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Abstract

Based on quantitative “KAM theory”, we state and prove two theorems about the
continuation of maximal and whiskered quasi-periodic motions to slightly perturbed
systems exhibiting proper degeneracy. Next, we apply such results to prove that, in the
three-body problem, there is a small set in phase space where it is possible to detect
both such families of tori. We also estimate the density of such motions in proper
ambient spaces. Up to our knowledge, this is the first proof of co-existence of stable
and whiskered tori in a physical system.
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1 Overview

1.1 Two KAM Theorems for Properly Degenerate Hamiltonian Systems We deal
with Hamiltonians which meet the demand of being close-to-be-integrable [see, e.g.,
Gallavotti (1986)], but, in addition, with the number of degrees of freedom of per-
turbing term being possibly larger than the one of the unperturbed part. Such kind
of Hamiltonians often arise in problems of celestial mechanics and are referred to as
“properly degenerate”, after (Arnold 1963). We denote them as

H(I,¢,p,q: 1) = Ho(I) +pn P, @, p,q; 1),

where the coordinates (I, ¢) = (I1,..., I, 91, ..., @,) are of “action-angle” kind
(after a possible application of the Liouville—Arnold theorem to the unperturbed
term), while (for our needs) the (p,q) = (p1,..., Pm.4q1,---,qm) are “rectangu-

lar”, namely, take value in a small ball (say, of radius (g¢)) about some point (say, the
origin). The symplectic form is standard:

n m
Q=dIndp+dpndg=y dl; ndgi+ ) _ dp; Adg;.
i=1

i=1

We work in the real-analytic framework, which means that we assume that H admits a
holomorphic extension on a complex neighborhood of the real “phase space” (namely,
the domain)
- n 2m
Pey =V xT" x B.",
where V' C R” is bounded, open and connected, (T = R/(277Z)) is the “flat torus”,
Bgz’" is the 2m-dimensional ball around O of radius ¢, relatively to some norm in R2m
In this framework, we present1 two “KAM theorems” which deal with different sit-
uations. A basic assumption, common to both statements, and often referred to as
“Kolmogorov condition”, is:

(A1) the map I — 97 Hp(1) is a diffeomorphism of V.

However, due to the proper degeneracy mentioned above, such assumption is to be
reinforced with some statement concerning the perturbing term, or, more precisely, its
Lagrange average

1
P (1, p,q; ) = ~— / P, ¢, p,q;Wd"g
Q)" Ji0,27 1

with respect to the ¢-coordinates. Such extra-assumption will be different in the two
statements; therefore, we quote them below.

I We refer to specialized literature for historical notices and constructive approaches to KAM theory: see,
e.g., Gallavotti (1994), Gentile and Gallavotti (1995), Bonetto et al. (1998), Chierchia and Procesi (2019)
and references therein.
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The first result is a revisitation of the so-called Fundamental Theorem by V.I. Arnold,
Arnold (1963). Such theorem has been already studied, generalized and extended in
previous works (Chierchia and Pinzari 2010; Pinzari 2018). Here, we deal with the
situation (not considered in the aforementioned papers) where P,, admits a ‘“Birkhoff
Normal Form” (BNF hereafter) about (p, g) = (0, 0) of high2 order; say s. As expected,
a higher order of BNF allows to improve the measure of the “Kolmogorov set”, namely
the set given by the union of all KAM tori. We shall prove? the following

Theorem 1.1 Assume (A1) above and the following conditions:

2 2
(A2) Pu(L. p.q) = Y 5_y Pi(rs D+O0ae41(p. q: D, withri = "SI and Pj(r: 1)
being a polynomial of degree j inr = (r1,--- ,ry), for some?2 < s € N.
(A3) the m x m matrix B(I) of the coefficients of the second-order term Py (r; I) =
% Z;’?‘/:l Bij(D)rir;j is non-degenerate: | det B(I)| > const > O forall I € V.

Then, there exist positive numbers €, < &g, Cyx and cy such that, for

82s+2

0<8<8*, 0<M<m

ey

one can find a set IC C P, formed by the union of H-invariant n-dimensional
Lagrangian tori, on which the H-motion is analytically conjugated to linear Diophan-
tine quasi-periodic motions with frequencies (w1, @) € R" x R"2 with w1 = O(1)
and wy = O(w). The set K has positive Liouville—Lebesgue measure and satisfies

measP, > measkC > (1 - C*SS_%) measP; . 2)

The second result deals with lower-dimensional quasi-periodic motions, the so-called
whiskered tori. These are n-dimensional quasi-periodic motions (in a phase space of
dimension 2n + 2m), approached or reached at an exponential rate. For simplicity, in
view of our application, we focus on the case m = 1. In addition, we allow a further
degeneracy in the Hamiltonian: the unperturbed term Hy may possibly depend not on
all the I’s, but only on a part of them.

Theorem 1.2 Let m = 1, and let Hy depend on the components Iy = (111, ..., I1,)
ofthe I = (I1, I)’s, with 1| < ny <n :=nj+ ny. Assume (A1) with I replacing 1
and, in addition, that

(AY)) Pw(I, p,q; 1) = Po(I, pg; ) + P11, ¢, p, q; ) with | Pr|| < allPoll;
(A%) 13,4 Pol = const > 0 and | det 8,22P0| > const > 0ifny # 0.

2 Arnold (1963), Chierchia and Pinzari (2010), Pinzari (2018) deal with the “minimal” case s = 2. The
case s = 2 is called here “minimal” as we work in the framework of generalizations of the Kolmogorov
condition (A1) above. In Riissmann (2001), Féjoz (2004), using different techniques, the case s = 1 has
been considered.

3 For simplicity of notations, we do not write © among the arguments of the functions in Theorem 1.1
and 1.2.
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Fix n > 0. Then, there exist positive numbers a, €, < &9, Cy and cy such that, if

C P 1+n
0 < e < ey, O<a<a*84, O<M<M 3)
(loga=1)e

one canfind a set K formed by the union of H -invariant n-dimensional Lagrangian tori,
onwhichthe H-motion is analytically conjugated to linear Diophantine quasi-periodic
motions with frequencies (w1, wy) € R" x R™ with w; = O(1) and wy = O ().
The projection Ky of set IC on Py := V x T" has positive Liouville—Lebesgue measure
and satisfies

measPy > measky > <1 - C*\/E) measPy . 4)

Furthermore, for any T € K there exist two (n + 1)-dimensional invariant manifolds
W, Ws C Py, such that T = W, N Ws and the motions on Wy, W leave, approach
T at an exponential rate.

Before we go on with describing how we aim to use the theorems above, we premise
some comment.

(i) The conditions involving w in (1) and (3) are not optimal. With a procedure
similar to the one shown in Chierchia and Pinzari (2010, proof of Theorem 1.2,
steps 1-4), one can show that they can be relaxed to, respectively

1 1
M= Cooge 2 M= Clogal Pol) )2

with some Cy, b > 0.

(i1) The careful bounds on the measure of the invariant sets provided in (2) and (4)
are needed in view of our application. Indeed, we shall apply both the theorems
above in order to prove that, in the three-body problem, closely to the co-planar,
co-circular, outer retrograde configuration (see below for the exact definition),
full-dimensional and “whiskered” quasi-periodic tori co-exist [the result was
conjectured in Pinzari (2018)]. In the application, & will correspond to the max-
imum eccentricity or inclination; a the semi-major axes ratio, and the use of a
high-order BNF in Theorem 1.1 will be necessary because the size of the set goes
to 0 with some power of ¢ (s = 4 will be enough for our application).

(iii) Following Chierchia and Gallavotti (1994), Theorem 1.2 might be extended to
prove the existence of “diffusion paths” and “whisker ladders”. We shall not do,
as proving Arnold instability [in the sense of Arnold (1964)] for the system (5)
below is not the purpose of this paper. We, however, remark that such kind of
instability has been found for the four-body problem in a very similar framework
(Clarke et al. 2022). We remark that proofs of chaos or Arnold instability in
celestial mechanics are quite recent (Féjoz et al. 2014; Delshams et al. 2019),
by the difficulty of overcoming the so-called problem of large gaps. See Guzzo
et al. (2020) and references therein.
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(iv) Another important aspect in view of the application described above is a rather
standard consequence of the proof of Theorem 1.2: If P (namely, P;) has an
equilibrium at (p, g) = 0, then, along the motions of /C, the coordinates (p, q)
remain fixed at (0, 0) (rather than varying closely to it), namely

KcVxT"x{0,0))}.

More generally, the stable and unstable invariant manifolds do not shift from the
unperturbed ones:

WSCPgQ{CI:O}, Wucpgﬂ{pzo}.

1.2 Application to the three-body problem We apply the results above to prove that,
in a region of the phase space of the three-body problem, and under conditions that will
be specified later, full dimensional and whiskered tori co-exist. We underline that the
co-existence of such different kind of motions is not a mere consequence of the non-
integrability of the system (as in such case the result would be somewhat expected)
as it persists in two suitable integrable approximations of the system, close one to the
other. Indeed, such motions will be found in a very small zone in the phase space of
the three-body problem which simultaneously is in the neighborhood of an elliptic
equilibrium of one of such approximations and in a hyperbolic one of the other. Such
an occurrence is intimately related to the use of two different systems of coordinates,
which are singular one with respect to the other, in the region of interest. The authors
are not aware of the appearance of such phenomenon, previously.

After the “heliocentric reduction” of translational invariance, the three-body problem
Hamiltonian with gravitational masses equal to mg, um and wmy and Newton con-
stant G = 1, takes the form of the two-particle system [see, e.g., Féjoz (2004), Laskar
and Robutel (1995) for a derivation]:

2 2 0. ,@
[y®] m; M; mimy yHey
Hap = el Rl + 5
% 2;( 2m; [x @] # [x@D — x@) mo ©)

=

with suitable values of m; = m; + O(u), M; = mg + O(u). We consider the system
in the Euclidean space, namely we take, in (5), y(i), x® e R3 with x® # x@.

