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We consider Hélder continuous weak solutions u e CY(Q), u - nlyga = 0, of the
incompressible Euler equations on a bounded and simply connected domain  c R¢.
If Q is of class C*! then the corresponding pressure satisfies p € Ci”(Q) in the case
y € (0, %], where ny is the Holder-Zygmund space, which coincides with the usual
Holder space for y < % This result, together with our previous one in [11] covering
the case y € (%, 1), vields the full double regularity of the pressure on bounded and
sufficiently regular domains. The interior regularity comes from the corresponding Cf v
estimate for the pressure on the whole space R%, which in particular extends and
improves the known double regularity results (in the absence of a boundary) in the
borderline case y = % The boundary regularity features the use of local normal geodesic
coordinates, pseudodifferential calculus and a fine Littlewood-Paley analysis of the
modified equation in the new coordinate system. We also discuss the relation between

different notions of weak solutions, a step that plays a major role in our approach.
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1 Introduction

Letd > 2 and let @ c R? be a bounded and simply connected domain of class C2. The time

evolution in © of an incompressible inviscid fluid is described by the Euler equations

du+diviu®u)+ Vp 0 inQ2x(0,T)
divu = 0 inQx(0,7) (1.1)

u-n

0 ondQ x (0,T),

where u: Q x (0,T) — R% and p: Q x (0,T) — R are the velocity of the fluid and its
hydrodynamic pressure, respectively, and n: 32 — R< is the outward unit normal to
9. The boundary condition u(-,t) - n = 0 on 92 is the usual no-flow condition, which

prohibits the fluid to cross the boundary of the container .

1.1 The pressure equation

Forgetting about the time dependence of the unknown and only focusing on the spatial
one, straightforward computations yield that the pressure p solves the following elliptic

Neumann boundary value problem

—Ap = divdivlu®u) inQ
(1.2)

o,p uu:vn on 9.

Indeed, the interior elliptic equation is obtained by taking the divergence of the first
equation in (1.1), while the boundary condition follows by scalar multiplying the same

equation by the unit normal n: 9Q — R¢ and noticing that

d,p=Vp-n=—divlu®u) -n= —8i(uiuj)nj = —uiai(uj)nj

= —uiai(ufnj) + uiujainj =-u-Vu-n)+u®@u:Va=u®u:Vn. (1.3)

Here we used that 92 is a level set of the scalar function u-n, so V(u-n)|,q is parallel to n.
In the previous chain of equalities, we implicitly assumed that the normal, which always
satisfies n € C'(dQ) on any C? domain, is extended to a neighbourhood of 3 in order
to compute its gradient. Note that the chain of equalities (1.3) also shows (a posteriori)
that the value of u ® u : Vn|,;, does not depend on the extension of the normal in a
neighbourhood of 92. Clearly, the pressure in (1.2) is always determined up to a constant

and its uniqueness can be restored by imposing [, p = 0.
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Full Double Hélder Regularity of the Pressure in Bounded Domains 2513

To run the computations in (1.3), we have used u € C!(Q). In order to deal with
u € C7(Q), for y < 1, we need to interpret (1.2) in the weak sense, that is, we consider a

scalar function p € C°(Q) such that
—/pAgo—f-/ pan(p:/u®u:H(p, Vo € C3(Q), (1.4)
Q IQ Q

where Hy denotes the Hessian matrix of the scalar function ¢. As usual, (1.4) is obtained
by multiplying the first equation in (1.2) by a test function ¢ and then integrating by parts.
Such weak formulation makes sense for every u, p € C°(Q) and it is actually the equation
satisfied by any uniformly continuous couple (u, p) weakly solving (1.1). The rigorous
derivation of (1.4) has been already given in [11], if test functions whose support is not
necessarily compactly contained in 2 are allowed. However, since usually weak solutions
of (1.1) are defined with compactly supported test functions, we believe that it is worth to
dedicate Section 2.1 to the proof of the equivalence of the two formulations, under quite
mild assumptions on the pressure. Conversely, careful manipulations on weak solutions
show that any function p solving (1.4) gives indeed a pressure weakly solving (1.1), if
u is suitably defined (for instance by (2.5)). This provides the equivalence of the two
approaches: either one starts from a distributional solution (u, p) of (1.1) and deduces
the validity of (1.4), or one first solves (1.4) and obtains a function p, which guarantees

0;u+ u-Vu = —Vp as distributions. Further details are given in Section 2.1.

1.2 Previous results

In the whole discussion below, we will always assume that the incompressible vector
field u is y-Hoélder regular and, when considering a bounded domain €, it is also tangent
to the boundary.

Looking at the equation —Ap = divdiv(u ® u) and forgetting the technicalities
that might arise from the presence of the boundary, by standard Schauder’s estimates
we get that p is exactly as y-Holder regular as u, for every y € (0, 1). However, it has been
recently noted that the quadratic structure of the right-hand side divdiv(u® u), together
with the divergence-free condition divu = 0, allows to increase the Holder regularity of
the pressure up to 2y.

At the best of our knowledge, such double regularity has been observed for the
first time by Silvestre [21] when Q = R<, and then in [7, 16] by different proofs, which in
particular generalize the double regularity to the periodic setting Q@ = T¢. More precisely,

such results show that, when € is either the whole space R4 or the torus T¢, the pressure
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2514 L. De Rosa et al.

enjoys

2 : 1
e cer if0<y <3 05
clzv-1 if%<y<1,

as soon as u € C”. Soon after, Constantin [9] proved that p Liplog(Rd) in the borderline
case y = % by relying on some useful new local formulas for the pressure on R%,
Let us emphasize that the case y = % is naturally borderline for the regularity (1.5),
because of the well-known failure of Schauder’s estimates in Holder spaces with integer
exponents. We refer the reader to [8], where the double pressure regularity on T¢ has
been generalized to any Sobolev or Besov space.

Remarkably, the double Holder regularity of the pressure on R? or T¢, together
with several other fine regularity estimates along the flow of u, has been used by Isett in
[16] to prove the smoothness of trajectories of Euler flows when the velocity is strictly
less than Lipschitz regular in the spatial variable, thus in a regime in which trajectories
are not necessarily unique. Very recently, the double regularity of the pressure has
been also crucially used in [10] to establish rigorous intermittency-type results in the
framework of fully developed turbulence. An extensive description of the relevance of
intermittency phenomena in the mathematical theory of turbulent flows can be found in
the monograph [13]. Moreover, on a bounded domain ¢ R¢, where the presence of the
boundary adds highly non-trivial complications, the Hélder regularity of the pressure
plays a fundamental role in the study of anomalous dissipation; see [2, 5, 19, 20] and the
references therein. For these reasons, the study of the regularity of the pressure up to the
boundary is of crucial importance, from both the mathematical and the physical point
of view, and our result might be seen as a first step towards the extension of [10, 16] to
bounded domains.

As usual when considering boundaries, the above analysis becomes more delicate
when @ ¢ R%is a bounded and simply connected domain. Indeed, even the more standard
single regularity p € C¥ () is not a straightforward consequence of Schauder’s estimates
up to the boundary. Such regularity was first established by Bardos and Titi in [4] for
2-dimensional domains of class C? by relying on the global geodesic coordinates. Let
us also mention that Bardos-Titi's result has been recently (after the first draft of the
current paper was online) extended to 3-dimensional C® domains in [3]. The meticulous
reader might notice that the boundary condition used in [3, 4] has an additional term that
allows to define the normal derivative of p as an element of H=2(3<Q). This issue at the

boundary is indeed quite subtle, and we postpone the discussion to the next paragraph.
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Full Double Hélder Regularity of the Pressure in Bounded Domains 2515

In our previous work [11], we extended Bardos-Titi's result to any dimension.
Actually, we have been able to also partially double the pressure regularity by proving
that, in any dimension d > 2, if @ c R? is a simply connected open set of class C%® for
some § > 0, then the pressure enjoys

C7(Q) ifo<y<lands>o0
pE (1.6)
ct-1(Q) ifi<y<lands=2y—1

In the case y < % we exploited the explicit representation formula for p via the Green—
Neumann kernel on 2, while, for y € (%, 1), we relied on the already known double
regularity (1.5) on R? by suitably extending the vector field u to the whole space. Note
that, when y > %, the requirement § = 2y — 1 in (1.6) is necessary, since otherwise
the boundary condition 9,p = u® u : Vn € c™in{d.r}(5€2) would be incompatible with
Vp e C?’71(Q). Moreover, once the single y-Ho6lder regularity has been established,
by the abstract interpolation argument developed in [8], an almost double regularity
p € C?7¢(Q), for any ¢ > 0 arbitrarily small, follows directly as soon as 9Q € €34 for
some § > O; see [11, Theorem 1.3]. Let us now explain the Neumann boundary datum
in (1.2). The derivation of 9,p = u ® u : Vn we have given in (1.3) heavily relies on the
assumption u € C'(Q), which is way above the Holder regularity we want to consider
in this paper. However, the weak formulation (1.4) makes sense whenever u,p € C%(Q).
Thus, to circumvent any issue concerning the well-posedness of 3,,p as a distribution
on 32, what we will do is to show (double) Hélder regularity of the unique zero average
solution p to (1.4), where u € C”(Q2) is a given divergence-free vector field tangent to
the boundary. Slightly abusing terminology, we will say that a weak solution p to (1.2)
is a scalar function p satisfying (1.4), keeping in mind that going back from (1.4) to
(1.2) is not possible for purely continuous data. As we will discuss in Section 2.1, such
weak pressure formulation is indeed a natural variational condition satisfied by any
couple (u, p) weakly solving (1.1). Further comparisons on the difference between the
approaches in [3, 4] versus the one used in the current paper (as well as in [11]) will be
discussed in Section 6.1.

In this paper, we complete the picture initiated in [11] by establishing the double
Holder regularity (up to the boundary) of the pressure in the whole range y € (0, %]
in any bounded, simply connected and sufficiently regular domain Q@ c R%, including
the borderline case y = % in which we prove that the pressure belongs to the Holder—
Zygmund space. Together with [11], this gives the full double regularity for every y €
(0,1), in a sufficiently regular simply connected bounded domain @ c R<%. Our main

result is rigorously stated below.
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2516 L. De Rosa et al.
1.3 New main result

We let C1(2) be the usual Holder-Zygmund space; see Section 2.3, and in particular (2.12),

for its precise definition. We prove the following

Theorem 1.1. Lety € (0, %] and let Q@ ¢ R% be a bounded and simply connected domain
of class C>!. If u € C?(Q) is a divergence-free vector field such that u - nlyo = 0, then

there exists a unique zero-average solution p € C%(Q) of (1.4) such that

1
IPllcer @) = Cllullgr @ fory <3 (1.7)

and

1
< C|lu 2 fory = —, (1.8)
IPlicr(q) I ”C%(Q) v 2
where C > 0 is a constant depending on Q2 and y.

The above theorem states that, in the class of C°(Q) functions, there exists
a unique zero-average pressure solving (1.4), which moreover enjoys (1.7) and (1.8).
However, we emphasize that looking in the larger class p € L!(Q2) does not modify the
result, but in this setting one has to be careful about how to define the boundary integral
in the left-hand side of (1.4). In Remark 2.1 we show that p € L'(Q) indeed suffices to
have a well-defined trace operator for p, a property that we believe being a quite nice
outcome of precise cancellations in the quadratic term div div(u ® u).

