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Abstract.

This paper concerns the kinematic viscosity in reversed-field pinch fusion plasmas,

including both the study of numerical magneto-hydrodynamics (MHD) simulations

and the analysis of RFX-mod experimental data.

In the first part, we study the role of non-uniform time-constant radial viscosity profiles

in 3D non-linear visco-resistive MHD simulations. The new profiles induce a moderate

damp (for the velocity field) and a correspondent enhancement (for the magnetic field)

of the spectral components resonating in the regions where the viscosity is higher.

In the second part, we evaluate the kinematic viscosity coefficient on a wide database of

RFX-mod shots according to the transport theories of Braginskii (considering parallel,

perpendicular and gyro viscosity coefficients), considering the action on viscosity of

ITG modes (ion temperature gradient) and according to the transport theory of Finn.

We then exploit the comparison with the visco-resistive MHD simulations (where the

visco-resistive dissipation rules the MHD activity) to show that the classical Braginskii

perpendicular viscosity produces the best agreement between simulations and data,

followed by the Braginskii gyro-viscosity.
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Viscosity estimates in RFP fusion plasmas

1. Introduction

In the magneto-hydrodynamics (MHD) modelling of fully ionized plasmas, a “neutral

fluid like” viscosity term is introduced in the momentum balance equation to represent

momentum transport in the plasma. Viscosity determines, together with resistivity, the

dimensionless Hartmann number [1], which quantifies the plasma ‘slipperiness’ and rules

some important aspects of plasma dynamics [2].

This is more evident in the reversed-field pinch (RFP), a toroidal configuration used for

magnetic confinement in nuclear fusion research [3]. In this configuration, MHD theory

and numerical simulations [4] have played a key role during the last decades, describing

the occurrence of helical self-organized states [5, 6], which represent a fundamental

feature of RFP plasmas [7, 8]. More recently, the predictions of the model have reached

a good level of agreement with the RFX-mod data, being able to predict both the

helical twist [9] and the intensity of the perturbed mode [10] of helical states, exploiting

the introduction of non-ideal magnetic field boundary conditions. Despite the interest

in the RFP plasma viscosity, no unique consensus on either the form of the viscous

term or the viscosity coefficient evaluation in RFP plasmas still exists [1]. In fact,

the experimental estimates [11, 12, 13, 14, 15] carried on according to classical [16] or

turbulent transport [17, 18] theory display orders of magnitude differences. In addition,

a more recent study [19] has shown the electrostatic turbulence to play a central role in

fusion plasmas momentum transport. These considerations motivate further studies to

assess a viscosity estimate in RFP plasmas.

This paper has two main goals: to study the effects of non-uniform viscosity profiles

in visco-resistive MHD simulations and to figure out which among the momentum

transport theories (and the related viscosity estimates) produces the best agreement

between MHD simulations and experimental data. In Sec. 2 the visco-resistive MHD

model and the SpeCyl code are introduced, in Sec. 3 we perform a sensitivity study in

SpeCyl simulations to test the effect of non-uniform radial viscosity profiles. In Sec. 4

the kinematic viscosity is evaluated according to the main transport theories, while in

Sec. 5 we assess which among the transport theories produces the highest agreement

level between simulations and experimental data. Discussion and conclusions follow in

Sec. 6.

2. Visco-resistive magnetohydrodynamics model

In this paper, reversed-field pinch fusion plasmas are studied using the 3D nonlinear

visco-resistive magneto-hydrodynamics (MHD) model. The model is obtained

considering single fluid MHD equations, assuming a constant mass density and

neglecting the effects introduced by the pressure gradient in the equation of motion.

