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ON THE VARIATION OPERATOR FOR THE
ORNSTEIN-UHLENBECK SEMIGROUP IN DIMENSION ONE

VALENTINA CASARINO, PAOLO CIATTI AND PETER SJOGREN

ABSTRACT. Consider the variation seminorm of the Ornstein—Uhlenbeck semi-
group H; in dimension one, taken with respect to t. We show that this seminorm
defines an operator of weak type (1,1) for the relevant Gaussian measure. The
analogous LP estimates for 1 < p < oo were already known.

1. INTRODUCTION

In order to measure the fluctuations of a family of linear bounded operators A, :
LP(X) — LP(X), where t > 0 and X is a measure space, it may be useful to consider
quantities involving many differences T, f(-) — T5f(+), with s,¢ > 0 and f € LP(X).
Among these quantities, variation and oscillation seminorms are probably the best
known. The corresponding variational inequalities, stating that the LP-norm of the
variation or the oscillation of (A;f);~o is uniformly bounded by the LP-norm of f,
have attracted increasing interest in the last fifty years.

In fact, in 1976 D. Lépingle proved a first variational inequality for a family of
bounded martingales [19], also providing a weak type (1,1) variant (see also [22]
for extensions and a different proof). Then V. F. Gaposhkin in [10] 11] considered
oscillational inequalities for standard ergodic averages. Some years later, in 1989,
J. Bourgain proved the pointwise convergence of ergodic averages along polynomial
orbits by replacing the classical estimates for the Hardy-Littlewood maximal function
by variational seminorm bounds [4]. Further results may be found in [15, 13].

After the seminal work by Bourgain, in light of the applications to pointwise
convergence phenomena, the study of variational inequalities spread in many different
contexts (for an updated survey, especially from the point of view of oscillation
estimates, we refer to [24]). The recent paper [23] deals with jump inequalities,
seen as endpoint results for variation inequalities. Focusing on the field of harmonic
analysis, we recall here the cases of the Hilbert transform [5], Fejér and Poisson
kernels [17], families of truncations of Gaussian Riesz transforms [12] and the heat
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and Poisson semigroups of the Laplacian and Hermite operator [9, 2]. Analogous
results have been obtained for semigroups associated with Fourier-Bessel expansions
[3], for spherical means or averages along curves (t,t%) in the plane [I6] and for
differential and singular integral operators in some weighted Lebesgue spaces [20] 21].
Some results are also known for the Ornstein—Uhlenbeck semigroup; see below.

To define the variation seminorm v(p), let ¢ be a real- or complex-valued function
defined in an interval /. Then for 1 < p < 0o

n 1/p
16 llu(e).1 := sup (Z |o(t:) — ¢(ti1)|p> :

i=1

where the supremum is taken over all finite, increasing sequences (t;), of points in 1.
This is a seminorm which vanishes only for constant functions. We will often omit
indicating the interval I. The space V(p, I) consists of those functions ¢ in [ for
which [|¢||v(»),r < 0. In this paper we will only consider the variation of continuous
functions ¢(t).

We next introduce the one-dimensional Ornstein-Uhlenbeck semigroup. Let R(z) =
2%/2 for v € R, and define the measure dvs(u) = (27)~2 exp(—R(u)) du in R. The
semigroup is then given by

Hif(e) = [ 1) Kifau) delw), >0,
where f € L'(74) and the kernel K; is

eB(@) 1 (e tu — x)?
b ( ( )

\/ﬁ ex ———> s t>0, (I,U) ERXR (11)

2 1—e2

The measure 7, is the unique probability measure which is invariant under the
semigroup.

We will consider the variation of the semigroup, i.e., the seminorm || H; f(x)||(p) &,
taken with respect to ¢ and considered as an operator defined for f € L'(v4).

When p > 2 it is known that this operator is bounded from LP(ys) to LP(7Yeo)
for 1 < p < 0o, even for the Ornstein—Uhlenbeck semigroup in any finite dimension.
This follows from [14], where a general symmetric diffusion semigroup is considered.
Another proof can be found in [I8, Corollary 4.5]; it is verified in [I, page 31] that
this corollary can be applied in our setting.