Similarly to [16], the proof of Theorem 1.1 is based on the Littlewood-Paley
analysis in the frequency space, that we introduce in Section 2.3. Moreover, to achieve
the above result, we prove the interior and the local boundary regularity estimates
separately; see Theorem 3.1 and Theorem 4.1, respectively.

The interior regularity comes as a consequence of the more general Theorem 3.2,
providing the double pressure regularity on the whole R? for u e CJ(R%). In the case
y < %, this was indeed already known (as discussed above in (1.5)). The main novelty
here is for the borderline value y = % for which we achieve p € CL(R?), thus improving
the Lip,,, regularity proved in [9] (see Remark 2.6). The main reason for such a sharper
regularity in the borderline case lies in the flexibility of the Littlewood-Paley analysis
when dealing with estimates in the borderline Ho6lder-Zygmund space.

To deal with the boundary regularity, we pass to the normal geodesic coordinate
system (see Proposition 2.3) in a neighbourhood of 9. This new coordinate frame, more

precisely the new local induced metric, allows to suitably extend the datum and the
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Full Double Hélder Regularity of the Pressure in Bounded Domains 2517

unknown to the whole space. Once on R%, we analyze the corresponding transformed
equation by means of the pseudodifferential formalism. The quantitative regularity
estimates in C?” are then obtained via Littlewood-Paley analysis. The present strategy is
more robust than the one adopted in our previous work [11], and it seems flexible enough
to be helpful also in less regular settings, such as Sobolev or Besov. We refer to Section 6
for a discussion on possible extensions of Theorem 1.1.

The assumption dQ € C?! is needed to work with the boundary normal coor-
dinates. In particular, it ensures that the new local induced metric is Lipschitz, which
plays a crucial role in the boundary regularity performed in Section 5. Thus, for rougher
domains (say C?), a different approach at the boundary might be necessary. We will try to
keep track of the minimal regularity of 92, which is required in every step of the proof,
making it easier to localize where the criticality happens.

The corresponding result for solutions p, which are not necessarily average-free,

directly follows.

Corollary 1.2. Lety € (0, 1] and let @ c R? be a bounded and simply connected domain
of class C*!. If u € C¥(Q) is a divergence-free vector field such that u - nlyg = 0, then
every weak solution p € C°(Q) of (1.4) is unique up to constants and satisfies

1
'p —/ p(x)dx = Cllullgy g fory <3
Q c2r (@)

and

p —/ p(x)dx
Q

1
<Cllul?,  fory=g,
cL @) C2(Q) 2

where C > 0 is a constant depending on the € and y.

1.4 Organization of the paper

In Section 2 we discuss all the main technical ingredients that are needed to run our
proof: we start by discussing the relation between weak solutions of (1.1) and the pres-
sure equation (1.4), we introduce the local normal geodesic coordinates, the Littlewood-
Paley analysis, the definition of the Holder-Zygmund spaces and the pseudodiffrential
formalism. In Section 3 we prove the interior boundary regularity. Section 4 and Section 5
are devoted to the boundary analysis: in Section 4 we transform the equation, locally at
the boundary, in the new coordinate system, while in Section 5 we conclude the proof
providing the quantitative stability estimate for the equation in the new coordinate

system. We conclude with Section 6 in which we discuss further extensions.
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2518 L. De Rosa et al.
2 Preliminaries

In this section we prove or simply recall results that we will need in our proof.

2.1 The weak pressure equation

In our previous work [11], we showed that,if u,p € CcO(Q2x (0, T)) weakly solve (1.1) in the

following sense

T T
/ /u-atw—ku@u:vw—}—pdivw:/ / pY-n Yy € CL(Q2 x (0, 7)), (2.1)
o Ja o Joq

then the couple (u(t), p(t)), for every fixed t-time slice, solves (1.4). This is done by simply
choosing ¥ (x,t) = n(t)Ve(x), where ¢ € C?>(Q) is arbitrary. The formulation (2.1) appears
already in the literature, but usually weak solutions of (1.1) are defined by restricting the
support of the test vector field ¢ to be compactly contained in the open set Q2. Let us now
clarify that such two slightly different formulations are equivalent.

Let u € C%Q x (0,T)) be divergence-free and tangent to the boundary. The
following derivation can be rigorously given under the very mild assumption p € L' (Q x
(0,T)), but, for the purposes of this presentation, let us assume p € C%(Q x (0, T)) for
simplicity and postpone to Remark 2.1 the finer discussion when p is merely integrable.

Suppose that the couple (u, p) solves

T
//u-atl/}—i—u@u:V@—i—pdiVl/;:O, VY € CL(Q x (0,T)), (2.2)
0 Q

that is, the usual weak formulation of (1.1) with compactly supported test vector fields.
We want to prove that (2.1) holds. Let 2 € Q any open set with smooth boundary, x €
CL(Q) and ¢ € CL(2 x (0, T)). Then v := x v is an admissible test for (2.2), and we obtain

T T
/ /X(u-atw+u®u:V1/f+pdiV1//)+/ /(u-lﬁ)(u'VX)+plﬂ~VX=O.
o Ja 0o Ja

If we let x converge to the indicator function of &, then Vx converges to —a#% 1L in
the sense of measures, being 72 the outward unit normal vector to 9Q and HA 19 the

standard surface measure. Thus, we achieve

T T T
/ [u~8tw+u®u:vw+pdivw—/ /~(u~1//)(u~ﬁ)=/ /~pwofz, (2.3)
0o J& 0o Ja& 0o Ja&

from which, by letting Q invading the whole domain €2, and recalling that u is tangent
to 92, we conclude the validity of (2.1). It is clear that, in the above derivation, no
assumption on 3, p is needed, but only the trace of p on 922 has to be well defined. In

this way, that is, working only with the weak formulation (1.4), we avoid any technical
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Full Double Hélder Regularity of the Pressure in Bounded Domains 2519

difficulty coming from having a well-defined boundary condition in (1.2), which is a very

delicate issue, as noticed in [3, 4].

Remark 2.1. Assume only p € LY(Q x (0,T)). Since in the interior we have —Ap =
divdiv(u ® u), then by standard Schauder’'s estimates we have p(.,t) € CIVOC(Q). In
particular p|8§~2 is a well defined object for every € €, and the formulation (2.3) can be
derived exactly as before. Differently from above where we assumed p € C%(Q x (0, T)),
to let Q invading the whole domain © we have to make sure that there is a well-
defined notion of p|a§z' when testing with sufficiently regular functions. This is a quite
fine a posteriori property of (2.3). Indeed the left-hand side has a unique limit as
goes to €, which in turn implies the existence of a well-defined notion of p|a§z as a
linear and continuous operator acting on ¢ € Cé (2 x (0, T)). Thus, we have obtained
(2.1) with the right-hand side replaced by (p|m, Y - n). Choosing ¥ (x,t) = n(t)Ve(x) as
already discussed above, we achieve that, for every ¢-time slice, the couple (u(t), p(t)) €
CY () x LY(Q) solves

Q Q

where p|as2 is the linear operator we have defined above. In particular, this shows that
Theorem 1.1 and Corollary 1.2 could have been stated in the larger class of integrable
pressures, not necessarily continuous on Q, modulo interpreting weak solutions in the

sense of (2.4).

To complete the picture on the relation between weak solutions of (1.1) and the
the pressure equation (1.4), let us now address the opposite question: does any solution
to (1.4) give an admissible pressure that appears as a gradient in the weak formulation of
(1.1)? The answer is affirmative, modulo defining weak solutions of (1.1) in the right way,
that is, when all test vector fields orthogonal (in an L? sense) to gradients are allowed. By
the Helmholtz decomposition on a bounded domain, such tests are given by divergence-

free vector fields, tangent to the boundary. Thus, we say that u is a weak solution of (1.1) if

T
//u.at¢+u®u:v1/f=o Vi € CL(Q x (0,T)), divy =0, ¢ -n|,, =0, (2.5)
0 Q

and moreover, for a.e. t € (0, T), u is divergence-free and tangent to the boundary, which
in the weak sense can be written as fQ u(x,t) - Vqg(x)dx = 0 for all ¢ € C(Q), and
a.e. t € (0,T). The formulation (2.5) is indeed the one that is formally derived from
(1.1) by multiplying by ¢ and integrating by parts, which in particular motivates the

choice of the test functions in order to make the pressure disappear. To fix the ideas, and
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2520 L. De Rosa et al.

coherently with the regularity assumptions used in the current paper, let us assume that
u € L*((0,T); CY(R2)) solves (2.5), with y < % For a.e. t € (0,T) we let p be the, unique
up to constants, solution of (1.4). Our Theorem 1.1 proves that p € L®((0, T); C? (2)). We
want to prove that (2.1) holds true with this choice of p.

Remark 2.2. By classical density arguments, the formulation (2.5) is equivalent to the
one in which ¥ (x,t) = n(t)f (x), where n € CL((0,T)) and f € H'(Q), such that divf = 0
and f- n|89 = 0. For the same reason, and since p is continuous up to the boundary in the
space variable, the formulation (2.1) does not modify if we restrict to ¥ (x,t) = n(t)f (x),
where 1 € CL((0, T)) and f € H' (). Also in (1.4) we can allow every ¢ € H2(Q).

Thus, let us fix any test vector field of the form v (x,t) = n(t)f(x), where n €
Cl((0, 7)) and f € H (Q). Solve

Ap = divf inQ
d,o = f-n onodQ,

which admits a solution ¢ € H?(Q), unique up to constants, and decompose f = f — Vo +
Vo =: faiy+Ve. Clearly f3;, € H'(Q), div fy;, = 0 and fy;,-n|,, = 0. By using (2.5), together
with [ u-Ve =0fora.e.t e (0,T), we have

T T
/ /(u.at¢+u®u:V1/f+pdivw)—/ /pl/wn
o Ja o Jag

T
=/0 /Q(u Sawn U@ U Vigin)

T
+/ n(/u@u:V(Vw)—l—pdiv(V(p)—/ chp-n)
0 Q aQ

T
=/ n(/u@u:H<p+pA<p—/ p8n¢)=0,
0 Q 2

where the last term in the above chain of equalities vanishes since we have chosen p
solving (1.4). This, together with the equivalence observed in Remark 2.2, proves that the
couple (u, p) solves (2.1).

Summing up, we have rigorously proved that starting from (2.2), with the a priori
assumption p € L'(Q x (0, T)), then p necessarily solves (2.4), that is the generalized
version of (1.4) when p is not necessarily a priori continuous up to the boundary.
Conversely, we have also proved that, if u is a weak solution to (1.1) in the sense of (2.5),
then the solution p to (1.4) (or, more generally, of (2.4)) gives a pressure that, when coupled

with u, solves (1.1) in the sense of (2.1), and thus also in the one of (2.2).
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Full Double Hélder Regularity of the Pressure in Bounded Domains 2521
2.2 Normal geodesic coordinates

Let Q C R? be a domain of class C2? for some § € (0, 1], endowed with the constant
Euclidean metric gif =gy = (Sij for all i,j € {1,...,d}, where 9 = (ei,ej) is the scalar
product between the basis vectors e; and e;.

