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1 Introduction

This note deals with the Generalized Aw-Rascle-Zhang model introduced in [10], namely

aep + 0x[V(p,u)p] =0 (L1)
o + V(p,u)0u = 0.

In the previous expression, the unknown p : R, x R — R denotes the density of cars and V'
their velocity, whereas the unknown # : R, x R — R represents the driving style of drivers
(for instance, their empty road velocity, that is, the velocity they choose when the road is
completely free). As such, it is a Lagrangian marker governed by the transport equation at
the second line of (1.1), while the first line of (1.1) expresses the conservation of the total
amount of cars. We refer to [10] for an in-depth discussion of the model, and to [11] for a
comprehensive introduction to traffic flow models.

System (1.1) is formally equivalent to the system of conservation laws

00 + %[ V(p,w)p] =0

(1.2)
dloul + 0,[V(p, u)pul =0,

which, contrary to (1.1), admits a standard notion of solution in the sense of distributions.
In the following, we will be only concerned with solutions (p, #) such that u is a Lipschitz
continuous function, and hence we will use the formulation (1.1) rather than (1.2): the
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second equation of (1.1) will be satisfied as an identity between L functions. The use
of (1.1) eases the analysis of the vanishing p case, which requires special care when one

uses (1.2).
In this note, we deal with the Cauchy problem posed by coupling (1.1) with the initial
data
,0(0, ) = Po» M(O; ) = U, (13)

and, as in [10], we assume, in view of modeling considerations, that

0<po=<1, upeLl®R), up>0 (1.4)
and that!
VeCR%R), V=0 8V<0 8V=>0V(,w)=0foreveryw, (1.5)

where 9; V and 9, V' denote the partial derivatives of V with respect to p and i, respectively.
In the previous equations and in the following, we normalize to 1 the maximal possible
car density, corresponding to bumper-to-bumper packing.

In the present note, we establish well-posedness results for (1.1), (1.3) in a suitable class
of functions. Our analysis is motivated by the companion paper [19], where we consider

a nonlocal version of (1.1), namely

dep + 0x[V(E,u)p] =0

du+ V(E, u)du =0, where £(2,%) = /x n(x - y)p(t,y)dy (1.6)

and n: R, — R is a convolution kernel satisfying suitable assumptions. In [19] we estab-
lish the well-posedness of the Cauchy problem associated (1.3), (1.6). Note that the regu-
larizing effect of the convolution makes the analysis of (1.6) very different from that one
of (1.1). In particular, in [19] both the existence and uniqueness proofs rely on the classi-
cal method of characteristics, which cannot be applied in the case of (1.1) due to the low
regularity of V(p, u). In [19] we also discuss the nonlocal-to-local limit, which is obtained
by replacing the convolution kernel n with a sequence 7, converging to the Dirac Delta,
formally reducing (1.6) to (1.1). In [19] we show that, under suitable conditions, this limit
can be rigorously justified as we establish convergence of the solutions in the vanishing ¢
limit.

To introduce our well-posedness result concerning (1.1), we first define the notion of
admissible solution. We require that p is an entropy admissible solution in the sense of
Kruzkov [17] of the conservation law at the first line of (1.1) and that the transport equa-
tion at the second line is satisfied as an identity between L™ functions (which makes sense
in the regularity class we are considering).

Definition 1.1 The couple (p,u) € L (R, x R) N CO(R,,LL (R)) x W'*R,,R)) is an

loc loc
entropy admissible solution of (1.1) if the equation at the first line is satisfied in the sense of

!To simplify the exposition, we require that the conditions (1.5) are satisfied on the whole R?. In the following however we
show that the entropy admissible solution (p,u) € [0, 1] x [0, [|uo|.>] and hence as a matter of fact it suffices to require that
the conditions are satisfied in that range.
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distributions, the second as an equality between L*> functions, and the following entropy
condition holds:

otlp — k| + 0y [sign[,o — k][V(,o,u),o - Vik, u)k]] +sign[p — k1kd, V(k,u)du <0 (1.7)
in the sense of distributions on R, x R, for every k € R.

Note that, since p € C°(R,,L
give a meaning to the values p(t,-) and u(¢,-) at every t. An entropy admissible solution
of the Cauchy problem (1.1), (1.3) is then an entropy admissible solution of (1.1) which
attains the initial datum (1.3).

IIOC(R)) and u is a Lipschitz continuous function, we can

With the above definition in place, we can now state our well-posedness result.

Theorem 1.2 Assume V satisfies (1.5) and that the initial data (po, up) satisfy (1.4), po €

BV(R) and

uo € W), uy=2z000, 2zo€ W' (R) (1.8)
and

zo = poto, for some Yy € L°(R). (1.9)

Then there is a unique entropy admissible solution of (1.1), (1.3) in the class of functions
(p,u) € L°(R,; BV(R)) x L®(R,; W'®(R)) such that d,u = pz with z € W™ (R, x R).

loc
Also, this unique solution satisfies

0<p <1, TotVar p(t,-) < D(t), for every t > 0, (1.10)

0 =<uo < lluollzee, llzllzee < llzollLoes  xz=p¥, ¥l < IYollLee, (1L11)

where D(t) is a suitable constant depending on t, V, || poll 1, |20l Lo, %o | oo and TotVar py.
Given T > 0, we also have the stability estimate

l|9x2a1(2, ) = Oxtia(t, )l 1 + Nl p1(E, ) — p2(2, ) 1
(1.12)
=< K[ 110, = 100, )l co + 1910, = P20, )l |

forevery t € [0, T]. In the previous expression, (p1,u1) and (p, uy) are two entropy admis-
sible solutions and K is a suitable constant only depending on V and on the quantities

T’ ||pl(0! ')“Ll) ||Zi(0: ‘)”LOO: ||1ﬁz(0, ')”LOO, TotVar ,01’(0, -)for i= 1; 2.

