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A B S T R A C T

The increasing demand for higher data transmission rates and more ef�-
cient systems has driven the �eld of optical communications to explore new
technologies beyond traditional single-mode �bers. As single-mode �ber
systems approach their theoretical capacity limits, a phenomenon referred
to as the "capacity crunch," the need for novel solutions becomes critical.
Space-division multiplexing has emerged as a promising technology capable
of signi�cantly increasing the capacity of optical communication networks
by utilizing multiple spatial channels within a single �ber or across mul-
tiple �ber cores. This thesis investigates the characterization and optimiza-
tion of space-division multiplexing �bers, focusing on overcoming the key
challenges posed by modal dispersion, differential group delay, and mode-
dependent loss.

To address these challenges, advanced measurement techniques, such
as optical vector network analyzer and Rayleigh scattering, have been em-
ployed to provide high-precision measurements of space-division multiplex-
ing �ber transmission parameters. Additionally, a novel re�ective optical
vector network analyzer con�guration has been explored, enabling re�ective
characterization of signal impairments over long distances. These character-
ization methods have been experimentally validated, including experiments
on �eld-deployed space-division multiplexing �bers, demonstrating their ap-
plicability and robustness.

Furthermore, the thesis delves into the study of environmental and shape
sensing capabilities of these �bers, focusing on uncoupled multi-core �bers,
paving the way for new innovative �ber sensors and for the future devel-
opment of integrated networks where sensing and data transmission can
coexist seamlessly.

Through experimental validation and theoretical analysis, this thesis
demonstrates the potential of space-division multiplexing systems to sig-
ni�cantly enhance the capacity and ef�ciency of optical networks. The �nd-
ings provide valuable insights into the future development of high-capacity,
energy-ef�cient optical communication systems, contributing to the ongoing
efforts to meet the ever-growing global demand for bandwidth.
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1
I N T R O D U C T I O N

The �eld of optical communications has seen exponential growth in recent
decades, driven by an increasing demand for higher data transmission rates
and more ef�cient systems [ 3]. This unprecedented rise in data consump-
tion has led traditional single-mode �ber ( SMF) optic communication sys-
tems to approach their capacity limits, a phenomenon known as the "ca-
pacity crunch" [ 4]. With internet usage, cloud services, and emerging tech-
nologies such as5G and 6G growing at unprecedented rates, it is estimated
that global bandwidth demand is increasing annually by 30%-90% [5]. This
exponential increase is outpacing the capabilities of current infrastructure,
particularly those reliant on SMFs [4].

In modern optical communication systems, �ve physical dimensions can
be employed to carry data: time, frequency, space, polarization, and quadra-
ture (see Fig. 1.1 for a visual representation). These dimensions, when used
together, signi�cantly enhance the bit rate of communication systems, sur-
passing the limitations of individual techniques like wavelength-division
multiplexing ( WDM ) or polarization-division multiplexing ( PDM).

The time dimension is utilized by sending communication symbols se-
quentially, much like assembling words from individual letters. For channels
that modulate pulses onto a carrier frequency higher than the symbol rate,
the sine and cosine (or real and imaginary) components of the carrier wave
can be exploited, referred to as quadrature dimensions. This technique al-
lows for more complex modulation formats, such as Quadrature Amplitude
Modulation ( QAM ), which enhances data throughput [ 6].

Additionally, frequency multiplexing—commonly referred to as WDM in
optical communication—enables the transmission of multiple signals in par-
allel on distinct carrier frequencies within the same transmission medium.
Similarly, polarization multiplexing leverages the polarization dimension to
transmit multiple streams simultaneously, further increasing capacity.

SDM, on the other hand, utilizes the spatial dimension. This technique
enables parallel data transmission either through multiple cores in a �ber or
distinct propagation modes, making it an essential solution for overcoming
the capacity crunch in modern communication networks.

Historically, technologies like EDFA, WDM and PDM have provided signif-
icant leaps in capacity, as can be seen in Fig1.2 [7], but these methods are
now insuf�cient to handle the ever-growing demand for data. WDM , for in-
stance, has expanded the usable spectrum of optical �bers, but even with
modern innovations, it has reached its practical limits in terms of spectral
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2 introduction

Figure 1.1: The �ve physical dimensions of optical communication: polarization,
wavelength, space, quadrature, and time. SDM leverages the spatial
dimension through techniques like multi-core and few-mode �bers
to expand capacity, overcoming the limitations of traditional systems.
Adapted from [ 1]

ef�ciency. Similarly, polarization mode dispersion ( PMD) has maximized the
use of polarization to double the capacity within a single �ber, yet the in-
dustry now faces a fundamental physical barrier: the Shannon limit [ 8]. This
limit dictates the maximum amount of data that can be transmitted over
a single communication channel, given constraints like signal-to-noise ratio
and �ber nonlinearities.

While WDM and PDM have been instrumental in increasing data capacity,
the Shannon limit imposes a fundamental constraint on their ability to scale
further. This is where SDM becomes essential, as it utilizes the spatial di-
mension (see Fig.1.1) to overcome the capacity crunch by enabling parallel
data transmission in a single �ber. To provide an idea of transmission rates,
the record transmission currently achieved in SMF applying ultra-wideband
transmission is 402Tb/s [ 9], while the transmission record using SDM �bers
is 22.9 Pb/s [ 10].

As a result, SMFs—despite their low attenuation and wide bandwidth—are
nearing their theoretical transmission limits. Simply deploying more SMF

links would require a linear increase in infrastructure, which is neither cost-
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Figure 1.2: Evolution of research data rate records in optical transmission systems,
showing how technologies like EDFA, wavelength multiplexing, polariza-
tion multiplexing, ultra-wideband transmission and space-division mul-
tiplexing have increased data rates over time. Adapted from [ 2].

effective nor energy-ef�cient. Therefore, a new paradigm is needed to scale
beyond current capacity limits, one that can address both the technological
and economic challenges facing global communication networks[ 1, 11].

This thesis delves into SDM, a cutting-edge technology that has the poten-
tial to revolutionize data transmission by signi�cantly increasing the capac-
ity of optical networks. SDM utilizes the spatial dimension within a single
�ber, either through multi-core �ber ( MCF) or few-mode �ber ( FMF), to trans-
mit multiple data streams in parallel, as shown in Fig. 1.1. Unlike traditional
approaches, SDM allows for exponential scaling of capacity, potentially min-
imizing the need for additional �ber deployment. This approach has the
potential to be both cost- and energy-ef�cient for future optical networks
when leveraged with compatible �ber infrastructure [ 11].

This work focuses on characterizing and optimizing SDM �bers, aiming
to address the key challenges that arise in this new multiplexing technique,
such as modal dispersion, differential group delay, and mode-dependent
loss. These impairments can signi�cantly affect the performance of the sys-
tems, particularly in long-haul communication scenarios where signal degra-
dation accumulates over distance. By employing advanced characterization
techniques—such as swept wavelength interferometry ( SWI) and Rayleigh
scattering—this thesis seeks to provide high-precision measurements and
models that can better predict and improve the performance of SDM �bers.
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1.1 problem definit ion and scope

While SDM holds immense potential, several technical challenges must be ad-
dressed before it can be fully deployed in commercial optical networks. One
of the primary challenges is the issue of crosstalk between spatial channels.
In MCFs, the proximity of individual cores can lead to signi�cant interfer-
ence between channels, which results in signal degradation. Similarly, in
FMFs, multiple propagation modes can become coupled, leading to modal
dispersion and differential group delay. These effects introduce additional
complexity in the signal processing required at the receiver, increasing the
computational burden of data recovery.

Furthermore, nonlinear effects, such as those encountered in traditional
SMFs, are also present in SDM systems. These effects become particularly
problematic in long-distance transmission, where ampli�ers are required to
boost the signal at regular intervals. Nonlinearities can accumulate along
the �ber, further complicating the transmission process and reducing overall
system ef�ciency.

To address these challenges, this thesis proposes a range of novel tech-
niques for characterizing the physical properties of SDM �bers. By using
advanced measurement techniques, this work seeks to provide detailed in-
sights into the behavior of spatially diverse �bers, including key param-
eters like modal dispersion, mode-dependent loss, and differential group
delay. The scope of this research also extends to the impact of environ-
mental factors, such as �ber bending and twisting, on the performance of
uncoupled- MCFs. These effects are particularly relevant in real-world deploy-
ments, where optical �bers are subject to external forces that can degrade
transmission quality.

1.2 thesis structure

This thesis is organized into nine chapters:

• Chapter 2: Space Division Multiplexing introduces the fundamentals
of SDM and the different �ber types used, such as MCFs and FMFs. It also
provides a detailed overview of the propagation effects in SDM �bers,
including attenuation, differential group delay, and modal dispersion.

• Chapter 3: Optical Vector Network Analyzer delves into the basics
of SWI and the principles behind the Optical Vector Network Ana-
lyzer (OVNA ). This chapter lays the foundation for the experimental
techniques used later in the thesis to measure and analyze the perfor-
mance of SDM �bers.
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• Chapter 4: Experimental Characterization of Field-Deployed MCF
presents the results of characterizing �eld-installed MCFs using the
methods described in Chapter 3. This chapter includes an analysis of
skew compensation, modal dispersion statistics, and group delay mea-
surements.

• Chapter 5: Distributed Characterization of Optical Fibers focuses
on the use of distributed sensing techniques, such as those based on
Rayleigh scattering, to monitor the performance of SDM �bers along
distance. It also introduces the concept of re�ective OVNA con�gura-
tion.

• Chapter 6: Experimental Distributed Characterization of SDM Fibers
presents the experimental results of of applying various distributed
characterization techniques to FMFs and MCFs.

• Chapter 7: Re�ectometric Characterization of SDM Links explores
the theoretical and experimental differences between measuring
Rayleigh scattering and re�ection peaks in SDM �bers. The chapter
presents case studies of re�ective characterization techniques applied
to FMF systems.

• Chapter 8: Bending, Twist, and Shape Sensing in Uncoupled Multi-
Core Fibers investigates the impact of environmental factors, such as
bending and twisting, on the performance of uncoupled multi-core
�bers. This chapter also discusses the application of shape sensing tech-
niques to monitor and manage these effects in real time.

• Chapter 9: Conclusions and Future Outlook summarizes the key �nd-
ings and contributions of the thesis and outlines potential directions
for future research, particularly in the continued development of high-
capacity SDM systems.

Through this structure, the thesis aims to provide a comprehensive inves-
tigation into the challenges and opportunities presented by SDM in modern
optical communication systems. Each chapter builds upon the previous one,
leading the reader from theoretical concepts to practical implementations
and experimental validations.





2
S PA C E D I V I S I O N M U LT I P L E X I N G

The previous chapter describes the motivation for high-capacity optical �ber
transmission systems. In this chapter, the most common types of optical
�bers for SDM are introduced, and the propagation effects are described. In
the �rst section, various SDM �ber types such as multi-mode �ber ( MMF ),
few-mode �ber ( FMF), and coupled-core �ber ( CCF) are introduced, along
with the �rst higher-order modes which are exploited for transmission. Sec-
tion 2.2 describes the propagation effects that take place in these kinds of
transmission systems. Section2.3 details the theoretical model to describe
the modal dispersion, a fundamental parameter in this context.

2.1 fibers for space division multiplexing

Before discussing the propagation effects in spatially-diverse optical �bers, it
is essential to understand the different �ber types used in SDM. Our focus lies
on coupled spatial channels, where the channels interact and the signal at the
receiver contains contributions from multiple inputs, necessitating digital
multiple-input multiple-output ( MIMO ) processing to unravel the mixing.

An optical �ber consists of a high-index core surrounded by a low-index
cladding. The light is largely guided by the core, which constitutes only a
small part of a typical optical �ber cable. Step-index SMFs are formed by cre-
ating a core size and structure such that the normalized frequency V 6 2.405,
allowing only the transmission of the fundamental mode LP01 . By increasing
the core size, the number of modes guided by the �ber can be increased as
shown in Fig. 2.1, thereby creating multi-mode �bers ( MMF s) [12]. In particu-
lar, by manipulating the core parameters to scale the normalized frequency
V beyond 2.405, more waveguide modes are supported. For instance, up to
V � 3.8, the modesTE01 , TM01 , and HE21 are guided, which can be grouped
into the LP11 mode [13]. Increasing V further supports more guided modes,
such asLP21 , and LP02 , with the higher order modes having multiple orthog-
onal orientations, indicated by the subscripts a and b. Also, each LP mode
consists of two orthogonal polarization components. This work is limited to
�bers supporting the �rst 4 mode groups, or 6 modes: LP01 , LP11a , LP11b ,
LP21a , LP21b and LP02 .

Therefore, a MMF is a �ber that supports many propagating modes simul-
taneously, each following a different path through the �ber. This allows for
the transmission of multiple data streams in parallel. MMF s are typically used
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Figure 2.1: Normalized frequency V of the �rst four LP mode groups in step-index
�bers with the distinction between single-mode and multi-mode propa-
gation. On the y-axis the normalized propagation constant.

for shorter distance communication due to modal dispersion, which causes
signal distortion over longer distances [ 14].

FMFs represent a middle ground between SMFs and MMF s. They support a
limited number of spatial modes, usually between two to ten, managing the
properties of the guided modes and addressing the challenges of coupling,
losses, and differential mode delay. This allows for higher capacity than SMFs

while reducing modal dispersion compared to MMF s, making them suitable
for intermediate distance transmissions [ 15].

The SDM variant closest to the parallel SMF solution is the MCF, which hosts
multiple cores in a single cladding [ 16]. For a design with suf�cient spacing
between the cores, the cores act as independent waveguides, increasing the
overall capacity of the �ber. MCFs minimize cross-talk among cores through
careful design and spacing, enabling high-density data transmission over
long distances with minimal interference.

An example of this independent waveguide design is the uncoupled multi-
core �ber ( UMCF), where each core operates almost independently due to
large core spacing and optimized refractive index pro�les. These �bers main-
tain low cross-talk even in long-distance transmission, making them ideal for
scenarios requiring high capacity without signal degradation between adja-
cent channels.

On the other hand, instead of minimizing the cross-talk between cores
by increasing the core pitch, a coupled waveguide structure is obtained
by reducing the core pitch, such that maximum coupling between cores is
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Figure 2.2: Cross section of a single-mode �ber, a multi-mode �ber, a few-mode
�ber, a coupled-core �ber and an uncoupled multi-core �ber. All �bers
have the same cladding diameter of 125�m , with indicative core diam-
eters provided, except for the multi-core �bers, where the core pitch is
reported.

achieved. Light in the coupled cores propagates in so-called super modes,
which are mode �eld distributions that span over multiple cores [ 17]. As
the propagation of super modes is comparable to modes in MMF s, the CCF

behaves as anMMF . In this strongly-coupled regime, the super modes mix
continuously during propagation, resulting in a low differential mode group
delay. Coupled-core �bers ( CCFs) have demonstrated signi�cantly shorter
impulse responses compared to graded-index MMF s [18, 19]. CCFs are par-
ticularly interesting for application in optical transmission because of their
higher tolerance to nonlinearities and slower accumulation of group delay
spread with distance due to strong coupling between the cores [ 20]. CCF

transmission, however, is associated with complex random coupling effects
that impair propagation and can make digital signal processing ( DSP) com-
plicated. For this reason, there is an interest in developing high-precision
characterization techniques that can assist in the extraction of these impair-
ments and creating realistic channel models for CCFs. In order to clarify the
distinctions among these types of �bers, Fig. 2.2 shows the cross-sections of
each �ber, with their respective core diameter values indicated.

2.2 propagation effects in sdm fibers

In this section, we discuss various propagation effects that occur in SDM

�bers, focusing speci�cally on the effects that will be studied and experi-
mentally characterized in this thesis work. These effects are critical to un-
derstanding the performance and limitations of SDM systems. It should be
noted that this discussion does not cover all possible propagation effects but
rather emphasizes those most pertinent to our research.

2.2.1 Attenuation

Attenuation in SDM �bers refers to the loss of signal power as it propagates
through the �ber. This can be caused by absorption, scattering, and other
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Figure 2.3: Spectral dependence of loss mechanisms and total attenuation in a �ber.
Also shown are spectral ranges for the communication windows.

intrinsic �ber material properties. The power evolution of the optical �eld in
the �ber is governed by the Beer-Lambert law:

P(z) = P(0)e- �z , (2.1)

where z is the propagation distance, P(0) is the launched power, and � is
the attenuation coef�cient in linear units. The loss mechanism of SDM �bers
is essentially the same as for SMFs since the materials used to fabricate the
�ber are the same. Therefore, reported losses are in the same range [15, 16,
21]. Fiber loss per unit length is described by the attenuation coef�cient
� , which is wavelength-dependent. Typical values at 1550 nm are around
0.2 dB/km [ 22]. The primary contributors to optical �ber attenuation are
Rayleigh scattering at short wavelengths and material absorption at long
wavelengths. Figure 2.3 summarizes the main contributions to attenuation in
optical �bers as a function of wavelength, highlighting also the transmission
windows.

Rayleigh scattering arises from local microscopic variations in the material
density, resulting in �uctuations of refractive index on a scale smaller than
the wavelength of the signal [ 23]. These defects can originate from composi-
tional �uctuations, structural inhomogeneities, or defects during the manu-
facturing process of the glass. Signal power degradation caused by Rayleigh
scattering is mainly dominant for shorter wavelengths and rapidly dimin-
ishes for longer wavelengths because of its � - 4 scaling. In the infrared re-
gion beyond 1600nm, Rayleigh scattering is replaced by material absorption
as the dominant source of losses.

Material absorption can be divided into losses corresponding to the intrin-
sic absorption of the �ber material itself, and impurities of the silica [ 12]. The
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intrinsic absorption increases at longer wavelengths due to molecular vibra-
tions of silica. In the near-infrared region, attenuation strongly depends on
the concentration of the OH- impurity which causes signi�cant absorption,
with excessive losses around1390nm [24].

Additionally, bending losses can signi�cantly contribute to the attenua-
tion in deployed �bers. Macro-bending losses occur when a �ber is bent at
a tight radius, causing the light to move towards the edge of the core un-
til it is no longer fully guided, resulting in loss. Micro-bending losses are
due to microscopic stresses applied to the �ber, causing deviations from a
perfectly straight path. Proper cable design with soft coatings around the
cladding and �ber designs with a trench, also known as depressed cladding,
can mitigate these stresses and limit micro-bending losses [24].

2.2.2 Modal Dispersion

Modal dispersion ( MD ) arises due to the different propagation velocities of
various modes in an SDM �ber. Different modes have distinct spatial pro�les,
resulting in varying group velocities. When a pulse excites multiple modes,
it will be dispersed during propagation, causing modal dispersion.

The strength of modal dispersion is quanti�ed by the differential group de-
lay (DGD), which is the time delay per unit length between different modes.
In SDM �bers, signi�cant DGD can cause pulses to spread over time, leading
to inter-symbol interference and degraded communication system perfor-
mance.

To illustrate the impact of modal dispersion, consider a pulse inserted into
two spatial channels of an SDM �ber, such as two modes of a FMF or two cores
of a CCF. These channels have different group velocities, resulting in a DGD.
If there is coupling between the channels, parts of the pulse in the faster
channel can couple back to the slower channel and vice versa, broadening
the impulse response. In the weakly-coupled regime, the peaks may still
be distinct as most of the pulse remains in the initial channel. In contrast,
in the strongly-coupled regime, the pulse quickly couples between channels,
experiencing both group velocities, with DGD increasing with the square root
of the distance [20]. Typically, FMFs operate in the weakly-coupled regime,
while CCFs are strongly-coupled.

DGD can be limited optically by using �bers with positive and negative
DGD in a process known as differential mode delay compensation [ 25]. This
technique offsets the DGD introduced by one �ber with an equal and oppo-
site DGD in another �ber. However, mode coupling can degrade the compen-
sation, leading to broadened impulse responses due to modal dispersion.

The modal dispersion effect in a coupled SDM system can be compensated
using MIMO DSP [26]. Minimizing DGD is crucial for reducing system impulse
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response spread, which in turn decreases the memory and computational
complexity required in the DSP.

2.2.3 Mode-Dependent Loss

Mode-dependent loss (MDL ) occurs in SDM �bers when different modes or
cores experience varying levels of attenuation. These variations can result
from imperfections in �ber fabrication or from coupling losses at connectors
and splices. MDL can affect the signal-to-noise ratio (SNR) and overall system
performance, making it an important parameter to consider in the design
and deployment of SDM systems.

In a perfect SDM system without MDL , the transfer matrix should be
unitary. However, in real systems, MDL leads to non-unitary transfer
matrices[27]. The degree of non-unitarity can be assessed using eigenvalue
analysis or singular value decomposition ( SVD). In particular, MDL is de�ned
as the ratio between the maximum and minimum squared singular values
� i of the transfer matrix:

MDL (dB) = 10log10

�
� 2

max

� 2
min

�
(2.2)

In an ideal system with 0 dB MDL , all eigenvalues have unitary modulus,
making the transfer matrix unitary. In such a case, the system capacity is
limited only by additive white Gaussian noise, in line with the Shannon
limit. However, as MDL increases, the transfer matrix becomes increasingly
non-unitary, reducing system capacity and complicating the convergence of
MIMO equalization algorithms.

In extreme cases, if modes do not mix and all components causing MDL

are aligned, MDL can cause one or more modes to "die out," leading to a
loss of information and a reduction in system capacity. Conversely, mode
mixing generally enhances system robustness againstMDL . Simulations have
shown that mode coupling can mitigate the effects of MDL [28], and with
suf�cient randomness in mode mixing, systems can tolerate MDL values up
to 10 dB while still achieving the maximum mode-division multiplexing
capacity practically [ 29, 30].

2.3 model for modal dispersion characterization

MD and MDL are two of the most signi�cant propagation effects in SDM trans-
mission systems. Numerous models have been developed to assess their im-
pact on system performance. MD models typically focus on waveform distor-
tion due to accumulated delay spread. [ 31]. The characteristics of MD vary
signi�cantly in the two regimes of partial [ 32, 33] and strong [ 34, 35] cou-
pling between modes. In this work, we consider the transmission regime
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where all propagating modes undergo random coupling, as is the case in
CCFs [34, 36].

2.3.1 Random Coupling Model

The light propagation in a �ber that supports 2N modes, considering po-
larization degeneracy, is described by the �eld vector ~E(z, ! ), which is con-
structed by stacking the complex spectra of the 2N individual modes. The
linear propagation of light through the �ber can be described by the equa-
tion

~E(z, ! ) = F(z, ! )~E(0, ! ). (2.3)

When considering the propagation in the frequency domain, F(z, ! ) can be
conveniently represented by a 2N � 2N frequency-dependent matrix, unitary
at each frequency in the absence ofMDL . The frequency evolution of F(z, ! )
is given by [ 37]:

@F(! )
@!

= iQ(! )F(! ). (2.4)

The matrix Q, also known as the modal dispersion matrix, has eigenvectors
representing the principal modes of propagation ( PMP)s, while the eigenval-
ues are the relative delays of propagation of the PMPs [38]. In the presence
of MDL , the eigenvalues are complex-valued. Speci�cally, the real part of the
eigenvalues corresponds to the modal group delay ( GD), while the imaginary
part quanti�es the corresponding loss.

The spatial evolution of F(z) can be expressed as

@F(z)
@z

= iK(z)F(z), (2.5)

where K(z) is a frequency-dependent Hermitian matrix representing the cou-
pling among the propagating modes.