The inspiration for the present work came from a comment in [I, page 31] saying
that no variational weak type (1,1) bound is known for the Ornstein—Uhlenbeck
semigroup. We will prove the following one-dimensional result.

Ki(z,u) =

Theorem 1.1. For each p > 2 the operator that maps f € L*(7s) to the function

| Hef (@) lo)r,, T €R,

where the v(p) seminorm is taken in the variable t, is of weak type (1,1) with respect
to the measure Voo .
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In other words, the inequality

C
Yool@ € R [ Hf (@)oo > 0} < — | flge),  @>0, (1.2)

holds for some C' > 0 and all functions f € L'(7).

The structure of this paper is as follows. Section [2| contains some preliminaries,
mainly concerning the variation seminorm and the ¢t derivative of K;. In the following
sections, Theorem will be obtained as a direct consequence of Propositions |3.1],
and 5.1} Of these, Proposition [3.1] deals with the variation only for ¢ > 1. For
these values of t, the estimate is slightly strengthened. In Section 4| we split
the operator given by the variation for 0 < ¢ < 1 into a local and a global part. This
is done by means of a partition of the line into intervals where the density of v, is
essentially constant. Then Proposition [4.1] dealing with the global part, is proved.

Proposition [5.1]is an estimate of the local part of the variation in 0 < ¢ < 1, and is
stated and proved in the long Section [5] The proof goes via Proposition [5.2] which
deals with one of the intervals of the partition at a time, and where v, is replaced
by Lebesgue measure. Finally, Proposition [5.2] is seen to follow from estimates for
the variation of integrals of an L' function over certain intervals, obtained as a
consequence of a known theorem about the variation of mean values.

Theorem is proved in the one-dimensional case, and the handling of integrals
over intervals in Section [5just mentioned seems hard to extend to higher dimensions,
because of geometrical obstructions. Only the results of Sections [3| and [4] extend
easily.

We point out that in Sections [3|and [4] we use arguments similar to some from the
authors’ papers [7] and [§]. Rather than invoking the results from there, we prefer
to give the proofs explicitly.

2. PRELIMINARIES

By C' < o0 and ¢ > 0 we denote many different absolute constants, and X <Y, or
equivalently Y 2> X, means X < CY. We write X ~ Y if both X <Y and YV < X.
Seminorms of type ||.||(,),r Will always be taken in one of the variables t or 7.

We will let K,(z,u) = 0K,(x,u)/0t.

It is not immediately obvious that the function x — || H; f(x)||y(p)r, is measurable.
But H;f(x) is continuous in ¢ for each x, as seen by dominated convergence. In the
definition of the v(p) seminorm, it is therefore enough to consider sequences of points
t; € Q, thus only a countable family of sequences. The measurability follows.

We give some simple properties of the variation, and first observe that the semi-
norm .|y, is decreasing in p for 1 < p < co. This seminorm is also subadditive in
I, in the following sense. Take an inner point 7 of I and set I, = I N [r, +00) and
I =1nN{(—o00,7|. Then for 1 < p < oo and any ¢

||¢||v(p),1 < ||¢||v(p),l+ + ”(bHv(p),L-
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Lemma 2.1. Let 1 < p < 0.
(a) If o € CH(I) and ¢' € L*(I), then ¢ € V(p,I) and

mesﬁwwﬁ

(b) If ¢ is monotone and bounded in I, then ¢ € V(p,I) and
19lo(e).r < 2sup]@].

Both parts here are easy for p = 1 and then follow for all p.
The variation of products can be estimated as follows.

Lemma 2.2. Let ¢ and 1 be bounded functions defined in the interval I. Then for
any 1 < p < oo

[0 llu(e) < NlDlloll®lloge) + 1 lloie) [ ]loo-

To prove this, it is enough to write for an increasing sequence (¢;) in /
P(ti)(ts) — d(ti)Y(tioa) = d(t:) (V(t:) — PV(tio1)) + (d(t:) — d(tia))(tio1),
and then take the ¥ norm.