Some remarks are here in order. First, one can easily show? that, if (o, %1) and (03, u3)
are as in the statement of the theorem, then

llGaa(s, ) = ua(s, Nlico < 100 = ool + [|0x141(s, -) — i (s, ) 1, (1.13)

2See (3.3).
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where u;+, denotes the asymptotic state of #;(0,-) as x — —oo. These limits exist be-
cause u1(0,-) and u,(0,-) are both functions of bounded variation owing to (1.8). Com-
bining (1.13) with (1.12) yields

lee1(2, ) — ua(Z, i co + 1p1(2, ) — pa(t, )l 1

< 2K 1100, = 120, Dl co + 19100, = P20, |-

Second, the regularity assumptions on 1, imposed in (1.8) are obviously restrictive, but
the identities u;, = pozo and z, = poYp can be partially justified as follows. Heuristically
speaking, the identity u; = pozo prescribes that the initial empty road velocity is constant
when the initial density vanishes. This seems a quite an innocuous requirement from the
modeling point of view, given that the empty road velocity of drivers can be arbitrarily
defined on sets where the density is zero (i.e., there are no drivers). An analogous argument
applies to the identity z;, = po 0.

Third, and explicit expressions for the constants D(¢) and K in (1.10) and (1.12), respec-
tively, can be recovered if needed by following the proof. Fourth and last, in the proof of
the uniqueness part, we adapt an argument due to Tveito and Winther [27], whereas the
proof of the existence part is based on an iteration argument. We conclude this introduc-
tion with a comparison with some previous related works.

We first outline the most important features of the Generalized Aw-Rascle-Zhang model
from the structural viewpoint by following, for instance, the analysis in [25, §3]. We re-
gard (1.2) as a system of conservation laws in the variables (o, m = pu). The eigenvalues of
the Jacobian matrix of the flux are A; = V + pd1 V + md,V = V + pd;V and A, = V, where
we are using the notation V(p,m) = V(p, m/p). The associated eigenvectors are

1 OV
rl(p)m) = (m/p) rZ(prm) = ( 9 V) . (114')
—0p

Note that (1.2) is strictly hyperbolic if, for instance, p is positive and bounded away from
and 0 and 9,V < 0, a strictly stronger condition than the third one in (1.5). When (1.2) is
strictly hyperbolic, the by-now classical Glimm-Bressan theory applies, see [7], and yields
global-in-time existence and uniqueness for small total variation data. As a byproduct of
the analysis in [6], the small total variation theory works for any strictly hyperbolic system,
without the need to assume genuine nonlinearity or linear degeneracy of the characteristic
fields.

Out of the small total variation framework, general global-in-time existence results have
been obtained for strictly hyperbolic systems belonging to the so-called Temple class in-
troduced in [26], see in particular [4, 5, 9, 14, 21, 22]. Note that the integral curves of the
vector field r; defined in (1.14) are straight lines and the second characteristic field r; is
linearly degenerate. Also, (1.2), being a 2 x 2 system, admits a couple of Riemann invari-
ants providing a system of coordinates in the phase space. All in all, this means that (1.2)
belongs to the Temple class, provided the strict hyperbolicity assumption is satisfied. Note,
however, that, under (1.5), strict hyperbolicity fails when p vanishes and that system (1.2)
does not possess any mechanism keeping p bounded away from 0.

Despite the absence of strict hyperbolicity, various authors have studied the system (1.2)
employing ad-hoc methods that use the special structure of the system. In particular,
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in [16, 25] and [23] the authors have obtained global-in-time existence results under fairly
general assumptions on the initial data by relying on either a random choice [16, 25] or on
a wave-front tracking scheme [23]. See also [27] for an existence proof based on a finite
difference scheme. Uniqueness is established in [27] by imposing on the initial data much
more restrictive assumptions than the ones under which global in time existence can be
proved. In this respect, note that a counter-example in [15] suggests that fairly restrictive
assumptions on the data are necessary to ensure L! continuous dependence of the solution
on the initial data.

The reason why we could not directly apply the results in [16, 23, 25, 27] in our case is
because in those papers the authors viewed (1.2) as a model for a multiphase flow used
in oil recovery and hence imposed conditions on the function V that are natural in view
of these applications, but not so much in the vehicular traffic framework. For instance,
they typically required that the function p — pV(p, ) is s-shaped. However, note that the
assumptions in [16, 23, 25, 27] imply that there is a curve inside the range of values that
the solutions attain where the eigenvalues switch order, that is, A1 < A, on one side of the
curve, and A1 > A on the other side. This yields, in particular, a loss of strict hyperbolicity
along the curve. Conversely, in the traffic flow framework, strict hyperbolicity is lost at the
boundary of the phase space domain, which in principle should make the analysis easier.
It seems, therefore, reasonable to expect that one could, for instance, adapt the techniques
of [16, 23, 25], and obtain global-in-time existence results under assumptions on V that are
natural in view of applications to traffic flows. In particular, in the case of the classical Aw-
Rascle-Zhang model [3], a suitable invariant domain including vacuum regions has been
detected and existence of solutions with bounded variation is obtained as a limit of Glimm
approximations in [13]. In the same paper, the authors provide examples of the emergence
of vacuum regions at positive time. Notice that the uniqueness of these solutions remains
open. We refer to [12] for further references about the Aw-Rascle-Zhang model.