2.3.2 The Generalized Stokes Space

MD in a multi-mode �ber can be considered a generalized form of PMD in
SMFs [39]. Extending the formalism developed for PMD , MD is characterized
in a high-dimensional Stokes space [40]. A 2N � 2N Hermitian matrix H
describing the system can be expressed using the identity matrix and trace-
orthogonal matrices � j that form a basis for the space of Hermitian matri-
ces [40]:

H =
1

2N

0

@� 0 I +
4N 2 - 1X

j = 1

� j � j

1

A =
1

2N

�
� 0 I + ~� � ~�

�
, (2.6)
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where � j are the components of the generalized Stokes vector~� and ~�
are the generalized Pauli matrices computed as in [40]. The components of
~� can be extracted by using the trace-orthogonality of the � j matrices,

� j = tracef� j Hg and � 0 = tracefHg. (2.7)

The term proportional to � 0 represents a mode independent quantity,
whereas all mode-related phenomena are captured by the traceless content
of H, given by the term ~� � ~� . The generalized Stokes space is4N2 - 1 di-
mensional, extending the concept of Stokes parameters used in polarization
studies to the multi-mode case.

Referring to the MD matrix Q, it can be expressed as

Q(! ) =
~� (! ) � ~�

2N
, (2.8)

where ~� is the complex-valued MD vector with D = 4N2 - 1 components [37].
Speci�cally, the �rst 3N components of ~� correspond to the delays among the
polarization components of each spatial mode, while the last N - 1 compo-
nents of ~� are related to the delays between the spatial modes [40]. This
information is crucial to compensate potential skews introduced by high
birefringence elements present in the SDM link or small SMF patchcords mis-
alignment in the spatial multiplexer [M 1].

Extending the Pauli-matrix formalism to model the multi-mode propaga-
tion yields [ 40]

K(z) =
� 0 I + ~� � ~�

2N
, (2.9)

with the dependence of � 0 and ~� on z and ! suppressed for simplicity. No-
tably, � 0 introduces a phase delay common to all the propagation modes,
which is immaterial to our MD study and, therefore, can be set to zero. The
vector ~� is a generalization of the birefringence vector, as it describes the
local coupling among the various modes. Similar to the components of ~� ,
the �rst N triplets of the components of ~� correspond to the birefringence
vectors of the N individual propagation modes, while the remaining compo-
nents represent coupling among the spatial modes. In Ref. [37], the statisti-
cal properties of MD have been studied describing the mode coupling vector
~� (z) as white Gaussian noise. In principle, the applicability of the white
noise model holds when the correlation length of the mode coupling vector
is signi�cantly smaller than the overall system length, which is the case an-
alyzed in this work. Using this assumption implies that the distribution of
F is independent of ! and that the statistics of the two-frequency product
Fy(z, ! 1)F(z, ! 2) depends only on the frequency difference ! 2 - ! 1 . These
properties serve to demonstrate the wide-sense stationarity of the matrix F
with respect to frequency, a well-established concept in the context of PMD

studies in SMF systems [41].
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2.3.3 The Complex MD Vector

In the generalized Stokes space, the complexMD vector ~� describes the cou-
pling and delay characteristics of the modes. This vector is critical for under-
standing how MD impacts the system, as it encapsulates both the coupling
between modes and the delay introduced by modal dispersion. It is obtained
from the modal dispersion matrix Q(! ) using trace-orthogonal matrices � n :

� n (! ) = Tracef� n Q(! )g. (2.10)

Here, � n are the generalized Pauli matrices, which form a basis for the
space of Hermitian matrices. The components � n (! ) represent projections
of the modal dispersion matrix onto this basis, effectively decomposing the
modal dispersion effects into a high-dimensional space.

The complex MD vector extends the concept of complex PMD vector to
multi-mode systems, accounting for both MD and MDL [39]. In the absence
of MDL , the imaginary part of ~� , which represents the loss, vanishes, making
~� a real-valued vector.

Another interesting property of ~� is that its square modulus is propor-
tional to the sum of the squared GDs of the modes:

j~� j2 = 2N
2NX

i = 1

t 2
i , (2.11)

where t i are the GDs of the PMPs. This relationship illustrates how ~� captures
the temporal spread of the signal due to MD .

2.3.4 Statistics of MD Vector

The evolution of the MD vector ~� along the �ber length z can be described
by a stochastic differential equation [ 40], re�ecting the random nature of
mode coupling in realistic �ber environments. This stochastic process can
be modeled as a Wiener process in the generalized Stokes space, leading
to a Gaussian distribution for ~� with its modulus following a chi distribu-
tion [ 37]. The chi distribution's degrees of freedom depend on the number
of modes and the coupling regime. In strong coupling scenarios, the MD vec-
tor's distribution becomes isotropic in the high-dimensional Stokes space,
providing a robust statistical framework for characterizing MD in practical
SDM systems [37].

The mean-square value of~� is proportional to the �ber length z, and its dis-
tribution is chi-distributed with 4N2 - 1 degrees of freedom in the regime of
strong coupling. Speci�cally, the correlation functions of ~� can be expressed
as [37]:
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r~� ,~� (�! ) = h~� (! ) � ~� (! + �! )i =
D

�! 2

�
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�
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r~� ,~� � (�! ) = h~� (! ) � ~� � (! + �! )i =
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where the coef�cients � 2 and � 2 can be obtained by evaluating the correla-
tions at �! = 0 as follows:

h~� � ~� i = � 2 , h~� � ~� � i =
D� 2

� 2

�
e

� 2
D - 1

�
. (2.14)

These properties will be extensively studied and experimentally veri�ed in
Chapter 4.



3
O P T I C A L V E C T O R N E T W O R K A N A LY Z E R

Understanding and optimizing the performance of optical �ber transmis-
sion systems requires detailed characterization of components, subsystems,
and complete transmission systems. While single-mode components bene�t
from readily available characterization tools, SDM components require more
advanced methods due to their complexity [ 42].

The amplitude and phase response of any optical component or system
is represented by a complex transfer function. For single-mode devices, this
is described by a 2 � 2 transfer function matrix, accounting for polarization
diversity. However, for SDM components, this matrix expands to 2N � 2N,
where N is the number of single-mode inputs and outputs, re�ecting the
increased complexity due to multiple spatial channels and polarization di-
versity.

OVNA , based on SWI, provides a method to obtain this transfer function
matrix [ 43, 44, 45]. This technique uses an interferometric setup where the
resulting fringe patterns are analyzed using DSP to extract the transfer func-
tion matrix. However, handling the larger matrices required for multi-port
SDM components necessitates a spatially-diverseOVNA [46].

This chapter introduces the fundamentals of OVNA and its application to
SDM systems. Section3.1 covers the basics of swept wavelength interferom-
etry. Section 3.2 describes the setup of a spatially diverse OVNA . Section 3.3
discusses the digital signal processing techniques essential for OVNA , and
Section 3.4 addresses its calibration procedure.

3.1 basics of swept wavelength interferometry

SWI is a fundamental technique used in OVNA to characterize the amplitude
and phase response of optical components and systems. By sweeping the
wavelength of a laser source and analyzing the resulting interference pat-
terns, SWI provides detailed information about the optical properties of the
device-under-test (DUT).

The basic principle of SWI relies on interferometry, where two or more
light waves superimpose to create an interference pattern. In SWI, a swept
wavelength laser source continuously changes its wavelength over a speci-
�ed range. The interference pattern generated by the interaction of the ref-
erence and measurement arms provides information about the optical path
length differences, which can be used to derive the transfer function of the
DUT .

17
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STL
~E0 PD ADC

�

i pd

Figure 3.1: Swept wavelength interferometer made of an STL, a PD and an ADC .

The simplest SWI system is shown in Fig. 3.1 and consists of a swept tun-
able laser (STL), an interferometric structure with �xed path lengths, and the
photodetectors (PDs) to detect the optical signal.

During an SWI measurement, the STL changes its wavelength over time,
and the interference pattern is recorded by the detectors. The coherent op-
tical source must be capable of producing a linear time-frequency sweep,
resulting in an optical �eld given by:

~E0(t ) = E0e- j! ( t ) t ~� 0 , (3.1)

where E0 is the complex amplitude, ~� 0 is the polarization vector at the out-
put of the source, and ! (t ) = 2� (� 0 + 
t ) is the angular frequency produced
by a linear time-frequency sweep with tuning rate 
 , starting at � 0 .

The source signal is split and sent over two paths of different lengths, in-
troducing a phase difference between the �elds arriving at the photodetector.
The incident �eld on the detector produces a current, assuming square-law
detection:

i pd (t ) = �E 2
0 [1+ cos(2�
�t + � )] , (3.2)

where � is the sensitivity of the photodetector, E0 is the complex �eld ampli-
tude of the incident �eld, � is the delay introduced by the �ber in the mea-
surement arm, assuming for simplicity that the other arm has zero length,
and � is a constant phase factor. The spectrum ofi pd contains one single fre-
quency component at 
� and this will be used later to separate and identify
the components of transfer functions of SDM devices.

3.1.1 Clock interferometer

In practice, obtaining a linear frequency sweep is very dif�cult; therefore,
the tuning rate has a time-varying behaviour and the angular frequency is
given by:

! (t ) = 2� (� 0 + � (t )) , (3.3)

where � (t ) represents the instantaneous optical frequency. The photocurrent
as a function of � (t ) is given by:

i pd (� (t )) = �E 2
0 [1+ cos(2�� (t )� + � - 2�� 0 � )] , (3.4)



3.1 basics of swept wavelength interferometry 19
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Figure 3.2: Swept wavelength interferometer including auxiliary clock interferome-
ter for sweep linearization.

where the last term describes a phase shift constant in time and can be omit-
ted. The fringe pattern of Eq. ( 3.4) is no longer periodic in time, but only
in optical frequency. This means that, although the signal i pd (� (t )) is pe-
riodic with respect to the optical frequency � (t ), the non-linear nature of
the frequency sweep causes the time-domain samples to be non-uniform in
frequency. Therefore, the detected signal needs to be resampled with �xed
optical frequency intervals before fast Fourier transform ( FFT) can be ap-
plied [ 47].

For this linearization process, an additional interferometric structure,
known as a clock interferometer, is added to the system as shown in Fig. 3.2.
This auxiliary interferometer generates a reference signal that helps map the
non-uniformly spaced time-domain samples to uniformly spaced frequency-
domain samples. By doing so, the signal can be accurately resampled at
�xed optical frequency intervals, allowing for proper FFT application. In par-
ticular, the sampling rate is given by 1=� c , where � c is the differential group
delay of the clock interferometer.

3.1.2 Polarization Diversity

Measuring the amplitude and phase response of single-mode components
can be achieved with the setup shown in Fig. 3.2 when a DUT is placed in
the measurement arm of the interferometer. The DUT modi�es the ampli-
tude and phase of the optical �eld according to its transfer function. This
transfer function can be extracted from the interference fringe pattern using
the DSP described in Section 3.3. However, a single-element transfer matrix
only describes one polarization state. To account for polarization effects, a
2 � 2 transfer function matrix H(! ) is needed to fully characterize a single-
mode component. Polarization diversity is essential because single-mode op-
tical components and systems often exhibit polarization-dependent behavior.
Without accounting for polarization, the measurements would be incomplete
and potentially misleading.
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In the setup shown in Fig. 3.3, an interferometric structure is added in
front of the DUT to introduce a differential group delay � p for one of the po-
larization states. This setup ensures that both orthogonal polarization com-
ponents are separately analyzed, allowing a comprehensive characterization
of the DUT behavior.

The optical �eld at the output of the polarization beam combiner ( PBC) is
given by:

~Ein =

r
� 1

2
E0e- j! ( t ) t

" 
1

0

!

+ ej! ( t ) � p

 
0

1

!#

, (3.5)

where we assume that the two input polarization states are orthogonal and
the factor

p
� 1=2 arises from the beam splitting between the measurement

and reference arms, since an asymmetrical splitter is used to boost the signal
power in the measurement arm. Eq. 3.5 simpli�es to:

~Ein =

r
� 1

2
E0e- j! ( t ) t

 
1

ej! ( t ) � p

!

. (3.6)

However, the polarization axes of the DUT are likely not aligned with these
basis vectors. To account for this misalignment, additional rotation matrices,

 in and 
 out , are needed to align the polarization states with the DUT .

The optical �eld at the input of the polarization beam splitter ( PBS) is then
given by:

~Eout =

r
� 1

2
E0 
 outH(! )
 in

 
e- j! ( t ) t

e- j! ( t )( t - � p )

!

. (3.7)

On the other arm of the interferometer, the reference signal is experiencing
polarization rotation described by the 2 � 2 unitary matrix 
 ref , a delay � r ,
and power loss from the coupler with the reference clock interferometer
described by � 2 , therefore its expression is given by:

~Eref =

p
� 2(1 - � 1)

2
E0e- j! ( t )( t - � r ) 
 ref ~� 0 , (3.8)

where ~� 0 is the polarization state of the source.
To recover information on both polarization states, the signal exiting the

DUT is split into orthogonal polarization vectors ~x and ~y, which produce
�elds combined with the reference signal ~Eref . The incident �elds on the
photodetectors are:

~Ex =
1

p
2

~Eout ,x +
1
2

~Eref 
 ref ,x , (3.9)

~Ey =
1

p
2

~Eout ,y +
1
2

~Eref 
 ref ,y , (3.10)



3.2 spatially diverse ovna 21

STL
~E0 DUT

H(! )

~Ein ~Eout ~x

~y1 - � 1

� 1

� 2

1 - � 2

~Eref

~Ex

~Ey

PD

PD

PD

A
D

C

PBS

PBC

� p

� r

� c

i x

i y

i c

Figure 3.3: Swept wavelength interferometer including auxiliary clock interferome-
ter for sweep linearization and polarization diversity setup. The small
red circles arranged in a triangle are polarization controllers.

where ~Eout ,x and ~Eout ,y are the output �elds of the PBS, and 
 ref ,x and

 ref ,y represent the polarization rotation of the reference arm to ~x and ~y.

Assuming square-law detection, the photocurrents �owing into the ADC
are given by:

i x (� ) = � jE0 j2
p

� 1 � 2(1 - � 1)
2

<
h
x1H �

1,1x2H1,2e2j��� p

+ x1H1,1e2j��� r + x2H1,2e2j�� ( � r - � p )
i
,

(3.11)

i y (� ) = � jE0 j2
p

� 1 � 2(1 - � 1)
2

<
h
y1H �

2,1y2H2,2e2j��� p

+ y1H2,1e2j��� r + y2H2,2e2j�� ( � r - � p )
i
,

(3.12)

where xi and y i are the components of the unit vectors ~x and ~y.
In the spectra of these photocurrents, three peaks appear at positions � r ,

j� r - � p j, and � p . The latter corresponds to the frequency introduced by the
polarization multiplexer, which does not carry information about the DUT

and is therefore not of interest. The other two peaks contain one impulse
response matrix element each, which can be extracted using digital �ltering.

The details of this process will be discussed in Section 3.3, after the system
is extended to the spatially-diverse variant.

3.2 spatially diverse ovna

The setup described in the previous section allows for the direct measure-
ment of the polarization-diverse 2 � 2 transfer function matrix of single-
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mode components. With the advent of SDM, the dimensionality of the trans-
fer function matrix increases to 2N � 2N, where N is the number of single-
mode inputs and outputs. The factor of two accounts for the polarization
diversity of each spatial channel.

In SDM �bers, coupled spatial channels, such as modes in FMFs and MMF s,
must be analyzed simultaneously to obtain the complete transfer function
matrix H(! ). This requires the spatial-diversity of the OVNA.

To achieve this, additional delays are introduced into the setup [ 48]. As
shown in Fig. 3.4, a 1 � N splitter and N delay �bers � in are positioned
between the polarization multiplexer and the DUT . At the output of each
�ber, the optical �eld is a delayed copy of the �eld at the output of the
PBC (Eq. 3.6), with an arbitrary polarization rotation. The expression for the
optical �eld at the input of the DUT is given by:

~Ein =

r
� 1

2N

2

6
6
4
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0 � � � 
 in,N

3

7
7
5

| {z }
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4
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, (3.13)

where
q

� 1
2N accounts for the power loss due to the 1 � N power splitter. The

matrix 
 in is a diagonal matrix with 2 � 2 blocks representing the arbitrary
polarization rotation of each channel. The delay matrix D in is de�ned as:

D in =

2

6
6
6
6
6
6
6
4
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(3.14)

and the last term of Eq. 3.13, ~Ein,0 , contains the optical �eld exiting from the
PBC as in Eq. 3.6 but repeated for all the delay lines.

Each DUT output port is guided through another �ber delay � out , which
can be described by similar rotation and delay matrices. Including all �ber
delays, the signal at the input of the PBS is now given by:

~Eout =

r
� 1

2N2 E0

X

N

X

N

Dout 
 outH(! )
 inD in~Ein,0 , (3.15)

where Dout and 
 out are the delay and rotation matrices for the output ports,
respectively, and H(! ) now contains 2N � 2N transfer functions.
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Figure 3.4: Spatially-diverse OVNA for 2N � 2N SDM components employing BPDs

The reference arm remains unchanged in this setup, and the signal is still
described by Eq. 3.8. The equations for the incident �elds on the photode-
tectors, given by Eq. 3.9 and Eq. 3.10, still apply, although the expression for
~Eout has been updated to Eq.3.15.

In Figure 3.4, the detection using simple PDs is impractical due to numer-
ous spectral components in the photo-currents that are not useful for optical
vector network analysis. These unwanted components arise from the inter-
ferometric structures created by the input and output delays, similar to the
third spectral component observed in the polarization-diverse system.

These undesired spectral components are not the result of the beating
product with the reference signal and do not carry relevant information
about the DUT . Therefore, they add noise and complicate the analysis.

Using BPDs addresses this issue. In aBPD setup, optical signals are split
and sent to two PDs, generating photo-currents that include both desired sig-
nal components and unwanted spectral components. The unwanted compo-
nents appear equally in both photo-currents because they are generated by
the same delay-induced interferometric effects. When these photo-currents
are combined in the differential ampli�er of the BPD, the unwanted compo-
nents cancel out. This results in a differential photo-current free of unwanted
components:

i x = � jE0 j2
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p
� 2

p
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(3.16)
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i y = � jE0 j2
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(3.17)

3.3 digital signal processing for ovna

Extracting the desired transfer function ( TF) and impulse response matrices
from the photocurrents involves several DSPsteps. These steps include sweep
linearization using the fringe pattern of the reference clock interferometer,
FFT computation, and windowing to extract the transfer matrix elements.
Subsequently, linear device parameters such as insertion loss (IL), mode-
dependent loss (MDL ), differential mode delay ( DMD ), and chromatic disper-
sion (CD) are calculated. TheseDSP steps are illustrated in the �owchart in
Fig. 3.5, providing a comprehensive overview of the process used to extract
the linear device parameters from the measured data. The detailed explana-
tion of these processes is provided in the following subsections.

3.3.1 Sweep Linearization

The sweep linearization process is crucial for obtaining accurate measure-
ments with the OVNA , as the non-linear nature of the frequency sweep causes
the time-domain samples to be non-uniform in frequency. This process en-
sures that the frequency sweep of the laser source is linearized, allowing for
correct FFT computation.

For this linearization process, the clock interferometer is employed.
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Figure 3.5: Flowchart of the digital signal processing steps for OVNA.
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Initially, the interference signal from the clock interferometer, which pro-
vides a known periodic pattern, is recorded. The DC offset is removed from
the clock signal to eliminate any DC component that could distort the anal-
ysis. This is typically performed using linear detrending to ensure that the
signal has a zero mean.

The clock signal is then �ltered to isolate the relevant frequency compo-
nents. A bandpass �lter is applied to the clock signal to remove unwanted
frequencies and focus on the signi�cant frequency range for the analysis.

At this point, new sampling times are calculated to map the non-uniformly
spaced time-domain samples to a uniformly spaced frequency domain. This
step uses the zero-crossing points of the clock signal to create a linear fre-
quency axis. Speci�cally, the Hilbert transform is applied to the clock signal
to obtain the analytic signal and calculate its phase [ 49], which has a much
more linear behavior than the signal itself, especially at high frequencies.
Whenever the phase crosses zero, the original signal crosses zero with posi-
tive slope [47].

These points are then re�ned using linear interpolation to determine the
new sampling times accurately.

Finally, the original signal is resampled using these newly calculated sam-
pling times. This involves linearly interpolating the original signal to match
the new sampling points, ensuring that each sample corresponds to a uni-
form frequency step. Before interpolation, the signal is upsampled to in-
crease the resolution and improve the accuracy of the resampling process.

Figure 3.6: Spectrum of the clock interferometer signal: the blue curve represents
the signal directly after digitization, the red curve shows the signal after
band-pass �ltering, and the yellow curve is the signal after re-timing.



26 optical vector network analyzer

Figure 3.6 shows the spectra of the fringe pattern generated by the clock
interferometer using a Santec TLS-570 tunable laser. In this case, the laser is
swept from 1530nm to 1570nm at a rate of 200nm/s and is guided through
a clock interferometer with differential group delay � c � 90.1 ns. The blue
curve in Fig. 3.6 represents the spectrum of the acquired waveform. A digital
bandpass �lter is applied to remove any unwanted frequencies, as shown by
the red curve. After �ltering, the signal is resampled, and the re-timed clock
signal is represented by the yellow curve.

The calculated set of sampling points is used to re-time the two measure-
ment signals i x and i y . The resampled signals are spaced at intervals of
�� = NZ =NS� c , where NZ is the number of detected zero crossings, and NS

is the number of sample points after digital upsampling.

3.3.2 FFT and Windowing

After resampling, an FFT is performed on the resampled data. However, be-
fore computing the FFT, any time offset between the two data channels, orig-
inating from unmatched path lengths, must be compensated. This offset is
calculated using cross-correlation to �nd the skew in samples that maxi-
mizes their alignment. A circular shift is then applied to the second channel
to correct the skew, effectively aligning the two measurement channels, as
shown in Fig. 3.7.

Once the signals are aligned, an FFT is applied to the re-timed measure-
ment signals. The obtained spectra contain the impulse response elements

Figure 3.7: (a) Alignment of the two signals i x and i y and (b) computed correlation.
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of the DUT , due to a frequency-to-time mapping process. The time axis is
computed using a calibration factor. This factor is approximately equal to
the length of the interferometer divided by the number of zero crossings
identi�ed during the linearization process. For the case under study, the
interferometer length was 27 m, and the calibration factor was found to be
0.061 mm. Using this calibration factor, the distance axis is calculated, which
directly provides the corresponding time axis. From the calibrated time axis,
the associated frequency axis is determined as follows. The time step, �� , is
the difference between consecutive values of the calibrated time axis.

The frequency resolution, �� , is obtained as the reciprocal of the product
of �� and the length of the re-timed signal. Eventually, the corresponding
frequency axis is constructed by multiplying �� by the sample indices.

In this con�guration, each of the impulse response matrix elements appear
at known delay values � p , � in,l , and � out,k in the spectra of i x and i y . To
extract each of these elements and construct the impulse response matrix,
a process referred to as "TF extraction" (as illustrated in the �owchart of
Figure 3.5), digital windows are applied to the signals.

For a single-port measurement, the impulse response matrix is 2 � 2. The
spectrum of i x has a �rst peak corresponding to the element h1,1(t ) and is
found at the differential group delay between the reference and measure-
ment path. The second peak, h1,2(t ), is found at a delay � p with respect to
the �rst peak. Similarly, the spectrum of i y contains the elementsh2,1(t ) and
h2,2(t ), also separated by� p .