Let x, € 9Q and fix a small neighborhood U of x, in R%. Let U, := U N 32, which
is a neighborhood of x;, in 92, and consider a local coordinate chart for 92 at x, that is,
a couple (Uy, ¢), where ¢: Uy — V, =: ¢(Uy) C R4! is a €?9-diffeomorphism. We write
p(x) = (0'(x),...,09 1 (x)) and call the 6''s the local coordinates on 92 around x,. Up to
reducing the neighborhood U, one can assume that U is a tubular neighborhood of 9<2,
thatis, U={x+tnx): —c<t<c x e X C IQ} for some ¢ > 0, some portion of the
boundary X C 92 and where n(x) stands for the inward pointing unit normal to 2 at x.

We can express the Euclidean metric g in any new coordinate system y* (and
where we let diy‘ be the associated dual vector field) using the following change of variable

formula for all x € R4

d
0x 0x 0x
95 =<—f'a—yf>:kz_1 '

In our proof we will use the so-called normal geodesic coordinates, which are
defined as follows. For any point x € U, let us denote 7 (x) the orthogonal projection (for
the Euclidean metric) of x on 9Q and write r(x) = dist(x, Q). Shifting the indices, we
also let (Qi(x))ZS-Ed be the coordinates of 7(x) on 3. Our new coordinates are y' = r and

yf =0/ (x), Jj > 2, which define local coordinates in U.

Proposition 2.3. Let © c R% a bounded domain of class C%?, § € (0, 1]. With the above

notation, the following statements hold true.

1. There exists a symmetric matrix g% = [g¢'%], <i j<q With €% coefficients such

that the inverse metric g in the new coordinates (yi)lsiid reads as

_ 1 O
9= 0 gee )
2. There exists ¢ > 0 such that £§Tg(r,0)¢ > c|¢|2 for all ¢ € R? and all (r,0) € U.

Proof. Let us prove the two claims separately.
Proof of (1). We are going to prove that g = [g;li-;;-4 in the coordinates y!

assumes the block-diagonal form, therefore the inverse g = [gif]lfi'jfd will have the same
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form. Note that by definition of n, # and r, there holds x = r(x)n(r(x)) + 7 (x) for any
xeU.
We start by proving that g;; = 1. With the notation y! = r and (y?, ... vhH =0,
3x(r.0) ‘ 2
ar

we have to prove ) = 1 for all (r,0) € V. Observe that, for all h small enough (in

order to remain in the tubular neighborhood), there holds
X(r + hr 9) - X(rr 9) = hn(rr(r, 0))!

therefore %

= n(w(r,0)), which has norm 1.

Let us now prove that, foralli € {2, ..., d}, there holds g,; = 0, which is equivalent
to <3’;(gge),n(n(r,9))> = 0. Let (e;)y<;<4 be the Euclidean basis of R-! Let k > 2 and
n=10,...,0,n,0,...,0). We can therefore write

x(r,0+n) =n@,0+n)+7r,0+n=n0+n+e (0 + Si)e;),
so that, using Taylor’'s formula at order one, we find
x(r,0 + 1) — x(r,0) = ndgen(r, 0) + md (0~ (O e) + OM).

Differentiating the equality |n(r,0)|> = 1 in 0%, we see that dykn(r,0) is orthogonal to
n(r,0). We observe that ak(go_l)(eiei) is also orthogonal to n(r,0). Recall that x(r,6) =
rn(r,0)+n(r,0) and note that g,, is a matrix whose coefficients are functions of Vx(r, 9),
therefore are C%° as well as their inverse, that is, g% = (gy,)~! € €%, completing the
proof of the claim.

Proof of (2). Let us observe that, since g is block-diagonal, it is enough to prove
that

nTgee(r,Q)n > c|n|? forallyne R,

Letting J denote the inverse of the matrix (891Xi)25i'j5d, we have g?¢ = JTJ, so that we
only need to explain why n7g% (r,6)n = |Jn/> > ¢ > 0 when || = 1. But the latter
property readily follows since J is invertible at every (r,0) € V and the unit sphere is

a compact set. |

We can write the Laplacian in the new coordinates as
B g 1 g
— Ap = —(det(g)) /29, ((det(g)*gY3;p) = —=3:(GgTop), (2.6)

where G(r,0) := /detg(r,0) and 9; denote the derivatives in the new coordinates r,6.

Moreover, in the new local coordinates system, the boundary condition u - n = 0 on 92
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reads as u”(0,0) = 0 for all 6 and, similarly, the boundary condition d,,p = 0 on 92 is

equivalent to 9,p(0,6) = 0. Finally, for a vector field F = Fle there holds
divF = (detg)~1/2s, (Fi(detg)l/z), (2.7)
from which we get

. 1 .
divdiv(u ® u) = (detg)_l/zaizj ((detg)l/zu‘uf) = Eal?j (Gu‘uf) . (2.8)

2.3 Littlewood-Paley analysis, Holder and Holder-Zygmund spaces

We introduce a smooth Littlewood-Paley partition of the unity

1= )" Py

Ne2N

as follows. Let ¢ be some smooth bump function that is non-negative, radially symmetric,
supported on {|£| < 2} and such that ¢(§) = 1 for all || < 1. We let P;(§) := ¢(§) and
Py(&) = o(N1&) — p(2N~1¢) for all N > 2. Therefore, Py is supported on |£| ~ N. Let

u € S’ be a tempered distribution. For all dyadic integers N € 2V we define
uy = Pyu:=F 1(Py) xu,

which is just @iy (§) = Py (£)U(§) on the Fourier side. Because the Fourier transform of uy,
is compactly supported, uy is smooth. Also, due to the partition of unity property, there
holds

u = Z uN.
Ne2N
Let us also denote

Uoy = D Uy and  Usyi= D Uy,

M<N M>N

where the summation is on dyadic M € 2N, In this article, when a summation is taken on
capitalized letters, it is always assumed that the summation is on dyadic integers only.

For a much more extensive presentation, we refer the reader to [1].
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Using the frequency localization of uy and Young's inequality, one can infer the

following very useful estimates that we shall constantly use in Section 5.

Theorem 2.4 (Bernstein’'s Theorem [22], Appendix A). Let s € R and p,q € [1, 0] such
that p < q. Then, the following hold:

@) unlze S 80678 juyly
i) NVIuylpe ~ NSlluyllp if N > 2 and [|[|[VISuyllpe S llugllo, where |V|S is the
Fourier multiplier |£|5;
(iii) uoylie < llullpy and lusyllie < Il
In the latter inequalities, the implicit constants depend on d, p, g and s but not
onN.

The definition of the smooth truncation Py, implies that PyP,, = 0, unless s M <
N < 4M, which we abbreviate as N ~ M. We also write N > M when N > 8M.

If N > M, then uyvy, has frequency in {N — M < || < N + M}. In the case N ~ M,
this means that uy vy, is frequency supported in {|¢| < N}, so that Pr(uyvy,) = 0 unless
K < N. The other interesting case is when N > M, in which case uyvy, is frequency
localized in {|£| ~ N}, so that Pr(uyvy;,) = O unless K ~ N. These considerations will
be frequently used in Section 5. We shall also repeatedly use the following simple facts

about dyadic sums

> 15log), > MPSN® and > M SNF,
1<M<N M<N M>N

for any s > 0, where the implicit constants in the last two estimates might also depend
on s.
We now recall some basic facts about Holder-Zygmund spaces. For a more

detailed account, we refer to [23]. For s € R, we define

||u||ci = SU%NSHuNHLOO, (2.9)
Ne2

which is nothing but the Besov norm |lu|/gs _ . It is well known that C5(RY) = Ci(Rd)
whenever s € R \ N, where C5(R%) denoteé the usual space of s-Hdélder continuous
functions, while C5(R%) c Ci(Rd) with strict inclusion if s € N; see [23, Appendix A]
for instance.

Let us also recall the following useful facts about the borderline case s = 1.
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Proposition 2.5. The space C! (R%) is the classical Zygmund space, and the norm (2.9) is

equivalent to

|u(X+h)+u(X—h)—2u(X)|. 2.10)

”u”Loo(Rd) + sup sup h
xeR2 heR4, h#£0 |h|

Moreover, C! R ¢ Liplog(Rd) with continuous embedding, where Liplog(Rd) denotes the

space of functions such that

ux)—u
||u||Lip10 (Rd) = ||u||L00(Rd) + sup | ( ) (Y)| < Q. (211)
¢ x,ycR4 |x -yl (1+|10g|X_Y|’)
x#y

Proof. For (2.10), we refer to [23, Appendix Al. To prove the embedding, define w(h) :=
(w(x + h) — u(x))/|h| for h # 0. Since u € C!(R%), we have

R\ e+ ueo - 2u (x+ 2

A
from which we deduce
(w1 h) — w(@*h)| < Cllullci gay, VK = 0.

The constant C > 0 may vary from line to line in the next computations, but it is
important that it will always be independent of h and k.

Choose k;, € N such that eko|h| ~ 1 and add the previous inequality for all 0 <
k < ky, getting

(w(2Xh) — w(h)| < koClltllgy ey < Cllullgi ga, [log hl| -
Thus, we finally achieve

(w(h)| < [w2Rh)| + |w(2¥h) — wh)| < 275k |ully~ga) + Cllwl g ga) [log |Al]

)

< € (Il ey + 1l ge)) (1 + [log]hl
which, in terms of u, reads as
lux+h) —u®|<C (||u||LooaRd> + ||u||C;(Rd>) |l (1 + [log |hl|)

yielding the claimed embedding. |
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2526 L. De Rosa et al.

We can use the equivalent norm (2.10) to naturally define the Zygmund space C}

on any bounded domain Q2 by setting

lu(x + h) + u(x — h) — 2u(x)|

lullcrq) = lullpe@ +  sup (2.12)

G® =@ X, x+h,x—heQ |h|

h#0
Also the Lip;,, norm (2.11) extends to any bounded domain by setting

lux) —u)l

Ity = tllgeo(q) + sup 0. (2.13)
Lip1og(€2) L($2) xyea X — vl (1 + IlOg |X—y||)
x#y

Remark 2.6. Note that the function u: [-1, 1] — R given by u(x) = —|x|log |x|, satisfies

u € Lip),g([-1,11) \ CL([-1, 1]), proving that C}([-1,1]) C Lipjoq([—1, 1]).

Finally, as it has been first observed by J. M. Bony [6], we recall that the product
of a distribution in C;(Rd) for r < 0 with a function in Ci(Rd) defines a distribution if

s+r > 0; see [15, Lemma 2.1] for instance.

Lemma 2.7 (Product of distributions). Let s,r € R be suchthatr <0 <sandr+s > 0.

If u € C; and v € C$, then uv € C;, with

||UV||c; < ||u||c;||V||c§- (2.14)

Notice that defining the product of two distributions is not trivial, and indeed
it involves a Bony decomposition together with paradifferential calculus. However, we
remark that we are going to use Lemma 2.7 on products of bounded and continuous
functions, thus in this case uv is trivially defined and the estimate (2.14) becomes an

easy exercise in Littlewood-Paley analysis.