In this note, however, we follow a completely different path and establish existence by
relying on an iteration scheme. Our argument requires fairly restrictive assumptions on
the initial datum u, see (1.8) and (1.9). Note by the way that the nonlocal-to-local limit
result in [19] provides yet another existence proof for (1.1), (1.3) under (1.8) and (1.9), but
requires more restrictive conditions on V than (1.5). The reasons why we feel our approach
is of some interest are threefold. First, our proof is much more elementary than the one
in [16, 23, 25, 27] and requires neither the introduction of advanced techniques like the
random choice or the wave front tracking algorithm, nor the quite laborious nonlocal-to-
local limit argument in [19]. Second, the solutions obtained in our construction are more
regular, and this allows us to match the uniqueness result we can obtain by adapting the
technique in [27]. Third, as mentioned before, our interest in (1.1) is motivated by the
nonlocal-to-local limit analysis in the companion work [19], where we also impose (1.8)
and (1.9).

Wrapping up, the novelties of the present note compared to the existing literature are,
to the best of our knowledge, the following: i) we provide a new and elementary global-
in-time existence proof (under restrictive assumptions on the initial data) and ii) we adapt
the uniqueness result in [27] to cover assumptions that are natural in the framework of
traffic models. To conclude this overview, we refer to [24] and to the ongoing project [1]

for other results on the Generalized Aw-Rascle-Zhang system.



Marconi and Spinolo Advances in Continuous and Discrete Models (2026) 2026:40 Page 6 of 19

Outline. The exposition is organized as follows. In §2 we establish the existence part of
Theorem 1.2, in §3 the uniqueness and stability part.

Notation. We denote by C(ay,...,a,) a constant that depends only on the quantities

ai,...,ay. Its precise value can vary from one occurrence to another.

2 Existence

To establish the existence part of Theorem 1.2 we proceed as follows: in §2.1 we construct
the approximating sequence, in §2.2 we pass to the limit, and in §2.3 we establish the proof
of Lemma 2.1.

2.1 Construction of the approximation
First of all, we point out that without loss of generality, we can assume that the initial
datum is compactly supported, that is

po(x) =0 for a.e. x ¢ [-R, R] for some R > 0. (2.1)

Indeed, once we establish the existence part of Theorem 1.2 under the further assump-
tion (2.1), we can remove it by relying on a fairly standard approximation argument. We
then proceed according to the following steps.

Step 1: we set p1(¢,x) := po(x), u1(t,x) = ug(x). Next, we fix 19, to be determined in the
following, and (p,, u,) satisfying

0<p,<1on]0,7[xR, [0 )®) =< loolli,

(2.2)
TotVarp,(t,-) <M, for every ¢ €]0, o[,
with My to be determined in the following (see (2.14)), and
||M,,||Loo = ”MOHLOO: 8xun = PnZns ||Zn”L°° =< ”ZO”LC’o (23)
axzn = inm ||1/fn||L°° < ||1ﬁo||L°°- (24')

On the time interval ¢ €]0, 7o[, we construct p,,; as the entropy admissible solution® of

the Cauchy problem
3:Pn+1 + 8x[v(/0n+lr urz)pn+1] =0 (25)
pn+1(0; ) = pPo-.

Towards this end, we consider the vanishing viscosity approximation
8tp2+1 + ax[v(/);iﬂ» Mn)ﬂiu] = gaxxpiﬂ (2.6)
p2+1(0’ ') = /00

31t has been pointed out to us by Graziano Guerra that, since u, is only a Lipschitz continuous function, (2.5) does not
exactly satisfy the assumptions imposed in the classical work by Kruzkov [17] to establish existence and uniqueness of
entropy admissible solutions. For this reason, we provide a sketch of the existence proof, which uses the special structure
of u, given by (2.3) and (2.4).
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and we show that p;,, ; satisfies the estimates in (2.2) uniformlyin ¢ as ¢ — 0*. The estimate
071 Izt = Ml ool 1 (2.7)
is standard. Now, we show that
0<pi,1<1on]0,7[xR. (2.8)
Given 1 : R — R smooth and convex and the corresponding flux Q = Q(p, u) satisfying
QO0,u) =0, 31Q(p,u) =n'(p) (M V(p,wp + V(p,u),
multiplying (2.6) by '(p},,), we obtain

9tTI(/0f,+1) + 8x[Q(pf,+1: un)]_[BZQ(p2+1r un) - 77/(/),6,+1)P,i+132 V(p;.p Mn)] axun

= edun(p5, ) — 1" (05, 1)(305,1)%

and, by a simple approximation argument, we deduce that for every convex n: R — R,
possibly not smooth, it holds

3zTI(P,i+1) + ax[Q(pr.l: un) - [32Q(/0f,+1, Mn) - 77/(,02+1)Pf,+132 V(pf”.l’ un)]axun (2 9)