We next make some preparations for the proof of Theorem [I.1]
The following estimate of the Variation seminorm of H,f(x) will be useful. Let the
interval I be either (0, 1] or [1,00). From Lemma [2.1a), we conclude that

IH, £ va_/\—/mu ) do 1)
/Kt 2, 10) £ () dyos (1)
< / [t )] dc o @)

To justify moving the differentiation inside the integral in the second step here, we
refer to [§, Lemma 5.3].

dt

dt

We compute and estimate K(z,u).
Lemma 2.3. For all (z,u) € R" x R" and t > 0, we have

oL )

Ki(z,u) = Ky(z,u) <—1 — + 1=y + =
Moreover, fort > 1 one has
‘Kt(x, u)| < e exp (—c (e tu— x)2 (et ul +e7). (2.3)
Proof. We omit the proof of (2.2). When ¢ > 1, (2.2) implies that
‘Kt (z,u)| S Ki(z,u)(le™ u—a|e™ |u| +e (efu—xz)P+e ). (24)

Fort > 1 ( shows that K; < ef(®) exp (—cletu— )’ ). Changing the value of
¢ here, we may neglect the factors e *u — x in (2.4) and obtain ({2.3)). O
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3. THE CASE OF LARGE t
In this section we consider the variation of H,f(z) only for 1 <t < 0.

Proposition 3.1. For each p > 2 the operator that maps f € L' () to the function

[H (@) llogo)1.400), 7 €R,
is of weak type (1,1) with respect to the measure Y. In fact, one has the following

stronger result: If p > 2 and || f| 14y = 1, then

1
e R H S s >0} € > 2, 3.1
7y {x | Hef ()] (p),[1,00) a} ~ avloga “ 3

Notice that, when ¢ is large, the estimate ([1.2]) is enhanced by a logarithmic factor.

In [6] and [7], an analogous phenomenon was already observed both for the Ornstein—
Uhlenbeck maximal operator and for the Gaussian Riesz transform.

Proof. Let f be normalized in L'(74). We integrate (2.3), getting

/ ’Kt(x,u)‘ dt < efi@) / exp ( —c (e’tu — x)2 ) (e”e lu| + e’Qt) dt.
1 1

In the last parenthesis in the second integrand here, we consider first only the term
e |u| and make the change of variable e~* u —x = y, separately for u > 0 and u < 0.
As a result,

/ exp (—c(e™ u—12)?) e uldt < / exp(—cy?) dy ~ 1.
1 R

2t in the integral above into account, we conclude that

/OO {Kt(x,u)’ dt < efil@),

1

Taking also the term e~

Now ([2.1)) leads to
[ f @)oo 1.00) S €7
It is easily seen that

. R(@) N
Yoo {7 i € >ﬁ}56\/@,

From this (3.1)) follows, and since ([1.2)) is trivial for e < 2, Proposition [3.1|is proved.
O

g > 2.

4. THE GLOBAL CASE WITH SMALL ¢

We first split the operator H; in a local and a global part, in a way adapted to
Yoo- Let m > 0 be a smooth function in R, which is 1 in (0,1/2] and 0 in [1, c0).
The local part of the semigroup is defined by

Hy™ f(x) Z/f(u) Ky, u) n((1+ [z])z = ul) dyso (u).
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The global part HthOb = H;— H*° is given by a similar expression, with 7(.) replaced
by 1 —n(.).
Proposition 4.1. For each p > 2 the operator that maps f € L*(7s) to the function
lob
IHE f (@) [lop 0, = €R,
is of weak type (1,1) with respect to the measure oo .

