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1. Introduction

Numerical modeling of fluid flow in porous media is a key requirement for a wide number of applications in subsurface
hydrology and petroleum engineering. In general, computer simulators are fundamental tools for the proper management
and exploitation of aquifer systems, as well as oil and gas fields. The growing demand for higher accuracy of the simula-
tion, assisted by the increasing availability of computational and storage resources, leads to continuous development and
refinement of virtual simulators. The degree of approximation of the overall numerical model is defined, first of all, by the
underlying mathematical model, but also by the selected discretization scheme. These schemes should handle effectively
non-K-orthogonal unstructured grids, as well as highly heterogeneous and anisotropic rock/fluid properties, frequently in-
troduced as full-tensors in the model (see, for instance, Reference [1] about the numerical issues, related to abrupt changes
in permeability, in Node control volume finite element discretizations).

The Mixed Hybrid Finite Element (MHFE) method, and, in general, the whole class of Mixed Finite Element (MFE) meth-
ods [2], coupled with the Finite Volume (FV) method, has been gaining a growing popularity in recent years. The mass
conservation at the element level, the continuity of normal fluxes across internal faces of the discretized domain, the
accuracy of the velocity and pressure fields, the possibility of handling either structured or unstructured grids, and the
elegant treatment of full tensor fluid properties [3-5] have made the MHFE method attractive for several applications,
such as contaminant transport [6-8], energy storage [9], poromechanics [10-13] and, of course, single-phase [14], variably
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saturated [15,16], multi-phase [17-21] and, more recently, compositional [22] flow problems. However, the MHFE method
exhibits some critical aspects as well, such as the violation of the Discrete maximum principle [23] and the higher number
of unknowns per element, as compared to other schemes like FV or classical Finite element methods. In this regard, much
effort was devoted to trying to reduce the overall number of unknowns per cell to one per face [3,5] and even only one per
element [24]. The main focus was on triangular cells in two-dimensional (2-D) applications, however, with some limitations
in the shape of tetrahedra in three-dimensional (3-D) domains [25].

A MHFE-based simulator was recently developed in [20] to model the two-phase flow in heterogeneous porous media.
Fucik et al. [19] introduced multi-component compositional flow in the previous model and also focused on the design
of a parallel implementation on both CPU and GPU. A similar approach, but extended to compressible multi-phase flow,
was developed in [21] and applied to several real-field applications. Puscas et al. [26] proposed a two-phase flow Multiscale
MHFE (MMHEFE) simulator, where much care was devoted to the design of a robust parallel implementation, while Devloo et
al. [27] introduced the Discrete fracture model in a 2D MMHFE simulator. Abushaikha et al. [22] developed a fully implicit
general-purpose MHFE-based simulator for highly heterogeneous reservoirs, which was later adapted to accommodate a
Mimetic Finite Difference (MFD) formulation [28,29] for Darcy’s equation in [30] and the Discrete fracture model in [31,
32]. The modeling approach in [22], considered in this work as well, propounds a novel formulation of the mass balance
equation, where the continuity of the fluxes across adjacent grid elements is strongly imposed. This allows for getting rid of
possible flux oscillations during the nonlinear iterations, to the benefit of the nonlinear solver robustness and convergence
rate. Such an approach, however, results in three challenging numerical properties: (i) a high number of unknowns per
element (although the lowest-order Raviart-Thomas (RT () space [33] is used), giving rise to large-size systems of equations,
(ii) the non-symmetric nature of such systems, and (iii) the inherent block structure of the Jacobian matrix. A key issue to
increase the attractiveness of the approach in [22] is the availability of an efficient linear solver to tackle the sequence of
inner linear systems with the Jacobian matrix originating during a full-transient simulation. Most of the overall CPU time,
in fact, is usually needed for this task. Given the size and sparsity degree of these systems, Krylov subspace methods [34]
are normally the method of choice, but their performance needs to be boosted by means of appropriate preconditioning
operators.

The main objective of this paper is the efficient solution of the systems of equations stemming from the aforementioned
MHFE-FV modeling approach, by designing a specific preconditioning technique that copes with their non-symmetric nature.
A popular physics-based preconditioner for reservoir simulations is the Constrained Pressure Residual (CPR) [35-37], which
is the standard for commercial and also academic simulators [38-40]. CPR was designed with the aim at exploiting the
properties of the different processes that are coupled together. CPR-type algorithms are multi-stage preconditioners (like
SIMPLE [41,42]), whose application (to a vector) goes through several steps during which the groups of unknowns are
repeatedly updated. CPR has two stages in its original formulation, but other multi-stage variants exist [43,44]. Recently, a
two-stage CPR scheme, suitable for non-isothermal multi-phase flow simulations, namely Constrained Pressure-Temperature
Residual (CPTR), has been designed by Roy et al. [45]. However, given the ill-conditioning and non-symmetric nature of the
systems of equations originating from our modeling approach, CPR-like schemes are often ineffectual.

In this work, we focus on developing an algebraic preconditioner that takes advantage of the block structure of the
resulting discrete problem. Preconditioning of large-size block systems of equations is a mature branch of applied mathe-
matics [46-48] and still a very active research field. In recent years, block preconditioning techniques have been developed
for different problems, such as the solution of the Navier-Stokes equations [49-53], coupled poromechanics [54-65], flow in
fractured porous media [66-68], electromagnetism [69-72], contact mechanics [73-77], as well as single- and multi-phase
flow in porous media [45,80,81], including multi-level methods [78,79,82-85] that rely on the block decomposition arising
from hierarchical partitioning of the grid into coarse- and fine-scale levels. In particular, the issue of preconditioning in the
framework of the MFE and MHFE discretization of flow problems in porous media is not new (see, for instance, [86,87]), but,
in its original formulation, the resulting systems had the typical structure of symmetric saddle-point problems [47]. How-
ever, in the MHFE-FV formulation we utilize, the property of symmetry is lost. The main feature of our block preconditioner
is twofold: (i) the exploitation of the block matrix decoupling factors to recast the Schur complement computation, and
(ii) their approximate construction by means of appropriate restriction and prolongation operators. The reference model for
the development of our preconditioner is the basic MHFE-FV discretized single-phase flow in porous media. This represents
the first stage of a more comprehensive research project, where we plan to extend this preconditioning framework to a
MHFE-FV multi-phase reservoir simulator based on the modeling approach described in [22].

The rest of the paper is organized as follows. The model problem is first presented along with the algebraic properties
of the system matrix; then the block-structured preconditioning framework is introduced and tested in both synthetic and
real-world applications. The experimental stage helped highlight advantages and drawbacks of the proposed preconditioner,
which are reported in the discussion section. The conclusions and hints on the ongoing and future work finally close the

paper.
2. MHFE-FV model of single-phase flow in porous media

The set of equations governing the single-phase flow in porous media consists of the mass conservation and Darcy’s law.
The monolithic solution approach addresses these equations simultaneously by means of a fully implicit coupling.
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2.1. Governing equations

Consider the finite porous domain € c R3, its boundary I' and their union Q& = QUT. I'p and I'y are partitions of I" such
that TpUI'y =T and I', NI’y =@. Let t and T =]0, T[ indicate the time variable and the simulated open temporal domain,
respectively. Denoting with s : 2 x T — R the source or sink term, p : € x [0, T] — R the fluid pressure, v : @ x [0, T] — R3
the velocity vector and c : 2 — R™* the specific storage coefficient, representative of both the fluid and porous matrix
compressibilities, the set of governing PDEs reads:

K
v= —;Vp on Q2 x T (Darcy’s law), (1a)
V-v4+cp=s on Q2 x T (mass conservation), (1b)

where the symbol V indicates the gradient operator, V- the divergence operator and () the derivative with respect to time.
In equation (1a), y is the fluid specific weight and K is the conductivity tensor, assumed to be symmetric and positive
definite (SPD). The gravitational term is here neglected. The specific storage coefficient ¢ in equation (1b) can be expressed
as ¢ =« + ¢B where « is the soil compressibility, ¢ the medium porosity and 8 the fluid volumetric compressibility [88].
The solution to the system of equations (1a) and (1b) is a well-posed problem provided that a set of appropriate initial and
boundary conditions is supplied:

Pli=o = Po inQ (initial fluid pressure), (2a)
p=p onlp xT (prescribed fluid pressure), (2b)

K
—;Vp n=v, only xT (prescribed Darcy's flux), (20)

for assigned functions pg: Q—> R, p:Tp xT — R, and v, : T'y x T — R. In equation (2c), n denotes the outer unit normal
vector to I'y.

2.2. Discretization of the governing equations

The model domain is partitioned into non-overlapping hexahedral elements, which accommodate, as shown in Fig. 1b,
two types of pressure unknowns, located on each face barycenter, v, and on the element centroid, pf. The former acts
the part of Lagrange multipliers and expresses the face average pressure, whereas the latter represents the average element
value.

Let M and F" be the collection of elements and faces of the discretized domain, respectively. In our modeling approach,
equation (1a) is discretized by means of the MHFE method, using the RT space to approximate the velocity v" and the
Py space for the pressure p" and Lagrange multipliers 7"

Yh = {vh | vie H(div, Sh), —vh -n=v,only, vhlg e RTo(E), VE eé’h], (3a)
ch={p" 1 p" € 12N, Pt € Po(E), VE € M}, (3b)
Mh = [nh | e 2(FM), 7t =FonT,. 7l e Po(f). Vf efh} : (3¢)

where L2 (Sh) and L2 (]—'h) denote the spaces of square Lebesgue-integrable functions on £" and F", respectively, and
Hddiv, &M = {d) €L>(Q),V-¢lp € L*(E),VE eé’h} is the Sobolev space of square integrable vector functions with square
integrable divergence in E [2,90].