< €0k (0}y1)
in the sense of distributions. Choosing n(p) = [p]~ = max{—p, 0}, we have
RQ(Py11>Un) = 10 (P11 04102V Py 15 ) = 0,
therefore, integrating (2.9) with respect to x, we obtain 9;||n(p},,(®)|l;1 < 0, and since
n(p;,1(0)) = 0 it follows that p;,; > 0 on ]0, 7o[ xR.
Similarly, choosing n(p) = [p — 1]* = max{p — 1,0} we have
RQ(Py1>Un) = 10 (014192 V (Pp 15 ) = 0
since V(1,u) = 0 for every u. Therefore, since n(p;,,(0)) = 0, it follows that
pr1 <1 on 10,7[xR.
We have therefore proven (2.8) and it remains to show
TotVarp;,,; <M, for every t €]0, To[. (2.10)

We set 0,05, :=r5,,, which yields

0= 8£VZ+1 + ax[V(prl, un)’"f,ﬂ] + 8x[axv()o;i+1; un)pZﬂ] - axxerl
(2.11)
= 071 + O [V(Ph1st4a) + 01V i1 Wy | + 0000V a1t 1] = Dy

Page 7 of 19
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Recalling that d,u, = p,z, we get

3x[32V3an,Of,+1] =[a21 VriH.l + 822 Vaxun]axunprl

+ 0V 05, 1[0x200n + 2u0x 0] + 02V 01t 7,

n+l

and by plugging the above formula into (2.11), multiplying times sign[r?,

¢ .11 and integrating

in space, we get

d £
T /R |rs, 1 (t, %) |dx

= 10xttnllzoe | o3y o0 <||321V||c0/ [Py (&%) |dx + ||322V||c0/ laxun(t,x)ldx)
R R

+ 102Vl coll oiillzee | 10x2Zullzoc llon i1 +||Zn||L°°/ |0x0n (2, %) |dx
R

—/_—/
<M by (2.2)

+ 1182Vl collBytan 0 / I () lde
R

(2.2),(2.3),(2.4) .
CV, llzollzee) | 171 @ x)ldx + C(V, llzoll oo, 1o llzoes ool 1)
R

+ C(V, llzo Loe )Mo.

(2.12)

By applying the Comparison Theorem for ODEs, we conclude that

tes[gp ]fR 7S, 1 (& x)|dx < [TotVar pg] exp(Cro) + [My + 1][exp(6t0) -1], (2.13)

70

for some C = C(V, ||zollz>, [[Wollzo2, | ool 1). We now set

My := 4TotVarpg + 4 (2.14)
and choose 1y in such a way that

[exp(Cro) - 1] < ' (2.15)
and using (2.13), we arrive at

TotVar p},,(t,-) < ['2 + 1]TotVarpg + '2[Mo + 11 <M, for ¢t € [0, 70]. (2.16)

Eventually, the uniform bound on the total variation of p’,; as ¢ — 0 implies that the
solutions p¢,, are equicontinuous as elements of C°([0, 7o[; L}(R)) (the proof is a straight-
forward adaptation of [8, Lemma 6.3.3]). Therefore, thanks to Ascoli-Arzela theorem, we
can extract sequence pi’;l that converges as gx — 0 to an entropy admissible solution p,;1
of the problem (2.5) and this ends Step 1.
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Step 2: we define u,,,;. Note that we cannot exactly rely on the classical method of char-
acteristics owing to the low regularity of p,,,; and henceforth of the vector field V (0,41, 4y)-
To circumvent this obstruction, we consider the Cauchy problem obtained by coupling the

equation

e[Vl + 03[V (0ous1, Un)Vni1] = 0 (217)

with the initial datum v,,1(0,-) = Yopo. Given (2.5), existence and uniqueness results
for (2.17) are available under very weak regularity assumptions on V(p,,1,u4,) and py.1,
see [20, §4]. In the following for technical reasons we rely on [2, Theorem 2.5] applied with
P = Pns1, b = V(0yi1, un). We conclude that there is a unique solution of the Cauchy prob-
lem satisfying |vy,1]| < ||¥ollLo ons1. Note that setting 1,41 := "1/, if pyy1 > 0 and ¥, =0
otherwise, we obtain

Vel = Wn+lpn+1: ||17[f}'l+1||L°c = ”\b'OHLOC (218)

In addition, note that [[v,s1(Z )t < 1¥us1 (6 )llzee | o1 & Ml < I1ollzee ll ool 1
To define z,,1, we point out that, owing to the identity z), = po¥ and to the L' and L™
bounds on py and v, respectively, the function z, has bounded total variation and hence

the limit z., := lim,_, _, zo(x) exists and is finite. We then set

X

Zna1(£, %) := Zoo +/ Pns1 W1, x)dx, (2.19)

—00
which is a L®(R,; W*°(R)) function owing to the L! and the L* bounds on p,,; and

Yas1, and furthermore satisfies the initial condition z,,1(0, -) = zo due to (1.9). Note that,

integrating in the space variable (2.17), we have the identity

0:Zns1 + V(0pe1, Un)0x2ns1 =0 ace. (,x) e R, x R. (2.20)
We now want to establish the estimate

|Zys1(t, %) < |20l Lo for every (t,x) € R, x R. (2.21)

If V(pu41, un) were a regular vector field, we could apply the classical method of character-
istic and (2.21) would straightforwardly follow from (2.20). Owing to the low regularity of
V(pui1, Un), the proof of (2.21) is slightly more involved, and now we provide its details.