Proof. We first give an estimate of the number of zeros of the function t — K;(z, u)
for 0 <t < 1. From (2.2) we see that we can write

P..(e7)

(1 _ e—2t>2’

where P,, is a polynomial of degree at most 4, with coefficients depending on x
and u. Thus Ki(z,u) can have at most four zeros in (0,1). Denote these zeros by

t1,...,tn_1; the t; and also N will depend on (z,u), and N < 5. Set also ¢, = 0 and
ty = 1. Then

/01 |Kt(x,u)|dt:i

Since the computation ({2.1)) remains valid with an extra factor 1—n((1+|z|)|z—ul),
we conclude

1EE" £ (2)]lu(e), (0.1 S/If(U)ISUPKt(fCaU)(l—77((1+|$I)I$—UI))d%o(U) (4.1)

(0,1]

Kt(x,u) = Ki(x,u)

t; .
/ Ki(x,u) dt‘ < 10 sup Ki(z, u).
ti—1 (071}

We claim that for 0 < ¢ <1 and all (z,u)

sup Ky(w,u) (1= (1 + |2z —ul) S e (1 + |a]). (4.2)

If 1—n((1+|z|)|x—ul|) # 0, we have |z —u| > 1/(2(1+]z|)) and thus for 0 < ¢ <1
also

(1+ 27! <2l —u| <2l —e o]+ 2]e'z — u| = 2(e" — 1)|z| + 2€' |z — e 7"
< 2et(1 + |x]) + 2e|x — e tul.
Now, if t(1 + |z|)? < 1/(4e) we get a bootstrap implying
(1+ |2))7! < de|r — et
Then we see from that
1(e7tu — )3

e @ Ky (z,u) ~ 7% exp <—§7)

1 1

<12 —= <1
= eXp< 2 16e2t(1 + |x\)2> S L fal;

and (4.2) follows. On the other hand, if t(1+ |z|)? > 1/(4e), (4.2)) also follows, since
then t~1/2 < 14 |z].
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Combining now (4.1)) and (4.2)), we get
lob T
IHE £ oo S €8 (1 + ) 1Ly
This ends the proof of Proposition [4.1] because

Yoo {z: PO (14 |a]) > B} < % 8>0.

5. THE LOCAL CASE WITH SMALL {
This section consists of the proof of the following result.
Proposition 5.1. For each p > 2 the operator that maps f € L*(7s) to the function
1 f (@)oo, 0, # € R,
is of weak type (1,1) with respect to the measure oo .

Splitting of the line into local intervals.

The localization means that the value H°°f(x) depends only on the restriction of
f to the interval {u : |u— x| < 1/(1+ |z|)}, and we will split the line into intervals
of similar type. Choose an increasing sequence (z;)5° with zq = 0 such that for
j=0,1,...

Tjy1 1 T z; .

This recursion formula determines the sequence uniquely. We have ;1 —x; < 2 for

all 7 > 0, so that z; < 2j. Thus z; 11 —z; 2 1/j and x; = +o0 as j — oco. (In fact,

z; is close to 24/j — 1, as shown in the Appendix.) For j < 0 we let z; = —x;.
The intervals

L+ x40

7 1 n 1
! G S o R S O

are pairwise disjoint except for endpoints, and they cover R. If supp f C I;, we claim
that the support of H°°f is contained in the interval

7 4 n 4

S R T 1 e a1
To verify this, let x € supp H}°°f. Then z has distance at most 1/(1 + |z|) from
some point in [;, so that

}7 jEZ7

‘< 1 n 1
T —x; ,
A I P R S o

(5.1)



8 VALENTINA CASARINO, PAOLO CIATTI, AND PETER SJOGREN

which implies

~ > |zl = 12> 1+_|x]\7
1+ |z| 1+ |z 3
the last inequality holding only if |z;| > 2. But if |z;| < 2, one has the same estimate,
since then 1+ |z| > 1 > (1 + |z;])/3. The claim now follows from (/5.1)).
We also observe that if supp f C I; and j > 0, then supp H,°°f C {z > 0}. Indeed,
I; C [1,00) when j > 0, so if x € supp H;°°f we must have z > 1 —1/(1 + |z]) > 0.