2.4 Pseudodifferential operators and symbols

In what follows we introduce the pseudodifferential formalism from [25]. We will
repeatedly use the notation (£) := /1 + |£|2.

Definition 2.8 (Classes of symbols). Let m € R and § € [0, 1]. A symbol a € Cgf’s is in S{’}a
if

108 9 a(x, £)] < Clar, B (5)™ 1011,

We let S™ := S{’fo be the space of classical symbols of order m.
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When dealing with limited regularity in the variable x, one has the following

generalization.

Definition 2.9 (Class CiST%). A symbol a with regularity C in x is in the class CiST%

when

o = CGs: a)(g)mleltss,

o¢a,s)

Definition 2.10 (Quantization of a symbol a). Let a € C.ST;. The quantization of a is
the operator Op(a) : S — S defined for every u € S by
Op(@)u(x) = /

5 X Va(x, £ uly) ds dy = / K(x, y)u(y)dy,
R xRA R4

where K(x,y) = [za e X Vq(x, &) ds.

This quantization is such that, for example, if a(x, &) = ib(x)&, then
Op(a)u(x) = b(x)d, u(x).

Other quantizations exist, but this one (which is the classical one) fits to our problem.
It is well-known that operators in the class Op(S{'fa) enjoy good continuity bounds

in WSP or C$ spaces, as known from the more general Calderén—Vaillancourt Theorem.

Theorem 2.11 ([25], Chapter 13, Corollary 9.2). Let m € R, 8 € [0,1) and a € S%. Then,
for any s € R, there holds

Op(a) : CST™ — C5.

Operators associated to symbols in the class ST enjoy nice composition proper-

ties.

Theorem 2.12 ([24], Chapter 7, Proposition 3.1). Let A = Op(a) and B = Op(b) two
pseudodifferential operators with symbols a € S{’}a and b € S?’E, for some n,m € R and
8 € [0,1). Then, the composition C := A o B is a pseudodifferential operator C = Op(c),

where ¢ € S7;"

. Moreover, for any integer N > 0, it holds

jlarl
l —_ —
c(x,§) — Z —dga(x, §)dgb(x, £) eS;r,l;-n (1=8)(N+1).

o!
le|<N

20z Adeniqad 0z uo Josn YSSIS AQ €12612./1 1.G2/€/720Z/9101E/uiWI/Wod dno"dlwapede//:sdiy WOl papeojumoq



2528 L. De Rosa et al.

We will need to invert elliptic operators. In our context we will use the following

definition of elliptic operators.

Definition 2.13 (Elliptic symbol on a compact set). We say that a symbol a € S7; is
elliptic on a compact set K c R? if there exist R > 0 and ¢ > 0 such that, for all |§| > R
and all x € K, there holds

la(x, §)| > c(§)™.

With this definition, an elliptic operator can be (locally) inverted modulo smooth

functions.

Theorem 2.14 (Elliptic operator inversion, [23], Section 0.4). Let m > 0 and § € [0, 1) and
let A e Op(S{’fS) be an elliptic operator on a compact set K. Then, there exist B € Op(S;(Sm

and C € Op(Sfy?(l*‘s)) such that

BoA=0p(x(x)) +C,

for some localization function y supported in K

Proof. We provide a proof for the sake of completeness. Note that this result is a variant
of the usual proof of inversion of elliptic operators modulo smooth functions [24, Chapter
7.4].

We seek an operator B = Op(b), where b=>b_,, +b_,, ;_5 forsomeb_,, _; €
Sl_lg"_(l_‘s) to be found. The first term b_,, is actually easy to identify. In order to write it,
let us introduce some cutoff function x supported in K. Also, let ¥ be a cutoff function,
which takes values 1 for |£| > 2R and which is O for |£| < R. Let us set

XX)Y (&)

b_,,(x,8) = W

’

which, thanks to our assumptions on a and the chain rule, is a symbol in S7§'. Observe

thatb_,,(x,&)a(x, &) = x(x)¥(£),so Theorem 2.12 applied for V = 1 to Op(b_,,,) and Op(a)

gives
Op(b_p,) o Op(a) = Op(x )Y (§)) + Op(iVeb_p, - Via) + C,

where C; € Op (Sia(lf‘s)).
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Now observe that, again by applying Theorem 2.12 with N = 0 to Op(b_,,__5)) ©
Op(a), there exists C; € Op (Sl_j(l_‘s)) such that
Op(b) o Op(a) = Op(x )Y (&)) + Op(ivgb_m -Vyea) + Cy + Op(b_m_(l_l;)a) +Cy
= 0p(xX) ¥ () + Cy + Cy,

provided that we take b_,,, _(;_4) := —éVEb_m - V,a, which is a symbol in Sl_gn_(l_‘s).

Let us finally observe that x(x)¢¥(§) = x&x) + xx) (¥ (§) — 1) and that ¢, :=
x @) (¢ (&) — 1) belongs to any ng/l class (M > 0), by choosing ¥ appropriately. We can

thus write
Op(b) o Op(a) = Op(x(x)) +C,

where C = Cy + C; + Op(c,) as wanted. |

2.5 Reduction to smooth functions

Since it will be very convenient to work with a C!(Q) vector field u, and thus to justify
all our computations in the classical sense, let us consider u,, the smooth regularization

of u given by [11, Lemma 2.1 and Remark 2.3], that we recall here.

Lemma 2.15 (Velocity approximation). Let d > 2 and let @ c R? be a bounded and
simply connected domain of class C??, for some § € (0,1). Let y € (0,1) and let u € C¥ ()
be such that divu = 0 and u-n|,o = 0. Then, there exists a family (u,),., C C®(Q)NCI4(Q)

such that u, — u in C%(Q) as ¢ — 0%, divu, = 0 and u, - n|,;q = 0 for all ¢ > 0, and
sup ”ug”CV(Q) < C”u”cy(gz)
e>0

for some constant C > 0.
The proof of Theorem 1.1 relies on the following

Theorem 2.16. Let y € (0, %] and @ c R? be a simply connected bounded domain of
class C*!.For § € (0,1) let u € C1(Q) N C>®(RQ) be a divergence-free vector field such that
u - nlyg = 0. Then there exists a unique zero-average solution p € C'4(Q) to (1.2) such
that

||p||cfy(9) = C(”u”%‘y(g) + ||p||L0<>(Q)) , (2.15)

for some constant C > 0, which depends on @ and y only.
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Thanks to the above result, the proof of Theorem 1.1 follows by standard tools

in analysis. We give the details for the reader’s convenience.

Proof of Theorem 1.1. We divide the proof in two steps: we first eliminate the term
IPllLe(q) from the right-hand side of (2.15), and then we show how such a quantitative
continuity estimate leads to the existence of solutions to (1.4) for any u € C¥(2) not
necessarily smooth.

Step 1.We prove that, if u € C1?(Q)NC>®(RQ), then the unique zero-average solution
p of (1.2) (which always exists thanks to Theorem 2.16) enjoys

IPllg2r ) < Cllullgs (q)- (2.16)

Indeed, suppose that (2.16) does not hold. Then, for all k € N, we can find a divergence-

free vector field u; and a scalar function p; solving

—Ap, = divdiv(y,®u;) inQ

0Py = UQuUi:Vn on 9€2,

with [, py =0 and

1= Il 2r gy = Kllugllzr (-

In particular, u; — 0 in C”(Q), which, by passing to the limit in the weak formulation
(1.4), implies that the uniform limit of (p; ), say g (which we can always suppose to exist

by Arzela-Ascoli and up to a subsequence), solves
—/ qAgp +/ qd,9 =0, Vo € C*(Q).
Q IR

Since q is average-free, from Lemma 2.17 below we get g = 0, which contradicts (2.15),

since

1= IPellg2r g = € (Il o + IPelz() = O

Thus, the validity of (2.16) follows.
Step 2. Let u be as in the statement of Theorem 1.1. We wish to prove the

existence of a unique solution p such that (1.7) and (1.8) hold true. Let u, be the regular
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approximation given by Lemma 2.15 and let p® the unique zero-average solution (which

exists by Theorem 2.16) of

—Ap® divdiv(u, ® u,) inQ

(2.17)
0, p° = u,®u,:Vn on 9Q.

By (2.16) and Lemma 2.15, we get

151l zr g < Cllteli @y < Cllul gy

Thus, (p®), is a bounded sequence in Cf” (2). In particular, by Arzela-Ascoli Theorem, up

to a (non-relabeled) subsequence, we can suppose that there exists p € ny(Q) such that
pr=a p*—pinC’®@) and |pllger g < Cllulgy ()

For every ¢ > 0, we can test (2.17) with a sufficiently regular test function ¢ and, by
the regularity of u,, we can run the same computations as in (1.3), getting that p® and
u, satisfy (1.4). Since also u, — u in C%(Q2), we can pass to the limit and deduce that
the couple (u, p) solves (1.4). To prove the uniqueness of p, suppose p, and p, are two

zero-average solutions of (1.4). Then
- /Q(pl —P2)Ag +/m(p1 P29 =0, VpeC'Q),

which, together with the constraint [,p, = [,p, = O, gives p; = p, thanks to
Lemma 2.17. u

Lemma 2.17 (Uniqueness). Let § € (0,1] and Q ¢ R? a bounded domain with 9Q € €29,

Then solutions p € C%(Q) to the problem (1.4) are unique up to constants.

Coherently with the regularity setting considered in the current paper, the
uniqueness in the above lemma is stated in the class p € C°(Q). However, from the proof
it will be clear that p € L!(R) suffices. Note that in such larger class one has to interpret

the weak pressure formulation as in (2.4).
Proof. We have to prove that, if g € C°(Q) solves
—/ qA<p+/ qd,9 =0, Vo € C3(Q), (2.18)
Q aQ

then necessarily q is a constant. Since — [, Ag + [,, 9, = 0, then q — Ilﬁ\ Jo q still solves

(2.18). Thus, it is enough to show that, if g is a 0-average solution to (2.18), then g = 0.
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First let ¢ € C%9(Q) be a solution to

Ap = 1 in Q
— 19
Bngo = T on 012.
Note that the above problem admits a solution since the compatibility condition [, 1 =

fasz |L—%|‘ is satisfied. Plugging such test function in (2.18) yields

oz/q=ﬂ/ 7 (2.19)
Q [0€2] Jaq

Now suppose that g # 0. Extend g trivially by 0 outside Q and consider sgnq € L®(R%).
Let (sgnq), € C*(R) be its mollification. Since g # 0 we can find a non-trivial 0-average

solution to

A¢p® = (sgng), inQ

0,0° = c° on 92,
where we have chosen ¢ = ﬁ Jo(sgng), in order to enforce the compatibility condition.
Clearly ¢° € C%%(Q) c C?(Q), thus (2.18) and (2.19) imply

/q(sgnq)gzcg/ g=0 Ve > 0.
Q IQ

Letting ¢ — 0, we deduce [ |g| = 0, which yields a contradiction. |

Thus, from now on, since the main goal is to prove Theorem 2.16, we will always
work with u,p € C'*(Q) N €*(Q) and thus directly with the formulation (1.2) instead of
the weak one (1.4), since in this regular setting the two are equivalent. Moreover, note
that the continuity estimate (2.15) is the only thing that needs to be proven, since the
existence (and the uniqueness) of the solution p is a direct consequence of standard
Elliptic Theory (see [14, 26] for instance). Indeed, since u € C1*(2), we can equivalently

rewrite (1.2) as

—Ap divdiv(u ® u) in Q

9,p —n-diviu®u) onodf.
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In every Q of class C? we have n € C'(3Q), and thus
divdiv(u ® u) = y;u/du’ € €% (Q), n-divu®u) e C*(HQ),
which, together with the compatibility condition

/ divdiviu @ u) = / n-div(iu ® u),
Q aQ

ensure the solvability of (1.2), giving a pressure p € C'%(Q). Thus, from now on, we can
forget about the existence and uniqueness statement and only focus on the estimate
(2.15). This, in turn, is a consequence of Theorem 3.1 and Theorem 4.1 proved in Sections 3
and 4, respectively. The assumption 922 € C>! will be needed to prove Theorem 4.1, that

is the boundary part of the estimate (2.15).