We fix a test function ¢ and use ¢z, as a test function in the definition of distributional
solution of (2.5). We conclude that v,,;1 = pu,12441 satisfies the very same continuity equa-
tion (2.17), now coupled with the initial datum pyzo. We apply again [2, Theorem 2.5] and
conclude that the Cauchy problem obtained by coupling (2.17) with the initial datum pozo
admits a unique solution satisfying |v,.1| < Mp,,1 for some M > 0, and that one can take
M = ||zg|| . By uniqueness, this solution must coincide with p,;12,41, and this implies
that

|Zu1(£:%)] < l|Z0ll 1 for pui L2 ace. (£,%) € R, x R. (2.22)
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We now show that (2.22) implies (2.21). We fix ¢ > 0, and point out that owing to (2.19)
zy+1(t, +) is a Lipschitz continuous function. Let A,,;(¢) denote the open set of x-s such
that z,,,1(¢, %) > ||zo|| L. We decompose A,,1(¢) as a countable union of disjoint intervals,

Apr@® =T

k=1

We now fix k € N and assume by contradiction that Z; # @. If 7; = R, then owing to (2.22)
we have p,,1(£,-) = 0 a.e. on R, and owing to (2.19) this yields z,,1(Z, ) = zs. Since z is
the asymptotic state of zy, then |z | < ||zo||zc and hence this contradicts the definition of
Ap1(t). If I # R, then Zy =]ayg, bx[ and at least one between a; and by is finite. Just to fix
the ideas, let us assume that g, € R, then we observe that owing to (2.22) we must have
Pn+1 =0 a.e. on Ay,1(£). We conclude that for every x € Z; we have

X

Zn+1(t, ﬂ]() + / Vn+1(t,x)dx
a

k

x
|Zns1(E, )| = < |z (& ag)) +/ (V1] Prar (8 %) dx
ax S———

=0

= |Zn+1(t,ﬂk)| =< ||ZO||L°°1

where in the last equality we have used that ax ¢ A,.1(¢). This contradicts the definition
of A,.1(¢) and therefore establishes (2.21).
We now set

X

Up1 (5, %) 1= Ueo + / Zns1 Prs1 (8, X)dx, (2.23)

—00

where 1 is the limit at —co of the function u,, which is of bounded total variation owing
to the identity u, = pozo. By following the same argument as before, we get*

0 < up1(t,-) < lluollreo (2.24)
and also
atun+l + V(pn+lv un+1)axun+l =0 ae (t:x) € R+ x R. (225)

Note furthermore that the previous analysis yields

Oxlnil = Pn+1Zn+1 (2.26)

and

axZnJrl = pn+1wn+1: ”wwrl”LC>O = ||1[f0||L°Q' (227)

Step 3: by combining (2.7), (2.8) and (2.16) we get that p,,; satisfies (2.2), by combin-
ing (2.26), (2.24) and (2.27) we get that u,,; satisfies (2.3) and (2.4), which implies that we
can iterate the construction for every n € N.

4Note that the bound from below in (2.24) is not mentioned in the statement of [2, Theorem 2.5], but it is a straightforward
consequence of the proof, given that vy > 0.
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2.2 Passage to the limit

We fix the same 1j as in (2.15). We recall the bounds (2.8) and (2.16) and control the
time derivative by using the equation at the first line of (2.5) combined with the Volpert
Chain Rule and the bound on d,u, obtained by combining (2.21) and (2.26). We apply the
Helly-Fréchet-Kolmogorov Compactness Theorem and conclude that there is {p,, } such
that

pn, — p  strongly in L'([0,7o] x R), (2.28)

for some limit function p such that TotVar p(t,-) < M, for a.e. t € [0, 79]. Note that the

1

e Decause owing to (2.1) for every

above convergence occurs in L' and not only in L
t € [0, 10], the function p,.1(t, -) vanishes outside the interval [-R, R] for some R depend-
ing on R and 1y but independent of n.

Next, we recall the bound (2.26), the identity 0,z,,1 = pu+1¥ns1 (Which follows from
(2.19)) and the bound in (2.18). We also use the equation (2.20) to deduce a uniform bound
on the time derivative. We apply the Arzela Ascoli Theorem and conclude that there is a
subsequence (which we do not relabel to simplify the notation) such that {z,, } converges
to some limit function z uniformly on the compact subsets of [0, 79] x R. Note further-
more that 9,z,, an 9;z,, converge to d,z and 9,z weakly* in L*°([0, 7p] x R) and that we
have the identity d,z = py/, where ¥ is an accumulation point of the sequence {{,},en in
the weak* topology and as such satisfies the bound in (1.11).

By combining (2.28) with the uniform convergence of {z,, }, we can pass to the limit in
the identity (2.23) and conclude that the sequence {u,, } converges uniformly on [0, 7o] x R

to the limit function

u(t,x):= thoo + /x zp(t,x)dx. (2.29)

o0

By passing to the limit in (2.24) we obtain the first two inequalities in (1.11). Assume for
a moment that we have shown that the sequence {u,,_1} converges to the very same limit
u given by (2.29)°> Then we can pass to the limit in the distributional formulation (and
in the entropy inequality) for the equation at the first line of (2.5) and obtain an entropy
admissible solution of the equation at the first line of (1.1). By passing to the limit in the
identity (2.25) we also obtain the equation at the second line of (1.1). In addition, note
that the identity d,u = zp and the bound ||z|| .~ < ||zo||z> follow directly from (2.29) and
from (2.21) and the uniform convergence of {z,, }.

