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1. Introduction

This article continues a project of the authors, started in [3] and proceed in [4] and [5], concerning the
study of the links between recurrent sets and Lyapunov functions.

Let ¢ be a continuous flow on a compact metric space (X,d). The aim of the present paper is to give
a constructive proof of the existence of a continuous Lyapunov function for ¢ which is strictly decreasing
outside the strong chain recurrent set SCR4(¢).

Such a result generalizes Conley’s Fundamental Theorem of Dynamical Systems—see the seminal book
[6][Section 6.4, Page 39]—since we look at SCR4(¢), instead of the chain recurrent set CR(¢).

* Corresponding author.
E-mail addresses: obern@math.unipd.it (O. Bernardi), anna.florio@imj-prg.fr (A. Florio), jwiseman@agnesscott.edu
(J. Wiseman).

https://doi.org/10.1016/j.topol.2021.107768
0166-8641/© 2021 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.topol.2021.107768
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2021.107768&domain=pdf
mailto:obern@math.unipd.it
mailto:anna.florio@imj-prg.fr
mailto:jwiseman@agnesscott.edu
https://doi.org/10.1016/j.topol.2021.107768

2 O. Bernardi et al. / Topology and its Applications 307 (2022) 107768

For dynamics given by the iteration of a homeomorphism, the problem has already been solved by Fathi
and Pageault in [8][Theorem 2.6], by using Fathi’s formalism in weak KAM theory. In particular, they
proved the following result.

Theorem. Let f : X — X be a homeomorphism on a compact metric space (X,d). Then there exists a
Lipschitz continuous Lyapunov function for f which is strictly decreasing outside SCR4(f).

Yokoi independently proved the existence of a continuous Lyapunov function (a priori non-Lipschitz) for
a homeomorphism on a compact metric space, that strictly decreases outside the SCR4(f) (see [9][Theo-
rem 5.2|).

Combining the variational approach established by Fathi and Pageault in [8] and some of Conley’s tech-
niques presented in [6], the authors Bernardi and Florio have attacked the same problem in the framework
of continuous flows, uniformly Lipschitz continuous on compact subsets of [0, +00). We recall that a contin-
uous flow ¢ : X x R — X on a compact metric space (X, d) is uniformly Lipschitz continuous on compact
subsets of [0,400) if for any T > 0 there exists M7 > 0 such that for every z,y € X

d(¢e(x), de(y)) < Mrd(z,y) VvVt e0,T].
In [4][Theorem 4.1], the following result is proved.

Theorem. Let ¢ : X x R — X be a continuous flow on a compact metric space (X, d), uniformly Lipschitz
continuous on the compact subsets of [0, +00). Then there exists a Lipschitz continuous Lyapunov function
for & which is strictly decreasing outside SCR4(p).

The proof of the above result is constructive. Nevertheless, the authors did not manage to generalize the
result for only continuous flows, getting rid of the further hypothesis about uniformly Lipschitz regularity
of the flow with respect to time. This is due to the fact that, in building the Lyapunov function for the
flow, some “regularizing” process of an initial function (coming from the variational approach) is needed.
In particular, some Lipschitz-like control over time is required. Even if any flow of a Lipschitz continuous
vector field satisfies the regularity hypothesis of the above theorem, there are examples of (dynamically
interesting) flows that fail to fulfill such a hypothesis, see e.g. Example 3.4.

In this article—for a continuous flow—we prove the existence of a Lyapunov function, which is strictly
decreasing outside the strong chain recurrent set, in the most general framework. In order to obtain it, we
exploit the Conley-type decomposition of the strong chain recurrent set, previously shown in [3][Theorem
2]. The constructive method to prove the existence of the required Lyapunov function is then inspired by
Conley’s original ideas presented in the proof of his celebrated theorem in the chain recurrent case.

Thus, our main result reads as follows.

Theorem 1.1. If ¢ : X x R — X is a continuous flow on a compact metric space (X, d), then there erists a
continuous Lyapunov function for ¢ which is strictly decreasing outside SCR4(p).

Acknowledgments. Olga Bernardi thanks prof. Alberto Abbondandolo who introduced her to Conley’s theory
of Lyapunov functions and posed her the problem solved in this article. O. Bernardi and J. Wiseman have
been supported by the PRIN project 2017S35EHN 003 2019-2021 “Regular and stochastic behavior in
dynamical systems”.
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2. Preliminaries

Let ¢ : X xR — X, (x,t) — ¢¢(z) be a continuous flow on a compact metric space (X, d). In this section
we recall the notions of Lyapunov function, strong chain recurrent point, stable set and strongly stable set.