The V" trial space for 3-D problems is generated by local piecewise trilinear vector functions, ﬂf(xl,xz,)g), defined for
each face i of element E [5,89]. Considering the hexahedral reference element, E, in Fig. 1a, the RT¢ basis functions simply
read:

X1
9%a
A 9Xo . _
(Rax1)| 52|, witha=1,2,3, (4)
Xa
3X3
9Xq

00| =

nls, (nfa.ks) =

where Xq, X, and X3 denote the three coordinates in the reference space. One of these functions is shown in Fig. 1c. Such
functions exhibit two basic properties [4]:
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(a) The reference hexahedron (modified (b) Location of the unknowns in the hexahedral reference element.

after [89]).

Magnitude

(c) RT basis function of the top face of the hexahedral
reference element.

Fig. 1. The hexahedral element in the reference space with distribution of the model unknowns and example of RTq basis function. (For interpretation of

the colors in the figure(s), the reader is referred to the web version of this article.)

1. The flux of niE is unitary across face i and null elsewhere:

/ﬂf~njdA=(Sij, i,j=1,...,N§, (5)

where n; denotes the outer normal at face j, A;j the relevant area, §;; the Kronecker delta and Nf the number of faces

of element E. From equation (5) it follows that n,.E has a continuous normal component at face i, so the normal fluxes
are also continuous.
2. The integral of ’7,-E divergence is unitary over element E:

/V-nfdszzl, i:l,...,N’ff, (6)
QE

where QF is the element volume.

Darcy’s velocity v is approximated at the element level by a linear combination of the basis functions nf [3]:

NE

]
VIE=S gkt (xa, x0,x), (7)
j=1

where q]E. represents the flux across face j.
Let {£F} . be the set of basis functions for £" such that £5(x) =1 if x€ E and £ (x) =0 if x ¢ E. Similarly, the basis

for MM, {{f}fe}.h, consists of functions for which ¢f(x) =1 if x € f and ¢f(¥) =0 if x ¢ f. Therefore, the pressure and
Lagrange multiplier fields read:
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Ne Ny
p"=>&fpF and 2"=)¢pmy, (8)
E=1 f=1

where N and Ny are the number of elements and faces in the grid, respectively. The Galerkin weak form of equation (1a)
is written element-by-element as:

/nETKE "WEdQ = /nETVde i=1,....NE (9)

Applying the Green-Gauss lemma to the Right-Hand Side (RHS) of equation (9) and substituting equations (5), (6) and (8)
entails:

—/nf’TVde=/V-ﬂfde /m n; pdA
QE QF j= ]A (]0)
J
=pf—nf, i=1,...,NJ€,

where the superscript on niE indicates that those unknowns belong to element E. Introducing equations (7) and (10) in (9)
yields:

VZ/TIETKE ! Equ] pf—nf, i:l,...,N?. (11)
]195

E E
Defining the elementary matrices BE ¢ RN7N7 | whose components are [3]:

E ET ,E-1 E . E
Bj; —)//77,- K* “mjdQ, i j=1.....Ny, (12)

the local final expression for equation (11) reads:

-1
q" =B (pF1-n"), (13)
which allows to link the face fluxes with the local pressure differences, being qf and @£ the vectors gathering the interface

fluxes and pressures of element E and 1 € RN? the vector of unitary components. Being Kf SPD, Bf is so as well. The
numerical evaluation of the integrals in equation (12) may be troublesome when performed in the model space with
general elements. In this regard, Piola transformation comes into play, allowing to map the element in the model space into
the prototype hexahedron in the reference space (Fig. 1a), perform the integrals using functions "iia in equation (4) and
then map the result back to the physical space (see, for instance, [89,91,92]).

For the discretization of the mass balance equation (1b), we use a FV approximation in space. Choosing the elements of
the grid as control volumes, we have:

/cpdﬂ—i—/v'de:/sdQ, E=1,..., Ne. (14)
QF QF QF
Recognizing that the second term on the Left-Hand Side (LHS) is equivalent to the sum of the fluxes across the faces of the
element, equation (14) gives:

OFc EPn+1 Z EE _ oF sE, E=1,...,N,, (13)

where a first-order backward Finite difference scheme has been introduced for the integration in time. In equation (15), the
subscript n indicates the previous time step, n+ 1 the actual one, At; = ty4q — tp, ¢ and sE are the mean values of the
storage coefficient and source terms in E, and qf’E is the fluid flux exchanged by the adjacent elements E and E’ across
face i. The expression for the inter-element flux qiE’E/ results from strongly imposing the continuity of local fluxes across
face i (see appendix A in [22] for details):

r—1 -1 !

E E E E

EE B A —B; A

i
P = L, (16)
i E E

B + B;;




S. Nardean, M. Ferronato and A.S. Abushaikha Journal of Computational Physics 442 (2021) 110513

where
Nf 1 Nf 1
E E E-1_E IR E—
AF=Lgep” — E Bij ‘m; withi # j, Lge = E Bij .
j=1 j=1

Notice that the main consequences of this formulation are a tightened tying of the local fluxes and the enlargement of the
native stencil, since qiE’E depends not only on the pressure unknowns of E but also on E’’s.

2.3. The MHFE-FV system of equations

The solution to the model problem is achieved by solving the system of equations (15) at each time step, along with the
strong enforcement of the fluxes continuity across the faces of the grid:

af +qf' =0, i=1,....Ny, (17)

where qiE and qiE’ denote the fluxes across face i for elements E and E’, respectively. Along the boundary, equation (17)
allows also to apply Neumann conditions in a strong form, just by substituting the RHS accordingly and dropping qf/. Notice
that equation (17) uses the fluxes as expressed in (13), unlike equation (15). Finally, it is implicitly assumed that niE = nf’
due to continuity reasons.

The resulting system

_ Ann Anp][ﬂn+l]_|:fn]

Au f = |:Ap7r App pn+1 » (]8)
exhibits a 2 x 2 block structure and it is solved in a fully implicit framework. In equation (18), Ay, € RN/ *Ns, App €
RNexNe (with Nf > Ne), £""! and p"*! gather the face and element pressure unknowns, and f, and f, are the relevant
components of the known term. The Lagrange multipliers and the element pressure unknowns are coupled by means of the
rectangular blocks Arp and Ap;. As to the properties of .4, this matrix has a flipped generalized saddle-point structure, it is
sparse, non-symmetric and usually ill-conditioned. In particular, App, has a symmetric structure, though it is not symmetric,
Axz is a symmetric negative definite matrix, and Ay # :i:Ale. As mentioned before, in the context of single-phase flow,
system (18) is linear.

3. The Explicit Decoupling Factor Approximation preconditioner

Solving accurately and efficiently the sequence of linear systems (18) arising from a MHFE-FV unsteady flow simulation is
the major purpose of this study. Iterative Krylov subspace solvers are mandatory to address the large-size and sparse systems
of equations that stem from real-world 3-D models, especially for the low memory requirements and better scalability
as compared to direct solvers [34]. When the system matrix is non-symmetric, the Bi-Conjugate Gradient Stabilized (Bi-
CGStab) [93] or the Generalized Minimal Residual (GMRES) [94] methods are usually the selected algorithms. However,
improving their performance by supplying an appropriate preconditioning operator P! is key to guarantee a fast and
smooth convergence.

It is well-known that an effective preconditioner is an operator whose application to a vector should resemble as much
as possible that of the inverse, A~!, of the system matrix [46,48]. Therefore, a good starting point for the design of our
preconditioner is to consider A~! and take advantage of its block structure, as it is usually done in saddle-point and general
block problems [47,77,95,96]. The block £LDU decomposition of the system matrix reads:

I Ann In AzlAx
A= _ b1 p , 19
[ApnAm]r Ip}[ 5][ Ip (19)

where I and I, are the identity in RN/*Ns and RNexNe, respectively, and S = App — Apz A7k Axp is the so-called Schur
complement. The exact inverse of A in a factorized form reads:

_ I —A;LA Azl I
e | | (20)
Ip ST | —AprAZL I,
where the two decoupling factors are defined as:
G=—AprA; and F=-A1A;,. (21)
The decoupling factors F and G are also used to compute the Schur complement as:

6
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-1
S=App — Apr Axz Anp
—1 —1
=App — ApnAnpAnn Apn Anp (22)
=Ap —H,

with H=GArF.
Considering equations (21), F and G can be computed explicitly by solving two independent sets of Multiple Right-Hand
Side (MRHS) systems:

AxnGl =—A5,, (23a)
ApnF = —Azp. (23b)

Of course, such an operation cannot be performed exactly because F and G are dense, hence proper approximations have
to be introduced. The key feature of the proposed approach, denoted as Explicit Decoupling Factor Approximation (EDFA),
is the computation of sparse explicit approximations for F and G, F and G, respectively, by means of proper restriction
operators. The approximate decoupling factors F and G are used to compute a sparsified Schur complement S:

S=Ap —GAgrF

24
=Ap —H. (24)

Recalling equation (20), the final algebraic expression of the EDFA preconditioner reads:

A- -1
73—1 — [In _A7T7ITA7TP:| |:A7T7T ~_1:| |: IJTN_l :| , (25)
I S —Apr Ay Ip
where Z;}T and S! are inexact applications of the inverse of the leading block A, and the approximate Schur com-

plement, respectively. For instance, local inner preconditioners for A;, and S can be used for this task, like incomplete
factorizations, approximate inverses or multigrid approaches.

Remark 3.1. The approximate decoupling factors F and G are used only for the computation of S and do not replace the
relevant terms in the triangular factors in equation (25). In this sense, the EDFA algorithm can be regarded as a member
of the mixed constraint preconditioners class [95,97], where a twofold approximation for the inverse of the leading block is
inherently introduced. Similarly, it can be also viewed as an example of application in a non-symmetric context of the multi-
grid reduction framework, e.g. [65,80], where face and element pressures play the role of fine and coarse nodes, respectively,
and F and G are approximations of the optimal restriction and prolongation operators from the fine to the coarse grid.