We call Kepler maps the class of symplectic4 coordinate systems C = (A1, Az, ¢,
£>,y, x) for the Hamiltonian (5), where y = (y1,...,y4),X = (X, ..., X4), such
that:

4 Namely verifying
2 4

Q=dAAdl+dyndx=Y dA; Adl;+ Y dy; Adx;.

i=1 i=1
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— A; = m;+/M;a;, where a; denotes the semi-major axis of the i™ instantaneous’

ellipse;

— 41,4, € T are conjugated to A1, A>. Such angles are defined in a different way
according to the choice of C. In all known examples, they are related to the area
spanned by the planet along the instantaneous ellipse.

Using a Kepler map, the Hamiltonian (5) takes the form

32 32
-~ mMy - myMj

H =
€T 7oA T Az

+ufe(Ar, Az, €1, €2, 5, %) ©)

where ¥, X include the couples (y;, x;) such® that nor y; nor x; is negligible. §, X are
often called degenerate coordinates, because they do not appear in (6) when  is set
to zero. In other words, He is a properly degenerate close-to-be-integrable system, in
the sense of the previous paragraph.

We call co-planar, co-circular, outer retrograde configuration the configuration of two
planets in circular and co-planar motions, with the angular momentum of the outer
planet having opposite verse to the resulting one. In Pinzari (2018) it has been pointed
out that, under a careful choice of C such configuration plays the role of an equilibrium
for the (¢1, £7)-averaged perturbing function

_ A 1 .
fe(A1, A2, y,X) = —2/ fo(A1, Mg, €1, 82, ¥, X)dl1des.
2m)= Jio.2272

But what matters more is that, closely to such equilibrium, there exist two such C;’s such
that the Hamiltonian He, is suited to Theorem 1.1, while Hg, is suited to Theorem 1.2.
This leads to the following result, which states co-existence of stable and whiskered
quasi-periodic motions in the three-body problem. It will be made more precise (see
Theorem 2.1) and proved along the paper.

Theorem A In the vicinity of the co-planar, co-circular, outer retrograde configura-
tion, and provided that the masses of the planets and the semi-axes ratio are small,
there exists a positive measure set K| made of 5-dimensional quasi-periodic motions
T1’s “surrounding” (in a sense which will be specified) 3-dimensional quasi-periodic
motions T;’s, each equipped with two invariant manifolds, called, respectively, unsta-
ble, stable manifold, where the motions are respectively asymptotic to the 1’s in the
past, in the future.

We conclude with saying how this paper is organized.

e In Sects. 2.1 and 2.2 we recall the main arguments of the discussion in Pinzari
(2018), which lead to put the system (5) to a form suited to apply Theorems 1.1
and 1.2.

5 With reference to the three-body Hamiltonian (5), the i th instantaneous ellipse is the orbit generated by
h = @12 mM
LT 2my |X(i)\

in a region of phase space where h; is negative.

6 The reason of this is that the Hamiltonian (5) has first integrals, as recalled in the next section.
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e In Sects. 2.3 and 2.4 we check that the two domains where Theorems 1.1 and 1.2
apply have a non-empty intersection, and such intersection includes both families
of tori. This check is subtle, because of the difference of the frameworks used.

e In Sect. 3, we prove Theorems 1.1 and 1.2 via a carefully quantified KAM theory.

2 Ellipticity and Hyperbolicity Closely to Co-planar, Co-circular, Outer
Retrograde Configuration

Putting the system in a form suited to Theorem 1.1 requires identifying an elliptic
equilibrium, while Theorem 1.2 calls for a hyperbolic one.

Denoting as (CY) :=x/) x y() the angular momenta of the planets, we proceed
to study motions evolving from initial data close to the manifold

My = [(y,x) : CO (=@ | ¢, and xV, x® describe circular motions.}.
)

The sub-fix “7” recalls that C) and C® are opposite. In the two next sections,
we recall material from Pinzari (2018), which highlights a sort of “double (elliptic,
hyperbolic) nature” of M.

2.1 Ellipticity (with BNF)

Basically’, the construction of the elliptic equilibrium—and of its associated BNF—
proceeds as in Chierchia and Pinzari (2011). We briefly resume the procedure here.
We fix a domain D, C R!? for impulse-position “Cartesian” coordinates

c=(y,x) = (y(l), y(2)’ x @D, X(Z))

of two point masses relatively to a prefixed orthonormal frame (k1| k@, k) in R3.
As a first step, we switch to a set of coordinates, well known in the literature, which
we name JRD, after C. G. J. Jacobi, R. Radau and A. Deprit (Jacobi 1842; Radau 1868;
Deprit 1983), who, at different stages, contributed to their construction.

We fix a region of phase space where the orbits 1 — (x/)(z), yD (1)) generated by
the unperturbed “Kepler” Hamiltonians

2
WO P mM;
ko . )

2m; [x)]

in (5) are ellipses with non-vanishing eccentricity. Then, we denote as P) the unit
vectors pointing in the directions of the perihelia; as a; the semi-major axes; as £; the

7 As pointed out in Pinzari (2018), the only note-worthing difference with the case studied in Chierchia
and Pinzari (2011) (which deals with prograde motions of the planets, namely, revolving all in the same
verse) is that here the elliptic character of the equilibrium does not follow for free from the symmetry of
the Hamiltonian, but is checked manually.
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“mean anomaly” of xU )(which, we recall, is defined as area of the elliptic sector from
PY) to x/) “normalized at 277); as CV) = x) x y()| j = 1, 2, the angular momenta
of the two planets and C := C) + C? the total angular momentum integral. We
assume that the “nodes”

v =kP xC, vi=CxCP=c?® xch (8)

do not vanish, anytime. Such condition is equivalent to ask that the planes determined
by the instantaneous ellipses and the (k1, k) plane never pairwise coincide. As
in previous works, we use the following notations. For three vectors u, v, w with u,
v L w, we denote as oy, (u, v) the angle formed by u to v relatively to the positive
(counterclockwise) orientation established by w. Then, the JRD coordinates are here
denoted with the symbols

jrd = (jrd= (A1, A2,G1,Ga, €1, 02,71, 12), (G, Z.7,)) € R* x T x R? x T2

©)
and defined via the formulae
Z:=C - k® ¢ =y (KD, vy)
G :=|C| y i=ac(i,v)
G := ||ICcD| 1 = acn (v, PD) (10)
Gy := |IC?| y2 = aco (v, PP)
Aj:=M;, /mja; £ := mean anomaly of x)

The main point of JRD is that Z, ¢ and y are ignorable coordinates and G is constant
along the motions of SO(3)-invariant systems. Therefore, most of motions of SO(3)-
invariant systems are effectively described by the “reduced” coordinatesTrE This
strong property cannot be exploited in the case study of the paper, as the manifold
M, in (7)is a singularity of the change (10). More generally, any co-planar or circular®
configuration is so. Pretty similarly as in Chierchia and Pinzari (2011), we bypass such
difficulty switching to new coordinates denoted as

rpsy = (r/P\Sn = (A1, Ao, A, A2, M1, 12,61, 62, p,q), (Z, C))

8 Circular configurations correspond to G; = A;; co-planar configurations correspond to G = 017Gy +
02Gy, with (01, 09) € (£1)?\ {(—1, =)}
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9

where the A ;’s, Z and ¢ are the same” as in (9), while

A=+ +y

M=bL+yn—y

m +i8 = 2(A1 — Gp)e 1Y) (11)
m + &2 = —y/2(Ag — Gp)e! TPV

p+ig =—/2(G+ Gy — Gp)el”

As inJRD, (Z, ¢) is a cyclic couple in SO(3)-invariant Hamiltonians but now no more
cyclic coordinates but it appears. This leaves the system with 5 degrees of freedom
and an extra-integral: the action G written using rps_.:

2, g2 24 g2 24,2
+ + +
Grps, = Ay — Ay = EEL 8 P4 a7 (12)
i 2 2 2
We denote as
1 2
- _ miM]  mjM3 ( mymy yr(p?vn -yr(p)sﬂ)
YV Y T 2
2A7 243 |xrgp?v,, - xrgp?vﬂ | o
=th(A) + wfrps, (A A 2) 2=, 8, p,q) (13)

the Hamiltonian (5) written in RPS; coordinates, and worry about it.
We note that the manifold My in (7) is now given by

M, = {rps,, 1z :0}.
Then we consider a neighborhood of M, of the form

Mips g =L % T? x Bf ),

0

where BSO is the 6-ball centered at 0 € R® with radius eo; T := R/(2nZ) and L is
defined as

L::{A — (AL AY): Ao <As <Ay, k Ay <A< k+A2}. (14)

9 There is an inessential difference between the Definition (11) and the one in Pinzari (2018, Egs. (25),
(26))). Denoting as rps, := ((Al, A2, A1, A2, 711,12, €1, 62, D, ), (P, Q)) the coordinates defined in
Pinzari (2018), we have the following relations:

A=A +¢

=2 —¢ )
n g = () +ige ¥
M +iEy = (m +ikp)el
P+ig = (p +ig)e’

P+iQ0=2G—-2)e ¥

Butas (Z, ¢), (P, Q) and ¢ do not appear in the Hamiltonian, its expression does not change.
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Here, 0 < A_ < Ay are arbitrarily taken (more conditions on such numbers will
be specified in the course of the paper) and, for fixed positive!? numbers 0 < a_ <
o4 < 1, kg are constants depending on o4 and the masses via

my [mo+ pmy
kyi=— | —a+ .
ma \ mo + pmi
We now take 0 < § < 1 and'! and assume

8
0<@<min{,/(l—8)a,,l—8], 0<pu < puo(d):= 0

mi mi(1—38) —my
(16)

(15)