Since we consider low β plasmas and we focus on current driven instabilities, the

latter hypothesis is satisfied. The model consists of the following equations, written

in dimensionless units:
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∂v

∂t
+ (v · ∇)v = j×B+ ν∇2v, (1)

∂B

∂t
= ∇× (v×B)−∇× (ηj) , (2)

∇ ·B = 0, (3)

j = ∇×B, (4)

where space, time and magnetic field are normalized respectively to plasma minor radius

a, Alfvén time τA and on-axis magnetic field B0. In these units, resistivity and viscosity

(that represent the transport coefficients of the model) are expressed naturally as the

inverse of the Lundquist number η = τr/τA = S−1 and of the viscous Lundquist number

ν = τμ/τA = M−1.
SpeCyl [4] is a numerical code which performs the solution of the visco-resistive model (1

- 4) in cylindrical geometry, exploiting a spectral formulation in the axial and azimuthal

coordinates and a finite differences method in the radial one. This code has successfully

undergone to a cross-benchmark nonlinear verification study [20] with the 3D finite

volume MHD code PIXIE3D [21]. So far in the SpeCyl code, the transport coefficients

(η, ν) have been considered to be constant in time and a simple radial profile is commonly

assumed for both resistivity η(r) = η0 (1 + 20r10) and viscosity ν(r) = ν0.

With a proper change of coordinates (t,v) →
(
t̄ =

√
η/ν t, v̄ =

√
ν/η v

)
and the

introduction of the Prandtl P = ν/η and the Hartmann numbers H = 1/
√
ην, the

plasma dynamics (1 - 4) is shown to depend only on the latter dimensionless coefficient,

if the inertia term in (1) becomes negligible, [2]. Therefore, the Hartmann number turns

out to be the ruling parameter of the MHD activity [22], highlighting the joint role of

both resistivity and viscosity in determining the plasma dynamics and the need for an

experimental evaluation of both the transport coefficients. This is a challenging task,

especially for the viscosity coefficient, and it represents one of the main problems in the

laboratory plasma application of MHD theory [1].

3. Effect of non-uniform viscosity radial profiles in MHD simulations

In a recent work on visco-resistive MHD simulations [23], the systematic variation of

resistivity and viscosity profiles near the reversal is found to influence the excitation

of m = 0 modes during the RFP sawtooth crash. In this section, we investigate the

effects of non-uniform time-constant, radial viscosity profiles in 3D non-linear MHD

simulations, focusing the analysis on the time-average of velocity and magnetic field

spectral components. The case of viscosity profile resembling the functional dependence

indicated by Braginskii for the perpendicular viscosity νBrag
⊥ is here presented, since

the RFP dynamics is determined by magnetic instabilities and fluid convection, both

perpendicular to the magnetic field. For the sake of completeness, other profiles were

also considered (see Sec. 4). In this study, we compare SpeCyl simulations with either

flat (ν(r) = ν0) (the most frequent setting in recent simulations studies [9, 10]) or
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Braginskii-like (ν/ν0 = 1 + 20r3 cos (1.6r)) viscosity profiles respectively: the latter is

larger by an average factor 2.8, and up to 4 in the edge region, Fig. 1 (a).

In the two simulations we set: η0 = 10−6, ν0 = 10−4, ideal magnetic field boundary

conditions br(a) = 0 and the same resistivity profile: η(r) = η0 (1 + 20r10). The different

viscosity profile setting does not significantly modify the axis-symmetric components of

the magnetic field, Fig. 1 (b), (c).

Figure 1. SpeCyl simulations settings for resistivity and viscosity (a), time average

axisymmetric fields (b), safety factor (c) comparison for the flat and perpendicular

Braginskii viscosity profile. The resonance of m = 0 and m = 1 secondary modes

corresponds to the highlighted region where the Braginskii viscosity profile is larger

than the flat one.

Comparing the time dependence of the kinetic Wk(t) and the magnetic energy WM(t)

of the m = 1 dominant and secondary modes (being m and n the poloidal and axial

wave numbers) shows that the basic RFP sawtoothing dynamics, i.e. quasi-periodic

emergence of a dominant mode in the MHD spectrum, is unchanged by the viscosity

profiles, Fig. 2 (a) - (d). However, the time-average energy spectrum ratio (Fig. 3)

highlights a moderate damp of the m = 1 and m = 0 velocity spectral components

with respect to the simulations with a radially constant viscosity profile. In particular,

the damp is greater for those components resonating in the spatial regions where the

viscosity profile is higher. Furthermore, an increased MHD activity magnetic activity

of the m = 1 spectral components is confirmed by the vz and bz eigen-functions radial

profile, Fig. 2 (e) - (h). This is consistent with a simple picture of velocity and magnetic

field interplay: the plasma flow counteracts the growth of magnetic perturbations and

vice-versa [24].