The approximation of the decoupling factors F and G is performed by solving the sequence of MRHS systems (23a)
and (23b) inexactly in properly restricted subspaces. For the sake of simplicity, we refer to system (23a), but the same
developments can be easily extended to (23b). The m-th system reads:

,T
—Anrg™T —al " (26)

where Ay = AL for symmetry reasons, g™ T = GTe™, ayy-" = AT _e™, and e™ is the m-th vector of the canonical
basis of RNe, which plays the role of restriction operator over columns. The minus sign has been introduced at both sides of
equation (26) to obtain an SPD problem, since A, is negative definite. Let us now consider the set Q = {1, ey Nf} cN
and a sequence of (possibly overlapping) subsets Q™ < Q, whose size is |[Q ™| =s™, with m=1,..., No. The m-th
restriction operator over rows,

R™ RN — RS (27)
is expressed as:
I
RW=1 | (28)
Fag

where f, is the ¢-th column vector of the canonical basis of RN/ and Qi(m) is the i-th member of Q ™. The application of
the operator Rﬁm) to equation (26) leads to the following system (Fig. 2):

—AGREMT = RMg(-T, (29)
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Fig. 2. Schematic representation of the restriction operators’ action in the computation of GT.

where A;,mn) = Rﬁm) Arx Rﬁm)‘T is a symmetric restriction of Ay, to the entries in the rows and columns with indices in
Q™ and gM-T = RM™ gM.T s the restriction of the m-th row of G to the entries in the columns with indices in Q ™.

Since —A,(Tmﬂ) is a symmetric square submatrix of the SPD matrix —A, it is guaranteed to be SPD as well. The sequence of
systems (29) can be inexpensively solved by an inner direct solver, provided that the cardinality of Q ™ is small enough.

The restricted vector g™ obtained from the solution of system (29) is an approximation of the m-th row of the exact
decoupling factor G and inherits an optimal property, as stated by the following result.

Proposition 3.1. Let A € R™" be SPD and R € R™*" (m < n) be a restriction operator from R" to R™. Then, for any RHS vector
b € R", the solution x € R™ to the restricted system:

RARTx=Rb (30)

is such that the error e = A~'b — RT x has minimal energy norm with respect to the A-inner product.

Proof. The energy norm of e with respect to A reads:

lella = e Ae. (31)
The contribution under square root in equation (31) is a quadratic function ®(x) : R™ — R*:

®(x) = (A’]b - RTx)T A (A’lb - RTx)

=x"RAR"x—2x"Rb+b" A b, (32)

which has a unique minimum in R™ being A SPD. Hence:

rﬁiﬂn llell4 = \/<I>—(t) witht = argxrgﬁiggI d(x) <— VO(x)=0. (33)
Condition (33) applied to equation (32) immediately yields:

RAR"x — Rb=0, (34)

which completes the proof. O

Remark 3.2. Proposition 3.1 guarantees that the restricted vector ™ is the best approximation of g™ that can be com-
puted for the components selected by the set Q ™, in the sense of the energy norm with respect to the A -inner product.
Hence, an accurate selection of such components, so as to identify the most important ones for each row, is fundamental
for the quality of the approximation G and, similarly, of F and H.

Finally, the assemblage of the N, contributions g™ from equation (29), prolonged back to RNs, gives rise to the ap-
proximate factor G. Recalling that restrictions and prolongations are dual operators, G is easily obtained as:

Ne
=Y emgmgm, (35)

m=1
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j j
(a) Cartesian (b) Non-
grid Cartesian
grid

Fig. 3. Sketch of the base patterns for Cartesian and non-Cartesian grids. The front and right elements have been removed to improve the readability of the
subpanels.

Operating similarly for equation (23b), we obtain:

Ne
’I; _ Z Rﬁm),Tf(m)e(m),T’ (36)

m=1
where ?(m) are the solution of the N, restricted SPD systems:

—ATF™ = R™alp, (37)
with a%) = Anpe(m’. Of course, the restriction operators Rﬁm) can be the same as for G or based on a different sequence of
subsets W™ C Q.

As observed in Remark 3.2, the sequence of subsets Q ™ and W™ along with their size s™, affects the density of the
approximate decoupling factors and governs the effectiveness of the EDFA preconditioner. In fact, the entries of Q@ and
W are the indices of the non-zero entries computed for the m-th row of G and column of F, respectively. To be effective,
the sets Q ™™ and W™ should roughly identify for each row of G and column of F the largest entries of G and F. This key
operation is carried out by means of two techniques, referred to as static and dynamic in the sequel, aimed at selecting the
most influential entries expected in G and F.

First of all, for the sake of simplicity, we use a single sequence of sets Q ™ for both decoupling factors. A natural initial
guess for Q™ is the set of indices of the non-zero entries belonging to the columns of Ale, which is denser than Agp.

Such pattern is referred to as QXZ)T. Fig. 2 schematically shows how the restricted systems can be retrieved from the global

one using the set Qﬁ\':i. The two strategies for computing Q ™ starting from Qg";i are as follows.

1. Static technique. The non-zero entries of Q;‘";i can be derived by the discretization. In particular, the non-zeros lying in

the m-th row of A, identify the faces of the cells connected with the m-th element, as illustrated in Fig. 3. Notice that
the front and right elements have been removed for the sake of readability, being the overall patch symmetric along
the three principal directions. The central element (red-filled faces) is the m-th cell, which is connected to six adjacent
elements, and the colored faces correspond to the indices of the non-zero entries in the m-th row of A,;. Note that,
depending on whether the grid is Cartesian or non-Cartesian, the patterns are different. This is a direct consequence
of the elemental matrices BE:—1 structure in equation (12), which derives from the mutual relationships among the
basis functions of the RT space for hexahedral elements. For a regular hexahedron, in fact, matrix BE:~1 is block-
diagonal, while this property is no longer valid for a general-shape hexahedron. Since the solution of system (26) can
be physically interpreted as the face pressures induced by the fluid fluxes related to the pressure gradients occurring
in neighboring cells, the pattern QX:])T can be extended by adding the connection to faces belonging to close cells

where the pressure perturbation is expected to propagate. From an algebraic viewpoint, the static technique is based on
partitioning the problem domain into overlapping subregions built around each cell and keeping the face connections.
2. Dynamic technique. The starting pattern Qég;) = Q;Ti is progressively enlarged during the computation of ™ and

7(m) with the aid of an iterative strategy. After computing EEZ;)’T from the solution of system (29), with the restriction

operator Rﬁ"é()]) built on Q((g;), the residual of the prolonged system

(m) _ _(m),T (m),Tw(m),T
To) = +AzxR o) 8 (38)

(m)
)
Q((;’;). The process can be iterated to obtain Qg';) ) Qg;), etc., until a certain exit criterion is met. The same procedure
applies to system (37).

is obtained and used to expan y incorporating the indices of the largest components of r us obtaining
btained and d t dQ((g;)b ting the ind f the 1 t ts of th bt

Remark 3.3. Equation (38) is not expensive to compute. In fact, the matrix Ay Rﬁ”z))’T is the restriction of Ay, to the

columns with indices in Q((g;). However, such columns are sparse and contain only the connection of a face with the faces

9
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of the two sharing cells. Hence, the only non-zero entries of rgg;) correspond to the faces’ indices of a set of neighboring
elements. In practice, the dynamic strategy automatically selects the most significant entries among a subset of potential
indices that should resemble the one associated with the static strategy.

Remark 3.4. The use of the prolonged residual to select the most significant entries to be retained is strictly related to the
symmetry and positive definiteness of —A, . In fact, rEB")) is the direction of the gradient of the quadratic form associated
to —Ayr, whose absolute minimum is the exact solution to equation (26). Therefore, the dynamic strategy can be also
regarded as an incomplete steepest descent process, where only the largest contributions to the gradient direction are taken

into account.

Remark 3.5. The EDFA preconditioner, in both the static and dynamic variants, exhibits the remarkable feature that its
computation is embarrassingly parallel. In fact, the row- and column-wise approach, used to tackle the restricted solution to
the MRHS systems (23a) and (23b), allows to solve each single linear system independently of the others. All the available
processing units can be assigned batches of systems that are approximately solved at the same time, with a full and effective
exploitation of the most modern computational architectures.

3.1. Spectral analysis

It is well-known that an eigenspectrum enclosed in the neighborhood of 1 is not a sufficient condition to guarantee
a fast convergence of a non-symmetric iterative solver [98]. Nevertheless, computational experience shows that a matrix
arising from PDEs discretization with a compact eigenspectrum very rarely produces a bad convergence rate. It is therefore
interesting to investigate the influence of the approximations Az} and S~1 on the eigenspectrum of the preconditioned
matrix P~1A.

Let us introduce the matrices:

En =1z — Z;}TAHH7 (39a)
Es=1,-S7'S, (39b)

with S = Ap, — Apz A7} Arp. Ex and Es can be regarded as a measure of the quality of A7L and S~ as approximations of
the leading block and the Schur complement of A inverses, respectively. Recalling equations (18) and (25) and introducing
the error matrices (39a) and (39b), the preconditioned matrix P~'.A reads:

—— A L Any — Az} Ar ST AprEn Azl AnpEs (40)
= -1 T-1T ’
ST AprEx S7'S
which can be re-written as:
_ (1 0 ~Azl AnpgilApyr — Iz Azl Axp E 0
PlA=|T L R . 4 =T+HE. (41)
L0 Ip S 1Apn —Ip 0 Es
Therefore, the eigenvalues A of P~1.A are:
A(PTTA) =1+¢, (42)

where ¢ denotes the eigenvalues of HE. As expected, this ensures that P~1 A converges to the identity as the sub-problem
approximations A;}T and S—! are progressively improved, i.e., E; and Es tend to the null matrix.

The leading block A, is symmetric negative definite, hence several specific algebraic preconditioners, such as incom-
plete factorization, approximate inverse or algebraic multigrid, are already available in literature and able to force E; to
approach the null matrix as needed. In the limit of E; =0, we have the result that follows.

