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ABSTRACT

Two-fluid, three-dimensional, flux-driven, global, electromagnetic turbulence simulations carried out by using the GBS (Global Braginskii
Solver) code are used to identify the main parameters controlling turbulent transport in the tokamak boundary and to delineate an electro-
magnetic phase space of edge turbulence. Four turbulent transport regimes are identified: (i) a regime of fully developed turbulence appearing
at intermediate values of collisionality and b, with turbulence driven by resistive ballooning modes, related to the L-mode operation of
tokamaks, (ii) a regime of reduced turbulent transport at low collisionality and large heat source, with turbulence driven by drift-waves,
related to a high-density H-mode regime, (iii) a regime of extremely large turbulent transport at high collisionality, which is associated with
the crossing of the density limit, and (iv) a regime above the ideal ballooning limit at high b, with global modes affecting the dynamics of the
entire confined region, which can be associated with the crossing of the b limit. The transition from the reduced to the developed turbulent
transport regime is associated here with the H-mode density limit, and an analytical scaling law for maximum edge density achievable in
H-mode is obtained. Analogously, analytical scaling laws for the crossing of the L-mode density and b limits are provided and compared to
the results of GBS simulations.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0090541

I. INTRODUCTION

Identifying the main parameters controlling plasma turbulence
in the tokamak boundary and understanding the physical mechanisms
behind the transition between the various turbulent regimes is of
major importance for the design and operation of future magnetic
fusion devices. In fact, the limits that restraint the operational space of
tokamaks, such as the density limit,1,2 as well as important phenomena
that play a fundamental role in determining the overall performance
of a tokamak, such as the L–H transition,3 strongly depend on the
nonlinear turbulent plasma dynamics in the tokamak boundary.

Several regimes of tokamak operation with different confinement
properties have been achieved experimentally in the past years.4

Among these regimes, the high confinement mode (H-mode)3 has
been chosen as the ITER baseline scenario. The H-mode is achieved
above a certain power threshold and is characterized by an edge
transport barrier that is responsible for steep edge temperature and
density gradients compared to the low confinement mode (L-mode).

The maximum density achievable in H-mode is denoted as the
H-mode density limit. A back transition from the H-mode to the
L-mode is observed when the density exceeds the H-mode density
limit. The H-mode density limit differs from the standard H-L transi-
tion caused by a reduction of the power crossing the separatrix below
the H-mode power threshold, since the H-mode density limit can be
reached even at values of the power crossing the separatrix that are
larger than the H-mode power threshold.5–7

The tokamak plasma density cannot exceed a certain threshold
also in L-mode operation. A widely used empirical scaling of the maxi-
mum line-averaged density that can be achieved was obtained by
Greenwald in 1988,1

nGWð1020m�3Þ ¼
IpðMAÞ
paðmÞ2

; (1)

where nGW, known as Greenwald density, is the predicted maximum
line-averaged density, Ip the plasma current and a the plasma minor
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radius. The Greenwald density limit, also denoted as the L-mode den-
sity limit, is a hard limit, namely, its crossing leads to the onset of mag-
netohydrodynamics (MHD) modes, performance degradation, and a
plasma disruption.1,2 Despite the fact that both the L-mode and the
H-mode density limits are experimentally observed to occur at similar
density values, the H-mode density limit differs from the L-mode
density limit. In fact, the H-mode density limit is usually a soft limit
since plasma operation can be continued in L-mode after the H–L
transition.7,8

In addition to the density limit, various MHD instabilities restrain
the operational space of tokamaks. Among these, the ideal ballooning
instability, which occurs at large pressure gradient values, imposes the
maximum value of b that can be achieved in tokamaks.9,10 The b limit
is a hard limit. Indeed, large-scale modes develop over the entire
plasma when the b limit is exceeded, leading to a plasma disruption.

A theoretical description of the different turbulent transport
regimes at the tokamak edge and their link to the tokamak operational
limits was first provided in Refs. 11–13, based on flux-tube two-fluid
turbulent simulations. In particular, a phase space of edge turbulence,
including the L–H transition, the ideal MHD limit and the Greenwald
density limit, was derived in Ref. 13 in terms of the MHD parameter

aMHD ¼ �R0q
2 db
dr
’ R0q

2 b
Lp
; (2)

and of the diamagnetic parameter

ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

micsse
0:51me4p2q2R0

r
R0

Lp

� �1=4

; (3)

where R0 is the tokamak major radius, q is the safety factor, r denotes
the cross field direction, cs is the sound speed, se is the electron colli-
sional time, and Lp is the edge pressure gradient length. In the phase
space described in Ref. 13, the L–H transition occurs at high values of
aMHD and ad, the ideal MHD limit is reached at large values of aMHD,
independently of the ad value, and the density limit is crossed at low
ad, i.e., high collisionality, and finite aMHD. The crossing of the density
limit described in Refs. 12 and 13 is associated with a regime of cata-
strophically large turbulent transport in the tokamak edge resulting
from nonlinear electromagnetic effects. Therefore, Ref. 13 claims that
no density limit can be retrieved in the electrostatic case, underlining
the key role played by electromagnetic fluctuations. Similarly, Ref. 14
has linked the crossing of the density limit to a transition from an elec-
trostatic to an electromagnetic ballooning regime, again underlining
the important role played by electromagnetic fluctuations in the den-
sity limit, even though a different mechanism than the one proposed
in Refs. 12 and 13, which is based on a transition between the driving
linear modes, is invoked. In contrast, the theoretical works reported in
Refs. 15 and 16 argue that the key parameter controlling turbulent
transport at the tokamak edge is the collisionality, rather than b, and
suggests that a regime of large turbulent transport, compatible with
the crossing of the density limit, can be achieved even at low b. Also
the electromagnetic gyrokinetic tokamak boundary simulations
described in Refs. 17 and 18 show a weak effect of electromagnetic per-
turbations on turbulence and equilibrium profiles, thus suggesting a
secondary role played by b in the edge turbulent transport.

A recent theoretical investigation based on flux-driven, two-fluid,
three-dimensional electrostatic turbulent simulations, carried out with

the GBS (Global Braginskii Solver) code and using the Boussinesq
approximation, has identified three different turbulent transport
regimes in the tokamak edge.19 These include a regime of reduced tur-
bulent transport at low collisionality and large heat source, with turbu-
lence driven by the Kelvin–Helmholtz instability, a regime of
developed turbulent transport at intermediate values of collisionality
and heat source, with turbulence driven by resistive ballooning modes,
and a regime of extremely large turbulent transport at high collisional-
ity and a low heat source, with turbulence still driven by resistive bal-
looning modes, associated with the crossing of the density limit.
Despite being in the electrostatic limit, and therefore neglecting any
effect due to electromagnetic fluctuations, the simulations reported in
Ref. 19 show the presence of a density limit crossing. In a recent work,
the result of Ref. 19 has been leveraged to derive a theory-based scaling
law for the density limit that shows a better agreement with a multi-
machine database than the Greenwald empirical scaling.20

In this work, we extend the results presented in Ref. 19 by
leveraging a set of three-dimensional, flux-driven, two-fluid electro-
magnetic turbulence simulations, carried out with the GBS code.21

