l (f)-approximation. Similarly, we define the Bayesian approximation ratio of

f with respect to the Maximum Cost and the [, costs. For the sake of consistency, we denote the Bayesian

approximation ratio of f with respect to the /, cost with B((I'Z,
(n)

respect to the Maximum Cost with B, o, (f). Since we consider only truthful mechanisms, in what follows we
use X to denote the vector containing the agents’ reports and the agents’ real position interchangeably. Moreover,

we use the capital letter X, to denote the random vector describing the agents’ types.

(f) and the Bayesian approximation ratio with

2.4 The Percentile Mechanisms

The class of percentile mechanisms has been introduced in [57]. Given a vector ¥ = (vy, 0, . ..,0k), such that
0 <v; vy <+ <o < 1, the percentile mechanism induced by 7, namely P M;, proceeds as follows: (i) The
mechanism designer collects all the reports of the agents, namely {x1, x, . . ., x,, }. Without loss of generality, let
us assume that the reports are already ordered in non-decreasing order, i.e. x; < x;j41. (ii) The designer places the
k facilities at the positions y; = x;,, where i; = [ (n = 1)o;] + 1. Notice that, if the values x; are sampled from
a distribution, the output of any percentile mechanism is composed by the (| (n — 1)v; | + 1)-th order statistics
of the sample. As established in [57], percentile mechanisms are truthful if the cost of an agent placed at x; is
¢; = minje(k| |x; — y;|, where y; are the position of the facilities. Thus, when k > 2, the approximation ratio of
any percentile mechanism becomes unbounded regardless of the cost considered since the percentile mechanisms
are also anonymous and deterministic [32]. In other words, for every percentile vector 7 and regardless of the
objective function considered, ar (P M3z) = +oo. Moreover, it is worth noting that since percentile mechanisms are
truthful in the classic setting, they also retain their truthfulness within the Bayesian framework [35]. Therefore,
throughout this paper, there is no need to distinguish between the agents’ types and their reported information.

2.5 Basic Notions on Optimal Transport

In the following, we denote with £ (R) the set of probability measures over R. Given a measure y € P(R), we
denote with spt(y) C R the support of y, that is, the smallest closed set C C R such that y(C) = 1. Furthermore, we
denote with P (R) the set of probability measures over R whose support consists of k points. That is, v € P, (R)
ifand only if v = Z?:l v;6x,, where x; € R for every j € [k], v; > 0 are real values such that lezl v; =1, and dy;
is the Dirac’s delta centered in x;. Given two measures «, f € P(R) and p € [1, +o0], the p-th order Wasserstein
distance between a and f is defined as

nell(a,p)

Wp((x,ﬁ)z( min ‘/RR|x—y|pdn) , (4)
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where I1(«, ) is the set of probability measures over R X R whose first marginal is equal to & and the second
marginal is equal to f§ [39]. When p = +oo, we set Wio (@, f) = minyeri(a ) Max (x,y)espt(r) [X—yl. It is well-known
that, for every p € [1, +c0], W, is a metric over $(R). For a complete introduction to the Optimal Transport
theory, we refer the reader to [59] and [54].

Basic Assumptions. In the remainder of the paper, we tacitly assume that the underlying distribution yu satisfies
the following properties: (i) The measure p is absolutely continuous. We denote with p,, its density. (i) The
support of y is an interval, which can be bounded or not, and that p,, is strictly positive on the interior of the
support. (iii) The density function p,, is differentiable on the support of y. As an important consequence of this
set of assumptions, we have that the cumulative distribution function (c.d.f.) of y, namely F,,, is locally bijective.

In particular, we have that its pseudo-inverse function, namely F,E‘”, is well-defined on (0, 1).

3 The Bayesian Analysis of the Percentile Mechanism

In this section, we study the percentile mechanisms in the Bayesian Mechanism Design framework. Specifically,
we consider a scenario where the agents’ reports are drawn from a shared distribution p, which satisfies the basic
assumptions outlined in Section 2.

3.1 The k-Facility Location Problem as a Wasserstein Projection problem
Given a vector X := (xy, X, ..., X,) containing the reports of n agents, we define the measure p; := i 1 Oxye
Using the map X — pz, we are able to associate any agents’ profile to a probability measure in P, (R) c P (R).
Let us now consider the following minimization problem
S pin Wp(pz, ), 5)

where p € [1,+00]. Due to the metric properties of W), problem (5) is also known as the Wasserstein projection
problem on P (R). Since P (R) is closed with respect to any W, metric (see Chapter 7 in [3]), any Wasserstein
projection problem admits at least a solution. When yz is clear from the context, we denote with v(*®) the
solution to problem (5). In general, given a measure {, we will say that v is the projection of { over S ¢ P(R)
with respect to W, if v € § and W, ({, v) < W, ({, p) for every p € S. According to this notation, we have that
v(kn) js the projection of iz over P (R) with respect to Wp.

The starting point of our Bayesian analysis of the percentile mechanisms consists in connecting the k-FLP to a
suitable Wasserstein projection problem. In particular, we show that the objective value of problem (5) is the
same as the objective value of the k-FLP.

THEOREM 3.1. LetX = (x1,...,x,) be the reports of n agents. Let §j = (y1, ..., yx) be the solution to the k-FLP
with respect to the Social Cost. Then the set {y;} je[k] is the support of a measure vk that solves problem (5) with
p=1 Moreover, we have that

SCopt (%) = Wi (uz, vE™) = min Wy (g, A).
opt () = Wapiz, Vi) = min, Wi (piz, 4)
Vice-versa, if v.€ Pr(R) is a solution to problem (5), then its support {y;} je[k] is a solution to the k-FLP with respect
to the Social Cost. Similarly, if p = oo, the support of the solution to problem (5) is the optimal location with respect
to the Maximum Cost. Vice-versa, the entries of every optimal location vector ij for the k-FLP problem with respect to
the Maximum Cost is the support of a minimizer of problem (5) for p = co. Finally, the same implications hold for
every p € (1,+c0). In this case, the solution is taken with respect to the l, Cost.

Proor. Let X be the vector containing the reports of n agents, and let 3 be the vector containing the optimal
location for k facilities with respect to the Social Cost when the agents are located according to X. Without loss
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of generality, we assume that the closest facility to each agent x; is unique so that the sets A;, defined as
A<:={x~ : min |x; —yy| = |x; — }
j TR lxi = yil = Ix; yj|

are well-defined and disjoint.

First, we show that, given an optimal facility location , it is possible to retrieve a measure v € Py (R) that
solves the projection problem (5) for p = 1 and whose support is {y;} je[«]-

For every y;, let us set v; = %, where ¢; := |A;| is the number of agents whose closest facility is located
at y;. We then set v = 3} ;c[x] v;0y,. Since A; are disjoint sets, we have v € P, (R). Let us now consider the
transportation plan, namely 7, between p; and v defined as

1 if X; € Aj
T = Ty, =3 7
Lj Xi,Yj

0 otherwise.

Since according to 7 every agent goes to its closest facility, 7 is optimal, thus we have Wy(pz, v) = Xic[n1 jefk] 1%i—
yjlm; = % jelk] Zxiea; [Xi = yj|. We now show that v solves problem (5) forp = 1. Toward a contradiction, let
us assume that 7 = Zﬁ;l V85, € Pr(R) is such that W (uz, V) < Wi(pz, v). Let us define the partition of agents
Aj related to the set of points {7} je[x].> Therefore, we have

S bl = Wil ) < Wil )= 30 S - gl ©)

jelk] x;eA; jelk] xi€A;

which contradicts the optimality of 7. Hence the first implication of the theorem is proven.

For the inverse implication, it suffices to repeat the same argument backwards. Indeed, let v be a solution to
the W Projection problem. Toward a contradiction, let us assume that the support of v is not a solution to the
k-FLP. Then, given a solution to the k-FLP problem, we can use the argument used in the first part of the proof to
build a new measure that has a lower cost than v, which would contradict the optimality of the initial solution.

Through a similar argument, we get the same conclusion for every p € (1, +co]. ]

By restricting the set on which the projection problem is defined, we retrieve a similar characterization for the
cost of any k-facility location mechanism.

THEOREM 3.2. Let f : R — R be a k-facility location mechanism. Then, the Social Cost of f is the minimal
distance between 3z and a closed subset of P (R) with respect to Wy, that is

SCr(X) = min Wi(pz, A), 7)
{Aj}jex

where A= ¥ je k) Ajdy; andyj = (Y1, Yz, . . ., yx) = f(X). Similarly, thel, Cost or the Maximum Cost of the mechanism

f can be expressed as a projection problem described in (7) by replacing W with W,, or W, respectively.

Proor. Let f be a mechanism, ¥ the vector containing the reports of n agents, and let us denote with i the
vector containing the positions returned by the mechanism f, so that i = f(X). For every j € [k], let us denote
with A; the set of agents that are closer to the facility placed at y;. Without loss of generality, we assume that
every A; is disjoint from the other so that A; N A, = 0 for every j # r. Let us now define v(") as

y( = Z v](.")5yj

Jjelk]

2 Again, without loss of generality, we can assume that the facility that is closest to a given agent is unique.

ACM Trans. Econ. Comput.
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where v;n> = % and ¢; = |A;|. We now show that v(" is a solution to problem (7). Indeed, the discrete probability

measure 7 is defined as

1 if X; € Aj
Tij = Ty, =\ .
J 0 otherwise,

is a transportation plan between yz and v(™). Furthermore, since according to 7 every agent goes to its closest

facility, we have
DD i yilmy = Wi, v ™).
ie[n] jelk]

Finally, if ¥ is such that spt(¥) = spt(v) = {y;}jerx] and Wi (pz, ¥) < Wi(pz, v("), we infer that there exists at
least one agent that can be reallocated to a closer facility, which would contradict the definition of A;. This
concludes the proof for the Social Cost case.

Through a similar argument, we get to the same conclusion for both the [, costs and the Maximum Cost. O

Notice that the projection problem (7) is a further restricted version of the projection problem (5). Indeed, in
(5), the support of the solution can be any subset of R containing k elements, while in (7), the support of the
solution is fixed by the mechanism f.

3.2 The Bayesian Analysis of Percentile Mechanisms for Social Cost

In this section, we use the results presented in Theorem 3.1 and Theorem 3.2 to study the limiting behaviour of
the Bayesian approximation ratio of any percentile mechanism with respect to the Social Cost. First, we consider
the case in which the percentile vector 7 does not have any binary entry, i.e. 7 € (0, 1). Secondly, we extend our
obtained results to encompass the general case where 7 € [0, 1]¥. Indeed, these two cases yield different results
and need to be approached differently.

The techniques we develop to study the Social Cost can be used to handle the Maximum Cost and the I, Cost.
However, depending on the cost function under discussion, the set of assumptions needed to make the Bayesian
ratio converge changes. For this reason, we restrict our analysis only to the Social Cost and defer the study of the
I, and Maximum Costs to 3.4.

From Theorem 3.1, the k-FLP with respect to the Social Cost can be cast as a projection problem in the space
of probability distributions with respect to W;. It is well-known that, in order to ensure that the W; distance
between two measures is finite, both the measures must have a finite first moment [59]. We recall that a measure
1 has a finite first moment if

/R|x|dp < +00. (8)

LemMA 3.1. Let X, := (X1, Xz, ..., Xy,) be the random vector describing the reports of n i.i.d. agents distributed
as . If p satisfies (8), then, for every k € N, we have that E[SC,,:(Xy,)] converges to Wy (g, v(K)) asn — oo, where
v(®) is the solution to the following projection problem

in Wi(gpA). 9
,min (g A) )

In particular, we have thatE[SCopt()zn)] is strictly positive for n large enough.

Proor. Let v(6™) be the solution to problem (5) and let v(K) be the solution to problem (9). Owing to the
triangular inequality and to the properties of the projection problem, we have

Wi (pz, vE™) < Wa (g, v ) < Wh (g, ) + Wi (p, v
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and, similarly
Wl (ﬂ, V(k)) < Wl ([l, V(k’n)) < Mfl ()u’ :u)?) + Vvl ()u)_c's V(k’n))’
which implies |[W; (y, v®)) = Wy (pz, v&™)| < Wy (1, pz) and thus
E[[Wi (1, v®) = Wi (g, v )] < E[Wi (1, sz)].

Since lim,_,co E[W; (1, #z)] = 0 (see Theorem 5.3 in [16]), we infer that E[W; (uz, v?6™)] converges to W; (y, v(F))
as n — oo. Finally, since W; (g, v()) is strictly positive, for n large enough, we have E[W; (uz, v*™)] is strictly
positive as well. O

Let us now consider the limit expected cost of the mechanism, we observe that the set characterizing the
projection problem (7) is dependent on the output of the percentile mechanism. Hence, the argument used to prove
Lemma 3.1 cannot be directly applied in this case. However, by employing a more sophisticated construction and
leveraging the convergence properties of the k-th order statistics, it is possible to identify the limit of E[SC; (X))
and ensure convergence by imposing mild assumptions on the percentile vector .