Proposition 3.2. If E;; = 0, then the eigenvalues of the preconditioned matrix P~1.A are either 1 with multiplicity N f, or equal to
those of S~1S for S given in equation (22).

Proof. The proof follows immediately from equation (40). O

Hence, the key for the performance of the EDFA preconditioner is the computation of S and the application of its inverse.
Recalling equation (21), the approximate decoupling factors F and G can be written as:

G=—Ap A7l +Re, (43a)

10
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where R¢ and Rr collect the sequence of final residuals in equation (38) obtained during the EDFA preconditioner compu-
tation. The eigenvalue distribution of S~'S depends on R¢ and Rf according to the following result.

Theorem 3.3. Let S and S be the matrices defined in equations (22) and (24) respectively, and r = max {||R¢|, | Rg ||} for any com-
patible matrix norm. The real and imaginary part of the eigenvalues [ ofS 1S read:

1+& -1
RU) = ——=— ()= ————, 44
W=aroree "W arearay .
for pairs of real numbers (£, n) such that \/€2 + n? < p(r) and:
P =S~ N[ 1Az I + (1Azpll + 1A ) 7] (45)
Proof. Using equations (43a) and (43b), the difference matrix R = S — S reads:
R=Apr Azl Azp — GAnrF
=RGAxp + Apz RF — RGAnn RF. (46)
Since:
STIS=G+R)7s
=[S(,+SR)] 'S
11
=(Ip+S7'R)", (47)
the eigenvalues i € C of S-15 are:
S (48)
M_l—H\(S*]R)’

for all eigenvalues A € C of S™!R. Setting in equation (48) » =£ +in, £, n € R, provides relationships (44). The modulus of
A(S~'R) is bounded by any matrix norm of S~!R induced by a vector norm, therefore:

VEX+ 12 < IS (IRG I Az pll + 1 Aps | IREI + IRG Il 1Az Il IREN) - (49)

The right-hand side of inequality (49) is bounded from above by p(r) defined in equation (45), thus completing the
proof. O

Remark 3.6. Equations (44) have a smgularlty for £ = —1 and 1 = 0. If eigenvalues of S~!R are located in the neighborhood
of this point, there exist eigenvalues of S—1s with modulus approaching infinity and real part either positive or negative.
This occurrence might negatively affect the convergence rate of the iterative solver applied to P! A4, independently on the
quality of the approximation of the leading block inverse. To avoid such a condition, it is therefore important to reduce the
residuals in the computation of G and F such that p(r) <€, with € < 1. Recalling equation (45), this yields the following
upper bound to r:

2
A A A A
<\/(|| np||+|| pn”) € _ [Azpll + [Aps |l (50)

4| Arr 2 IS=H Azl 2| Al
The smaller is the right-hand side of inequality (50), the more accurate should be the computation of G and F in order to

guarantee a fast solver convergence.

Remark 3.7. The norms of the matrices involved in the upper bound (50) depend on the material parameters of the govern-
ing PDEs in equations (1a)-(1b) and on the space-time discretization grid size. In particular, we have:

IK|h ch® |K|h
IIAMII—IIAanI—IIApnIIaT, [S] o E+7 (51)

where h denotes a linear characteristic measure of the elements in the computational grid. Hence, the upper bound of r in
equation (50) increases with cy /|K| and, with respect to the discretization parameters, is a function f(h, At) such that:

h
o((k)

11
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Equation (52) shows that the requirement of denser and higher-quality approximations of G and F becomes stricter as h is
reduced and At is increased. In particular, the most severe condition in a transient simulation is expected for At — oo, i.e.,
at steady state.

Remark 3.8. The min/max analysis of the functions in equation (44), within the circle with radius p(r) of equation (45),
provides a bound for the eigenspectrum size of S~!S along the real and imaginary axes. Considering p(r) <€, € < 1, we
have:

1 1
max(N(u)) = PP min(R(w) = —— and  max(|3(w)) = (53)

14+¢€’ 1—€2°

For an appropriate selection of G and F, ie. fixing r such that equation (50) is satisfied, using equations (51) in (45) gives:

p(r) ~ 0 (%) 2, (54)

hence, the eigenspectrum bounds in equation (53) enlarge with At/h2.

3.2. Implementation details

The static and dynamic variants of the EDFA preconditioner require a set of user-specified elements to be properly set
up.

The static technique needs the sets Q ™ C {1,2,...,Nf} for m=1,..., N, which correspond to the indices of faces
connected to a certain cell. The level of such a connection, i.e., the neighbors, or the neighbors of the neighbors, and so on,
is defined by means of a domain partition into overlapping subregions built around each cell. These subregions are defined
on the basis of physical considerations related to the expected directions of fluxes.

The dynamic variant can be regarded as fully algebraic and requires a set of user-specified parameters controlling the
enlargement of the initial set Q(O)) defined for m=1,..., No. Assuming Q((g;) = Q(m) the selected user-defined parameters
are:

e 1,4q: maximum number of entries added to Q(k 1 at the k-th step of the dynamic procedure;

® Nepe: total maximum number of new entries added to Q(%';).

The iterative process continues until nepe has been reached. Alternatively, it is also possible to set a maximum number of
steps, itmax, instead of nept.

The computation of F, G and S = App — H, with either the static or dynamic technique, is followed by a check of
the non-zero entries size. Pre- and post-filtration techniques are implemented with the purpose of further sparsifying the
approximate Schur complement by discarding those entries whose absolute value is smaller than a user-defined tolerance,
namely tg);, relative to the Euclidean norm of the corresponding row. Performing pre- and/or post-filtration produces an
additional cost in the preconditioner set-up, which might be anyway beneficial at the application stage. With the aim at
preventing possible breakdowns in the inexact application of S, all the diagonal entries are preserved irrespective of the
dropping threshold.

Recalling that Ay is the only block of .4 changing during a transient simulation, the preconditioner set-up can be split
into two stages. The first one, which can be carried out only once at the beginning of the simulation and then recycled
at every system solution, consists of the computation of both the inner preconditioners for the inexact application of A
and_ H, the latter being the most time demanding operation, along with a pre-filtration of G and F and/or a post- ﬁltratlon
of H, if needed. The second one, performed at the beginning of each time step, includes the update of S =Ap — H, the
post-filtration, if required, and the computation of the inner preconditioner for the inexact application of S In summary,
Algorithms 1 and 2 provide an overview of the sequence of operations needed to compute the first and second stage of the
EDFA preconditioner in both its variants. The overall workflow of the simulator in a full transient problem is provided in
Algorithm 3.

4. Numerical results

The computational performance of the EDFA preconditioner is investigated in both synthetic and real-world reservoir
applications.

First, a simple academic benchmark (Test 0) is discretized by three progressively refined grids and employed to in-
vestigate the theoretical behavior of the EDFA preconditioner. In Test 0, Ay ] and S~ are applied exactly with the only
approximation resting on S. The size of the porous domain is L =10 m, W =1 m and H =1 m (Fig. 4) with a homoge-
neous and isotropic hydraulic conductivity equal to 1.73 - 107> rg. The flow scenario simulates the injection and production
of water at the two opposite faces of the domain along the main axis.

12
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Algorithm 1 EDFA CoMPUTATION: STAGE 1 [H, A} ] = EDFA_first_stage(Ne, Q ™, Nent, Nadd, Thilt_pres Tfilt_posts Awrs Axps Apr)-
1: if EDFA_static then
2 for m <1, N, do
3 ag;’,)'T = A;ne“"), a%) = Agpe™
4 Build R™ based on Q ™ (Equation (28))
5: AT = R™ Arn R™T
6: Solve —AYDgM™-T — R™q{m"
7
8
9

Solve —AM F™ — R™al
Perform pre-filtration on ™7 and ™ with tolerance Thic_pre, if required
: G« GC+emgmpm —F F 4 gmTFMem.T
10: end for

11: else if EDFA_dynamic then
122 form <1, N, do

T
13: ay’ = Al e, al’) = Agpe™
14: Build Rﬁ%) based on Q((g;) = Qg;’i (Equation (28))
. (m) _ p(m (m),T
15: Arrn.(O) - Rr,(O)A”” Rr,(O)
. (m)y  wm,T _ pm) m),T
16: Solve —Ann’(o)g(o) = Rr,(O)“pn
T T ~(m),T
17: Compute "Eg;) =ai?" 4 Anx Rg”(g) gx)")) o . .
18: Nprog =0, k=0 > Initializing the new entries and sweeps counters, respectively
19: while npog < nene do
20: k<«—k+1
21: n = min(nadd, Nent — NMprog)
22: Obtain Q((I'J;) by adding to Q((kmjl) at most n new indices associated with the largest components of ‘rElTll)‘
23: Update nprog
24: Build RST(],)() based on Qf,?;) (Equation (28))
. (my  _ p@m) (m),T
25: Ann,(k) - Rr,(k)A”” Rr.(k)
. (m)y  mm),T _ pm) (m),T
26: Solve —Anr.a&l =R pn
X (m) _ (m),T (m),T (), T
27: Compute T =0 + Anx Rr,(k) s
28: end while ™
. (my gm) _ pm) _(m)
29: Solve _A:m,(k)f = Rr’(k)amJ
30: Perform pre-filtration on E%)’T and f m with tolerance Tg_pre, if required
31: G« GCHemgmpm FFq Rim)’rf(m)e(m)’T
32: end for
33: end if

34: Compute H= aAm,F ~
35: Perform post-filtration on H with tolerance Tt post, if required _
36: Compute the inner preconditioner for the inexact application of A;},

Algorithm 2 EDFA COMPUTATION: STAGE 2 [5*1]=EDFA_second_stage (App. H, Thit_post)-

1. 5= App — H _
2: Perform post-filtration on S with tolerance Thir_post, if required _
3: Compute the inner preconditioner for the inexact application of S~1

Algorithm 3 PSEUDOCODE OF THE FLOW SIMULATOR.