With respect to the simulations in Ref. 19, we consider here simula-
tions that include electromagnetic effects and avoid the use of the
Boussinesq approximation. We derive an electromagnetic phase
space of edge turbulence where four turbulent transport regimes are
identified: (i) a regime of fully developed turbulence appearing at
intermediate values of collisionality and b, with turbulence driven by
resistive ballooning modes, which we associate with the L-mode
operation of tokamaks, (ii) a regime of reduced turbulent transport
and improved confinement at low collisionality and large heat
source, with turbulence driven by the drift-wave instability, associ-
ated with the H-mode regime in high-density conditions, (iii) a
regime of extremely large turbulent transport at high collisionality,
low heat source, and realistic values of b, which is associated with
the crossing of the density limit, and (iv) a regime above the ideal
ballooning limit at high b, with global modes developing on the
entire confined region that leads to a total loss of plasma and heat,
which can be associated with the crossing of the b limit. We find
that the density limit crossing is independent of b (for values of b
below the b limit), thus pointing out the secondary role played by
electromagnetic fluctuations on turbulent transport while approach-
ing the density limit. This finding is in contrast to Refs. 11, 13,
and 14, while it confirms the result of Ref. 19. In addition, the transi-
tion from the drift-wave regime to the resistive ballooning regime is
associated with the H-mode density limit, and an analytical scaling
of the maximum density that can be achieved in the H-mode operat-
ing conditions before causing the H–L back transition is derived.

The present paper is organized as follows. The physical model
considered in this work is summarized in Sec. II, while an overview of
the simulation results is presented in Sec. III, where different turbulent
transport regimes are identified from GBS simulations. In Sec. IV, an
electromagnetic phase space of edge turbulence is derived and analyti-
cal estimates of the edge pressure gradient length are provided. The
transitions among the different regimes identified here are then ana-
lyzed in Sec. V, where analytical estimates of the H-mode density limit,
L-mode density limit, and b limit are provided and compared to the
results of GBS simulations. A comparison of the edge phase space
derived in this work with past investigations is presented in Sec. VI.
The conclusions follow in Sec. VII.
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II. PHYSICAL MODEL

The physical model considered here is based on the drift-reduced
Braginskii model22 implemented in GBS.21 For simplicity, the coupling
to the neutral dynamics is neglected, although implemented in GBS.23

The validity of a drift-reduced fluid model is limited to the regime of
electron mean free path shorter than the parallel connection length,
ke � Lk ’ 2pqR, and perpendicular scale lengths of the dominant
modes larger than the ion Larmor radius, k?qi � 1. These conditions
are usually verified in the tokamak boundary of L-mode discharges.
On the other hand, the steep pedestal temperature in H-mode dis-
charges leads, most often, to collisionality values such that ke � Lk and
turbulence driven by unstable modes with k?qi � 1,24,25 whose
exhaustive characterization requires to account for kinetic effects. On
the other hand, H-mode discharges at high density feature collisional-
ity values sufficiently large that fluid models can be applied for their
description. For example, a H-mode TCV discharge near the H-mode
density limit26 with edge electron density ne ’ 5� 1019 m–3 and edge
electron temperature Te ’ 150 eV yields ke=Lk ’ 0:1, which justifies
the use of a fluid model in the proximity of the H-mode density limit.
In addition, the physical model neglects the bootstrap current, thus
excluding the peeling instability from the system. While the bootstrap
current plays an important role in pedestal stability and edge-localized
modes (see, e. g., Refs. 27 and 28), its effect is expected to be negligible
in the high density and high collisionality regimes considered in this
work. The use of the drift-reduced fluid model restricts therefore our
study to L-mode discharges and H-mode discharges at high density
and high collisionality.

The model equations considered in the present work are

@n
@t
¼�q�1�

B
/;n½ �þ2

B
CðpeÞ�nCð/Þ½ ��rkðnvkeÞþDnr2

?nþsn; (4)

@X
@t
¼� q�1�

B
r � /;x½ � � r � vkirkx

� �
þ B2rkjk

þ 2BCðpe þ spiÞþ
B
3
CðGiÞ þ DXr2

?X; (5)

@Uke
@t
¼� q�1�

B
/; vke
� �

þmi

me
�jk þrk/�

1
n
rkpe

�

�0:71rkTe �
2
3n
rkGe

�
�vkerkvke þDvker2

?vke; (6)

@vki
@t
¼� q�1�

B
/; vki
� �

� vkirkvki �
1
n
rkðpe þ spiÞ

þ 4
3n

g0;ir2
kvki þ Dvkir2

?vki; (7)

@Te

@t
¼�q�1�

B
/;Te½ ��vkerkTeþ

2
3
Te

	
0:71rkvki�1:71rkvke

þ0:71ðvki�vkeÞ
rkn
n



þ4
3
Te

B
7
2
CðTeÞþ

Te

n
CðnÞ�Cð/Þ

	 

þvker2

kTeþDTer2
?TeþsTe ; (8)

@Ti

@t
¼� q�1�

B
/;Ti½ � � vkirkTi þ

4
3
Ti

B
CðTeÞ þ

Te

n
CðnÞ � Cð/Þ

	 


� 10
3

s
Ti

B
CðTiÞþ

2
3
Tiðvki � vkeÞ

rkn
n
� 2
3
Tirkvke þ vkir2

kTi

þ DTir2
?Ti þ sTi ; (9)

which are coupled to Poisson and Ampère equations,

r � nr?/ð Þ ¼ X� sr2
?pi; (10)

r2
? �

be0

2
mi

me
n

� �
vke ¼ r2

?Uke �
be0

2
mi

me
nvki þ

be0

2
mi

me

�jk; (11)

where X ¼ r � x ¼ r � ðnr?/þ sr?piÞ is the scalar vorticity and
Uke ¼ vke þmiw=me is the sum of electron inertia and electromag-
netic induction contributions. We highlight that, in contrast to the
physical model considered in Ref. 19, here we include electromagnetic
effects by solving Ampère equation [see Eq. (11)] and we avoid the use
of the Boussinesq approximation in the vorticity and Poisson equa-
tions [see Eqs. (5) and (10)].

In Eqs. (4)–(11) and in the following, GBS normalized units are
used. In particular, n, Te, and Ti are normalized to the reference values
n0, Te0, and Ti0, respectively. The electron and ion parallel velocities, vke
and vki, are normalized to the reference sound speed cs0¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Te0=mi

p
.

The magnetic field is normalized to its modulus at the tokamak axis,
BT. The electrostatic potential, /, is normalized to Te0=e, and w is nor-
malized to qs0BT , with qs0¼ cs0=Xci the reference ion sound Larmor
radius. Perpendicular lengths are normalized to qs0, and parallel lengths
are normalized to the tokamak major radius R0. Time is normalized to
R0=cs0. The dimensionless parameters appearing in the model equa-
tions are the normalized ion sound Larmor radius, q� ¼qs0=R0, the ion
to electron temperature ratio, s¼Ti0=Te0, the normalized electron and
ion parallel thermal conductivities,

vke ¼ vke0T
5=2
e ¼ 1:58ffiffiffiffiffi

2p
p miffiffiffiffiffiffi

me
p

ð4pe0Þ2

e4
cs0
R0

T3=2
e0

kn0

 !
T5=2
e ; (12)

and

vki ¼ vki0T
5=2
i ¼ 1:94ffiffiffiffiffi

2p
p ffiffiffiffiffi

mi
p ð4pe0Þ2

e4
cs0
R0

T3=2
e0 s5=2

kn0

 !
T5=2
i ; (13)

the reference electron plasma b,

be0 ¼ 2l0
n0Te0

B2
T

; (14)

and the normalized Spitzer resistivity, � ¼ e2n0R0=ðmics0rkÞ
¼ �0T�3=2e , with

rk ¼ 1:96
n0e2se
me

� �
n ¼ 5:88

4
ffiffiffiffiffi
2p
p ð4pe0Þ2

e2
T3=2
e0

k
ffiffiffiffiffiffi
me
p

 !
T3=2
e ; (15)