LEMMA 3.2. Let yi be a measure that satisfies (8). Given k € N, let 7 € (0,1)* be a percentile vector. Then,
E[SC5(X,)] converges to Wy (1, vg,), where vo, is defined as

k
Vo, = Z(Fy(z,-) = Fu(zi-0)8gicn1 (10)
i=1
(F @)+ (i) . . .
where z; = 5 fori=1,...,k—-1,2z0 = 1nfx€sp,(ﬂ) x, and zy = SUPespe () X F, is the cumulative

distribution function of u, and F,E_ll is the pseudo-inverse function related to p.

Proor. First, we notice that the measure (10) is well-defined since there exists a j such that v; # 0, 1. Let
0 = (v, - .., 0x) be a percentile vector, ¥ be the vector containing the reports of the agents, v(kn) he the solution
to problem (7), and let j be the vector containing the facility positions returned by the percentile mechanisms.
Without loss of generality, we assume that y, < 4 for every ¢ € [k — 1], so that v() = 2jelk] (v(k’"))jéyj. To
lighten-up the notation, we set vo; := vo, so that vo = 2. jcx) (Vo) 6y () where (vp); = (Fu(z;) — Fu(zj-1)),

"

where zy = —00, z; = +o0, and z; = % for every i = 2,...,k — 1. We now show that vy is the solution to the
following minimization problem
min  Wj (4, p), (11)
Y jelk]

We can rewrite the W; distance between p and vg as follows

where 1 = 3%, A8ty

ko RN o))
Winvg) =) [ e = Fy o) ld.
SIS 0000
By definition of vp we have that Z{zl (vo,)i = Fu(z;), thus

+0o0

k Zj+1
Wiavo) = [ k= Nl = [ min - 7 0l (12)
=z oo L]
1, yopl-1] (.
where we used the fact that zy = —c0, z; = +00, and z; = M for every i = 2,...,k — 1. Thus every

point in the support of y is assigned to its closest facility, thus v is a solution to (11).
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Leveraging Optimal Transport to Design Optimal Mechanisms for the Facility Location Problem « 11

We are now ready to study the convergence of E[SC; (X,)]. For every n € N, let us define y, = 2 jc 1 (VQ)j5yj3,
then, by a similar argument to the one used to prove Lemma 3.1, we have
Wi (e v™) < Wi (pizs yn) < Wh(pizs ) + Wi (p v) + Wi (v, i)
For every n € N, let us now define 7, := ¥ jc 4] (v(k’"))j5F|_1|<v,). We then have
I j

Wi (i, vo) < Wil mn) < Wilp pz) + Wi (pz, v&™) + Wi (vE™) ).
Since Wi (vo, yn), Wi (vem), nn) = 0, we infer that

E[[Wi (1, vo) = Wi (g, v5™)[] < B[Wi (1, )] + Wi (vo, va) ] + E[W; (v, )] (13)

From [16], we have that lim, . E[W;(y, pz)] = 0. Thus, if n — oo, if we prove that both E[W;(vp, )] and
E[W;(v®™ 5,)] go to zero as n — oo we conclude the proof, since it would imply that E[W; (uz, vc™)]
converges to Wi (p, vg) as n — oo.

First, we show that E[W; (v, y»)] — 0 as n — co. Given a set of reports X = (x1,...,x,), let 7= (y1,...,y)
be the facility locations returned by the percentile mechanism $ Mj. Since every y; is the (|(n — 1)v;] + 1)-th
statistic of the sample vector X, we have that

E[Wi (v, vm)] < ) (vo)BIX n-nyoy 11 = By @I < D" BlXjm-nasr - Fr (@),
Jjelk] jelk]
where X| (n-1)0;|+1 is the ([ (n — 1)v;] + 1)-th order statistic of the sample vector X. Owing to Bahadur’s represen-

tation formula (see [11] and [40]), we can express the random variable associated with the empiric v;-th quantile
of a distribution as follows

Su(Fi M (0))) - 0))
pu(F N (0)))

where R, is a rest function, for which holds R, < O(n‘%) with probability 1, p, is the density of y, and
Sn(t) = % ?:1 I[(Xi){Xist} where

X (n-1)0; )41 = F;E_”(Uj) + +Ry, (14)

I(X;) ¢x, =
(X xi<ty 0 otherwise.

{1 it X<t

By rearranging the terms in (14), we get

Su(Fy 1 (0) = 0))
pu(Ey N (0)))

hence, by taking the absolute value and the expected value of both sides of (15), we have

Su(Fy M (0)) — v,
pu(Ey ()

To conclude, we need to prove that the right-hand side of equation (16) goes to zero. First, we observe

Su(Fy 1 (0)))=2))

pu(FE 1 (0)))

% " I[(Xi){x,-sF},'”(o,-)}’ Denoted with Y; = ]I(X"){XisF,E“](uj)}’ we have that every Y; is a Bernoulli variable that

Xl (n-1)0;+1 = F,E_l] (vj) =

E[IX(n-1)0; 1 — EL (0[] <E +E[|Ra]. (16)

that converges to 0 almost surely. Indeed, by definition we have that Sn(F;[,_l](vj)) =

takes value 1 with probability F, (FF[,_I] (vj)) = v; and takes value 0 with probability 1 — v;. In particular, the

3We recall that y; is the j-th point in the support of y(kn)
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12+ G. Auricchio and J. Zhang

expected value of every Y; is v;. Moreover, since every X; is independent from the other X;s, we have that every
Y; is independent from the other Y;s. By the Law of Large Numbers [27], we then have that the expected value of
|Sn(FL_1] (v;)) —vj| converges to 0 almost surely as n goes to infinity. Lastly, notice that, from our assumptions
Su(Fy N (0))-0))

converges to 0 almost surely.
pu(FL T (07) & 4

on 1, we have that p,,(F;E_” (v;)) > 0, hence we conclude that

Sn(Fy 1 (07))-0))

pu(F M (0))

Su(Ey N (07))-2))
pu(EL M (0))

Su(Fy ™ (0))) = 0 "\ (Zi - p)
PuIEF;Efl]J(vj)) il§ KEH; T” (17)

where {Z;};c[n] is a group of i.i.d. Bernoulli random variables that are equal to 1 with probability p and equal to
0 with probability 1 — p. By Jensen’s inequality, we get

HZ(Z p)H ( ZIZ ~pl? ) 7 Var(Z,)

Su(F M (0))) = 0;

pu(Ey (@)
If we prove that R, converges to 0 with respect to the L' norm, we infer that E[W; (v(¥),y,)] — 0. We already
know that R, converges to 0 almost surely.

We now show that R, is uniformly integrable, i.e.

+0o0
lim sup/ [R,ldx =0 (18)
a—+o0o a

Owing to the fact that converges to 0 almost surely, to the i.i.d. assumption on the X;s, and to

condition (8), we have that converges to 0 with respect to the L' norm, since

and thus

0 n_%).

and that sup,, E[|R,|] < +co, which allows us to conclude that R, converges with respect to the L! norm using
the Vitali convergence theorem (see Theorem 4.5.4 in [17]). From Bahadur’s formula (15), we have that

(Fi (@) - v))

puFi (@)

which proves that sup, E[[R,|] < +co, since sup, E[|X| (n-1)o;]+1]] < +00* and the other quantities are bounded

Sa(Fy () -9))
pu(EL M (0)))

that the sequence X (5-1)o,|+1 is uniformly integrable. It is well-known that the density of the (| (n—1)v;] +1)-th

order statistic of an absolutely continuous random variable is given by the formula

n
Rn —XL(n 1oj[+1 — ( ]) -

random variables. We now prove (18). Since and F,E_” (v;) are both bounded, it suffices to show

n!
(n=L(n - Do, DX(L(n - Do, ]!
(see Theorem 5.4.4 in [18]). To prove that the sequence X| (4-1),+1 is uniformly integrable we then need to prove
that

pu () [Fu ()] D1 = Fy (2] L Do) (19)

dx = 0.

i /mmwwmamWHmm=mmmwmm
" Ja (n— L(n— Do, DU L(n — Do, ]!

4This follows from the fact that sample quantiles are asymptotically unbiased.

a—+oo n
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Since X has finite expected value, namely m, and every c.d.f. is increasing, we get

/+°° n! x pu(x) [Fy(x)] L= D% [1 = F, (x) ] L= Do)
a (n—L(n—1o;] = DI(L(n = 1o, ])!

< n!'m
~ (n—=L(n-1Do;] - DI(L(n— Do D!

From the properties of the binomial coefficient, we have that

dx

[1-F,(a)]" LDl (20)

n!
(n—L(n=1)v;] = D(L(n—1)o;])!

where g € (0, 1) is such that max;e[x)v; < g and

[1-F,(a)]" L) < g, [1 - F,(a)] 79",

(21)

n! : :
—w— if niseven
= ()5 ’
otherwise.

n!
(EHHED)!

To conclude the proof, we show that there exists a value a’ such that for every a > a’ the sumof o, (1-F,(a)) (1=g)n
converges; hence a, (1 — F,(a)) =9 is infinitesimal for every a > a’. Indeed; using the ratio test criteria, we get

that, for odd n
(n+ 1)1 (UFEF! 1 - Fy(a)] 00D

o (DD n = F@jion 2~ Fy(@)] 77,

thus, there exists a large enough value a for which
2[1-Fu(@)]"? <1.

Similarly, we show that also for even n we infer the same conclusion, proving the uniform integrability of R,.
In particular, R, converges to zero with respect to the L! norm. Moreover, notice that E[R,] < O(n‘%), which
proves that E[W; (v, yn)] < O(n‘%), thus E[W;(vg,yx)] — 0. In particular, R, converges to zero with respect
to the L! norm and E[R,] < O(n‘%), which proves that E[W; (v, yn)] < O(n‘%), thus E[W;(vo, yn)] — 0.

We now prove that E[W; (v )] — 0as n — co. From a similar argument, we have that

k, — —
E(Wi (v, )] > W BIX om0 = By @IS DT BIX ety = By (@),
Jjelkl Jjelk]

which, by the same argument we used to show E[W; (v, y»)] < O(n_%) as n — oo, allows us to conclude that

Tim B[W; (v, 5,)] — 0.

To conclude, we notice that E[|SC;(X,,) — Wi (1, vo)ll < E[Wi(uz, p)] + Oo(n™?). m]

By combining the convergence results shown in Lemma 3.1 and Lemma 3.2, we infer that the Bayesian
approximation ratio of any $ M3 converges to a bounded quantity.

TuEOREM 3.3. Let X, be a random vector of n i.i.d. variables distributed according to yi and let 5 € (0,1)* be a
percentile vector. Then, if i satisfies (8), we have

i EISCs(X)] _ Wi vo,)
n= BSCopt(Xn)] - Wilpv):
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ProoF. From Lemma 3.1, we have that E[SC,; ()?n)] converges to Wi (g, v(¥)), where v(¥) is the solution to
problem (9). Since 1 is absolutely continuous and v(¥) is a discrete measure, we have that W; (s, v®)) > 0. From
Lemma 3.2, have that E[SC; ()?n)] converges to Wi (y, vo,), where vg. is defined as in (10). Finally, since both
quantities are well-defined and finite, we have

o BISG(XD] | Wik voy)
=0 B[SCopt(Xn)] Wil v(®)

< 400

s

which concludes the proof. ]

Theorem 3.3 ensures that the limit of the Bayesian approximation ratio of any percentile mechanisms is
upper-bounded by a quantity that depends only on , k, and . For an illustration, we compute this quantity for a
generic k and 7, and p is the uniform distribution over [0, 1].

ExampLE 3.1. Let 3 = (vy,...,0x) be a percentile vector and let the underlying distribution u be the uniform
distribution over [0, 1]. The measure vy, is then defined as vp, := ?:1 %5%, where vy = 0 and v, = 1. It is
easy to see that the projection of j1 over Pr(R) is v := % Zle O2j-1. From a simple computation, we infer that

2k

Wi, vo,) = zk: [(U"H — o) ; (0 - Ui—l)z]
i=1

and W (b, vk = ﬁ. Moreover, since v; < vi,1 andv; € [0, 1], we have that (viey — ;)% < V41 — v;, and obtain
. (n) £ (vi41 —0i-1)
lim B, (PM3) < 4k E [—] < 4k.
n—oco > 2
i=1
That is, when the agents are distributed according to an uniform distribution, the Bayesian approximation ratio of

any percentile mechanism for the k-FLP is upper bounded by 4k.