The case of the m = 0 modes magnetic energy is less clear (Fig. 3 (b)): although

the majority of the m = 0 modes displays an increase of the magnetic energy, it is

not possible to identify a precise trend. In this case, the flow ’reducing action’ on the

magnetic instabilities is less effective because at the reversal (the resonance region of

m = 0 modes) the flow itself is small, being evaluated near the edge, where the no-slip

boundary condition is assumed in this simulation (v00z (a) = 0). In addition, the modes

non-linear interaction may possibly contribute to the m = 0 modes reduced enhance-

ment.
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Figure 2. Viscosity profiles (νflat and νBraginskii) effect comparison in SpeCyl

simulations. The introduction of the Braginskii viscosity profile produces: a damp

of m = 1 dominant and secondary modes kinetic energy Wk (a, b) and of m = 1 axial

velocity eigen-functions vm=1
z (e, f) and a slight enhancement of magnetic energy WM

(c, d) and axial component magnetic field vm=1
z (g, h), more evident for n ≤ −15

modes.
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Figure 3. The time-average energy ratio between the Braginskii and uniform viscosity

profile for each m = 0 (•) and m = 1 (•) spectral component shows: a damp of the

kinetic energy, for both the m = 1 and the m = 0 modes (a) and a more noticeable

enhancement of the magnetic energy for the m = 1, n ≤ −15 secondary modes (blue

markers highlighted in in the figure) (b). No definite trend is shown for the m = 0

modes, although the majority of them shows a magnetic energy enhancement.

4. RFX-mod plasmas viscosity estimates

In this section, we estimate the kinematic viscosity coefficient according to the various

momentum transport theories developed for hot magnetized plasmas (briefly sketched

out in the next paragraphs): classical Braginskii (parallel ν‖ (5), perpendicular ν⊥ (6),

gyro-viscous ν× (7)), ITG νITG (8) and Finn νFinn (9) viscosity.

The classical viscosity is derived from the closure procedure [25], [26] of the Braginskii

equations, needed to solve the problem of MHD equations incompleteness [27]. In

a plasma, this procedure considers binary Coulomb collisions as the microscopic

mechanism that originates momentum transport. Despite its tensorial nature, the latter

is usually represented by means of three Braginskii viscosity coefficients [16]: ν‖ and ν⊥
which rule, respectively the variation along/perpendicular to the magnetic field lines

of velocity components parallel/perpendicular to the magnetic field and ν× [28] which

originates from a magnetic field - temperature gradient interplay, not providing a viscous

heating effect.

The ion temperature gradient (ITG) viscosity [18] is caused by an ion temperature

gradient driven mode that damps the velocity fluctuations (associated to the tearing

modes) originating an anomalous ion heating (i. e. anomalous viscosity effect).

The Finn anomalous viscosity [17] models the momentum transport in a stochastic

magnetic field by sound waves propagation, considering a stochastic magnetic diffusion

coefficient according to the Rechester-Rosenbluth model [29].