�0 ¼
4
ffiffiffiffiffi
2p
p

5:88
e4

ð4pe0Þ2
ffiffiffiffiffiffi
me
p

R0n0k

mics0T
3=2
e0

; (16)

where k is the Coulomb logarithm. The gyroviscous terms are given by

Gi ¼ �g0i 2rkvki þ
1
B
Cð/Þ þ s

nB
CðpiÞ

	 

; (17)

Ge ¼ �g0e 2rkvke þ
1
B
Cð/Þ � 1

nB
CðpeÞ

	 

; (18)

where g0i ¼ 0:96Ti0si=ðmiR0cs0Þ and g0e ¼ 0:96Te0se=ðmeR0cs0Þ.
These dimensionless parameters depend on the values of the reference
quantities that are usually evaluated at the separatrix.
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The spatial operators appearing in Eqs. (4)–(10) are the E�B
convective term ½/; f �¼ b � ðr/�rf Þ, the curvature operator Cð f Þ
¼B½r�ðb=BÞ�=2 �rf , the perpendicular Laplacian operator r2

? f
¼r� ½ðb�rf Þ�b�, and the parallel gradient operator rk f ¼ b �rf
þ½w; f �=B, where b¼B=B is the unit vector of the (unperturbed) mag-
netic field and ½w; f �=B is the electromagnetic flutter contribution. The
toroidally symmetric equilibrium magnetic field is written in terms of
the poloidal magnetic flux W, normalized to q2

s0BT , as

B ¼ 6ruþ q�ru�rW; (19)

where u is the toroidal angle. The plus (minus) sign in Eq. (19) refers
to the direction of the toroidal magnetic field with the ion-rB drift
pointing upward (downward). The differential operators are discre-
tized on a non-field-aligned ðR;/;ZÞ cylindrical grid by means of a
fourth-order finite difference scheme, where R is the radial distance
from the tokamak symmetry axis and Z is the vertical direction.

The source terms in the density and temperature equations, sn
and sT, are added to fuel and heat the plasma, and they are analytical
functions of WðR;ZÞ, independent of the toroidal angle

sn ¼ sn0 exp � WðR;ZÞ �Wnð Þ2

D2
n

 !
; (20)

sT ¼
sT0
2

tanh �WðR;ZÞ �WT

DT

� �
þ 1

	 

; (21)

where Wn and WT are flux surfaces located inside the last closed flux
surface (LCFS). The density source is localized around the flux surface
Wn, close to the separatrix, and mimics the ionization process, while
the temperature source extends throughout the core region and
mimics the Ohmic heating. We define the total density and tempera-
ture source integrated over the area inside the LCFS as

Sn ¼
ð
ALCFS

q�snðR;ZÞ dRdZ; (22)

and

ST ¼
ð
ALCFS

q�sTðR;ZÞ dRdZ; (23)

where the factor q� appears from our normalization choices.
Analogously, we define the electron pressure source, proportional to
the electron power source, as Sp ¼

Ð
ALCFS

q�sp dRdZ, with sp ¼ nsTe

þTesn and sTe the electron temperature source. More details of the
physical models and of its numerical implementation in GBS, as well
as on the boundary conditions, are reported in Ref. 21.

III. OVERVIEW OF THE SIMULATION RESULTS

We now describe the results of the GBS electromagnetic simula-
tions considered here, which have been carried out with the following
dimensionless parameters: q�1� ¼500;a=R0’0:3; sn0¼0:3;Dn¼800;
DT ¼ 720; vke0 ¼ 10; vki0 ¼ 1, upward ion-rB drift direction,
sT0 ¼ f0:15; 0:3; 0:6g; �0 ¼ f0:05; 0:1; 0:2; 0:6; 10g, and various val-
ues of be0 ranging from 10�6 to 5� 10�3. The magnetic equilibrium is
the same as in Ref. 19, namely, it is analytically obtained in the infinite
aspect-ratio limit by solving the Biot–Savart law for a current density
with a Gaussian distribution centered at the tokamak axis, mimicking
the plasma current, and an additional current filament outside the sim-
ulation domain to produce the X-point. The value of the plasma current

and the width of its Gaussian distribution are chosen to have a safety
factor q0 ’ 1 at the tokamak axis and q95 ’ 4 at the tokamak edge.

In order to reduce the computational cost of the present simula-
tions, the value of vke0 has been reduced by approximately an order of
magnitude with respect to typical values in the tokamak boundary.
Consequently, the parallel heat flux due to the plasma convection is
significantly larger than the parallel heat flux due to conduction, i.e.,
nTevke 	 vkerkTe. On the other hand, the parallel heat conduction is
usually larger than the parallel heat convection in experiments. In
fact, by considering typical values of electron density and electron tem-
perature at the separatrix of a TCV discharge (n0 ’ 1019 m–3 and
Te0 ’ 30 eV), the parallel heat flux due to conduction is approximately
vkerkTe ’ vkeTe=ðqR0Þ � 10MW/m2 and is larger than the parallel
heat transport due to convection, nTevke ’ nTecs � 1MW/m2. In the
present paper, while the main analysis and comparison to simulation
results is done in the convection limit, the theoretical scaling laws we
derive are provided in both convection and conduction limits, thus
allowing for a future comparison with experimental data.

The analysis described in the following is carried out when the
simulations are in a global turbulent quasi-steady state resulting from
the balance among the sources in the closed flux surface region, turbu-
lence that transports plasma and heat from the core to the scrape-off
layer (SOL), and the losses at the vessel. The equilibrium component
of a quantity f, denoted as �f , is evaluated by taking the time and toroi-
dal average of f, while the fluctuating component is defined as
~f ¼ f � �f . The flux-aligned coordinate system ðrW;rv;ruÞ is used
in the analysis, where rw denotes the direction perpendicular to flux
surfaces,ru denotes the toroidal direction andrv ¼ ru�rW.

In Fig. 1, typical snapshots of the plasma density for the electro-
magnetic simulations that avoid the Boussinesq approximation are
shown at various values of �0 and be0, corresponding to the different
turbulent transport regimes observed in our simulations. In contrast
to Ref. 19, where three electrostatic turbulent transport regimes are
described, four electromagnetic regimes can be identified here.

At very low values of collisionality and high heat source, a reduced
turbulence regime, characterized by a steep edge pressure profile, is
observed. Turbulence in this regime is mainly driven by the drift-wave
instability. This is revealed by performing a test similar to the one car-
ried out in Ref. 19, whose results are shown in Fig. 2. Namely, for the
simulation with �0 ¼ 0:05; sT0 ¼ 0:3, and be0 ¼ 10�6, drift-waves are
removed from the system by zeroing out the termrkpe=nþ0:71rkTe

in Eq. (6). Figure 2 shows that density fluctuations vanish when the
drift-waves are removed from the dynamics, clearly indicating that, in
the low collisionality and high heat source regime, turbulence is mainly
driven by the drift-wave instability. On the other hand, only a weak
effect on density fluctuations is observed when the drive of
Kelvin–Helmholtz instability [the term r � ½/;x� in Eq. (5)] is
removed from the system, thus excluding Kelvin–Helmholtz from
being the primary instability in these simulations [Fig. 2(c)]. This con-
trasts with the findings in Ref. 19, where the reduced transport regime
found at low collisionality and large values of heat source is character-
ized by turbulence driven by the Kelvin-Helmholtz instability, showing
considerably larger values of the E� B shear than the typical values
observed in the electromagnetic simulations.