We now characterize the convergence rate of the Bayesian approximation ratio. To do so, we need to require
that p has a compact support or that there exists a § > 0 such that

/ Ix|**0dp < +oo. (22)
R

In both frameworks; we have that the convergence rate is at most of the order ne.

THEOREM 3.4, Let X,, be a random vector of n i.i.d. variables distributed according to yi and let 3 € (0,1)* be a
percentile vector. If either i is supported on a compact set or yi satisfies (8), we have that

E[SC3(Xn)] Wi vo,)
E[SCopt(Xn)]  Wilp viR))

<0(n ). (23)

Thus the convergence rate of the Bayesian approximation ratio of P M3 is O(n"z). Moreover, for every @ € (0,1)%,
there exists a constant value C > 0 such that, for everyn > k, we have
Wi(p,vo,) C
(n) 1\ VOs
B, L(PMz) £ ————+ —, 24
ar,1( U) Wl(‘u,V(k)) \/ﬁ ( )

where v, is defined in (10) and v(®) is a minimizer of (9).
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Proor. It suffices to show that both |[E[SCop: (X,)] = Wi (1, v¥))| < O(n~%) and [E[SC3(X)] = Wi (1, vo,)
O(n_%) hold. Indeed, in this case, we have that
E[SC;(X,)]  Wilmvg,) |  |BISCs(Xa)IWi (1 v)) = Wi (11, v, )E[SCope (Xn)]
B[SCopt (Xa)] Wi v(®) E[SCopt (X) Wi (11, v(0))
- |BISCa ) IWa (1, v() — Wi (s vo, ) Wi (g1, v )]
E[SCopt (Xn) Wi (11, vF))

Wi (1, v0,) Wi (1, vI)) = Wi (11, v, )E[SCope (Xi)]
E[SCopt (Xn) | Wi (1, v(¥))
[BISCHED] - Wil von)| Wy vgy) Wil v ) “EISCop(Xe)
E[SCopt(Xn)] ¥ E[SCopt (Xn)] Wi (s, v(R)

<0(n7t),

<

+

<

which concludes the proof. The inequality ‘Wl (p, vy — ]E[SCOPt()_()n) < O(n_%) follows from the result in [16],

since

Wi, v8) = EISCopr (%0)| < EIWi (1Y) = SCopr (Ra)l] < E[Wi(z. )] < O(n7H).

The identity E[|SC5()ZH) - Wi(p,vo,)
we have shown that

[BISC5()] - Wi (s vgy)

] < O(n‘%) has been partially shown in the proof of Lemma 3.2. Indeed,

< B[ |5C5 (%)~ Wa (. vg,)

| < EWi (e 1 + 078,

which, in conjunction with the estimate E[W] (uz, p)] < O(n_%), concludes the first half of the proof.
Lastly, we notice that, when n > k, we have that E[SC,,; ()?n)] > 0, hence Bé’rz’)l (PMj3) is well-defined. By

definition of O(n_%), there exists a constant C > 0 such that

Wi(pvg,)|  C
(n) 14 V05
B (PM;) - ———2 < —,
ar,l( Z)) ‘/\[1 (IJ’ V(k)) \/ﬁ
thus Wi )
n ,VQ; C
B (P M) < ) &
’ Wi v®) — yn
which concludes the proof. ]
Wi (pvoy) . .
It is noteworthy that the value % in the bound (24), is a constant that does not depend on n, but depends

only on the specifics of the problem, that is y, k, and .

3.3 Thecasev; € {0,1} for at least one j € [k]

The condition 7 € (0, 1)* plays a central role in the proof of Lemma 3.2 since it allows us to study the convergence
of the (| (n — 1)v;] + 1)-th order statistic through Bahadur’s formula. In this section, we show that, if we drop
7 € (0, 1)k, we are still able to show that the Bayesian approximation ratio of Y Mj; converges, but we lose the
convergence speed guarantee in most of the cases.

For the sake of clarity, we divide the discussion into two sub-cases: first, we consider the case in which p
has a compact (or equivalently, bounded) support, and then we move to the case in which the support of y is

ACM Trans. Econ. Comput.



16 + G. Auricchio and J. Zhang

unbounded. For both sub-cases, we restrict our study to the Social Cost since the same argument can be applied
to the other costs.

3.3.1 The case spt(y) is compact. In this setting, the measure (10) is well-defined, since FlE‘”(o) = a and

FIE_I] (1) = b, where a < b are the extreme points of the support of y, i.e. spt(u) = [a, b]. However, unlike the
case when @ € (0, 1), we need to consider the possibility that py might vanish at the boundaries of the support,
ie, pu(a) = 0 and/or p,(b) = 0. If this happens, we can no longer use Bahadur’s formula. Although without

using Bahadur’s formula we are unable to estimate the convergence speed of E[SC;()?n)], we characterize the
limit of the Bayesian approximation ratio of any £ Mz when n goes to co.

THEOREM 3.5. Let u be a measure such that spt(y) is a compact interval. Then, given a percentile vector
3 € [0,1]%, the limit of the expected Social Cost of P Mj is equal to the objective value of problem (11), that
is limy 00 B[SC5(X)] = Wi (1, vo,), where v, is the measure defined in (10). In particular, we have that

o EISCs(Xa)] _ Wi vo,)

n—oo E[Scopt()-()n)] - ‘/Vl(ﬂ! V(k))’ (25)

where v%) is the solution to problem min,ep, (r) Wi(p, p).

ProOOF. We only need to establish that lim,_,. E[SC; ()_fn)] = Wi (p, vg,), since identity (25) is a straightforward
consequence. We notice that, if v; = 0, the output of mechanism P M3 always contains the first order statistic of
the sample, which we denote with X;.,. Similarly, if v; = 1 for some j € [k], the output of P Mj always contains
the last-order statistic of the sample, which we denote with X;,.,.

Following the same arguments used in the proof of Lemma 3.2, we have that equation (13) holds. Thus, to
conclude the proof, it suffices to show that

Lim > E|X| (ne1)0 1~ Fi (0] = 0.

Jjelk]

During the proof of Lemma 3.2, we have already shown that

lim E[|X| (n-1)0,j+1 — F;E_l](vj)ﬂ =0

n—oo

for every v; # 0, 1. We then just need to focus on the cases limp—,co E[|X1.n —FIE_IJ (0)]] = limy—00 E[|X1.n—al] =0

and lim, 0 B[ | Xpn — FIE_I] (1)] = limy— 0 B[| X5 — b]] = 0. Since these two cases are similar, we only focus on
the first one, i.e. lim, o E[| X35 — a|] = 0. Since the density of X1., is well known to be

n pu(x)(1 = F(x))"™,

we rewrite the expected value E[|Xj., — al|] as follows
b
Bl - all = [ -l np, ()1 - F(x)"
a

a+e b
= / lx —al npu(x)(1- F(x))"’ldx+/ lx —al npu(x)(1- F(x))" dx

+€

a+e b
< / enp,(x)(1- F(x))" 'dx+n(1-F(a+e))"! / |x — alpy(x)dx

+e
<e+Cn(1-F(a+e€)" ™},
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b . . . .
where C = _/a+e |x — alp,(x)dx is a finite constant. Since F(a + €) > 0 for every € > 0, we infer

lim E[|Xi, —a|]] € e+ lim Cn(1 - F(a+ e))"‘1 =e.

n—oo
Since E[|X1., —al|] > 0 for every n and lim,,—,c E[|X1., —a|] < € for every € > 0, we infer lim,,_,o E[|X1., —al] = 0,
which concludes the proof. ]

Lastly, if the density p,(x) is strictly greater than a positive constant, we use Bahadur’s formula once again
and retrieve a convergence speed guarantee for the Bayesian approximation ratio.

THEOREM 3.6. Let yi be a measure whose support is compact, let 5 € [0,1]% a percentile vector, and let 5 > 0 be
such that p,(x) > & for every x € spt(y). Then, we have |E[SC;(Xy)] — Wy (1, vo,)| < O(n’%). In particular, the

1
convergence rate of the Bayesian approximation ratio of P Mz is O(n™2).

ProoF. The proof of this theorem is the same as the one of Lemma 3.2. Indeed, since py(x) > & > 0 on spt(p),
we are able to use Bahadur’s formula and thus estimate the convergence rate of the numerator of the Bayesian
approximation ratio. By the same arguments used in the proof of Theorem 3.4, we have that the convergence
speed of the Bayesian approximation ratio is O(n~ 2 ). ]

3.3.2 The case spt(p) is unbounded. When the support of the measure is unbounded, we have that either the
first or the last order statistic of the random variable X ~ y do diverge. As a consequence, the measure vg, (see
(10)) might not be well-defined. To avoid such scenarios, we assume that the percentile mechanism does have at
least one entry that is neither 0 nor 1.

First, we consider the case in which the support of ;1 is R. Notice that the density of y, namely p,,, is infinitesimal
when x goes to infinity, i.e.

| llim pu(x) =0, (26)

thus, we cannot use Bahadur’s formula to study the convergence of either the first or the last-order statistic.
Notice that (26) holds for any absolutely continuous measure supported over R. So, in this setting, there is no
way to use Bahadur’s formula and retrieve any convergence speed guarantee for the Bayesian approximation
ratio of any P M3 if 0 has at least a 0 or 1 entry. Even though we cannot estimate its convergence speed, the
Bayesian approximation ratio converges to a finite constant when n goes to co.

THEOREM 3.7. Let 3 € [0,1]% be a percentile vector such that v ¢ {0,1} for at least one index j € [k] and let y be
a probability measure whose support is R. Then, we have

E[SC3(X,)]  Wilwvg,)

lim —— = , (27)
=2 B[SCop (Xp)]  Wilp k)
where v _ is defined as
V9, = D (Fulz) = Fulzie) g, (28)

i€ENG

-1, [-11,,
where Nz := {j € [k], st v;¢€{0,1}} andz; = (o) Fy  (0i1)) fori=1,...,k' =1,z = —c0, and zj = +00,

2
where k' is the cardinality of Ny, i.e. kK’ = |Nz|.

Proor. Let us denote with w € R¥’ the vector obtained removing all the 0 and 1 entries from 4. Then, for every
given instance ¥ of the k-FLP, we have that P M, (X) ¢ PM5z(X), thus we have SC3(¥) < SC;(X) on every
instance X, hence R R

E[SC3(Xn)] < E[SC(Xn)].
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By taking the lim sup on both sides, we infer
lim sup B[SC5(X,,)] < limsup E[SC;(X,)] = lim E[SC;(X,)] = Wi (. vg,,), (29)
n—oo

n—oo n—oo

where the last equality follows from Lemma 3.2, since w € (0, l)k . To conclude, we show that
liminf,, e E[SC5(X)] > Wi(p, vo,,), which, combined with (29), concludes the proof. For the sake of clar-
ity, we focus on the case in which there is only one entry of v that is in {0, 1}, since the case in which there
are multiple 0-1 entries is analogue. Without loss of generalization, we assume v; = 0, since the case vy = 1 is
symmetric.

For every T > 0, let us denote with E7 the event {X;., < —T}. Then, we have

lim P(E7) = 1. (30)

Indeed, by definition, we have P(Xy,, < —-T) =1 - (1 - F,(-T))". Since F,(~T) > 0 for every T, we infer (30).
Given an instance ¥, let v(&™ be the solution to minjes,; cp(®) Wi (pz, A). We define v/, as follows

k
o= G Y N,
=2

so that v}, is the probability measure whose support is {x;} U {FIE_I] (Wj)}j=2....k and associates to x; probability
(v¥6m); and probability (v(k’”))j to the point F,(wj) for j = 2,...k.
Since W is metric, we can use the triangular inequality to infer
Wi(p,v,) < Wi iz) + Wa (g, v ) W (V6 v,
or, equivalently
Wi vp) = Wi i) = Wi 5 0)) < W (s, v 5). (31)
If we take the expected value on both sides of (31) and take the liminf, we get

liminf E[W; (1, v,)] — liminf E[W; (v*™ /)] < lim inf E[W; (pz, v&™)],
n—oo n—oo n—oo

since, from [16], we have liminf,_,c E[W; (1, pz)] = lim, e BE[W; (1, pz)] = 0.

First, we show that lim inf,,_,c E[W; (v(k’"), v7)] = 0. Since, for every instance X, both v&n) and v;, have a mass
equal to (v*™); at x; and since the optimal transportation plan between two measures on the line is monotone
(see [59]), we have the following bound

E[wi(v*", vi)] < > BIX{(n1ygy 1 = By (w1

k
j=2

Then, by the same argument used during the proof of Lemma 3.2, the right side of the latter inequality converges
to 0 when n — co.
Secondly, we study the term lim inf,_,. E[W; (g, v;,)]. Given T, we rewrite the expectation as follows

E[Wi (i vi)] = E[Wi(p, vi)IEZIP(ET) + E[Wi (. vi,) |E7]P(Er).