Definition 2.1. A continuous function & : X — R is a Lyapunov function for ¢ if h(¢:(z)) < h(z) for every
t>0and z € X.

Definition 2.2. Given z,y € X, ¢ > 0 and T > 0, a strong (¢,T)-chain from z to y is a finite sequence
(@i, t:)i=1,...n C X X R such that ¢; > T for all 4, 1 = x and, setting z,41 =y, we have

3 (e, (2:), wi41) < e
=1

A point x € X is said to be strong chain recurrent if for any ¢ > 0 and T > 0 there exists a strong
(e,T)-chain from z to x.
The set of strong chain recurrent points is denoted by SCR4(¢).

Definition 2.3. A closed set B C X is stable if it has a neighborhood base of forward invariant sets.

We refer to [1][Page 1732] and [2][Paragraph 1.1]. If B is a stable set, then for every x € X either w(z)NB = ()
or w(z) C B, see [3][Lemma 4.1]. Moreover, the complementary of a stable set B is defined as

B*:={zxeX: wx)NnB=0}

The set B®* C X is invariant and disjoint from B but it is not necessarily closed even if B is closed (see also
Paragraph 1.5 in [7]).

Definition 2.4. A closed set B C X is strongly stable if there exist a family (Uy,),e(0,1) of closed nested
neighborhoods of B and a function

(0,1) 3= T(n) € (0, +00)

bounded on compact subsets of (0,1), such that:

(1) forany 0 <np<A<1l,{zeX: dz,U,) <X—n} CUx;

(i) B = ﬂne(o,l) w(Up);
(ZZZ) for any 0< n < 1, Cl{¢[T(n),+oo)(Un)} - Uﬂ'
We refer to [3][Definition 4.2]. Every strongly stable set B is closed, forward invariant and stable, see
[3][Remark 4.1].
In [3][Theorem 4.2], the subtle relation between strongly stable sets and SCR4(¢) has been explained:
Theorem 2.1. If ¢ : X x R = X s a continuous flow on a compact metric space, then

SCRa(¢) = ﬂ{B U B*®: B is strongly stable}. (1)

The proof of the main result of this paper is based on the above theorem.
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3. Proof of Theorem 1.1
3.1. A Lyapunov function for (B, B*)

Let ¢ : X X R — X be a continuous flow on a compact metric space (X, d).

In this section, for every pair (B, B*) with B strongly stable, we construct a Lyapunov function for ¢
which is strictly decreasing on X \ (B U B*).
Lemma 3.1. Let B C X be a strongly stable set and (Uy)pe(o,1) be a family of closed nested neighborhoods
of B as in Definition 2./.

If B* # ) then there exists an 1o € (0,1) such that

By ={reX: Vt>0, ¢s(x) & Uy} (2)

0.

is nonempty. The set By is forward invariant, B; C B* and BN cl(B; )

Proof. Let x be an element of B, so w(z) N B = . Since B = MNye(o,1)w(Uy), there exists 7o such that
w(z) Nw(U,,) = 0. Since U, is eventually forward invariant, this means that ¢;(z) ¢ U,, for all ¢t > 0. O

We observe that, since the U, ’s are nested,

ro={reX:vt>0, ¢(x) ¢ |J Uyl

n€(0,m0]

Theorem 3.1. Let B* # () and B}, be as in formula (2) of Lemma 3.1.
Then there exists a continuous Lyapunov function h : X — R for ¢ such that

(i) h=1(0) = B.
(i7) h™1(1) = cl(By,).
(#i) h is strictly decreasing on the set X \ (B U B*).

Proof. We first define the function [ : X — R as follows:

% ifn= iane(O,no) A such that x € Uy,
l(z):= (3)
1 otherwise.

The function [ is continuous: this follows from the fact that each U, is closed and by property (iit) of
Definition 2.4. Moreover, B = 17*(0), cl(B;, ) € I7*(1) and I(X) C [0, 1]. Define now the function k : X — R
by

k() := sup{l(¢(x))}. (4)

t>0

Since both B and cl(B;; ) are forward invariant, it follows that B = k~*(0) and cl(B;;)) € k~'(1). Moreover,
kE(X) C [0,1]. We show now that the function k is continuous.