We note that the differences between the present simulations and
the ones in Ref. 19 persist also at low b. In fact, these differences are
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due to the use of the Boussinesq approximation in Ref. 19,r � ðnr?/
þsr?piÞ ’ nðr2

?/þ sr2
?Ti=nÞ, which is avoided here. This shows

that, although the Boussinesq approximation is commonly used to sim-
ulate tokamak boundary turbulence,29–31 its validity becomes question-
able in the region across the separatrix,32 where steep density gradients
can form, especially in the regime of reduced turbulent transport, where
the use of the Boussinesq approximation significantly affects the char-
acter of the driving instability.

We remark that the theoretical work proposed in Ref. 13 associ-
ates the transition with the H-mode to a transition to a regime where
edge turbulence is mostly driven by the drift-wave instability. Here, we
link this regime to a high-density H-mode and we associate the transi-
tion from the drift-wave regime with the resistive ballooning regime to
a H-mode density limit, as described in Sec. V. We also note that a
regime dominated by drift-wave turbulence has been recently found
also in gyro-fluid simulations and associated with the I-mode regime
observed in tokamaks.33

A test similar to the one in Fig. 2 shows that the resistive balloon-
ing instability dominates over the drift-wave instability at intermediate
values of collisionality and b. In the resistive ballooning regime, the

E� B shear plays only a minor role and no transport barrier forms
across the separatrix. Similarly to Ref. 19, this regime can be associated
with the standard L-mode of tokamak operation. In contrast to the
drift-wave regime, the use of the Boussinesq approximation in the
resistive ballooning regime has a weak effect on turbulence and equi-
librium profiles.

The effect of electromagnetic fluctuations on the resistive bal-
looning regime is investigated in Fig. 3, where the equilibrium radial
profiles of electron pressure, electrostatic potential, and E� B shear at
the outboard midplane are shown for the simulations at �0 ¼ 0:2;
sT0 ¼ 0:3 and three different values of be0, below the b limit, covering
a range of two orders of magnitude. The radial profiles show a very
weak dependence on be0, suggesting that turbulent transport is weakly
affected by this parameter at realistic values of be0. In addition, turbu-
lent transport due to the electromagnetic flutter is found to be negligi-
ble in all the simulations considered in the present work. We conclude
that electromagnetic effects play only a minor role in edge turbulent
transport in the resistive ballooning regime. This result is in agreement
with recent gyrokinetic simulations of the tokamak boundary, which
show a weak dependence of equilibrium profiles on b.17,18

FIG. 2. Typical density fluctuations of the simulation with �0 ¼ 0:05; sT0 ¼ 0:3, and be0 ¼ 10�6 (a). The panels (b) and (c) show a typical snapshot of density fluctuations when
the drift-wave instability [the termrkpe=nþ 0:71rTe in Eq. (6)] or the drive of the Kelvin–Helmholtz instability [the termr � ½/;x� in Eq. (5)] is removed from the dynamics.

FIG. 1. Typical snapshots of density in the suppressed transport regime, �0 ¼ 0:05 and be0 ¼ 10�6 (a), in the developed transport regime, �0 ¼ 0:2 and be0 ¼ 10�4 (b),
above the density limit, �0 ¼ 10 and be0 ¼ 10�4 (c), and above the b limit, �0 ¼ 0:2 and be0 ¼ 4� 10�4 (d). The same value of sT0 ¼ 0:3 is considered in these simula-
tions. The white line represents the separatrix.
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At large values of �0, turbulent eddies extend throughout the core
region [see Fig. 1(c)] and turbulent transport is extremely large.
Consequently, the equilibrium pressure and temperature gradients
near the separatrix collapse. This regime of very large turbulent trans-
port and flat pressure and temperature profiles, which is retrieved at
high density, is linked to a regime beyond the density limit, in agree-
ment with the result of electrostatic simulations presented in Ref. 19.
At these large values of collisionality, the Boussinesq approximation
and electromagnetic perturbations have no effect on turbulence and
equilibrium profiles.

Finally, at large values of be0, the ideal branch of the ballooning
instability overcomes the resistive one.34 Consequently, ideal balloon-
ing modes become the main instability driving turbulence. The onset
of the ideal ballooning instability generates global modes that affect
the entire confined region, as shown in Fig. 1(d), eventually leading to
a loss of confinement that corresponds to a plasma disruption. This
regime, characterized by global modes and large values of b, is associ-
ated with a regime beyond the b limit.

In the theoretical study proposed in Refs. 12 and 13, the crossing
of the density limit is described as the result of the presence of electro-
magnetic fluctuations that inhibit the formation of sheared flows,
which provide a saturation mechanism for resistive ballooning modes.
In our simulations, however, the density limit is observed also at very
low values of be0 and even in the electrostatic limit. In fact, at high val-
ues of edge collisionality, simulations show negligible sheared flows
near the separatrix at any value of be0, while nonlinear saturation of
the pressure fluctuation amplitude is provided by the gradient removal
mechanism,35,36 rather than by a nonlinear mechanism associated
with the presence sheared flows. On the other hand, the presence of a
density limit at low values of be0 observed in the simulations presented
here is in agreement with the theoretical investigations of Ref. 15, argu-
ing that the edge collisionality is the main key parameter that controls
turbulent transport and density limit crossing, independently of the b
value. We note that an increase in turbulent transport with be0 is
reported in Ref. 37 only for values of b that are above the b limit.

IV. ELECTROMAGNETIC PHASE SPACE OF BOUNDARY
TURBULENCE

The electromagnetic phase space of boundary turbulence derived
from GBS simulations is outlined in Fig. 4. The time and toroidal

average of the radial extension of the largest turbulent eddies,
expressed as 1=ðkwaÞ with kw the radial wave vector, is shown for all
the simulations considered in the present work and is indicated by the
colorbar. Four main regions are identified in the parameter space of
Fig. 4: (i) a region where the radial extension of turbulent eddies is sig-
nificantly smaller than the tokamak minor radius, 1=ðkwaÞ � 1, and
turbulence is mainly driven by the drift-wave instability; (ii) a region
where 1=ðkwaÞ ’ 0:1 and turbulence is mainly driven by resistive
ballooning modes; (iii) a region at high �0 characterized by very large
turbulent transport, poor plasma confinement and 1=ðkwaÞ ’ 0:5,
associated with the crossing of a density limit; and (iv) a region at large
values of be0 characterized by large scale modes affecting the whole
core plasma, 1=ðkwaÞ ’ 1, and associated with a regime beyond the b
limit. Projections of the three-dimensional phase space in Fig. 4 onto
two dimensional planes are shown in Fig. 5.

FIG. 3. Equilibrium radial profiles at the outboard midplane of electron pressure (a), electrostatic potential (b) and E� B shear (c) for simulations in the resistive ballooning
regime at various values of be0 with sT0 ¼ 0:3 and �0 ¼ 0:2. The vertical dashed line represents the position of the separatrix.