The above argument establishes the existence of an admissible solution of the Cauchy
problem obtained by coupling (1.1) with (1.3) defined on the time interval [0, 7o]. To define
a global in time solution, it suffices to point out that the value of the constant Cin (2.13)
and henceforth the value of 7 in (2.15) does not depend on the total variation of the ini-
tial datum. By using the bounds (2.22) and || p(t,-)||;1 < ||poll;1 we conclude that the con-
stants C and o only depend on quantities that are preserved by the admissible solution,
and hence we can iterate the construction and in this way establish global in time exis-

tence.

By compactness, {Up, 1 } converges up to subsequences to some limit function v, but in principle u and v could be different.
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To conclude the proof of the existence part of Theorem 1.2 we are thus left to show that
the sequence {u,,_;} converges to the same limit as {u,, }. Towards this end, we introduce

the functional

q)n(t) = ”[pn - pn+1](t: ')”L1 + ”[axun - axun—l](t¢ ')“L1
and introduce the following result.
Lemma 2.1 We have
lim ®,(t)— 0 foreveryt>0. (2.30)
n—+0Q
We postpone the proof of Lemma 2.1 to the next paragraph and we now show that (2.30)
implies that the sequence {u,,_1} converges to the same limit as {u,,} on [0, 70] x R. We
recall that, owing to (2.23), limy_, o 4, (£, %) = o, for every n and every ¢ € [0, o], which
in particular implies

ety — tn-1llco < 10xtty — Oxthy—1ll 1. (2.31)

By combining (2.31) with (2.30), we then conclude that lim,_, ;o0 |44 (t, ) — y-1(t, -)||co = 0

for every t > 0.

2.3 Proof of Lemma 2.1
We apply the stability result proven in [18, Theorem 2.6] (see also Remark 2.8 therein about
entropy solutions) for conservation laws with space-time dependent fluxes P = P(¢, x, p),

Q = Q(z,x, p). In our setting, the fluxes take the form

(t¢ X, P) = P(t: X, :0) = P+l V(pn+1’ Mn(t: X)),

(&%, 0) = Qt, %, 0) = Pps1 V(0n Up-1(E,%)).

and the stability estimate in [18] implies that for every ¢ > 0 we have

flpm(t,x) — pu(t,x)|dx < f [04+1(0,%) — 0,(0,%)|dx
R R

=0

+C(V)/ (Izn($)llzo + IIZn_l(S)IILoo)/RIpn+1(syx)—pn(s,x)|dxds
0

t (2.32)
+ C(V)/ / (102t — U1 | + |05ty — Oxthy_1]) dxds
0 JR

=/
t

+ VM / (5, ) = 1 (5, Wl s
0

<I[0xun—0x1n-11(s,)ll 1 by (2.31)
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where M is the same as in (2.2). We now control the term J as follows:

t t
] E / ”[un - un—l](s: ')||L°° / |8xun|(3:x)dxd5 + / ”[axun - axun—l](s: ')”les
0 R 0
— ——

=<llzollzoe lpoll ;1

(2.31) ¢
< C(IIZollLoc,IlpollLl)/ [0ty — Oxttn-11(s, )11 s,
0

(2.33)
and conclude that
t
/ [0n11(8, %) = pu(t, %) |dx < C(V, Mo, || 20l L0, ||p0||L1)/ ®,,(s)ds (2.34)
R 0
We now point out that
”[axun - axun—l](t’ ')”Ll = ”[pnzn - pn—lzn—l](t: ')||L1
< Mlonlzn = zu-11(&, L2 + l1zn-1llzoo 1 [0n = Pu-11(E, )l 2 (2.35)

(2.34) t
2 pulzn =zt lls + COV, Mo, 2ol lp0ll) / ®,1(5)ds
0

and that
at[pnzn] + ax[V(pnr un—l)pnzn] =0, at [pn—lzn—l] + 3x[V(Pn71; Mn—Z)pn—lzn—l] =0,
which implies (by using the equation for p, and p,-1 and the Volpert Chain Rule)

0 = 3¢ pulzn — zn-11] + 0c[2n-1Lpn — Pn-11] + 0x[V (0 thn-1) P20 — Z0-1]]
+ 0x[20-1 [V (0> Un-1) P = V(On-1s Un-2) pu-11]
= 0¢[ pulzn — 2u-1]] + B2n-1lon — Pu-1]+ Zn-10cLn — Pu-1]
+ 0x[ V(0 thn-1) |20 — 21|
+ 0xZn-1 [V (0w 1) o = V(0u-1, Un-2) P11
+ Zp-10x[V(0ns thn-1)Pn = V (Pn-15 Uin-2) Pu-1]
) 0u[palzn — 2n11] + 0Znt[0n — Paal + 0 V(0w thn1) ol 2 — 21 1]

+ axzn—l [V(pnr Mn—l)pn - V(pn—lx un—Z)pn—l]

2.20
( = ) 0 [pn [z, — Zn—l]] = V(0u-1, 4n-2)0x2n-1[0n — Pn-1] + ax[v(pm Up-1)pnlzn— Zn—l]]

+ 0x2u-1[V (0> un-1) o0 = V(0u-1, Un—-2) P11

Recalling equation (2.5) for p, and the Volpert Chain rule, we infer that the Lipschitz
continuous function z, — z,,_; satisfies

0= pn[at[zn - Zn—l] + V(lom un—l)ax[zn - Zn—l]] - V(pn—l, un—Z)axZn—l [pn - pn—l]

+ 0xZu-1[V (0 hn—1) o = V(0n-1, Up—2) Pu-11,
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which by multiplying times sign(z, — z,,_1) yields
0= pn[at|zn —2Zp1| + V(:Om Uy—1)0x|Zy — Zn—1|]
- Sign(zn - Zn—l)V(pn—b un—Z)axzn—l [pn - pn—l]
+ Sign(zn - Zn—l)axzn—l[v(pm un—l)pn - V(pn—lj Mn—Z)pn—l] =0.