We notice that E[W; (p, v;,)|E7] is bounded, since W1 (p, v;,) < Wi (g, 6,1 (Uz)), which is finite, since p has finite
]

first moment and v, ¢ {0, 1}. Since for every T we have that lim,, ., P(E7) = 1, we infer that lim, .. P(E%) =0,
thus

lim B[Wi (v |ESTP(ES) = 0.

n—oo
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We then focus our attention on the term lim, . E[W (g, v;,) |[Er]P(Er). By definition, we have

X tEy N (0g) L )48l (03)
2 2
/w |x — Xypldy |Er|+E [qmﬁ[fl](vz) |x — F (02)|d/1
_ Dntfy (0)

F Y perl wp4)

k-1
2
+ZE[/ (UJ 1)+F[ ](vj) |x — F[ 1](Uj)|d/1

J=

E[Wi (s vp)IEr] 2 E

+o00
+E / 1] (4 1)+F o) |x — F (z)k)|d,u

Er

Xl n*F[ 1] (UZ)

Since E[/m 7 |x — Xy.n|dp

ET] is a positive term, we have that

E[Wi (. vp)|E7]

L ) 4EL  (03)

k-1 F,[l_l](vj)JrF}_[‘_ll(vjn)
2 2 _
2 E[‘/)‘(lznﬂ’}gl](vz) |x F (Uz)ld,ll ET + E[/’Ll](z}j—l)ﬂ’}ll](vj) |x_FlE B (U])|d'u
— j=3 T\
+00 [ 1]
+E /[ 1]<Uk 1)+F (”k) |X F (Z) )|dﬂ ET
;[1 ](U2)+F,[l ](03) k-1 [ ](vj)+F[ ](vj+1)
2 2 _
ZE|:‘/F‘;[,1](02)—T [x — F (02)|dy Er|+ E[/ 1 (g0 1)+F[ ) |x_F[l 1](z)j)|d/l
— =3 S
+00 [_1]
+E /;;L_1|<Uk—1)+F;L_1](”k) lx — F, " (op)ldp  |Er
2
o)1
2
— B[Wi (1 v )IEr] - [ / e EL )l ET}
F}[”(@)fr
2 -
= Wi vg,) —E[/ lx — Fy " (02)ldp ET],
so that
w1
2
lim inf E[Wl(ﬂ, V;l)] > lim inf (Wl(ﬂ, VQ~<) —E[/ |x F (02)|d/,l ET})P(ET)
n—oo n—oo v — 0
Finally, since p has finite first moment, we have that
)1
. : _pl-11 _
lim |x — F, " (v2)|dp =0,

T—oo J_o
hence, for any given € > 0, there exists a T, for which
F (o) -Te
_ F[*l] du <
lx —F, " (02)ldp < €
—0o0

holds. Therefore, combining equation (33) with (32), we find
lim inf E[W; (g, v*™)] > lim inf (W; (g, VQ5) —€)P(Er.) = Wi(n, VQ~5) —€,

19

(32)

(33)
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which, in conjunction with (29), concludes the proof. ]

Lastly, we address the scenarios in which the support of the probability measure y is unbounded on one side,
i.e. when spt(p) = (=00, A] or spt(u) = [A, +o0) for a constant A € R. To handle these cases, we combine the
arguments used for the case spt(y) = R with the arguments deployed for the case where spt(y) = [a, b]. Indeed,
following the arguments used during the proof of Theorem 3.7, if spt(p) = (—o0, A], we have that the first order
statistic of X does not converge if the number of samples n goes to infinity. Similarly, following the arguments
used during the proof of Theorem 3.6, if v; = 1 for some j € [k], the n-th order statistic of X does converge
to A if the number of samples n goes to infinity. Thus, if 7 is such that v; = 0 for some j € [k], we have that
E[SC;,()_()',,)] = Wi(p, vo,,), where w is the vector containing all the non null entries of g. Moreover, if v; = 0 for
some j € [k] orifv; = 1and p,(A) = 0, we do not have any guarantee on the convergence speed of SC;,()?H). A
similar argument allows us to deal with the case spt(p) = [A, +c0).

To close this section, we show that given a percentile vector o € [0, 1]k , either 7 € (0, 1)k or there exists a
percentile vector w € (0, 1)k such that w; = v; if v; # 0,1 and

lim E[SC4(X,)] < lim E[SC5(X,)]. (34)

Therefore, in the Bayesian framework, we can restrict our attention to percentile vectors in (0, 1)k without
incurring any efficiency loss.

THEOREM 3.8. Let € [0,1]%\(0, 1) be a percentile vector. Then, there exists a percentile vector w € (0, 1)~ such
that wj = vj ifv; # 0,1 and for which (34) holds.

Proor. Without loss of generality, let us assume that the entries of the percentile vector 7 are all different, i.e.
v; # v; if i # j. Let us define Ny = {j € [k] s.t. v; =0} and N; = {j € [k] s.t. v; =1}. Since 7 € [0, 115\ (0, 1)*
either Ny or Nj is not empty. We denote with ky and k; the cardinality of Ny and N, respectively. For every
€ € (0,1), we defined w, € (0,1)¥ as follows

e if ] € Ny,
(We)j =41—€ if je Ny, (35)
vj otherwise.

To prove this theorem, we show that there exists a value of € for which (34) holds when we set w = w.
First, let us consider the case in which spt(y) = R. By Theorem 3.7, we infer

lim E[SC3(Xn)] = Wi (1 vg,).

where Vg, is defined as in (28). Let us now consider € such that € # v; and 1 — € # v; for every j € [k]. Then,
according to Lemma 3.2, we have
lim E[SCy, (X)] = Wi (1 vy,

n—oo

where vg_, is defined as in (10). Since spt(ng) C spt(vg,, ) and (12) hold, we infer
Wi (u,vo. =/ min x—y;ld </ min x —yildy =Wi(,vs).
1 (1 vos, ) R uyespiliog,) lx = yjldu o wyespi(,) lx = yldu 1 (p Qv)

Thus, Wi(pvo,, ) < Wi(p, VQ_), which concludes the proof for the case spt(u) = R.
Let us now consider the case in which the support of i is a compact interval, namely [a, b]. From Theorem 3.5,
we have that

lim E[SC;(Xa)] = Wi (11, vo,).
n—oo
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where v, is defined as in (10). Without loss of generality, let us assume that v; = 0 and v; € (0,1) for j =2,...,k.
By definition of vp_, we have that

4l k Zj
Winve) = [ lx-uildu+ Y [ - ylu
a j=2 Zj-1

where y; < y; < -+ < yj are points in the support of vp,, 20 = a, zx = b, and z; = y’++y’ forj=2,...,k—1.Let
us consider the following integral
zZ1
/ Ix —y1ldp.
a

Since y; is the leftmost point in the support of vp, and there exists an index j such that v; =0, we have y; = a.
Let y| be the median of y restricted to [a, z1], then we have

zZ1 z1 z1
[ bemlau= [ - alda> [ i (36)
a a a
z1 2z z; , 2z
/|x—y1|du+/ Ix—yzldu>/ Ix—ylldu+/ I — yald
a z1 a z

1

Moreover, we have

where 2] = yz;y; , hence we infer
zZ1 k zZj
Wi(pvo;) = / e = yaldp+ ) / lx =yjldp
a j=2 Zj-1
2 , k) k Zj ,
> [ st [T el Y [ - ylda= Wi,
a E4 j=3 YZj-1
where

v = (Eu(20)8y; + (Fu(22) = Fu(2)8y, + D (v0,);8y,.

j=3
We notice that v/ = vg__if we sete = F,(y;). Indeed, we have (we)1 = F,(y}) and (we); = v; forevery j = 2,...., k.
Using again Lemma 3.2, we have

lim B[SCs, (Xa)] = Wi (st vgy, ) < Wi vgy) = lim ESC5(X,)].
n—oo € © n—oo

Through a similar argument, we deal with the case v; = 1 for an index j € [k] and the case in which 7 has both a
0 and 1 entry.

Lastly, we consider the case in which spt(p) is unbounded from the left (i.e. spt(y) = (—oo, R] for R € R) or
from the right (i.e. spt(p) = [R, +o0) for R € R). In this case, however, it suffices to combine the argument used
for the cases spt(u) = [a,b] and spt(p) = R. O

3.4 The Bayesian Analysis of the Percentile Mechanism for the [, and Maximum Cost

We now extend the results we presented for the Social Cost to encompass the [, and the Maximum Cost.
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3.4.1 Thel,-Cost case. First, we consider the I, Cost. As for the Social Cost, to ensure the convergence of the
Bayesian approximation ratio, the underlying distribution p has to be regular enough. Given p € (1, +o0), p1 has
finite p-th moment if

/R|x|pd,u < 400, (37)

Condition (37) ensures us that the problem min;cp, (r) W, (p, A) is well-defined and that its objective value is
finite. Indeed, if y satisfies condition (37), both Lemma 3.1 and Lemma 3.2 can be extended to the [, Cost case. As
a main consequence, for any percentile mechanisms, the limit of the Bayesian approximation ratio with respect
to the [, Cost exists and is finite.

THEOREM 3.9. If i satisfies the hypothesis of Theorem 3.3 and (37), the limit of the Bayesian approximation ratio
Wp (/13 VQ;,)

W, () when n — oo, where v, is defined in (10) and vk s a

of P My with respect to the [, Cost converges to
solution to the problem min)cp, (r) W, (1, A).
Proor. The proofs of both Lemma 3.1 and Lemma 3.2 are based on the triangular inequality of W, then, since
W}, is a distance as well, we can extend both the results to the [, Cost. Moreover, to have a well-defined projection
problem with respect to the W, norm, p must satisfy (37). Since the minimal W}, distance between an absolutely

continuous measure and P (R) is positive, we conclude the proof by the same argument used in the proof of
Theorem 3.3. o

Similarly to the Social Cost case, to control the convergence speed of the Bayesian approximation ratio, the
underlying distribution p must satisfy a stricter version of condition (37).

THEOREM 3.10. Let 7 € (0,1)* be a percentile vector. If i has finite (2p + 8)-th moment for § > 0, that is,
A% |x|?P*%dy < +00, and satisfies the hypothesis of Theorem 3.3, we have that the convergence rate of the Bayesian

1
approximation ratio of P Mz is O(n” % ). In particular, we have that

Wo(mvo;) ~ C

(n)
By h(PM) € ———— + —, (38)
o Wp (,u= V<k)) ne
where v, is defined in (10) and v®) is a solution to the problem
min W, (g, A). (39)

1ePe(R)

Proor. It follows from the same argument used in Proof of Theorem 3.4. Indeed, from [16], we have that

1 1
< O(n ¢ under these assumptions. To prove that also the denominator convergences with speed O(n" %), we
use the same argument we used in Proof of Lemma 3.2. In this case, using Bahadur’s formula again [23], we just
-1
Su(Fy N (0) =5

need to estimate
14
pu(EL N (0))) l

where C is a positive constant that depends on the derivative of the probability distribution. Indeed, the rest of

P

< CE||S4(F\ ™ (v))) = v;

Bahadur’s formula is uniformly integrable, and its convergence speed with respect to the L! norm is still O(n‘%).
By expressing explicitly S,,, we get

P P

E||S:(Fi N (0))) 0| | =E <E

1 n
- ;(Yk - Uj)Pl,

1 n
=D (Ye—0))
k=1
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where the last inequality comes from Jensen’s inequality and where Y are i.i.d. Bernoulli random variables that
are equal to 1 with probability v; and 0 with probability 1 — v;. Using Holder’s inequality, we retrieve

LS| < 3] (S
k=1 k=1

We then conclude the proof by taking the p-th root estimation we got. The upper bound on Bé’,l)p (P M3) follows
by the same argument used in the proof of Theorem 3.4. ]

E E

)2 < %Var((Yk —0))P).

Notice that all the contents of Section 3.3 can be extended to the [, cost functions proven that the measure 4 is
regular enough, that is it satisfies fR |x|?P*9dy < +c0. We summarize the main results in the following theorem.

THEOREM 3.11. Let i be a measure such that spt(y) is a compact interval. Then, given a percentile vectord € [0, 1]%,
we have that

_EHC:] W(pvg,)
1m - = ,
=S BL(Cl)ope (Xn)]  Wpli v9)

where v%) is the solution to problem min,ep, (r) W, (11, p). Moreover, if § > 0 is such that p,(x) > & for every

(40)

x € spt(y), we have |]E[(C1P)5()2n)] =Wy (i, vo,)| < O(n‘%). In particular, the convergence rate of the Bayesian
approximation ratio of P My is O(n" 7).