FIG. 4. Time and toroidal average of radial extension of the largest turbulent eddies
normalized to the tokamak minor radius, 1=ðkwaÞ, for all the simulations considered
in the present work, as a function of the parameters be0S

18=17
p =�

10=17
0 ; �0=S

15=14
p ,

and �3=20 =Sp, which define our three-dimensional edge turbulence phase space.
The light blue plane corresponds to the H-mode density limit [see Eq. (41)], the
green plane to the L-mode density limit [see Eq. (45)] and red plane to the b limit
[see Eq. (50)], respectively. The density and b boundaries delimit the parameter
space where the plasma is confined.
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The three parameters controlling turbulent transport in Fig. 4 are

�0=S
15=14
p ; �

3=2
0 =Sp, and be0S

18=17
p =�

10=17
0 , which are associated with the

H-mode density limit transition, to the L-mode density limit crossing
and to the transition between the resistive ballooning and the ideal bal-
looning regimes, respectively. These limits are derived in Sec. V. We
note that the controlling parameters are written in terms of the dimen-
sionless parameters �0, Sp, and be0, which are the ones varied across
the simulation scan presented in Sec. III.

We also remark that the regime of tokamak operation is bounded
by the density and b limits, and therefore, it includes simulations with
turbulence being driven either by resistive ballooning modes or drift-
waves. In this section, we focus on the two instabilities that appear
when plasma is confined, and we provide an analytical estimate of the
equilibrium pressure gradient length near the separatrix.

A. Drift-wave turbulence

An analytical estimate of Lp when drift-waves constitute the tur-
bulence drive can be derived by following a procedure similar to the
one described in Ref. 19 for the resistive ballooning regime, which is
based on a balance between the cross field turbulent heat flux at the

LCFS, qw ’ ~pe@v
~/ , obtained from a quasi-linear non-local theory, and

the heat source integrated over the poloidal plane inside the LCFS, i.e.,

Sp ’
þ
LCFS

qw dl: (24)

The quantity @v
~/ is estimated from the linearized electron pres-

sure equation,

@t~pe � �q�1� @w�pe@v
~/; (25)

which is obtained by summing and linearizing Eqs. (4) and (8), where
only the leading order terms are considered. The time derivative in
Eq. (25) is now approximated by the growth rate of the driving drift-
wave instability, where Lp;DW is the equilibrium pressure gradient

length across the LCFS in the drift-wave regime, while the radial deriv-
ative of �pe is approximated as @w�pe ’ �pe=Lp;DW. This leads to

qw;DW � q�cDW
~p2e
�pe

Lp;DW; (26)

where �pe is the equilibrium pressure evaluated at the LCFS. The fluctuat-
ing electron pressure is obtained by assuming that the growth of the line-
arly unstable modes saturates when the instability drive is removed from
the system, i.e., kw;DW~pe��pe=Lp;DW,35,36 with kw;DW’

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kv;DW=Lp;DW

p
,

as derived from the non-local analysis outlined in Ref. 36. Therefore,
Eq. (26) can be written as

qw;DW � q�
cDW
kv;DW

�n�Te: (27)

We remark that the effects of sheared flows are neglected in
Eq. (27) and in the following, although sheared flows are included in
GBS simulations. This approximation is motivated by the result of the
analysis reported in the Appendix, which shows a negligible effect of
sheared flows on the drift-wave instability. The analysis of the drift-wave
instability carried out in Ref. 38 within the limit of negligible sheared

flows leads to cDW ’ 0:12�T 1=2
e =ðq�Lp;DWÞ and kv;DW’ 0:57�T�1=2e .

By substituting cDW and kv;DW in Eq. (27), the cross field heat flux can
be written as

qw;DW � 0:2
�T 2
e�n

Lp;DW
; (28)

where �Te and �n are evaluated at the LCFS.
We note that �Te appearing in Eq. (28) depends implicitly on Lp.

In order to progress, we balance Sp with the parallel losses at the target
plates. In the case of parallel heat transport dominated by convection
(the regime of GBS simulations), the global balance in the SOL can be
written as

FIG. 5. Projection of the three dimensional phase space in Fig. 4 onto the plane defined by the parameters �0=S
15=14
p and be0S

18=17
p =�

10=17
0 (a) and by �3=20 =Sp and

be0S
18=17
p =�

10=17
0 (b). The dashed blue line represents the H-mode density limit [see Eq. (41)], the dashed green line the L-mode density limit [see Eq. (45)] and the red dashed

line the b limit [see Eq. (50)].
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ð
SOL

�pe�csdl � Sp; (29)

where we assume plasma outflowing at the sound speed velocity at the
target plates. An order of magnitude estimate of �T e is then derived by
integrating Eq. (29), leading to Ref. 39

�T e �
5
4

Sp
�nLp;DW

� �2=3

: (30)

By replacing the estimate of �Te, Eq. (30), into Eq. (28), the cross field
turbulent heat flux at the LCFS becomes

qw;DW � 0:3
S4=3p

n1=3Lp;DW
: (31)

The integral on the right-hand side of Eq. (24) can be evaluated
by assuming qw;DW constant along the LCFS, thus leading to

Sp � 2pa

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j2

2

r
qw;DW; (32)

where a is the tokamak minor radius and j is the plasma elongation at
the LCFS. The analytical estimate of Lp;DW is obtained from Eq. (32)
by replacing the analytical estimate of qw;DW, Eq. (31), into Eq. (32).
This leads to

Lp;DW � ð1þ j2Þ3=14a3=7S1=7p �n�1=7; (33)

where �n and �Te are evaluated at the LCFS and a numerical factor of
order unity is omitted.

The edge pressure gradient length in Eq. (33) can also be derived
in the limit of parallel heat conduction larger than the parallel heat
convection (typical experimental regime) and it is denoted as L0p;DW
(the prime symbol is used to distinguish the estimate derived in the
heat conduction limit from the heat convection limit). The global bal-
ance in Eq. (29) becomes

Sp ’
ð
SOL

qk b �
rv
jjrvjj dl; (34)

where the parallel heat flux in the SOL is given by

qk ¼ vkerk�Te ¼
2
7
vke0�T 5=2

e rk�Te: (35)

An analytical estimate of the electron temperature at the LCFS can be
obtained from Eq. (34) by assuming rk � 1=Lk, with Lk the parallel
connection length in the SOL. This leads to Ref. 40

�T e �
7
2

SpLk
vke0L

0
p;DW

q
aq�

 !2=7

; (36)

where we approximate b � rv=jjrvjj � q=ðq�aÞ.
The cross field turbulent heat flux in the conduction limit is

obtained by substituting Eq. (36) into Eq. (28), which leads to

q0w;DW � q�4=7� S4=7p L4=7k q4=7L�1p v�4=7ke0 L�4=7k a�4=7�n: (37)

Finally, by substituting q0w;DW in Eq. (32), the pressure gradient length
in the drift-wave regime and conduction limit is obtained, that is

L0p;DW � q�4=11� ð1þ j2Þ7=22a3=11S�3=11p v�4=11ke0 L4=11k q4=11�n7=11: (38)

B. Resistive ballooning turbulence

As shown in Sec. III, both the presence of the electromagnetic
fluctuations and the use of the Boussinesq approximation have a weak
effect on turbulence and equilibrium profiles in the resistive ballooning
regime. Therefore, the analysis of this regime, carried out in the elec-
trostatic limit and reported in Ref. 19, remains valid. This analysis leads
to an analytical estimate of the equilibrium pressure gradient length
near the separatrix in the convective limit, which can be written as

Lp;RB �
58=17p12=17

213=17
q3
��

6
0q

12a12ð1þ j2Þ6�n10S�4p

h i1=17
: (39)

We highlight that the theoretical scaling of Lp;RB in Eq. (39) has been
successfully validated against a multi-machine database of L-mode dis-
charges, as reported in Ref. 39.