: CgmBute blocks Az, Axp, Apz, and App

: [H, Ay} ] = EDFA first_stage(Ne, Q ™, ftent, Nadd. Thilt_pre: Thlt_post» Axr+ Amp, Apr)
: Initialize p°, m° and the RHS of equation (18), f

: Initialize the time variable t and the first increment At

: while t < T do

t=t+ At

Update f and Ap, with the time-dependent contributes
[S~'] = EDFA_second_stage(App, H, Thit_post)

Solve system (18)

Update At (see equation (58))

: end while

—_

Lo NDURwN

—_ =
- o
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I N, Ny

L/10 250 875
L/50 1250 4275
L/100 2500 8525

Fig. 4. Test 0: Parallelepiped domain and size of the three meshes employed. The blue and red arrows indicate the position of the producer and injector,
respectively.
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Fig. 5. Planar (a) and dome-structured (b) reservoirs, used as domains for Tests 1, 3 and 2, 4, respectively. The domain size is in meters.

Table 1

Set-up of the test cases and number of non-zeros of the resulting matrices, where Ny =171,070 and N, =51, 741.
The values of the hydraulic conductivity in brackets are the minimum and maximum of the SPE10 model portion
used herein. The distribution of the conductivity values throughout the domain follows that of the SPE10 data set.

Test 1 2 3 4

Reservoir type Plain Dome Plain Dome

Cond. tensor properties Homogeneous Homogeneous Heterogeneous Heterogeneous
Isotropic Isotropic Anisotropic Isotropic

Cond. tensor type Diagonal Diagonal Diagonal Full

Horiz. conductivity [%] 1.7E-05 1.7E-05 [3.0E-07, 2.0E+00] [3.0E-07, 2.0E+00]

Vert. conductivity [%] 1.7E-05 1.7E-05 [3.9E-11, 6.0E-01] [3.0E-07, 2.0E+00]

nnz(.A) 1,711,914 4,069,590 1,711,914 4,069,590

nnz(Axz) 481,636 1,723,900 481,636 1,723,900

nnz(A,,p) 310,446 310,446 310,446 310,446

nnz(Apx) 589,299 1,704,711 589,299 1,704,711

nnz(App) 330,533 330,533 330,533 330,533

Then, the preconditioner is tested in four more challenging applications (Test 1 through 4). The relevant grid consists
of four layers taken from the SPE10 model [99] and comprises 51,741 elements and 171,070 faces, for a total of 222,811
unknowns. The scenario being tested, depicted in Fig. 5, represents a reservoir with a producer located in the center and four
injectors, one at each corner. The wells intercept the full thickness of the reservoir. The initial water pressure is uniform and
equal to 140 bar, with the producer and injectors pumping at a constant pressure of 100 and 200 bar, respectively. Different
variants of the model domain have been considered. In Test 1 and 3, the grid is Cartesian with a regular hexahedral
discretization (Fig. 5a), whereas in Test 2 and 4 the planar structure has been deformed into a dome (Fig. 5b). The resulting
grid is, therefore, non-Cartesian. In all tests, porosity spans the interval [2.6- 107>, 0.5] with a spatial distribution following
that of the SPE10 data set, rock () and water (8) compressibilities are 4.67-107° L and 4.84.107> ﬁ, respectively, and

bar
the water specific weight (y) is 0.101 %. A summary of the test cases and their main properties, along with the non-zeros
number of matrix .4 and its submatrices, is reported in Table 1. Notice that the latter depends only on the grid type.
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Test 1, which is characterized by a homogeneous isotropic hydraulic conductivity in the form of a diagonal tensor, is
aimed at introducing the operative principles of the proposed preconditioner variants. A sensitivity analysis is carried out on
the patterns selected for the static variant and on the two governing user-specified parameters for the dynamic technique.
Then, the EDFA preconditioner is employed in a transient simulation to evaluate the effect of time, and, in particular, the
size of the time step, At, on its performance. Test 2 preserves the same hydraulic properties as Test 1, but highlights
the influence of a non-Cartesian mesh in the optimal setting of the preconditioner. Finally, Tests 3 and 4 investigate the
efficiency and robustness of the EDFA preconditioner in challenging real-world conditions. Specifically, Test 3 exhibits a
highly heterogeneous and anisotropic conductivity distribution, as derived from the properties of the SPE10 model and
expressed in the form of a diagonal tensor. On the contrary, the dome reservoir in Test 4 is characterized by a heterogeneous
and isotropic conductivity field with a full tensor, obtained by extending the horizontal conductivity values (Ky,y) to the
vertical direction (K;) and rotating the principal axes of the resulting tensor so as to follow the curvature of the dome
reservoir. The sensitivity analysis on the EDFA preconditioner performance is carried out for the system at steady state, then
the overall performance is investigated in full-transient simulations.

Full GMRES [94] and Bi-CGStab [93], with the null vector used as initial guess, are elected as Krylov subspace methods to
solve the sequence of non-symmetric linear systems (18) for Test 0 and Tests 1-4, respectively. The use of Bi-CGStab in Tests
1-4 is motivated by the faster convergence generally experienced in the numerical tests. The exit criterion for the iteration
count relies on the reduction of the 2-norm of the relative residual below a prescribed threshold t, i.e., [|[rill2/|Iroll2 < T,
where k is the iteration number and T = 10~8. The computational performance of the preconditioned Bi-CGStab solver is
monitored by using the following indicators: (i) the iteration count, nj, (ii) the preconditioner density, u, defined as

nnz (Z;}T) +nnz (Aﬂp) +nnz (Apn) + nnz (E_]) (55)
nnz (Azx) +nnz (Anp) +nnz (Apn) + nnz (App) ’

where the function nnz() provides the number of non-zeros stored for a sparse matrix, and (iii) the CPU time split into tp,,
tp and t;, needed to perform the first and second stage of the EDFA preconditioner set-up (Algorithm 1 and 2, respectively)
and to iterate to convergence. We denote by t; =t 4 t; the total time associated with the solution of the linear system in
a single time step.

For the transient simulations, we consider also the Courant-Friedrichs-Lewy (CFL) number, which is defined as [100,101]:

e QFAt

= QigE’ (56)

where QF is the water flux through the E-th element during a time step of size At. Specifically, two measures are reported
depending on the type of analysis:

Nstep |
Xoo:max(xE), and E:ﬁ, (57)
E Nstep
where ngep is the number of temporal steps in the simulation.

The size of the time steps is dynamically adjusted during the transient simulations to stabilize the pressure change
between two consecutive steps. The underlying criterion relies on the maximum pressure difference at the two previous
steps, ApPmax = Maxg (p,f — pr’f_]), and a user-defined goal for the pressure change, Apr, to define the optimal size of the
next one:

o [ . [ Apr } }

Atp41 = min { At, min § Atmure, , Atmax | » (58)
APmax

where Aty is a predefined multiplicative factor and Atk the maximum time step length. A relaxation factor can be

introduced also in equation (58) [22]. - _

Both the solver and the preconditioner are implemented in Matlab. For the inexact application of A;}, and S—! we use
an incomplete factorization with partial fill-in degree already available in Matlab. Of course, other powerful strategies, also
more prone to a fully parallel implementation, can be used and will be considered in future developments of the algorithm.
For the computation of F and G, the parfor operator has been exploited. All numerical tests were carried out on an
Intel®Core™i7 Quad-Core processor at 2.9 GHz with 16 GB of RAM.

4.1. Test 0: theoretical benchmark

The effectiveness of the EDFA preconditioner mostly relies on the quality of S (equation (24)) as an approximation of the
Schur complement. In order to test the scalability with respect to the grid size, we consider the porous medium depicted in
Fig. 4, subjected to a constant water flux along the main axis, x. The domain is discretized with three grids, labeled a, b and
¢, where the length of the elements along the x axis, [, is progressively reduced (see the table in Fig. 4). In order to assess
the effect of S alone on the EDFA preconditioner quality, the inverses A;}, and S~ are applied exactly in equation (25) via
a direct solver. The tests are performed at steady state and the non-symmetric system (18) is solved with the full GMRES.
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Fig. 6. Patterns for the static technique. The front and right elements have been removed to improve the readability.

Table 2

Test 0: Number of iterations to converge with different plECOndlthl’lEl‘
set-up. The system is solved by full GMRES with Arur and S-1 ap-
plied exactly through a direct solver.

EDFA static EDFA dynamic Nit

Pattern Nent Nadd Mesh a Mesh b Mesh c
- 0 0 24 42 68
- 2 2 17 41 61
_ 4 2 10 23 42
- 6 2 6 21 20
- 8 2 4 11 21
- 10 2 3 9 9
12 2 2 6 10
- 14 2 1 4 6
A - - 13 19 46
B - - 11 17
D - ; 3 7 11

First, we introduce a set of patches of cells associated with the face pattern connection used in the static EDFA variant.
The native pattern of the m-th column, previously presented in Fig. 3a for a Cartesian grid, can be statically enlarged by
considering the patches A, B and D (Figs. 6a, 6b and 6d), assuming that the flux is mainly oriented along the principal
conductivity axes. By distinction, the connections of patterns C and E (Figs. 6¢ and 6e) assume the presence of significant
fluxes through all directions, as it might be for instance expected in the case of a full conductivity tensor. Similarly, a
significant permeability anisotropy could suggest privileging one direction with respect to the orthogonal ones.