Proor. Notice that if y has support compact, than the results from Section 5 of [16] allow us to infer that also
the denominator of the Bayesian approximation ratio converges as O(n‘%). The remainder of the proof follows
by the argument used to prove Theorem 3.5 and 3.6. ]

Finally, Theorem 3.8 holds also for this framework, in particular, if 3 € [0, 1]]C \ (0, l)k is a percentile vector,
there exists a percentile vector w € (0, 1)k such that w; = 9; if v; # 0,1 whose associated percentile mechanism
has a lower Bayesian approximation ratio with respect to any [, costs.

3.4.2 The Maximum Cost case. Finally, we consider the Maximum Cost. In this case, we have to assume that
1 is compactly supported since otherwise Wi, (1, v) = +co for every v € Pr(R) and, therefore, the limit of the
Bayesian approximation ratio of any percentile mechanism is not well-defined. When p has compact support,
it is possible to extend Lemma 3.1 and 3.2, and thus also Theorem 3.3, to the Maximum Cost case. Under these
stronger assumptions, also the convergence speed guarantee presented in Theorem 3.4 extends to the Maximum
Cost case.

THEOREM 3.12. Let X,, be a random vector of n i.i.d. variables distributed according to a compactly supported

measure ;1 and let € (0,1)* be a percentile vector. Then, the limit of the Bayesian approximation ratio of every
Weo (pv0;)
Woo (p1,v(F))
problem min)ep, (r) Weo (11, A). Furthermore, the convergence rate of the Bayesian approximation ratio of P M is

P M is finite and it converges to when n — oo, where v is defined in (10) and v s a solution to the

O(n‘%). In particular, we have that
Woo(ll, VQ«) C
(n) gl
B r,00 PMz) < ——————+ —. 41
ar ( U) Woo(u, V(k)) \/ﬁ ( )

Proor. First, we study the denominator. From [16], we have that E[ W, (uz, p)] < O(n_%), then, by the same
argument used in Lemma 3.1, we conclude that

E[MC(X,) = Weo (1, v®)] < O(n™2).
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In particular, E[MC (X1 converges to Wi (11, v(¥)). Since Wi, (1, v%)) is strictly positive, we infer that also
E[MC(Xy)] is strictly positive for n large enough.
To conclude, we consider the numerator. Since we have that

k
B| ma Xy -ty b = B )] < 3 BIX ey = 0D
i=1

we can use the same argument used in Lemma 3.2 (notice that the uniform integrability follows from the fact
that also X\ (n-1)0;]+1 18 bounded) and conclude that

E MCB()?n) - Woo([l, VQ?;)] < O(n_%),

hence E[MC;,()_(),,)] converges to W (i, vo,). Finally, by the same argument used in the proof of Theorem 3.3
and Theorem 3.4, we are able to retrieve the limit of the Bayesian approximation ratio and conclude the proof.

The bound on Bé’,l)oo (P M3) follows by the same argument used in the proof of Theorem 3.4. O

Notice that all the contents of Section 3.3 can be extended to the Maximum Cost functions proven that the
measure p has compact support. Notice, however, that the results of Section 3.3.2 cannot be extended as we need
1 to have bounded support. We summarize the main results in the following theorem.

THEOREM 3.13. Let 1 be a measure such that spt(p1) is a compact interval. Then, given a percentile vectord € [0, 1],
we have that .
fon EIMCs (K] _ We(vo,)
m = = k) 5
=% B[MCopr (X)] Weo (s v)
where v(K) is the solution to problem min,ep, (r) Weo (1, p). Moreover, if § > 0 is such that p,(x) > & for every
x € spt(p). Then, we have [E[MC;5(X,)] = Weo (1, vg,)| < O(n"2).

(42)

Proor. The proof follows by the argument used to prove Theorem 3.5 and 3.6. O

Before analysing how to retrieve the optimal percentile mechanism tailored to a distribution y, we note that the
tools used for studying the percentile mechanism also allow us to examine the Bayesian approximation ratio of
other classic mechanisms for the k-FLP. To keep the discussion on track, we defer to Appendix B our computations
to explore the Bayesian approximation ratio of the Median, Leftmost, and Left-Rightmost mechanisms in detail.
A summary of our findings for these mechanisms is provided in Table 1.

4  The Optimal Percentile Mechanism

In this section, we demonstrate that for any given distribution y and number of facilities k, it is always possible
to define a percentile mechanism whose asymptotic expected cost converges to the expected optimal cost. As a
preliminary result, we show that the limit of the Bayesian approximation ratio of the percentile mechanisms and
the percentile vector 7, defined in (44) are immune to scale changes, regardless of which cost we are considering.
This is particularly useful when the mechanism designer only knows the class of distribution to which the agents’
distribution belongs. For example, the designer might know that the agents’ type follows a Gaussian distribution
but is unaware of its mean and/or its standard deviation. In the following, we show that the optimal percentile
and the limit of the Bayesian approximation ratio of the percentile mechanisms are the same regardless of the
mean or standard deviation of the distribution.

THEOREM 4.1. Let X be the random variable that describes the agents’ type distribution. If v, is the optimal
percentile vector associated with X, then v, is also the optimal percentile vector for any random variable of the form

ACM Trans. Econ. Comput.



Leveraging Optimal Transport to Design Optimal Mechanisms for the Facility Location Problem « 25

e MC C,

N | &E| U ar | N | & | U ar | N | & U ar
 omed | 1 | 1 1 1 |n/a|n/a| 1 2 | 1 [105]| 1 V2
W It |na|14| 2 |n-1|n/a|n/a| 2 2 |nfal V2 | V2 | n’
= oyt |nalnal 2 |n-1|n/a|nal| 2 2 |n/a|n/al V2 Vi’
N
L Irt |n/a| 24 2 |n—2|n/a|n/a| 2 2 |n/a|187| V2 n-1

Table 1. The limit of the Bayesian approximation ratio for three distributions, vs. the worst-case approximation ratio in the
classic mechanism design setting (the ar columns). We report our results for the Normal Distribution N, the Exponential
Distribution &, and the Uniform Distribution 2. The label n/a stands for not applicable since the distribution does not satisfy
the minimal assumptions to be evaluated. The bounds in the ar columns are either known tight bounds (without a star) or
lower bounds proven in B (with a star). All the computations are deferred to Appendix B.

X’ := 06X + m, wherem € R and o > 0. In particular, the Bayesian approximation ratio of any percentile mechanism
P My does not depend on the mean nor the standard deviation of the distribution p.

ProoF. Let L(x) = ox + m be a linear function such that ¢ > 0. Since o > 0, L is a bijective and monotone-
increasing function. We denote the inverse function of L with H:It is well-known that if X is a random variable
whose law is 1, then the law of L(X) is Lyy. > We now show that if v(¥) is the projection of i over P (R), then
Lyv®) is a projection of Ly over Pi(R). First, notice that, since v&) € P (R), then Lyv*) € Py (R). Toward a
contradiction, let y be the projection of Lsu over P (R). By definition of y, we have

Wi (y, Lapt) < Wi (Lev®, Lopr).

Let us now define n = Hyy € Pr(R), by definition we have y = Lyn. Furthermore, by the properties of the
Wasserstein distance, we have
Wi (Lsn, Lep) = oWy (n, 1) (43)
and
Wi (L#v(k), Lup) = oWy (V(k), 1.
In particular, we get
Wi, 1) < W (v, p),

which contradicts the optimality of v(¥). We therefore conclude that L,v(%) is a projection of Ly over Py (R).

Notice that y € spt(v\¥)) if and only if oy + m € spt(Lsv¥)). From Corollary 4.2, we have that the j-th
entry of the optimal vector related to y is F,(y;). Similarly, the j-th entry of the optimal vector related to Lyp
is Fr,,(oy; + m) = F,(y;), thus, by Theorem 4.2, the optimal percentile vector with respect to 0X + m is also
optimal with respect to X and vice-versa. Finally, we notice that the Bayesian approximation ratio of every P Mj
is the same for both y and Ly . It follows from (43) and Wy (Lyps, Lyvg,) = oW (i1, vg,)-

Through the same argument, we show that the same result holds for the /, and Maximum Costs. ]

Theorem 4.1 formalizes the following observation: the optimal facility locations and the output of any percentile
mechanism do not depend on the scale. Indeed, given a percentile vector  and the number of agents n, if the
agents’ positions are sampled from a random variable X, the output of P Mj is the vector containing the
(L(n = 1)v;] + 1)-th order statistics of the sample. Since the ordering of the values is unaffected by positive affine

SWe recall that Ly is the pushforward of the measure y, defined as Lypr(A) = u(L™1(A)), see [59].
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transformations, scaling any sample just magnifies (or shrinks) the cost of the output according to . Similarly, if
we scale the agents’ positions, the optimal facility locations will scale accordingly. Hence the ratio of the two
costs is immune to scale changes. Finally, we notice that if we allow ¢ to be negative, Theorem 4.1 is no longer
valid. Indeed, multiplying a generic random variable by a negative quantity alters its quantiles and thus the
optimal percentile vector.

We now study the optimal percentile mechanism tailored to a probability distribution and a specific objective
cost. Since the process of determining the optimal percentile mechanism for both the Social Cost and the [, Cost
follows a similar approach, we address these cases together, deferring the analysis of the Maximum Cost to a
dedicated section.

4.1 The Social Cost and the [, Cost

From Theorem 3.3, we observe that if Wy (p,vo,) = Wi(y, y(0)) the Bayesian approximation ratio of P M
converges to 1 when n — co. We now show that, for any k € N and any underlying distribution y, there always
exists a percentile vector whose associated mechanism asymptotically behaves optimally. In other words, the limit
of the Bayesian approximation ratio of the induced mechanism is equal to 1. Given an underlying distribution g,
we denote with 9, its related optimal percentile vector.

THEOREM 4.2. Let ;i be the underlying distribution and {y;} je(x] be the support of the solution of problem (9).
Then, the vector 5}, defined as
(o) = Fu(y;), (44)
is an optimal percentile vector with respect to the Social Cost. Similarly, if {y;} je[x] is the support of the solution to
the projection problem with respect to W, formula (44) defines the optimal percentile vector with respect to the I,
Cost.

Proor. We prove this statement only for the Social Cost case, the other cases follow by the same argument. By
Lemma 3.2, we have that
BISCy, (Xn)] = Wi (k. v, )

when n — co. We observe that spt(anﬂ) = spt(v®)). By definition of v(¥), we have that

Wi, v®) < Wi, vQ;,)-

Furthermore, due to equation (12), we have

+00
Wi, v,,) = [m }E[ii‘] lx —yjldp = {Arr}lin Wi (A ) < Wi (v, p),

shjelk]
where A = ZI}:l A;6y; and y; are the points in the support of both v(k) and vo;,- We then infer that
Wa (v ) = Wi v ), )
which concludes the proof. ]

Although showing that W; (g, anﬂ) = Wi (p, v(¥)) is enough to prove Theorem 4.2, it is also worth of notice that

vo,, = v%) holds. Indeed, toward a contradiction, let us assume that vo;, # v(K)_ Then there exists a j € [k] such

that (VQﬁu)i = vl.(k) foreveryi=1,...,j— 1and (vQﬁy )i # v}k). Since the optimal transportation plan between
two measures supported over a line is monotone, we have that

k Ljs1
Wi (p,v®) = Z/l Ix — y;ldp,
=0 Yl
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where [y = —c0 and [, = F,E’” (X vi(k)) for every r € [k]. Since (VQE” )i # ngk), we have that [; # % Thus
we have

+o00

W1 (,U, V(k)) * /

_ min Ix — y;ldp,
which contradicts the definition of v(¥) and (12), we then conclude that vo;, = vk,

Given k € N and a probability measure g, it is possible to leverage the properties of the optimal solution to
retrieve a system of k equations that characterizes the optimal percentile mechanism. Indeed, let us denote with
Y1, ..., Yx the support of the solution to min;ep, (r) Wi(p, 1) and let z; = % fori=1,...,k—1,zy = —oo,
and zj = +oo. Let us now focus on y;. Since every agent’s cost is defined by its distance to the closest facility,
we know that every agent in (2o, z;) will access the facility located in y;. Due to the optimality of the solution,
we infer that y; is locally optimal over the set (2, z;). Otherwise, we could reduce the cost of the solution by
replacing y; with the optimal facility location for the problem restricted to (zo, z1). Since we are considering the
Social Cost, the local optimality of y; is expressed by the identity 2(F,(y1) — F,(z0)) =F(z1) = F,(z0), since y;
has to be the median of i when the measure is restricted to (2o, z1).

When we consider the Social Cost, we can express the local optimality condition for every facility location and
replacing every z; with its definition and retrieve the following theorem.