L[z > 1+ o] =

The intervals I; have bounded overlap. Therefore, it is enough to prove Theo-
rem for functions f supported in I;, with a bound that is uniform in j € Z.
In each [;, the density of v, is essentially constant, since e @) ~ e~ B@) for

x € I;, and this is uniform in j. Therefore, we can pass to Lebesgue measure in u
and in . We replace f € L'(7.), supported in I}, by g(u) = f(u) e B € LY (du),
with the same support. Instead of H}°°, we can then consider the operator

1 (e7tu — x)?

Horg(a) = ——— [ gw) exp (= SN (1 + faf) o — uf) du,
= [t e (52

where we deleted the essentially constant factor e®®).

We conclude from the above that the following proposition implies Proposition [5.1}{

Proposition 5.2. For p > 2 and each j € Z, the operator that maps g € L'(I;) to
119 () oo, (0

is bounded from L'(I;) to L*°(I;), where the intervals are endowed with the Lebesgue
measure. This is uniform in j.

Proof of Proposition

For symmetry reasons, it is enough to consider only j7 > 0 and only points x € R,.
With j > 0 fixed, we let g € L'(I;). The expression for H;*°g(x) will be rewritten
in terms of integrals of only f(u) over many intervals which depend on ¢. Here we
follow [5, proof of Lemma 2.4], writing

% de=s/2 o de=*/2
exp(—y*/2) = _/ d ds = —/0 Xy<s =2 ds

y s
e < dn(o) L )
mo o
S do = — , ) g4
n(y) /y 50 /1 e g 4
As a result,
< de=*/2 (1 dp(o)
HI f(x :/ / 2%g(x) do ds, 5.2
i) = [ [ R (5:2)
where

S,0 1
Ry g(x) = V= /Q(U) Xje-tu—al/v/I—e <5 X(+z])a—ul<o AU (5.3)
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Observe that it is not enough to prove that the v(p) seminorm of R;g(z), taken
with respect to ¢, defines an operator of weak type (1,1) for each s and o. This
is because L* is not a normed space. Instead we will estimate the variation of
R} g(x) for all s and o in terms of one operator of weak type (1,1) (actually a small
numl:)er of such operators and actually with a factor s+ 1, which is integrable against
de=%"/2/ds).

A few times below, we will use the simple inequalities
y<e—1<4y for 0<y<2. (5.4)

The second inequality holds because the function (e¥ — 1)/y is increasing for these
Y, as seen from the power series.

In the sequel, we fix an x € I, "R, and let s > 0 and 1/2 < o < 1, but we
temporarily allow all ¢ > 0. We will soon introduce many quantities which will
depend on z, s, t and sometimes ¢; in order not to make the notation too heavy, we
will systematically omit indicating the dependence on x.

Since the inequality |e™*u — z|/v/1 — e~ < s can be rewritten as |u — e'z| <
sve?t — 1, the integration in (|5.3)) is taken over the interval

Jt(s,a):{uER:|u—etwl<$\/62t—1 and lu—z| < d }

1+z

Observe that J;(s,o) is nonempty precisely when

svVe — 1+ 2 >elr — 1z, (5.5)

1+2z

or equivalently Qs(t) < o/(1+ x), where
Q:(t) =x(e" —1) —sver —1.

An instance of this function is plotted in Figure 1.

Qs(t)

o

Itz —— f(s) to(s) ¢

Figure 1. Graph of Q4(t) with x =2, s = 1. Here 0 = 3/4.
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Since Q. (t) = ze! — se*' /\/e?* — 1, one finds by squaring each of these two terms

that Q%(t) > 0 if and only if > s and t > t(s), where t(s) > 0 is determined by

) = 22 /(2% — %), If 2 < s, we set t(s) = +o00. It follows that Q(t) is strictly

decreasing in = 0 <t < t(s) (5.6)
increasing in  t(s) < t < 4o0. '

Further, Qs(0) = 0, and if > s, then Qs(t) — 400 as t — +oo. We conclude
that there exists a t1(s,0) € (0, 400] such that

Ji(s,0) D < Qst)<o/(1+x) & 0<t<tis, o).