In literature, measurements of the viscosity coefficient in RFP plasmas are available,

based on the plasma response to a biased probe and on the modes braking due to

resonant magnetic perturbation (RMP), [14]. However, in this work, we focused on

an indirect estimate of the kinematic viscosity, exploiting formulas in App. A and

a wide database of RFX-mod experimental data [30], [31]. RFX-mod is a toroidal

device, with major radius R0 = 2m and minor radius a = 0.459m, able to operate
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in both tokamak and RFP configuration [32]. The database we considered amounts

to 243 shots in RFP configuration, including both hydrogen and deuterium plasmas,

spanning the ranges: 130 kA ≤ Ip ≤ 2MA for the plasma current, 0.15T ≤ B0 ≤ 2.0T

for the on-axis magnetic field, 60 eV ≤ Te ≤ 1.1KeV for the electron temperature and

3.5×1018 m−3 ≤ ne ≤ 2.2×1020 m−3 for the electron density). The electron temperature

Te is measured by the Thomson scattering diagnostic [33], the ion temperature is

assumed Ti = 0.5Te, the electron density ne is measured by the interferometer [34]

and Zeff = 1.5 is assumed, [35]. The magnetic field perturbations involved in the Finn

viscosity are evaluated exploiting the NCT code (NewComb Toroidal algorithm), [36].

Figure 4. Range of the kinematic viscosity coefficient on RFX-mod plasmas, according

to classical (Braginskii) or turbulent (ITG, Finn) theories.

Fig. 4 shows orders of magnitude differences in the range of the different viscosity

estimates, discussed in Sec. 5. In particular, we preliminary notice that the parallel

Braginskii viscosity ν‖ interval values have no overlap with any of the other estimates.

On the contrary, the perpendicular viscosity ν⊥ overlaps with the ITG viscosity interval

νITG, while the gyro-viscosity, the ITG viscosity νITG the Finn viscosity νFinn have

comparable orders on the RFX-mod database. This makes it difficult to make a

comparison based solely on the viscosity absolute value and stimulates the search for

a comparison method that takes into account also the functional dependencies of the

viscosity coefficients (see Sec. 5).

5. MHD simulations and experimental data comparison

The aim of this section is to figure out the model for viscosity with the highest adherence

to experimental data. To reach this goal, we first estimate the Hartmann number (using

the Spitzer resistivity (10) [37] and the five estimates of viscosity from Sec. 4) and

we compute the power-law scaling (y = CXα) of the normalized temporal scales of
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reconnection events τ̄crash and of m = 0, m = 1 secondary modes as function of the

Hartmann number, which rules the MHD dynamics. For the first scaling, we consider

the normalization τ̄crash :=
√
η/ν τcrash: the normalization factor comes from the change

of coordinates described in [2] and it is required to evaluate the scaling on the Hartmann

number. We estimate the reconnection time τcrash as the interval between the maximum

and the minimum value of the edge axial magnetic field, during a reconnection event

[38]. For the second and the third scalings, we consider the following quantities to

represent the secondary modes:

bz0,sec(a) :=
√√√√ ∑

−9≤n≤−1
n�=−7

bz0,n(a)
2, bz1,sec(a) :=

√ ∑
−20≤n≤−8

bz1,n(a)
2,

where the m = 0, n = −7 mode is excluded to avoid considering toroidal effects,

in the comparison with the cylindrical code SpeCyl. In Fig. 5, the plots of τ̄crash,

m = 0 and m = 1 secondary modes as function of the five different evaluations of the

Hartmann number are shown. The same scalings are computed also for a wide database

of SpeCyl simulations (with flat viscosity profile), varying both the absolute values

of the dimensionless transport coefficients and the intensity of non-ideal magnetic field

boundary conditions [22]. In this case the Hartmann number is determined by the input

central values of dimensionless resistivity η0 and viscosity ν0: HSpeCyl := 1/
√
η0ν0. The

fit correlation coefficient r and the scaling slope α values are shown in Tab. 1, referring

to both simulations and experimental data.