For multi-port measurements, the impulse response matrix is 2N � 2N,
where N corresponds to the number of DUT input (and output) ports and
the factor 2 accounts for dual-polarization. The input ports are separated by
relative delays � in,l and the output ports by � out,k . Since the output delays
are much longer (10 times) than input delays, this results in N groups found
at � out,k in the spectra of each receiver. Within each group, there are 2N ele-
ments, with each two consecutive elements separated by � p corresponding
to the polarization multiplexing at the transmitter.

Figure 3.8 shows the spectral response for the characterization of a6-mode
photonic lantern spliced to approximately 35 m of FMF with only the �rst 4
ports connected. Figures 3.8(a) and 3.8(b) show the spectra from both mea-
surement channels. Each spectrum contains 4 groups, and each group is
composed of 8 impulse responses, resulting in a total of 64 elements in the
8 � 8 transfer function matrix.

The groups are separated by the delays of the output ports ( � out = 51.91ns,
102.51 ns and 151.01 ns).

Figure 3.8(c) provides a zoomed-in view of the �rst group in the spectrum
of i x , which corresponds to the transmission of all 8 excited spatial modes
to a single polarization state of the �rst output port. The �rst element, h1,1 ,
is located at the differential group delay between the reference and measure-
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Figure 3.8: (a) Spectrum of re-timed signal i x for the �rst 4 ports of a 6-port mode-
selective photonic lantern spliced to 35 meters of FMF. (b) Spectrum of
re-timed signal i y . (c) Zoomed-in view of the highlighted section from
the �rst receiver, showing 8 impulse response elements. (d) Zoomed-in
view of the highlighted section from the second receiver.

ment arms, � r = 106.8 ns, representing the transmission of the non-delayed
input polarization to the x receiver for the fundamental mode LP01 . The de-
layed polarization, encoded in the element h1,2 , appears after � p = 2.07 ns.

Following this, 3 additional pairs of consecutive responses can be ob-
served, each delayed by� in = 5.09 ns,10.18 ns and 14.94 ns, representing the
transmission of the other dual-polarization inputs to the �rst output port.

In Figure 3.8(d), the corresponding elements of the �rst group in the spec-
trum of i y are shown. These8 peaks correspond to the transmission through
the 4 input ports and are received at the �rst output port but measured in
the second measurement channel.

The odd rows of the transfer matrix are found in the spectrum from the
�rst detector, while the even rows are in the second spectrum. Once each
element is identi�ed according to its position in the transfer matrix, windows
are applied at the speci�ed delay values.

To isolate each of the impulse response matrix elements, a 2 ns Tukey
window with a �at top and sharp cosine edges is applied to each of the
elements. This window shape is chosen because it effectively reduces edge
effects, such as ringing, which can occur with simpler window shapes. Ad-
ditionally, it is important to note that selecting a portion of data in the time
domain reduces the optical frequency spacing from �� to 1=� w , where � w is
the window duration. Finally, the complex transfer function matrix is com-
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puted via an inverse fast Fourier transform ( IFFT) on all the impulse response
elements.

Through this process, each element of the impulse response matrix is ac-
curately extracted, allowing for precise construction of the transfer matrix.

It is important to note that the extracted transfer function matrix is not the
true transfer matrix of the DUT , as it includes arbitrary polarization rotations.
However, these rotations do not in�uence the amplitude or phase response
of the DUT , and therefore, they do not affect the linear device parameters
that will be calculated in the next section.

3.3.3 Calculation of Linear Device Parameters

After extracting the transfer function matrix, it is possible to derive several
linear device parameters that provide important insights into the perfor-
mance and behavior of the DUT .

In particular, to compute the IL and MDL we proceed with the SVD of the
transfer function matrix H(! ) [50]. The SVD factorizes the matrix as follows:

H(! ) = U(! )� (! )V � (! ), (3.18)

where U(! ) and V � (! ) are unitary matrices that represent the modal
coupling or mixing at the input and output of the DUT , respectively. The
diagonal matrix � (! ) contains the singular values � i (! ), which correspond
to the propagation of different modes through the device.

IL is determined by averaging the squared singular values:

IL =
1

2N

2NX

i = 1

� 2
i (! ), (3.19)

where N is the number of modes.
MDL , on the other hand, is de�ned as the ratio between the largest and

smallest squared singular values:

MDL =
max � 2

i (! )
min � 2

i (! )
. (3.20)

Another parameter of signi�cant interest, especially for SDM components,
is the DMD . This parameter quanti�es the propagation speed differences be-
tween spatial channels. DMD is derived through PMP analysis of the transfer
function matrix H(! ). PMP extend the concept of principal states of polariza-
tion, providing a means to analyze multi-mode components.



30 optical vector network analyzer

The GDs associated with these principal modes describe the PMD for single-
mode components or the DMD for multi-mode components. The modal dis-
persion matrix Q(! ) is obtained by differentiating the transfer function ma-
trix with respect to frequency, following from Eq. 2.4 we have:

Q(! ) = j
dH(! )

d!
H(! )- 1 . (3.21)

The eigenvalues of Q(! ) represent the GDs of the principal modes [ 51].
CD is another key parameter that describes the spreading of the optical

signal due to different wavelengths traveling at different speeds. CD can be
de�ned as the derivative of group delay with respect to frequency or wave-
length. Since wavelength-based de�nitions are more common, CD for the
principal modes is obtained by taking the derivative of the group delays
with respect to wavelength.

3.4 ovna calibration

Before each measurement campaign, it is fundamental to calibrate the OVNA

to ensure accurate and reliable results. The calibration process involves three
essential steps.

The �rst step is the calibration of the delay lines used for SDM DUT char-
acterization. Accurate calibration of these lines is crucial for extracting the
impulse responses and constructing the transfer matrix of the DUT .

The second step involves calibrating the polarization multiplexing at the
transmitter. This step ensures that the polarization states are equally split at
the entrance of the PBC.

Lastly, the receiver must be calibrated to correct any discrepancies in sig-
nal detection, ensuring that the measured MDL is attributed solely to the DUT

and not in�uenced by the OVNA setup.
The following subsections detail the procedures and methodologies used

to perform each of these calibration steps.

3.4.1 Delay Lines Calibration

For multi-port measurements, two splitter boxes with delay lines are used,
as illustrated in Fig. 3.4. To accurately extract all the elements of the transfer
matrix, it is crucial to determine the skews � in and � out associated with the
delay lines in the input and output splitter boxes. Although this calibration
could theoretically be performed just once—provided the delay lines remain
unchanged—environmental factors, such as temperature variations in the
lab, can affect the measured skews, potentially introducing errors during
the windowing of the measured spectra.
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Figure 3.9: Setup for the input skew calibration. By replacing the input splitter box
with the output splitter and output delay lines, the same setup can be
used for output skew calibration.

To determine these skews, each input port of the splitter box should be
sequentially connected directly to the OVNA receiver, as shown in Fig. 3.9.
For each measurement, the resulting spectrum will display two peaks, cor-
responding to the polarization multiplexing at the OVNA transmitter. The
positions of these peaks are recorded for all measurements, and all skews
are then calculated relative to the �rst port.

Speci�cally, the skew for each subsequent port is determined by measur-
ing the shift of the �rst peak in the spectrum relative to the �rst peak of the
�rst port. The presence of two peaks in each measurement also allows for
the calculation of the delay between the two input polarizations, denoted as
� p in Fig. 3.9. While � p is ideally consistent across all measurements, to ac-
count for potential measurement errors, it is calculated as the average value
across all input ports.

This procedure is then repeated for the output splitter ports by connect-
ing the transmitter to the input of the splitter and each output port to the
receiver. The setup remains the same as in Fig.3.9, but with the output
splitter box replacing the input one. This process yields N input skews and
N output skews, which are stored for use in the extraction of the transfer
matrix elements.

3.4.2 Input Polarization Calibration

The OVNA setup includes multiple optical components that can contribute to
polarization-dependent loss. To accurately measure the true MDL of the DUT ,
it is essential to calibrate the system in a single-port con�guration before
each set of measurements. In this calibration setup, the power splitters and
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Figure 3.10: View of input polarization multiplexing.

the DUT are removed, and the transmitter and receiver are connected directly
back-to-back.

The polarization multiplexer on the input side introduces a delay between
the two polarizations, denoted by � p . A schematic of the OVNA transmitter
is shown in Fig. 3.10. The objective is to equalize the power in the two arms
entering the PBC, thereby preventing polarization-dependent losses.

To achieve this, the polarization controllers, represented as three small
red circles arranged in a triangular con�guration in Fig. 3.10, are adjusted to
minimize the power at the central wavelength of the laser sweep that will be
applied during measurements. This power is measured at the output of the
PBC using a power meter. When the minimum power is achieved, it indicates
that the two arms of the interferometer have orthogonal polarizations.

Next, the polarization of the non-delayed arm of the interferometer is �ne-
tuned to maximize the power at the output of the PBC, effectively aligning the
polarization of this arm with the PBC axis. Finally, the polarization controller
in the delayed arm is adjusted to achieve a 3 dB increase in power at the
output of the PBC. This ensures that the two polarizations, now orthogonal,
have equal power.

3.4.3 Receiver Calibration

The output side of the OVNA comprises a polarization-diverse coherent re-
ceiver, and the reference arm must be split equally before beating with the
two polarizations of the signal. To achieve this, the OVNA is kept in a back-
to-back con�guration, and the power is monitored using the digitizer. The
reference signal is then aligned with the DUT signal by maximizing the beat-
ing between them.

Additionally, there are non-idealities, such as the imbalance in the 50=50
coupler in the reference arm, which can impact the measured MDL . To
eliminate the impact of these non-idealities on the MDL , we model the re-
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ceiver side of the OVNA , maintaining the back-to-back con�guration. Refer
to Fig. 3.11 for assistance with the notation.

The signal entering the PBS is split into two components:

~sx =

"
sx

0

#

and ~sy =

"
0

sy

#

(3.22)

Similarly, the corresponding reference arms are denoted by ~rx and ~ry .
This can be represented in matrix form as:

~sout (t ) =

"
r �

x sx

r �
y sy

#

=

"
r �

x 0

0 r�
y

# "
sx

sy

#

= R

"
sx

sy

#

. (3.23)

Ideally, the matrix R, which models the receiver part of the system, should
be an identity matrix, but due to the non-ideal coupler, it will not be the
case. Moreover, since the polarization of the input signal is uncontrolled, the
signal entering the PBS, denoted as s, can be expressed as:

~s = A0e- j!t F

"
1

ej!� p

#

. (3.24)

Here, F is a unitary matrix describing the transmission through the short
section of SMF connecting the output of the PBC with the input of the PBS.
Since the �ber is short, it introduces no polarization-dependent loss, so F
remains unitary.

Thus, the expression for ~E(t ) becomes:

~sout (t ) = A0e- j!t RT

"
1

ej!� p

#

. (3.25)

The matrix H = RT is the transfer matrix that we obtain from an OVNA

measurement. At this point, we can apply the polar decomposition theorem
to the matrix H, yielding:

H = UDV � ! R = UDU � and T = UV � . (3.26)

~s ~sx

~sy

~r

~rx

~ry

BPD

BPD
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PBS i x

i y

Figure 3.11: Scheme for OVNA receiver calibration.
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The matrix R remains constant as long as the receiver is not altered, while
the matrix F changes when the DUT is changed. If a new DUT is introduced,
we will have a new transfer matrix H1 = RF1 , and the matrix describing the
new DUT , F1 , can be retrieved by:

F1 = R- 1H1 . (3.27)

This procedure allows us to isolate the effect of the DUT from the in�uence
of the receiver, ensuring that the measured transfer matrix accurately re�ects
the properties of the DUT alone.



4
E X P E R I M E N TA L C H A R A C T E R I Z AT I O N O F F I E L D
D E P L O Y E D M C F

This chapter presents a comprehensive experimental study of modal disper-
sion and related effects in a �eld-deployed MCF. The results and methodolo-
gies discussed here are derived from two of our recent publications [M 1, M2],
which present the �rst extensive analysis of an SDM system in a real-world
environment. Unlike previous studies that relied on controlled laboratory
setups or spooled �bers, this work provides novel insights into the behavior
of SDM systems under operational conditions.

In particular, we present the �rst statistical analysis of experimental data
obtained from a �eld-deployed SDM �ber link, examining the impact of MD .
This chapter is organized into �ve sections. First, we describe the link and the
experimental setup. Secondly, we detail a method for compensating deter-
ministic skews that arise in the system, particularly due to patch cords and
other optical components. Following this, we present a detailed statistical
analysis of MD , validating the random coupling model through experimen-
tal data. Finally, we analyze the GDs of the principal modes and the intensity
impulse response (IIR) of the �ber, comparing the experimental results with
theoretical predictions.

4.1 field -deployed sdm link

The experimental data used in this study are obtained from a �eld-deployed
coupled-core four-core �ber ( C4CF) link, which is part of an advanced testbed
located in an underground tunnel in L'Aquila, Italy [ 52]. The cable, with a
total length of 6.29 km, was installed as part of the INCIPICT project[ 53],
which aims to develop innovative communication infrastructures. The �ber
used in this study is a randomly coupled C4CF, and the testbed includes 12
strands of this �ber type.

For the experiment discussed in this chapter, the link was formed by con-
catenating 11 of these strands, resulting in a total length of approximately
69 km. Despite the presence of 11 spliced segments, the measuredMDL con-
sistently remained below 3 dB across a100 nm bandwidth, as detailed in
Ref. [54]. This low level of MDL is indicative of the high-quality splicing and
uniform mode coupling along the link.

The primary objective of this experiment is to measure the transfer matrix
of the SDM system, which requires coherent measurements across all outputs

35
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Figure 4.1: Spatially-diverse OVNA for swept-wavelength characterization of de-
ployed multi-core �ber.

for a given input. Accurately determining the transfer matrix is crucial for
characterizing the MD and related effects in the C4CF link.

The experimental setup is a spatially-diverse OVNA , which includes the
necessary fan-in/fan-out devices, optical ampli�ers, and coherent receivers,
and it is carefully con�gured to minimize the impact of environmental fac-
tors and ensure accurate measurements.

A more detailed description of the experimental con�guration is provided
in Fig. 4.1, illustrating the key components.

In contrast to the setup described in Fig. 3.4, this experimental con�gu-
ration includes a sound-proof box and a Faraday mirror. The sound-proof
box is used to house the reference �ber, shielding it from external acoustic
vibrations that could introduce noise into the measurement system. This is
particularly important in a �eld-deployed environment where environmen-
tal noise levels can vary signi�cantly. The Faraday mirror, on the other hand,
is employed to compensate for polarization �uctuations that may occur due
to PMD which would otherwise cause strong fading across wavelength. By
re�ecting the signal with a rotated polarization state, the Faraday mirror en-
sures that any polarization-induced distortions are effectively canceled out
when the signal retraces its path through the �ber.

The delay separating the different impulse responses was chosen to be
about 1.5 ns. The laser sweep speed was1500nm/s, relatively fast to mitigate
acoustic noise.

With this setup, we can accurately measure the transfer matrix of the SDM

link. However, these measurements can be in�uenced by deterministic skews
introduced by patch cords, multiplexers, and other components. To ensure
that the measured MD and MDL accurately re�ect the intrinsic properties
of the C4CF and not artifacts of the experimental setup, it is necessary to
compensate for these skews. The next section details the methodology for
skew compensation.
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4.2 skew compensation

In Section 2.3, we discussed the theoretical model for MD and we have intro-
duced the complex MD vector ~� , as described in Eq.2.10.

In the context of our experimental study, skew refers to the differential de-
lays introduced by the system setup, especially by single-mode patch cords
of spatial multiplexers. If these skews are not properly accounted for, they
can introduce signi�cant biases in the MD vector, leading to distorted mea-
surements. This is particularly relevant when analyzing the transfer matrix
of the SDM link, as these delays are often non-negligible.

To address this issue, we apply a skew compensation method that effec-
tively isolates and removes the contributions of these deterministic delays
from the overall transfer matrix.

Understanding the structure of the MD vector ~� (! ) is crucial for imple-
menting this compensation method effectively since its elements either cor-
respond directly to differential group delays among modes or to a linear
combination of these delays. In the strong coupling regime, ~� (! ) exhibits
highly random behavior with respect to frequency, with its components gen-
erally averaging to zero [ 37]. Therefore, any deterministic skew present in
the link introduces a non-zero average value in certain components of the
MD vector. Speci�cally, scalar skews, which arise from elements like single-
mode patch cords, are re�ected in the last N - 1 components of ~� . On the
other hand, polarization skews, typically caused by high-birefringence ele-
ments in the link, manifest in the �rst 3N components of ~� .

Scalar skews can originate from single-mode patch cords used in spatial
multiplexers. These patch cords are too short to induce CD or PMD , and
therefore they are described by the diagonal matrix:

M = diag [exp (- i! t)] , with t = [ t 1 , t 1 , t 2 , t 2 , : : : , t N , t N ] , (4.1)

where t n is the scalar delay induced on the nth spatial mode.
Direct calculations show that the only non-zero elements of the MD vector

~� M , associated with the matrix M , are the last N - 1 components, which are
related to the delays t i through the linear relation (for k = 1, : : : ,N - 1)

� 4N 2 - N + k =

s
4N

k(k + 1)
�

 
N - 1X

n = 1

t n - kt N

!

. (4.2)

Hence, with knowledge of these last N - 1 elements of ~� M , it is possible
to calculate the N delays, except for a common delay. By arbitrarily setting
t 1 = 0 as a reference, theN - 1 skews relative to the �rst spatial mode can
be obtained.

Polarization skews, which are differential delays between the polarization
modes within a single spatial mode, are more easily identi�ed in the MD
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vector. Intra-mode polarization effects are described by the N sub-matrices
of size 2 � 2 on the diagonal of the transfer matrix M . These sub-matrices
correspond to the �rst N blocks, each of dimension 3, in the MD vector. These
3-dimensional blocks are proportional to the PMD vectors associated with the
respective spatial mode. In particular, the PMD of the nth spatial mode, �� n ,
is equal to the modulus of the nth 3-dimensional block, normalized by

p
N.

In a more general scenario, skews result from multiplexers at both the
input and output of the system. In such a case, the measured transfer matrix
T can be expressed as:

T = M outF M in , (4.3)

where M in and M out are block-diagonal matrices that account for scalar and
polarization delays due to the fan-in and fan-out optical networks, respec-
tively, and F is the matrix of the SDM �ber. Assuming no MDL , the MD vector
~� T associated toT is given by [ 40]:

~� T (! ) = ~� out + e! ( ~� out � ) ~� (! ) + e! ( ~� out � ) F(! ) ~� in , (4.4)

where ~� out and ~� in are the MD vectors containing information about the out-
put and input skews, respectively, ~� (! ) is the MD vector of the SDM �ber
only, and F is the generalized Müller matrix associated with F.

The MD vectors ~� in and ~� out describe deterministic scalar and polarization
delays, and are therefore frequency-independent. Differently, the MCF link
operates in a strong mode mixing regime, resulting in a random spectral be-
havior for ~� (! ). Consequently, the frequency average of the second and last
terms in Eq. (4.4) is approximately zero. This holds true even in the presence
of a few dBs of MDL , as ~� (! ) and the matrix F exhibit frequency structures
that are statistically independent of ~� in and ~� out . While ~� (! ) characterizes
the properties of the SDM �ber, ~� in and ~� out describe the fan-in and fan-out
networks, respectively. Thus, with a very good approximation we have

~� out � h ~� T (! )i , (4.5)

where the average is performed across frequency.
Measuring the transfer matrix T allows to also calculate ~� in . Using the

reciprocity theorem [ 55, 56], the transfer matrix B(! ) describing backward
propagation is

B = TT = M T
inFT M T

out . (4.6)

The associatedMD vector ~� B (! ) has the same structure as in (4.4), with the
subscripts "in" and "out" swapped:

~� B (! ) = ~� in + e! ( ~� in � ) ~� (! ) + e! ( ~� in � ) FT (! ) ~� out . (4.7)

By the same arguments given above, we therefore �nd ~� in � h ~� B (! )i .
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Figure 4.2: Real and imaginary part of the D = 63 components of ~� T as a function
of the measurement frequency.

This procedure enables the isolation of the transmission matrix of the SDM

�ber from the measured matrix T. Using the derived ~� in and ~� out , we con-
struct the corresponding matrices M in and M out :

M in = exp
�

- i
~� in � ~�

2N
!

�
, and M out = exp

�
- i

~� out � ~�
2N

!
�

. (4.8)

Once these skew matrices are computed, the transfer matrix of the SDM �ber
itself can be isolated by calculating F = M - 1

out TM - 1
in . This ensures an accurate

characterization of the SDM link.
The �rst step in applying this method to our experimental data is to cal-

culate the MD matrix QT of the complete link, using the transfer matrix T
measured at discrete frequencies ! n . The MD matrix can be approximated
by:

QT � - i
logm

�
T(! n )T- 1(! n - k )

�

! n - ! n - k
, (4.9)

where logm denotes the matrix logarithm, and k determines the frequency
step used to compute the derivative of T. In our calculations, we set k = 4,
corresponding to a frequency step of 2 GHz.

The next step is to derive the generalized MD vector ~� T from QT . This
vector, comprising D = 63 complex-valued components, is fully shown in
Fig. 4.2. Although the average MDL of the link is approximately 2.9 dB, the
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Figure 4.3: (a) Computed average values of the components of ~� in and (b) ~� out . The
y-axis represents the values in picoseconds, while the x-axis indicates
the corresponding component index, with a total of 63 components.

� in [ps] t in [ps]

- 2.85- i 2.6 � 10- 2 1.2

- 3.5 - i 8.6 � 10- 3 2.2

28.0 - i 7.6 � 10- 3 2.7

(a)

� out [ps] t out [ps]

- 37.6+ i 3.9 � 10- 2 - 8.5

- 37.0+ i 2.3 � 10- 3 4.8

26.7+ i 2.4 � 10- 2 9.5

(b)

Table 1: Mean values of the last three components of (a) ~� in and (b) ~� out and corre-
sponding scalar skews reported.

imaginary part of ~� T is considerably smaller—about two orders of magni-
tude less than the real part. Consequently, our analysis focuses on the real
part of the MD vector.

As previously mentioned, the initial 3N components of ~� T correspond
to delays among the polarization components within each spatial mode. In
our study, N = 4, meaning there are 12 initial components representing
these polarization delays. The last N - 1 components, in this case, the last
three components of ~� T , represent delays between the spatial modes. These
last three components exhibit non-zero averages, which, as explained, are
due to scalar delays ~� out described in Eq. (4.4). These delays likely result
from slight mismatches in the length of the delay network on the receiver
side of the experimental setup. Similarly, by considering TT and analyzing
the reciprocal con�guration, we can get the components of ~� in , revealing
possible delays caused by patch cords in the input network.

Figures 4.3(a) and (b) show the D elements of ~� in and ~� out , respectively,
calculated by averaging ~� B (! ) and ~� T (! ). These averages are computed not
only across different frequencies but also over 100 measurements taken at
various times. The standard deviation of these averages, approximately 0.82
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ps, highlights the impressive stability of the deployed �ber link. In both
Figs. 4.3(a) and 4.3(b), the last three components correspond to the scalar
skews according to Eq. (4.2). By inverting this equation and setting the skew
of the �rst core to zero as a reference, we estimate the skews of the other
cores, ranging from a few ps to several tens of ps, corresponding to dif-
ferences in length in the millimeter-scale. The computed scalar skews are
reported in Table 1. These skews are attributed to the presence of multi-
plexers and imperfections in the calibration of the delay network. However,
these two effects are not physically distinguishable from each other. Despite
being inseparable, it is highly unlikely that these skews originate from the
�ber. Therefore, it is practically certain that they stem from the measuring
apparatus.

