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Let 1 < t < n be integers, where t is a divisor of n. An R- ¢*-
partially scattered polynomial is a g-polynomial f in Fgn [X]
that satisfies the condition that for all z,y € F. such that
z/y € Fg, if f(z)/x = f(y)/y, then z/y € Fy; f is called
scattered if this implication holds for all z,y € Fg.. Two
polynomials in F4» [X] are said to be equivalent if their graphs
are in the same orbit under the action of the group I'L(2, ¢").
For n > 8 only three families of scattered polynomials in
Fgn[X] are known: (¢) monomials of pseudoregulus type,
(4¢7) binomials of Lunardon-Polverino type, and (i4¢) a family
of quadrinomials defined in [1,10] and extended in [8,13]. In

J(t—1)

this paper we prove that the polynomial ¢, ,» = X4 +
X7 pm(x = X9 € Fa[X], g odd, t > 3 is R-g!-
partially scattered for every value of m € F* and J coprime
with 2¢. Moreover, for every ¢t > 4 and g > 5 there exist values
of m for which ¢, 4 is scattered and new with respect to the
polynomials mentioned in (¢), (i%) and (ii7) above. The related
linear sets are of I'L-class at least two.
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1. Introduction

In this paper ¢ = p® denotes a power of a prime p. Let n be a positive integer. A
g-polynomial, or Fy-linearized polynomial, in F = [X] is of type

d

F=YaX?, a;€Fp, i=01,....d (1)
=0

If ag # 0, then the g-polynomial f has g-degree d. The set of g-polynomials over Fy»
is denoted by L, 4. Such a set, equipped with the operations of sum, multiplication by
elements of [Fy, and the composition, results to be an Fj-algebra. The quotient algebra
Ly.g = Lng/(X? —X) is isomorphic to the F,-algebra of the F -linear endomorphisms of
Fg». Hence, for every I -linear endomorphism ® of Fy» there exists a unique g-polynomial
f of g-degree less than n such that f(z) = ®(z) for any = € Fyn. By abuse of notation,
any f € Ly, is identified with the class f + (X" — X) € L, 4.

g-polynomials have found many applications in various areas of combinatorics, cod-
ing theory and cryptography. Special attention has been paid to scattered polynomials,
introduced by Sheekey in [16], in the context of optimal codes in the rank metric, as we
will see later. A scattered polynomial is an f € Ly, 4 such that for any =,y € F.,

ﬂz@zfewq. 2)

T Yy Y
A generalization of the notion of scattered polynomials was recently introduced in
[9]. Let f be a g-polynomial in L, 4, and ¢ a nontrivial divisor of n; so, n = tt/, and
1 < t,t' < n. We say that f is L- ¢'-partially scattered if for any x,y € Fgn,

M:M:EEFt (3)
T Y Y ~

and that f is R- q*-partially scattered if for any z,y € Fon,

J@) _J® g L er, — Sew, (4)
T Y Y Y

A g-polynomial is scattered if and only if it is both L- ¢*- and R- ¢'-partially scattered.

The graph of f € Fgn[X] is Uy = {(z, f(z)): @ € Fgn}. If f € L, 4, then Uy is an

Fg-subspace of IFq2 We say that two polynomials f and g in £,, 4 are I'L-equivalent, or

simply equivalent, if their graphs are in the same orbit under the action of the group

T'L(2, ¢™). Up to such a notion of equivalence, only three families of scattered polynomials
in £y, 4 are known for n > 8:

(i) X7, with ged(s,n) = 1, known as pseudoregulus type;
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(i1) X9 "+6X7, with ged(s,n) = 1 and Nyn /,(8) = 5= # 0,1, known as Lunardon-
Polverino type [12,16];

(idi) by = X9 + X7V pplHa’ xa T 4 ploa X
ged(s,2t) =1, h € Fgee and h?' t1 = —1 [1,8,10,13].

s(t+1) s(2t—1) qs(2t71)

€ Loy 4, where ¢ is odd,

It is convenient to split the family (ii¢) into two separate families (i7i-a) of all polynomials
s, such that h € Fge, and (iii-b), where h ¢ Fg:.