Moreover, t(s,0) < oo if and only if z > s.
For later use, we make a similar observation regarding the inequality Q4(t) < 0.
There exists a to(s) € (¢(s),t1(s,0)) U {+oc}, finite if and only if z > s, such that

Qs(t) <0 < 0<t<tys). (5.7)
(Actually, to(s) is given by efo(®) = % if x> s.)
We let
T=T(s,0):=1Ati(s,0) =sup{t € (0,1] : Qs(t) <o/(1+x)}.

Then T'(s,0) € (0, 1], and from now on we consider only 0 < ¢ < 1.
Notice that T'(s,0) < 1 if and only if Q4(1) > o/(1 + x). Further,

_ ~J (0,T(s,0)) if Qs(1) >o/(1+x)
{t € O] Jifs,0) # 0} = { (0,T(s,0)] = (0,1] otherwise.
In the first case here, Jr(sq)(s,0) = 0 and Ry, ,,g(x) = 0. We observe that
R g(x) is in all cases defined and continuous as a function of ¢ for 0 < ¢ < T'(s,0).
Next, we deduce a bound for T'(s,o). Since T'(s,0) < t1(s,0), any t < T'(s,0)
satisfies (5.5)). Using first (5.4) and then (5.5) multiplied by x together with ((5.4)),

and finally the inequality between the geometric and arithmetic means, we get

2
t
?t<a?(el —1)<szxV8t+o ’ < T4yt
1+z 2
Hence,
2?T(s,0) < 8(s* +1). (5.8)

When Ji(s, o) is nonempty, we write its endpoints as
Jt(87 U) = (k;(57 U)v ktJr(Sv 0))7
and they are

k?(s»(f)=<9:et+s\/e2t7_1>/\(x+ o )

and

k:t_(s,a):<xet—s €2t—1>\/(l‘—1j_ >
x

From the last expression, it follows that

ki(s,0) <z & Qit) <0 & t<tos); (5.9)
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see (5.7)).

The next step in the proof of Proposition [5.2| will be to apply the following theorem,
obtained in the discrete setting in [I3]. It can easily be transferred to the setting
of R, see [B, proof of Lemma 2.1]. Define the one-sided mean values of a function
¢ € L'(R) by

1 x+T
M* ¢(x) = - / o(u) du, reR, 7>0,
and M- ¢(x) similarly using the interval (z — 7, ).

Theorem 5.3. ([13, Theorem 3.6]) For 2 < p < oo, the operator that maps f €
LY(R) to the function

||M:_ ¢(x)||v(p)7R+7 VIS ]R7
is of weak type (1,1) with respect to Lebesque measure in R. Here the variation is
taken in the variable T.

This clearly holds also with M replaced by M.

Thus we need to rewrite R} g(x) = (1 —e~2t)1/2 fJ,(s,o) g(u) du in terms of mean
values of ¢ in intervals with one endpoint at x. /

With 0 < t < T'(s,0), we define J; (s,0) = (z,k; (s,0)), which is an interval of
length
o

14z

T (s,0)| = ki (s,0) — & = (<et — 1)z +sVe - 1) A (5.10)

We further define J; (s,0) = (k; (s,0), ), considered as an oriented interval in the
sense that if x < k; (s,0), an integral over J; (s,0) is interpreted as minus the
integral over (x, k; (s,0)). Its length is

|y (s,0)| =k (s,0) — 2 (5.11)
:‘x(et—l)—sx/e%—l‘/\ 7 10,0 A2

1+2x 142’

as follows from the expression for k; (s, o) if one separates the cases when the equiv-
alent statements of ([5.9)) are true or false.
We now have for any 0 < ¢t < T'(s,0)

:79(x)

g(u) du + u

1 1
- R u)d
1 - e_zt /«‘]j(&O') 1 - e_zt /“];(S,O') g< )

o |Jt+(570-)| + |Jt7(570-)| F ( )

TVl eald N e U o A

where one should read the upper signs in &+ and F if &, (s,0) < x and otherwise the

lower signs. Notice that the two terms here cancel for ¢t = T'(s, 0) if Jr(s0)(s,0) =0,
since then Q,(T(s,0)) =0 /(1+z) and so k' (s,0) = k; (s,0) =z + /(1 + x).