(a) k is continuous on cl(B;; ). Since [ is continuous and since cl(B;; ) € 17'(1), for every e > 0 there exists
a neighborhood V' of cl(B; ) such that
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l(y) —l(x) <e

Vy € V and Vz € cl(B; ). In particular, for every y € V' we have 1 —[(y) < e. Observe that [ <k < 1.
Thus we deduce that

k(y) —k(x)[=1—-k(y) <1-1(y) <e

Vy € V and Vx € cl(B; ). This concludes the proof of the continuity of & on cl (B ).

k is continuous on B. Since [ is continuous and since B = [71(0), for every ¢ > 0 there exists a
neighborhood V' of B such that Iy < e. Corresponding to V' and up to restricting V', there exists
n € (0,m9) such that U, C V. From property (ii¢) of Definition 2.4, there is T'(n) > 0 so that

O1r(n), 400y (Uy) CU, C V. )

Observe that ¢pp(n) +o00)(Uy) is a neighborhood of B. From (5), the function % is e-bounded on
@17 (n),+o00) (Up). This proves the continuity of k on B.

k is continuous on X \ (BUcl (B} ).

Fix z € X'\ (BUcl (B}))). Thus, there exists 7(z) > 0 such that ¢ (4)(x) € U, c(0,4,) Un- Let 7 € (0,m0)
be such that 7j = infyg(o,50) A 50 that ¢,(,)(x) € Uy. Then, by property (i) of Definition 2.4 and the
continuity of the flow, fixed 77 < 7 < 7, there exists a neighborhood V' of 2 such that ¢, (V) C Uj.
Therefore, by property (iii) of Definition 2.4, we have

Dlr(2)+7(7),+00) (V) € Us

and consequently

< —.

l|¢[7<z>+T<m,+oo>(V)

S |32

Hence, for every y € V' we have

k(y) =sup{l(¢:(y))} =  max  {l(¢(y))}.

t>0 te[0,7(x)+T ()]

By the continuity of y — max;ec[o,r(2)+7m)]1(#:(y))}, we conclude that k is continuous at € X \ (BU
cl (B;,))-

By its definition in (4), it immediately follows that k is a Lyapunov function for ¢.
Define now the function h: X — R as

—+oo

h(zx) := /e_sk(@(x))d&

0

Since k is continuous, the function & is continuous too; moreover, h is decreasing along trajectories. Moreover,
on one hand h(z) = 0 if and only if k(¢ps(x)) = 0 for every s > 0, i.e. if and only if z € B. On the other
hand, h(z) = 1 if and only if k(¢s(x)) = 1 for every s > 0. That is if and only if ¢s(x) ¢ U, for every

s > 0, which is the definition of B:;O.
We finally prove that the function h is strictly decreasing on

ze€X\(BUB*) ={z€X\B: w) C B}
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E B

D C

Fig. 1. The dynamics of Example 3.1.

A E B D

Fig. 2. The Lyapunov function for the dynamics of Example 3.1.

Indeed, for any z € X \ (BU B*®) and t > 0, we have

—+o00

W(n(x)) - hiz) = / ¢ (k(ups(2)) — K(0a(2))) ds < 0

0

since the integrand is not identically zero. Indeed, if this is not the case, then, since k is a Lyapunov function,
kE(¢pr(x)) = k(z) for every T' > 0. But, since z € X \ (B U B*®) and arguing as at point (¢) of the continuity
argument for k, we can find 7 > 0 such that k(¢,(x)) < k(x), obtaining the required contradiction. This
concludes the proof. O

We recall that the corresponding result for an attractor-repeller pair is contained in [6][Section B, page
33]. Our proof follows the main lines of Conley’s original idea. However we notice that Conley’s Lyapunov
function for an attractor-repeller pair is identically zero on the attractor and identically 1 on the repeller.
The same does not hold for (B, B®), with B strongly stable. In such a case—see also Example 3.1 below—the
Lyapunov function of Theorem 3.1 assumes all the values between 0 and 1 in B°®.

Example 3.1. (Example 4.4 in [3])

On the circle R/Z endowed with the standard quotient metric, consider the dynamical system of Fig. 1. In
the sequel, we denote by XY (resp. cl()/ﬁ\/ )) the clockwise-oriented open (resp. closed) arc from X to Y.
The arc cl(@) and the points C and D are fixed; on the other points we have a clockwise flow. Then CZ(ZE)
is strongly stable with B® = ED U {D}. In such a case, a set B; as in formula (2) of Lemma 3.1 is—for
example—B; = cl (El\)) and the corresponding Lyapunov function for (B, B®) constructed in Theorem 3.1
equals 0 if z € CZ(ZE') and ——2=E) ___if 2 ¢ EB C B*. Then, such a function assumes all the values

d(z,E)+d(z,B)
between 0 and 1 in B® (see Fig. 2).