Using again the equation for p,, we then arrive at

0 =3[ pulzn — Zu-1] = sign(zn — 21-1)V (Pp-1s Un-2)xZn-1[pn — 1]
+ ax[v(pm un—l)pn|zn — Zp-1 |]

+ Sign(zn = 24-1)0xZn-1[V (0ns 1) P — V(Pn-1, hn-2) Prn-1]

and by integrating the above inequality in space and time, we arrive at

/pnlzn —z,-1|(t, -)dx
R

t t
= C(V)”axzn—l ||L°° </ / |:On - ,On—1|dXdS + / / pn'un—l - un—2|dxds)
0 JR 0 JR

(2.8),(2.18) ¢
= v, ||¢o||Loc)/ / |00 — Pn-1ldxds
o Jr (2.36)

t
+C(V, ||¢0||L°0)/ ”[un—l(s,')_Mn—Z(s;'))“Lw/ (S, x)dx ds
0 R

——
<lleoll;1

(2.31) £
2 v, ol lipolln) / ®,-1(5)ds
0

By recalling (2.34) and (2.35), we eventually conclude that

t t
@, (t) < C(V, Mo, l|zo| o0, ||Po||L1)/ D, (s)ds + C(V, ||1/fo||L9°)/ ®,-1(s)ds,  (2.37)
0 0
which, owing to the Gronwall Lemma, implies that

D, (t) < Ctsup ®,_1(s) exp{Ct}
[0,¢]

for some C = C(V, My, ||zol|l < [l poll 15 || ¥oll L) > 0. Choosing § > 0 so that C5 exp{C8} < %,
we obtain

1
sup ®,(t) < —sup ©,,_1(¢).
[0.6] 2 04
In particular, since ®;(¢) is bounded, it follows that (2.30) holds for every ¢ € [0,5]. We
prove that the same holds for ¢ € [k, (k + 1)§] by induction on k: indeed, from (2.37), we
deduce that

t
D,(2) < Cks sup (P,(t) + P,_1(2)) + C/ (D(s) + Djy_1(5))ds.
t€[0,k3] ks
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By Gronwall Lemma it follows that

D, < [Ck(S sup (©,(2) + ©,-1(¢)) + C8 sup an_l(s)] exp{Cé}.
te[0,ks] [k8,¢]

Then Ckd sup,cjo5)(Pu(t) + ®,-1(2)) — 0 by the inductive assumption and, since
Céexp{Cs} < %, it follows that limsup,,_, ., ®,(¢) = 0.

3 Uniqueness and stability
We follow the same argument as in the proof of Lemma 2.1 and we provide the details for

the sake of completeness. We fix T'> 0 and ¢ € [0, T'] and we apply [18, Theorem 2.6] with

(&, x, p) = P(t,x,0) = pV(p, u1(t,x)), (& x, p) = QL x, p) = pV(p, us(Z, %)),

which yields

/le(t,x)—pz(t,x)ldxf/le(O,x)—pz(O,x)ldx

t
L) f (12181 + 122(5) 1) f 1015, — pa(s, )| dxds
0 R

¢ (3.1)
+C(V, llp1llzee, ”PZ”LOC)/ / (|0xu1||luy — up| + |05ty — Oxha|) dxds
o Jr

=L

t
+ C(V, | p1llzoe, ||,02||L°C)M0/ (261 (s, ) — t12(s, ) || Lo ds
0

where M) is such that TotVar p; (s, -) < M, and TotVar p,(s, -) < M for every ¢ € [0, T]. By
using the identity d,u; = p1z; and the estimate |[p1(,-)||;1 < || poll;1, we control the term

L as follows:

t t
L < llpolprlz s / ats — ), e + f [Bytts — Bt 1. (3.2)
0 0
We now want to show that
lim u(4,x) = lim %;(0,x), lim wuy(t,x) = lim u3(0,x) foreveryt>0  (3.3)
Xx—>—00 x—>—00 X—>—00 xX—>—00

Note that all the above limits exist and are finite because (%, -) and u,(t, -) are all func-
tions of bounded variation owing to the identities d,u;(, -) = pizi(¢, -) and to the L'and L™
bounds on p; and z;, respectively. By contradiction, assume that there is ¢ > 0 such that
one of the equalities in (3.3) fails, for instance limy_, oo 21 (%, %) # lim,—, _oo #1(0,x)(x). This
yields the existence of ¢ > 0 and d > 0 such that

—R+1
/ |u1(t,x) — u1(0,x)|dx > d for every R sufficiently large. (3.4)
-R
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On the other hand, by using the equation at the first line of (1.1), we have

—R+1 —R+1
f |M1(t,x)—u1(0,x)|dx=/

R -R

dx

t
/ o:ui(t,x)dt
0

(1.1) t —R+1
2 / / V(ps )y (z, )| ddx
0 —R

t p-R+1
< C(V)/ / |0xut1(T,%)|dTdx — 0as R — +o0.
0 J-R

To establish the convergence at the last line of the above expression we have used
the Lebesgue Dominated Convergence Theorem combined with the identity d,u;(¢,-) =
p1z1(t, ), which dictates (owing to the bounds on p; and z;) that d,u; is a bounded and
summable function. The above convergence contradicts (3.4) and establishes (3.3). By us-
ing (3.3) we then get (1.13).