One of the reasons that scattered polynomials and their generalizations have attracted
so much attention is their connection to optimal codes in the theory of rank-metric codes.
See [15,16] for a general overview of this topic. Rank-metric codes are sets of n x m
matrices over a finite field Fy, endowed with the rank metric. When n = m, the rank-
metric codes can be represented in terms of g-polynomials, since the Fy-algebra F;'*" is
isomorphic to £,, 4. Of particular interest is the family of mazimum rank distance (MRD)
codes, which are of maximum size for given n and given minimum rank distance. The
first construction of a family of MRD codes was due to Delsarte [3] and independently to
Gabidulin [4]. The codes of this family are now known as the Gabidulin codes. Sheekey in
[16] pointed out a way to construct special classes of MRD codes: if f € L, 4 is a scattered
polynomial then Cy = (X, f)F, . is an MRD code of size ¢*" and minimum distance n— 1.
In the same paper, he also proved that the equivalence of g-polynomials corresponds to
the equivalence of rank-metric codes. Therefore, the scattered polynomials (), (i7) and
(#i7) give rise to three disjoint families of MRD codes.

The adjoint of a g-polynomial f = Z?:_Ol aiX"i with respect to the trace form is the
polynomial fT which satisfies Tryn /q(f(2)y) = Trgn/q(zf T (y)) for every z,y € Fgn (1).
It holds

fT _ Z a?nszo_n—l.

Such fT is scattered if and only if f is. Even, f and f' determine the same linear
set Ly = Ly [2]. However, the polynomials f and fT need not to be equivalent. The
classes (1), (ii), and (i7i-b) described above contain their own adjoints up to equivalence.
Furthermore, every polynomial in the collection (i7i-b) is equivalent to its adjoint [8,
Theorem 4.6], [13, Proposition 4.17].

The scattered polynomials can also be used to construct scattered linear sets. We
refer the reader to [6,14,15] for generalities on this topic. Any linear set of rank n in the
projective line PG(1, ¢") can be defined, up to the action of GL(2, ¢"), by a g-polynomial
f as follows

Ly = {{(&. f@))e,. 2 € ),

L Trgnjq(x) =+ 294 - +xq"71 for x € Fgn.
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and we say that it is scattered if |[L¢| = (¢" —1)/(¢—1). It is a straightforward check that
f is scattered if and only if Ly is scattered. Scattered linear sets on the projective line
have been related to various objects in Galois geometries, such as linear minimal blocking
sets of largest order, translation planes and many more; see for example [6,10,14].

In this paper, we study the g-polynomials

t

Ome =X+ X7 1 m(X7 = X7 € Lorg,

where t > 3, m € Fy,  +— 27 is a generator of Gal(Fyn/F,), ie. ¢ = ¢’,
J e {1,2,...,2t — 1}, ged(J,2t) = 1, and ¢ is odd. In Section 2, we will first prove
that any such ¢, , is R-¢'-partially scattered, and then we will show some conditions
on m that ensure that ¢, » is scattered. In Section 3, we find the stabilizer of the graph
of ¢+ under the action of the group GL(2,¢"), which turns out to be an invariant for
equivalence. In the last section we consider the question of equivalence between ¢,, , and
the known families of scattered polynomials. The adjoint <p;’q of a scattered polynomial
©m,q is not equivalent to ¢y, 4 for any k € Fg; hence, ¢y, 4 does not belong to the family
(491-b) (Proposition 4.4). The main result of this paper is Theorem 4.7. It states that for
t >4, if t is even and ¢ > 3 or ¢ is odd and ¢ > 5, there exists at least one scattered
polynomial of type ¢,, ; that is not equivalent to any known scattered polynomial.

In [2] the notion of T'L-class of a linear set L has been introduced, which is the number
of nonequivalent polynomials f such that Ly = L. As a consequence of Proposition 4.4,
the I'L-class of any scattered linear set of type L, . is at least two.

2. A family of R- g*-partially scattered polynomials

From now on we will assume that ¢ is an odd prime power, t > 3 is an integer, and
n = 2t. We will show a family of R~ ¢'-partially scattered polynomials in £,, ,.