Additionally, Fig. 4.3(a) shows peaks in the �rst components of ~� in , which
arise from the polarization delay within the setup (speci�cally on the trans-
mitter side) that may not have been perfectly calibrated. Once identi�ed,
these skews can be subtracted from the transfer matrix, enabling the analy-
sis of the MD inherent to the C4CF. This analysis is presented in the following
sections.

4.3 statistical analysis of modal dispersion

The statistical properties of the MD vector ~� (! ), particularly in long �ber
lengths that induce complete mode mixing, were previously outlined in 2.3.4.
The key correlation functions, given by Eqs. ( 2.12) and (2.13), describe the
relationships between the components of ~� (! ) across different frequencies.
These functions highlight how the MD vector evolves with frequency, offering
insights into the underlying mode coupling dynamics.

For the �eld-deployed link under study, we observed that the experimen-
tal results align closely with theoretical predictions. The real part of the MD

vector correlation functions match well with the theoretical curves, while the
imaginary parts are almost negligible. This agreement reinforces the validity
of the strong coupling model and the robustness of the skew compensation
methods.

For the �eld-deployed link under study, we observe that the experimental
results align closely with theoretical predictions. Speci�cally, applying the
theoretical formulas 2.14 to the measured values of ~� (! ), where D = 63, we
obtain � � 0.187 ns and � � 1.717. These values are then used to compute
the theoretical correlation functions described by Eqs.( 2.12) and (2.13). The
results, shown as black dashed curves in Figure 4.4, demonstrate excellent
agreement between theory and experiment.

In the same �gure, the solid lines represent the real (blue) and imaginary
(purple) parts of the experimental estimates of r~� ,~� (�! ) and r~� ,~� � (�! ). The
real parts of the experimental correlation functions overlap with the theoreti-
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Figure 4.4: Real and imaginary part of the autocorrelation functions (a) h~� � ~� i and (b)
h~� � ~� � i versus frequency. The dashed black lines refer to the theoretical
expressions in Eqs.(2.12) and (2.13).

cal curves, while their imaginary parts are almost negligible, consistent with
theoretical expectations. This alignment reinforces the validity of the strong
coupling model and the robustness of our skew compensation methods.

It is also worth noting that the theoretical expressions in Eqs. ( 2.12) and
(2.13) are inherently real, regardless of whether the link exhibits MDL or
not. This reality holds even though the MD vector ~� (! ) is complex in the
presence of MDL , further corroborating the accuracy of our measurements
and analysis.

As an additional check of the consistency between the experimental data
and theoretical predictions, we consider the relationship between the param-
eter � and the average MDL , given by the expression [M 1]:

hMDL dBi = g(N) � � ,

where g(N) is a coef�cient dependent solely on the number of propagating
spatial modes. The coef�cient g(N) is given by:

g(N) =
102

ln2(10)
�

f (N)
4N2 ,

with f (N) de�ned by the empirical relation [ 37]:

f (N) = 4 �
(N - 1)2 + 24.7(N - 1) + 16.14

0.2532(N - 1)2 + 7.401(N - 1) + 16.14
.

In the present case, for N = 4, we calculate g(4) � 1.69. With � � 1.717,
this yields an average MDL of hMDL dBi � 2.9 dB, which is in good agreement
with the measurement reported in Ref. [ 54].
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Figure 4.5: Marginal PDF of the GDs. Solid blue curve: experimental estimate; dashed
black curve: theoretical expression.

4.4 group delays analysis

The MD matrix Q not only provides insights into modal dispersion but also
allows for the extraction of the GDs of the principal propagating modes.
These GDs correspond to the real part of the eigenvalues of the MD matrix
Q [35, 20].

Figure 4.5 shows the experimental marginal PDF of the GDs, characterized
by the presence of eight distinct peaks, each associated with one of the eight
PMPs. The experimental results exhibit excellent agreement with the theoreti-
cal expression (represented by the dashed curve), as reported in [20], despite
the theoretical model assuming no MDL . This consistency further validates
the robustness of our experimental approach in the presence of MDL .

Analyzing the statistical properties of individual GDs presents a challenge,
primarily because the eigenvalues of Q do not naturally sort with respect
to frequency. However, in the strong mode coupling regime, the joint PDF of
the GDs is zero whenever any two GDs are equal [28]:

p(� 1 , � 2 , : : : , � N ) /
Y

i<j

(� i - � j )2 exp

 

-
NX

k = 1

� 2
k

!

, (4.10)

Here, � i are the eigenvalues of Q, representing the GDs.
The term (� i - � j )2 indicates that the probability of two eigenvalues ( GDs)

being equal is zero, a phenomenon known as level repulsion. This means
that the GDs trajectories as a function of frequency do not cross each other,
maintaining their distinct identities over the frequency spectrum. The ex-
ponential term, instead, ensures that the GDs are con�ned within a certain
range, with extreme values being less probable.

In practical terms, this means that in a strongly coupled MMF , where mode
mixing is intense, the GDs will evolve smoothly as functions of frequency
without intersecting. This behavior simpli�es the task of tracking and sort-
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Figure 4.6: (a) Experimental GDs as a function of frequency. (b) Zoomed-in view of
the shadowed area.

ing the GDs over the frequency range, allowing for a more straightforward
analysis of the modal dispersion properties of the �ber.

Consequently, this property can be leveraged to sort the eigenvalues of
Q by their real part at each frequency, simplifying the analysis of modal
dispersion in strongly coupled �bers.

Figure 4.6(a) depicts the sorted GDs as a function of frequency across the
entire measurement bandwidth, while Fig. 4.6(b) provides a zoomed-in view
of a selected portion of the graph.

These experimental curves qualitatively con�rm the non-crossing nature
of GD trajectories in the strong mode coupling regime. This observation is
signi�cant because it supports the theoretical prediction that GD trajectories
do not overlap, which is a feature of strong coupling dynamics [ 57].

Figure 4.7: PDFs of the individual GDs. Colors correspond to the ones used in Fig. 4.6
.
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To further support these �ndings, Figure 4.7 shows the PDFs of the in-
dividual GDs. While explicit analytical expressions for these PDFs are not
readily available, the experimental results resemble the analytical outcomes
observed for systems with fewer modes, as discussed in [35, 20]. This similar-
ity suggests that the underlying statistical characteristics of GDs in strongly
coupled systems are consistent across different modal con�gurations.

4.5 intensity impulse response

After compensating for the skew effects introduced by the patch cords in the
experimental setup as described in Section 4.2, the transfer matrix F of the
SDM �ber can be used to evaluate the IIR of the �ber [ 34]. The IIR provides
a convenient means of describing the MD properties of the �ber and offers
insights into how the modes propagate through the system.

The IIR of a �ber is typically determined by launching a frequency-�at
broadband signal into the �ber, exciting one mode at a time, and measuring
the total output power summed across all modes. By sequentially exciting
different modes and averaging the received power signals, we obtain the
quantity of interest, denoted as I (t ). Mathematically, I (t ) can be expressed
as:

I (t ) =
1

2N
Tr[H(t )H y(t )], (4.11)

where H(t ) is the inverse Fourier transform of the transfer matrix F(! ). In
the regime of strong mode mixing, the average IIR, denoted as Ĩ (t ), is given
by [34]:

Ĩ (t ) = I0 exp
�

-
2N2 t 2

� 2

�
, (4.12)

where I0 is a normalization constant that accounts for gain and loss, and �
is the root mean square GD introduced in Eq. ( 2.14).

The IIR is particularly important in SDM systems because it characterizes
the temporal spreading of the transmitted waveforms due to MD . In systems
with strong mode coupling, such as the one studied here, the IIR assumes a
Gaussian pro�le, which re�ects the Gaussian-shaped spectrum of the corre-
lation function of the �ber modes [ 34]. This pro�le is a direct consequence of
the statistical properties of mode coupling in the �ber and is in agreement
with previous measured impulse responses of the C4CF [54].

Figure 4.8 shows the normalized IIR calculated from the experimental data
(solid curve) alongside the best-�tting theoretical curve based on Eq. 4.12
(dashed curve). The excellent agreement between the experimental data and
the theoretical model further validates the random mode coupling model.
The best-�tting theoretical curve corresponds to � � 0.185 ns, which is in
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Figure 4.8: Experimental normalized IIR (solid blue line) and theoretical prediction
(dashed line) from Eq. 4.12.

very good agreement with the value obtained from the analysis of the corre-
lation functions (see Section 4.3).

These results con�rm the Gaussian nature of the IIR in the presence of
strong mode coupling, con�rming that the IIR is largely deterministic and
independent of speci�c �ber realizations, as long as the system operates in
the regime of strong mode coupling. This agreement between theory and
experiment underscores the applicability of the random coupling model in
the design and analysis of modern SDM systems.



5
D I S T R I B U T E D C H A R A C T E R I Z AT I O N O F O P T I C A L
F I B E R S

The deployment of SDM �bers introduces signi�cant opportunities for in-
creasing the capacity of optical networks, but it also presents new challenges
in �ber characterization and monitoring. As these �bers are designed to sup-
port multiple spatial modes, accurately characterizing their behavior along
distance and under various operational conditions becomes critical for en-
suring network performance and reliability.

In this context, distributed characterization techniques are essential.
Among these methods, Rayleigh scattering-based techniques have gained
signi�cant interest due to their ability to provide high-resolution, distributed
measurements of key �ber parameters such as attenuation, birefringence,
and mode coupling.

This chapter explores the use of Rayleigh scattering for the distributed
characterization of SDM �bers. We begin by discussing the motivation be-
hind choosing Rayleigh scattering as a characterization tool, followed by a
detailed examination of the Rayleigh scattering model as it applies to SDM

�bers. The chapter also covers the spectral correlation analysis method and
discusses the re�ective OVNA con�guration used for measuring Rayleigh
backscattering in these �bers.

5.1 motivation : why rayleigh ?

In the context of SDM �bers, achieving precise and distributed character-
ization is increasingly pressing. Traditional measurement techniques like
OVNA are highly effective for characterizing the transfer function of optical
components and systems, providing detailed information about the ampli-
tude and phase response across a range of frequencies [58]. However, be-
causeOVNA measurements are typically conducted in a point-to-point man-
ner—capturing the overall system behavior from speci�c input to output
points—they face challenges in assessing the distributed properties along
the �ber length. This limitation is particularly signi�cant in �eld-deployed
environments, where localized variations can substantially impact the per-
formance and reliability of the system.

While OVNA excels in providing system-wide characterization, it may miss
these localized variations that are critical for understanding and optimizing
the performance of SDM systems. Therefore, a comprehensive understanding

47
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of the �ber properties over its entire length requires a distributed measure-
ment approach.

Rayleigh scattering, a naturally occurring phenomenon in optical �bers, of-
fers a powerful solution to these challenges. This scattering results from mi-
croscopic �uctuations in the �ber refractive index, typically caused by varia-
tions in the density and composition of the glass during the manufacturing
process. These inhomogeneities are much smaller than the wavelength of the
light, leading to elastic scattering that preserves the energy of the incident
photons. The portion of light that is scattered can be used to continuously
probe the �ber along its length, providing distributed measurements with
high spatial resolution.

One of the key advantages of Rayleigh-based techniques is their ability
to achieve millimeter-scale spatial resolution, allowing for detailed mapping
of �ber characteristics along its length [ 59]. This high level of resolution is
crucial for identifying localized issues that might otherwise go undetected
with broader resolution measurement techniques. Moreover, Rayleigh scat-
tering is highly sensitive to very small changes in the �ber refractive index.
This sensitivity enables the detection of subtle variations in �ber properties
such as temperature, strain, and polarization variations, which are critical
for monitoring the integrity and performance of SDM �bers under varying
environmental conditions [ 56].

Additionally, Rayleigh scattering is inherently compatible with existing
�ber optic infrastructure. Since it occurs within the same wavelength range
as standard telecommunications signals, it can be integrated into current
networks with minimal disruption. This compatibility makes Rayleigh scat-
tering a practical choice for �eld-deployed systems, avoiding the need for
signi�cant alterations to established setups.

Unlike other scattering processes such as Raman and Brillouin [60, 61],
Rayleigh scattering is generally independent of external physical �elds.
While Raman and Brillouin scatterings are directly in�uenced by parameters
like temperature and strain, Rayleigh-based measurements primarily track
changes in light propagation caused by the �ber structural properties. This
independence makes Rayleigh scattering a versatile tool, capable of monitor-
ing a wide range of physical changes.

In summary, while OVNA techniques provide detailed point-to-point mea-
surements essential for understanding speci�c characteristics of optical com-
ponents, they are limited in their ability to offer a comprehensive view of
the �ber distributed properties. Rayleigh scattering, by contrast, is not only
fundamental to distributed �ber sensing technology but also offers unparal-
leled advantages for SDM �ber characterization. By exploiting the intrinsic
scattering properties of the �ber, Rayleigh-based methods provide a high-
resolution, distributed analysis of the �ber behavior over its entire length.
This capability is crucial for the development and maintenance of high-
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performance optical communication systems, where a precise understanding
of �ber characteristics is key to ensuring optimal performance and reliability.

5.2 rayleigh scattering model

In the context of SDM �bers, which support multiple spatial modes, the
Rayleigh scattering model can be extended to account for multimode prop-
agation. An optical �ber supporting the propagation of N modes (including
both polarization and spatial modes) can be described as a 2N-port device
using a scattering matrix formalism. This scattering matrix, denoted as S,
relates the incoming and outgoing mode amplitudes at the two ends of the
�ber.

We introduce the longitudinal coordinate z with z = 0 at one facet of
the �ber and z = L at the other facet. Let a(z) be the N-dimensional vector
representing the complex amplitudes of the forward propagating modes and
b(z) the analogous vector for the backward propagating modes. The input
and output mode amplitudes at the �ber ends can be expressed as:

Ein =

"
a(0)

b(L)

#

, Eout =

"
b(0)

a(L)

#

, (5.1)

where the relationship between these vectors is governed by the scattering
matrix S:

Eout = SEin =

"
R1(L) B(L)

F(L) R2(L)

# "
a(0)

b(L)

#

. (5.2)

Here, F(L) represents the forward transmission matrix of the �ber, while
R1(L) and R2(L) describe the round-trip re�ection matrices when launch-
ing from z = 0 and z = L, respectively. B(L) corresponds to the backward
propagation matrix.

To describe the dependence on z of the vectors a(z) and b(z), we can
rearrange Eq. 5.2 so that the �elds at z are expressed as functions of the
�elds at z = 0. After some algebra, we can write:

"
a(z)

b(z)

#

=

"
F - R2B- 1R1 R2B- 1

- B- 1R1 B- 1

# "
a(0)

b(0)

#

, (5.3)

To describe distributed Rayleigh-based measurements along the �ber, it
is useful to express the propagation of modes along the �ber length z. This
can be captured by a differential equation derived from the scattering matrix
formalism. For a more detailed derivation, readers are referred to Appendix
C of [56], which provides an in-depth analysis of the underlying physics and
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mathematical expressions. Using coupled mode theory [ 62], the forward and
backward mode amplitudes evolve according to:

@
@z

"
a(z)

b(z)

#

= j

"
K(z) S2(z)

S1(z) H(z)

# "
a(z)

b(z)

#

, (5.4)

where K(z) and H(z) are matrices that describe the propagation and cou-
pling of the forward and backward modes, respectively. S1(z) and S2(z)
represent the coupling between forward and backward modes, speci�cally
accounting for Rayleigh scattering.

The round-trip re�ection matrix R1(L), which is fundamental for studying
Rayleigh-based distributed measurements, is given by:

R1(L) = - j
ZL

0
B(z)S1(z)F(z) dz. (5.5)

This general formula, that must be interpreted in the frequency domain,
gives the matrix describing round-trip propagation from z = 0 across a
generic nonreciprocal �ber, also including the effects of double scattering
encoded in B(z) and F(z). For the complete derivation of this expression,
readers are referred to [56].

In Eq. 5.5, R1(L) represents the backscattering contribution from all points
along the �ber length L, integrating the contributions of Rayleigh scattering
over the entire �ber. This matrix encapsulates the complete backscattering
response of the �ber, providing the basis for distributed measurements that
can detect and quantify variations in the �ber properties, such as strain and
temperature, along its length.

However, the computation of R1(L) requires knowledge of the matrices
F(z) and B(z). The propagation matrices F(z) and B(z) are governed by the
differential equations:

@F
@z

= j [K(z) + R2(z)S1(z)] F(z), (5.6)

@B
@z

= - jB(z) [H(z) - S1(z)R2(z)] , (5.7)

where the boundary conditions are F(0) = I and B(0) = I . Equation 5.6 is a
generalization including double scattering of Eq. 2.5 describing the forward-
propagation.

The last unknown is R2(z), which is a matrix Riccati differential equa-
tion [ 63]:

@R2

@z
= j [K(z)R2(z) - R2(z)H(z) + R2(z)S1(z)R2(z) + S2(z)] . (5.8)
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Details about how these numerical calculations can be carried out are re-
ported in Appendix B of [ 56]. These expressions highlight the role of double
scattering effects and emphasize the complexity of solving for the matrices
F(z) and B(z), which must be obtained to evaluate R1(L) accurately.

This scattering matrix model, when applied to SDM �bers, enables detailed
distributed measurements that are essential for the analysis and optimiza-
tion of these advanced communication systems.

5.2.1 Distributed Measurement in Single-Mode Fibers

The general Rayleigh scattering model described above can be specialized to
the case of reciprocal SMFs, where the only propagating mode is the funda-
mental LP01 mode. In this case, the scattering matrices can be expressed as:

S1(z) = � (z)I = - S2(z), (5.9)

where � (z) is the backscattering coef�cient per unit length, proportional to
the dielectric constant �uctuation �� [64]. The Rayleigh scattering model for
SMFs is simpli�ed because the �ber supports only one spatial mode. Conse-
quently, the overlap integrals of the mode �elds over the �ber cross-section
reduce to a scalar quantity, making the Rayleigh scattering coef�cient � (z)
effectively a zero-mean, delta-correlated random process [56]:

h� (z)� � (z0)i = � 2 � (z - z0), (5.10)

where � 2 represents the variance of the dielectric �uctuations. Equa-
tion 5.9 also indicates that Rayleigh scattering is co-polarized with the ex-
citing �eld, con�rming that in an ideal scenario, scattering from one polar-
ization does not induce scattering in the orthogonal polarization.

Given these simpli�cations in SMFs, the round-trip re�ection matrix
R1(L, ! ) is given by:

R1(! ) = - j
ZL

0
� (z)B(z, ! )F(z, ! ) dz, (5.11)

where F(z, ! ) is the forward propagation matrix, which, in SMFs, can be ex-
pressed in terms of attenuation � (z) and scalar propagation constant � (z, ! ):

F(z, �! ) = e[- � ( z)- j� ( z,�! ) ]U(z, �! ), (5.12)

where �! = ! - ! 0 , is the deviation from the carrier frequency ! 0 , and
U(z, �! ) is a unitary matrix accounting for polarization effects. Since we
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assume reciprocity in the �ber, we have B(z, �! ) = FT (z, �! ). This leads to
the simpli�ed expression for the round-trip matrix:

R1(L, �! ) = - j
ZL

0
� (z)e[- 2� ( z)- j2� ( �! ) z]UT (z, �! )U(z, �! ) dz, (5.13)

where the exponential term accounts for the phase accumulation due to
the round-trip propagation. Since this matrix is in frequency domain, it de-
scribes the backscattering frequency response of the �ber.

The backscattered �eld b(t ) can be obtained by considering the inverse
Fourier transform of the round-trip spectral response (Eq. 5.13). Assuming
that the spectrum of the input probe light is:

a(0, ! ) = �̂ a0(! ), (5.14)

where a0(! ) is the actual spectrum of the light and �̂ is the generic input
polarization state. Then, the backscattered light in the time domain can be
expressed as:

b(t ) =
Z+ 1

- 1
R1(! ) �̂ a0(! )ej!t d! . (5.15)

The explicit calculation of this inverse Fourier transform requires knowledge
of the frequency dependence of R1 . According to the arguments in [ 56], for
the case under study:

b(zt ) = � (zt )e- � ( z t ) e- j2� 0z t V(zt )U(zt )�̂ , (5.16)

where zt = vg t=2 is the position along the �ber corresponding to time t , vg

is the group velocity, � 0 = � (! 0) and � (zt ) is a complex random variable
describing the amplitude and phase of the backscattered light:

� (zt ) = j
Zz t

z t - �=2
� (z)e- j2� 0 ( z- z t ) a (t - 2� 1z) dz, (5.17)

where � 1 = 1=vg is the inverse group velocity evaluated at ! 0 . The integral
over half the pulse length � , describes the interference among the scatter-
ing centers of the �ber illuminated by the pulse. This interference pattern,
known as the Rayleigh �ngerprint, encapsulates the unique characteristics
of the �ber.

Thus, the backscattered �eld b(t ) primarily depends on the local refractive
index �uctuations, which induce random, spatially localized phase changes
in the propagating light. This Rayleigh backscattering signal, known as the
Rayleigh signature or �ngerprint, is highly sensitive to variations in the �ber
physical environment, such as temperature and strain, making it an effective
tool for distributed sensing.
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5.3 spectral correlation analysis

Spectral correlation analysis (SCA) is a powerful technique that leverages
the unique "signature" properties of a �ber coherent Rayleigh backscatter-
ing [ 65, 66]. This signature, which arises from the interference between light
scattered by randomly distributed scattering centers within the �ber, forms
the basis of distributed sensing technologies.

The Rayleigh backscattering signal, despite its random appearance, is actu-
ally a highly repeatable pattern unique to each �ber, often referred to as the
�ber "signature." This signature is sensitive to variations in environmental
conditions, such as temperature or strain, which alter the effective refractive
index n0 . Any change �n in n0 leads to a proportional shift in the frequency
�! of the Rayleigh backscattered spectrum, given by:

�!
! 0

'
�n
n0

. (5.18)

This relation allows the detection of environmental variations by measur-
ing the frequency shift of the backscattered traces.

To model the Rayleigh scattering phenomenon, a discrete model is often
used, which assumes scattering originates from a series of discrete scatter-
ing centers randomly distributed along the �ber [ 67]. Mathematically, the
Rayleigh scattering coef�cient � (z) can be expressed as:

� (z) =
X

k

� k � (z - zk ), (5.19)

where � k represents the scattering intensity at the kth scattering center
located at position zk . The sum is over all scattering centers within the �ber
section of interest, and � (z - zk ) is the Dirac delta function representing the
discrete nature of the scattering centers.

Under this model, the round-trip spectral response of the �ber is given by:

b̂(! ) =
X

k

� k exp
�

- j
2!n 0zk

c0

�
, (5.20)

where ! is the angular frequency, n0 is the effective refractive index, c0

is the speed of light in vacuum, and zk is the position of the kth scattering
center.

SCA utilizes these spectral signatures to detect changes in the �ber envi-
ronment. By cross-correlating successive measurements of these signatures,
SCA can reveal frequency shifts in the spectra that correspond to changes in
environmental conditions, such as temperature or strain.

The process of SCA is shown in Fig. 5.1. The key steps involved are as
follows:
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Figure 5.1: Graphical representation of the SCA process. The method relies on the
cross-correlation between the Fourier transform of the Lg -windowed
traces bref (t ) and bmeas (t ), opportunely delayed by �� which maxi-
mizes the correlation. The two windows, shown as shaded areas in the
two traces, identify the same portion of the �ber. Their cross-correlation,
reveal a frequency shift �! , which is related to the perturbation that
acted on the �ber between the two measurements.