Then we'? have

10 Observe that o— and o4 have the meaning of lower and upper bound for the semi-major axes ratio
o = ay /ap, namely,

o <a<ay V(A,A)eLl.
Indeed, from the formula

AL _my fmoF s
Ay mp \ mg + umq

we find

2
m mqy + um
a5<72> mot My
mi mqy + pumyp

and, similarly, « > «o_.
' The reader might ask the reason of inequalities in (16). This is related to the fact that we want to
investigate a region of phase space where the inner planet, labeled as “1”, has a larger angular momentum,
namely, G| > Gp, and, simultaneously, the masses of the planets, as well as their eccentricities and mutual
inclination are small. As, when eccentricities and mutual inclination go to zero, the Gj reduce to A;, by (14),
the number k_ in (15) needs to be strictly larger than 1. Conditions (16) are apt to ensure this, as in fact
they immediately imply
mo + pmy

l-6<——= <143
mo + pmj

hence, by (15),

e =M S0 =8 > 1.
my

12 The proof in Pinzari (2018, Appendix A) is given with § = 1 — 4)%2 > % but works well also for any

§ € (0, 1). Indeed, for (A1, Ap) € L,
A my
A — Ay =Ap A——l >A_k—)>=A_ | —y/U=8)a_—1]) .
2 my
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Proposition 2.1 [Pinzari (2018, Section III and Appendix A)] One can find g9 > 0,
depending only on A_, 8, a_, my, my such that the function H,ps_ in (13) is real-
analytic'3 for (N, 1,0, &, p,q) € M, ps, eo- In addition, for any s € N, there exists a
positive number o such that, if o, < o, there exists a positive number 1 < o and
a real-analytic canonical transformation

¢bnf (A, X, 7, g, P.q) € Mrps,,,el — (A, A, 1,8, p,q) € Mrpsﬂ,eo

which carries (7, €, p,q) =0to (1, &, p,q) = 0 forall (A, 1) € L x T?, such that,
if

Hpns i=Hps. © Gpny = hic(A) + i fong (A, X, 7,8, 7, Q) (17)

then the averaged perturbing function
Simp (M TLE, P 5):;[ (AT, 8, P, Qdhdhra
bnf s 1y Sy Py . (27_[)2 . ERATIERCR N )
“is in Birkhoff Normal Form of order s, namely:

1 _ S -
Fing = Co(A) + QT+ 5T-TINT +Hi23 ) Pj(T: A) + 0251 (7.£. 7.7 A)
j=3

where Q(A) = (21(A), Q2(A), Q3(A)); Pj(T; A) are homogeneous polynomials of

2, =2 0, =2 5,2
R + + . .
degree j in T := <"]2$‘, ?72252 , 2 ;q ) and the determinant of the 3 x 3 matrix

T(A) does not identically vanish. Moreover, ¢pyy leaves Gyps  unvaried, meaning
that the function

=2 2 2,7 =2,
+ + +
n+&; n n+&; L Pt

G:=A|— Ay —
b= a2 2 2 2

is still a first integral to H.

Therefore, for (A1, A) on a complex neighborhood of £ depending on A_—, m1, my, «— and § we shall
have [A1 — Ag| > Af (%‘/(l —8a— — 1) and, as in the proof of Pinzari (Pinzari (2018), Proposition

II1.2), one can take g < Af (%\/(1 —8a_ — 1) in order that the denominators of the functions c’f,
co, cz in (Pinzari 2018, Appendix A) do not vanish, and so small that collisions are excluded.

13 Namely, analytic on a complex neighborhood of M ps._ ¢, and real-valued on M ps_ s -
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2.2 Hyperbolicity

The hyperbolic character appears using a set of canonical coordinates, named perihelia
reduction (P-coordinates). This is a further set of canonical coordinates

pi= (ﬁ, (Z.G, ¢, g)) € R32 x T32 x R? x T2 (18)

performing full reduction of SO(3) invariance for a n-particle system, which, in
addition keeps regular for co-planar motions. The P-coordinates have been firstly
introduced in Pinzari (2018), to which we refer for the proof of their canonical charac-
ter. We remark that in (18), G, Z and ¢ are the same as in JRD in (10). The coordinate g,
conjugated to G, is not the same as in (10), but of course (Z, ¢, g) are again ignorable
and G is constant in SO(3) invariant systems. For the 3-body problem, namely, n = 2,
the 8-plet P is given by

Pi=(A1,72,G2,0, 01,62, 2,0)
with A, £, G2 as in (10). To define ©, g, ¥ and g», we assume that
vii=k®P xC, n:=CxPD,  1,:=PD xCc? n,=c? xpP? (19

do not vanish. Note that v; in (19) is the same as in (8). We!* let (under the same
notations as in the previous section)

U i=apm (ng, v2)
®:=C.PL =c® .pM g:=ac(vy, np) (20)
g =aco(v2, n2)

We now describe the role of the P-coordinates in the Hamiltonian (5). We denote as
Hp = hx (A1, A2) + ufp(Ar, Az, Ga, ©; £y, €2, 22,0 G)

W here
1 2

hi (A1, A2) = — fp=-
P |xz(>1) _x;2)| mo

2 2
207 2A2

the Hamiltonian (5) expressed in terms of p, and

1
fav = / f dﬂldﬁz
P 2m)2 Jioanp "

14" The second equality in the first equation in (20) is implied by C = c® 4+ c@ anac® .pd =g,
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the doubly averaged perturbing function. We look at the expansion

F = —% (1 +a?P+ 0(a3))
2

where o := % is the semi-major axes ratio. We focus on the function P. Let £ as
in (14); ¢ € (0, 1), and put

2
L,(G) = {A:(Al,Ag)GE: Ar> G Do,

5A2G — (G + 54/_0(+A])2(4G + é/_a+A1) -0,
5ATG — (G + A2)(4G + Az) > 0
Ar>G, A > 2G} 1)
2
Gp(A1. Ay, G) = {Gz : max(~/ay A2, G} < Gy < Az}
G T
By(G) = {(@,19). O] < 5. 121 < E} (22)
and finally
Ap(@) 1= {(A1,A2,G) : (A1, A2) € L,(G), G2 € Gpl(Ar, Ad))
Moreover, we let
N(G):=A,y(G) x T3 x B,(G), No(G):=A,(G) x T3 x {0,0}.  (23)

Note that phase points in A has the geometrical meaning of co-planar motions with
the outer planet in retrograde motion.

Proposition 2.2 (Pinzari 2018, Section IV) The 4 degrees of freedom Hamiltonian
H, is real-analytic in N. It has an equilibrium on No. Such equilibrium turns to be
hyperbolic'> for P.

2.3 Existence and Co-Existence of two Families of Tori

Theorems 1.1 and 1.2 can now be used to prove the existence of both full-dimensional
and whiskered, co-dimension 2 tori in the three-body problem. Indeed,

15 In Pinzari (2018) a slightly more general result is proved: the equilibrium is hyperbolic when £, in (21)
is defined without the inequality

5A%G — (G + A2)(4G + Ay) > 0 (24)

and G, in (22) is taken to be {G2 : max{% /ay N>, G} < Gy < min{Aj, G*}}, with G* the unique

root of the polynomial G, — SA%G — (G 4+ G2)(4G + Gy). But as (24) ensures Ap < G*, under such
restriction, G can be taken as in (22).
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— Under conditions (1), by Theorem 1.1, an invariant'® set F ¢ M, for the Hamil-
tonian H;ps_ with 5-dimensional frequencies is found, whose measure satisfies

measM, > measF > <l — C*s%ﬁ) meas M, (25)

where s = 5 — 2.

— Under conditions (3) with a = «, by Theorem 1.2, for any G € R, one finds an
invariant set H(G) C No(G) with 3-dimensional frequencies for H;, and equipped
with 4-dimensional stable and unstable manifolds!”, whose measure satisfies

measNy(G) > measH(G) > (1 - C*\/a) measNy(G) . (26)

In the next, we show that the invariant sets F and H(G) constructed above “have a
common domain of existence”. We have to make this assertion more precise, mainly
because F and H(G) have been constructed with different formalisms.

Let

Glps, : TPSz = P (27)
the canonical change of coordinates between rps ., and p, well defined in a full measure
Iii G+, Go the respective images under the function (12):

Go:=Grps, M),  Gu:=Grps, (F)
of the sets M., F. As F C Mg, then G, C Gy. For any Gg € G, G, € G4, let
Me(Go):= M N {Grps, =Gol.  F(Gy):=F N {Gyps, =Gy}
M (Gp) and F(G,) are invariant sets because Gyps, is conserved along the motions
of Hy .
Define:

M (Go) i=dfps, Me(Go)),  F'(G) = s, (F(Gx)).

16 More precisely, Theorem 1.1 is applied to the Hamiltonian Hp,, ¢ in (17), hence with
ny=2,n=3 V=L, e=¢1, Hy=hy, P = fpnf

corresponding to the image under ¢ of the invariant set obtained through the thesis of Theorem 1.1.

7 Theorem 1.2 is applied to the Hamiltonian H), of Proposition 2.2, hence with

n=2,n=1V=A4,G)
Hy=hg — ™72 py— M2 2p p— MM2003) 4=y
a a a
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At the cost of eliminating zero-measure sets from Go, G, the sets F'(Gy), M. (Go)
are well-defined, for all Gy € Gy, G, € G,. Then split

ML(Go) = ML(Go) x {(G=Go, g€ T}  F'(Gy) = F(Gs) x {G =Gy, geT)

The volume-preserving property of ¢/ ps,, in (27), the monotonicity of the Lebesgue
integral and the bounds in (25) guarantee that

measM.(G,) > measZ (G,) > (1 - cﬁ”) measM,(Gy) V¥ Gy € G,(28)

with some C; > 0.

Recall now the definition of AV'(G), My(G) in (23) and H(G) in (26). The main result
of the paper is the following

Theorem 2.1 Let 0 > 0 half-integer. There exist e, co € (0, 1) such that, if ¢ < &,
G, € Gy, Gy > 66182, oy < coel? and p verifies (1), Q)witha = a4 and s = o—l—%,
then there exists a non-empty set A,(Gy) such that, letting

Q(Gy) = A (Gy) x T* x Bi(e,G,),  Q0(Gy) = A(G) x T? x {(0, 0)}

and denoting j—'\; (G*),A 'ﬁ* (Gy) Athe respective intersections of F (Gy), ﬁ(G*) with
Q(Gy), Qo(Gy) then F,(Gy), H(Gy) are non-empty and in fact verify

o

measQ(Gy) > measﬁ;(G*) > (1 - 2—0) meas Q(G,) 29)

*
ot
coe!?

meas Qo (Gy) > measﬁ*(G*) > <1 — > measQy(Gy). (30)

The proof of Theorem 2.1 relies on some technical result (Propositions 2.3, 2.4 and 2.5)
which we now state and prove later.