For m € Fyn and o = ¢7, J € {1,...,n — 1}, ged(J,n) = 1, consider the following
g-polynomials in £, 4:

t+1

a=o0, =X —|—X”2t71 and 8 = fmo=m(X° —X7 ).

Define
W:{xGIFqn:xthrx:O},

which is a one-dimensional Fg:-subspace of Fy». Note that x~ 129, 2° € W for any
x € W, z # 0. Some results in the sequel, such as the next ones, are based on the fact
that the kernel of a non-trivial F,-linear map of type ®(x) = Z?:o a;2° has dimension
at most d over F, (see e.g. [5, Theorem 5]).

Lemma 2.1. The following hold:
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.if A€ Fyp and B € W then AB € W;
. if A,BeW then AB € Fy;
. Fpee =Fpe @ W

No e W
5
=
—
=}
S~—
|

Proof. We only prove 4. and 5. Raising to the ¢ one obtains
ker(a) = {x"t +z =0}.

Furthermore, if z € W, then z° = (((z¢)7)---)¢', an odd number of powers,
hence ° = —u, that is 2 € ker(c). This implies W C ker(c), and 4. follows from
dimp, ker(a) <.

Next, noting that Fy: = {y € Fyn: y” —y=0};if y = a(z), then

Theorem 2.2. Let t > 3 be an integer. Assume m € ¥y, and o = q’, Je{l,...,2t—1},
ged(J, 2t) = 1. Then the polynomial

Pm,oc = XUJHI + X02t71 + m(XU - Xat+l) € £2t,q (5)
is R- ¢t -partially scattered.

Proof. The polynomial ¢, », = a + 3 is R-¢'-partially scattered if and only if ¢y, o
satisfies the condition that for any p € Fy: and x € Fgn such that z # 0, if

Om,o(pT) = pom.o(T), (6)

then p € F,. So, suppose that (6) holds and, because of 3. of Lemma 2.1, we can write
T = x1 + T2, where x; € Fy» and o € W. Using 1., 2., 4. and 5. of Lemma 2.1 we obtain

Pm,o(pr) = alpz1) + B(px2)
and
pﬁﬂm,a(x) = pa(ml) + pﬂ(xz).

Since Fg2: = Fg: @ W, by 5. and 7. of Lemma 2.1 we have
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which can be rewritten as

t—1 t—1
(pg - p)x‘f =0,
m(p” — p)ag =0,

and since m # 0 and at least one among z; and zs is nonzero, then p"t_1 —p=0or
p’ —p=0.1In each case we get pc F,. DO

In the following we show that for certain values of m the polynomial ¢,, , is also
L- ¢*-partially scattered.

Theorem 2.3. Let t > 3 be an integer, and W = {x: x € Fg, 29 4z = 0}. Assume
o=q’, Je{l,...,2t — 1}, ged(J,2t) = 1. If m € Fy« is neither a (¢ — 1)-th power nor

2t—1

a (q + 1)-th power of any element of W then the polynomial ¢, o = D GARSS € +
m(X° — X" e Loy 4 is scattered.

Proof. By Theorem 2.2, it is enough to prove that ¢,, , is L- ¢'-partially scattered; that
is, it satisfies the condition that for any p,x € Fy» such that x # 0, if

Pm.o(PT) = pPm,o (1), (8)
then p € Fy:. So, suppose that (8) holds. Because of 3. of Lemma 2.1, we can write
p=h+r and z =z + x2,
where h,z1 € Fpe and r,2z9 € W. Using 1., 2., 4. and 5. of Lemma 2.1 we obtain
Pm,o(pr) = a(har) + a(res) + B(hwe) + Bray)
and
PPm,o(x) = ha(z) + hB(z2) + ro(zy) + rB(z2).

Since Fg2: = Fg: @ W, by 5. and 7. of Lemma 2.1 we have

which can be rewritten as

t—

t—1 t—1 t—1 t—1
mxgr—xz r7 = (h —h)x{
1
o 0.0 __ g lod
¢ r—mafr’ =—m(h— h%)xg,

and raising the first equation to the o we obtain
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—xoT + m"xggr“ = (h —h%)aq,
—29" "+ magr® =m(h — h%)ag.