THEOREM 4.3. Givenk € N and i € P(R), let v be a solution to Problem (9). Then the optimal percentile vector
7, € (0, 1)k satisfies the following system of k equations

2F,(y1) = Fu(#)

ot - (232 = 5] - 25

. , o
2\ Fy(ye-1) = Fu(%)) = F”(yk+2yk71) _ F”(ykﬂ;rykfz)
[ ()= )
wherey; < yp < -+ < yi arethe points in the support of v.
Proor. Given k € N and a probability measure p, let us denote with yy, . . ., yx the support of the solution to
mimier(® Wil A) andlet z; 2 % fori=1,...,k -1,z =—00, and zx = +00. Let us now focus on y;. Since

every agent’s cost is defined by its distance to the closest facility, we know that every agent in (zo, z1) will access
the facility located in y;. Otherwise, we could reduce the cost of the solution by assigning an agent to a closer
facility.

Moreover, due to the optimality of the solution, we infer that y; is locally optimal over the set (zo, z1), thus y;
is the median of y restricted to (2o, z1). Otherwise, we could reduce the cost of the solution by replacing y; with
the optimal facility location for the problem restricted to (zo, z1). Therefore, we have that 2(F,(y,) — F,(z)) =
F(z1) — F4(zp), since y; has to be the median of ;1 when the measure is restricted to (2, z1). Let us now consider
y;. By a similar argument, we have that every agent located in (z;_1, z;) will access the facility located at y;, thus
y; must be located at the median of the measure obtained by restricting y to (z;_1, z;). In particular, infer that
Fu(yi) — Fu(zi—1) = Fu(z;) — Fu(y:) or, equivalently

i tYi- i+1 + Ui it Yi-
Z(F#(yi)_Fﬂ(%))zF#(y+l y)_FP(y y 1)’

2 2

which concludes the proof. o
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SC Cy,
k=1 k=2 k=3 k=1 k=2 k=3

N | (0.5) | (0.25,0.75) | (0.15,0.5,0.85) | (0.5) | (0.16,0.84) | (0.27,0.5,0.73)
& | (0.5) | (0.33,0.83) | (0.25,0.67,0.92) | (1 —e~!) | (0.45,0.92) | (0.35,0.8,0.97)

U | (0.5) | (0.25,0.75) | (0.16,0.5,0.83) | (0.5) | (0.25,0.75) | (0.16,0.5,0.83)
Table 2. The asymptotically optimal percentile vectors for the Normal (N), Exponential (), and Uniform distribution (/).

Every row contains the optimal percentile vectors of a distribution for 1, 2, and 3 facilities and with respect to either the
Social or the I; cost.

Since the projection problem (9) admits a solution, the system (46) always admits at least a solution. Through a
similar argument, it is possible to characterize the optimal percentile vector with respect to the l; Cost. In this
case, the local optimality of the solution to problem (9) ensures us that every y; is located at the mean of the
probability distribution p restricted on the intervals (z;_1, z;).

Owing to the hypothesis on y and to Theorem 3.8, we infer that the optimal percentile mechanism does not
have any 0-1 entry, and thus infer the following theorem.

THEOREM 4.4. Given a probability distribution yi such that condition (8) is satisfied, let 5, be the optimal percentile
vector with respect to the Social Cost associated with yi. Then, for the Social Cost, there exists a constant C such that,
for every n > k, we have

(n) c
B T (PMz)<1+—.
( ) \n

ar,1

Moreover, for every 1 < p < oo, there exists a constant C, > 0 such that, for everyn > k, we have

C
BIL(PMs) <1+ 2.

ne
<
=.

\/>

ProoF. From Theorem 3.8, we have that the optimal percentile vector g, belongs to (0, 1)k, In particular, we

have that 17,, meets the conditions of Theorem 3.3 and 3.4, hence there exists a constant C > 0 such that
(n) ¢
1 (pMZ‘;}J) + % .

To conclude the proof, it suffices to notice that, by definition of optimal percentile vector, we have that

: (n) —
nlgroloBarrl’l(PMaﬂ) =1

If pp has a compact support, then we have Bé;’;,(PM;,H) <1+

B (PM;,) < lim BJ!

O

In Appendix A, we show how to use Theorem 4.3 to compute the optimal percentile mechanism for the uniform,
normal, and exponential distributions. In Table 2, we summarize our finding.

4.2 Computing the Optimal Percentile Vectors for the Maximum Cost

Given a measure y whose support is compact, let us consider the following projection problem

in We(p A). 47
Zpin (1, A) (47)
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Due to the definition of W, the solution to problem (47) has an explicit formula. In particular, the objective value
of (47) only depends on the support of the measure y and on k, the number of facilities we need to locate.

LEMMA 4.1. Let [a,b] C R be a bounded interval. For every measure u supported over [a, b], we have that: (i) the
projection of i over P (R) is supported overy; = a+ % (2j —1) and (ii) the objective value achieved by any solution
to problem (47) is equal to bz;k“. In particular, if two measures have the same support, their projections also have the
same support. Moreover, the asymptotic optimal Maximum Cost is the same for both probability measures.

Proor. Let v(¥) be the projection of y over the space P (R) with respect to W, and let § = (3, ..., yx) be the
vector whose entries contains the support of the measure v(¥). Without loss of generality, we assume y; < 141
Let A; be the set of points that are closer to y; than any other facility. Notice that each A; is an interval of R. It is
easy to see that Wi, (p, v(¥)) = max;ek] lA—z’l where |A;]| is the length of the interval A;. Hence we have that the
minimum W, distance is achieved when all the A;’s are intervals of length bk;“ and the y; is placed in the middle
of Aj, so that W, (1, v(k)) = % and

y="" -,

which concludes the proof. O

Lemma 4.1, combined with formula (44), allows us to characterize the optimal percentile vector, with respect
to the Maximum Cost, for every compactly supported measure p.

THEOREM 4.5. Let p be a distribution such that spt(u) = [a, b]. Then, the optimal percentile vector for k facilities
for the Maximum Cost when the agents are distributed according to jrisv; = F,(a + bz_—k“(Zj -1)).

Proor. It follows by combining the results of Lemma 4.1 with equation (44). m]

To conclude, we show that the limit of the Bayesian approximation ratio with respect to the Maximum Cost of
every percentile mechanism is bounded by a constant that depends only on k.

THEOREM 4.6. Let 1 be a measure supported over a compact interval, that is spt(y) = [a, b]. Then, if i satisfies
the hypothesis of Theorem 3.3, we have

= 2k max{max{|z;_1 — y;l,|z; — y;
E[MC;(Xn)] _ 2kWeo (it vo,) _ je[k]{ {lzj-1 = yjl. 1z = y;1}} »
n—oo E[Mcopt(xn)] b—a b—-a
where y; = F;[,_l](vj) andzj.= —yj+2yj“ forj=1,....k = 1,2y = a, and zi = b. In particular, for any s € [0,1]%, we

have lim,, & BC(Z':,)(,O(?MZ) < 2k with respect to the Maximum Cost. In particular, there exists a constant C > 0 such

that
C
B (PMy) < 2k + —,
ool ) \n

whenever n > k.

Proor. The first identity in (48) follows from Theorem 3.3 and Lemma 4.1. The second identity in (48) follows
from the definition of W,,. Moreover, since

max {|zj_1 - FlE_lj(vj)L |zj — Fb_lj(vj)” <b-aq,
we infer lim, o B,(lrr’,)w(PMa) < 2k. |
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4.3 Computing the Optimal Percentile Mechanism from an approximation of u

To conclude, we study the stability of the optimal percentile mechanism, which ensures that similar distributions
lead to similar optimal percentile vectors. This property is extremely important since, in many cases, the
mechanism designer has only access to an approximation or a prediction of agents’ distribution, which we denote
with fi. Thus, the designer is able to compute the optimal percentile with respect to the approximation measure,
that is o, rather than the real optimal percentile vector 7,. We now show that it is possible to estimate the
difference between the limit of the Bayesian approximation ratio of # M3, and 1, i.e. the limit of the Bayesian
approximation ratio of the optimal percentile mechanism. In particular, we show that the closer y and i are with
respect to the W, distance, the closer the asymptotic cost of Mz, gets to the optimal cost.

THEOREM 4.7. Let ji and i be two probability measures supported over a compact interval I. Let U; be the percentile
vector obtained by solving the system (44) by using fi instead of y. Then, we have

E[SCy, (X»)] Weo (1, i) + 2W3 (1)) Weo( i
o LA (s ) ! 1 (1 1) <3 (u,;;) : (49)
7= | B[SCopt (Xn)] Wi (s v(8) Wi (v 8)
where E is the expected value with respect to the real agents’ distribution p. Similarly, we have that
E[(Cy,)5, (¥)] W (41, ) E[MC3, (X,)] Wi (1, i)
m|—————5— — — and lim [————— - o (50)
=0 |E[(C1,)opt (¥)] W, (, v(R)) n= | B[ MCyps (Xn)] Weo (1, v(R))

forany p € (1,+00). Lastly, for everyn > k and p € [1, +00], there exists a constant C > 0 such that

D prg ) B gy < Wesllhf) C
|Bar,p(PMuﬂ) Bar,p(PMvﬂN < 3Wp(ﬂ’ VY + N

where U, is the optimal percentile vector associated with yi with respect to the Social, the Maximum, or the l,, costs.

PRrOOF. Let us denote with 7#(%) the projection of i over P (R) and with v(¥) the projection of i over P (R).
We denote with {y;} e[k the support of v(K) and with {fj;} j[x] the support of #¥). Accordingly, we denote with
4; and 9, the optimal percentile vectors associated with ji and i, respectively. By Lemma 3.2, we have that the
numerator of the Bayesian approximation ratio converges to Wy (1, VQ%), where Vs, is defined as in (10). Let us

now consider, ﬁaﬁ defined as
B = D (19,6,
Jjelk]

where Z = (21, .. ., z) is the'support of v, . Then we have
[
Wi vo, )< Wi(p Bs,) < Wi @) + Wi fz,) < Wi ) + Wi (i 79) + Wi (7, B5,)
< Wi ) + Wi (v + W (P, Bz) < 2w (i) + Wa (v ) + Wi (09, B5). (51)

By definition of S5, and 70 we have that

Wi, ) < > @)IF ) - B (By)L-
Jelk]

Since Wi (1, fi) < Weo(, /i) and Weo (1, f1) = maxeeoqy [Fy ' (£) — F[E_l] (¢)|, we infer
Wi (7%, B5,) < Weo (i ),
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which concludes the proof for the Social Cost. Through a similar argument, we deal with the Maximum and the
I, costs.
To conclude, we notice that, from Theorem 3.8 we infer that the optimal percentile vectors 7, and 7; belong to

the set (0, 1)%. Then we have
(n) (n)
|Ba:«1,1(PMﬁu) - Barrl’1(PM5ﬂ)| <
1= lim B, (PMg,)] + By (PM,) - 1]+ lim B, (PMg,) = By, (PMs,)|

ar,1 ar,1
Woo (1, 1)
Wi (p,vR)

< +[BU (PM;,) — 1]+ lim B (PM3,) = BUD (P M)

Since y has compact support and 3,,3; € (0,1)F, we infer that |Bflf’)1($DM;,ﬂ) — 1 < O(n°%) and
| limy, 00 Bi:,)l(PM?)p) - sz:l’)l(fDM;,ﬂH < O(n_%). Thus there exists a constant C > 0 such that

Wolpp)  C
Wi (p,v®) " y/m

which concludes the proof for the Social Cost. The proof for the Maximum and [, costs follow by a similar
argument. a

IBU (PMg,) - B (PMg,)| < 3

ar,1

5 Conclusion and Future Works

In this paper, we studied the percentile mechanisms in the Bayesian Mechanism Design framework. We have
shown that, under mild assumptions, the ratio between the expected cost of the mechanisms and the expected
optimal cost converges to a constant as the number of agents goes to infinity. We have characterized both the
limit value and the convergence speed. We then showed that for every underlying distribution p, there exists
an optimal percentile vector g, that does not depend on the mean or the variance of the distribution. The scale
invariance property allows us to compute the optimal percentile vector even when the designer only knows the
class to which the probability measure belongs. Finally, we have shown that determining the optimal percentile
mechanism from an approximation of the underlying distribution leads to a mechanism whose performance is
quasi-optimal as long as the approximation is close to the real distribution with respect to We,.

A natural open question is whether our formalism could be adopted to extend our results to higher dimensional
cases. In [57], the percentile mechanisms are generalized to higher dimensions by dealing with each dimension
separately. This suggests that our approach can be extended to also handle higher-dimensional problems thanks
to the fact that also the Wasserstein Distance can be separate along each cardinal direction [4, 5]. Moreover,
our framework can be extended beyond the classic k-FLP. In particular, it is foreseeable to use our results to
tackle the case in which the facilities have a capacity constraint. Another interesting direction is to adapt our
reformulation of the problem through OT theory to design and study randomized mechanisms for the k-FLP.
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A Optimal Percentile Vectors of classic probability distributions.