α r

τ̄crash bz0,sec(a)/B0 bz1,sec(a)/B0 τ̄crash bz0,sec(a)/B0 bz1,sec(a)/B0

HSpeCyl 0.72± 0.05 −0.27± 0.05 −0.35± 0.03 0.84 −0.76 −0.90

H⊥ 0.74± 0.02 −0.240± 0.009 −0.204± 0.004 0.84 −0.69 −0.80
H× 1.21± 0.03 −0.34± 0.01 −0.300± 0.006 0.84 −0.67 −0.76
H‖ 1.68± 0.09 - - 0.58 −0.35 −0.35
HITG 0.95± 0.03 −0.24± 0.01 −0.218± 0.005 0.70 −0.64 −0.70
HFinn 1.14± 0.05 −0.33± 0.01 −0.271± 0.007 0.82 −0.58 −0.61

Table 1. Scaling slope (with uncertainty) and correlation coefficient for the power-

law fit of normalized temporal scales of reconnection events and secondary (m = 0 and

m = 1) modes as function of the Hartmann number for both SpeCyl simulations and

experimental data evaluation. The highest correlation coefficient and the scaling slope

with the best agreement with the simulations are highlighted.

Analyzing the values of the correlation coefficient r we notice that: H‖ has little correlation

with the secondary modes, while the ITG and Finn estimates of the viscosity produce a

correlation coefficient lower than the remaining cases, so these estimates do not represent

the best possible choice for the viscosity coefficient evaluation. In support of this, we list

some drawbacks related to the Finn viscosity estimate. The correlation values of the scalings
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Figure 5. Plot of reconnection events time scale, m = 0 and m = 1 secondary modes

as function of the Hartmann number, evaluating the kinematic viscosity according

to the momentum transport theories, described in Sec. 4. For each plot the scaling

regression coefficient r is reported. Data are averaged over equal logarithmic intervals

of the Hartmann number.

involving m = 0 and m = 1 secondary modes are lower than in the other cases, despite

the definition of the viscosity as function of the secondary modes itself. The hypothesis of

quasi-linear response to magnetic field perturbation is rarely satisfied [19], as the hypothesis

of uniformly chaotic transport [29], since more recent studies have shown the non-uniformly

chaotic and sub-diffusive nature of transport in RFP plasmas [39], [40]. We also notice that

the estimate carried on in [14] displays a non-constant anomaly with respect to the classical

viscosity ν⊥, which strongly depends on the plasma current.

We observe that the estimate ν⊥ maximizes the correlation of all quantities, followed by ν×.
In addition, νBrag

⊥ and νBrag
× display a good level of adherence for the scaling slope (α) of

the reconnection events temporal scale τ̄crash and m = 1 secondary modes respectively. The

quantitative comparison between simulations and experimental data (Fig. 6) shows that the

experimental data match quite well the decreasing trend (at high Hartmann) of the simulations,

however displaying a non monotonous trend of m = 0 modes for the ν× (Fig. 6 (a)) and the

existence of an offset in the scaling involving ν⊥ (Fig. 6 (b), (d)). A comparison of the power-

law fitting regression coefficients showed that the offset corresponds to a multiplicative factor

δ ∼ 250 for the perpendicular Braginskii viscosity. Furthermore, we observe that the anomaly

factor δ shows a slight variation in the m = 0 and m = 1 secondary modes scaling, as the

Hartmann number is varied.

In the case of the perpendicular viscosity even the domains in the Hartmann number of SpeCyl

simulations and experimental data differ significantly. To overcome this difference is a hard

task, since the computational time of the simulations increases as the Hartmann number



THEORY OF FUSION PLASMAS JOINT VARENNA - LAUSANNE WORKSHOP 2022
Journal of Physics: Conference Series 2397 (2022) 012010

IOP Publishing
doi:10.1088/1742-6596/2397/1/012010

10

Viscosity estimates in RFP fusion plasmas

is increased, while experimental data points with lower H⊥ would require high density, low

plasma current and low temperature shots (6), (10), beyond the RFX-mod operational limits.

Figure 6. Plot of m = 0 and m = 1 secondary modes as function of the Hartmann

number, evaluated considering perpendicular (b), (d) and gyro (a), (c) Braginskii

viscosity, comparing SpeCyl simulations and experimental data. Simulations and data

are averaged over equal logarithmic intervals.