Proposition 2.3 Let, for a suitable pure numberk € (1,2), A_ <G, k_ <kky > 2,

op < %. Choose A 4 as the unique value of Ay > G such that C and the straight line
A1 = 2A5 meet at (A1, A2) = A4, Ay). Let

4G + Ay
5G

Lo(G) = {(A], Ar): G<Ar<A;i, (G+ Ay < Ay < minf{ky Ag, 2A+}}
A(@):={(A1, A2, G) : (A1, A2) € £o(G). Gz € Gp(Ar, M)
Then, the set

No(G) := Ap(G) x T3 x B,(G)

is a subset of N'(G).
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Proposition 2.4 There exists ci € (0, 1) depending only on A4 /G, A_/G such that,
letting, for any y < 6%82,

L1(G) = {(Al, A el ,|A—A—G| < C%é‘z}
Gi(A2):= {Gz DAy —cle? <Gy < Ay — y}
A ={(A1, A2, G (AL AD €Ly, G e GilA)
82
BiG.&)={©.9): 0 <ciGe?, 92 < i ]
G
then the set
MG, &) :=A1(G) x T x B (G, ¢)
is a subset of /T/l\é Q).

Proposition 2.5 Assume G > 100%82 and o4 < %. Then, Ao(G) and A (G) have a
non-empty intersection A, (G), verifying

9
meas(A,(G)) > E(c%sz — y)c‘l‘ez4

We prove how Theorem 2.1 follows from the above propositions. Q(G,) is a subset
of M/, (G,) and N (G,), and

measQ(G,) = Cie® = Cre? measﬂg.
The bound in (28) guarantees that
meas (J\//\l;(G*) \ f’(G*)) < C38%+E meas//\./l\;(G*) V G, € G,.
On the other hand, if ]/-:é (Gy) N Q(Gy) was empty, we would have
meas (M. (Gy) \ F'(Gx)) > measQ(Gs) = Coe? measM.(Gy)

which contradicts the previous inequality if 5 > % and ¢ is small. Finally, if G, € G,

meas (Qg (Gy) \f’(G*)) < meas (/\//YQ(G*) \ j-:’(G*)) < Cge%ﬁ meas/\//T;(G*)
= C4sf_% measQ, (Gy)

and we have (29) witho =5 — % =5 — %, with s > 4. The proof of (30) is similar.
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2.4 Proof of Propositions 2.3, 2.4 and 2.5

Proof of Proposition 2.3 We only need to prove that £o(G) C L£,(G). We switch to
the coordinates

We denote as &), :=G’]£p the domain of (y, x), and as

A Ay
X_i=—, Xyi=—
TG

X, can be written as the intersection of the three sets:

[4
X1 =1, x): I <x<x4, y>2 max{k—x, (1+x) ¥}<y<k+x}
2
Xy =1 1<x=<x4, y>1+- 0!+X}
c
2 2 2 2
Xy ={(y,x): 1<x<xy4, y>2, 5y —(1+;\/0‘+)’) (4+;\/0¢+)’)>0

We prove Xy := G 1Ly is a subset of all of them. The curve

4
C: y=(1+x),/% x> 1

passes through Py = (1, 2). We denote as k the slope of the straight line y = kx which
is tangent at C at Py. The slope of the straight line y = kx through Py is obviously
k = 2. We assume that

ko <k, ky>=k

and choose (x4, y+) as the only (x, y) with x > 1 such that C meets y = 2x at (x, y).
Under such assumptions, we have:

4
Xlz{(y,x): l<x<xy, (I4x) %<y<k+x}32(0

The straight line which is tangent at C at Py = (1, 2) has equation

6,4
Y=35T5
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1

1 n n n 1 n n n 1

n n n n n n 1 n n n n
b 4 6 8 10 12

Fig. 1 The blue curve is C; the orange line has slope k—, the green one has slope k4 (MATHEMATICA)

. 2 .
Since we a4 < %, x > 1 and C is convex, we have

4+ x
5

2 6 4
1+ - /a+x§1+x§§x+§§(1+x)
c

This shows that X, D Xp. As for A3, we note that for

< C2
a —
=16
it is
S~ (14 2 iy + o iy = 5y - (14 2) (44 2)
c c - 2 2
1
= Z(y =2)(y =y )+ — ).
with

yy = 13 £/185.

Asy_ <0Oand (y —2)(y+ — y) > 0 on &), we have that X3 D Ay (Figs. 1,2). O
Remark 2.1 The numbers k, A of Proposition 2.3 can be chosen as

Ay =

2| Q

1 [3
(13+¢185), k= 1/5(69+11V33) ~ 157
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=

Fig.2 Ly(G) (blue) and L£1(G) (green)

A is related to the number x4 computed along the proof via A = x4 G. k is defined
as the slope of the straight line y = kx which is tangent at C. We can compute it
eliminating y between the two equations; we obtain the cubic equation
3 2y,2 —
x4+ (6—5%")x"+9%x+4=0. 31
The tangency condition is imposed identifying this equation with

x—a)Xx—b)=0 (32)

where a is the abscissa of the tangency point. Equating the respective coefficients
of (31) and (32), we obtain

—(b+2a) =6 — 5k*
2ab+a* =9 (33)
—a’h =4

Eliminating b through the second and the third equations, we obtain

a>—9a—-8=0

which has the following three roots:

1 £33
ap=-1, ayr=—°3—.
2
The only admissible value is then
1+4/33
a=0y=—3—.
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In correspondence of this value for a, solving the system in (33), we find

—17 4+ +/33 1 /3
b= ——, k=—-,/—(69+11+/33) = k.

32 4 10( + )=k 0

Proof of Proposition 2.4 From (11), we get
2=+ + 3+ 8+ p*+¢> =2(G+ Gy — G) +2(A; — G)) +2(Ay — G).
From the equality
Gy = \/GZ +G3 — 202 +2y/G2 - ©2,/G2 — ©2 cos ¥
02 0%G, e’G ¥2GG,
- G+G2+O<G+G2) +O<G(G+G2)) +O<G2(G+G2)> +O<G+G2)

and the definition of V1 (G), the assertion trivially follows. O

Proof of Proposition 2.5 Let A be the abscissa, in the plane (A2, A1), of the intersec-
tion point between the curves

4G + A
A= (GH+A T and Ay = A2+ G el

. . . A% 2,2
Using the coordinate x := % With x* := @2, 6= Cg , 0= é, where ¢ < 6, the

set A, (G) :=A9(G) N A;(G) has measure

x*

meas(A,(G)) =G> / Fi(x)F5(x)dx

1+¢
where
4
Fi(x) = min{2x, x+1 +0} ()X
Fz(x)=min[9—;, x—1-¢, mx—g}
and where, for short, we have let m :=1 — % Jo+. Then,
X*
meas(A,(G)) > G> / Fi(x)F(x)dx . (34)
1+¢

To go further, we need a quantitative bound on x*. Indeed, we have

Claim 2.1 If0 < 0 < {5, then 1 + 40 < x* < 1 + 60.
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The proof of the claim is postponed below, in order not to interrupt the main proof.

Since we have assumed G > lOc%&2 and a4 < C—6 then G > - ZV - 2 2 In the

new variables, this is 0 < IL—m) But then

o(

xF <1460 < = x—1-¢<mx—-¢ Vx<x*

whence

x—1—-¢ifl4+¢<x<1+6
F(x) =
0—¢ ifl1+0 <x <x*

Observe that the second inequality is well put, because x* > 1 + 40, as said. The
function Fj(x) splits in the same intervals:

2x — (1 +x),/ 4> ifl+c<x<1+6
Fi(x) = (35)
X+1+0—(1+x)/HEif 1+60 <x <x*

Since ¢ < 6, a lower bound to the integral in (34) is given by

*

/x Fi(x)F2(x)dx > /x Fi(x)F(x)dx = (0 —;)/x F(x)dx
14z 140 146
with

x+4

Fx)i=x+1+6—(1+x) (36)

the function in the second line in (35). Since F is the difference of a linear function
and a convex one, it is concave. Then, we have

. Pt = F() .
(X)>F(l)+?( x—1) Vi<x<x

since F(x*) = 0 and F (1) = 0, this inequality becomes

*

F)>——29 Vi<x<x
x*—1
hence
x 0 oo 0 (x*—1—0)>2 )
F(x)dx > x* —x)dx = = —_—9
140 x*—1 146 2 x*—1 10

@ Springer



90 Page 22 of 45 Journal of Nonlinear Science (2023) 33:90

having used 1 + 460 < x* < 14 60.
It remains to prove Claim 2.1. x* is defined as the zero of the function F in (36) in
the range (1, +00). Multiplying the left hand side of Equation

x+4
x+1~|—9—(1+x)‘/?=0

byx+ 146+ (1+x) "Si*, we obtain the algebraic equation of degree three

B2+ (1 +100)x —1—100 — 56> =0

which, for x > —1 is completely equivalent to the initial equation. We aim to apply
a bisection argument to the function at left hand side, which we denote as G (x). We
have

G(1 +46) = 0(646% + 190 — 4) , G(1 +60) = 0(2160% 4 790 + 4)

and it is immediate to check that

—19 + +/1385

G(1+40) <0 G +60)>0 VY0<0< 38

=0.142...