We will next consider the variation in 0 < t < T'(s,0) of the two mean values in

(5.12), and start with M‘}(M)' g(z). Since |J;" (s, 0)| is a nondecreasing, continuous

function of ¢ in this interval, we can reparametrize Ml}r(s o) g(x), 0 <t <T(s,0),
t 5

(z) + (5.12)
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as M1 g(x) with 0 < 7 < 79 for some 75 = 79(s, o). This reparametrization does not
change the variation, so that

1M 9@l 0m = 145 92 i 07

for each s and o, with the variations taken with respect to ¢t and 7, respectively.
Extending the range of 7 here, we conclude that

1M+ o 9@ ooy, 011 < VT () [ 2. (5.13)

The right-hand side here is independent of s and o, and Theorem applies to it.

To deal with MI??(W)I g(x), we first consider the case when ty(s) < T'(s,0). At
the point ¢ = ¢o(s), the difference k; (s,0) — « changes sign, and |J_ (s,0)| = 0.
Observe that if x is a Lebesgue point for g, then M;{(s,a)\ g(x) tends to g(x) as
t | to(s) and similarly for M|J (5.0 g(x) as t T to(s). Then the second factor in the

last term of (5.12) will be continuous in ¢ also at t = ¢y(s), if interpreted as g(z)
at this point. This last term, with the + sign, is also continuous, because the first
factor is continuous and vanishes at t = t5(s). We will consider the variation of

Mf]_(s o) g(x) separately in the subintervals 0 < t < ty(s) and ty(s) <t < T(s,0).

To obtain subintervals where the length |J; (s,0)| is monotone, we invoke (/5.6
and split (0,%o(s)] further into (0,%(s)] and (£(s),to(s)]. We can now reparametrize
as before in each of the three subintervals of (0,7(s,o)] obtained. The only little
difference is that 7 may now run in an interval that stays away from 0, but we can
still extend its range to R, . We conclude that for every Lebesgue point x € 7] NR,,

thus for a.a. z € I[; N R,
103 9@ aom < 2I1M7 9@z, + 1M 9@z, (5.14)

here and below T" = T'(s,0). This ends the case to(s) < T'(s,0).

The remaining case to(s) > T'(s,o) is slightly easier. Then T(s o) =1, and
ki (s,0) < xfor t < 1. If #(s) < 1, we split (0,1] into (0,%(s)] and [#(s),
otherwise no splitting is necessary. When ¢y(s) = 1, we again need to assume that x
is a Lebesgue point. It follows that (5.14)) holds also in this case.

Since we are going to apply Lemma to the products in , we observe that
the L* norms of the means in are controlled by standard maximal operators
of g. More precisely,

||M\—5t+(s,0)| g(x)||L°° < M+g(x), (515)

’|M|§t_(s,o)| 9(@) ||z < MTg(2), (5.16)
and

||M|;t*(s,g)|9($)||Lw < Mg(x), (5.17)

where the L> norms are taken with respect to t, and

M*g(z) = sup MZF|g|(z).
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It remains to deal with the two factors in front of the mean values in ([5.12)). They
are

_ (s, o) (et = 1) £ sV — 1| A (a/(1+2))

Fy: = 5.18

T Vo V1—e 2 (5.18)
x(et — 1) . o

= |———= L se| A , 5.19

V1—e? (1+2)vV1—e2 (5.19)

where we used (5.10) and (5.11]).

Lemma 5.4. Forp>1,s>0 ando € (1/2,1),
||F:|:||LOO(O7T] 5 s+1 and ||F:|:||v(p),(0,T] 5 S+ 1,
where the norm and the seminorm are taken in the variable t.

Proof. We have from (|5.19))

zel(e — 1) . Axe't

ﬁ—FSG < ﬁ +€S§$\/¥+SSS+1,

where the second inequality comes from ([5.4)) and the last step uses . The first
inequality of the lemma is verified.