In this appendix, we study the optimal percentile vector with respect to the Social and I; Costs. In particular,
we retrieve the formula of the optimal percentile mechanisms when the underlying distribution y is Uniform,
Exponential, or Gaussian, and we need to locate 1, 2, or 3 facilities. First, we focus on the cases k = 1 and k = 2.
We then deal with k = 3 and show how to approach the general case k > 3. In particular, we show that for
the Social Cost and the I, Cost, it is possible to retrieve the optimal percentile vector by solving a system of k
equations.

A.1  One Facility

When k = 1, let X be the random variable describing the agents’ type, and y be the optimal location of the
facility. Then y is the real value that minimizes E[|X — y|] or E[|X — y|?], depending on whether we want to
minimize the Social or the I, Cost. It is well-known that the median mechanism is optimal with respect to the
Social Cost function when we have a discrete input. Similarly, the value y that minimizes E[|X — y|] is the median
of X. Thus, as we are about to see, the median mechanism retains its optimality also in the Bayesian framework.
Unfortunately, a similar result does not hold for the I, Cost. Indeed, in this case, B[|X — y|?] is minimized when y
is equal to the mean of X. Hence, the optimal percentile vector depends on the structure of the measure p.

THEOREM A.1. If the underlying distribution y is symmetric, the optimal percentile mechanism for both the Social
and I, Costs is induced by @ = (0.5), that is, the median mechanism. If i1 is not symmetric, the optimal percentile
mechanism with respect to the Social Cost is still the median mechanism. For the I, cost, however, the optimal
percentile mechanism is induced by v = (F,(m)), where m is the mean of p1. In particular, the median mechanism
(i.e ¥ = (0.5)) is optimal for both the Uniform and the Gaussian distributions, while the optimal percentile for any
exponential distribution isig = (1 —e™1).

Proor. Notice that if y is symmetric, the mean and the median of y are the same. The median is the value that
minimizes the function ¢ — E[|X—c|]. Similarly, the mean is the value that minimizes the function ¢ — E[|X—c|?].
Thus, by Theorem 4.2, we have that the percentile mechanism induced by p = (0.5) is asymptotically optimal
with respect to both the Social and I, Costs.

If y is not symmetric, we still have that the percentile mechanism induced by = (0.5) is optimal with respect
to the Social Cost. However, since the median and the mean are now different values, the optimal percentile
vector with respect to the l; norm is p = (F,(m)), where m is the mean of yi. By recalling that the mean of the
exponential distribution (1) is 1, we infer the last statement of the Theorem. O

A.2  Two Facilities

When k = 2, the symmetry of the distribution is sufficient to retrieve the optimal percentile mechanism with
respect to the Social Cost. Moreover, as for the one facility case, the optimal percentile vector does not depend on
the measure p.

THEOREM A.2. If i is symmetric, the optimal percentile mechanism with respect to the Social Cost is induced by
the vector o = (0.25,0.75).

ProOF. Since p is symmetric, we have that the optimal locations for two facilities are symmetric with respect
to the median (or, equivalently, the mean) of . In particular, the median of p is equidistant from both facilities. It
then suffices to retrieve the location of the facility on the right to the median to retrieve the other one. Since
the facility locations are globally optimal, every facility location has to be locally optimal, thus the facility on
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the left of the median minimizes the functional E[|X — c|], where the expected value is taken with respect to p
restricted on the set {X < med(p)}. By symmetry, the other facility will be located at the median of y restricted
over {X > med(y)}, from which we conclude that the optimal percentile vector is p = (0.25,0.75). O

Similarly, we characterize the optimal percentile mechanisms with respect to the I, Cost.

THEOREM A.3. Let uu be a symmetric probability distribution and let m be its mean. Then, the optimal percentile
mechanism with respect to the I Cost iso = (F,(m_), F,(m,)), where m_ is the mean of y restricted to the set
x < m and my is the mean of p restricted to the set x > m. In particular, the optimal percentile vector for the
Gaussian distribution is oy = (®(-1), ®(+1)) ~ (0.16,0.84) while the optimal vector for the uniform distribution is
34 = (0.25,0.75).

Proor. Due to Theorem 4.1, without loss of generality, we assume that the underlying distribution has a
null mean, i.e., A@ xdu = 0. By the same argument used in the proof of Theorem A.2, we infer that the optimal
percentile vector has the form p = (F,(m_), F,(m.)), where m_ is the mean of y restricted to the set x < m and
m; is the mean of y restricted to the set x > m. The last part of the statement follows from the fact that, for the
standard Gaussian distribution N (0, 1), we have that m, = 1 and m_ = —1. O

For asymmetric distributions, the computation of the optimal percentile mechanism is less straightforward
and requires solving a system of equations. In the following, we compute the optimal vector for the exponential
distribution.

THEOREM A.4. Let i be an exponential probability distribution. Then, the optimal percentile vector with respect
to the Social Cost for two facilities is ig = (0.33, 0.83). The optimal percentile vector with respect to the I, Costs is
3s ~ (0.45,0.92).

Proor. First, we consider the Social Cost case. Let y; and y, be the points in the support of the projection of y
over P,(R). Let us denote with z the middle point of y; and y,, that is z = %(yl + 7y,). We then have that agents
on the left of z will be using the facility at y;, while the ones on the right, will use the one in y,. In particular, the

expected Social Cost is
z 00
/ |x = y1le ¥ dx + / |x — yale " dx.
0 z

We now show that y; is the median of y restricted to {x < z}. Assume, toward a contradiction, that y; is not the
median of y restricted over {x < z}. There exists a value y; such that

z z
/ |x —yile ¥dx > / lx — yile “dx.
0 0
/ |x—y1|e_xdx+/ |x—y2|e_xdx>/ |x—yi|e_xdx+/ |x — yale ¥dx
0 z 0 z

> min W (u, A),
min (g A)

Hence we get

where A = 418,/ + A26y,, which contradicts the optimality of the facility locations. We therefore conclude that y;
is the median of y restricted over (—oo, ), i.e.

2F,u(y1) :Fﬂ(z)'
Similarly, we get that
2(1 - F,u(yz)) =(1- Fu(z))-
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e MC C,

N | &E| U ar | N | & | U ar | N | & U ar
 omed | 1 | 1 1 1 |n/a|n/a| 1 2 | 1 [105]| 1 V2
W It |na|14| 2 |n-1|n/a|n/a| 2 2 |nfal V2 | V2 | n’
= oyt |nalnal 2 |n-1|n/a|nal| 2 2 |n/a|n/al V2 Vi’
N
L Irt |n/a| 24 2 |n—2|n/a|n/a| 2 2 |n/a|187| V2 n-1

Table 3. The limit of the Bayesian approximation ratio for three distributions, vs. the worst-case approximation ratio in the
classic mechanism design setting (the ar columns). We report our results for the Normal Distribution N, the Exponential
Distribution &, and the Uniform Distribution 2. The label n/a stands for not applicable since the distribution does not satisfy
the minimal assumptions to be evaluated.

Since F,,(t) = 1 —e™*, we get the following system of equations

21—-e M)y =(1-¢€77%)
2”2 =¢7* . (52)
z=3(y1 +12)
From the second and third equations, we retrieve y, = y; + 21log(2), which, plugged in the first equation, allows
us to conclude that y; = log(3) —log(2) and y, = log(6). From equation (44), we conclude the proof for the Social
Cost.
Let us now consider the I, Cost case and let us denote again with y; and y, the support of the projection of y
with respect to W,. Again, let us denote with z the middle point between y; and y,. By an argument similar to

the one used in the Social Cost case, we have that y; is the mean value of y restricted on {x < z}, while y, is the
mean value of p restricted to {x > z}. This leads us to define the following system of equations

z e*x
11 =/ x —dx
0 1—e*
s =/ e dx . (53)

1
z= E(yl +1s)

By solving the system, we retrieve y; = 0.59 and y, = 2.59, which, combined with equation (44), allows us to
conclude the proof. ]

For the sake of completeness, in Table 3, we report the limit of the Bayesian approximation ratio of the classic
truthful mechanisms to locate 1 or 2 facilities, i.e., the median (med), the left-most (It), the right-most (rt), and the
left-right-most (Irt) mechanisms when the underlying distribution is a Gaussian, an Exponential, and a Uniform
distribution. For comparison, we include the worst-case approximation ratio for these cost functions as the last
column for each cost function. For a definition of med, It, rt, and Irt we refer the reader to Appendix B.

A.3 Three and More Facilities

Lastly, we consider the case k > 3. For both the Social and I, Costs, we show that the optimal percentile vector
can be retrieved by solving a system of equations obtained by expressing the local optimality properties of the
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solution to problem (9). For the sake of simplicity, we detail the procedure for the Social Cost and describe how
the same technique applies to the I; Cost.

Let us now consider a probability distribution y and its c.d.f., namely F,. Given k, let us denote with yy, ..., yx
the support of the solution to minjep, (r) Wi (1, A). Let us now define z; = % fori=1,....k—1,z9 = —00,

and zx = +oo. Let us now focus on y;. Since every agent’s cost is defined by its distance to the closest facility,
we know that every agent in (zo, z;) will access the facility located in y;. Due to the optimality of the solution,
we infer that y; is locally optimal over the set (zo, z1). Otherwise, we could reduce the cost of the solution by
replacing y; with the optimal facility location for the problem restricted to (zo, z1). Since we are considering the
Social Cost, the local optimality of y; is expressed by the identity 2(F,(y1) — Fu(20)) = F(z1) — F.(2), since y;
has to be the median of ;1 when the measure is restricted to (2o, z1). By expressing the local optimality condition
for every facility location and replacing every z; with its definition, we get the following system of k equations

2F,(y1) ZFH(%)

o) - i (252)) = i (252) - . (232)

2 Fp(yk—l) _ Fﬂ(ykz;‘ykl)) — Fu(yk—l';'yk—z) _ Fﬂ(yk—l';ykfz)

ot - (245 =15 1)

Notice that, since the projection problem (9) admits a solution, the system (54) always admits at least a solution.

Through a similar argument, it is possible to characterize the optimal percentile vector with respect to the I,
Cost. In this case, the local optimality of the solution to problem (9) ensures us that every y; is located at the
mean of the probability distribution y restricted on the intervals (z;_1, z;).

To conclude this section, we leverage these characterizations to explicitly compute the optimal percentile vector
for the 3-FLP with respect to some classic probability distributions. As for the previous cases, we distinguish
between symmetric and asymmetric distributions, since by exploiting the symmetry of the measure it is possible
to simplify the problem.

THEOREM A.5. Let i be a symmetric distribution whose mean is equal to 0. Then, the second entry of the optimal
percentile mechanism with respect to both the Social and the I, Costs is 0.5. The other two entries are F,(+2z), where
z minimizes the following function z — foz xPdp + /;m |x — 2z|Pdy, where p = 1 if we consider the Social Cost and
p =2 for the l Cost. In particular, for the Social Cost, the optimal percentile vectors for the Uniform and Gaussian
distribution are 5qy ~ (0.16,0.5,0.83) and o ~ (0.15,0.5,0.85), respectively. For the I, Cost, we have that the optimal
percentile vector for the Uniform and Gaussian distribution are 5/(3) ~ (0.17,0.5,0.83), and 0., ~ (0.16,0.5,0.83),
respectively.

(2)
Uu

Proor. By a symmetry argument, we have that one of the three facilities has to be located at the mean of the
measure. Similarly, the other two facilities must be symmetrically located with respect to the mean. Let us now
denote with 2y the position of the facility on the right of 0. Therefore y is the minimum of the function

z (o)
z —>/ xpd,u+/ lx — 2z|Pdp,
0 z

which concludes the first half of the proof.
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Let us now consider the Social Cost, hence p = 1, and the Gaussian distribution, since the other cases are
similar. In this case, up to a constant, we need to minimize the following functional

z 2 o 2
. _xZ
z—>/ xe 2clx+/ |x — 2z]e” z dx
0 z
z

2 2z 2 o 2
=/ xe_de+/ (22—x)e_7dx+/ (x —2z)e” 7dx
0 z 2z

with respect to z. By computing the integrals in the latter equation, the function to optimize boils down to

22 2
z o 1-2e"7 +2¢7% +22(20(22) - B(2)) — 22,

where ®(z) is the cumulative distribution function of the Gaussian distribution. By differentiating the last equation
and setting the derivative equal to zero, we retrieve the following equation

(20(22) — B(z)) — 1 = 0.