Table 2 summarizes the iteration count with both the static and dynamic variants for different parameter combinations.
For a given preconditioner set-up, the number of iterations increases as the grid is refined, in agreement with Remark 3.7.
However, the iteration count can be stabilized by properly setting the stencil of G and F. This is also consistent with the
physical interpretation of the decoupling factor, which provides a link between the nonzero entries of G and F and the
pressure perturbations induced by the fluid fluxes around the cells. As the grid is refined, more cells are subjected to
the spatial pressure changes and the relevant face unknowns need to be included in the column sparsity pattern so as
to keep the number of iterations under control. This result gives a helpful indication as to the proper set-up of the EDFA
preconditioner. - ~

The eigenspectrum of S!S is considered for grids a and b (Fig. 7). In this analysis, S is computed by means of the
dynamic technique. Since the simulations are run at steady state, the grid spacing [ is the primary parameter affecting
the eigenvalue distribution. Mesh refinement increases the spread of the eigenvalues. Nevertheless, they remain clustered
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Fig. 7. Test 0: Eigenspectrum of S—15 for mesh a and b. S is built by the dynamic technique with variable nepe and nagq = 1.

Table 3
Test 0: Extreme values for the eigenvalues u of S-1s. Pattern B and the combination Nent = 12,
naqq = 1 are used for the static and dynamic variants, respectively.

Mesh EDFA variant min(|u|) max(|u|) min(N(w)) max(R(w)) max(|J(w)))

a Static 1.64E-01 1.07E+00 1.64E-01 1.07E+00 4.97E-16
b Static 5.63E-02 1.09E+00 5.63E-02 1.09E+00 0.00E+00
c Static 1.94E-02 1.11E+00 1.94E-02 1.11E+00 0.00E+00
a Dynamic 1.00E+00 1.00E+00 1.00E+00 1.00E+00 2.38E-14
b Dynamic 9.87E-01 2.92E+00 9.87E-01 2.92E+00 1.14E-03
c Dynamic 9.38E-02 1.06E+00 9.38E-02 1.06E+00 1.57E-05
Table 4
Test 1: Numerical performance of the static technique.
# Pat Filt Thlt Nit tpo tp ts tr 0
[s] [s] [s] [s]
0 Base - - 356 2.50 0.03 10.94 10.97 1518
1 A - - 224 330 0.03 7.28 7.31 1.739
2 B - - 187  3.51 005 642 6.47 1.953
3 C - - 306 3.98 0.02 940 9.42 1.518
4 D - - 222 436 006 814 8.20 2.160
5 E - - 189 482 003 618 6.21 1.739
6 E Post 1.E-3 224 418 374 675 10.49 1.520
7 E Pre 1E-2 225 1036 004 749 753 1.739

around 1 and their distribution is more and more compact as the quality of~5 and F, hence S, is improved, as it is expected
from Theorem 3.3. Extreme values of the real and imaginary parts for the S~!S eigenspectrum are reported in Table 3. As
seen in Fig. 7, the imaginary parts remain small, while the real interval increases from mesh a to c.

4.2. Test 1: planar reservoir with homogeneous and isotropic hydraulic conductivity

The main results from the application of the EDFA preconditioner in its static variant to Test 1 (homogeneous and
isotropic conductivity with a diagonal tensor) are reported in Table 4. Run 0, denoted as base, is taken as benchmark for
the following considerations since it refers to the performance of the EDFA preconditioner with the original A;ﬂ non-zero
pattern. Expanding such initial pattern, by using the predefined connections A, B, C, D and E (Figs. 6a - 6e) is indeed
beneficial, as observed in runs 1 to 5. Considering the reduction in the total CPU time, t;, per time step as evaluation
criterion, the best results are achieved by patterns E, B and A. Specifically, the use of pattern E allows to reduce nj; by a
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Fig. 8. Test 1: Sensitivity analysis on the pair (naqq, Nent) in terms of iterations to converge (a), preconditioner density (b), time to compute the first stage
of the preconditioner (c) and total time per time step (d).

factor 1.88 and t; by 1.77, while increasing the preconditioner density by only 1.15. Runs 6 and 7 show the results obtained
by applying pre- and post-filtration to pattern E. These techniques introduce a further sparsification of the approximate
Schur complement, which is expected to decrease the application cost of the EDFA preconditioner at the price of a slight
increase in the iteration count. In this case, such a strategy does not appear to pay off, with the performance substantially
getting back to Pattern A at a larger set-up cost.

As to the dynamic technique, Fig. 8 shows the results of a sensitivity analysis carried out on the two user-specified

parameters nepe and n,qq, governing the expansion of the initial pattern Q((g;) = QX;';, versus the number of iterations to

converge, ny, the preconditioner density, u, the time to compute the pre-processing stage of the preconditioner, tp,, and the
total CPU time, t;, per time step. All the possible settings therein allow to accelerate the convergence compared to the base
case of Table 4. The most interesting results are located in the blue to light-blue area in Figs. 8a and 8d, characterized by
values of nept between 4 and 12. Such an interval was also confirmed by the outcome of the static technique, in particular
runs 1 and 2, where the number of new entries added per column is 6 and 12, respectively, with a very similar overall
performance. Fig. 8b and 8c are self-explanatory; the higher nen the denser the preconditioner, and the lower n,qq the
higher nj; and thus tp,.

It is interesting to provide the dynamic technique with a physical interpretation, so as to visually locate the position of
the faces associated with the entries connected by the dynamically-formed optimal patterns. This analysis, whose outcome
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Fig. 9. Test 1: Physical interpretation, based on the flux distribution (a), of two dynamic patterns, obtained with the settings (1,4) and (2, 6) for the pair
(nadd, Nent) (see Fig. 8) in panels (b) and (c), respectively. The red faces represent the extension of the original Agn pattern in light-green. The resulting
patches are uniform throughout the grid.

Table 5

Test 1: Effect of the time step size on the EDFA preconditioner behavior.
At Njt Xoo tp, tp ts te w
[d] [s] [s] [s] [s]
0.01 3 0.004 3553 004 011 0.15 1.749
0.1 6 0.017 - 004 020 024 1749
1 21 0.099 - 0.04 078 0.82 1.749
10 56 5.351 - 0.04 187 1.91 1.749
100 127  66.061 - 0.04 423 427 1.749
1000 199 571157 - 0.04 666 670 1749
Steady 185 - - 004 6.09 613 1.749

is offered in Fig. 9, confirms the connection between the static and dynamic strategies, possibly inspiring the selection of
better static connections from the dynamic patterns. In particular, we focus on the pairs (1aqq,nent) €qual to (1,4) and
(2,6). Notice that the newly added faces are primarily located following the main flow direction. This is consistent with
the physical principle on which the static technique relies. In the scenario of Test 1, in fact, the water flow is essentially
horizontal, since the wells penetrate the full thickness of the reservoir, with a principal component along the y axis. These
patterns are uniform throughout the grid.

Finally, the effect of the time step size on the EDFA preconditioner in a full transient simulation is assessed in Table 5.
The preconditioner is built by means of the dynamic technique, with the setting (1, 4) for the pair (nqq, nent). The range
investigated spans the interval [0.01,1000] days, with the associated xo, parameter up to almost 600. Notice how the
number of iterations grows progressively as At increases, where the steady state condition can be regarded approximately
as an upper limit. This is consistent with Remark 3.7. The reason for this behavior can be also understood from the structure
of App (equation (A.4)), where the diagonal entries depend on the inverse of At. When At is small, Ap, becomes diagonally
dominant and prevails over the other contributions in S.

4.3. Test 2: dome reservoir with homogeneous and isotropic hydraulic conductivity

The evolution from a Cartesian to a non-Cartesian grid introduces new challenges for the design of efficient non-zero
patterns due to the modification of the native stencils of blocks A, and, most of all, Agﬂ, which is accompanied by the
increase in the non-zeros number of those two blocks, as shown in Table 1. Specifically, AIT,JT is 1.9 times denser than with
the planar mesh. In fact, the face-to-element connection building the non-zero pattern of the typical column of A;n moves
from Fig. 3a to Fig. 3b.

This modification has a considerable effect on the base case numerical performance (see Table 6), which does not con-
verge after 2,000 iterations. Enlarging the face-to-element connections with patterns A, B and D (runs 1, 2 and 4), however,
improves very rapidly the quality of S. By comparing Fig. 3b with 6a, 6b and 6d, the adoption of patterns A, B and D
consists of a simultaneous expansion and contraction of AITm ’s column non-zero pattern, since at most 24 entries are dis-
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Test 2: Numerical performance of the static technique. The expression NC means that
the solver did not converge within 2,000 iterations.

# Pat Filt Thlt Nit tpo tp ts te "
[s] [s] [s] [s]
0 Base - - NC 537 029 - - 2112
1 A - - 896 410 030 5891 5921 2177
2 B - - 118 428 062 8.64 9.26 2.734
3 C - - NC 600 029 - - 2112
4 D - - 136 448 104 1124 1228 3372
5 E - - NC 778 136 - - 3.707
6 B Post 1E-7 160 403 1059 1045 2104 2071
7 B Pre 1E3 117 751 066 8.77 9.43 2.734
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Fig. 10. Test 2: Sensitivity analysis on the post-filtration tolerance g for different values of nept. nagq is kept constant and equal to 4. Post-filtration is
applied to s, (a,b), and H, (c,d), and the results are expressed in terms of number of iterations to converge, nj;, (a,c) and total solution time per time step,
t¢, (b,d). The maximum number of iterations of Bi-CGStab is set equal to 2,000. The best result, i.e., njy =98 and t;=6.00 s, is obtained by setting nep=12
and performing post-filtration on H with a1 =1.E-3 (¢, d).

carded and others are added in a variable number. It is a sort of implicit moderate expansion accompanied by a significant
filtration. Applying pre- or post-filtration when adopting pattern B, which means in practice sparsifying for the second time
the relevant pattern, is not beneficial as proved in runs 6 and 7. Notice that the overall preconditioner density is generally
higher than in Test 1 (see Table 4 for a comparison).