• Step 1: Selection of Fiber Segments - Two segments of the Rayleigh
backscattering trace, separated by a time interval �� , are selected for
analysis. These segments correspond to different sections of the �ber,
represented by the lengths Lg in the �gure. Measuring the backscat-
tered signal at different times (e.g., at t 1 and t 2) allows us to capture
snapshots of the �ber state. If the �ber remains unchanged (no exter-
nal in�uences like temperature or strain), the Rayleigh signatures from
the same section att 1 and t 2 will be very similar. Changes in the �ber,
such as stretching or heating, will cause these signatures to shift, due
to changes in the refractive index or �ber length, which is why the time
interval �� is crucial in detecting such variations.

• Step 2: Fourier Transform - Each of the selected segments undergoes
a Fourier transform to convert the time-domain backscattered signal
into the frequency domain, where frequency shifts caused by environ-
mental changes can be more easily analyzed.

• Step 3: Cross-Correlation - The frequency-domain representations of
the two segments are then cross-correlated. The presence of a correla-
tion peak at a certain frequency shift �! indicates that the same sec-
tion of the �ber is being analyzed, revealing the environmental changes
along that �ber section. The alignment of the two segments means that
the speci�c part of the �ber producing the Rayleigh signature in the
�rst measurement is the same as in the second, even if shifted due
to environmental effects. The shift in the correlation peak re�ects the
magnitude of these changes.

The output of this process can be represented by a data volume where
the dimensions correspond to the spatial position z, the frequency shift �! ,
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Figure 5.2: Illustration of the SCA volume. The data volume is analyzed to extract
the modal birefringence ( �! ) and the DGD (�� ). The voxel amplitude is
proportional to the cross-correlation strength, indicating the degree of
alignment between the Rayleigh signatures.

and the time delay �� . The voxel within this box is proportional to the cross-
correlation amplitude between the spectral data at different positions along
the �ber. The frequency shift �! corresponds to differences in the effective
refractive index, while the time delay �� is related to the DGD between the
modes (see Fig.5.2).

The combination of these two parameters—modal birefringence and
DGD—provides a comprehensive understanding of the modal characteristics
in optical �bers.

In SMFs, the Rayleigh backscattered signal corresponds directly to the
�ber unique signature. When the �ber is perturbed (e.g., by temperature
changes), the entire backscattered spectrum shifts, and this shift can be de-
tected through cross-correlation of successive measurements.

In MMF s, each spatial mode propagating within the �ber experiences
different effective refractive indices and path lengths, resulting in distinct
propagation constants. These propagation characteristics contribute to the
formation of unique Rayleigh signatures for each mode. Additionally, the
interaction between the spatial mode transverse �eld distribution and the
scattering centers leads to mode-speci�c scattering coef�cients [ 64]. Conse-
quently, while these signatures are all generated by the same underlying
distribution of scatterers, the differences in both propagation constants and
scattering interactions produce unique, mode-speci�c signatures. The SCA

leverages these mode-signatures to differentiate between modes, enabling
mode-selective analysis.

To apply SCA effectively, it is necessary to retrieve the high-resolution
backscattered trace of the �ber. This requires a measurement system capable
of resolving �ne details in the Rayleigh backscattered signal. One such sys-
tem is the OFDR, which achieves this by sweeping the laser frequency and
analyzing the interference pattern of the backscattered light. The high spa-
tial resolution provided by OFDR is crucial for capturing the �ne structure
of the Rayleigh signature, which SCA then analyzes to detect and quantify
environmental changes or to differentiate between modes in SDM systems.
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In our recent studies [M 3, M4], we demonstrated the robustness of
Rayleigh signatures, even under harsh environmental conditions and across
different measurement setups. For instance, we showed that the Rayleigh
signature remains consistent over extended periods (more than 6 years), en-
abling reliable SCA analysis despite changes in the interrogator or setup. The
persistence of these signatures is crucial for long-term monitoring applica-
tions where equipment may change over time.

5.4 reflective ovna configuration

Building upon the principles of Rayleigh scattering and SWI discussed in the
previous sections, the re�ective OVNA con�guration is an advanced exten-
sion of optical frequency domain re�ectometry ( OFDR), speci�cally tailored
for use in SDM systems. This con�guration is designed to measure the dis-
tributed re�ectivity across multiple spatial channels simultaneously, offering
a versatile solution for SDM optical network analysis.

OFDR is a technique that achieves high-resolution, distributed measure-
ments along an optical �ber by analyzing the Rayleigh backscattered light.
It utilizes a tunable laser source that linearly sweeps through a range of fre-
quencies over time. In a typical OFDR setup, light from the laser is split into
two arms of a Mach-Zehnder interferometer: one arm serves as a reference,
while the other is connected to the DUT . As the light travels through the mea-
surement arm, it is scattered back by inhomogeneities in the �ber (Rayleigh
scattering), creating a backscattered signal that carries information about the
�ber properties. When the backscattered signal is recombined with the ref-
erence signal, they interfere with each other, and the resulting interference
pattern is detected by a photodiode. Analyzing this pattern using Fourier
Transform techniques provides a detailed map of re�ections as a function of
distance along the �ber, offering high spatial resolution [ 65].

The spatial resolution of an OFDR system can be as �ne as sub-millimeter,
calculated using the following expression [ 68]:

�z =
� s � f

2n��
, (5.21)

where � s and � f are the lower and upper wavelengths of the frequency scan,
�� = � f - � s is the wavelength range, and n is the effective refractive index
of the �ber. However, the coherence length of the laser source limits the
measurement range. Sub-millimeter spatial resolution is typically achievable
only over distances of a few tens of meters, while extending the range to
several kilometers results in a resolution of several millimeters [ 69]. Recent
advancements have pushed the measurement range to tens of kilometers by
compensating for phase variations due to moderate lack of coherence [70].

The re�ective OVNA con�guration extends these principles to measure dis-
tributed re�ectivity across multiple spatial channels. This setup incorporates
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Figure 5.3: Schematic of the re�ective OVNA setup, showing the placement of opti-
cal circulators and the delay network for the distributed characterization
of 2N � 2N SDM components.

a delay network that enables the simultaneous measurement of multiple spa-
tial channels, a key feature for characterizing SDM components.

As shown in Fig. 5.3, optical circulators are placed at each SMF connected
to the DUT , redirecting the re�ected signals toward a polarization-diverse
receiver. This setup captures Rayleigh backscattering across multiple modes,
enabling detailed distributed measurements within SDM systems.

However, the re�ective OVNA con�guration involves splitting the signal
across multiple delay lines to measure different spatial channels simultane-
ously. This introduces signi�cant power loss, especially when dealing with
high-mode-count SDM components. This power loss can make it challenging
to retrieve the backscattered signal, which is inherently weaker due to the
nature of Rayleigh scattering.

Despite this challenge, a distinctive feature of the re�ective OVNA is its abil-
ity to differentiate re�ections from various spatial channels simultaneously,
thanks to the delay network. Even when the Rayleigh backscattered signal
is too weak to be reliably measured, the system can still analyze the Fres-
nel re�ection from the cleaved facet of the SDM �ber. This analysis provides
valuable information about the round-trip transfer matrix of the DUT , which
can be retrieved using the techniques discussed for the standard OVNA in
Section 3.3.

By extending the capabilities of standard OFDR setups, the re�ective OVNA

offers a versatile and powerful solution for modern optical network analysis,
despite the challenges posed by power loss in the context of SDM systems.
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Figure 5.4: Setup for the input skew calibration in re�ective OVNA con�guration.

5.4.1 Circulators calibration

The calibration of the circulators in the re�ective OVNA con�guration is es-
sential for determining both the input and output skews introduced by the
circulators and other components of the system. This process consists of two
main stages: the calibration of the input and the output sections.

For the input calibration, each port of the input splitter is connected to the
corresponding circulator, and the second port of each circulator is sequen-
tially connected to the OVNA receiver, as illustrated in Fig. 5.4. The spectrum
resulting from each connection shows two distinct peaks, corresponding to
the polarization multiplexing at the OVNA transmitter. The position of these
peaks is recorded for each port. The skews are then calculated relative to
the �rst port by measuring the shift in the position of the �rst peak of each
subsequent port in comparison to the �rst. Additionally, the delay between
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Figure 5.5: Setup for the output skew calibration in re�ective OVNA con�guration.
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the two input polarizations, denoted as � p , can be extracted by evaluating
the separation between the two peaks in the same spectrum.

Once the input calibration is completed, the procedure is repeated for the
output section. In this case, at the OVNA transmitter, the output of the PBC is
sequentially connected directly to the second port of each circulator, as de-
picted in Fig. 5.5. The spectrum is again recorded for each output port, show-
ing the two characteristic peaks due to polarization multiplexing. Similar to
the input calibration, the skews are calculated relative to the �rst output port
by measuring the shift in the position of the �rst peak in comparison to the
�rst port.

By following this calibration procedure for both the input and output sec-
tions, the relative skews introduced by the circulators can be accurately mea-
sured, ensuring precise results in the re�ective OVNA con�guration.





6
E X P E R I M E N TA L D I S T R I B U T E D C H A R A C T E R I Z AT I O N
O F S D M F I B E R S

SDM �bers, such as FMFs and CCFs, offer signi�cant potential for increasing
the capacity of optical communication systems. However, to fully harness
this potential, a deep understanding of mode coupling, polarization dynam-
ics, and modal birefringence is essential. This chapter presents experimental
techniques for distributed characterization of SDM �bers, focusing on the
use of polarization-sensitive OFDR for analyzing modal birefringence, polar-
ization states, and mode coupling.

The chapter begins in Section 6.1 with a distributed modal birefringence
measurement in a 2-mode FMF, using the SCA method. Following that, Sec-
tion 6.2 introduces the coherency matrix analysis. Finally, in Section 6.3, this
method is applied to study polarization and mode coupling effects in a
3-coupled-core �ber, with experimental results demonstrating the effective-
ness of these techniques for distributed �ber characterization.

6.1 distributed modal birefringence measurement in a 2 -
mode few -mode fiber

The study of modal birefringence in FMFs is essential for understanding the
propagation characteristics of different spatial modes, particularly in the con-
text of SDM systems. Modal birefringence, de�ned as the difference between
the propagation constants of two modes, in�uences the DGD between these
modes, which in turn impacts the overall performance of SDM systems.

Modal birefringence arises due to different propagation speeds for dif-
ferent spatial modes within the �ber. This difference is quanti�ed by the
birefringence parameter �n = n1 - n2 , with n1 and n2 representing the
refractive indices of the two modes. Understanding and accurately measur-
ing �n along the �ber length is crucial for designing and optimizing SDM

systems.
In FMFs, the Rayleigh backscattering signal, which is sensitive to the local

refractive index variations, can be leveraged to study modal birefringence.
By employing SCA, we can detect and measure the birefringence between dif-
ferent modes along the �ber length. The technique involves cross-correlating
the backscattered signals from different modes to identify spectral shifts,
which correspond to the birefringence through the relation described in
Eq. 5.18.
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Figure 6.1: Experimental setup for distributed modal birefringence measurement.
The OFDR system is connected to a switching network and a PL, enabling
the selection of different mode groups for launching into the FMF.

The experimental setup for distributed modal birefringence measurement
is based on an OFDR system, as shown in Fig. 6.1. The OFDR system (Luna
Innovations OBR 4600) utilizes a tunable laser source to sweep across a band-
width of 5.24 THz around 1550nm, yielding a sampling step of about 20 µm,
which enables high-resolution measurement of the Rayleigh backscattered
signal along the �ber.

The �ber under test is a 12 m long 2-mode FMF, speci�cally designed
to support the LP 01 and LP11 modes. A photonic lantern ( PL) is used in
the setup to selectively excite and analyze speci�c mode groups within the
FMF. For each set of measurements, the launch port is switched to capture
the backscattered signal from different modes, as shown in Fig. 6.1. The
Rayleigh backscattered light is then collected and processed to extract the
Rayleigh signatures for the LP01 and LP11 modes.

The distributed measurement of modal birefringence was performed us-
ing SCA by cross-correlating the Rayleigh backscattering signals obtained
from the LP01 and LP11 modes. The analysis involved applying a sliding
window along the backscattered traces and measuring the spectral shift be-
tween the modes, which corresponds to the modal birefringence

�n = n0 �f=f 0 , (6.1)

f 0 being the central optical frequency of the OFDR scan (about 1550 nm).
Note that all the extracted quantities depend on the choice of a reference
refractive index n0 , here assumed equal to1.466.

The results obtained applying a sliding window of 2 cm are shown in
Fig. 6.2(a). They demonstrate a consistent birefringence along the length of
the �ber, with �n � 2.79� 10- 3 between the LP11a and LP01 modes, with
an analogous result obtained for the LP 11b and LP01 pair.

Additionally, the peak in the cross-correlation, shown in Fig. 6.2(b), is de-
rived from the SCA volume by �xing �! = 367 GHz and represents the ac-
cumulation of group delay. The DGD is proportional to the slope ��=�z , with
the DGD being half of this slope (equal to 0.167ps/m), due to the round-trip
propagation. This relationship arises because the DGD represents the time
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Figure 6.2: (a) Modal birefringence between mode groups LP 01 and LP11a and (b)
accumulated GD.

delay difference per unit length between the two modes. The experimental
results show a linear trend, con�rming the presence of consistent birefrin-
gence along the �ber.

The distributed nature of this measurement provides detailed insights into
the variation of birefringence along the �ber, which is critical for optimiz-
ing the design and performance of SDM systems. The sensitivity of the SCA

method in detecting small changes in birefringence makes it a powerful tool
for the characterization of FMFs.

The reliability of Rayleigh scattering for this application was further val-
idated by comparing these results with those obtained using Brillouin scat-
tering, as reported in [M 5]. The consistency between the two methods under-
scores the versatility of Rayleigh scattering, particularly for high-resolution
distributed measurements in FMFs.

6.2 coherency matrix analysis

In SDM systems, understanding the polarization and mode coupling behav-
ior is crucial for optimizing performance, especially in FMFs and CCFs. The
coherency matrixis a powerful tool used to analyze the distributed polariza-
tion state and coupling between spatial modes or cores in such systems. This
method provides detailed insights into how different modes interact with
each other as they propagate along the �ber, and how polarization states
evolve. The utility of this method is underscored by its capability to analyze
both polarization and modal birefringence, even in low-birefringence �bers,
as opposed to approaches that struggle in these conditions [71].

The general formulation uses the propagating electric �eld vector E(z).
The coherency matrix C is de�ned as:

C = hE(z)Ey(z)i , (6.2)
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where E(z) is the electric �eld vector along the �ber, Ey(z) is its Hermitian
conjugate, and the angle brackets denote averaging over an ensemble or a
distance window. For a system with N spatial modes, the coherency matrix
has dimensions 2N � 2N, accounting for both polarization states of each
mode.

The coherency matrix captures the general coupling behavior between
modes or cores by quantifying the energy exchange and coherence between
them. This is achieved by analyzing both the self-correlation of individ-
ual modes (diagonal elements) and the cross-correlation between different
modes (off-diagonal elements).

The diagonal elements of the coherency matrix represent the power re-
tained within each mode, indicating how much of the signal stays in the
same mode or core during propagation. A high value in a diagonal element
implies that the mode is relatively isolated and experiences little coupling
with other modes.

The off-diagonal elements capture the coupling between different modes
or cores. These elements quantify the energy transfer between modes, pro-
viding insight into the degree of mode coupling. Strong off-diagonal ele-
ments indicate signi�cant energy exchange between modes, suggesting that
the modes are interacting and in�uencing each other. These terms also de-
scribe the coherence between modes and their relative phase relationship.

Thus, the coherency matrix provides a detailed picture of both the mode
coupling (through the off-diagonal elements) and the self-correlation of indi-
vidual modes (through the diagonal elements), which can be used, in com-
bination with polarization measurements, to infer polarization purity. This
allows for a comprehensive analysis of mode interactions and polarization
effects in the �ber.

In distributed Rayleigh-based measurements, the coherency matrix is typ-
ically applied to the backscattered �eld b(z), which contains local informa-
tion about the �ber refractive index �uctuations and mode coupling. This is
particularly useful for distributed polarization analysis in SDM �bers, such
asFMFs and CCFs, where the Rayleigh backscattered signal is highly sensitive
to the local birefringence and coupling effects along the �ber.

The backscattered �eld b(z) from a reciprocal MCF with N cores, under
the assumption that dispersive phenomena are negligible, can be modeled
as:

b(z) = FT (z)� (z)F(z)a0 , (6.3)

where F(z) represents the forward propagation Jones matrix, � (z) is the
matrix describing the Rayleigh scattering process along the �ber, and a0 is
the input �eld vector. The Rayleigh signature, � (z), is a rapidly �uctuating
term that encodes information about the local �ber inhomogeneities, but it
also introduces noise when trying to analyze coupling effects.
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To extract meaningful polarization and mode coupling information, we
need to �lter out these fast-varying Rayleigh signatures by averaging over
a spatial window. This averaging smooths out the high-frequency Rayleigh
�uctuations, which are typically on the order of a few tens of micrometers,
while still capturing the slower-varying polarization and mode coupling ef-
fects, which typically occur over spatial scales of several millimeters or more.
The coherency matrix for the backscattered �eld is then given by:

C(z) = hb(z)b � (z)i w , (6.4)

where b(z) represents the backscattered �eld at position z, and the aver-
aging h�iw is performed over a spatial window w.

This analysis framework can be applied to MCFs. While MCFs can be mod-
eled using supermodes [72], in this work, we follow an alternative approach
of modeling the MCF as an array of coupled single-mode cores. This simpli-
�es the analysis and is more suited to the experimental conditions studied.

In this model, the Rayleigh scattering matrix � (z) can be approximated
as a block-diagonal matrix, � (z) = diag(� 1(z)I , � 2(z)I , ...,� N (z)I ), where I is
the 2 � 2 identity matrix, and � n (z) is the Rayleigh scattering contribution
from the n-th core. This block-diagonal approximation is valid because the
scattering between different cores is negligible, and the light that is scattered
directly from one core into another core is small. Under this model, the
backscattered �eld from the k-th core can be expressed as:

bk (z) =
NX

n = 1

� n (z)FT
n ,k (z)Fn ,h (z)a0,h , (6.5)

where Fn ,k is the 2 � 2 block of the forward propagation Jones matrix F cor-
responding to the n-th and k-th cores. This formulation describes how light
scattered from core h is detected at core k, including the coupling effects
between cores.

The coherency matrix for each core can be calculated as:

Ck (z) = hbk (z)b �
k (z)i w = R

NX

n = 1

Ck ,n (z), (6.6)

where R is the average backscattering coef�cient, and Ck ,n (z) represents the
coherency matrix for the n-th core contribution to the backscattered signal
at core k.

This approach provides a distributed measurement capability, as it allows
the detailed analysis of polarization and mode coupling dynamics over dis-
tance, even in the case of low-birefringence �bers like CCFs. By analyzing the
coherency matrix of the backscattered �eld, we can retrieve the polarization
state and quantify the coupling between spatial modes or cores, as well as
detect any variations in the degree of polarization ( DOP) along the �ber.
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The DOP is a measure of how much of the light in the �ber is polarized,
and it is typically computed from the coherency matrix. The DOP ranges
from 0 (completely unpolarized) to 1 (fully polarized). It can be calculated
from the Stokes parameters, which in turn are derived from the coherency
matrix elements. The Stokes vector S(z) is related to the coherency matrix
C(z) by:

C(z) =
1
2

� � S(z), (6.7)

where � is a vector of Pauli matrices [73]. The DOP is then calculated as:

DOP(z) =
js(z)j
s0(z)

, (6.8)

where s0 is the total intensity, and s(z) are the Stokes parameters. Variations
in the DOP along the �ber can provide insights into polarization �uctuations
and coupling between modes.

In this work, we apply this method to study the polarization and mode
coupling in a 3-coupled-core �ber. The following section presents the exper-
imental setup and the results obtained through this analysis.

6.3 distributed polarization and coupling analysis of a 3 -
coupled -core fiber

The distributed characterization of polarization and coupling properties in
CCFs is crucial for understanding the behavior of supermodes and birefrin-
gence within these �bers. This description can, in principle, be achieved
through Rayleigh-based distributed measurements [ 74, 71]. However, some
approaches focus primarily on power coupling [ 74], while others may be
less effective for small birefringence values typically found in CCFs [71]. In
this section, we apply the coherency matrix analysis, introduced earlier, to
experimentally study a 3-coupled-core �ber using a polarization-sensitive
OFDR system [M 6].

OFDR

SWITCH
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W

IT
C

H 3C-MCF

MUX

Figure 6.3: Experimental setup for coherency matrix measurement in a 3-coupled-
core �ber. The polarization-sensitive OFDR system is connected to a
switching network for selecting different core combinations.
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The 3-core coupled �ber under investigation has cores equally spaced
by about 29 � m [75]. The experimental setup, shown schematically in
Fig. 6.3, is the same as the one described in Sec.6.1 and it consists of a
polarization-sensitive OFDR with a switching network [ 71]. The bandwidth
of the measurements is �f = 8.3 THz, resulting in a spatial resolution of
�z = c0=(2�fn 0) = 12.2 µm, using n0 = 1.466 as the reference refractive
index. The length of the analyzed �ber section is 20 m, but to show the de-
tails of polarization and coupling oscillations, all the �gures are limited to a
range of 2 m.

This setup allows consecutive measurements for different combinations of
launch and return cores, without perturbing the �ber.

6.3.1 Stokes Vector Analysis

In the �rst experiment, light was launched and measured on the same core,
and the corresponding Stokes vector was analyzed. Fig. 6.4(a) shows the
normalized Stokes vectors, and Fig. 6.4(b) presents the corresponding DOP.
In a SMF, one would expect a near-unitary DOP [76]. However, in the case of
a CCF, the DOP oscillates widely along the �ber length. This phenomenon is
explained by the theoretical analysis, which shows that the measured Stokes
vectors can be written as the sum of the contributions from each core:

Sk (z) = R(Sk ,1(z) + Sk ,2(z) + Sk ,3(z)) , (6.9)

where Sk ,n represents the Stokes vector of light backscattered from core
k, with contributions from light propagating in core n. The superposition
of these contributions leads to the variations in the DOP as the individual
Stokes vectors vary along the �ber.

When the vectors sk ,n sum in a way that leads to cancellation, the DOP

drops close to zero. This is particularly evident when the measured state
of polarization ( SOP) shows rapid local variations along the �ber, indicating
strong mode interaction and coupling.

6.3.2 Coherency Matrix Analysis

In a second experiment, the total backscattered �eld was measured when
light was launched from one of the cores. The coherency matrix was calcu-
lated to reveal the coupling behavior between the cores. Fig. 6.5 shows the
coherency matrix when light was launched into core 1. The upper triangle
(blue) reports the real part of the matrix elements, while the lower triangle
(green) shows the imaginary parts. The rich spatial features observed in the
matrix are indicative of mode coupling within the �ber.

An ideal 3-core MCF supports three supermodes, two of which are degen-
erate. In a practical �ber, this degeneracy is broken due to �ber non-idealities
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Figure 6.4: (a) Normalized Stokes vectors measured along the 3-coupled-core �ber.
(b) Corresponding DOP, showing oscillations due to core coupling.