To prove uniqueness, just observe that the function x € (0, +00) — G (x) isincreasing
for all & > 0. This completes the proof. O

3 Quantitative KAM Theory
3.1 Proof of Theorem 1.1

The proof of Theorem 1.1 is based on an application of Chierchia and Pinzari (2010,
Proposition 3). The method is completely analogous to the one used in the proof of
Chierchia and Pinzari (2010, Theorem 1.3), so we shall only say what to change in
the proof of Chierchia and Pinzari (2010, Theorem 1.3) in order to obtain the proof of
Theorem 1.1. The polynomial N (Z, r) in the first non-numbered formula in Chierchia
and Pinzari (2010, Section 4) is to be changed as

m 1 m N
N(I.r)=Po()+ Y Q(Dri + 3 > BijDriry + W=z Y Piri ). (37)
i=1 ij=1 j=3

Equations (60) and (61) in Chierchia and Pinzari (2010) can be modified, respectively,
as

sup  |Py| < Ce¥t! VO <e<e
BEZ"’XV/JO
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2542 | —1yT+3%
£ = (6(2s+1)) +3 /m(loge™ ) 2 ' (38)

W< ———5r
(loge~ 1?7+ 50 ot

Analogously to Chierchia and Pinzari (2010), one next applies Lemma A.1 in Chierchia
and Pinzari (2010), but modifying the choice of K as

6(2 1

S0

(39)

and leaving the other quantities unvaried. A bound as in Equation (62) in Chierchia
and Pinzari (2010) is so obtained, with Hy as in Chierchia and Pinzari (2010), N .7
asin (37), uPay(P. ¢, I) = fonr(I, P, q) — N(I,7) uniformly bounded by Cpe?+1,
by (A3). Due to the choice of K in (39) and the one for y in (38), a bound similar to the
one in Equation (63) in Chierchia and Pinzari (2010) holds, with the right hand side
replaced by C e+, At this point, one follows the indications in Step 2 of the proof of
Theorem 1.3 in Chierchia and Pinzari (2010). Namely, one has to repeat the procedure
in Steps 5 and 6 of the proof Theorem 1.4 [previously proved in altchierchiaPil0],
with the following modification. The annulus .A(¢) in Equation (47) in Chierchia and
Pinzari (2010) is to be taken as

Ae) = {]eRm: 518”% < Ji < &2, 1<i<m}

and the number p in

Equation (48) in Chierchia and Pinzari (2010) is to be replaced with p := min
{Ew‘”‘% /2, p/48}. The other quantities remain unvaried. In the remaining Steps 5
and 6 of the proof of Theorem 1.4 in Chierchia and Pinzari (2010) replace the number
“5” appearing in all the formulae with (25 + 1) and ¢"2/2 in Equation (56) (and the
formulae below) in Chierchia and Pinzari (2010) with &”¢~3). o

3.2 Proof of Theorem 1.2

The proof of Theorem 1.2 proceeds along the same lines as the proof of Theorem 1.1,
apart for being based on a generalization (Theorem 3.1 below) of Chierchia and Pinzari
(2010, Proposition 3) which now we state.

As in Chierchia and Pinzari (2010) D), ,, : C R" denotes the set of vectors w =
(w1, wz) € R™ x R" satisfying for any k = (ky, ko) € Z™ x 72 \ {0}, inequality

Y1

i ki #0;
lw1 - k1 + w2 - kol > y (40)
o
|k2|r if k1=0, kz;éo.
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Theorem 3.1 Letnj,no e Nn:=ni+ny, 1 >ny1 >y >00<s < g%, o >0,
A:=D, x B2, . and let

£+¢’
H({, ¥, p,q) =h{, pg) + 1, V¥, p.q)
be real-analytic on A x Tg, . Let
I =, 1), @, pq) =031 pyhl, pg) = (w11, I, pq), w211, Iz, pq), v(I1, I2, pq))
with wi (11, I2, pg) :=0;,h(I1, I, pq), and assume that themap I € D, — w (I, J)
is a diffeomorphism of D, for all J = pq, with (p,q) € Bf, with non-singular
Hessian matrix U (I, J) .= 812h(1, J). Let'8

M > |[dolla, M= |1dilla, M= U la, E=|fllp54s, »<inf|Rev|s.

Assume, for'® simplicity,

<1 (41)

Define

c=2"(n+ 124", T:=2°

-1
32 EM?*L
K:=? log, —12 where log, a:= max{l, loga}
2
0 := min " 2 pf, p:=minjp, &
DMK oMK+ T s

L := max {M, M_l, M‘l}
~ EL ~
E:= - E=—:.
0o re2
Finally, let M1, M> upper bounds on the norms of the sub-matrices ny X n, no X n

of U~ of the first ni, last no rows®. Assume the perturbation f so small that the
following “KAM conditions” hold

CE <1, CE <1 42)

18 The norms will be specified in the next Sect. 3.3.
19 41)isa simplifying assumption. It may be relaxed.

— o T
20 Thatis, M; > sup | T;||, i=1,2, if U 1=<T1>.
Dy 2

@ Springer



Journal of Nonlinear Science (2023) 33:90 Page250f45 90

Then, for any (7, k) € Bsg and any wy € Qu (k) :=w (D, k) N Dy 1, ¢, One can
find a unique real-analytic embedding

o, : T x {(m,k)} - Re(Dy) x T" x B§+r,

@, 7,) = (V00,713 02, D + U, 7, K5 00), T+ WD, T K5 03), kYD, 5 ) )
(43)

such that M, := ¢, (T" x Bgz) is a real-analytic (n + 2)-dimensional manifold, on
which the H-flow is analytically conjugated to

(0, 7,6) € T" x B2 — (9 4 wt, m — me @ 5 eers(@aTily (44)
In particular, the manifolds
To, = ¢o, (T" x {(0,0)})

are real-analytic n-dimensional H-invariant tori embedded in Re (D,) x T" x Bgz,
equipped with (n + 1)-dimensional manifolds

M = o, (TI‘” % {0} x le) L M=o, (’]I‘” x Bl x {0})

on which the motions leave, approach T, at an exponential rate. Let T, o denote the

projection of T, on the (I, ¢)-variables, and K¢ := U Te,.0. Then Ko satisfies
Wy €

the following measure®' estimate:

measy, (Re (D,) x T" \ Kp) < c,,(meas(D \ Dy, y»,r x T") + meas(Re (D,) \ D) x T”),
(45)

where Dy, ,  denotes the wo(-, 0)-preimage of Dy, 1, and c, can be taken to be
en = (1+ (14 2%2E)*)%
Finally, the following uniform estimates hold for the embedding ¢, :

| ( ) 0( )|< Ml M ~
v 19,7'[,/(;(1)* — 1 TTK; Wk on| — + — E,O
! ! M M

tx)
SN

[v2( ) — 2( ) = —_— 7
v (T, ko L (mk; w on| =+
2 * ¥ M M

lu@®, 7, 1c; 0] <2Es, |w®, 7,k w0.)| <2Ee
Iy, 7, k3 wi)| <2E e (46)

21 meas,, denotes the n-dimensional Lebesgue measure.
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where v(9, 7, K5 0x) = (V1 (9, 7, k5 wi), 12(9, T,k wy) and 10(mic; wy) =
(Ilo(m(;Aa)*), Ig(nﬁ; wy)) € D is the w(-, mk)—pre-image of wy € QL (7wK). where
r:=8nEp,r =2E¢

The proof of Theorem 3.1 is deferred to the next Sect. 3.3. Here, we prove how
Theorem 1.2 follows from it.

As said, we follow the same ideas of the proof of Theorem 3.1, which in turn follows
(Chierchia and Pinzari 2010, Theorem 1.3). By (A’z),

Py, p,q) = Po(I, pq) + P1(I, p,q) where |Pi| <al Pol=:e. 47

At this point, proceeding as in Chierchia and Pinzari (2010, Proof of Theorem 1.3,
Step 1) but with € replaced by ¢, under condition

E1+r]

6 )t+% JHilloge™)T+
< — — —_—
H (log(e_l))Zﬁ_l ’

7> C<s0 % :

by an application of Chierchia and Pinzari (2010, Lemma A.1), with K = % loge™!,

rp=rg =€, r =4p = p:= min{ml};—’“’ po} (with M := sup|812] Hol), pp =
pg = €o/4, 0 = so/4, &y = ny, €, =0, m =nyh = Hy,g =0, f = uP,
A= 5:=walDy,r (where wy is as in Ay and D,, ; is the usual Diophantine set in
R”, namely the set (40) with y; = 2), B=B' = {0}, s =s0, 01 =a» =@ = %
and A = {0}, on the domain W55 where v = (p/2, €9/2) and 5 = s50/2, one finds a
real-analytic and symplectic transformation ¢ which carries H to

H(,9,p,.9) :=Ho¢(I,9,p.9)
= Ho(I) + nPo(I,pq) + P (1,9, 9,.9) + P(1, 9, D, 9)
= Ho(T) + nPo(I, pq) + wP(1, 9,7, q)

where

—2t+1 —T
12 ’ Mf e—?so/z
7 v

IPllv.s < Cpmax{ } < Cue = Cual Poll ,

whence (by (47)) also P = ,uﬁav + P is bounded by Cua ||_P0 | on Wy 5.
The next step is to apply Theorem 3.1 to the Hamiltonian H. Since we can take

M=C, M=Cu|Pll., M=Cu|Pl)~", E=CpualPol
My=C, My=Cu|PID)~", r=C""u|Pl

the numbers L, K, p and 5 can be bounded, respectively, as
L<CulPlh™", K <Clog(a/n*™!

@ Springer



Journal of Nonlinear Science (2023) 33:90 Page 27 of 45 90

and
ﬁ>cmin[ " , r2 , Y ; ;00}
- (og (a/y1»)~HT+L " (log(a/y1?)~HT*! " (loge—1T+!
5>cmin[ Y1 ’ V2 ’ Yy . oo, 82}
- (log(a/viH)~H™+!1 " (og(a/y?)~H™+! " (loge—1)T+!

having let y» := i || Po||y5. Condition (41) is trivially satisfied forany y < 1, s < 6,
while, from the bounds

i V3 y? " og

¢E < Camax { (log (a/ylz)il)xrﬂ)v (log (a/y12)71)2(1+1)’ (loge)~1)2E+D 11 } ’
one sees that conditions (42) hold taking
Y=vi=V,= 6\/5 a<Clet

with a suitable C > 1. By the thesis of Theorem 3.1, we can find a set of n-dimensional
invariant tori JC C P whose projection g on Py satisfies the measure estimate

measPy > measKo > (1 — C'(¥ + y1 + y2)) measPy > (1 — Cy/a) measP .