For the second inequality, we will apply Lemma (b) The factors FL are not
always monotone in ¢, but we will split the interval (0,7'(s,o)| into subintervals
where they are monotone. The splitting may depend on s, ¢ and x, but the number
of subintervals will be no larger than C. This will be done in several steps.

To begin with, we consider only F_. We split (0,T(s,0)] at t = #(s) if t(s) <
T(s,0), and also at t = ty(s) if to(s) < T'(s,0).

The splitting then continues, and now we take both F, and F_ into account. The
next split depends on which of the quantities |z(ef — 1) & sv/e? — 1| and ¢/(1 + ),
occurring in the minimum in , is the smaller. Since ‘:L'(et — 1) £ sve? — 1|
is monotone in each subinterval obtained so far, this may give one split for F; and
another for F_. Next, observe that in the subintervals where o/(1+ ) is the smaller,

we see from (5.19)) that Fy = o/ ((1 +x)V1— e*Zt), which is monotone. It only
remains to consider the case when ‘x(et —1) £ sve? — 1| is the smaller quantity in
(5.18). Then (5.19)) shows that F. = Py, where

z(ef — 1)
V1—e 2

The derivative of P is seen to vanish precisely when

[Fy| <

Pi: :|:86t.

el — 2t 472
(1— e 2)32

In this equation, we multiply by the denominator and square both sides. After
multiplication by a suitable power of ef, the result will be a polynomial equation
in e', with only a bounded number of solutions. Thus we can split our subintervals
further, into intervals where P is monotone.

= Fse.
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This ends the splitting, and Lemma[2.1(b) implies the second inequality of Lemmal5.4]
O

We can now finish the proof of Proposition Applying Lemma [2.2] to the two
products in (5.12), we get

1R 9(2)[lu(o), 017
<:Hf3+HL«%07’HAfJ+@(ﬂ|9( )| w(o OT]+'HfQ+va)()T]HA4J+éHﬂ|9( M Lo (0,71

I Ny (1M 9@ o0 + 1M, 9@t 0m)

+ ||F—||U(P)7(07T] <||M‘J (5,0)| g( )”LOO(O,T] + ||M|t_];(57‘7)| g(l‘)HL‘X’(O,T]) :
Using Lemma together with (5.13)), (5.15)), (5.14)), and (5.17)), we conclude that
for a.a. x
1R 9 () |o(p), 0,71
S (L4 8) (1M 9(@)logoy,rs + 1M g(@) ooz, + M g(@) + M g(2)).

The four terms to the right here are independent of s and o, and we can insert this
estimate in (5.2)) and integrate with respect to s and o. The result will be

1#2°9(@) o011 S IMF g(@) ooy + M7 9(@) oo + MTg(@) + M g(x)

for a.a. x € f] N R,. In view of Theorem , this shows that the operator given by
| Hi¢g ()|l (p),0.1) 1s of weak type (1,1) as stated in Proposition This ends the
proofs of Proposition and also that of Proposition

APPENDIX. Asymptotics of z;

Claim:
2vj—-140 ( ! ) =+
= J— - |> J o0.
\/_
To prove this, let z; = 14 x; for 7 = 1,2,.... The recursion formula says that
Zip1 — 2j = 1/z;+1/2z;41. We have

<

1 1 Z
2 2 ~j+1
i+l J ( g+l J) (Zj Zj+1) Zj Z]_|_1 ( )

Writing zj2 as a telescoping sum, we obtain

-1

zj 22+ Z 25400 — >1—|—2j,
0

and so zj11 — z; < 2/4/1+2j. We continue with the sum in (5.20)), getting
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Ziyl — Zj Zj — Zj 1 1
Z32'+1_232':2+L+1+]—J+1+1:4+(2j+1_3j) (___)
<j Zj+1 cj Fjl
L 22 1
_gqlEnmm) =4+O< —.2>'
ZjZj+1 (1425)

Summing as above, we find

z; =45+ 0(1),

and so z; = 21/j + O(1/4/7). This proves the claim.
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