6. Summary and final remarks

In this paper, we analyzed the role of the viscosity profile in visco-resistive MHD simulations

and we estimated the kinematic viscosity coefficient in RFP fusion plasmas, on the basis of

a wide database of RFX-mod shots and according to the main transport theories applied in

RFP research. We finally discuss the experimental evaluations exploiting the comparison with

SpeCyl visco-resistive MHD simulations.

In the first part, we performed a sensitivity study to assess the effect of a non-uniform viscosity

in visco-resistive MHD simulations. In particular, we compared the uniform viscosity and

the Braginskii-like viscosity profiles. The latter produces a moderate damp of the flow and

an enhancement of magnetic field spectral components resonating in the regions where the

viscosity is higher. The enhancement of magnetic fluctuations may increase the level of

transport associated to stochastic field lines, and possibly decrease the strength of the m = 0

barrier, routinely observed at the edge. No significant differences are observed for the MHD

equilibrium, as for the RFP sawtoothing activity.

In the second part, we evaluated the kinematic viscosity relative to a RFX-mod database using

a set of different transport theories: classical, ITG and Finn. Exploiting the comparison with

SpeCyl simulations, we identify ν× and ν⊥ as the coefficients which show the best agreement

between simulations and data scaling laws. However, a refined quantitative comparison showed

the existence of an important offset between the simulation and experimental data scaling

for the perpendicular Braginskii viscosity, which would correspond to a multiplicative factor
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δ ∼ 250, slightly dependent on the Hartmann number.

Many factors can contribute to the origin of the difference in the scaling coefficients, both from

the numerical and the experimental side. In SpeCyl simulations, the role of the viscosity profile

(as shown in Sec. 3) and the effect of an axisymmetric flow [22] should be mentioned. From

the experimental point of view, the possibility of an effective viscosity which is given by the

composition of two different coefficients (ν⊥ and ν×) can not be discarded. Also the resistivity

can contribute to the difference. Despite in [41] and [42] a remarkable agreement is shown

between the Spitzer estimate and the experimental measurements of the resistivity during

magnetic reconnection experiments in collisional regime, a recent work [43] has pointed out

the need for an order of magnitude anomaly of the resistivity in order to obtain a quantitative

agreement between the linear resistive MHD model predictions and resonant modes growth

rate measurements on the EXTRAP T2R reversed-field pinch device.

The latter considerations motivate future studies regarding both resistivity and viscosity to

understand the origin of the anomaly.

A. Formulas to evaluate plasma viscosity and resistivity

Braginskii viscosity, [16]:

ν‖ = 34.6π3/2 ε20

e4m
1/2
p

T
5/2
i

Z4
eff ln Λγ

1/2ni
∝ T

5/2
i

ni
(5)

ν⊥ =
1

8π3/2

m
1/2
p e2

ε20

γ1/2ne ln Λ

T
1/2
i B2

∝ ne

T
1/2
i B2

(6)

ν× = 1.25
1

e

Ti

ZeffB
∝ Ti

B
(7)

ITG viscosity, [18]:

νITG = 1.08× 10−4
γ1/2TeT

1/2
i

Zeffa
3/4
T a

1/4
B B2

∝ TeT
1/2
i

B2
, aT = 20 cm, aB = 80 cm (8)

Finn viscosity, [14]:

νFinn = csLC

∑
m,n

(
brm,n

B

)2

∝ T 1/2
e

∑
m,n

(
brm,n

B

)2

(9)

evaluating the sound speed cs =
√

γeZeffTe+γiTi

Mi
with γe = 1, γi = 3 and a constant auto-

correlation length LC = 1.4m, [44].

Spitzer resistivity, [37]:

η‖ = 0.51
me

nee2τe
=

0.06

π3/2

m
1/2
e e2

ε20

Zeff ln Λ

T
3/2
e

∝ T−3/2e (10)

In formulas (5 - 10) we evaluate the mass number: γ = 1 for hydrogen shots, and γ = 2 for

deuterium shots, while the Coulomb logarithm spans the range 13.5 ≤ ln Λ ≤ 18.7, in the

RFX-mod database shots.
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