As to the dynamic technique, the same strategy, consisting of expanding and contracting the original AIT,,, pattern, has
been followed. Fig. 10 reports the outcomes of a sensitivity analysis on the post-filtration tolerance for different values of
Nent, ranging from 10 to 18 with n,qq = 4. The results are expressed in terms of iteration count to converge (Fig. 10a) and
total solution time per time step (Fig. 10b). The best performance is achieved for tg =1.E-3, where the number of iterations
to converge is similar to that obtained with pattern B in Table 6. An effective way to limit the post-filtration cost consists of
applying it to H as a pre-processing effort. This strategy is successfully investigated in Figs. 10c and 10d. Notice that, while
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Table 7
Test 3: Numerical performance of the static technique.
# Pat Filt Thit Njt tpo tp ts tr "
[s] [s] [s] [s]
Base - - 395  2.67 0.03 1157 11.60 1.518

- - 279  3.28 0.03 8.75 8.78 1.739
- - 315 3.40 0.05 10.43 10.48 1.953
- - 445 4.69 0.02 1313 13.15 1.518
- = 303 3.80 0.06 10.59 10.65 2.160
290 4381 004 919 9.23 1.739
Post (on H) 1E-7 267 7.08 0.03 8.78 8.81 1.730
Post (on H) 1E-8 267 812 0.04 8.77 8.81 1733
Pre 1E-3 266 5.81 0.04 850 8.54 1.729
Pre 1E-4 260 1036 0.04 778 7.81 1.731

O oOoNDULhA WN = O
m>m>mgnNnw>
'
'

Table 8

Test 3: CPU times and memory requirements for Matlab backslash operator
and Bi-CGStab preconditioned with: (i) optimal ILU(7) of A, (ii) Bgiag, and (iii)
Biny. Due to memory limitation the test with the direct solver has been car-
ried out on a different platform equipped with an Intel®Xeon™CPU E5-1620 v4
processor at 3.5 GHz with 64 GB of RAM.

Method Nit tp ts t Memory peak "

[s] [s] [s] [GB]
Matlab \ - - 205.01 205.01 23.68 -
ILU(7) 113 24825 411 25236 - 2.730
Biag NC 0.06 - - - 1.276
Binv 316 2.70 9.15 1185 - 1.405

the number of iterations remains approximately the same or is even improved, the CPU time per time step is halved, thus
making the dynamically-formed preconditioner competitive to the best statically-derived one (run 2 in Table 6).

4.4. Test 3: planar reservoir with heterogeneous and anisotropic hydraulic conductivity

Introducing a heterogeneous and anisotropic conductivity field in the planar reservoir application worsens the condition-
ing properties of the associated problem, as shown by the increase in the number of iterations of the base case (Table 7)
with respect to Test 1 (Table 4). Like in Test 1, patterns A and E (runs 1, 5) provide improved results that can slightly ben-
efit from further sparsification of the approximate Schur complement. Specifically, pre- and post-filtration are characterized
barely by the same performance (runs 6 to 9), with pre-filtration a little more efficient in this application.

A sensitivity analysis on the dynamic parameters nepe and n,qq is shown in Figs. 11a and 11b in terms of number of
iterations to converge, nj;, and total solution time per time step, t;, respectively. All the analyzed combinations succeed in
accelerating the convergence with respect to the base case (run O in Table 7). The most efficient settings are located in the
bottom left portion of graph 11b in the interval 2 < nep: < 8, where ¢; is minimized. Specifically, the fastest convergence is
achieved with the setting (6, 6) for the pair (1,44, Nent), Where nj = 267 and t; = 8.98 s. In the same figure notice how t;
grows with nep¢, depending only partially on n,4q.

To conclude this analysis, we compare the performance obtained by the proposed preconditioner and other available
algorithms. Since no specific methods have been developed yet for the non-symmetric block problem considered herein,
we start considering general-purpose popular tools, such as Matlab backslash operator and Bi-CGStab accelerated by a
global preconditioner, such as a threshold-based ILU(t) of a properly reordered A, to benchmark the performance of the
proposed EDFA preconditioner in the steady state case. The relevant outcomes are conveyed in Table 8, where the memory
peak reached during the solving phase with Matlab backslash replaces the preconditioner density as a measure of the
solver memory footprint. The solution time t;, as well as the memory requirements, are by far higher than those obtained
with the EDFA preconditioner (see Table 7 and Figs. 11a and 11b for reference). A more effective strategy may rely on using
an iterative approach with the same block preconditioning framework (25), where the approximate Schur complement
S is computed differently from the EDFA approach. A standard default choice, labeled Bgj,g, is using the inverse of the
diagonal of Ay, i.e., S= App — Apndiag(Anﬂ)‘1Anp. This option, however, is completely ineffectual since Bi-CGStab does

. . . . - . . —1
not converge at all. An alternative, and more advanced, option relies on using an explicit approximate inverse, A, , such as

the one employed in [73,102], to compute S= App — AMZ;JT Axp. This choice, labeled Biyy, actually approaches the EDFA
performance (Table 8), though with a limited flexibility, thus supporting the generality and robustness of the preconditioning
framework (25).

21



S. Nardean, M. Ferronato and A.S. Abushaikha Journal of Computational Physics 442 (2021) 110513

it
22 340 20 o -
- 12
20
330 20
18 18 1.5
320
16 16 |
14 310 11
£ 12
300
&® o 10.5
10
290
10
6 280
9.5
4 270
2 S
- 260
1 2 3 4 5 6 7 8 9 10 11 12
4
200
180
160
140
120
100
80
60
40
20
2

Fig. 11. Test 3 and 4: Sensitivity analysis on the pair (naqq, nent) for Test 3 (a), (b) and Test 4 (c), (d). The outcome is expressed in terms of iterations to
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4.5. Test 4: dome reservoir with full tensor heterogeneous and isotropic hydraulic conductivity

In this final application, the dome-structured reservoir is characterized by a full-tensor heterogeneous conductivity field,
which is obtained by rotating the element local axes x and y, following the curvature of the domain [30]:

RE = REKFRET. E=1....N. (59

where K* is the element diagonal conductivity matrix and Rf, = Ry(—6{)Rx(—6;) is the overall rotation matrix. 6 and
05 are the average rotations of the domain surface, within element E, around the global Cartesian reference system as per
the right-hand rule.

The main results for the static strategy are provided in Table 9. The base case performance (run 0) is not satisfactory and
the only pattern yielding an appreciable acceleration is D (runs 1-5). Moreover, in two cases the solver has not converged yet
after 2,000 iterations. Filtration here appears to be mandatory and effective, as shown by runs 6 and 7, where a significant
post-filtration (tg =1.E-2) on factor H has been applied to patterns D and B. This confirms that the native patterns seem to
involve too many connections, which turn out to be not significant to capture the complicated flux nature of this test case.
On the other hand, pre-filtration (runs 8 and 9) does not represent a consistent alternative, due to the larger preconditioner
density, which leads to an increase in the application costs even for a smaller number of iterations.
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Table 9
Test 4: Numerical performance of the static technique.
# Pat Filt Thi Nit tpo tp ts tr "
[s] [s] [s] [s]
Base - - 667  5.24 030 4230 4260 2112
- - NC 4,03 0.32 2177

- - 521 4.35 062 3850 39.12 2.734
- - 667  6.07 030 4310 4340 2112
- = 386  4.56 1.05 31.76 32.81 3372
NC 772 137 - - 3.707
Post (on H) 1E-2 231 17.40 0.04 11.79 11.83 1214
Post (on H) 1E-2 233 1424  0.04 1235 12.39 1.216
Pre 1E-3 217  8.65 1.05 17.96 19.01 3.195
Pre 1E-3 424 749 0.63 31.68 3231 2.717

O oOoNDULhA WN=O
WOwWO MmO N w >
'
'

Table 10
Test 4: Pre- and post-filtration on the dynamically-formed preconditioner. Run 0 is
obtained with: nep =6 and nyqq = 1.

# Filt Thlt Niter tpo tp ts te )2

[s] [s] [s] [s]
0o - - 172 6939 113 1404 1517  3.072
1 Post 1E-3 158 7031 1247 963 2210 1395
2 Post(onH) 1E-3 160 7921 013 9.33 9.45 1.552
3 Pre 1E-8 149 7338 112 1209 1321  3.072

As to the dynamic technique, the sensitivity analysis on nep: and nygq in Figs. 11c and 11d reveals that there exists a
wide blue area characterized by competitive settings, both in terms of number of iterations and total solving time per step.
In this regard, the most attractive portion of the graphs remains the bottom left one. Table 10 aims at assessing the effect of
filtration on the dynamically-formed preconditioner obtained with the settings nepe = 6 and nyqq = 1. The outcomes of post-
filtration, applied to both S and H in runs 1 and 2 respectively, are here reported to emphasize the greater efficiency of the
latter strategy. Although performing post-filtration on H gives a higher density preconditioner, the filtration is anticipated in
the pre-processing stage of the preconditioner set-up, while preserving the quality in the approximation of S. Post-filtration
on H (run 2), in fact, allows to approximately halve the density of the original preconditioner (run 0) to the benefit from
a 38% reduction in the total solution time. Pre-filtration, on the other hand, seems not to be effective (run 3). Notice that,
in this application, combinations where nent = nqq, i.€., all the prescribed new entries are subsumed at once, give a bad
quality S, hence at least two steps of the dynamic procedure are recommended.

Despite the high density, the unfiltered dynamically-formed preconditioner in Table 10 is by far more competitive than
the corresponding static alternatives in Table 9 (runs 0-5). An explanation comes from the analysis of the dynamic pattern
representation vs. the position within the dome-grid and the flux distribution, as provided in Fig. 12. The dynamic technique
is capable to flexibly catch and exploit the possibly complex physics of the fluxes behind the problem. Due to the dome
structure of the domain and the heterogeneity of the hydraulic conductivity, the fluid fluxes are not uniformly distributed
in the domain. As an effect, the resulting pattern is not the same throughout the grid and can be hardly guessed, hence a
statically designed homogeneous pattern is not well-suited to the specific requirements of this application.