In Ref. 20, the evaluation of the pressure gradient has been
extended to the heat conduction limit. The result is reported here,

L0p;RB �p28=29q�1=29� ð1þ j2Þ14=29a20=29�14=290 q36=29�n42=29

� v�8=29ke0 L8=29k S�20=29p ; (40)

expressed in terms of GBS normalized parameters.

V. TURBULENT TRANSPORT REGIME TRANSITIONS

This section is focused on the study of the transitions between
the different regimes in the phase space of Fig. 4. Three main parame-
ters controlling turbulent transport in the tokamak boundary are iden-
tified. In addition, theoretical scaling laws that describe the H-mode
density limit, the L-mode density limit, and the b limit of Fig. 4 are
derived in terms of engineering parameters.

A. H-mode density limit

As shown in Sec. III, the drift-wave regime is characterized by a
steeper edge pressure gradient than the resistive ballooning regime
and, therefore, a higher energy confinement time. We associate the
transition from the drift-wave to the resistive ballooning regime to a
H-mode density limit, which typically occurs at high collisionality (the
physics behind the L–H transition and the pedestal formation involves
kinetic effects,25,41,42 which are not included in the fluid model consid-
ered here).

The transition between the drift-wave and the resistive ballooning
regimes occurs when Lp;RB ’ Lp;DW, which leads to

�0

S15=14p

� 213=6

54=3p2
q�1=2� q�2a�11=14ð1þ j2Þ�11=28�n�29=14: (41)

We note that the left-hand side of Eq. (41) is a function of the parame-
ters �0 and Sp, which are varied across the simulation set, while the
right-hand side is approximately constant in our simulations scan and
it is of the order of 10�4. The boundary defined by Eq. (41) agrees well
with the results of GBS simulations, namely, the simulations with
�0=S

15=14
p �10�4 are found mainly driven by the drift-wave instability

(see Fig. 5).
A scaling law of the maximum edge density that can be achieved

in the drift-wave regime is derived from Eq. (41). In physical units,
Eq. (41) leads to
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nHDL � A9=29P15=29
SOL a�11=29ð1þ j2Þ�11=58q�28=29R�22=290 B11=29

T ; (42)

where nHDL is in units of 1020 m�3, A is the mass number of the main
ion species, a is the tokamak minor radius in m, R0 is the tokamak
major radius in m, j is the plasma elongation, q is the edge safety fac-
tor, BT is the toroidal magnetic field at the tokamak magnetic axis in
T, and PSOL is the power crossing the separatrix in MW.

Similarly, the scaling law for the H-mode density limit in the heat
conduction regime is derived by imposing the condition L0p;RB
’ L0p;DW, with L0p;DW and L0p;RB given by Eqs. (38) and (40), respec-
tively. In physical units, this leads to

n0HDL �A11=37P19=37
SOL a�19=37ð1þj2Þ�15=37q�36=37R�22=370 B15=37

T ; (43)

where Lk � qR0 has been used. Apart from a stronger dependence on
j in Eq. (43), the two scaling laws share a similar dependence on the
engineering parameters.

Although the Greenwald density and the H-mode density limit,
Eqs. (1) and (42), are associated with different transitions, it is useful
to compare them. By making the plasma current dependence explicit,
Eq. (42) is written as

n0HDL � A11=37P19=37
SOL R14=37

0 B�21=37T ð1þ j2Þ�15=37
I36=37p

a91=37
: (44)

The H-mode density limit scaling in Eq. (44) shares with the
Greenwald scaling the main dependence on Ip and a, but also depends
on PSOL and BT. A recent empirical scaling of the H-mode density
limit obtained from a log-linear regression applied to ASDEX Upgrade
H-mode density limit data shows a relatively strong dependence on
the heating power, i.e., nHDL / P0:4

heat,
7 which agrees well with the

power dependence shown in Eq. (44). On the other hand, the H-mode
density limit scaling in Eq. (44) shows a stronger dependence on Ip
and BT than the one reported in Ref. 7, where nHDL / B�0:3T I0:6p . We
note that the power dependence of the H-mode density limit is still
subject of discussion. For example, Refs. 5, 6, and 8 report no or weak
power dependence in the H-mode density limit.

B. L-mode density limit

The results of GBS simulations presented in Sec. III show that elec-
tromagnetic perturbations at high collisionality have no effect on turbu-
lence and equilibrium profiles at the tokamak boundary, if be0 is below
the b limit. Therefore, the results derived in Ref. 19 in the electrostatic
limit are valid also when electromagnetic effects are considered.
Following Refs. 19 and 20, the crossing of the density limit can be asso-
ciated with a collapse of the edge pressure gradient due to enhanced tur-
bulent transport. This collapse is estimated by assuming that Lp
becomes comparable to a significant fraction of the tokamak minor
radius, i.e., Lp � a. By imposing this condition in Eq. (39), we obtain

�
3=2
0

Sp
� 213=4

25p3

a5=4

q3=4
� q3�n5=2ð1þ j2Þ3=2

: (45)

The left-hand side of Eq. (45) depends on the parameters �0 and Sp,
which are varied across the simulation set, while the right-hand side is
approximately constant in all the simulations considered here and is
approximately equal to 0.5. As shown in Fig. 5, the theoretical limit pro-
vided by Eq. (45) agrees well with the results of GBS electromagnetic

simulations. In fact, turbulent eddies in the simulations with

�
3=2
0 =Sp � 0:5 have a radial extension comparable to the tokamak

minor radius, 1=ðkwaÞ ’ 0:5, and lead to a very large cross field turbu-
lent transport and, consequently, to a flat pressure profile.

Similarly to the H-mode density limit, Eq. (45) is written in phys-
ical units and in terms of engineering parameters, leading to

nDL � A�1=10a1=2B6=5
T P2=5

SOLq
�6=5R�7=100 ð1þ j2Þ�3=5; (46)

where nDL is the maximum achievable edge density in units of 1020m�3,
a and R0 are the tokamak minor and major radii in m, BT is the toroi-
dal magnetic field in T, PSOL is the power crossing the separatrix in
units of MW, and k is the plasma elongation at the LCFS. On the
other hand, in the limit of parallel heat conduction larger than parallel
heat convection, the density limit scaling can be written as

n0DL � A1=6a3=14P10=21
SOL R�43=420 q�22=21ð1þ j2Þ�1=3B2=3

T : (47)

The density limit scaling in Eq. (47) has been validated against a
multi-machine database in Ref. 20.