3.2. Reduction to a countable set of (B, B®)

Conley’s proof of Fundamental Theorem of Dynamical Systems uses the facts that attractor-repeller
pairs are closed and that there are countably many such pairs. We notice that the pairs (B, B®), involved
in the decomposition of SCR(¢), aren’t as well behaved. Firstly, different B’s can give the same B U B*®:
the obvious example is the identity flow on a connected compact metric space. Moreover, B U B® isn’t
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YYYYYYY

YYYYYYY
(0,0 x,0)
L .

Fig. 3. Dynamics of Example 3.2.

necessarily closed, there can be uncountably many different B U B®’s and, finally, the structure B U B*® is
not conserved by finite intersection.

The first part of this section is devoted to showing—Dby simple examples—these facts.

Example 3.2. On the compact space [0,1]? C R? endowed with the standard metric, consider the dynamical
system of Fig. 3. Segments [0,1] x {0} and [0,1] x {1} are fixed; moreover, for every = € [0, 1], on each
open vertical interval {x} x (0, 1) we have a north-south flow. In such a case, B = {(0,0)} is strongly stable
with complementary B® = ((0,1] x [0,1]) U {(0,1)}, and the union B U B*® is not closed. Moreover, every
closed segment B, connecting (0,0) to (x,0), z € [0, 1], is strongly stable, and the collection (B;)zc0,1]
gives uncountably many different B, U B3’s.

Example 3.3. Let us consider again Example 3.1. It is straightforward to see that there exist By and B;
strongly stable sets such that

ByUBS =cl(AD) and By UB! =d(DC).
However cl (@) N cl(ﬁzV )={D}uU cl(@) is not the union of a strongly stable set and its complementary.
The aim of the second part of the section is proving the next theorem.

Theorem 3.2. Let ¢ : X x R — X be a continuous flow on a compact metric space (X, d). Then there exists
an—at most countable—collection of strongly stable sets { By} such that

SCR4(¢) = (| Bn U By (7)

We will use the following lemmas in the proof of the theorem.

Lemma 3.2. Let {U,} be a—possibly uncountable—collection of open sets of a separable space. Then there
exists an—at most countable—subcollection {U,} such that

U =JVa.

Proof. Take a countable basis for the topology and let {V,,} be the set of basis elements that are contained
in Ua U,. For each V,,, set U, = U, for some U, containing V,,, or U,, = ) if no such U, exists. We claim
that |J,, Un = U, Ua-

The inclusion {J,, U, € |, Us is immediate. To see that (J,, Un 2 U, Ua, let « be any element of (J,, U,.
Then z is in U, for some «, and so there exists a basis element V,, such that =z € V,, C U,. Thus U, is not
empty and contains x. O
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Lemma 3.3. Let ¢ : X X R = X be a continuous flow on a compact metric space (X,d). Then
ﬂ{cl(B U B®) : B is strongly stable} = ﬂ{B U B® : B is strongly stable}.
Proof. The inclusion
ﬂ{cl(B U B®) : B is strongly stable} D m{B U B® : B is strongly stable}

is immediate.
In order to show the other inclusion, we need to recall some results from [3][Section 3].
For fixede >0, T >0and Y C X, let

Q(Y,e,T) :={x € X : there is a strong (g, T)-chain from a point of ¥ to =}
and

QY,e,T) = () Qe +n,T).
n>0

Moreover, let

Q)= (] QvieT) = () QY.eT).

e>0, T>0 e>0, T'>0

Let now z be a point in ¢l(B U B*)\(B U B*) for some strongly stable set B. We will show that there exists
a strongly stable set B (clearly depending on the point ) such that = ¢ cl(B U B®).
Since ¢ B U B®, by Theorem 2.1, x ¢ SCR4(¢). Equivalently,

r ¢ Qz) = ﬂ Qz,e,T).

e>0, T'>0

In particular, there exist € > 0 and T > 0 such that = ¢ Q(z,¢,T).
We proceed by proving that—corresponding to these e > 0 and 7 > 0 there exists a closed ball C
centered in x such that

CNnQC,eT)=0. (8)

Suppose, for the sake of contradiction, that C' N Q(C,e,T) # @ for every closed ball C' centered at z, in
particular, for a sequence (Cj,)nen of closed balls centered at x of radius 1/n — 0. This means that for
every nn > 0 and n € N there are points 27 and y? € C,, such that there exists a (¢ + 7, T)-chain from y!
to x7!. Since, for every n > 0,
; N — o — I n
W P = 0= A Y
we conclude that x € Q(x, e, T). This fact contradicts the hypothesis that = ¢ Q(z,e,T) and therefore there

necessarily exists a closed ball C' centered in  satisfying formula (8).
In order to conclude, define

B :=w(Q(C,e,T)),

which is—see Example 4.3 in [3]—a strongly stable set. Moreover (see Corollary 3.1 in [3]),
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BCQC,eT).