Figure 6.5: Coherency matrix measured when light is launched into core 1. Upper
triangle shows real parts of matrix elements, lower triangle shows imag-
inary parts.

and external perturbations (e.g., bending or twisting). This leads to three dis-
tinct beating spatial frequencies between the supermodes, as con�rmed by
the power spectral density ( PSD) of the coherency matrix elements, shown
in Fig. 6.6. The PSD of the coherency matrix elements was computed using
a 75 cm spatial window, which provides suf�cient smoothing to capture
the distinct beating frequencies between the supermodes while �ltering out
high-frequency noise. The three peaks in the PSD correspond to the beating
between the quasi-degenerate supermodes and the other supermode, with
the lowest spatial frequency peak associated with the beating between the
two quasi-degenerate modes.
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Figure 6.6: PSD of coherency matrix elements, revealing the beating frequencies be-
tween the supermodes.

The modal birefringence �n between the supermodes is derived from
the beating frequencies in the PSD of the coherency matrix elements. Ta-
ble 2 presents the measured modal birefringence values, with the lowest
spatial frequency peak corresponding to the beating between the two quasi-
degenerate modes, and the other two peaks corresponding to the birefrin-
gence values between the non-degenerate supermode and each of the quasi-
degenerate modes.

Beating Supermodes Modal Birefringence �n

Quasi-degenerate modes 5.8 � 10- 6

Non-degenerate and quasi-degenerate mode1 15.5 � 10- 6

Non-degenerate and quasi-degenerate mode2 19.4 � 10- 6

Table 2: Measured modal birefringence values derived from PSD analysis.

The experimental results demonstrate the effectiveness of coherency ma-
trix analysis for investigating polarization and coupling behavior in CCFs.
The distributed measurement approach provides a detailed map of the po-
larization states and core coupling along the �ber length. By analyzing the
coherency matrix and the Stokes vectors, we are able to identify regions of
strong coupling and measure the modal birefringence between the super-
modes. These results highlight the potential of coherency matrix analysis for
characterizing complex SDM �bers.
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R E F L E C T I V E C H A R A C T E R I Z AT I O N O F S D M L I N K S

In re�ective �ber characterization, two primary methods are commonly
used: Rayleigh scattering and re�ection peak analysis. Each approach pro-
vides different insights into the �ber properties, but with distinct trade-offs
in terms of sensitivity, resolution, and range. This chapter explores both tech-
niques and presents a theoretical and experimental framework for re�ective
measurements, with a focus on evaluating MD through the analysis of round-
trip propagation.

The chapter is organized as follows: we begin by comparing Rayleigh scat-
tering and re�ection peak analysis, highlighting their respective strengths
and limitations in the context of SDM �bers. Next, we delve into the theoret-
ical model for re�ection peak analysis, relating the round-trip matrix to the
forward propagation matrix. Finally, we present experimental results that
validate the proposed model using re�ective measurements on a FMF link.

7.1 rayleigh scattering vs . reflection peak analysis

In optical �ber characterization, different techniques are used depending
on the desired measurement resolution, range, and the type of data be-
ing analyzed. Regarding re�ective measurements, two main approaches are
Rayleigh scattering analysis [56] and re�ection peak analysis (e.g., Fresnel re-
�ection). Each method has its strengths and limitations, particularly in terms
of the type of analysis they provide and the system requirements.

Rayleigh scattering measurements provide a distributed analysis, captur-
ing information along the entire �ber length. This method relies on backscat-
tered light, requiring a high-resolution and high-sensitivity system. How-
ever, the weak nature of the Rayleigh signal means that the system must
deliver signi�cant optical power and be highly sensitive to small signal vari-
ations.

One of the primary challenges in performing Rayleigh scattering analysis
in SDM �bers is the increased number of ports, which leads to power split-
ting among the multiple modes or cores. This power splitting signi�cantly
weakens the Rayleigh backscattering signal, making it dif�cult to detect.

Additionally, Rayleigh scattering measurements are limited to short mea-
surement ranges (up to several hundred meters) since scatter signature re-
peatability is not maintained for long �bers beyond the laser coherence
length due to laser phase noise. This constraint typically limits Rayleigh
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scattering measurements with sub-cm spatial resolution over a 100 m mea-
surement range [69].

As a result, performing distributed Rayleigh scattering measurements in
SDM systems is often impractical due to the lower SNR and reduced system
performance, especially over longer distances.

Given these challenges, re�ection peak analysis, such as Fresnel re�ection
from connectors or �ber ends, becomes a more viable alternative. Re�ection
peaks from Fresnel re�ections are stronger than Rayleigh backscatter, mak-
ing it easier to detect them over longer distances. Studies have shown that
for �bers up to 50 km, the Fresnel re�ection dominates the backscattered
power, allowing Rayleigh scattering to be neglected [ 77].

While it does not provide fully distributed measurements, re�ection peak
analysis can offer localized or quasi-distributed information at speci�c re�ec-
tion points along the �ber, such as connectors, splices, or deliberate re�ective
events introduced in the link. This technique is particularly advantageous in
SDM �bers because it allows for stronger signals to be detected with simpler
equipment. Although re�ection peaks, such as Fresnel re�ections, are signif-
icantly stronger than Rayleigh backscatter, laser coherence length is still a
critical factor in achieving accurate and high-resolution measurements, es-
pecially over longer distances. However, the stronger re�ection signals gen-
erally allow for easier detection and longer-range measurements compared
to the weaker Rayleigh signals.

In re�ection peak analysis, the round-trip matrix can be extracted from the
impulse response of the re�ection peak, analogous to how the transmission
matrix is extracted in standard transmission measurements. The round-trip
matrix provides valuable information about the �ber, including mode cou-
pling and dispersion. However, it differs from the conventional transmission
matrix, and the relationship between these two matrices must be established
to fully interpret the data. This process of relating the information extracted
from the round-trip matrix to that of the transmission matrix will be dis-
cussed in the next section.

One key advantage of re�ection peak analysis is that it requires signif-
icantly lower resolution and power compared to Rayleigh scattering mea-
surements [78]. Fresnel re�ections, for example, are much stronger signals,
making them easier to detect with simpler detectors. These re�ections can
be analyzed in SDM �bers using equipment like a re�ective OVNA , which,
by setting the proper reference, can measure long distances, potentially up
to several kilometers. Re�ection peak analysis is therefore suitable for long-
distance �ber characterization.

In summary, Rayleigh scattering offers high-resolution distributed mea-
surements, but its system requirements, particularly the laser coherence
length, limit its range. On the other hand, re�ection peak analysis provides
a practical and ef�cient means of characterizing SDM �bers over longer dis-
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tances, with the ability to extract important information from the round-trip
matrix, albeit at the cost of losing distributed detail. The following sections
will explore these techniques in more detail, focusing on their implementa-
tion and the data they provide for SDM �ber characterization.

7.2 theory of reflection peak analysis

This section presents the theoretical model that relates the round-trip prop-
agation matrix R1 with the transmission matrix F in an optical �ber. The
connection between these matrices is derived from the transfer matrix repre-
sentation of the �ber link.

To start, we explore a fundamental property of the MD matrix Q, which is
the following:

tr (Q2) = tr (Q2
R ) - tr (Q2

I ) > 0, (7.1)

where QR is the real part (Hermitian) and QI is the imaginary part (anti-
Hermitian). This equation shows that the real part contributes positively to
the total MD , while the imaginary part contributes negatively. Although this
result provides a useful scalar measure of the overall MD , it is more relevant
to aggregate system behavior than to individual mode analysis. Detailed
derivations can be found in Appendix A.1.

With this preliminary result, we now focus on the practical method of
re�ection peak analysis, which provides a way to study speci�c re�ective
points within an optical �ber system. To describe this system, we leverage
the scattering matrix formalism introduced in the Rayleigh scattering model
(Sec.5.2), which characterizes the propagation of modes through the �ber.
Speci�cally, we focus on the round-trip matrix R1(! ), describing the re�ec-
tion behavior of light returning to the same �ber end after propagating for-
ward through the �ber and experiencing mode coupling, scattering, and
other effects. This matrix is related to the forward propagation matrix F(! )
by [56]:

R1(! ) = jFT (! )SF(! ), (7.2)

where S is a scattering matrix that describes re�ective events, such as Fresnel
re�ections, at discrete points along the �ber. In the case of simple re�ections,
such as those from connectors,S can be approximated as the identity matrix,
leading to the simpli�ed equation:

R1(! ) = jFT (! )F(! ). (7.3)

This equation encapsulates the essence of re�ection peak analysis by char-
acterizing the �ber behavior as a two-way propagation system. The matrix
R1(! ) integrates the contributions of forward and backward propagation
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along the �ber, producing a re�ection spectrum that can be used to infer
�ber characteristics such as mode coupling and group delay.

The derivative of the round-trip matrix with respect to frequency is:

@
@!

R1R- 1
1 = jFT (QT + Q)F- T . (7.4)

By de�ning the round-trip modal dispersion matrix QR, we obtain:

QR = QT + Q. (7.5)

Thus, the round-trip MD matrix QR corresponds to twice the symmetric
part of Q, denoted as QS:

QR = 2QS. (7.6)

This relation implies that the eigenvalues of the round-trip matrix QR are
double those of QS. This will be experimentally veri�ed in Sec. 7.3.

In the simple case where MDL is absent, the matrix Q is real and symmet-
ric. Under these conditions, the round-trip matrix QR fully captures the MD

information. Thus, we can fully relate the symmetric (real) part of Q to the
round-trip matrix, and all MD information is retrievable.

However, when MDL is present, Q becomes complex, consisting of a Her-
mitian real part (related to modal group delay) and an anti-Hermitian imag-
inary part (related to loss). Even in this case, the round-trip matrix QR corre-
sponds to the symmetric part of Q. Since the round-trip measurement only
captures this symmetric component, it does not account for the full MD in-
formation. Speci�cally, it misses both the non-symmetric real and imaginary
components, which re�ect the effects of MDL . Therefore, in the presence of
MDL , the round-trip information provides only partial insight into the MD .
Nevertheless, in physical systems losses are typically small (in the range of
0.01 to 0.1 dB/km) [ 79, 80, 81], so the imaginary part of Q is much smaller
compared to its real part. As a result, the round-trip measurement still pro-
vides a reasonable approximation of the actual DGD, allowing the model to
apply even when MDL is present.

7.2.1 Extension to Generalized Stokes Space

The analysis can also be extended to the generalized Stokes-space represen-
tation of multi-mode propagation [ 37]. In this framework, the complex MD

vector ~� is computed as:

� n = Tracef� n Q(! )g, (7.7)

where � n are the generalized Pauli matrices. The MD vector can also be
derived for re�ective measurements by substituting Q with QR, resulting in
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the complex MD vector ~� R in re�ection. The MD vector can be decomposed
into symmetric and anti-symmetric parts, where the former corresponds to
real and symmetric Pauli matrices, and the latter to imaginary and anti-
symmetric ones. This decomposition implies that the symmetric and anti-
symmetric components are orthogonal to each other.

A useful property of the MD vector is that [ 40]:

1
2N

~� � ~� =
2NX

k = 1

� 2
k , (7.8)

where � k are the eigenvalues of Q. An analogous expression holds for the
round-trip propagation. The above expression holds also in the presence of
MDL , when both ~� and � k are complex quantities. Nevertheless, even for
moderate values of MDL in the order of some dB's, the imaginary part of
~� is at least one order of magnitude smaller than the real part. Therefore,
neglecting this imaginary part, the quantity (~� � ~� )1=2 corresponds to the
root-mean-square differential group delay ( rms-DGD ).

This relationship implies that the rms-DGD measured in re�ection can
range from zero to twice the rms-DGD measured in transmission, depend-
ing on the level of mode coupling. In the typical strong coupling condi-
tions encountered in long SDM links, ~� (! ) exhibits signi�cant variations as
a function of ! , potentially transitioning from fully symmetric to fully anti-
symmetric [M 1]. Correspondingly, the round-trip rms-DGD will vary from
twice the transmission rms-DGD to zero, indicating that under strong cou-
pling the upper envelope of the round-trip rms-DGD as a function of fre-
quency is twice the transmission rms-DGD . This behavior highlights the com-
plementary insights provided by the round-trip and forward measurements.

In summary, the round-trip MD matrix QR is directly related to the sym-
metric part of the forward propagation matrix Q. This relationship allows
for the characterization of MD in SDM �bers through re�ective measurements,
providing insights into the DGD and its variation along the �ber link.

7.3 md characterization of sdm fibers based on reflective
measurements

In this section, we present the experimental validation of the relation be-
tween the round-trip MD matrix QR and the symmetric part of the matrix Q,
denoted as QS, as described in the theoretical model [M 7]. The experimental
approach leverages re�ective measurements using an OVNA to characterize
the MD of SDM �bers.

The DUT consists of a six-mode FMF with a length of approximately 35
meters, supporting four linearly polarized mode groups [ 15] with its corre-
sponding fan-in and fan-out. However, for the purposes of this analysis, we
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focus only on the �rst three mode groups (LP 01 , LP11 , LP02 ), as the last
mode group (LP 21 ) was found to be decoupled from the others. To com-
pare the forward and round-trip MD , we perform two sets of measurements:
one using the standard forward OVNA transmission setup (see Sec.3.2) to
measure the transmission matrix F(! ), and another using a re�ective OVNA

setup (see Sec.5.4) to measure the round-trip matrix R1(! ). In the re�ective
con�guration, circulators are used to capture the re�ection from the open
connectors of the fan-out, enabling the extraction of the round-trip matrix.

The forward transmission measurement is used to compute the MD matrix
Q using Eq. 4.9 applied to F(! ), while the re�ective setup captures R1 , from
which we calculate QR. In both cases, the frequency step used to compute the
derivative of the transfer matrix was 0.5 GHz. The computed MD matrices
are then compared to assess the validity of the theoretical prediction that
QR = 2QS.

By comparing the eigenvalues of QS (the symmetric part of Q) with half
the eigenvalues of QR, we con�rm that the eigenvalues of QR are indeed
double those of QS. This result, shown in Figure 7.1, shows the modal de-
lays obtained from both forward and round-trip measurements. The top
plot shows half the eigenvalues of QR, denoted as � k =2, and the bottom
plot shows the eigenvalues of QS, denoted as � k . Both plots highlight also
the separation between the �rst three mode groups (LP 01 , LP11 , and LP02 ),
con�rming the low modal cross-talk in the limited �ber length. For clearer
visualization, Figure 7.2 presents a scatter plot comparing the eigenvalues
of QS and half the eigenvalues of QR, where the data points align closely
along the 45-degree line, con�rming the theoretical relationship.

Figure 7.1: Top: modal delays evaluated from the re�ectometric measurement di-
vided by two. Bottom: modal delays calculated from forward measure-
ment.
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Figure 7.2: Scatter plot of the modal delays shown in Fig. 7.1. The alignment along
the 45� line con�rms the theoretical relation between the round-trip and
forward modal delays.

Although small deviations between the eigenvalues of QS and QR are
observed, they can be attributed to factors such as measurement noise and
the in�uence of the circulators in the re�ective measurement. Nevertheless,
the overall agreement between the two sets of eigenvalues supports the use
of re�ective measurements for MD characterization in SDM �bers.

In addition to the modal delays, we computed the modulus of the general-
ized MD vector, j~� j, in both forward and round-trip measurements. Figure 7.3
shows the comparison between j~� j from the forward measurement and j~� Rj=2

Figure 7.3: Comparison of the modulus of the generalized MD vector j~� j from the for-
ward transmission (blue) and j~� R j=2 from the round-trip measurement
(orange).
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Figure 7.4: MDL comparison between the one-way (forward transmission) and
round-trip measurements. The round-trip MDL is higher due to the in-
creased loss over the re�ection path.

from the round-trip measurement. The orange trace is half the round-trip
rms-DGD ; the blue trace is the forward rms-DGD . Notably, the orange trace is
below the blue one, con�rming the theoretical analysis. Nonetheless, the fact
that the forward rms-DGD is the upper envelop of half the round-trip rms-DGD

is not so evident due to the limited mode coupling of the characterized �ber
link.

Finally, we measured the MDL for both the forward and round-trip con�g-
urations. Figure 7.4 presents the MDL values as a function of wavelength for
both measurements.

The average MDL for the forward and round-trip measurements were
6.28 dB and 9.61 dB, respectively, which, even though we are not yet able
to provide a relation between these two quantities, aligns with an expected
3 dB increase in MDL for the round-trip path.

In conclusion, the preliminary results indicate that re�ective measure-
ments offer a promising method for characterizing MD in SDM �bers. The
good agreement between the forward and round-trip measurements vali-
dates the theoretical relationship between QR and QS. Despite small devia-
tions attributed to noise and circulator effects, the results demonstrate the
viability of using re�ective OVNA measurements to assessMD in practical
systems. Future work will focus on improving the correlation between the
two sets of measurements, particularly considering the impact of MDL , and
investigating quasi-distributed MD characterization through re�ective tech-
niques.



8
B E N D I N G , T W I S T, A N D S H A P E S E N S I N G I N
U N C O U P L E D M U LT I - C O R E F I B E R S

Optical �bers have become a fundamental tool for various applications, in-
cluding telecommunications and sensing technologies [ 82, 83]. Characteriz-
ing how external perturbations, such as bending and twisting, affect the
birefringence in �bers is crucial for both practical applications and advanc-
ing the underlying theoretical models. Birefringence in optical �bers occurs
due to manufacturing imperfections or external disturbances that introduce
asymmetry to the �ber, leading to variations in the polarization of light along
its length [ 84]. Among the many methods used for characterization, PSRhas
emerged as a powerful technique for mapping local perturbations by observ-
ing the SOPof backscattered light.

However, traditional SMFs are often spun during the manufacturing pro-
cess to mitigate PMD in communication systems [ 85, 86]. The spinning pro-
cess introduces variations in the SOP that make it challenging to achieve
the high spatial resolution and SOP accuracy required for PSR [87]. Systems
based onOFDR are typically employed for such measurements, offering high
spatial resolution on the order of micrometers, albeit with a trade-off in mea-
surement range.

In recent years,UMCFs have been developed, particularly for SDM transmis-
sion systems [88]. These �bers offer two signi�cant advantages over SMFs for
precise birefringence characterization. First, UMCFs are not spun, as spin-
ning would lead to unwanted core cross-talk. Second, they exhibit a high
degree of uniformity and regularity in their birefringence [ 89], making them
ideal for PSR measurements. The unique structure of UMCFs has led to sig-
ni�cant research efforts in their application also in �elds beyond telecom-
munication [ 2], such as microwave photonics [90] and optical sensing. Most
noticeably, UMCFs are intensely investigated as a tool for bending and shape
sensing [91, 92, 93], but also for measuring temperature, torsion and refrac-
tive index [ 94, 95, 96]. Moreover, some studies have explored the use of UMCF

to enable discriminative measurements of temperature and strain [ 97].
The following sections explore the principles of PSR and provide ex-

perimental investigations into the bending and twist effects on uncoupled
UMCFs, with a �nal application in shape sensing.

79
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8.1 polarization -sensitive reflectometry technique

Polarization-sensitive re�ectometry ( PSR) is a powerful method for dis-
tributed measurements of birefringence in optical �bers. This technique
leverages the fact that any perturbation breaking the symmetry of a �ber,
such as bending, twisting, or other external factors, induces birefringence
changes in the �ber, which in turn affect the SOP of the light propagating
through the �ber [M 8]. By analyzing the backscattered SOP, PSR allows the
mapping of these perturbations with high spatial resolution. Notably, the
SOP of light is highly sensitive to external in�uences such as temperature
and strain, and uniquely, to twists [ 98], magnetic �elds [ 99], and electrical
currents [100], thereby expanding the range of potential applications.

8.1.1 Principles of PSR

The SOPof light at any point along the �ber is represented by a Stokes vector,
ŝ(z), which evolves as the light propagates due to local birefringence. The
evolution of the SOP in the �ber can be described by the equation:

dŝ(z)
dz

= ~� (z) � ŝ(z), (8.1)

where ~� (z) = ( � 1 , � 2 , � 3)T is the local birefringence vector. This birefrin-
gence vector can be decomposed as~� (z) = ~� L (z) + ~� C (z), where ~� L =
(� 1 , � 2 , 0)T is the linear component, and ~� C = � 3 û3 is the circular one, with
û3 = ( 0,0,1)T representing the axis of right-handed circular polarization.

In practical PSR applications, the backscattered light, caused by Rayleigh
scattering, is measured at the �ber input. The SOPof this backscattered light,
denoted by ŝB (z), evolves similarly to the forward-propagating SOP, follow-
ing:

dŝB

dz
= ~� B (z) � ŝB (z), (8.2)

where ~� B (z) represents the round-trip birefringence vector, which accounts
for the cumulative birefringence effects experienced during both the forward
and backward propagation.

The round-trip birefringence can be related to the local birefringence by:

~� B (z) = 2B(z)
h
~� L (z) + � (z)û3

i
, (8.3)

where the factor 2 accounts for round-trip propagation, B(z) denotes the
Mueller matrix representing backward propagation, ~� L (z) is the linear bire-
fringence, and � (z) represents the Faraday rotation [68]. This equation is fun-
damental to distributed polarization measurements and reveals two key fea-
tures of the PSRtechnique. Firstly, it highlights that, unlike the local birefrin-
gence vector ~� (z), the round-trip birefringence vector ~� B (z) is not a purely
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local quantity. Instead, through the term B(z), it depends on the entire �ber
section between the input and the scattering point, thus including the cumu-
lative effects over this region.

Secondly, while Eq. 8.3 does not explicitly depend on twist-induced opti-
cal activity, this does not imply that round-trip propagation eliminates recip-
rocal circular birefringence. Rather, this component still implicitly in�uences
~� B (z) via the backward propagation matrix B(z). This means that although
the twist does not appear directly in the equation, it remains a signi�cant
factor in the overall birefringence observed in the round-trip measurements.

8.1.2 Solving the Inverse Scattering Problem

To extract the complete local birefringence information from the measured
backscattered light, an inverse scattering problem must be solved. This in-
volves the following steps [ 101, 102]:

1. Measure the backscatteredSOP, ŝB (z), for at least two different input
SOPs.

2. Calculate the round-trip birefringence vector, ~� B (z), using appropriate
algorithms [ 103, 104].

3. Solve the differential equation for the rotation matrix Q(z), which de-
scribes the evolution of the birefringence vector along the backward
propagation:

dQ(z)
dz

=
1
2

~� B (z) � Q(z), (8.4)

with the initial condition Q(0) = I .

4. Calculate the apparent birefringence using:

~� A (z) =
1
2

QT (z) � ~� B (z). (8.5)

The apparent birefringence ~� A (z) can be expressed as:

~� A (z) = U3 [(2 - g)� (z)] ~� L (z) + � (z)û3 , (8.6)

where U3 [(2 - g)h(z)] is a rotation matrix, � (z) is the twist-induced rotation
angle, and � (z) represents Faraday rotation. The third component of ~� A (z)
depends only on Faraday rotation, whereas the linear part depends on recip-
rocal birefringence, including twist-induced optical activity.

Although the product U3 [(2 - g)� (z)] ~� L (z) cannot be factorized, by ob-
serving variations in ~� A (z), it is possible to detect variations in � (z), and
hence, the twist applied to the �ber. This procedure has been successfully
applied in practical experiments as will be shown in the next sections.
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8.1.3 PSR for Distributed Sensing

PSR is particularly useful in distributed �ber optic sensors where external
perturbations such as bending, twisting, or even temperature changes mod-
ify the birefringence along the �ber. In this context, PSRprovides high spatial
resolution and can map birefringence variations with great accuracy. Typ-
ically, polarization-sensitive OFDR is used for short-range, high-resolution
measurements, achieving spatial resolutions on the order of millimeters [ 68].

In the following sections, we will apply PSR to investigate the effects of
bending and twist on UMCFs, utilizing the theoretical foundations described
here.