In order to compare Eq. (47) to the empirical scaling in Eq. (1),
we rewrite Eq. (47) in terms of the plasma current,

n0DL � A1=6P10=21
SOL R1=42

0 B�8=21T ð1þ j2Þ�1=3
I22=21p

a79=42
: (48)

We note that Eqs. (1) and (48) share a main dependence on Ip and a,
but the density limit in Eq. (48) depends on PSOL, in agreement with
experimental observations.8,43–46

We compare now the H-mode and L-mode density limits. Figure 6
shows the analytical estimates of these two boundaries [see Eqs. (41)
and (45)] on the phase space defined by the parameters �0 and Sp. The
region in Fig. 6 between these two boundaries corresponds to a stable
L-mode operation beyond the H-mode density limit. Although this

FIG. 6. H-mode (blue line) and L-mode (green line) density limit, Eqs. (41) and
(45), respectively, represented on the phase space identified by the parameters �0
and Sp. The region enclosed between the two transitions represent the regime for a
stable operation in L-mode.
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region appears quite wide in terms of GBS parameters, its area can be
significantly smaller in experiments. In fact, the comparison between
the theoretical scaling in Eq. (47) and a multi-machine database,
reported in Ref. 20, shows the presence of a numerical factor in
Eq. (47), which reduces the region of stable L-mode plasma between
the L-mode and the H-mode density limits in Fig. 6.

C. b-limit

The regime transition observed at high b (red plane in Fig. 4),
which we denote as b-limit, is associated with the onset of the ideal
ballooning instability that becomes the dominant instability when the
parameter aMHD, defined in Eq. (2), exceeds a value of the order of
unity.22,47 We note that aMHD depends on Lp and �T e, which in turn
depend on turbulent transport. Since the b-limit is approached from
the resistive ballooning regime by increasing be0, we consider Lp as a
result of the resistive ballooning transport, given by Eq. (39). The elec-
tron temperature at the LCFS is then estimated by using Eq. (30). By
substituting the analytical estimates of �Te and Lp;RB into Eq. (2), the
criterion for the onset of an ideal mode is written as

aMHD �
be0

21=1752=17p20=17

q14S18p
q22
� a

20ð1þ j2Þ10�100 �n11

 !1=17

� 1; (49)

which leads to

be0S
18=17
p

�
10=17
0

� 21=1752=17p20=17 q22
� a

20ð1þ j2Þ10�n11

q14

 !1=17

; (50)

where the left-hand side in Eq. (50) depends on the parameters be0,
�0, and Sp, which are varied across the simulation scan, while the
right-hand side is approximately equal to 0.2 for all the simulations.
As shown in Fig. 4, the radial extension of the turbulent eddies in sim-
ulations with be0S

18=17
p =�

10=17
0 � 0:2 is approximately equal to the

tokamak minor radius. The whole plasma confined region is therefore
characterized by the presence of large scale and large amplitude fluctu-
ations, leading to a total loss of plasma and heat [see Fig. 1(d)].

A scaling law for the appearance of the ideal modes in engineer-
ing parameters is obtained by writing Eq. (49) in physical units. This
leads to

aMHD � 0:1A1=17P18=17
SOL q14=17a�20=17B�14=17T n�11=17R�6=17

� ð1þ j2Þ�10=17 � 1; (51)

where a and R0 are the tokamak minor and major radii in m, BT is the
toroidal magnetic field in T, PSOL is the power crossing the separatrix
in units of MW, j is the plasma elongation at the LCFS, and n is the
edge density in units of 1020 m�3.

Similarly to the H-mode and L-mode density limit, the b-limit is
provided also in the heat conduction limit,

a 0MHD � 0:2A9=29P34=29
SOL q20=29a�36=29B�22=29T n�25=29R�16=290

� ð1þ j2Þ17=29 � 1: (52)

The major difference between Eqs. (51) and (52) stems from the j
dependence, besides the stronger dependence on A and R0 in Eq. (52).

VI. REMARKS ON THE EDGE TURBULENCE PHASE
SPACE AND COMPARISON WITH PAST
INVESTIGATIONS

We analyze here the main analogies and differences between the
edge phase space outlined in Fig. 4 and the one derived in Ref. 13 that,
based on the results of flux-tube simulations, has constituted the para-
digm to explain the edge turbulent regimes for more than two decades.
We also compare our phase space of edge turbulence to the one
recently derived in Ref. 14 in terms of the electron density and electron
temperature at the separatrix.

The first important difference between the phase space in Fig. 4
and the one in Ref. 13 stems from the edge parameters that delineate
the phase space. The parameters chosen in Ref. 13, aMHD and ad,
depend on Lp, which in turn depends on turbulent transport. A con-
stant value of Lp is considered in Ref. 13 across the different regimes.
However, the simulations presented in this work clearly show a depen-
dence of Lp on collisionality, heat source and b. This dependence is
retained in our phase space of edge turbulence through the analytical
estimates of Lp derived for both the drift-wave and resistive ballooning
driving instabilities [see Eqs. (33) and (39)]. We note that in Ref. 14
the parameter ad is replaced by at ¼ ðLp=R0Þ1=2=ðpadÞ2 / �, which
retains the key dependence on the plasma collisionality and removes
the dependence on Lp.

In agreement with the phase space of Ref. 13, Fig. 5 shows the
presence of a regime of reduced turbulent transport at low collisional-
ity, i.e., high value of ad, where the drift-wave instability dominates
over the resistive ballooning instability. In Ref. 13, this regime of
reduced transport is associated with the H-mode of tokamak opera-
tion, while here it is associated with a regime near the H-mode density
limit at high collisionality, where a fluid model can be applied.
Therefore, the transition from the drift-wave regime to the resistive
ballooning regime is claimed to correspond to the H-mode density
limit. On the other hand, the phase space in Ref. 14 identifies the tran-
sition to a drift-wave dominated regime, where flow shear suppresses
turbulence, with the L–H transition.

The density limit presented here significantly differs from the
one derived in Ref. 13. In fact, in the phase space of Ref. 13, the density
limit can be achieved only for values of aMHD larger than 0.1, and it is
fundamentally linked to electromagnetic effects. The importance of
electromagnetic effects in the density limit is also highlighted in
Ref. 14, which associates the crossing of the density limit with a transi-
tion from the electrostatic to the electromagnetic resistive ballooning
regime, a transition that leads to a strong increase in turbulent eddy
size and, therefore, to an extremely large turbulent transport.
However, the simulations presented here show that the density limit
can be crossed at any value of be0, and even in the electrostatic limit,
with turbulent transport that becomes extremely large also in the
absence of electromagnetic modes. In fact, the size of turbulent eddies
in the proximity of the density limit crossing can be very large inde-
pendently of the presence of electromagnetic modes. This can be seen
by balancing the interchange drive term, 2CðpeÞ, and the parallel cur-
rent term,rkjk, in Eq. (5). The term CðpeÞ is estimated from the line-
arized pressure equation, which is obtained by linearizing and
summing Eqs. (4) and (8), i.e.,

c~pe � iq�1�
�pe
Lp

kv
~/; (53)
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where c ’
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�T e=ðq�LpÞ

q
is the growth rate of the interchange insta-

bility34 and kv denotes the corresponding poloidal wave vector. This
leads to

Cð~peÞ �
�p

cq�Lp
k2v

~/: (54)

The termrkjk is estimated from the electron parallel momentum bal-
ance, Eq. (6), that, linearized, leads to

cw � �~jk þ rk~/; (55)

where the electron inertia is neglected. The term on the left-hand side
of Eq. (55) is estimated by using Eq. (11), leading to cw
� cbe0=ð2k2?Þ~jk. For typical values of electron density and electron
temperature at the separatrix of a discharge in the proximity of the
density limit, ne ’ 5� 1019 m�3 and Te ’ 30 eV, the ratio of � to
cbe0=ð2k2?Þ is of the order of 10. Consequently, in Eq. (55) the term
�jk dominates over the term @w=@t, and the resistive and the parallel
electric field terms balance. As a consequence, taking its parallel diver-
gence, Eq. (55) can be written as

rk~jk �
r2
k
~/

�
: (56)

Equations (54) and (56) lead to kv / ��1=2. Namely, the size of turbu-
lent eddies increases with resistivity, becoming very large even in the
absence of electromagnetic modes, and can be ascribed to a change of
the linear properties of the driving resistive ballooning modes. As an
aside, we note that the term @w=@t may dominate over the term �jk at
low collisionality and high b in the drift-wave regime.