3 Interior Regularity

In this section we wish to prove the following

Theorem 3.1 (Interior regularity). Let y € (0, 2] and let @ ¢ R? be a bounded and simply
connected domain of class C2. Let u € C*(Q)NC®(R), for some § € (0, 1), be a divergence-
free vector field such that u - n|;5 = 0. Then, for every Q € Q, the unique zero-average

solution p € C'*(Q) of (1.2) enjoys

||p||C§J/(§2) <C (”u”%y(g) + ”p”LOO(Q)) , (3.1)
for some constant C > 0 depending on €, Q and y only.

. . . . . . 1
The previous theorem being a purely interior regularity result, in the case y < 5

it does not contain anything new with respect to the double regularity established in [7,
16] in the whole space, since one can simply localize the equation (1.2) strictly inside Q
and then extending it to R%. However, since Theorem 3.1 additionally provides the new
estimate in the borderline case y = % (which was left open in [7, 16]), we are going to give
a detailed proof in the whole range y < % noticing that the borderline case y = % does

not require any different argument with respect to case y < %

Proof. Let u be as in the statement. Extend it to the whole space (see for instance [17,

Section 5]), getting a divergence-free vector field @ € CL(R%) such that

1%l ey may < Clitlley - (3.2)
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2534 L. De Rosa et al.

Define g to be the unique bounded solution, decaying at infinity, of
— Ag=divdiv(z ® #) inR%,

Then p—qis harmonic in 2 and thus we can estimate it, for every y < % and every Q € Q,

as

lp — qncfv(ﬁ) <Clp - qncl(Q) <Clp - QHLOO(Q) <C (”p”LDO(Q) + ||Q||L00(Rd)) ,

where in the second inequality we have used that ||Vf||Lw(§z) S Wfllze(q), if f is harmonic

in Q. Thus, we infer that

1Pl gzr gy = 1P = lgar 5, + 1l 2 5, = € (1Pl + 1l 2 )
Moreover, by Theorem 3.2 below, and also using (3.2), we have
11l 2r zay < CNBIZ, a < Clluly )
for some constant C > 0 depending on y. This concludes the proof. ]

The following theorem provides the full double regularity of the pressure in the
whole space, for all y < % thus both extending the results [7, 16] to the borderline
case y = % and also improving to C} (R%) the Liplog(Rd) regularity obtained in [9]. By
straightforward modifications, the very same result holds in the periodic setting of the

torus T<.

Theorem 3.2 (Double regularity on R%). Let y € (0, 3] and v € C(R%) be a compactly
supported divergence-free vector field. Then, there exists a unique solution decaying at
infinity of

— Ag =divdiv(v®v) in R

satisfying

19l g2r (g, < CIVIIG, ga)- (3.3)
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Proof. Uniqueness is trivial. To prove the existence, one can simply regularize the vector
field v as v, € C°(R%) and then look for the corresponding solution g°. By smoothness of
the right-hand side, there exists g° € COO(Rd) solving —Ag® = divdiv(v, ® v,). Since, for

all e > 0,

”Vg ”cy(Rd) < ||V||cy(Rd),

it is then enough to prove the continuity estimate (3.3) for g° and v,, from which one can
then obtain a solution g by Arzela—Ascoli Theorem, up to a subsequence. To lighten the
notation we simply write g and v in place of g° and v,.

The global double regularity (3.3) follows by a Littlewood-Paley analysis. We
believe that the following computations also give a clearer intuition on why one should
expect that the very same double regularity can still be derived in our more general case
of (4.7). We refer the reader to [16], where the Littlewood—Paley formalism has been indeed
used to prove the double pressure regularity for the first time, for every 0 < y < %

Let us write g = P;q+P_ g, where P, stands for the first Littlewood-Paley smooth
truncation on frequencies || < 1. We refer to Section 2.3 for the notation and the basic
facts on Littlewood-Paley calculus. The reason for distinguishing between high and low
frequencies is that the high-frequency part of the Laplacian is invertible. More precisely,
recall that P_;(§) =1 — x (&) for some smooth compactly function x, which equals 1 in a

neighbourhood of 0. The symbol

1—x@)
1§12

belongs to the class S~2 and therefore A_,:=0p(a)) e Op(S~2) is a good candidate for

a)=—

the inverse of —A on high frequencies. We indeed have A_, o (—A) = P_;, this equality

>1r

being exact because the two operators are Fourier multipliers. Therefore, we can write
0 i
P>1q = A_zal](VlVJ).
Let us use a Littlewood-Paley decomposition for v as
vi= 3 i,
Me2N
so that we can write

viv = z vi vl + Z ViVl + ViVl ).

M~K M<K
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Since the Vliv are smooth and divergence-free (note that the Littlewood—Paley truncation

P, commutes with the divergence, as they are both Fourier multipliers), we have
BE(Vivhy) = 0V Dy,
which we use on the » 5, terms to obtain
Poia= > ARl + Y Ay (ko + dvioik) .
M~K M<K

Finally, since Py, is a Fourier multiplier, and so commutes with A_, and al?j, for N > 2 we

have

ay = D A 03Py(viyvi) + D A ,Py (ajv;‘{aiv’M + ajvj,,aiv’K) =: I, + Jy.
M~K M<K
Estimation of I. First, let us remark that VliV[VJI; is frequency supported in || <
max{M, K}, therefore PN(V}'VIVIK) = 0 unless max{M, K} = N. We thus have
2 i J
K~MZ>N
Now, A,zal?j = Op (—%

according to Theorem 2.11. Thus,

) € 0p(s% is a €% — C? continuous 0-order operator,

Il s X |Pvhevb| o5 X |

M~KZN M~KZN

o
VMVIKHLOO'

where we used the definition of the C? norm in the last inequality. We now use that
v € CL(RY), so that ||Vl S K77 Ivller, and therefore

— — 2 -2 2 —2 2
Ivlleo S D, MK VIvIZ S > M |viZ, SN |viZ,.
* * *

M~KZ>N M2>N

In particular, I; being frequency localized at N, and using the definition of the C? norm,

the previous estimate implies
-2 2
1y ll oo (may S N v “V”CZ' (3.4)

Notice that, in the estimate of this term, we have been able to double the regularity,
because the frequencies of the two v's were similar, therefore responsible for the

addition of regularities.
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Estimation of Jy. Npte that ijjéaiv;l is supported in {|¢§|] ~ K} because M « K, and
therefore PN(BJ-V}{BE-VIM) = 0 unless N ~ K. We combine this remark and the continuity of

A_,: C;%2 — C? (because A_, is a pseudodifferential operator of order —2) to obtain

lee 5 > |2 (vivgy + omianvk) | o
M«KK~N :
M<«KK~N

By Bernstein’s inequality (see (i) in Theorem 2.4) and the fact that v € € (R%), we see
that [|0;v [l gd) S K 7 IVl ¢r gay SO that

-2 1— 1—- 2 -2 2
Iyl omay SN2 D" MYVEYY V2 pa) SN2 (V12 pay.
M<KK~N

In particular, as before, this implies

1Tyl e gy S N2 v (3.5)

2
CL®RY)
Notice that, in the above estimate, we gained double regularity because the double
divergence has been rewritten as a product of gradients. Without this rewriting, since
K > M, all derivatives should fall on the function localized at ~ K, but with the rewriting
we transfer one derivative to the lowest frequency M, and this derivative is estimated by
M (instead of K), hence the gain.
Combining (3.4) and (3.5) we finally obtain that, for all N > 2, there holds

N gyl < IVIgy = IVIIZy, (3.6)

since y ¢ N.Recall that g = P,q+P_;q,so weneed to estimate P, q. By Sobolev embedding,

if s > %, then

P11 ay S NVIPLGIIZ2 ga) = /R Pa@®)[ %1617 xig <1 6) de

s/Rd PLa(®)] 2 xje <1 (6) dE szd vivf(s>(2x\§\51<s>ds

i 4
5 ||VlV]||L2(Rd) S.; ||V||CO(]Rd)r
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where in the fourth inequality we have used that —|£|%q(¢) = éi’g‘j‘;\vf(é), forevery ¢ € R4,
while in the last inequality we have used the compact support of v. This, together with

(3.6), gives (3.3). The proof is thus complete. |

4 Boundary Regularity, Part 1: Extending to the Whole Space

The aim of this section, and of the subsequent Section 5, is to provide a proof of the

following

Theorem 4.1 (Local boundary regularity). Let y € (O,%], § € (0,1) and Q c R? be
a bounded and simply connected domain of class C*!. Let u € C!%(Q) N C®() be a
divergence-free vector field such that u - n|,, = 0 and let x, € 9. Then, there exists a

ball Bg (x,) such that the unique zero-average solution p € C'4(Q) of (1.2) enjoys

1PN 27 (orismy s = € (113 @ + 1Pl (e)) @.1)
for some constant C > 0 depending on y, Ry and 2 only.

Note that, by compactness, we can always cover a2 with a finite number of balls.

This immediately implies that, by patching all the local estimates (4.1),

”p”CfV (2\25) =C (”u”%‘V(Q) + ”p”LOO(Q)) '
for a (possibly larger) constant C > 0 and some R > 0, where we defined
Qp = {X e Q : dist(x,0Q) > R}

This, together with the interior regularity result of Theorem 3.1, proves Theorem 2.16,
from which we already deduced Theorem 1.1.

Thus, from now on, we only focus on (4.1). To prove such a quantitative local
estimate, we use the normal geodesic coordinates introduced in Proposition 2.3, getting a
modified equation in the new variables. We then extend such equation to the whole space
R? and apply pseudodifferential calculus, together with Littlewood-Paley analysis, in
order to prove the desired regularity. In this Section 4 we focus on the first step, that is,
changing coordinates and extending to the whole space. Then, in Section 5, we prove the

quantitative estimate (4.1).
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4.1 Removing the boundary datum

Here we prove that the boundary datum is not the main obstacle for proving the double
regularity of the pressure, but it only represents a compatibility condition in order to
guarantee that (1.2) admits a solution. Removing the boundary datum is then useful in
order to pass to the normal geodesic coordinates, avoiding some extra (tedious) terms at
the boundary.