8.2 bending effects in uncoupled multi -core fibers

Bending in optical �bers is known to induce stress across the �ber cross-
section, which affects the polarization and birefringence properties of the
cores. In UMCFs, this effect becomes more complex because the multiple
cores are not symmetrically positioned with respect to the �ber bending
axis.

8.2.1 Theoretical Model of Bending inUMCFs

When a �ber is bent, two main stress components arise: longitudinal stress
along the �ber axis and transverse stress across the �ber section (see Fig.8.1).
These stresses, denoted as� z and � x , respectively, modify the refractive in-
dex of the �ber through the elasto-optic effect [ 105].

The longitudinal stress component � z is related to the elongation or com-
pression of the �ber, which varies along the direction of the curvature vector
� = 1=RB (where RB is the bending radius). This stress can be expressed as:

� z = �Ex , (8.7)

where E � 72 GPa is the Young modulus of fused silica, and x is the distance
from the �ber neutral axis [M 9]. On the other hand, the transverse stress
component � x arises due to pressure exerted toward the �ber center. It is
given by:

� x =
� 2E

2
(x2 - R2

CL), (8.8)

where RCL is the cladding radius. These stresses induce changes in the dielec-
tric tensor of the �ber glass, affecting the propagation of light within each
core. The changes in the dielectric tensor caused by� z and � x are expressed
as:

�� z = - �n 4xdiag(c1 , c1 , c2), �� x = -
� 2n4

2
(x2 - R2

CL)diag(c2 , c1 , c1), (8.9)
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Figure 8.1: Schematic representation of stress components in a bent �ber.

where n is the refractive index of the core, and c1 � 0.206 and c2 � 0.032
are the elasto-optic coef�cients for fused silica [ 106].

In UMCFs, the transverse stress component� x is primarily responsible for
bending-induced birefringence because it acts perpendicular to the �ber axis,
causing variations in the dielectric tensor that in�uence the light propagation
within each core. Longitudinal stress � z contributes less to the core coupling
as it induces refractive index changes along the �ber axis, which is less sig-
ni�cant for mode coupling in uncoupled-core structures.

The induced coupling can be described in terms of the coupling coef�cient
between two modes � and � :

K� ,� =
Z Z

S

~E�
� (�� z + �� x )~E� dx 0dy 0, (8.10)

where ~E(x0, y 0) is the mode �eld distribution with respect to the reference
frame fx0, y 0gcentered on the core [M 9]. In the case of UMCFs, however, the
cores are not centered with respect to the �ber center, so the dielectric per-
turbations must be evaluated in x = x0- x0 , where x0 is the lateral offset of
the core. Referring to Fig. 8.1, we can write x0 = RC cos(� 0), where RC is the
core radius and � 0 is the azimuthal angle of the core relative to the bending
axis. This highlights the dependence of bending effects on core position and
orientation within the �ber structure.
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In UMCFs, each core experiences a different birefringence depending on its
location relative to the bending axis. The birefringence induced by bending
follows a quadratic relationship with the curvature � and is given by:

� bend � 0.273
�

n3

�

�
�
R2

CL - R2
C cos2 � 0

�
� 2 , (8.11)

where � is the wavelength of the light [M 9]. This expression tells us that
cores closer to the center of the �ber (with smaller RC ) experience stronger
birefringence, as the effect of bending-induced stress is ampli�ed at the �ber
center. Conversely, cores closer to the cladding experience weaker birefrin-
gence as their position reduces the impact of bending-induced stress.

The birefringence vector � bend measured for each core is proportional to
the squared curvature � 2 , re�ecting the quadratic relationship between cur-
vature and birefringence in the �ber. This behavior con�rms that in UMCFs,
just as in SMFs, the birefringence scales with the square of the curvature.
However, unlike SMFs, the birefringence varies depending on the core posi-
tion relative to the bending axis. This relation will be experimentally veri�ed
in the following subsection.

8.2.2 Experimental Analysis of Bending inUMCFs

To experimentally validate the theoretical model of bending-induced bire-
fringence in UMCFs, we employ a setup (shown in Fig. 8.2 that consists
of a commercial polarization-sensitive OFDR (Luna Innovations OBR 4600)
and a polarization controller (Agilent 11896A). The �ber under test is a 7-
meter long MCF with four uncoupled cores arranged with a core pitch of
40 —m [16]. To enable independent analysis of the �ber cores without per-
turbing the �ber, a 1 � 4 optical switch is used. Access to individual cores is
achieved through a fan-in module (Optoscribe 3D Optofan), which provides
single-mode �ber connections to each core. The birefringence of each core is
measured as a function of the bending radius to assess the dependence of
birefringence on the �ber curvature.

The OFDR system captures the backscattered light, which is processed us-
ing the PSR technique, as described in the previous section. This method

OFDR

S
W

IT
C

H

POL. C.

UMCF

FAN-IN

Figure 8.2: Experimental setup for sequential interrogation of the cores for different
input SOPs.
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allows for the distributed measurement of the SOP along the �ber, which is
sensitive to external factors such as bending. The PSR technique allows di-
rect measurement of birefringence by analyzing polarization changes in the
re�ected signal, enabling the extraction of the complex birefringence vector
~� in each core.

Initially, a reference measurement is taken with the �ber in a straight and
untwisted con�guration. Subsequently, the �nal three meters of the �ber are
carefully wound onto cylinders with radii ranging from 5 cm to 1.9 cm, cor-
responding to different bending conditions. Bending is performed carefully
to minimize twisting. However, since the core positions are not precisely
known either when the �ber is straight or after winding, a model account-
ing for this uncertainty is used in the analysis.

For the straight �ber con�guration, the birefringence vector in each core
is given by:

~� S,n (z) = � int,n (z)R3((2 - g)� 0(z) + 2 n (z)) ŝ1 , (8.12)

where � int,n (z) represents the intrinsic birefringence of the core, � 0(z) is any
torsion applied to the �ber, and  n (z) represents the orientation of the bire-
fringence in the n-th core. The matrix R3(� ) represents rotation by an angle
� around the �ber axis, and g � 0.15 accounts for circular birefringence due
to torsion[ 107]. This equation applies to all cores, considering that PSRmea-
sures linear birefringence and any circular birefringence caused by torsion
� 0 is perceived as an additional rotation by - g� 0 .

When the �ber is bent, the total birefringence vector in each core is the
sum of the intrinsic and bending-induced birefringence, both affected by
an apparent factor - g� B (z) due to any twist during winding. This total
birefringence in the n-th core is described as:

~� M ,n (z) = � int,n R3((2- g)( � 0 - � B ) + 2 n )ŝ1 + � bend,n R3(- g(� 0 - � B )) ŝ1 ,

(8.13)

where � B represents the torsion induced by bending. Since the bending axis
is �xed in our experiment, the bending birefringence is assumed to be con-
sistently aligned along ŝ1 . The matrix R3(- g(� 0 - � B )) accounts for the per-
ceived rotation caused by circular birefringence. Although the values of � 0 ,
� B , and  n are unknown, the birefringence measurements in the straight
�ber allow us to calculate the angles � S,n (z) = ( 2 - g)� 0(z) + 2 n (z), up to
an unknown constant [ 68].

The intrinsic birefringence orientation appears consistent across all cores,
as shown in Fig. 8.3, suggesting that this birefringence stems from a common
stress �eld during �ber drawing, exhibiting axial symmetry around the �ber
axis [89].
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Figure 8.3: Angle of birefringence measured for all the cores when the �ber is laid
straight

Consequently, we set the birefringence orientation in each core as  n (z) =
 0(z) + n�=2 , where n = 0,1,2,3 represents the cores counted clockwise.
Similarly, the bending birefringence in each core is approximately:

� bend,n � 0.273
�

n3

�

�
�
R2

CL - R2
C cos2(� 0 + n�=2 )

�
� 2 , (8.14)

where � 0 accounts for the unknown absolute orientation of the cores.
Figure 8.4 shows the modulus of ~� M ,n (z) for various bending radii, includ-

ing the straight �ber, for a speci�c core ( n = 2). It is evident that the onset
of bending (starting at approximately 35 meters) signi�cantly enhances the
birefringence strength and make it largely varying along the �ber, despite
the constant applied curvature. This variations arise from the different core
orientations along the �ber.

Figure 8.4: Modulus of birefringence, for one core, in straight con�guration and
when the last 2 meters are coiled with different radii.
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Figure 8.5: Plots of B(z) for different bending radii.

To quantify the bending-induced birefringence independently of un-
known parameters such as core orientation, we calculate the following quan-
tities based on the experimental data:

q1(z) = ( ~� M ,0 � ~� S,0) + ( ~� M ,2 � ~� S,2) - ( ~� M ,1 � ~� S,1) - ( ~� M ,3 � ~� S,3),

(8.15)

q2(z) = f~� M ,0 � ~� S,0g3 + f~� M ,2 � ~� S,2g3 - f~� M ,1 � ~� S,1g3

- f~� M ,3 � ~� S,3g3 , (8.16)

where subscripts 0,1,2, and 3 refer to the respective cores, andf�g3 denotes
the third component of the vector product.

From explicit calculations, we obtain:

q1(z) = 
 1 cos((g - 2)� B ) + 
 2 � 2 cos(2(� 0 +  0) + g� B ), (8.17)

q2(z) = 
 1 sin((g - 2)� B ) + 
 2 � 2 sin(2(� 0 +  0) + g� B ), (8.18)

where 
 1 = � int,0 - � int,1 + � int,2 - � int,3 and 
 2 � 0.546(n3=� )(2R2
CL - R2

C).
For our �ber, RCL � 62.5 �m , RC � 28.4 �m , and n � 1.466; thus, for
� = 1550 nm, we �nd 
 2 � 7.8 mm. Given the symmetry in intrinsic bire-
fringence, we set 
 1 � 0 since each core has almost the same birefringence
strength, as experimentally veri�ed from the measures of ~� S,n .

Consequently, we calculate B(z) as:

B(z) =
q

q2
1(z) + q2

2(z) � 
 2 � 2(z), (8.19)

which is independent of unknown angles and proportional to the squared
curvature.

Figure 8.5 presents the calculated B(z) for different winding radii. Before
bending (up to 35 meters), B(z) is nearly zero, as expected. However, in



88 bending , twist , and shape sensing in uncoupled multi -core fibers

Figure 8.6: Average value of B(z) as a function of the squared curvature (markers:
experimental data; solid line: linear �t)

the bent region, B(z) increases with curvature. Some �uctuations in the mea-
sured values are attributed to the approximation 
 1 � 0 and minor imperfec-
tions in �ber winding. Figure 8.6 shows the average B(z) in the bent region
as a function of the squared curvature � 2 . The linear �t of the experimental
data (markers) con�rms that bending-induced birefringence in UMCFs scales
with the square of the curvature, in agreement with Eq. 8.11.

8.3 twist effects in uncoupled multi -core fibers

In this section, we explore the behavior of UMCFs when subjected to twist,
using PSR to observe how birefringence evolves along each core. UMCFs are
becoming a viable platform for distributed twist sensing due to their op-
tical and mechanical properties, which allow for accurate measurement of
birefringence even when subject to torsional stress.

We �rst describe the theoretical model underlying twist-induced birefrin-
gence in UMCFs, followed by the experimental setup and results that validate
the model through polarization-based distributed sensing techniques.

8.3.1 Theoretical Model of Twist Effects inUMCFs

Unlike SMFs, where the core is centralized, MCFs have multiple cores ar-
ranged symmetrically around the �ber axis. When such �bers are twisted,
stress �elds are generated in the offset cores, which affects their birefrin-
gence properties. The induced birefringence due to twist can be described
by coupled mode theory [ 62].

In this model, each core of the �ber can be considered as a waveguide
where the mode complex amplitude, denoted as a� , evolves along the �ber
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length (z-axis) under the in�uence of the propagation constant C� and cou-
pling coef�cient K� ,� between modes � and � , which accounts for pertur-
bations in the core dielectric properties. This is governed by the equation:

da �

dz
= - jC � a� (z) - j

X

�

K� ,� (z)a� (z), (8.20)

where the coupling coef�cients are determined by integrating over the �ber
section [32]:

K� ,� =
!
4

Z Z
E�

� (x0, y 0)�� (x0, y 0, z)E� (x0, y 0) dx 0dy 0, (8.21)

where �� (x0, y 0, z) describes the perturbation to the dielectric tensor due to
twist, and E� and E� are the transverse electric �eld components of modes
� and � .

When a twist is applied to the �ber, shear stress modi�es the dielectric ten-
sor, introducing an additional birefringence component. The perturbation in
the permittivity tensor, �� twist , due to this elasto-optic effect, is given by [ 32]:

�� twist (x0, y 0, z) = � 0n2
avg� (z)

2

6
6
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0 0 - y

0 0 x

- y x 0

3

7
7
5 , (8.22)

where x0 and y 0 represent the coordinates of a core relative to the �ber axis
(see Fig.8.7), � 0 is the vacuum permittivity, nav is the average refractive in-
dex of the �ber and � (z) = d ( z)

dz is the applied twist rate. The elasto-optic co-
ef�cient g � 0.144quanti�es the twist-induced circular birefringence [ 107].
The applied twist rate, � (z), determines the magnitude of the torsional stress
and the corresponding birefringence rotation.

Figure 8.7: Schematic cross-section of the four-coreUMCF showing the arrangement
of the cores and cross-sectional photo of the �ber under test.
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Interestingly, the symmetrical positioning of the cores within the �ber
means that while the stress �eld is not uniform across the cores, its electro-
magnetic impact remains independent of the core speci�c position relative
to the �ber axis. This implies that the twist-induced effects are similar to
those observed in SMFs. The twist induces both a rotation of the intrinsic
linear birefringence by the twist angle  (z), and a torsional-stress circular
birefringence proportional to the twist rate � (z) according to - g� [32].

To understand the impact of twist on the birefringence of each core, we
rely on a geometrical interpretation of twist effects. When the UMCF is
twisted, the cores follow a helical trajectory. Despite the fact that the tor-
sion applied to the helix differs slightly from that applied to the �ber axis,
the difference is negligible due to the much smaller core-to-axis distance r
compared to the helical pitch p. Thus, the torsion along the core, expressed
as p=(r2 + p2), can be approximated as 1=p, which is equivalent to the ap-
plied twist along the �ber axis. Consequently, each core undergoes the same
variations in local birefringence angle under the applied twist [M 10].

In practical applications, �bers are often subjected to both bending and
twisting. However, bending effects on birefringence can generally be ne-
glected unless the bending radius becomes extremely small, typically below
a few centimeters [108] [M 9]. Such tight bends are rare in many applications,
such as twist monitoring in power cables, where the inherent rigidity of
the cable limits extreme bending. Therefore, in most cases, the in�uence of
bending on birefringence can be safely ignored in twist sensing applications.

8.3.2 Measurement of Twist-Induced Birefringence

To measure the birefringence variations induced by twist in UMCFs, we em-
ploy the PSRtechnique previously discussed. The main goal is to understand
how twist affects the birefringence in each core and how it modi�es the SOP

of backscattered light, which is directly related to the birefringence along
the �ber.

As discussed, the SOPŝ(z) of the light propagating through each core
evolves according to Eq. 8.1, where ~� (z) represents the birefringence vec-
tor. This vector can be decomposed into its linear and circular components,
~� (z) = ( � L cos(2� ), � L sin(2� ), � C )T . The linear birefringence, � L , is in�u-
enced by the twist applied to the �ber, while the circular birefringence, � C ,
is primarily caused by the elasto-optic effect due to the torsion rate � (z).
The angle � (z) describes the cumulative rotation of the birefringence up to
position z, resulting from both the intrinsic properties of the �ber and the
applied twist.

As anticipated, the PSRtechnique measures the backscatteredSOP, denoted
as ŝB (z), which evolves according to Eq. 8.2.The associated round-trip bire-
fringence, ~� B (z), includes contributions from both the forward and back-
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ward propagation. As described in Section 8.1, the round-trip birefringence
is related to the local birefringence as follows [ 102]:

~� B (z) = 2B(z) � ~� A (z), (8.23)

where the factor of 2 accounts for round-trip propagation, and B(z) is the
Mueller matrix representing backward propagation. The apparent birefrin-
gence,~� A (z), is related to the actual local birefringence ~� (z) of the core. The
apparent birefringence can be expressed as [107]:

~� A (z) = � L (cos(2� (z)) , sin(2� (z)) , 0)T , (8.24)

where the angle � (z) is given by:

� (z) = � (z) -
1
2

Zz

0
� C (u) du . (8.25)

This equation shows that the circular birefringence induced by twist is mea-
sured as an apparent rotation of the linear birefringence.

To extract information about the twist, the angle � (z) must be known. This
can be obtained by performing a reference measurement at the start of the
sensing process.

Based on the above model, the twist angle  (z) is determined as follows.
First, the backscatteredSOP, ŝB (z), is measured using a polarization-sensitive
re�ectometer. Then, the round-trip birefringence ~� B (z) is computed, which
can be done by probing the �ber with at least two input SOPs and using estab-
lished algorithms [ 103]. The Mueller matrix for the backward propagation is
computed by solving the differential equation:

dB(z)
dz

=
1
2

~� B (z) � B(z), (8.26)

with the initial condition B(0) = I .
Next, the apparent birefringence ~� A (z) is calculated using:

~� A (z) =
1
2

BT (z) � ~� B (z). (8.27)

The twist angle  (z) is then determined by subtracting the intrinsic ran-
dom birefringence angle � (z) from the measured apparent birefringence an-
gle � (z) [107]:

� (z) = � (z) +
1 - g

2
 (z), (8.28)

where � (z) is derived from the reference measurement without applied twist.
In this way, the twist-induced birefringence can be isolated, allowing accu-
rate measurement of the applied twist along the �ber.
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The effectiveness of this technique in measuring twist depends on two
key factors: the spatial resolution, �z , and the birefringence strength, � . Ac-
curately detecting the spatial variation of the backscattered SOP is crucial, as
the spatial resolution dictates the level of detail that can be obtained. When
the spatial resolution is signi�cantly smaller than the beat length, LB = 2�

� ,
the maximum measurable twist rate is approximately:

� max �
�

2�z
. (8.29)

Thus, the technique ability to measure higher twist rates is intrinsically
linked to both the spatial resolution and the �ber birefringence properties.
Further details regarding this dependence can be found in Ref. [ 109].

8.3.3 Experimental Setup and Results

To experimentally validate the theoretical model of twist-induced birefrin-
gence in UMCFs, we perform distributed twist measurements using PSR. The
experimental setup is the same as the one used for bending characteriza-
tion, shown in Fig. 8.2. It includes a commercial OFDR (Luna OBR 4600), a
polarization controller, and a 1 � 4 optical switch for selecting speci�c cores
within the UMCF . The �ber under test, provided by Optical Communications
Laboratory, Sumitomo Electric Industries, is a 7-meter uncoupled four-core
�ber with a core pitch of 40 �m , arranged at the vertices of a square con-
�guration [ 16]. The same �ber has been studied for bending effects in the
previous section. For this experiment, the OFDR scans a bandwidth of 43 nm
centered around 1550 nm, providing a spatial resolution of approximately
20 � m.

In the twist characterization, the OFDR system is used to measure the
backscattered SOP along the �ber, allowing the calculation of twist-induced
birefringence by analyzing its evolution over the �ber length. Based on the
inverse scattering procedure described in Section 8.1, the �ber needs to be
probed with at least two input SOPs. To ensure accurate results, however,
we use 4 input SOPs [110], and the measurements are repeated under differ-
ent twist conditions, applied by rotating the �ber at speci�c points between
�xed anchors.

During the experiment, twist is introduced in controlled increments, rang-
ing from - 2 to + 2 full rotations. The corresponding birefringence in each
core is measured. Figure 8.8 shows the measured birefringence for different
twist angles. The triangle-shaped curves are due to the fact that the �ber sec-
tions before and after the twist application point, i.e., z = 37.3 m, experience
rotations with different twist rates, ranging from 3.15 to 12.6 rad/m, and
with opposite helicity. To produce the results shown in Fig. 8.8, the backscat-
tered SOP has been low-pass �ltered to improve the SNR by reducing the
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Figure 8.8: Variations in the orientation of the birefringence vector with respect to
the reference measurement for all the cores in the uncoupled 4-core �ber,
showing a clear dependence on the applied twist. The legend indicates
the number of turns applied to the �ber at z = 37.3 m. A ”+” represents
clockwise rotation, and a ”-” represents counterclockwise rotation.

impact of Rayleigh fading noise (refer to Section 3.2 in Ref. [56]). However,
this �ltering process worsen the effective spatial resolution from 20 � m (the
OFDR system resolution) to 6 cm, which is the effective spatial resolution
after data processing.

The spatial resolution can be improved by adjusting the �lter parameters,
although this will also affect the SNR. Therefore, a balance between accuracy
and SNR must be maintained. According to Eq. 8.29, with a birefringence of
approximately � � 2.5 rad/m (as shown in Fig. 3(a) in [M 11]), a spatial reso-
lution of 6 cm yields a maximum measurable twist rate of about 26.2 rad/m.
The results demonstrate that the birefringence response is consistent with
the predicted elasto-optic coef�cient (with g � 0.144) for each core, match-
ing the values typically reported for SMFs. Moreover, the linear relationship
between the applied twist and the induced birefringence con�rms the model
predictions, supporting the conclusion that all cores in the UMCF experience
the same variations in birefringence under applied twist.
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Figure 8.9: Experimental setup for long-distance distributed twist measurements on
the UMCF after a 500-meter SMF link, showing the OFDR, polarization con-
troller, and 1 � 4 switch.

To further evaluate the �ber response over longer distances, an additional
experiment is conducted in which the UMCF is probed after a 500-meter
link of standard SMF, as shown in Fig. 8.9. In this setup, the measurement
bandwidth is reduced due to the limitations posed by the laser coherence
length, forcing the OFDR system to scan a narrower bandwidth of 0.8 nm,
which is approximately 50 times smaller than in the direct probing setup.
This narrowing reduces the available spatial resolution to around 1 mm for
the OFDR system.

In this experiment, the �ber is �xed at three points, each separated by
approximately 2.5 meters, and two twists are applied with equal magnitude
but opposite direction. Despite the lower spatial resolution due to the SMF

section, the system accurately detects twist variations. The spatial resolution
is approximately 8 cm, and the angular accuracy for twist measurements
is around 4� . These results con�rm the robustness of the characterization
technique, even when deployed over extended distances.

The results for a single core are shown in Fig. 8.10, as all other cores
demonstrated similar local birefringence variations. After �ltering the SOP,
the effective spatial resolution for both short and long con�gurations is 6 cm
and 8 cm, respectively, corresponding to maximum measurable twist rates
of 26.2 rad/m and 19.6 rad/m. Although some oscillations are present in the
curves (Fig. 8.10(b)) due to the reduced spatial resolution and the lower ac-
curacy when applying numerical integration algorithms, the measured twist
closely matched the applied values.

In [M 11], the performance of the system is analyzed also when twists with
different amplitudes and directions are applied, along with an examination
of the sensor noise �oor.

In conclusion, the experimental results con�rm the theoretical model of
twist-induced birefringence in UMCFs. By applying controlled twists to the
�ber, we determined that the elasto-optic rotation coef�cient of each core is
consistent with values reported in the literature for SMFs. The experimental
data support the conclusion that all cores experience similar birefringence
changes. Both short-range and long-range measurements demonstrate that
UMCFs exhibit consistent birefringence variation under applied twist. The
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system remained robust even in long-range con�gurations, showing poten-
tial for distributed twist characterization in applications such as cable moni-
toring and robotics [ 95].