149

(10)

Suppose by contradiction that r # 0. We divide the proof in four cases. Since J is odd,

every (o — 1)-th power (resp. (o + 1)-th power) of an element of W is also a (¢ — 1)-th

power (resp. (¢ + 1)-th power) of an element of W.
Case 1: 1 = 0.
In this case zo # 0, and from the first equation of (10) we obtain

o __ 1-0% 1-0 _ —1-0_—1\0—1
m’=zy "7 = (a3 )",

that is m = §97! for some § € W, a contradiction to our assumptions.
Case 2: 29 = 0.
We have 1 # 0. From the second equation of (10) we obtain

t—1_ _ 1 o t—3 o—1
m = xtly O',rl o _ (:L‘(lj( +o+--+o )/T) ;

again a contradiction.
Case 3: h — h? = 0.

Argue as in Case 1. or 2, depending on whether x5 # 0 or 7 # 0.
Case 4: z122(h — h7) # 0.

We start by proving that

2

—X9 me°xg

D = det ot—1 02_
—z9 may

is non zero. Indeed, if D = 0 then, since (10) admits solutions for r and r?, we have

—z9 mx§  m(h—h%)zg

2
rk< —o2 . moeg (b= %) ) _1

and in particular

mx§  m(h—h?)x§

det(m 72 (h = h%)z: ):0,

that is

where
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a contradiction. Therefore D # 0. From (10) we obtain

det (h—h%)zy  meag
m(h —h%)x§  ma§ maotl maJrlxg?—‘ro

1 o
r D o) ( )
and
—XT2 (h — ha)ﬂn
det ot—1 o\ o 11 t=1y
o —T7 m(h — h?)z3 _ —may 4] (h— 1)
N D n D '
Therefore,
o+1 o't_lJrl
_ 1 _
po1 mzy '+ 1 = = (—mag*l 4 29" Hyl-o

= 2
mx‘f"’l —motlgg to

that is m is a (o0 — 1)-th power of an element in W, again a contradiction.
In each of the cases analyzed, the condition r # 0 leads to a contradiction. It follows
that p € Fg:. O

By the following result at least one of the assumptions above cannot be removed.

Proposition 2.4. Let t > 3. If m is a (0 + 1)-th power of an element of W, then ¢p, » s
not scattered.

Proof. By assumption m = w°*! where w € W. Define z; = 1, 2o = w™!. Under these
assumptions the equations in (10) coincide up to a factor with

—r + w7 = w(h — 7).
The images of the Fy-linear maps 7 € W — —r+w?tr? € Wand h € Fyr — w(h—h7) €
W both are of F,-dimension at least t —1; this implies that their intersection is not trivial,

and r € W, h € Fp exist such that r # 0 and (10) is satisfied. O

Proposition 2.5.

(i) For anyt > 3 there are precisely (¢' —1)/(q—1) elements of F . which are (q—1)-th
powers of elements in W ; more precisely, they are the solutions of

rat =1, x€Fgn.

(17) If t is even, then there are precisely (¢* — 1)/(q + 1) elements of Fy. which are
(g + 1)-th powers of elements in W ; more precisely, they are the solutions of
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(i1) If t is odd, then there are precisely (¢" —1)/2 elements of F 3, which are (¢ +1)-th
powers of elements in W ; more precisely, they are the solutions of

at—1 q+1

x 7 =(-1)=2, ze&F4pm.

Proof. Let W* = W \ {0}. For any positive integer D define the set Sp of all D-powers
of elements of W*. Let § = ged(D, ¢* —1). The D-powers of elements of [y are precisely
the solutions of the equation

T o :1, I'E]Fqn.

Let wo € W*. It holds (w{?)qt{l = (wgtl)D/fs = (—=1)P/%. We have

t_
Sp ={wiyP: y €Fe} = {wa: T =1,x¢€ Fyn }.
Therefore, Sp has equation

qt-1

5 = (=1)P/. (11)

Taking into account that

+1 for ¢t even
dlg+1,¢-1)=4¢1 :
ged(g+ 1,4 ) { 2 for ¢ odd,

the statements (¢), (i), and (¢i¢) follow from (11). O

Corollary 2.6. There is at least one scattered polynomial of type m o for anyt > 4 even
and g >3, ort>3 and q > 3.