We now point out that
l0xu1 = Otz |1 = 121 = p2z2ll1 < llp1lz1 — z2lll 1 + N|z2llze [l o1 = P2l (3.5)

so we are actually left to control || p;1[z; — 2z2]||;1. By combining the equations at the first

and second lines of (1.1) with the identity d,u; = p;z; we get

dlprz1] + 0x[V(p1,u1)p121] =0, Ol p2za] + 0x[V (02, t2) p222] = 0. (3.6)
We also have

p1l0:z1 + V(p1,u1)0x21]1 =0, p2[8:22 + V(p2, 42)0:22] = 0, 3.7)
This yields

0% 8, [orlz1 - 221] + du[ 22l o1 — pa1] + B[ Vo1, w121 — 251]
+0x[ 22l V (o1, u1) 01 = V (02, 42) p2]]
= [ pilz1 — 221] + D221 — P21 + 220:[p1 — 2] + B[ V(p1, u1)p1lz1 — 22]]

(3.8)
+ 0x22 [V (p1, u1)p1 = V(p2, u2) p2] + 220:[ V(p1, 1) p1 — V (02, 2) p2]]

D 3y orlz1 - 221] + duzalor — pal + 0 [ Vo1, un)orlz1 - 221

+ 0x22[V (o1, u1)p1 — V(p2, u2) p2].
Note furthermore that

0:22[p1 — P2l = p10¢[z2 — z1] + p10:21 — 0s2202

3.
CD) p18,lz0 — 211 — Bez1 V(p1, 1)1 + 0522V (02, 1)

= p10i[z2 — z1] + V (02, u2) p20x[22 — z1] + 0521 [V (02, 2) 02 — V (01, 11) 1]

Page 16 of 19
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and by plugging the above equation into (3.8), multiplying the result by sign(z; — z;) and
arguing as in the proof of Lemma 2.1, we arrive at

0 =3[ p1lz1 — 221 + p10clz2 — 21| + V(p2, u2) p20s |22 — 21|
+sign(z; — 22)0x21 [V (02, u2) 02 — V (o1, u1)p1] (3.9)

+0x[V(p1,u1)p1lz1 — 22| | + sign(z1 — 22)0:22[ V (p1, u1)p1 — V(p2, z) 2]

Using the Integration by Parts Formula combined with the equation for p; (or more rigor-
ously combining a suitable approximation argument with the definition of distributional
solution for p;), we get

t
/ /plazIZz—zll(s,x)dde=/p1|22—21|(t,x)—/pl(O,x)IZZ—zll(O,x)
0 JR R R

t
- / / V(p1, 41)p10x|22 — z11(s, x)dxds.
0 R

By space and time integrating (3.9) and using the above identity we arrive at

/pllzl - 2o|(¢, x)dx < / p1lz1 — 221(0, x)dx
R R
t
+ / / [V (o1, u1)p1 — V(p2, u2) p2|[10x22] + 10521 1(s, X)dxds
0 JR

< / p1lz1 — 221(0, x)dx
R

t
+ C(V, [|0x21 | o0, ||ax22”L°°)|:/ {21 — u21(s, ) || oo / p1(s,x)dx ds
0 R

S —
=lpoll 1

t
+/ Il Lo1 —/02](8,-)||L1ds:|
0

(1.13)
< / p1lz1 — 2210, x)dx + C(V, || 0521 || 100, | 0x22 || o0, |1 01 (O, ')||L1)|:t|uloo — Udoo
R

t t
+/ [0xu1 — Oxtt2](s, )l 1 s +/ o1 — 021G, ')||L1d5':|
0 0
(3.10)

Next, we point out that
0=p1(0,)=1
pilzi=22|O,x)dx = [[0x11(0,+) = 0x242(0, )l 1 + 122(0, )l o [1[ o1 = p21(0, )l 1
R
(3.11)

and we set

@(t) = L1 — P21t i + [1[0x2a1 — Dyt ](Z, )| 11
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By combining (3.1), (3.2) (1.13), (3.5), (3.10) and (3.11), and using || 9,u; || oo < || p; || o< ||z || .o »
we have

t
D) < é[CD(O) + U100 — Unoo| T + / CID(s)ds], for every t € [0, T,
0

where the constant C depends on V, the total variation of p;, p; and ||z1 ]|z, ||01(0, )|l 11,

lz2 ||z, 19522 o0, [l o1 llzoe and || ozl Loo. Owing to the Gronwall Lemma this yields
B(t) < e [D(0) + Tlutroe — tasoll,

that is (1.12). The above estimate yields, in particular, the identities #; = u, and p; = p; if
the solutions have the same initial data.

4 Conclusion and outlook

In this note, we have discussed the second-order traffic model (1.1) and established a new
and elementary global existence proof. We have also demonstrated that the uniqueness
argument in [27], originally introduced in the context of polymer flooding for oil recovery,
can be extended to the traffic modeling framework.

An interesting development would be to extend the analysis, particularly the unique-
ness result, to accommodate less regular initial data. As mentioned in the introduction,
the wave-front tracking techniques developed in [23] in the oil recovery framework could
likely be adapted to traffic modeling and used to establish global-in-time existence results.
On the other hand, extending the currently available uniqueness result is probably a sig-
nificantly harder problem and likely requires the introduction of new techniques.
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