8.4 twist -compensated 3d shape sensing using uncoupled
multi -core fibers

Optical �ber shape sensing is a technique that allows the reconstruction of
the geometry of a structure by measuring the properties of light propagating
along optical �bers attached to it. Shape sensing has diverse applications in
�elds such as medical devices, aerospace, and structural monitoring [ 111].
A typical shape sensing setup consists in a set of �bers attached parallel to
the monitored structure, as shown in Fig. 8.11. When the structure is bent,
its shape can be reconstructed by measuring the strain variation along the
�bers. However, using MCFs for shape sensing allows for more ef�cient and
compact solutions by integrating multiple cores within a single �ber (see
Fig. 8.11) [112].

In MCFs, strain is measured in each core, and by comparing the strain
values across different cores, curvature and bending direction of the �ber
can be calculated, allowing for shape reconstruction. Traditional methods
rely solely on strain measurements. However, when the �ber is subjected to
twist or torsion, the strain-based methods alone can introduce errors in the
reconstructed shape. Therefore, a method integrating twist compensation is
essential for accurate3D shape sensing in real-world applications.

Figure 8.10: Variations in the orientation of the birefringence vector with respect to
the reference measurement when two twists with the same amplitude
but opposite directions are applied to the UMCF; (a) when the �ber is
probed directly, and (b) after propagating 500m through standard SMF.
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In this section, we �rst introduce the standard shape sensing approach,
followed by our novel twist-compensated method, which integrates strain-
based measurements with twist compensation to allow for 3D shape recon-
struction in the presence of torsion [M 12].

8.4.1 Shape Sensing: Curvature and Bending Measurements

Shape sensing with MCFs relies on measuring the Rayleigh backscattered
�eld along each core. Perturbations along the �ber cause local changes in
the backscattering signal, which can be detected using an OFDR. The strain is
then retrieved by performing SCA between the backscattered signals from the
unperturbed and perturbed states of the �ber. SCA calculates the local strain
variations along the cores by detecting shifts �! in the Rayleigh spectral
signature. The strain � i in each core is given by [113]:

�n=n 0 � (1 - 0.1n2
0)� , (8.30)

where n0 is the effective refractive index when the core is not perturbed, and
�n is the refractive index change due to applied strain.

Once strain is measured across multiple cores, curvature and bending di-
rection are derived. The local curvature is calculated using the strain differ-
ences between the cores, while the bending direction is derived from the
relative strain magnitudes. To reconstruct the geometrical shape of the �ber,
we apply the parallel transport frame, which is more effective for 2D shape
reconstruction as it avoids the singularities and discontinuities that occur in
other methods like the Frenet-Serret frame [114]. The idea behind the par-
allel transport frame is to propagate a reference frame along the length of
the �ber in such a way that the frame does not rotate with respect to the
local tangent of the curve. This simpli�es the calculation of curvature and
bending direction in a 2D plane.

In this framework, the shape of the �ber is governed by the following
vector in X-Y coordinates:

~p(z) = x(z)~i + y(z)~j , (8.31)

Figure 8.11: General shape sensing setup, where a set of parallelSMFs or a single
MCF can be used.
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where the distance between consecutive points on the curve is the arc length,
determined by the gauge length of the SCA.

At each position z, the unit tangent vector is:

~T(z) =
d~p(z)

dz
=

x0(z)~i + y 0(z)~j
p

(x0(z))2 + ( y 0(z))2
. (8.32)

The curvature � (z) is the rate of change of the tangent vector ~T(z) with
respect to arc length and is the inverse of the bending radius.

In the reconstruction process, the curvature and bending vectors are deter-
mined by solving the following matrix equation [ 114]:
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where ~N1 and ~N2 are normal unit vectors perpendicular to the tangent
vector, and � 1 and � 2 are the projections of the curvature vector on ~N1 and
~N2 , respectively.

The curve from Eq. 8.31 is estimated as:

~p(z) =
Z

~T(z)dz + ~p0(z), (8.34)

where ~p0(z) de�nes the initial position on the �ber where the reconstruction
starts. Once the strain values� i for each corei are known, the local curvature
vector directed from the center of the �ber to core i is calculated as:

� i = -
� i

R
(cos� i~i + sin � i~j), (8.35)

where R is the is the distance from the outer �ber core to the center of
the �ber, and � i is the angular position of core i in the �ber cross-section.
This expression assumes a symmetrical distribution of the cores around the
central axis of the �ber. For �bers with an asymmetrical core arrangement,
the calculation would need to be adapted to account for varying distances
and angular positions of the cores. By summing the curvature vectors of all
the cores, the overall local curvature vector is:

� = -
MX

i = 1

� i

R

�
cos� i~i + sin � i~j

�
. (8.36)

The bending direction is the angle of the overall curvature vector � relative
to the X-axis, and it can be computed as:
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Figure 8.12: Experimental setup for sequential core interrogation with OFDR system
and optical switch

� b = arctan

 P M
i = 1 � i sin � i

P M
i = 1 � i cos� i

!

. (8.37)

For the initial conditions, the identity matrix can be selected as the ma-
trix for the initial frame. This matrix provides the starting orientation for
the �ber shape. The initial choice of the matrix does not affect the overall
shape reconstruction since the variations along the �ber remain consistent
regardless of the initial frame. The derivatives needed for the curvature cal-
culations are computed using backward differentiation to ensure stability in
the numerical reconstruction.

8.4.2 Sequential and Simultaneous Core Interrogation

Traditionally, core interrogation is performed sequentially [ 115]. In this
setup, shown in Fig 8.12, each core of theMCF is interrogated individually
by switching between them using an optical switch. The MCF used in the ex-
periment is a 7-meter long 4-core uncoupled �ber interrogated by an OFDR

system [16]. The �ber cross-section is shown in Fig. 8.7. This method ensures
that each core backscattered signal is measured independently, avoiding any
overlap between the signals. However, sequential interrogation reduces ac-
quisition speed since cores are measured one at a time. Speci�cally, if the
�ber experiences very slow perturbations, the time between switching is not
crucial, however when the �ber experiences a dynamic stress, switching de-
lays may cause inaccuracies.

To overcome this limitation, we developed a method for simultane-
ous core interrogation based on Rayleigh-signature domain multiplexing
(RSDM) [M 13].

This approach leverages the unique Rayleigh scattering signatures of each
core, enabling strain retrieval from all cores when they are interrogated in
a single OFDR scan. The Rayleigh signature of each core is stored. Then, in
the simultaneous measurement, the Rayleigh spectral signature of each core
bi (! ) (where i = 1, ...,N) is superposed, and the strain of each core � i (t ) is
determined by performing SCA between bi (! ) and the mixed signal bmix (! ).
The uncorrelated terms in bmix (! ) act as noise, while the correlated terms
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Figure 8.13: Experimental setup for simultaneous core interrogation and strain re-
trieval in the UMCF. The OFDR system uses a network of optical couplers
to interrogate multiple cores simultaneously.

provide the strain information. This approach speeds up the interrogation
process but the increase in speed comes at the cost of higher noise levels,
due to interference between the Rayleigh backscattering signals from dif-
ferent cores. A detailed analysis of the increased noise �oor, which arises
from the superposition of uncorrelated Rayleigh signatures, can be found in
[M 14, M15]. Despite this limitation, experimental results have shown that the
strain retrieval using RSDM is consistent with that of conventional methods,
providing both higher speed and reliable performance.

The experimental setup for simultaneous core interrogation is shown in
Fig. 8.13, where a network of 50=50optical couplers is included to enable the
simultaneous interrogation of the 4 cores. As an example, Fig.8.14 presents
a 2D shape reconstructed using this method. Further details and examples
of reconstructed shapes can be found in [M 14].

By using simultaneous core interrogation, we can reconstruct 2D shapes
ef�ciently and accurately, making the method particularly suitable for ap-
plications where high acquisition speed is crucial. However this analysis is
limited to 2D shape reconstruction since 3D shape sensing is complicated by
the �ber internal twist. To accurately reconstruct 3D shapes, twist-induced
distortions must be accounted for. In the next section, we describe our twist-
compensated 3D shape sensing approach based onPSR.

Figure 8.14: An example of a reconstructed 2D shape using the simultaneous core
interrogation setup and the parallel transport frame. The sequential
(dashed curves) and the simultaneous (solid curves) interrogation of
the cores achieve similar accuracy.
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8.4.3 Twist-Compensated Shape Sensing via Polarization Sensitive Re�ectometry

In previous sections, we have discussed shape sensing methods based on
strain measurements. These methods allow accurate2D and, to some extent,
3D shape reconstruction, but face signi�cant challenges when the �ber un-
dergoes twisting. In 3D scenarios, twist introduces an ambiguity between
geometrical torsion, which is a natural property of curves, and actual twist-
ing of the �ber itself. If not properly accounted for, twist can severely distort
the reconstructed shape.

To address this limitation, we introduce a novel approach based on PSR

that compensates for twist, allowing for accurate 3D shape reconstruction.
PSR leverages the birefringence properties of the �ber to measure the local
SOP of backscattered light, which provides key information about the twist
along the �ber [ 116]. By integrating this twist information with strain-based
shape sensing, we can separate the twist torsion from geometrical torsion
and resolve the ambiguity in shape reconstruction.

PSRhas been detailed in Sec.8.1, but, very brie�y, it works by measuring
the SOPof the Rayleigh-backscattered light as a function of the distance along
the �ber for different input polarization states. This enables the calculation
of the local birefringence vector, denoted as ~� (z), where the �rst two compo-
nents provide the magnitude and orientation of the birefringence, and the
third component is always zero. Notably, PSRprovides a direct measurement
of twist torsion by capturing the rotation of the birefringence axes along the
�ber [M 11].

This is particularly valuable because traditional shape sensing techniques
based on strain measurements are sensitive to both geometrical and twist-
induced torsion but cannot distinguish between them. By combining strain
data with PSR measurements, we can resolve this ambiguity. In particular,
PSR is unaffected by geometrical torsion because it measures the SOP of the
light, which is parallel transported along the �ber. As a result, PSRcaptures
only the twist-induced rotation of the �ber cores, while being insensitive to
the geometrical torsion [ 117].

To reconstruct the 3D shape of the UMCF , the strain-based curvature mea-
surements must be corrected using the twist information obtained from PSR.
PSR measurements provide the local birefringence orientation  (z), which
is related to the twist-induced rotation of the �ber but not the geometrical
torsion. The birefringence orientation  (z) is de�ned with respect to a refer-
ence frame that is parallel transported along the �ber, and this frame is set
during the initial calibration of the �ber.

During the calibration process, the �ber is deployed in a 2D planar con-
�guration to measure the initial birefringence orientation  2 and the strain-
derived curvature orientation � 2 . These are de�ned as:

 2 = ( 2 - g)� 1 + 2� 0 + ( 2 - g)� 2 +  0 , (8.38)
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where � 1 is the initial twist possibly affecting the �ber, � 0 is the angular
position of the cores, � 2 is the twist introduced during the 2D deployment,
 0 is the intrinsic birefringence orientation, and g is the �ber elasto-optic
coef�cient, which is typically around 0.146 [32]. The curvature orientation
� 2 in this con�guration is given by:

� 2 = � 1 + � 0 + � 2 . (8.39)

These values provide a baseline for subsequent measurements when the �ber
is deployed in an arbitrary 3D shape. In the twisted con�guration, the bire-
fringence orientation becomes

 3 = ( 2 - g)� 1 + 2� 0 + ( 2 - g)� 3 +  0 , (8.40)

and the curvature orientation � 3 is

� 3 = � 1 + � 0 + � 3 + 
 , (8.41)

where � 3 is the twist in the 3D con�guration, and 
 is the geometrical torsion
we seek to measure. By comparing these values, we can accurately subtract
the twist effects and isolate the true geometrical torsion. The corrected geo-
metrical torsion, 
 , is computed as:


 = � 3 - � 2 -
 3 -  2

2 - g
, (8.42)

This equation allows for an unambiguous measure of the geometrical torsion
by effectively subtracting the effects of twist torsion from the total torsion
measured by the strain sensor.

We validated this approach using a 4-core UMCF , deployed in two differ-
ent con�gurations: a planar circular shape with a radius of 16 cm, and a 3D
helical shape with a radius of 8.1 cm and a pitch of 35cm. Simultaneous mea-
surements of strain and PSR were performed using a polarization-sensitive
OFDR system, like the one in Fig. 8.2. Strain-based curvature measurements
were performed using the standard SCA, while the PSRmethod followed the
principles outlined in Sec. 8.1.

The results are shown in Fig. 8.15 and Fig. 8.16. In the �rst test, the �ber
was deployed in a planar circle. Without twist compensation, the recon-
structed shape deviated signi�cantly from the 2D plane, as shown by the
orange curve in Fig. 8.15. However, after applying the twist compensation
method, the �ber shape was accurately reconstructed in the 2D plane (green
curve). To have a better view the reconstructed shape, the projections of the
circle on the XY-plane and XZ-plane are shown in Fig. 8.15. The average error
between the measured and the nominal circle (dashed blue line) was approx-
imately 4.5 mm over a sensing length of 1 m, demonstrating the accuracy of
the twist compensation approach.



102 bending , twist , and shape sensing in uncoupled multi -core fibers

Figure 8.15: (a) Circular shape obtained with and without compensation. (b) View
of the twist-compensated circle in the XY-plane and XZ-plane.

Figure 8.16: Reconstructed shape of the �ber deployed in a helix.

In the second test, where the �ber was deployed in a helical con�guration,
the twist-compensated method achieved an average error of 4.7 mm over a
sensing length of 1.5 m, indicating a faithful 3D reconstruction of the �ber
as can been seen in Fig.8.16, where the green line is the reconstructed shape
and the blue dashed line is the nominal helix.

This twist-compensated shape sensing method opens new possibilities for
applications where accurate 3D shape reconstruction is critical. Medical de-
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vices such as endoscopes, robotic limbs, and structural health monitoring
systems can bene�t from this technique, where even small errors in shape
reconstruction can lead to signi�cant operational issues. Future work will fo-
cus on re�ning the calibration process and extending this approach to even
more complex 3D shapes and �ber con�gurations.





9
C O N C L U S I O N S A N D F U T U R E O U T L O O K

This thesis has explored innovative characterization methods for next-
generation optical �bers, with a primary focus on SDM systems. As discussed
in the introduction, the exponential growth in global data traf�c contin-
ues to place an unprecedented strain on communication networks. While
traditional SMF systems have supported decades of optical communication
advancements, they are now approaching their capacity limits, a challenge
known as the "capacity crunch." With new technologies such as 5G, cloud
computing, and arti�cial intelligence increasing bandwidth demands, it is
clear that scaling beyond current limits is critical for future network infras-
tructure. To address this, SDM has emerged as a promising solution for in-
creasing per-�ber capacity by utilizing spatial diversity in optical �bers, of-
fering a scalable and ef�cient method for signi�cantly increasing transmis-
sion capacity.

This dissertation has focused on the characterization of SDM �bers, high-
lighting both the opportunities and the challenges involved in implementing
this technology. By introducing innovative techniques such as SWI and dis-
tributed sensing methods based on Rayleigh scattering, this work aimed to
provide precise measurements of key impairments, such as modal disper-
sion and mode-dependent loss, that affect SDM system performance.

9.1 key contributions

The main contributions of this thesis can be summarized as follows:

• Advanced characterization techniques for SDM �bers: The �rst part
of this work focused on the characterization of SDM �bers using ad-
vanced optical measurement techniques. In particular, the use of OVNA

enabled high-precision measurements of modal dispersion and differ-
ential group delay in FMFs and MCFs. By extending these methods to
distributed Rayleigh-based sensing techniques, we successfully charac-
terized the spatial variations in SDM �bers, paving the way for more
resilient �ber designs. These techniques allow for high-precision mea-
surements critical for optimizing SDM system performance.

• Experimental analysis of �eld-deployed and laboratory-based SDM
�bers: Through extensive experimental studies, this thesis has demon-
strated the ef�cacy of the proposed characterization techniques in
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both controlled and real-world environments. Laboratory and �eld-
deployed �bers were used and these experiments revealed critical
insights into how spatial channels interact within a �ber, providing
strategies to address the challenges of modal dispersion and mode-
dependent loss in SDM �bers. By re�ning these parameters through ad-
vanced measurements and modeling, future SDM systems can achieve
higher data rates and more stable performance over longer distances.

• Investigation of bending and twisting effects on SDM �bers: An-
other contribution of this thesis involved an in-depth investigation into
the impact of external factors on SDM system performance. Speci�cally,
the effects of �ber bending and twisting in uncoupled multi-core �bers
has been studied and applied for shape sensing techniques.

9.2 implications and future directions

The research presented in this thesis provides a foundation for the future
development of SDM-based optical communication systems. By enabling the
precise characterization of SDM �bers, this work supports the development
of next-generation optical networks capable of handling the ever-increasing
demand for data. The insights gained from the experimental studies on bend-
ing and twisting effects can be leveraged to improve the resilience of UMCFs
in challenging environments.

Future research in this �eld could explore the following directions:

• Re�nement of Re�ective OVNA for Distributed Characterization:
Future work can focus on re�ning the proposed characterization tech-
niques and extending them to more complex SDM systems. One of the
key contributions of this thesis is the use of re�ective OVNA con�gura-
tion for characterizing SDM �bers. This technique has the potential to
be further re�ned, especially in enabling the measurement of backscat-
tering �elds for distributed characterization. By advancing this con-
�guration, it will be possible to gain deeper insights into the trans-
mission behavior, particularly in distributed sensing scenarios. Future
work could also explore reducing noise and improving the resolution
of backscattered signals, allowing for more accurate monitoring of sig-
nal impairments across the entire �ber length

• Integration with Emerging Technologies: SDM systems have the po-
tential to complement other emerging technologies, such as quantum
communication and terahertz communication. Further research could
explore how SDM �bers can be adapted to these novel applications.

• Exploring New Types of SDM Fibers, Including Hollow-Core Fibers:
The next step in SDM research will involve exploring new types of �bers
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that can handle even higher data rates and more complex spatial chan-
nels. Hollow-core �bers, for instance, offer lower latency and reduced
nonlinearity compared to traditional �bers, making them a promising
candidate for future high-capacity networks. While hollow-core �bers
have already shown potential for traditional optical communication,
research is now exploring the development of SDM versions of these
�bers. Combining SDM with hollow-core �ber technology could lead
to signi�cant advancements in both capacity and energy ef�ciency, and
future work should investigate the transmission and coupling proper-
ties of these �bers.

• Sensing-transmission compatibility in SDM �bers: A growing re-
search interest is centered around developing systems where both
sensing and transmission can coexist within the same SDM �ber. The
possibility of embedding distributed sensing functionality within SDM

�bers without compromising transmission performance opens up new
avenues for simultaneous data transmission and environmental mon-
itoring. By studying the sensing capabilities in SDM �bers, this work
paves the way for future advancements where sensing and transmis-
sion become fully integrated, allowing real-time feedback on �ber
health, strain, and environmental factors while maintaining high data
throughput.

• Automation and real-time monitoring: The shape sensing and envi-
ronmental monitoring techniques discussed in this thesis could be fur-
ther developed into automated systems for real-time monitoring of
�ber networks. Moving forward, automating these processes using ar-
ti�cial intelligence and machine learning could signi�cantly enhance
the resilience of �ber networks. For example, machine learning-based
algorithms could be employed to detect and predict issues such as �ber
bending, strain, and modal coupling, enabling proactive network man-
agement. This could lead to more adaptive, self-optimizing SDM sys-
tems that minimize downtime, improve transmission ef�ciency, and
allow for the early detection of potential issues, preventing network
failures.

• Techno-Economic Considerations for Commercial Deployment: Fi-
nally, as the commercial deployment of SDM technology approaches,
a comprehensive techno-economic analysis will be essential. While
SDM provides clear technical advantages, its adoption at scale will de-
pend on factors such as cost, ease of integration, and the development
of compatible components (e.g., SDM ampli�ers and transceivers). Re-
search should also focus on optimizing the cost per bit of transmission
and reducing the operational complexity associated with SDM, ensur-
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ing that this technology can be deployed widely in commercial net-
works.

In conclusion, this thesis has made signi�cant contributions to the un-
derstanding and characterization of SDM systems, particularly through the
application of advanced measurement techniques such as re�ective OVNA .
These methods, combined with experimental validation, provide a solid
foundation for future SDM research. As data demand continues to grow ex-
ponentially, the �ndings of this thesis will play a crucial role in guiding the
next generation of high-capacity, energy-ef�cient optical networks.
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A P P E N D I X
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A P P E N D I X

a.1 calculation of md matrix trace

In this appendix, we provide a detailed derivation of the MD matrix Q, its
decomposition, and the implications of the trace of Q2 . This derivation helps
us understand the role of the real and imaginary parts of the MD matrix in
systems with and without MDL .

We begin be recalling the frequency and spatial evolution of the forward
propagation matrix F(z, ! ):

@
@!

F(! ) = - jQ(! )F(! ) and
@
@z

F(z) = jK(z)F(z), (A.1)

where Q(! ) is the MD matrix and K(z) is a frequency-dependent Hermitian
matrix representing the coupling among the propagating modes. Taking the
second derivative of F with respect to ! and z, we relate the MD matrix to
the matrix K:

@2

@!@z
F = - j

@
@z

QF - QKF. (A.2)

Similarly, differentiating F with respect to z and then ! , we get:

@2

@z@!
F = - j

@
@!

KF - KQF. (A.3)

Equating the two mixed partial derivatives of F allows us to express Q in
terms of K:

- j
@
@z

QF - QKF = - j
@

@!
KF - KQF, (A.4)

which simpli�es to:

- j
@
@z

Q - QK = - j
@

@!
K - KQ . (A.5)

Further rearranging yields the evolution of the MD matrix:

@
@z

Q =
@

@!
K - j (KQ - QK ). (A.6)

The trace of the square of theMD matrix Q is of interest because it provides
information about the overall dispersion in the system. Differentiating the
trace of Q2 with respect to z, we get:

@
@z

tr(Q2) = 2tr (Q
@
@z

Q). (A.7)
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Substituting the earlier expression for @
@zQ, we obtain:

@
@z

tr(Q2) = 2tr
�

Q
@

@!
K

�
- j2tr

�
QKQ - Q2K

�
. (A.8)

By simplifying the imaginary part using the circular shift property of the
trace [118], we arrive at:

@
@z

tr(Q2) = 2tr
�

Q
@

@!
K

�
. (A.9)

We now decompose Q into its real and imaginary parts:

Q = QR + jQI (A.10)

The real part QR is Hermitian, and the imaginary part QI is anti-Hermitian.
This decomposition can be explicitly written as:

QR =
1
2

(Q + Qy) and QI =
1
2j

(Q - Qy). (A.11)

Substituting this decomposition into the expression for tr (Q2), we get:

tr (Q2) = tr (Q2
R - Q2

I ) + 2jtr (QRQI ). (A.12)

Since the trace of the product of a Hermitian and anti-Hermitian matrix is
zero, we have:

tr (QRQI ) = 0 (A.13)

Thus, the trace simpli�es to:

tr (Q2) = tr (Q2
R ) - tr (Q2

I ) > 0 (A.14)

This result shows that the real part QR contributes positively to the total
MD , while the imaginary part QI contributes negatively. In systems without
MDL (where QI = 0), the MD is entirely due to the real part. In systems with
MDL , the imaginary part introduces an additional loss term that impacts the
overall dispersion. In practical systems, the trace of Q2 provides a useful
scalar measure of the overall dispersion in the �ber, showing the contribu-
tions from both modal delays and losses.
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