3.3 Proof of Theorem 3.1

We fix the following notations.

e in R"” we fix the 1-norm: |I|:=|I|; := leifnl VAR

e in T” we fix the “sup-metric”: |¢| := |¢|co := MaXi<j<y |¢;| (mod 27);

e in R we fix the sup norm: |(p, ¢)|:=|(p, )| := max{|p|, Iq};

o for matrices we use the “sup-norm”: |B] := [B|co 1= max; ; |Bijl;

e we denote as B} (z¢) the complex ball having radius ¢ centered at zo € C". If

zo = 0, we simply write B}

e if A C R* and r > 0, we denote by A, := UxoeA B (xp) the complex r-
neighborhood of A (according to the prefixed norms/metrics above);

e given A C R” and positive numbers 7, ¢, s, we let

vi=(r,e), U,:=A, x Bf, Wys:=Uy x T}

e if f isreal-analytic on a complex domain of the form W, ,, with vg = (79, €0),
ro >r, & > ¢&,s0 > s, we denote by || f||,.s its “sup-Taylor—Fourier norm”:

I fllos =Y sup|fupileel@P) (48)

kap Uy
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with |k| :=|k|1, [(at, B)|:=ex|1 + |81, where fi o g(I) denotes the coefficients
in the expansion

f= > Teap(De™ ¥ pqP:
(k,or, B)eZ xNE x Nt
o #BiVi

e if f is as in the previous item, K > 0 and L is a sub-lattice of Z", Tx f and {r_ f
denote, respectively, the K -truncation and the L-projection of f:

Tx f = > feap(De?pg? . s

(k,or, B)eZ xNt xN¢
a; #BiVilk|1 <K

= > feap(De*? pqP
(k,or, B)€Z" xNE xN¢
o #Bi Vi, kel

with fi o g(I) := fra,p(I,0,0). We say that f is (K, L) in normal form if f =
o7k f. If L is strictly larger than {0}, we say that f is resonant normal form.

Proposition 3.1 (Partially hyperbolic averaging theory) Let H = h(ly, I, pq) +
fU, @, p,q) be a real-analytic function on Wy, s, with vog = (ro, &o). Let K, r,
s, & T, 8, positive numbers, witht < r /4,5 < s/4and & < &/4. Put 6 := min {§, %}

Assume there exist positive numbers a1, oy > 0, with oy > o, such that, for all
k = (ky, ka, k3) € Z'*1, 0 < |k| < K and forall (I, p, q) € Uy,

o ifkl#o

for- ki ezl =ikvl 2 {Otz itk =0, (ko ko) £ 0,0 @
and
o~ 23C1K6‘\ . An AD
Ko 28log2  — N e <1 Si=mins, &) (50)
o2

with a suitable number c1. Then, one can find a real-analytic and symplectic transfor-
mation

Dt Wi sien = Wrse
Withry =1 — 47, s, = 5 — 45, &, = & — 48, which conjugates H to
Hi(I,¢.p.q):=Ho®x =h(l,pq)+g(.¢.p.q) + fi(I.¢.p.q).
where g is (K, {0}) in normal form, and g, f verify

2
8cr 1Sl s,

lg —ToTk fllry,s0en =
Ol25
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—Ké6/4
I fillryseer < € KO Fllrssen (51)

Finally, ®, verifies

max {a(§|I1 — I{], 28|l — 1|, eaf o — ¢'|, aaé|p — p|, a2, g — q'|} <2ciE.
(52)

Proposition 3.1 is an extension of the Normal Form Lemma by Poschel (1993).
The extension pertains at introducing the (p, g) coordinates in the integrable part
and leaving the amounts of analyticity 7, § and ¢ as independent. This is needed in
order to construct the motions (44), where the coordinates (7, k) are not set to (0, 0),
but take value in a small neighborhood of it. A more complete statement implying
Proposition 3.1 is quoted and proved in Sect. 3.4.

Below, we let B := Bsz (0); therefore, B, will stand for Bg2 1 (0).

Lemma 3.1 (KAM Step Lemma) Under the same assumptions and notations as in
Theorem 3.1, there exists a sequence of numbers pj, €, sj; of domains

Widoses; = Ao, X Tig o with (Ape= | (Dipjap),, x (pj.a))
(Pj-qj)€Be;

and a real-analytic and symplectic transformations

Wirt: (jtr1, @j+1, Pj+154j+1) € Wit Dpiejnsin — (s @i Pjsdj) € Wipie;s;

(53)
such that
Hjrijv1, ¢j41, pjv1.gj+1) =Hjo Wi 1(lj1, @1, Pj+1,qj+1)
=hj1(j11, pjr1gj+1)
Hip 1415 @jt1s Pj+1s 4j+1)
and such that the following holds. Letting Eo:=E, (M, Mo, 1\70, Lo) = (M, M,
M L), so:=s, po:=p, €0:=¢&0, Ao:=A and, given, for 0 < j € Z, Ej,
(MJ,M/,MJ,L i), Sj, pj, &), Aj, define
32 EjLiM?\ -
K; :=—]log (—) 54
j 5; + 2
- . Vi 2 Aj Aj
p' ‘= min ’ A ’ I = I )0 ’ (55)
’ {2M,-KJ?+1 2MKTT 2MK;T MK
2
pj :=min ;3},8—] , E; —%
Sj PjPj
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E;L;M; . .
Ejti :ZT’ Mji1,Mj1,Mjr1, Ljy) =2(M;, M;, Mj, Lj)
_ P & . sEj S
Pj+1 = Z, Ej+1 .=Z, ,)Lj+1 =)L]—2 8—?, Sj4+1 =Z (56)

Then, for all (pj+1,qj+1) € Be, ),
() Djr1(pj+19j+1) S (Dj(pj+19j+1))p;/4- Letting

@1 =0 1. pjq; 001 U1 Pjv1qj4+1))
= (wj+1j+1, Pj+1qj+1)s Vig1(Lj+1, Pj+19+1))

the map Iljy1 —  wjr1(j1, pj+1gj+1) is a diffeomorphism of
(Dj+1([7j+14j+1))pj verifying

@jr1(Djr1(Pjr19j+1))s Pj+14j+1) = @;(Dj(pj+19j+1))s Pj+14j+1)-
The map

Tir1(pjr1gj+1) = @Gr11(Pjr1gj+1): Tj+1.2(pjr1q41)
Di(pj+1q9j+1) = Djv1(pjr1gj+1)
—1
1j(pj+19j+1) = Liw1(pj+1qj+0) =0y (@5 Uf, pjs1qj+1), Pj+14j+1)

verifies
M, B -
sup [tj+1,1(pj+1qj+1) — id| < 3n—=E;p; <3nE;p; ,
D./ M
My~ ~ -
Sup [7j41.2(pj+19j+1) — id | <3n—E;p; < 3nE;p; (57)
D; M
L@j1(pj1qj+1) — id) < 2°nE; (58)
(ii) the perturbation f; has sup-Fourier norm
Wil wpe;s; < Ei
(iii) the real-analytic symplectomorphisms W ;1 in (53) verify
3 M]
sup i aj1s @1, Pjt1s qj+1) — Lip11|l < - —=E;p;
(Wj+l)p- £ S 4 M
JH1E 15 j+1
34 o
sup jo(j+1, 041 Pj+1,qj+1) — Ljt12] < ZEij

Wit Dpjyreje10sj41
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3 .
sup @i (jx1, @jt1, Pj+1,qj+1) — @jt1] < ZEij
Wit Dpjprejp105)41

3 .
sup IPjjs1, @j+1s Pj+1,4j+1) — Pj+1l < ZEjsj
Wit D254

3~
sup lg;(Lj+1, @j+1, Pj+1>Gj+1) — qj+1| < ZEij- (59
Wit Dpjyreje105)41

The rescaled dimensionless map ® j ;1 := id +1//D;],SO—I’£O—1 (d>j+1 - id)olﬁo,m,go

has Lipschitz constant on (Wj+1)pj+l/ﬁ0’sj+l/go’sj+l/30

L)1 — id) =6+ 1(12- 247) E; ; (60)

(iv) forany j > 0, EjH < 1/5\?, Aj > )‘7
Proof The proof of this proposition is obtained generalizing (Chierchia and Pinzari
2010, Lemma B.1). We shall limit ourselves to describe only the different points,
leaving to the interested reader the easy work of completing details.
We construct the transformations (53) by recursion, based on Proposition 3.1. For
simplicity of notations, we shall systematically eliminate the sub-fix “;”” and replace
“j 4 17 with a “+”. As an example, instead of (53), we shall write

lIJ+: W+—>W

When needed, the base step will be labeled as “0” (e.g., (76) below). Let us assume
(inductively) that

o (D, pq) CDy .y Y(p,q) € Be (61)

CE <1 (62)
A

A > max ﬁ 20 . (63)
KT 2

Condition (61) is verified at the base step provided one takes Dy = w,, ! (Dy11,7> P0G0);
(62) is so by assumption, while (63) follows from (41):

A Sy . o»m
> 2 > (64)

Ao > —

We aim to apply Proposition 3.1 with ¢, s of Proposition 3.1 corresponding now to
c+e,5+s,and//

r=p, F=

I
, Si== =—, L ={0}.
s gi=g {0}
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We check that that (61) and (62) imply conditions (49) and (50). We start with (49).
If(I,p,q) = (I1, L, p.q) € A5 and k € Z3 \ {0}, with |k|; < K, then there exists

some Io(pq) = (Io1(pq), o2 (pq)) such that |1 — In(pq)| < pand w(lo(pq), pg) =
(w01, w02) € Dy, ,,- We have

|l (I, pq) - k| = |wo1 - k1 + w02 - ko + (w1, pq) — w1(I(pg), pq)) - ki

+Hw2(I, pg) — w2(1(pq), pq))) - k2 — v, pq)ks

min { YL ~ it ky #0
k7 2 MM
A
= ) min 2%5 if k1 =0, ko #0
A ifki =k =0, k3 #0
Y
- (X1.—2%r 1fk1750
= TK* if k1 =0, (ka, k3) # (0,0)

having used (63). The bounds above have been obtained considering separately the
cases k3 7~ 0 and k3 = 0, and:

—if k3 # 0, taking the infimum of the modulus of the imaginary part of the expression
between the |’s; observing that wg = (w1, we2) are real and bounding the differences
| Im (a)i (I, pq) —wi(I(pg), pq))| with MK (wheni = 1), MK 5 (wheni = 2) and
using the definition of p in (55).