Dedicated experimental investigations have been carried out in
the past with the aim of validating the phase space derived in Ref. 13
(see, e.g., Refs. 48 and 49). In particular, experimental observations
show that turbulent transport in the tokamak boundary strongly
depends on ad, especially at high density, pointing out the important
role played by the edge collisionality in the density limit,48–50 in agree-
ment with the phase space derived here. On the other hand, the
boundary of the density limit experimentally found in Ref. 49 shows
also a dependence on the aMHD parameter, a result that may suggest a
role played by electromagnetic fluctuations. However, we remark that
aMHD depends on the edge pressure gradient and, therefore, on turbu-
lent transport, independently of its electrostatic or electromagnetic
nature, i.e., a relation between the density limit and the aMHD parame-
ter is not sufficient to conclude that the density limit is caused by elec-
tromagnetic rather than electrostatic turbulent transport. In addition,
the pressure gradient dependence appearing in both aMHD and ad
makes these two parameters correlated. Therefore, they cannot be var-
ied independently experimentally, thus making it challenging to
decouple the effects due to collisionality and the ones due to b.

VII. CONCLUSIONS

The results of three dimensional, flux-driven, global, electromag-
netic turbulent simulations, carried out by using the GBS code avoid-
ing the Boussinesq approximation, are used to identify the phase space
of plasma turbulence and transport in the tokamak boundary. Based
on the results of these simulations, four turbulent transport regimes
are identified: (i) a regime at intermediate values of collisionality, heat

source, and b, where turbulence is driven by resistive ballooning
modes, which is associated with the standard L-mode of tokamak
operation; (ii) a regime at low collisionality, large heat source, and
intermediate values of b, where turbulence is mainly driven by the
drift-wave instability, associated with the H-mode tokamak operation
at high density; (iii) a regime of extremely large turbulent transport,
where turbulence is driven by resistive ballooning modes, which is
associated with the crossing of the L-mode density limit; and (iv) a
regime at large values of b, associated with the crossing of the b limit,
where the ideal ballooning instability drives turbulence, generating
large scale modes that affect the entire confined region and lead to a
total loss of plasma and heat. In addition, the transition from the drift-
wave to the resistive ballooning regime is associated with the H-mode
density limit.

The electromagnetic simulations considered here point out a
weak effect of electromagnetic fluctuations on turbulence and equilib-
rium profiles for realistic b values that are below the b limit. In partic-
ular, the results presented here show that the density limit can be
achieved independently of the value of b, thus with a secondary role
played by electromagnetic fluctuations. In addition, the comparison of
the GBS simulations presented here to the ones reported in Ref. 19
shows that the Boussinesq approximation has a strong effect on turbu-
lence and equilibrium profiles at low collisionality, while no significant
effect related to the use of the Boussinesq approximation is observed at
intermediate and high collisionality.

Analytical scaling laws of the H-mode and L-mode density limit
as well as of the b limit are derived and compared to the results of
GBS simulations, showing an overall good agreement. These scaling
laws are also provided in terms of engineering parameters, thus allow-
ing for a direct application to the experiments. We highlight that both
the H-mode and L-mode density limit scaling laws depend on the
power crossing the separatrix, which will be significantly larger in
future fusion devices than in present day tokamaks. The scaling law of
the L-mode density limit in Eq. (47) has been recently validated
against a multi-machine database in Ref. 20, predicting a factor two
higher density limit for ITER than the corresponding prediction based
on the Greenwald density limit scaling. On the other hand, a predic-
tion of the ITER H-mode density limit based on Eq. (43) requires first
a detailed validation with current experiments. Therefore, the results
of the present work call for a comparison between the H-mode density
limit scaling in Eq. (43) against a multi-machine database of H-mode
density limit discharges.
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APPENDIX: SHEAR FLOW EFFECTS

In order to assess the impact of the E� B mean sheared flow
on the linear properties of the ballooning and drift-wave instabil-
ities and, consequently, on the H-mode density limit, we consider a
reduced physical model derived from Eqs. (4)–(11),

@

@t
r � ðnr?/Þ ¼ �q�1� r � /; nr?/½ � þ 2CðpeÞ þ rkr2

?w; (A1)

@

@t
be0

2
� me

min
r2
?

� �
w ¼ �r2

?wþrk/�
1:71
n
rkpe

� 1:71
be0q

�1
�

2
w; n½ �; (A2)

@

@t
pe ¼ �q�1� /; pe½ � þ rkr2

?w; (A3)

which avoids the use of the Boussinesq approximation and accounts
for electromagnetic effects and E� B sheared flows. The physical
model in Eqs. (A1)–(A3) is linearized by assuming rk � 1=q and
/ðr; hÞ ¼ /0ðrÞ þ /1ðrÞ exp ðimhÞ, with /1=/0 � 1, and similarly
for all other fields. Equations (A1)–(A3) are solved numerically by
considering an equilibrium /0 ¼ tanh½ðr � r0Þ=L/� � 1; w0 ¼ 0;
pe0¼1� tanh½ðr�r0Þ=Lp�;n0¼1� tanh½ðr�r0Þ=Ln�;mi=me¼2000;
be0¼10�4;q� ¼0:002 and r0¼150. In particular, the growth rate c

and the poloidal wave number m are computed for different values
of �0, L/, and Ln, with Lp¼Ln=2. An implicit equation for Lp is
obtained by imposing a balance between perpendicular and parallel
transport, i.e., qw=Lp�qk=Lk, where qw is given by Eq. (27) and
Lk �qq�1� . This leads to Ref. 35

Lp � q
c
kv

� �
max

: (A4)

The numerical solution of Eq. (A4) at different values of resis-
tivity, �0, and E� B shear rate, evaluated as maxjq�1� @rr/0j, is
shown in Fig. 7. At high values of �0, the resistive ballooning insta-
bility dominates and, consequently, Lp decreases with �0, in agree-
ment with Eq. (39). In addition, c=kv decreases as the E� B shear
rate increases, and this reduces the value of Lp. On the other hand,
at low values of �0, the numerical solution of Eq. (A4) becomes
independent of �0 and maxjq�1� @rr/0j, and reaches a minimum.
This corresponds to a transition to a regime where turbulence is
driven by the drift-wave instability. This is shown by removing the
drift-wave instability from Eqs. (A1)–(A3). In this case, Lp decreases
with �0 also at small values of �0, as shown in Fig. 7(b), reaching
values that are smaller than the ones obtained from the solution of
the full system. On the other hand, a very weak dependence on �0 is
observed when the ballooning instability is removed [see Fig. 7(c)],
in agreement with the analytical estimate of Lp;DW in Eq. (33),
which is independent of �0. We also note that Lp in Fig. 7(c)
depends very weakly on the shear rate. Therefore, the effect of the
E� B mean sheared flow can be neglected when parameters in the
proximity of the H-mode density limit are considered, thus justify-
ing the use of Eq. (33), which is derived under the assumption of
negligible mean sheared flows.
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