Solving the equation leads us to z = 0.62. Owing to the symmetry of the probability distribution, we are able to
retrieve the optimal percentile vector with respect to the Social Cost.

Through similar computations, it is possible to retrieve the optimal percentile vector for the Gaussian distribu-
tion with respect to the I, Cost and for the uniform distribution for both the Social and the I, Costs. |

Finally, when the underlying distribution is not symmetric, the optimal percentile vector can still be found by
solving the system described in (54). For the sake of completeness, we retrieve the optimal percentile vector for
the Exponential distribution.

THEOREM A.6. When k = 3, the optimal percentile vector for the Exponential distribution with respect to the Social
Cost is Ug = (0.25,0.67,0.92). The optimal percentile vector with respect to the l, cost is (0.35,0.8,0.97).

Proor. First, we consider the optimal percentile vector with respect to the Social Cost. Let y1, y2, and y; denote
the support of the projection of yz over 5(R) with respect to the Social Cost. Let us denote with z; and z; the
middle point between y; and y,, and the middle point of y, and ys, respectively. Following the same argument
used in the proof of Theorem A.4, we have that y; is the median of y restricted to [0, z;]. Similarly, we have that
Yy, is the median of y restricted to [z, z;] and ys3 is the median of p restricted on [z3, 00). These three conditions
allows us to write the following system

2(l—e¥)=1-¢2

2((1-e7¥) = (1= e7) = (1-¢7%) - (1 - %)
e % =2e" Y

z1=3(y1 +v2)

z3 = %(yz +y3)

whose solutions are y; = log(%), y2 = log(3), and y3 = log(12). Using equation (4.5) again, we conclude the proof
for the Social Cost case.
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We now move to the I, cost. In this case, the optimal percentile vector is the unique solution to the following
system of equations

y(1—-e?)=1—-(z1+1)e ™

ha(e ™ = ) = (21 4 1) — (22 + e

yse 2 = (zp + 1)e 22 . (55)
21 = %(yl +Y2)

2= 5(y2+ys3)

By solving the system, we infer that y; = 0.43, y, = 1.61, and ys; = 3.61, hence the optimal percentile vector is
(1—e70%1 — 7161 1 — =301y + (0.35,0.8,0.97). O

B Bayesian Analysis of the Classic Truthful Mechanisms

In this Appendix, we study the convergence of the Bayesian approximation ratio of the classic truthful mechanisms.
In particular, we consider

o the leftmost mechanism (It), which returns the leftmost position amongst the ones given as input by the
agents, i.e. [t(X) = min;e,] x;;

o the rightmost mechanism (rt), which returns the rightmost position amongst the ones given as input by
the agents, i.e. rt(X) = max;e[n] X;;

e the median mechanism, that returns the median of the set of agents positions, i.e. med(¥X) = x|

(o) where X’
2

is the vector obtained by rearranging the entries of x increasingly;
o the left-rightmost mechanism (Irt), which places two locations, one at the leftmost and one at the rightmost

position amongst the ones given as input by the agents.

Notice that those mechanisms are special cases of the percentile mechanisms, so all the previous results apply to
them. First, we consider the mechanisms that locate just one facility; i.e. It, rt, and med. The only mechanism
whose asymptotic Bayesian approximation ratio converges when the measure y has an unbounded support is the
med mechanism.

TuEOREM B.1. Let X, be a vector of n i.i.d. random variables that are distributed as j1. Let us assume that yi satisfies
the condition of Lemma 3.2. Then, we have that the median mechanism is asymptotically optimal with respect to the
Social Cost. Moreover, for the I, Cost, we have that

. H@MMMH(&M%WwWﬂ;
lim =
Ji e = m(p) 2y

n—eo B[(Cp)opt (Xn)]
where med () and m(y) are the median and the mean of y, respectively. In particular, we infer lim,_, o B((l':))z(med) <

[med () —m(p)|

I+ Ve

, where Var(u) is the variance of p.

Proor. By definition, &eq(,) is the projection of p with respect to the Social Cost over £;(R). Hence, from
Theorem 3.3, we conclude that the median mechanism is asymptotically optimal. Similarly, if we consider the I,
Cost, we have that &y,(,) is the projection of i over #;(R). Thus,

- E[(C)mea(Xn)] [ Jo Ix = med(p)[Pdp\?
lim = .
n—co B[(Cl)opt (Xn)] /R |x — m(u)|?du
The last part of the Theorem follows by applying the Minkowski inequality to the numerator. m]
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We now turn our attention to the leftmost and rightmost mechanisms. It is worth noting that the leftmost and
rightmost mechanisms share the same properties by their symmetric definitions. To analyze these mechanisms,
we assume that the support of y1 is bounded on one side. Specifically, we consider the left side for the leftmost
mechanism (/t) and the right side for the rightmost mechanism (rt).

CoROLLARY B.1. The leftmost mechanism It has a finite limit of the Bayesian approximation ratio if and only if
there exists a € R such that p((—oo, al) = 0 and u((—oo0,a+ &) > 0 for every § > 0. In that case, we have that
E[SCi:(Xn)] m(p) —a

n—e B[SCopt (Xn)] [ |x — med(p)ldy’
where med () is the median of p. For the I, Cost, we have

BLC0W] _ (Var(? + m(n? — am() + )

im =
n—eo B[(Cp,)opt (Xn)] Var(p)?
1
In particular, if a = 0, we have lim,,_, B(le,)z(lt) = W <1+ VYZ&&)’) A similar result holds for the

rightmost mechanism.

Proor. We prove the Corollary only for the leftmost mechanism, the result for the rightmost mechanism
follows by the same argument. Since the leftmost mechanism returns the smallest value of the vector X, we have
that lt()?n) converges to a. We therefore have that lim,,_,., E[SC}; ()?n)] = /aoo [x=aldy = faoo (x—a)dp = m(p) —a,
which concludes the proof in the Social Cost case. Let us now consider the I, Cost. In this case, we have that

lim B[(C)u (Kn)] = ( / S a)zdu)% - / == 2am(s *“Z)%

1
= (Varz(,u) +m(p)* — 2am(p) + az) ‘
which concludes the thesis. |

Finally, we consider the mechanisms for locating two facilities: the left-rightmost mechanism (Irt). For Irt, we
need to assume that the support of i is bounded at least from one side.

CoROLLARY B.2. Given a measure yp € P (R) whose support is bounded at least from one side. Then, the limit of
the Bayesian approximation ratio of the left-rightmost mechanism with respect to the Social Cost is equal to

atb b
fa 2 (x—a)dp+f%(b—x)dp

- (56)
min)ep, ) Wiy, A)
Similarly, for the l, Cost we have
atb
L =%+ [ (b= x)dp
. - (57)
mingep, ) Wa (i A)
In both formulae, we used the convention ©5= = +co and f++:> f(x)dx = 0.
Proor. The Social Case result follows by noticing that
ath b
tim 215Cr (%)l = [ -adus [ 6=
n—oo atb
a z
and by applying Theorem 3.3. The result with respect to the I, Cost case follows a similar observation. ]
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Finally, we consider the Bayesian approximation ratio of the classic mechanisms with respect to the Maximum
Cost. In particular, we have the following.

COROLLARY B.3. Let p be a measure supported over a compact interval [a,b]. The mechanisms med, rt, and It
have a limit of the Bayesian approximation ratio with respect to the Maximum Cost equal at most to 2 regardless of
the measure p. Similarly, the mechanism Irt has an approximation ratio with respect to the Maximum Cost equal at
most to 2.

Proor. Without loss of generality, let us assume that p is supported over [0, 1] (see Theorem 4.1). When we
have one facility to locate, the optimal Maximum Cost is equal to %, while it is easy to check that the limiting
cost of the It and rt cost is 1, which concludes the proof for these two mechanisms. The cost of the median
mechanism is max{med(p), 1 — med(y)}. Since there always exists a measure whose median is close as we like
to 1, we conclude that lim,_, Bc(z':,)oo(med) < 2. Finally, the Irt mechanism has a cost of %, while the optimal

Maximum Cost for two facilities is i, hence we have lim,_, Bt(lr,lj)o(lrt) =2. O

Using the Theorems presented so far, we are able to retrieve the limit of the Bayesian approximation ratio of
the classic mechanisms with respect to the Social, the Maximum, and the [, Costs for some classic probability
distributions. For the sake of completeness, we compute the cost of the left-rightmost mechanism for the
exponential distribution and the Social Cost, since it is the less straightforward computation to do. All the results
of these computations are left in Table 3.

Let us now consider the formula (56) where p is exponential. Since y is bounded only from the left, we have
that the numerator of equation (56) boils down to

+o00
/ xe Ydx = 1,
0
a+b

since, in this case b = +o00 and thus 47 =+ooas well. To compute the denominator of (56), recall that the optimal
solution of the Wasserstein projection problem with respect to W is a measure supported over In( %) and In(6)

(see the proof of Theorem A.4). Thus, the denominator of (56) boils down to

In(2)
I

Thus, we conclude that the limit of the Bayesian approximation ratio of the left-rightmost mechanism with

respect to the exponential distribution for the Social Cost is 0% ~2.4.

2 +00
x —In (—)|e_xdx + / |x —In(6)|e *dx ~ 0.35+ 0.07 = 0.42.
3 In(2)

The Lower Bounds for the Leftmost and the Left-rightmost Mechanisms

To conclude, we prove the lower bounds on the worst-case approximation ratio of the leftmost (It) and left-
rightmost (Irt) mechanisms with respect to the [, cost (see the bounds marked by a star in Table 3). We show
these lower bounds for both mechanisms by considering a specific instance. We assume all the agents’ reports
are in the interval [0, 1]. That is, x; € [0, 1] for every i € [n].

Let us begin with the leftmost (It) mechanism. Let us consider x; = 0 and x; = 1 for every i = 2,...,n. The
output of the leftmost mechanism is xo = 0, so that the I, cost of the mechanism, in this instance is

n

1 n-1
Dor-ops =\ —.
i=2 n n

(Crie(Xn) =
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By definition, the best possible location for the facility, which we denote with y, is in the mean of the reports,
thusy = ”T_l Therefore, the optimal [, cost is equal to

(Cty)opt (Zn) :J(”; l)21+ 11

n & n?n
_\/(n—1)2+(n—1) _\/n(n—l) _Vn-1
B n3 h n3 T oon
Therefore, we have that
n—1
Vo oo_
ar(lt) > =l Vn.

We now show the lower bound for the left-rightmost mechanism. Let us consider the following report: x; = 0,
Xxn = 1,and x; = 0.5 for i = 2,...,n — 1. The output of the left-rightmost mechanism is (0, 1), thus the I, cost of
the mechanism is

(Clz)rlt(fn) =

Let us now compute the optimal [, cost of X. Since the agents’ reports are supported over three points, one of the
two facilities must supply both the agents in 0.5 and either the agentin 0 or the agent in 1. Due to the symmetry
of the instance, we consider the optimal solution that isolates the agent in 0, so that the optimal location of the
two facilities is y; = 0 and y, = 0.5+ ﬁ (notice that the location shared between the agents in 0.5 and the
agent in 1 must be placed at the mean of (¥,)_1. Therefore, we get that the optimal cost with respect to the I,
cost of X,, is

n—1

Slos v 5 -03) 5+ (=) &

=

(Clz )opt (fn)

71—2)2
2\/_ (n—1)2 (n—1)?

2\/n(n - 1)
which, combined with (Cp, ) (%) = ‘é? allows us to conclude that ar(Irt) > Vn— 1.

Received 14 September 2024; revised 31 March 2025; accepted 25 July 2025

ACM Trans. Econ. Comput.



	Abstract
	1 Introduction
	1.1 Our Contribution
	1.2 Related Work

	2 Preliminaries
	2.1 The k-Facility Location Problem
	2.2 Mechanism Design and the Worst-Case analysis
	2.3 Bayesian Analysis
	2.4 The Percentile Mechanisms
	2.5 Basic Notions on Optimal Transport

	3 The Bayesian Analysis of the Percentile Mechanism
	3.1 The k-Facility Location Problem as a Wasserstein Projection problem
	3.2 The Bayesian Analysis of Percentile Mechanisms for Social Cost
	3.3 The case a for at least one a
	3.4 The Bayesian Analysis of the Percentile Mechanism for the a and Maximum Cost

	4 The Optimal Percentile Mechanism
	4.1 The Social Cost and the k Cost
	4.2 Computing the Optimal Percentile Vectors for the Maximum Cost
	4.3 Computing the Optimal Percentile Mechanism from an approximation of mu

	5 Conclusion and Future Works
	Acknowledgments
	References
	A Optimal Percentile Vectors of classic probability distributions.
	A.1 One Facility
	A.2 Two Facilities
	A.3 Three and More Facilities

	B Bayesian Analysis of the Classic Truthful Mechanisms