As a consequence, since (by formula (8)) = ¢ Q(C,e,T), then x ¢ B. We finally recall that—by Lemma 3.6
in [3]—w(C) C w(Q(C,e,T)), so that for every point y € C', we have

w(y) C w(C) Cw(Q(C,e,T)) = B.
This means that y ¢ B® for a11~y eC. ) o
Finally, since the point ¢ B and z € int(C), we conclude that = ¢ cI(BU B*) and the desired inclusion
is proved. O
As a direct consequence of the previous lemmas, we can give the proof of Theorem 3.2.
Proof of Theorem 3.2. Consider the collection of open sets
{Ua} = {X\cl(By UB}) : B, is strongly stable}.
Then, by Lemma 3.2, there exists an—at most countable—subcollection {U,} such that
JUa=JUn.
Consequently, applying also Theorem 2.1 and Lemma 3.3, we obtain

SCRa(¢) =) Ba U B =(cl(Ba UBY)

=X\ JUa = X\|JUn = el(B, UBY)

n

2 ()BaUB;, 2( ) Ba UBS = SCRa(9),

which gives exactly formula (7). O
3.8. End of proof of Theorem 1.1

Proof of Theorem 1.1. With reference to Theorems 3.1 and 3.2, let denote by h,, the Lyapunov function
for the nth-pair (B, By). As in [6][Page 39], define the function

(9)

The function h is continuous. Moreover—as a consequence of Theorems 2.1 and 3.1—h is a Lyapunov
function for ¢ which is strictly decreasing outside SCR4(¢). O

Remark 3.1. We observe that the proof in [3] of the decomposition of the strong chain recurrent set (here
Theorem 2.1) actually uses only the property of ¢ being a semiflow. Moreover, the construction of the
function in Theorem 3.1 and the countability result in Theorem 3.2 also work under this hypothesis. Con-
sequently, Theorem 1.1 can be rephrased, more generally, for a continuous semiflow on a compact metric
space.
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0 1

Fig. 4. The metric space of Example 3.4.

m

L AR N ] LI IR WV £
FZS RN ENAVENNINWE 2
FZS R NENRINWNINNE S
Ly A4 LR Pl
Ly A4t LI IR Pl
Ly A LI P d
E Lot AR N N N N N A~ 4
LFrA 4 b b bbb AT
EZSRNNNNRENNWEE S
EZSRNNNENNNNEE S
= VAR N N N N N N N N W & o
A4 bbb bbb Ay
F o A N N N N R N N R 4
AN AN ANV AT

Fig. 5. The flow lines of Example 3.4.

As recalled in the Introduction, if the flow is uniformly Lipschitz continuous on compact subsets of [0, +00),
then the result of Theorem 1.1 is proved in [4][Theorem 4.1]. The proof we present here does not need any
additional regularity assumption on the continuous flow.

We finally present an example of a continuous flow which is not uniformly Lipschitz continuous on
compact time subsets. That is, an example of a flow to which the result in [4] cannot be applied, but for
which Theorem 1.1 holds.

Example 3.4. Let us think of T as [0, 1] with 0 identified to 1. Define 7: [0,1] — R as

r— i+ 25 we [

1/%—xjtfagl z € [0,3]

Consider X = {(x,y) € R? : z €[0,1], 0 < y < 7(z)} endowed with the standard metric from R?, see
Fig. 4. Identify the graph of 7 with [0, 1], i.e. such that (z,7(z)) ~ (x,0). Let us consider the flow ¢ on X
whose flow lines are described in Fig. 5.

7(z) =

We first observe that ¢ is a continuous flow, not uniformly Lipschitz continuous on compact subsets of
[0, +00). Indeed, since the function 7 is not Lipschitz continuous at = 1/2, for any time T' greater than
the maximum of 7, we cannot find a uniform constant My such that, for every x € [0, 1], we have

d(¢t(1/27 O)a ¢t($7 O)) < MTd((1/27 O)a (‘T7 O)) vt e [07 T} :

So, the condition of uniform Lipschitz continuity is not satisfied.

The set of periodic points corresponds to the central vertical strip (of positive measure), so that Per(¢) #
X. We also observe that every point in X \ Per(¢) cannot be strong chain recurrent: its dynamics goes
“from left to right” and, since the vertical strip of periodic points has positive measure, the strip cannot be
traversed by a finite number of jumps whose sum is arbitrarily small. Therefore,

SCRa(¢) = Per(¢) # X.
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