Note that, in the result below, u does not need to be divergence-free or tangent
to 992.

Lemma 4.2. Let Q@ C R% be of class C%?, for some § € (0,1).Let y € (0,1) and u € C?(Q)
be any vector field. Denote 8 = min{§, y} and A = ﬁ fan u ® u : Vn. Then, there exists a

unique zero-average ¥ € C'#(Q) such that
Ay = A in Q
0,y = u®u:Vn onaL,

and, moreover, there exists a constant C > 0 such that

1V llcrs o) < Cllullz q)- (4.2)

Proof. Clearly,Ac Rand u® u: Vn € C#(3Q). Moreover, the compatibility condition

/u®u:Vn=/ anwz/Al/r=|Q|A
aQ aQ Q

holds true. Thus, by standard elliptic arguments (see [26, Theorem 1.2] for instance), we
infer that there exists a unique ¥ € C'#() such that Jo¥ =0and

1Vlce =C (Al +lu®u: Vnlles o) + ||1/f||L<>O(Q)) .
Since
Al < CllulZyg — and  u®u:Vnlgspe < Clul? )

for some constant C > 0 depending on 2 only, we achieve

1 lcia@ = € (1ul3 @ + ¥l -
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The desired estimate (4.2) then follows by eliminating the term ||| 1°(Q) from the right-
hand side of the previous estimate. This can be done by exploiting the very same
contradiction argument already used in the proof of Theorem 1.1 above. We omit the
details. [ |

Up to changing p with p — ¢, we are left with proving double regularity for

solutions of

—Ap = divdivu®u)+A inQ
(4.3)
a,p = 0 on 092,

for some constant A € R guaranteeing the compatibility condition for solving (4.3). More

precisely, Theorem 4.1 is a consequence of the following

Theorem 4.3. Let y € (O, 11,8 € (0,1) and © c R? be a bounded and simply connected
domain of class C*!. Let u € C*(Q) N C*(R) be a divergence-free vector field such that
u - nlyg = 0 and let x, € d%2. Then, there exists a ball Bg (x;) such that the unique zero-

average solution p € C2%(Q) of (4.3), with A = ﬁ J30 U ® u: Vn, enjoys

2
1PN g2 (@i o) = € (141 @ + 1Plz(@)) - (4.4)

for some constant C > 0 depending on y, R, and 2 only.

Note that, since u € C1(Q)NC™>(RQ) is divergence-free and tangent to the boundary

(which in particular gives that d<2 is a level set of the scalar function u - n), we have

/divdiv(u@u) =/ aj(uiuj)niz/ ujajuiniz/ ujaj(u‘n)—/ uiujajni
Q aQ a0 aQ IQ

=—/ u®u:vVn =—|Q|A.
Ele}

Therefore, the compatibility condition in the Neumann boundary value problem (4.3) is
satisfied and the existence of a solution, say p € C??(Q), unique up to constants, follows
by standard Elliptic Theory. Thus, we only have to prove the estimate (4.4).

Even if straightforward, we give a detailed proof on how the previous result

implies Theorem 4.1 for the reader’'s convenience.
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Proof of Theorem 4.1. Let u be as in the statement of Theorem 4.1.Let A = ﬁ frou®u:

Vn and let ¢ be the corresponding unique solution of
Ay = A in Q
0,y = u®u:Vn onoiQ

given by Lemma 4.2, with [, ¥ = 0.
Let g be the unique zero-average solution of (4.3) given by Theorem 4.3. Then
p = q + ¥ solves (1.2) and it is also average-free (since both g and i are), which in

particular implies its uniqueness. Moreover, since 2y < 1, by (4.2) and (4.4) we get

”p”cfl/ (QQBRO(XO)) = ”q”cfl/ (QQBRO(XO)) + ”w”(ﬁy (QQBRO(XO))
< € (Iuld g + 19l + 1Vl @)
< ¢ (Iuld @) + IPlye@ + W la)

< ¢ (Iul? @ + IPllxe)
where in the third inequality we also used Igllzo() = 1PNz + 1Yl [ ]

Thus, the rest of the paper is devoted to the proof of Theorem 4.3, that is, as
already pointed out, to the proof of the estimate (4.4).

4.2 Straightening of the boundary

We now reduce the proof of (4.4) to the flat-boundary case by straightening the boundary
using the results of Section 2.2.

Let U be a neighborhood of x;, € 3. We can assume U to be small enough so
that, in U N 2, we have local geodesic coordinates (r,92,...,6d) = (r,0) € (—ry,1y) X O
such that the metric g¥ in these coordinates satisfies the properties of Proposition 2.3.

Therefore, (4.3) (denoting the solution by p, thus slightly abusing notation) now reads as

1 , 1 (i ,
- =9, (Gg‘faj ) = =07 (Gu‘uf) +A ing,

with the boundary condition

9,p(0,0) =0 forallf e ®,
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where G = G(r,0) = \/detg(r,0) € C%. Pay attention: here u!, w refer to u” and u”, as
well as the partial derivatives 9; stands for 9, and 9,:. Moreover, the condition u-n =0
on U N reads u"(0,0) = 0. Multiplying the equation in the interior by G leads to
9, (Ggijajp) = 0% (GuW)+GA mQnU
(4.5)
3,p(0,0) = 0 forallf € ©.

Remark 4.4. Note that the function GA plays a purely compatibility role only. Indeed,

on a C%! domain

2

I1GAlco1@ney = [AlIGllcor@nyy = CED Ul g,

which is a term that can be easily incorporated in all the estimates in Section 5 below,
where we prove the double regularity of the ‘modified’ pressure equation in the local
geodesic coordinates. Thus, from now on, we can forget about such a very regular term

and assume that A = 0.

4.3 Extension for negative r

Now we extend the functions for r < 0 as follows: for any r > 0 we let g(—r,0) := g(r,9),
' (=r,0) == —u'(r,0), 0’ (-r,0) := u’(r,0) and p(—r,0) := p(r,0).

Remark 4.5. Note that we evenly extend g and u’ because we have no information about
their value at r = 0. On the other hand, we exploit the fact that u"(0,6) = 0 by extending
u” oddly. Similarly, since 9,p(0,6) = 0, we want d,p to be extended oddly, so p should be

extended evenly.

Thanks to the boundary condition satisfied by u, we have the following

Lemma 4.6 (Regularity of the extensions). Let § € (0,1] and 2 a C¢2%% bounded domain.
Outside {r = 0} all the functions above are C!*. Moreover, we have the following global
regularities:

(1) p,ue€lip,yand d,u” € CE,Q;

(2) g% ecy;

(3) Bt 05’ and 9P are C?, functions.

Proof. Since u"(0,6) = 0 and u € C'(Q), then clearly & € Lip,, and 0," € C?,. The

same reasoning applies to p, giving (1). Since Q is a €% domain, g € €%, thus all the 6
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components of its even extension satisfy §%¢ e Cg,'g , which gives (2). Moreover, since we
are evenly (or oddly for u”) extending in the r variable only, it is also clear that also (3)

holds true, giving the C' regularity of & and p in the @ variables. |

Consequently, whenever 9Q € C%!, we have that g € Lip,.,. In particular G :=
J/det g is even in r and globally Lipschitz.

We now have to make sure that the extension process did not create distribu-
tional jumps at the PDE level, that is p and @ solve, on the whole space, the same equation
as for r > 0. This will be a consequence of the following lemma, in which we will keep

the variables notation r, 0 as introduced above.

Lemma 4.7. Suppose V € Co(R%) satisfies divV = 0 in D'({r # 0}). Then divV = 0 in
D'(RY).

Proof. Let ¢ € ch(Rd). Since divV = 0 in D'({r # 0}) and V is continuous, for every

/ V‘Vgo:/ V~n<p—/ V-nyp,
{—e<r<ejc {r=¢} {r=—¢e}

where n = (1,0, ...,0). Thus,

¢ > 0 we have

(divV,go):—/V-Vgo:—lim V-Vg

e—>0 {—e<r<eg}€

=lim(/ V-ncp—/ V-n(p).
=0 \J{r=¢) {r=—¢}

The last limit vanishes since V € C°(R%), from which we conclude that div V = 0in D' (R%)

by the arbitrariness of ¢. |

Then we have the following

Lemma 4.8 (Divergence of the extension). In a C2%?% domain , § € (0, 1], such extension
of u preserves the incompressibility, that is, divi = 0, where the divergence is taken in

the g metric.

Proof. First, let us compute the divergence at (r,6) for r > 0. In this case, there holds
diva = éai(éai) = divu(r,0) = 0. Similarly, for r < 0O, the parity properties of u give the

same result. By Lemma 4.6 we have Gii € C°, and Lemma 4.7 concludes the proof. ]
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Similarly, we need to make sure that distributional jumps do not appear in the

elliptic PDE. Since the latter can be rewritten as
9, (E;gifaj[a - aj(éaiaf)) —0 inD'({r 0},

again by Lemma 4.7, it is enough to check that both E;gifajp and Bj(éﬁiﬂj) are continuous,
foralli=1,...,d.

Lemma 4.9 (Laplacian of the extension). Let  a C>% domain, for some § € (0, 1]. For all
i=1,...,ditholds Gg"9,p € C?,.

Proof. Clearly Gg¥ € C?, by Lemma 4.6, thus it is enough to check that 9;p € €2, for all
j=1,...,d. By Lemma 4.6 we have 9,,p C‘r)’e, for all j # 1. Moreover, since 9,.p is odd in
rand 9,p(0,0) = 0, we also that 3,p € CB,@' [ |

We just need to exclude the possible jumps for the double divergence term.

Lemma 4.10 (Double divergence of the extension). Let 2 a C*! domain. For all i =
1,...,ditholds 9,(Gu'w) € 2.

Proof. First, note that Gii'i/ is a Lipschitz function, therefore it has no jump across {r =
0}. Moreover, by Rademacher's Theorem, the distributional derivative Bj(@&iﬂ,f) agrees

with its pointwise computation
0,(GU'W) = 0,(GW)T + G o,u' = G o',

where we used the divergence-free condition aj(éaf) = 0. We now only need to make
sure that éﬂfé)jﬂi € C(r),e foralli =1,...,d. Now observe that, thanks to Lemma 4.6, the
functions ijﬁ are continuous when j > 2 (or, equivalently, all the derivatives that are
not in the r direction), so that when (i,j) € {1,...,d} x {2,...,d} the function GfLJBJ-zl‘ is

continuous and has no jumps. Finally, let us deal with the case j = 1. Since @!

is uniformly
continuous with #!(0,6) = 0 and alai is bounded and also continuous on {r # 0} (in the
casei=1even d,it! is continuous by Lemma 4.6), it follows that the function G&i'9, %’ is
continuous. Therefore, there is no jump of E;alalai across {r =0} foralli=1,...,d. This

proves our claim. [ ]

Remark 4.11. Lemma 4.10 uses the straightening of the boundary with geodesic

coordinates in an essential way. Indeed, the terms ﬁlalﬁi fori=1,...,d do not produce
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distributional jumps across {r = 0} because #!(0,0) = 0. Also the terms afajai for
@,j)e{1,...,d} x{2,...,d} are fine thanks to the additional regularity in the tangential

direction given by Lemma 4.6.