—if k3 = 0, using the Diophantine inequality and again bounding the differences
| Im (a)i (I, pq) —wi(I(pq), pq))| as in the previous case and using the definition p.
We now check condition (50). The inequality Ks > 8log2 is trivial by definition
of K (see (54)), and also, the smallness condition (50) is easily met, since 6 =
min{égﬁ, gl=3%90= 2 %min{ps, €2} = 2755 (by the definition of 5 in (56)),
whence

3 Ky 6. EL _ =
27¢y I fllwse, <2°c1—== <CE <1
azd PP

having used L > M=, M7, soas > KL™'5, 2°¢; < ¢ and (62). Thus, by
Proposition 3.1, H may be conjugated to

Hy:=HoW, =h (U, prg4) + f+U+, ¢4, P+, 9+)

where

hy (14, p+g+) = h(ly, p+q+) + e, p+q4)
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while, by (51) and the choice of K,

ELM?
V1

I fillzr2e/2502 < e K/2E < E=E,. (65)

The conjugation is realized by an analytic transformation

\IJ-I— : (I+v Pt P+ Q-H) € WZ)\/Z,S/Z,S/2 g (17 @, P, 61) € Wﬁ,s,s .

Using (52), p < &%/s, a1 > MKp, ay = S > L~ 'K 7%, Ks > 6 and the definition
of E, we obtain the bound (59) with, at the left hand side, the set W52 ¢/2,5/2. Below
we shall prove that W+p+,8+’s+ C W5/2,6/2,5/2> 80 we shall have (59).

We now evaluate the generalized frequency

@4 (I, p+q+) =01, pog e (4, prgs) = (01 (s, p+q), vi(Ls, prgs)).

with

o+ Iy, p+q+) =01, hy (U4, pyq+) = 01, h(I4, prqy) + 01,81+, p+q+) (66)

(the “new frequency map”) and

vi(lt, p+q+) == 0p g Wy (U4, prgy) = v+, p+q4) + 0p g, 8U+, P+q+)
(67)

(the “new Lyapunov exponent”).

Lemma3.2 Let (p4,qy) € Bgpp. The new frequency map w4 is injective on
D(p+q+)5/2 and maps D(p4q+)5/4 over (D, p — +q4). The map T4 (p4+q+) =
1 (pqe), 12(prge)) == wzl ow|p(p,q.) Which assigns to apoint Iy € D(p1q4)
the wy (-, p+q+)-preimage of w(lo, p+q+) in D(p+q+)p/4 satisfies

_ M\E ME
sup  [G41(p+g+) — id| < 3n—— <3n—,
(A+)p+,a+ P o
M>E ME
sup  [Tea(prgs) — id| < 3n—— < 3n—c,
(A+)p+,s+ P P
. ME
L (prgs) —id) < 29”/07 . (68)

The Jacobian matrix Uy := 812+ hy (14, pyqy) is non-singular on D4 X Bg/2 and the
following bounds hold

My:=2M > sup |[Uyll, My:=2M > sup |U4].

(A+)p+,a+ (A+)p+,e+
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My:=2M > sup |U;', Mip:=2M; > sup |Tisl, i=1,2.

(A+)p+,s+ (A+)p+,£+
(69)
where U;lz: ( ?'; > Finally, the new Lyapunov exponent vy (I, p4+q+) satisfies
+
4 E .
Api=r—-2"—= < inf [Revy|. (70)
& (A+),0+,£+

Postponing for the moment the proof of this lemma, we let p4 :=0/2, 54 :=s5/2,
ey = ¢/2 and Dy (p1+q+) =1+ (p+q+)(D(p+q+)). By Lemma 3.2, D is a subset
of D54 and hence

(D1)p,. C Dpy2 - (71)

We prove that §+ = E%zl“r < E2. Since

+

s ELLiM3\-1 7 ELM?\-1
s+ =— and x4 := (—2) = — where x :=( 3 ) (72)
4 i 8 i
we have
2’ 27 x* 28 3.27
Ky =—logx;y = —log— = —log, x — log, 2 < 8K. (73)
S+ s 8 s s

Finally, (42), (70) and the definition of E imply A4 > %. Collecting all bounds, we
get

5. = min i 2 = Ay py = ol _»
DM KT oM KT 2MA KL 2ML K 2= 2.8t
2 ~
~ . ~ &1 14
=min{p}, — ¢ > 74
P+ {p-i- S+}_2'8T+1 (74)
and

2 2
5 _EiLy ELM2

2
4. 82(‘E+1) =8. 82(T+1) ELM E
P+P+ VI

2 o~~~

PP n?

Now, using, in the last inequality, the bound

ELM? 1 /s\2@+D) EL 1 /s\2@+D ~
= () <Z(6> E

=ails) F e
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(since p%# and K > 6/s) we find

- 4
E, < 2(§s)f+li§2 < E? (75)

(having used s < 1/2). We now prove that A > )‘7" Iterating (70) and using o <
Dk—1/4, Pk < Pk—1/4, ex = €x_1/4, Ly = 2Li_1, (75) and the second condition
in (42) with ¢ = 2°, we get
~ A :
Ap =hjp1 =20 —2" —>A—24 E x—z“
+ = A ="ho Z 0 Z 5 Lo 2B

k=1 & k=1 Kk 0 k=
> o —25'00’00E0
EOLO
E A
=n -2 > (76)
&5 2

This allows to check (63) at the next step: using (64) and (73), we have

A+>E>y_>

R
~2 Tk K

(=)

Finally, (57) and (58) follow from (68), while the estimate in (60) is a consequence of
(59), (71), (72), (74), inequality LM > 1 and Cauchy estimates:

Ljp—id)<20+1)  sup ID(® )11 = id)los
Wit Dpj 1610841

3E; max{p;/po. s /50, € /20}
min{p; /(4p0), s/ (4s0), €/ (40)}

BB _F — 6+ n(12- o) E
174 (W)

Proof of Lemma 3.2 The proof of this proposition is obtained generalizing (Chierchia
and Pinzari 2010, Lemma B.2). As above, we limit to discuss only the different parts.
By (5D),

=2n+1

<2(n+1)

_ — 3
sup - [gl = sup g fl+ sup |ff=ZE
DyjpxBZ) DppxBlp Dppx Bl
(where f denotes the average of f). Therefore we may bound
sup (0% h)~'9? g <2M : 26ME <26 cME 1
1T Bl < M <2 N

_ 2
DpaxB; ),
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This shows that the function (66) has a Jacobian matrix
O, 04 (I, pyqy) = 07 hy(Iy, prgy) = 07 h(ly, pyqy) + 07 ey, prqy)
which is invertible for all (p+, g4) € Bf 1 and satisfies

-1 _
My:= sup H<3I+w+(l+,l7+61+)> HS2M
Djjax B

In a similar way one proves (69). Next, for any fixed (p+,q+) € B§/2 and ® =

o(l(p+q+), p+q+) € o(D, pyqy) with I(piq4) € D, we want to find I
I+ (p+q+) € D4 such that

o (11 (p+q+), p+q+) = @ = o(I(p+q+), p+q+) 77

To this end, we consider the function

Iy € Dgpp = F(ly, prgy) =04y, prgy) —@ (p+.q4) € Bsz/z

As F differs from w by a constant, we have

—1 —1
m:=  sup H (31+F(1+, P+Q+)) H = sup H <3I+w+(1+7 P+61+)) H =2M.
Djjax B Djjax B

Similarly, we bound the quantities

3

5E E
— (52 — 193 2 10
Q:=197, F(D| = |97, g+, p+q+)| = 6(,6/4)3 <27

and

3
5E

E
P:=|F(I(p+q:)| = 01,2 (p+q+), p+g4)| <= =~ <2’ =.
(p/4) 2
Putting everything together, we get

MZ2E?
am*PQ <2 — <TE* <1
0

By the implicit function theorem (e.g., (Celletti and Chierchia 1998, Theorem 1 and
Remark 1)), Equation (77) has a unique solution

(P+>q+) € Bepp = L1 (p1qy) € B-(I(p1q+)),
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with
r=2mP < 25M—AE < E
0 4
so we can take
Dy(p+qy) = U {I+(P+q+)}

wew(D,piq+)

This ensures that (61) holds also for D..
Finally, the real part of the function (67) satisfies the lower bound

E
inf  |Revy|>A— —— =Xy
Dﬁ/zXB(?M (8/4’)2

The proof of (68) proceeds as in Chierchia and Pinzari (2010, proof of Lemma B.2).
m}
Proof of Theorem 3.1.

Step 1 Construction of the “generalized limit actions”
Let (7, k) € By = B = (15 Be;. Define, on Do(rrk) = @) (Dyy y.c, wk) N D,

lj(mi):=Tj(mKk) olj—1(mk) o oty (k) j = 1.

Then i (r«) converge uniformly to a i(r, k) = (I1(7, k), (2 (7, k)) verifying

N

sup |{1(wk) — id| < 6n !