Proof. The sum of the sizes of S,—1 and Sg41 is less than ¢ — 1, hence there exist in
7 elements which are neither (¢ — 1)- nor (¢ + 1)-powers of elements of W. Therefore,
Theorem 2.3 can be applied for at least one value of m. O

Remark 2.7. By Theorem 2.3 and Proposition 2.5, if ¢ is even, or t is odd and ¢ = 1
(mod 4), then ¢ 4 is scattered. On the other hand, by Proposition 2.4, if ¢ is odd and
g =3 (mod 4), then ¢; 4 is not scattered. This is consistent with [10, Theorem 2.4] for
k = 1. It follows that the family we are studying contains examples of R-gt-partially
scattered polynomials that are not scattered.
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3. Matrices stabilizing the graph of ¢,

Here we investigate the matrices in IF(?TLXQ that stabilize the graph Uy, » of ¢, ». More
precisely, we will compute the set S,, , of matrices A such that AU,, , C Uy, . Such
Sm,o has been studied in [17], where in particular it has been proved that it is isomorphic
to the right idealizer of C,,, . As a consequence, S,, , is invariant up to equivalence of
polynomials.

For use in the Theorem 3.2 we prove the following

Proposition 3.1. Let t be even. The set S of all x € ]F;‘t which are (o + 1)-powers of

ot—1
elements in W coincides with {x: z€Fq, zoFT = —1}.

Proof. If 7y = €77 and y = n°*! for £, € W\ {0}, then zoy~! = (én~ 1)l is a
(0 + 1)-power of an element of Fy; that is, y = o1z for some £ € Fr:. Conversely,
he*tlzy € S for any h € Fr:. So,

S={h"*'wo: h e Fj}.

ot—1

o

The assertion follows by combining (i) 2,7 = & ~! = —1, and (i) since ¢ is even
and o + 1 divides o — 1, the set of all (o0 + 1)-powers of elements of [F;. has equation
t

at—1

zeft =1. 0O

Theorem 3.2. Suppose that t > 4. Then the set S,, » of matrices A € ]F(?nX2 such that
AUp,o C Up, o is equal to

{<4n‘1‘bo Cff,) : 0 € Fueatey, bEFgn, b= —b" = m"_lbaz} . (12)

Fort even, S;, » contains non-diagonal matrices if and only if m is a (o + 1)-power of
an element of W ; in this case, b takes ¢* distinct values.
Fort odd, b takes always q distinct values.

Proof. Let A = (lcl Z) € anw, and

A <wmi<x>> - (wmi@/)) ;

that is, cz 4+ dpm. o () = @m0 (a2 + bpm, o (x)) for all z € Fyn. This leads, after reducing
modulo X" — X , to the following polynomial identity

2t—1

X+d(XTT X7 pm(X7 - X)) =
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t—1 t—1 t—1 2t—2 t—2 t—1 t
a® X7 4+ (X7 +X7 4+m® (X7 —-X))

+ ao_2t71Xo_2t71 + ontfl(XUt72 + Xo_2t72 + ma_2t71(X o Xo_t))
t 2 t+2
+ma® X +mb° (X7 + X +m7(X7 —X7 7))
—ma® X b T (X + X 4+ me (X = XY). (13)

Taking into account the coefficients of monomials of the same degree one obtains the ten

equations
t—1 t—1 2t—1 2t—1 t+1
c=-m’ b +m% b7 4+ mb’ —mb’ (e:0)
md = ma’ (e:1)
0=m ot 4 ity (e:2)
0=0"" +b7 " (e:t-2)
d=a""" (e:t-1)
0=m" b —m” b mb —mb (et)
—md = —ma® (e:t+1)
0 7ma+1bo' 1+at+1bat+1 (e:t+2)
t—1 2t—1

0=0b""40b" (e:2-2)
d=a""" (e:2t-1)

The equations (e:1), (e:t-1), (e:t+1), (e:2t-1) are equivalent to a € Fyzeacr2), d = a.
The equations (e:2), (e:t-2), (e:t+2), and (e:2t-2) are equivalent to b € W. Then (e:t) is
equivalent to m® b 4+ mb% =0, or

b =m' . (14)

Equations (e:t) and (e:0) imply ¢ = 2(mb” — mb"Hl) = 4mb°, leading to (12).