Combining the above lemmas (and keeping in mind that, in virtue of Remark 4.4,
we can neglect the constant A) we infer that, on U = (-1, ry) x ®, the functions @ and p

satisfy

— 9, (gif éajfp) = % (éaiaf) in U. (4.6)

4.4 Extension to the whole space

Our goal is now to extend the solution p and the right-hand side datum @ of (4.6) to R<.
In order to do so, let ¥ be a (non-negative, smooth) localization function supported in
(=719, rp) x © and which equals 1 on Uy 1= (—1y/2,75/2) x ©/2.

Let p := yp, it := ¥ defined as functions on R%. Also introduce G = G and
g% = yg¥. Also, let ¥ be another localization function such that supp ¢ C {¢ = 1} and
a third one 1/:f supported in {y = 1}. In particular, observe that 1/781-1// = 0. Therefore, we
can compute

Vo; (#Gg¥ap) = v, (VGa¥ @b + vop))

where we used that ¥y = . Now, because @ajw = 0, we obtain

vo; (WGa7op) = o, (V6gY0;p)

Iy =0, we obtain

ﬁu
“Sn

so that, finally, using xl:fxff

vo; (WGa7a;p) = dra; (Gg7o;p) .

Similarly, one can verify that

Vo2 (F6u'l) = vo (Gu'd),
so that, in conclusion, the equation satisfied by & and p is

- (ng‘Ja ) Vo3 (1// aaf) 4.7)
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5 Boundary Regularity, Part 2: Holder Regularity in the Full Space

From now on we will always consider 9Q e C%!, which guarantees that the new
metric, as well as its even extension, is globally Lipschitz. We will rewrite (4.7) as a
pseudodifferential equation. First, let us change notation a little bit by writing g¥ instead
of ¥ Gg¥, G instead of ¥ G, q instead of p, &i! instead of #! and v instead of 1/:/ For sake of

clarity, in our new notation, the equation is

— ¥, (gifajq) = ¥} (Gaiaf) . (5.1)

We aim to prove our last result, namely, the C,EV estimate on (5.1). More precisely,

in this last section we shall prove that

a2 ) = € (I1GTIZ, g, + 19l e ) - (5.2)

Note that, since the change of variables is bi-Lipschitz, the previous estimate for g
automatically translates into (4.4) for a certain ball By (x,), since we have chosen the
cutoff function ¢ such that ¥ = 1 in an open neighborhood of x,.

The operator E; ; := g¥ d; is a pseudodifferential operator, E; ; = Op(e; ;), where
e, ;:=ep;(r,0,&) € CLS! is the symbol defined by

e,(r,0,8) =g"(r,0)&.

Let § € (0, 1). We define the sharp part of e, ; as

el r,0,6) = > glr,0)Py )8, (5.3)

K<M?’

where gg = PKgij and the summation runs on all M,K € 2N such that K < M?. We also

define the flat part of the symbol e, ; as

Note that eﬁ ; is a symbol of order 1. More precisely, we have the following

Lemma 5.1. Foralli=1,...,d, we have eﬁ ;€ Sia.
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Proof. To prove that egyi € Si,ar we need to show the convergence of the series in (5.3) in
all C!ﬁ spaces (for any non-negative k), with the right bounds. Note that, for any K, gz is
a smooth function, and recall that Py, (&) is the Littlewood—Paley partition introduced in
Section 2.3. Let «, 8 be two multi-indices, with |8]| = k, and set x = (r, 6). By the triangle

inequality, we have

ogafe; )l = > |akgheo)|
K<M?

OF (Py (8)&)] .

Now observe that, by Theorem 2.4, there holds |8£gZ(X)| < KBl gV~ < KIPI. By direct

computations, as soon as M > 1, one also has the bound

|8 B )N < &)1 x @ g),
where x is some compactly supported function in the annulus {1/4 < |§| < 4}. Therefore,

pale ol s > K My,
K<M?

After a summation in K and M, we hence get
ogaf el (e, )] < M) Il ) < ()1l
M

and the conclusion follows. |

b
1-6,i

its indices. However, since it is of no use here, we leave the proof of this property to the

Remark 5.2. With similar computations, one gets e € CiS}g‘s, therefore justifying

reader.

Thus, equation (5.1) translates into
— v, (B (@) = vy (6a'd) + o, (B, @)

Our next observation is that the principal part of the operator ¥ 9; (Ef ; ) is elliptic. In

order to see it, we apply Theorem 2.12 with N = 0, and get 9, (EIi ; ) = Op(c;) where

¢i(r,60,6) = el (10,65 +h(r,0,8),
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and where h € S}*?. Since 1 + § < 2, the operator R := Op(h) can be considered as a
1,8 148

remainder term. Thus, we can further rewrite the equation as
~]~T b
— Ejq =y (G@'w) +vo; (B}, ,0) + Rups(@, (5.4)
where Eg = Op(eﬁz) is the second-order operator associated to the symbol

e = Y(T0) > ghr 0Py ().

K<M’

Lemma 5.3. The symbol €} ¢ S2 5 is elliptic.

g
1,1

ellipticity of eﬁz, let us first observe that the symbol

Proof. Since €] ; € S% s and gl e S} s+ we immediately see that eﬁ2 € Sfa. To prove the

e,(r,0,8) ==y (r,0)g" (r,0)&'¢

is elliptic. Indeed, by Proposition 2.3, we have g¥ (x)£&/ > c|¢|?, for all |€| > R and x € U,
for some constant ¢ > 0. Since supp ¢ C U, the latter inequality holds for all x in U, :=
{¢y = 1}, hence implying that e, is elliptic on U, with constant c.

In order to prove that eﬁ2 is elliptic, we only need to prove that, for M, large enough
and |£| > M, there holds

P MOTEERT (5.5)
K<M?’

where the summation runs on both K and M.
To obtain (5.5), let us bound

> dwry©sd| = X |gle|[pu|[¢] &) = die? X ol

K>M? K>M? K:K>M}

where we have also used the partition of unity property > ,, Py, (§) = 1 to get rid of the

sum on M. Now observe that, using (2.9), there holds

> gkl <€ D K Igla < 2CMg°glica,
K:K>M} K:K>M}

which can be made smaller than 5; for M, large enough. Therefore, we get (5.5). |
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Since Eg = Op(e:zt) is elliptic on U, = {¥ = 1}, we can invert it by using

Theorem 2.14. Hence there exist Eﬁ_2 € Op(Sl_lg) and R_5(;_4) € Op(Sl_j(l_’S)) such that

Eu_z o Eg = OP(X) + R_z(l_g), (5.6)

where x is some compactly supported function in U, such that x = 1 in the open set U,
containing the point x,. First, since 2y < 1 and § < %, we have 2y — 2(1 —§) < 0 and
therefore, thanks to Theorem 2.11, we have the continuity property for R_,; s, which

reads as

IR 2015y @llgzr S llalico S Ngllzee- (5.7)

We are going to perform a last change of variable, by introducing v! := Gii* and

a:.= é € Ci, so that xpafj(Gaiaf) = waizj(avivj). Note that the divergence-free condition

now reads as
vl =0. (5.8)
Observe that (5.2) can be rephrased as

lall gz = € (112, + gl ) - (5.9

*

In order to obtain (5.9), let us apply —Eu_2 to (5.4). Hence we can write

xa=—E, (vodav'vh) — B, (vo; (B)_,,q)) ~E%5 0 Ryys(@ + Rz 5@,

A B R

so we just need to estimate the right-hand side. The term A is the main contribution,
whereas the terms B and R should be thought as remainder terms. We postpone the
treatment of A and B to Section 5.1 and Section 5.2.

Let us consider the term R. Using the continuity property ny_z — Ciy of
Eﬁ_2 € Op(Sl_g) given by Theorem 2.11, together with the continuity property (5.7), we

can estimate

||R||ny S ||R1+3(CI)||C§V—2 + ||R72(175)(Q)||ny

S Nallgzrvis + gl < gl 4,4
*
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where in the third inequality we have used that 2y < 1 and that 4y > 3§ (this last
property can be indeed assumed without any loss of generality, by choosing § > 0
sufficiently small). Now, by interpolation between C° and Cff’ and Young's inequality,

we can estimate

)

lgllz% < ellqllgzr + C@)lglle,

_5
4y

1
<C
< Cligllz;

5
2

Clal -

for some (possibly large) constant C(¢) > 0. In the following subsections we will prove
that

1Al g2r < IVIIEy (5.10)
and

IBllc2r S IIQIIC:V_%‘ = eligll 2 + C(@)lqliee- (5.11)

The combination of these inequalities indeed imply a bound of the form

Ixqllgar < 2¢liqll2r + CE gl + IVIZ,)

(for all ¢ > 0 arbitrarily small), which itself implies (5.9). Indeed, the estimate holds in
{x = 1}, and can be obtained (with the same proof) locally around any point in U,. Thus,
the term ||q||C§y in the right-hand side can be absorbed in the left-hand side by using
standard techniques in elliptic PDEs; see [12, Proof of Theorem 2.16] or [14, Theorem 6.2]
for instance.

The goal of the following subsections is to prove the two last estimates (5.10) and
(5.11).

5.1 Term A

Let us write
a= E a; and v'= E Vi,
Le2N Ke2N
so that

A=E, > vt (avkvy)

LK,M>1

At this stage, our goal is to apply the same strategy of Section 3. To do so, we use

the double-divergence form when the frequencies of v are similar, K ~ M. This allows
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us to split the derivatives and gain the double regularity. Also, when L < max{K, M},
the derivatives 8i2j apply to a, which is smoother than v, therefore the double-divergence
form also gives us the double regularity. When L is not the largest frequency and one
of the frequencies among K, M is significantly larger than the other one, the double-
divergence form could not achieve double regularity. Therefore, in this case, we rely on
the divergence-free structure of v, which allows to rewrite the double-divergence as some

product of terms of order 1. Indeed, we have

Lemma 5.4. There holds

03 (aLvivhy) = 8(3,a,vieviy) + 8,0, Vvl + agd;vidvhy.