-~ . , M; _ ~
PoEo, sup |lx(mk) — id| < 6n— poEo. (78)
Do (k) M

Do (i)

||

Moreover, as

~ on
sup [t (mk) —Wmk)| < 6nE;jp; < ?,oj <p;j
we have

Di(pq) =1(m)(Do(mi)) C (| D; (), . (79)
i

In particular, taking j = 0,
Da(i) C (Do (i) oy (80)
Moreover,

L(>(x) — id) < 2%nE.
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So {(;r k) is bi-Lipschitz, with
L_(((k)) =1 —2%E, Li((mk)) <1+ 2%E.
Step 2 Construction of ¢,,, . For each j > 1, the transformation
Pj:=Wjo---0V;

is defined on (W;)p; 5; ;- If

Ay = U Dy(mk) x {(m,k)},  Ws:=A, x T".

|(,k)| <€

then, by (79), W, C j(Wj) PINIRIE The sequence ®; converges uniformly on W,
to a map . We then let

o, (O, T, k) = (v(ﬁ, T,k ws), 0 +u(d, w6 w), T+ w@, 7,k o), k + Y, T, K a)*)>

= (Z(wal(a)*, wK)), 3, 7, x)

with v(®, 71, k5 ) := (VI (9, 7, &k W), V2(D, 70, k5 w)). Since (59) imply, on W,

. My~
sup |1, ® — id |1 < 2n— Eopo (81)
W, My
and similarly,
sup [, ® — id |1 < 2nEofo, sup|Iy® — id e < 2E0s0 »
Wi Wi

sup [1,® — id |oo < 2E0€0, sup [1,® — id | < 2Eoe0 (82)
Wy W,

then, in view of (78), (81), (82), the definition of W, and the triangular inequality, we
have (46). Equations (80), (81), (82) also imply

To, =0, (T",0,0) C (D+(0),5,5 x T" x B} C (Do(0), x T" x B (83)
where
r=8nEopy, r =2Eoeo
Finally, with similar arguments as in Step 1, by (84), the rescaled map
-1

So »&

bi=id + 1o 1 1 (@ = id) 0 1.e

2 q; denotes the projection on the z-variables.
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has Lipschitz constant

LD —id) <2°m + DE, . (84)
In particular, Ci), hence, ®, and, finally, the map (¥, 7, k; ®) — ¢, (I, 7, k) are bi-
Lipschitz, hence, injective.

Step 3 For any wy € Dy, 1, Nwo(D, 0), Ty, in (83) is a n-dimensional H-invariant
torus with frequency w,. This assertion is a trivial generalization of its analogue one
in Chierchia and Pinzari (2010, Proof of Proposition 3, Step 3); therefore, its proof is
omitted.

Step 4 Measure Estimates (proof of (45)) The proof of (45) proceeds as in Chierchia
and Pinzari (2010, Proof of Proposition 3, Step 4), just replacing the quantities that in
Chierchia and Pinzari (2010, Proof of Proposition 3, Step 4) are called

DO ’ D* ’ zv &) ) K
with the quantities here denoted as

D()(O), D*(O)v Z(O)v (i)|(7f,K)=(0,0)’ KO-

3.4 Normal Form Theory

Proposition 3.1 can be obtained from the more general Proposition 3.2, takingm = 1,
L = {0} and changing coordinates as follows:

_p1—iqi q_p1+icn

b V2 V2i

We define ¢, to be the smallest number such that, for any two functions, real-analytic
in W, s . and any choice of 7 < r,§ < 5, € < ¢,

. . . An A2
[ fllrs.ellgllrse withd:= min{rs, £°}.

c
LS gl —fs—5.6—8 < Tml

Proposition 3.2 Let {0} C L C Z. Proposition 3.1 holds true taking

. pi+gq 2 4 g2
H(Ig.p.q)=h(. L. J(p.q) + f(.¢. p.q). J(p,q>:=< A p"’zqm)

replacing c1 with ¢, Yo with L and condition (49) with

ayif ki £ 0

|a)1-k1+w2'k2|2{0621fk1=0’ ky #0
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Vi = (ki, k) € Z" x Z" "\ L # (0,0), |kly < K, Y(I, I, p,q) € V; x B™"
(85)

where

w = (w1, w2)
= (0ph (1, Ly J(p. @) s 3, s (pagnh (1, 12, J (P, q))) -

Lemma3.3 Let7 <r/25§ <s/2, & < ¢/2 and § := min{r§, &2}. Let

H(u,9,p,q) =h(I,p,q)+gw, ¢, p,q)+ fu,9,p,q) g, ¢, p,q)

m
= Zgi(u,w,p,q)

i=1
be real-analytic on Wy, s .. Assume that inequality (85) and

o
| fllv,s,e < C_

m

are satisfied. Then, one can find a real-analytic and symplectic transformation
D Wv—2ﬁ,s—2§,s—2§ — Wyse

defined by the time-one flow*’ X(}) f:=f o ® of a suitable ¢ verifying
IS llv,s,
[pllv,s.e < ——222
)

such that
Hy:=Ho®=h+g+WTxf+ f+
and, moreover, the following bounds hold
c _1T ¢
42 s2se-2t = (1= 2250 Flus.e) [a—;”snfn%,s,g

+ max {e—“ﬂ, (?)m} 1/ Mos.e + 1 Mg 5.0

23 The time-one flow generated by ¢ is defined as the differential operator

[e9) ﬁk

1._\" "9
Xg=2 k!
k=0

where Lgfzz f and Lgf::{qs,z’;*lf},withk =1,2, ---.
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Finally, for any real-analytic function F on Wy 5 ¢,

1F —0,5—5,e—¢&
I1F 0@ = Flly g < 10T ittt
’ ' . Emll fllvs.e

1
(X25

(86)

Sketch of proof Lemma 3.3 is a straightforward generalization of Poschel (1993,
Iterative Lemma). To obtain such generalization, just replace the norm defined in
Poschel (1993, Section 1) with the norm (48), where

f= ) fieap (D™ (p—iq>“ <p+iq)ﬁ’ 87)
(k.t, B)€Z1 x NE N V2 iv2
o #PiVi

and bound the “ultraviolet remainders”, namely the norm of the functions whose
expansion (87) includes only terms with |(k,« — B)|1 > K, as follows. Observe
that, if |(k, « — B)|1 > K, then either |k|; > K/2 or | — B|1 > K /2. In the latter
case, a fortiori, |«|; + |81 > |o — Bl1 > K /2. Then we have, for such functions,

R NK/2
Il s—s.e 2 < max {em/z, (ﬂ) } | £ llr.5.e. Other details are omitted.

&
Proof of Proposition 3.2 Let
rii=ro — 2rg, S1:=50 — 250, &1:=¢&p — 28p.

By Lemma 3.3, we find a canonical transformation ®; = Xy, which is real-analytic
on W, s ¢ and conjugates H = Hp to H] = Hyo ® = h + g + fi, where
g1 =Tk fo and

cmEo _iremEo _x3 g0 — E0\K /2
”fl ”v],sl,el <{- m_) ll:m— + max je KSO/Z, (—) / ]EO
a280 az80 £0

< 2[CmEO + e—K&o/Z]EO
260

having used

(so — éo)K/z _ eglog(l—%) - e_ggg.

€0

We now focus on the case

cmEp e
mEo _ —Kso/2
a8
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otherwise the lemma is?* proved. Then, we have

cmEg _.E
260 b

”fl ||v1,sl,81 <4

Note that

Assume now that, for some j > 1,itis H; = H;j_j o ®; = h + g; + f;, where

-l Ey  cmE?
_ : < min J B0 4 mEo
gj = h§_0ﬁ1ﬂ1<fh, 1fillojs;.e; < Ej < min { b Vs } NEES

We have just proved this is true when j = 1. Let L := [M] We prove that (88) is

8log?2
true for j + 1, forall 1 < j < L. Let

L~ Fo S0 . & do
rii=—, §j:=—, gj:=— hence §;=—
L L L L?

Vi<j=<L.
Note that, forall 1 < j < L, itis#; < 5

rj=r =20 = DT = r =201 = /L) = ro — 4o + 24, > 2.

Similarly, §; < %, g < %’ Let then

A A A

. ZVO . 250 . 250
Tipl =Tj=es Sjpt=Sj= e EjFl =& =
sothatr; =ry —2(j — 1)%0, etc., forall 1 < j < L. Then
E; c2E? 1
en—i- <4202 L 2 (89)
0[25j 0[250 16

24 Indeed, in such case,

—Ké6g/2 —Kog/4
I 1l sp,e; < de™KO0/2 < o= KO0/

because e~ K90/4 <

% having chosen K6 > 8log2.
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and Lemma 3.3 applies again, and H; can be conjugated to Hj;1 = Hj o @41 =
h+gj1+ fjt1, with

J
giv1 =8 +ILTk fi = Z‘][]LTth

h=0

Cm —1[ Cm 2

Wil sy < (1= - Ej) [ 2 2
JHLSjH1E )41 ( 0128j 0625j J
:, gj— &

+ max {eks,/z’ ( J J)K/2}Ej
Py
J

+||{¢ja gj}||rjffj,x_,~f§_,',6j7€f,~i|

To bound the right hand side of the latter expression, we use (89) and observe that

o K
e—KSj/Z — ¢ 2% <

aNKR2 G K/2 S NK2 kg
<8] <9J) (1= L _ < <1_8_0) 56_251% Si
£ e —2(j — D& &1L 16

. _ K% K&y _ K& _ K& _ K&y K6
havingused e™ 2L < e¢™ 2L ,e 21l < e 20 <" 2L and L < 810g°2. Moreover,
writing

=

J—1

8j =MLTk fo+H#j=2 ZﬂLTth=1f$’K + f]]-]i’f
h=1

with fg‘ K real-analytic on W;, s, ¢,, While fj].]‘_”f real-analyticon Wy, , 5, ¢, , and
verifying

j—1
LK LK Eq 4
”f() ”r(),so,s() f E()a ”fj_l ”rj,l,s]',l,sj,l S ? f §El
h=1
we get
2
cmL 4cnL

” {¢J7 gj } ||rj—?_,',s_,-—§j,€_,'—s”_/- S
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Collecting all such bounds we get

163 E

Ei<—2F .
H=957677 T4

The inductive claim j — j 4 1 is thus proved, for all 1 < j < L. Letting now
P, :=Pjo---0dr4gand

Hy:=Hp 1 =h+gr1+ frri=h+ g« + fu
P =rFpy1 =1 —4F, syi=sp41 =5 — 45, go=ep4] =& —4¢

Koy
8log2’

andusing L + 1 > we get

Lo —2(L+1)log2 _ka
”f*”r*,s*,s* = m =e (L+1)log Eygy<e T Ey

4 ¢ E2
lge — LTk follrsue, < = E1 < 8—-2
3 0625()

as claimed. The bounds (52) are obtained from (86), by usual telescopic arguments. O
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