The equation (14) in the unknown b determines the kernel of an F2-linear map, and
has one or ¢2 solutions. Since W is an [F:-linear subspace, the number of allowable values
bin (12) is either one or ¢&°d(t:2),

Assume t even. It holds

t t—1 t—2
—b=0b" =m™° to ooty

Assume that (14) has at least one nonzero solution (and hence ¢* solutions). Then

m(o—l)(1+a2+---+at’2) —

9
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equivalent to mi:fr_l1 = —1, that is, by Proposition 3.1, m is a (¢4 1)-power of an element
of W. Conversely if m = f~(°+1) for 3 € W, then (14) has the nonzero solution b = 3,
hence ¢? solutions in W.

Assume t odd. Define R = f% which is an integer. Furthermore, a 2z € F, exists
satisfying 27 4+ z = 0, and z € W. Then by a direct check the solutions in W to (14) are
b=XemP for \eF,. O

Remark 3.3. If ¢ is even (including now the case t = 4) and ¢y, » is scattered, then ¢, o
is in standard form with respect to the subfield Fg2; that is, L = 2 is the greatest integer
such that ¢,, , = F(X?") where F is a ¢“-polynomial, and gcd(s, L) = 1. This implies
that the set of matrices stabilizing U,, , is isomorphic to Fg [11,17].

In particular: (¢) if m = 1 and ¢ is even, the matrices are all diagonal; (i7) if m =1
and t is odd, then the conditions on b are equivalent to b9 + b = 0.

Remark 3.4. For the case t > 3 is odd, m = 1 and ¢ = 3 (mod 4), it can be shown that
in this case the kernel and the image of any matrix of rank one in S;, are points of
PG(1, ¢™) of weight n/2, i.e., such that their intersection with the graph is an F,-subspace
of dimension n/2. Polynomials of this type have been studied in [17].

4. Nonequivalence with previously known scattered polynomials

Our main goal is to show that there are new scattered polynomials in the family we
introduce. For this purpose it will be sufficient to consider the case where o = ¢, n = 2t,
t > 3. We compare our construction with the known examples of scattered polynomials.

The first nonequivalence is a simple consequence of the fact that the right idealizer of
the MRD code associated with a polynomial of pseudoregulus type in £,, 4 is isomorphic
to Fgn, combined with Theorem 3.2. Analogously we proceed with the second nonequiv-
alence if ¢ is odd, since the right idealizer of the MRD code associated with a polynomial
of Lunardon-Polverino type in £,, 4 is isomorphic to Fge.

Proposition 4.1. Let f = X9 € Ln,q be a scattered polynomial of pseudoregulus type.
Then ¢m.q and f are not equivalent.

Proposition 4.2. Let g = X7 46X be a Lunardon-Polverino scattered polynomial,
t > 4. Then ¢mq and g are not equivalent.

Proof. The subspaces Uy, , and U, are in the same orbit under the action of I'L(2, ¢")
if and only if an integer k£ and a matrix

M = <Z Z) € GL(2,¢%)

exist such that for any € F2+ there is y € F2 satisfying
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a:pk _ y
M (som,q(x)p’“> B (g(y)> '

Let e = m?" and z = 2P". The condition above is equivalent to

az + b(th71 n Zq2t71> —i—be(zq _ th+1) —y

2

cz + d(zqt_1 + zq%_l) + de(z9 — qul) =y o + 5yqs,

from which after reducing modulo 7" — Z we derive the polynomial identity

2t—s—1 t—s 2t—s+1 t—s+1

)+bq2t756q2 (Zq _Zq )_l’_
):

aq2tstq2tfs + bq2t75(th7571 + Zq

t+s—1 s+1 t+s+1

+6a9° 20 + 667 (297 4 797 ) 4 609 ed (20 — 79

=cZ+d(Z7 + 27 Y fde(z9 — 29,

Let ¢t be even. We consider the cases s € {1,¢t — 1,¢t 4+ 1,2t — 1}.
Let s = 1. When t > 4, we have the following system

bq2t716q2t71 + 6bq —¢
da? = de
oble? =0
bq2t—l _
0=d
_bq2t716q2t71 + 6bq _ 0
0= —de
—db%e? =0
2t—1

b =0
aq2t71 _ d.