Proof. Note that P, commutes with 9;, as they are both Fourier multipliers. Therefore,
since 8ivi = 0 by (5.8), we obtain aiv}{ = 0. Using this, we can write
0% (arvievay) = 9;(0;avievyy) + 9;(ap vk d;vyy)
= 3,(0,a, Vi Vi) + d,a vk Ve, + agdviovh,

where in the last line we used again 3jV]1'V[ =0. |

Thanks to the above discussion, we write A = A; + A,, with

# )
A :=E, Z + Z I/faizj(aLV%V’M) =1A;; +A4Ap,

K~M 1
Lmax{K,M} LzsmaX{K,M}

and

5 L.
A, =E°, > pdEaLvivyy)
K«M or MKK
L«max{K,M}

=Ey D> (aj(aiaLv}'{v’M) + d;a Vi ;v + ayd,vid;v) )
K<«M or MKK
L<max{K,M}

=t Ay + Ay +Ass,

where we also used Lemma 5.4. We are left with estimating A,;, A5, A5;, Ay, and A,,.
As a preliminary remark, let us observe that, by composition of pseudodiffer-
ential operators with smooth symbols (see Theorem 2.12), we recognize that Eizl/faizj €

Op(S(l)’(;), therefore continuous €27 — 27, thanks to Theorem 2.11.
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Estimating A,,. By continuity of Eﬁ_zwé)izj, we start by estimating

Al S| D avkvy

K~M
L<max{K,M} CZy
&

As the sum is symmetrical in i and j, we can assume M > K, therefore K € {%’,M}. As VJZ;/I
and V}'{ are frequency supported at similar values M ~ K, V};v]M is frequency supported in

{I€] < M}. Since L < M, then aLV}‘{VIJ'V[ is also frequency supported in {|§| < M}. Therefore,

Py Z aLv}‘{v]M = Z PN(aLV}'{v’M),

K~M K~M>N
L<«max{K,M} LM

so that

A sup N%¥ Hav ” .
4111z < sup > 2 |avkva| .,

M>N g—M pr
L&KM 27

Using a € C} and v € CY, we see that

] -1 - Lar—2
lawvicvly| . <17 @y i el < 1M v,

where we used that K ~ M. Therefore, we finally arrive at

2 1 2 2 1 2
Ay llgzr Ssup D> N¥L'M ¥ ||v|)%, Ssup D NLT'M v,
Nzl >y Nzl >y
LM L>1
SsupNZ D" M |vlZ, S lIvig,
N>1 M>N

proving that A, satisfies (5.10).

Estimating A,,. By continuity of Eizwafj, we start by estimating

Al S| D avkvy

1
L> gmax{K,M} ny
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By symmetry of K and M, we can assume M > K. The frequency localization gives

Py Z avivy | =Py z avivy | + Py Z aLvicvy

L>tmax{K, M} L>M>K L~M>K

= z Py(a,vivy,) + E Py(a,vivy,),
L~N N<L~M
K<M<«L R<M

so that, being 19;arll o0 < 9;all L~ < 1 since a € Lip (see Theorem 2.4), we deduce

lArpll gy SsupN? [ > LMK+ D0 LMK v,
Nzl L~N N<L~M
K<M<L R<M
SsupN# (NI M7V Y K+ > LTI Yk v,
~ C*
N=1 M>1 K>1 L>N K>1

S sup (N2 7L+ N7 vl < Iy,
N>1 * *
since 2y — 1 < 0. This proves that A, satisfies (5.10).

Estimating A,,. To estimate A,;, we use the ¢! & ¢ continuity ofEEzwaj € Op(Sié).

Since K and M play a symmetrical role, let us assume that K <« M (which means K < %’),

SO

lAgllger S | D darvivy
K<M
L<M ¢!

Now observe that
Py Z aiaLV;{V]M = Z PN(aiaLV}.(V]M)'

K<«M M~N
LM K, LM

and therefore

2y—1 i J
1421l < supN? = S aayvirl|
= M~N
K, LM
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< 1; see Theorem 2.4. Since v € CY, there holds

~

Since a € Lip, we have 9;arll S l9;all e

i J —y 2
tayvivy| S &IV,

and we can bound

2y —1 2 — -1 2 2
[Az1ll 2r < sUp NV vile, E (KM)™" S supN"" " logM)vigy < IvIigy,
* N>1 * M~N N>1 *
K, LLKM

becausey — 1 < 0.

Estimating A,,. To estimate A,,, we use the C2” > — C>” continuity of E* ;s € Op(S72),

<1 (see Theorem 2.4), so

~

together with [|9;a; [z < l19;allp

i i j
Azl S | D daLvidiviy +| D arvkdvy
K<«M M<K
L«M cr 2 LK ctr2

For the first term, we can write

i j 2y—2 2 - 1—
> davkovy|  SsupNT v, > KM
K<M Nzl " K L<M~N
LM CEV*Z

—1 2 2
< sup N log)|vi, < IvIZ,,
N>1 * *

because y — 1 < 0. To estimate the second term, we observe that

i j 2y -2 2 - 1-
> davkovl|  SswpNT v, > ey lK M
M<K N=1 | M<KoN
LKK ny—Z LKK

—1 2 2
Ssup N~ logM)lviigy S vz,
N>1 * *

Estimating A,;. We start by using the c?~% 5 % continuity of Eﬁ_2 € Op(Sig) (see

Theorem 2.11). Since again K and M play a symmetrical role, we also assume that K < M.
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Hence, we can write

lAgsllcer < || D andvidvy|
K<M
LM Ciy—Z

Therefore, by taking into account the frequency localization, this gives

2y —2 2 1-1— 1—
lAgsllgzr S sup N2 2wz, > LTKTIMYY S v,
N>1

K<M~N
LM

where we used that 1 — y > 0.

5.2 Term B

We start by estimating

2. (1)

we can write

Zyl'

d
2],
i=1

By definition of E1 500

b
E 5@ = § : 91]3 Av = 2 91]3 iy + z gua Ay + z glJa A
K>M’ M3 <K< M K~M K>M

so that, by frequency localization of the above terms, there holds

i ) ) )
PyE| (@ = D, Py@gdam)+ D, Py@idiam)+ D Py(gxddu)-
M? <K<M K~M>N M<K~N

M~N

~

Thus, by using ||gyllze S M‘2V+%||q|| 23 and ||g§rj<.||Loc < K7! (recall that the extended
Cx

metric is Lipschitz), we obtain

b _ 12yt d
1By _s (@l 21 < sup N2 1||<1||62y—% z + E + E K inmi-2r+2
* N>1 8

M <K«M K~M>N M<KK~N
M~N

_3 143 143
< sup (N 24N 1tz 4N 1+2) ||q||czy_5 < ||q||C2y_%.

2
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Here we used Xy _genr K~ < D gopp K1 < M0 and, in the second summation, we also

assumed —2y + % < 0 (this can be clearly ensured by choosing § > 0 sufficiently small).

Remark 5.5. As mentioned in Remark 5.2, E?_(S € Op(C}(S}’a‘S) by similar computations.
Therefore, the estimate of the term B can be handled using a generalization of Theorem
2.11 to non-smooth symbols; see [25, Chapter 13, Proposition 9.10]. However, we preferred
to provide a proof adapted to our operator in order to keep the proof as self-contained

as possible.

6 Final Comments and Extensions

Let us now conclude our paper by comparing it to the approach used in [3, 4], and also

making some comments on possible extensions of our results.

6.1 Comparison with [3, 4]

Let us consider the regularized equation (2.17). In order to define a trace of the limiting
(as ¢ — 0) 9,,p at the boundary, the authors of [3, 4] consider the modified pressure

P, := p* + (u, - n)? solving the problem

—AP* = divdiv(y, ® u,) + Ay, -n)?>  inQ
(6.1)
PP = u ®u,:vn on 0€2.

They prove the uniform bounds [|P*|¢y gy < C and [|P?|lg-2q, < C, which give the
existence of a uniform limit P (up to subsequences), together with the fact that such
a limit has a well-defined 9,,P € H~2(3R). Since the sequence (u, - n)? stays bounded in
C”(R2), then it must hold ||p8||Cy(Q) < C as well, from which we can find a uniform limit,
say p € C” (). By testing (6.1) with some ¢ € C?(Q), and since u, is C'(Q) for all ¢ > 0,
we deduce that the couple (u,, p,) solves (1.4). Passing to the limit, we deduce that also
(u, p) solves (1.4). Since solutions to (1.4) are unique up to constants, our Theorem 1.1
implies thatp =p € c? (Q), thus doubling the regularity of the pressure. Clearly, since
in general (u-n)? is only y-Hélder, double regularity does not transfer to P. However, our

approach does not give any meaning to 9 which is coherent with the fact that there

np|3£2’
exists a divergence-free vector field u € C¥(Q), y < % such that 9,,(u - n)? ¢ D'(9R), as it
has been proved in [3, Section 8]. It is in fact one of the main features of [3, 4] to provide

a meaning of Bnp‘m, and this shows the necessity of introducing a different boundary
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(0}

A

Wb —

Wl
(3

Fig. 1. Double Holder regularity on C1** domains: blue lines represent what is proven in Theo-

rem 1.1 for y < % as well as in [11] when y > % Green lines represent the conjectured optimal

domain regularity. Here we used the convention ¢1¢ = ¢22~1 if ¢ € (1, 2.

condition for the Neumann pressure problem to hope to interpret the boundary datum
in a trace sense. However, our approach is to work directly with the formulation (1.4),

which does not requite a to be well-defined. As already discussed in Section 2.1,

nP|ag
the formulation (1.4) is indeed the natural one corresponding to the weak formulation of

(1.1).

6.2 Rougher domains

Essentially, the content of Theorem 1.1 is the validity of the double regularity estimate
(1.7) on C?! domains. The pseudodifferential approach used in this article might achieve
the same regularity on less regular domains. In the following discussion, we will forget
about the fact that the local normal coordinate system used at the boundary requires
IQ e C?1.

Let  be a C!* domain. Since u ® u € C” and Vn € C*71, it is enough that y +
o —1 > 0 to ensure the well-definedness of the boundary condition as a distribution (see
Lemma 2.7). Thus, in order to have d,p € C?’~1, together with its compatibility with the
boundary condition, we also need 2y — 1 < min{a — 1,y} = « — 1. The combination of
these two conditions give the conjecture for the optimal domain regularity; see Figure 1.

We believe that the pseudodifferential part of the proof should still apply to this

situation. Indeed, the regularity of a € C* in Section 5.1 and in Section 5.2 is enough
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for the argument. Thus, the main difficulty would be to extend the good approximation

procedure of Lemma 2.15.

6.3 Extension to Besov velocities

Another interesting extension of Theorem 1.1 would be to investigate the double regu-

larity in Besov space, that is, the validity of the estimate
< 2
Ipllpz S lluligy (6.2)

for some values of r € [1,00), as r = oo is exactly the case of Theorem 1.1. Indeed, from
the pioneering work of A. Kolmogorov [18], the Besov classes seem the right setting in
which to embed the local structure of turbulent flows. The estimate (6.2) has been indeed
recently proved in [8] in the absence of the boundary, that is, on T¢ and on R<.

First, let us mention that, as in the previous observation, the pseudodifferential
part will work similarly, with the slight difference that, instead of using continuity
estimates of pseudodifferential operators in C spaces, one should use the continuity
estimates in Besov spaces, that is, Theorem 2.11 in Besov classes, which follows by
interpolation between L" and W*".

Discarding the difficulty of approximation results such as Lemma 2.15, a new

problem arises, that is, the traces on the boundary. Indeed, at a formal level, the trace of
1

14 Y—or

2700 or.00 - Therefore, for smooth enough domains (say cs,

ueB at the boundary is only in B

for example), and for y > % (to let u ® u be well defined), there holdsu®u: Vn € BZ;O%
This is in fact compatible with 9,p € Bffgk% wheny <1+ %, which is the case. So, for
example, in the case r = 3, which is the relevant case in the K41 theory for fully developed
turbulence (see [13] for an extensive description), one should be able to obtain (6.2) for
all y > %, thus including y = % This is in fact the exponent that plays a pivotal role in
turbulence theory relating to the Kolmogorov %—law: an exact result relating the energy

dissipation of a solution to its third order (signed) structure function.
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