In conclusion, the performance of the EDFA preconditioner is evaluated in a full-transient simulation reproducing the
exploitation of a reservoir, initially undisturbed, under the conditions mentioned in Section 4, i.e., four injectors (one at
each corner) and a producer (in the center) operating at a constant pressure. The overall computational times are displayed
in Fig. 13, where a comparison among a selection of four variants of the EDFA preconditioner is proposed. The performance
of the basic setting (Vg, run 0 in Table 9) is used as benchmark to test the advantage provided by the most efficient dynamic
(V1 and V5, runs 0 and 2 in Table 10) and static strategies (V3, run 6 in Table 9). The simulated time interval is 130 days
with 200 time steps. The other relevant settings are: Atmax =5 d, Apr =5 bar, Aty = 1.1. The average CFL number,
oo, Tecorded during the simulation, is 13.54. The best performance is given by variant V5, which proved to be the most
competitive one also in the previous steady state analysis. Nevertheless, the difference with V; and V3 is not as significant
as the steady state analysis might have suggested. In any case, all trials, i.e., V1, V2 and V3, clearly outperform V¢, reducing
the total time to about one fourth.

5. Discussion

Achieving a fast and cheap solution to the sequence of systems (18), that stem from a full MHFE-FV single-phase flow
simulation, is the main objective of this paper. Given the peculiar properties of system (18), which is characterized by a
non-symmetric generalized saddle-point structure and usually ill-conditioned blocks, an original preconditioning strategy,
denoted as EDFA, has been specifically designed to accelerate the convergence of Krylov subspace solvers. The key features
of the proposed approach are twofold: (i) the exploitation of the decoupling factors, G and F, of the system matrix A block
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Fig. 12. Test 4: Physical interpretation, based on the flux distribution (a), of the dynamic pattern, obtained with the settings nens = 6 and n,qq = 1 at three
different locations. The red faces represent the extension of the original A!Tm pattern in green.
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Fig. 13. Analyzing the performance of four versions of the EDFA preconditioner in a full-transient simulation, where ¥ = 13.54. The outcomes are ex-
pressed in terms of overall solution time (a), broken down into its basic components, and total number of iterations (b). The preconditioners are obtained
with the following settings: Vo — Base pattern (run O in Table 9), V; — Dynamic strategy with nept =6, nagq =1 (run 0 in Table 10), V, — like V1 with
post-filtration on H and Thie = 1.E-3 (run 2 in Table 10) and V3 — Static strategy with pattern D, post-filtration on H and TR =1.E-2 (run 6 in Table 9).

LDU decomposition to recast the Schur complement avoiding the inversion of the leading block (equation (22)); (ii) the
inexact computation of these factors by solving two independent sets of MRHS systems (26), by means of a combination
of restriction and prolongation operators based on the non-zero pattern of G and F. Such an approximation turns out to
be optimal, with respect to A -inner product, for the selected non-zero pattern. The ability to recognize G and F’s most
representative entries is key to obtain high-quality approximations at a workable sparsity and achieve a fast convergence.
This is the motivation behind the introduction of two strategies, namely static and dynamic, aimed at selecting the sparsity
pattern of the two decoupling factors by customizing the face-to-element connections contained in the columns of AIT,,,,

depending on the properties of the problem at hand.
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Table 11
Tests 1-4: Best EDFA performance. The column t; reports the total solving time of the base case (run 0).
Test Variant Description Filt Tl Niter te t; "
[s] [s]
1 Dynamic Nent = 6, Nygq =4 - - 174 5.83 10.97 1.855
2 Dynamic Nent = 12, Naqgg =4 Post (on H) 1E-3 98 6.00 NC 1.671
3 Static Pattern E Pre 1E-4 260 7.81 11.60 1.731
4 Dynamic Nent =6, Nygq = 1 Post (on H) 1.E-3 160 9.45 42.90 1.552

A physics-based concept underlies the static technique, since the entries of the generic column of the decoupling factors
correspond to the face pressure unknowns, which result from the fluid flow arising in a certain small and compact partition
of the physical domain. Expanding such a partition to incorporate the most relevant entries is a way for enlarging the
native sparsity pattern effectively. The size of the augmented partition and the location of the faces associated with the
newly-added entries give rise to a number of possible combinations. As an example, in this paper, we considered five
general-purpose prototypes (Figs. 6a-6e). This strategy turns out to be effective when the modeler has a robust idea of the
flux distribution, and the resulting pattern can be more or less uniformly extended throughout the domain (compare, for
instance, Figs. 9 and 12).

On the other hand, a fully algebraic framework is introduced to define a dynamic variant, where ney; new entries to the
initial pattern are progressively added at the locations corresponding to the largest components of the prolonged residual
(equation (38)). Compared to the static variant, the dynamic technique is computationally more demanding because, at every
step of the pattern construction, a static solution is needed. However, this cost can be easily amortized during a transient
simulation and take advantage of an almost ideal parallel degree. Furthermore, this technique is more flexible, since it is
capable to implicitly capture the physics behind the problem without the modeler being aware of it and might be used in a
black-box fashion as well. Pre- and post-filtration techniques have been introduced with the twofold purpose of controlling
the density of S, and improving the quality of its inexact inverse application by removing possibly detrimental near-zero
entries.

The extensive experimental phase of Section 4 helped understand the EDFA preconditioner potential in different settings,
according to the grid type and hydraulic properties, but also suggested some indications about default optimal settings.
The EDFA performance with the most efficient set-up is summarized in Table 11 for Tests 1-4 and compared to the base
case (run 0) scenario. All the tests revealed that less than 12 new entries are actually needed in addition to the original
column patterns, but it is the grid type, i.e.,, whether Cartesian or non-Cartesian, that mostly influences the optimal EDFA
preconditioner set-up. With a Cartesian grid, the suggested static patterns in Fig. 6 seem to be appropriate, and especially
E and A, as shown in Tables 4 and 7. By comparing Figs. 6a and 6e, notice that the physical structure of these patterns is
similar as the elements involved in their definition are the same. By distinction, optimal results have been obtained for the
dynamic variant by setting nene between 4 and 10, with n,qq = nepe. Filtration is not strictly necessary, even though some
good results were obtained with pre-filtration and 75, between 1.E-4 and 1.E-3 (Table 7). Conversely, with a non-Cartesian
grid, patterns B and D turned out to be the winning choice for the static technique, whereas, for the dynamic one, it is
advisable to set nyqq < Nent < 12 (Fig. 11d). A significant post-filtration with 1E-3 < g < 1.E-2 proved to be effective to
accelerate, or even to allow for, convergence (see, for instance, Tables 6 and 9). Post-filtration on H, rather than on S, should
be preferred.

Finally, Table 5 and Fig. 13 showed that the preconditioner set-up for steady-state conditions plays the role of a worst-
case scenario, thus confirming the analytical result in Remark 3.7. In particular, the smaller At, the better the accuracy of S
(equation (22)). This observation suggests a different set-up strategy of the preconditioner because building F and G with
the optimal settings at steady state might be too conservative. The two decoupling factors can be approximated more than
once during a full-transient simulation since usually At increases as steady state is approached, and cheaper approximations
can be effective at the initial stages.

6. Conclusions

In this paper, we introduce a novel preconditioning technique, denoted as EDFA, to solve the sequence of non-symmetric
block linear systems arising from the original MHFE-FV discretization of flow problems in porous media developed in [22].
The proposed method is based on the approximation of the decoupling factors of the system matrix by using appropriate
restriction operators for the sake of the Schur complement computation. The experimental phase proved its robustness
and reliability in different settings, depending on the structure of the grid and the properties of the hydraulic conductivity
tensor. The EDFA preconditioning strategy exhibits several attractive features, in particular:

1. Since the process for building the preconditioner is based on the solution of the sets of independent MRHS systems (26),
the set-up stage is inherently parallel and can fully exploit the architecture of modern computing platforms;

2. The preconditioner set-up can be split in a two-step procedure, where the first stage is performed only at the beginning
of a full-transient simulation and the second stage at each time step;
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Fig. A.14. Two-dimensional sketch of the element/face connections with an example of the basic sets Sg, Fg, Pg; and Rg/.

3. The largest computational cost, associated with the approximation of G and F, is concentrated in the first stage, so it
can be effectively amortized during a full simulation.

Both the static and dynamic variants proved to be overall efficient. A winner does not stand out clearly, even though it
might be better to rely on the dynamic technique when the flux distribution is highly variable throughout the domain and
it is hard to define a uniform static pattern prototype. All the same, it is appreciable the relatively easy setting up and
cheapness of the static variant and the flexibility of the dynamic.

Research is currently ongoing to develop a fully parallel C++ implementation of the proposed solver and extend the
formulation to multi-phase MHFE-FV reservoir models.
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Appendix A. MHFE-FV matrices

In this appendix, the expressions for the four sub-matrices of system (18) are provided based on the definitions (13),
(15), (16) and (17). Let us consider the element E of the grid, the set of its faces, Fg, and neighbors, Sg, where E’ is an
element of Sg. Pg; denotes the set of faces of E without the one, say i, shared with E’, i.e, Ff — F N\ Fp = Fg —i. By
extension, Pp;, = Fp —i. Rg/, formally defined as Ujcf, Pg;, is the set of faces of the elements in Sg not shared with E.
Fig. A.14 provides a graphical interpretation of the aforementioned sets in a 2-D setting. Let also g : k — p = g(k) be the
function that converts the global matrix index k into the local one p. The expressions for the .4 sub-blocks read:

r—1

. . P . E-1 E
[Arzlij: Vief{1,2,...,Nf} ifi=]j — Bg(i)g(i) — Bg(l-)g(i),
e . E-1
if j € P, — Bgig(j)» (A1)
P E—1
ifjePe;  — Bgig()
Nfc »
[Agplij: Vie{l,2,...,Ng} ifje{E E'} ZBémk’ (A2)
k=1
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