Which impliesa =b=c=d =0. For s € {t—1,t+1,2t—1} we get analogous conditions
that yield toa=b=c=d=0.

Finally, for s ¢ {1,t—1,t+1,2t—1} the analogous system as in (15) leads to the same
conclusion. In fact, the exponents of the indeterminate Z depending on s equal some of
the exponents of Z in the right side of the polynomial identity (1,q,q¢"*!, ¢!~ ¢* 1) if
and only if s € {1,¢+1,t — 1,2t — 1,¢t + 2,t — 2}. Since t is even we exclude ¢ — 2 and
t+ 2, and then, apart from the already considered cases, we get the condition ¢ = d = 0.
The case t odd arises from similar calculations while s € {1,¢t — 2,¢ + 2}, while in this
case we can excludet =+l andt=2t—-1. O

The fact that ¢1, belongs to the family (i¢i-a) motivates our interest in the next
result.
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Proposition 4.3. Lett € N, t > 4. Then @, 4 and 1,5 are equivalent only if Nyt jo(m) =
1.

Proof. Assume that ¢, , and ¢, are equivalent. Then there exist an integer k and a

matrix
a b n
M = ¢ d € GL(2,4")

such that for any x € Fgz there is y € Fg2: satisfying

arpk _ Y
M <<Pm7q(a:)pk ) B (@1,a(y)> .

Let e = m?" and z = 2P". The condition above is equivalent to

az + b(zqtfl n Zq2t—1) I be(zq _ th+1) —y
2t—1

n+1+yat—1+yg 7

cz + d(zqt_1 + zqzt_l) + de(z7 — th+1) =97 —y°
and, taking into account e’ = e and that J is odd, we get the following identity in £,,

Z+d(Z79 + 727 Y4 de(z7— 79" =

t+J+1

_ angJ n bU(ZqHJﬂ " ZqJ—l) n baea(ZqJH _ g4 )

—a”t“ th+J B bgt+1(ZqJ71 n th,+J71) . b0t+1ea(th+J+1 B ZqJ+1)
+aa_t—Ith—J i ba_t—l(Zth—J—l i th—.]—l) i bo_t—leo_t—l(th—J+1 B Zqzt—1+1)
+a02t71Zq2t7J I b02t71(th7.]71 I Zq2thf1) n b02t71602t71(zq2t—‘7+1 B th—JJrl). (16)

By comparing the monomials having the same degree, if J ¢ {£1,¢ £ 1}, one obtains
without any assumption on Ng:/,(m) that M has a zero row.
If J =1, by (16),

1 2t— t—1

c=0b1— b1 —pt et T 4 p? e
de = af
0="b7+0p7"
0 _ bqt71 + bq2t71
d=a1""
0—=pt— bqt+1 i bqt—leqt—l _ bq2t—leqt—1 (17)
de = a1
0= —bled — patea
t—1 2t—1
0="07 + ¢
d=a?"".
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If a # 0, then d # 0. By comparing the seventh and the second equation, one obtains
a € Fge. From the second and the fifth equation, a?=7"" = ¢ that implies Nyt /q(m) = 1.
If @ = 0, then ¢b # 0, b +b=0 by the third equation and b’ = eb by the sixth. This
implies Ng¢/q(m) = 1.

The cases J =2t —1 or J =t 41 for t even can be dealt with in a similar way leading
in each case to Nyt /g(m) =1. O

We now investigate the equivalence between polynomials of type ¢,, , and their ad-
joints. Define ¢, = X9+ X4 + (X7 — X¢), jy € Fye; it holds

@;,q = qsmq"l (18)
for any m € Fy:.

Proposition 4.4. Let t > 4. For any m, u € Fge such that ¢n, 4 is scattered, o q and ¢,
are nonequivalent.

Proof. Starting from

a b 1 2 lx 1 = 1 y 2 1 1
¢ d)\a? 42 pm@t—21) ) Tyt 4yt +u? -y )

one obtains the polynomial identity modulo P a—

t+2

XAdXTT + X7 (X7 X)) = 02X+ bIXY + X +m(XT — X))

t+

—I—aquXqu —‘,—qul[X—l—th —I—qul(Xq 2 _qu)]

2t—1

+ uant—quQt—l + uqut—l [th—Q + Xq2f,—2 + m2 (X . th)]

. Maqtleqtfl . Mbqtfl[Xth—Z + th72 + mqtfl(th . X)].

This gives ten equations, four equations equivalent to b € IFy+ and four equations equiv-

alent to d = m~ta? = —pa? = —m~1a?"", that is

t—1
aeW,d=m""ta?, p=—-mta??

By comparing the coefficients of X4 one obtains = m_qklbq_qkl, and finally

- ()

As a consequence, m(?~D/(@+D) = (q/p)"'~1 = —1 for t even end m('~D/2 =

(a/b)@" =D(@+D/2 — (_1)(@+1)/2 for ¢ odd and this implies by Propositions 2.4 and 2.5
that ¢y, 4 is not scattered. O
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In [2] the notion of a T'L-class of a linear set L has been introduced, which is the num-
ber of nonequivalent polynomials f such that Ly = L. As a corollary of Proposition 4.4
it results:

Theorem 4.5. For t > 4 the I'L-class of any scattered linear set of type L,  is at least
two.

It is possible to prove the nonequivalence of the polynomials of type ¢, , with the
polynomials in the class (i4i-b) with a case-by-case analysis. However, the following result
makes it possible to shorten the proof.

Proposition 4.6. [7] Let f,g € L, , be equivalent. Then fT and g7 are equivalent.
The main result of this paper is a summary of the propositions of this section.

Theorem 4.7. Let q be odd and t > 4. If t is even and g > 3 ort is odd and q > 5, then
there exists m € Fge such that

Omag = th—l i quf,—l +m(Xq B th+1)

is a scattered q-polynomial that is not equivalent to any previously known scattered q-
polynomial in F e [ X].

Proof. Take into account a scattered ¢y, 4. This ¢, ¢ does not belong to the families (¢)
and (iz) by Propositions 4.1 and 4.2. Since any element of the family (7ii-b) is equivalent
to its adjoint, by Propositions 4.4 and 4.6 such family does not contain ¢, ;. The family
(#91-a) contains elements of type ¢ , and if Nt jgscac.o (m) # 1, @m q is nonequivalent
to these by Proposition 4.3. So it remains to prove that at least one scattered ¢, 4 exists
satisfying that condition. Taking into account Theorem 2.3, it is enough to show that
the sum of the cardinalities of the following three sets is less than ¢® — 1.

1. Sg—1, that is, the set of elements in F, which are (¢ — 1)-powers of elements of W;
2. Sg41, that is, the set of elements in ]F(;“t which are (¢ + 1)-powers of elements of W;
3. T, the set of elements m € Fy: such that Ny /,(m) = 1.

The equation Nyt /4 (x) = 1 has (¢* — 1)/(¢ — 1) solutions.
Assume that ¢ is even. Combining with Proposition 2.5,

qt—1+qt—1 ¢ -1 (¢"-1)(3¢+1)

Sg—1US 1 UT| < =
[Sa-11 Sa1 ‘—q—l g+1 g1 2-1

(19)

that for ¢ > 3 is less than ¢* — 1.
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In the case that ¢ is odd one obtains similarly

t t t t
¢-1 q¢-1 q¢g—1 q -1
Sy_1US, 1 UT| < + + —

| q—1 q+1 |— q—]. 2 q—]. 2((]—1)

For ¢ > 5 this is less than ¢! — 1. O
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