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Abstract
First of all we shortly illustrate how the symplectic quantization scheme (Gradenigo 
and Livi, Found Phys 51(3):66, 2021) can be applied to a relativistic field theory 
with self-interaction. Taking inspiration from the stochastic quantization method by 
Parisi and Wu, this procedure is based on considering explicitly the role of an intrin-
sic time variable, associated with quantum fluctuations. The major part of this paper 
is devoted to showing how the symplectic quantization scheme can be extended 
to the non-relativistic limit for a Schrödinger-like field. Then we also discuss how 
one can obtain from this non-relativistic theory a linear Schrödinger equation for 
the single-particle wavefunction. This further passage is based on a suitable coarse-
graining procedure, when self-interaction terms can be neglected, with respect to 
interactions with any external field. In the Appendix we complete our survey on 
symplectic quantization by discussing how this scheme applies to a non-relativistic 
particle under the action of a generic external potential.

Keywords  Symplectic quantization · Non-relativistic limit · Non-relativistic 
quantum field theory · Quantum mechanics

1  Introduction

Symplectic quantization has been recently introduced [1, 2] as a quantization 
scheme suitable for quantum-relativistic field theories. It amounts to a deterministic 
version of the stochastic quantization method proposed several years ago by Parisi 
and Wu [4], and later adopted by several authors [5, 6, 8–10]. It is worth recalling 
that stochastic quantization aims at computing field correlators in the limit � → ∞ , 
where � is interpreted as a fictitious time appearing in a Langevin-like equation. In 
this sense, there is no need to attribute to � any physical interpretation, relying on 
the assumption that the stochastic evolution eventually samples a suitable measure 
in configuration space, epitomizing the statistical effect of quantum fluctuations. In 
fact, it was also argued that stochastic quantization amounts to a functional formula-
tion of quantum field theory, that is formally equivalent to the canonical partition 
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function of equilibrium statistical mechanics, provided a Wick rotation to an imagi-
nary coordinate-time is adopted [6].

Conversely, the basic idea of symplectic quantization is that the statistical effect 
of quantum fluctuations can be sampled by a deterministic symplectic dynamics, 
driven by an intrinsic time � , different from the coordinate time of quantum relativ-
istic field theories. Accordingly, the main outcome of this approach is the possibility 
of looking at the dynamics of a quantum-relativistic field-theory as a relavant piece 
of physical information, while the system approaches asymptotically equilibrium. In 
this respect it is important to point out the basic hypothesis of symplectic quantiza-
tion: the deterministic evolution equations of any quantum-relativistic field, ruled by 
the intrinsic time � is ergodic, i.e. it samples a constant-action hyper-surface accord-
ing to a uniform probability measure. Such an assumption stems from the considera-
tion that quantum-relativistic fields are infinite dimensional functions and there is 
no a priori reason to be invoked contrary to ergodicity, once all symmetries of the 
model under scrutiny have been taken into account. The main ingredients of this 
approach are summarized in Sect. 2, in order to provide a preliminary framework for 
the main content of this paper. In fact, the main purpose of this paper is to show how 
the symplectic quantization procedure applies also to non-relativistic field theories, 
while recovering also the limit of standard quantum mechanics.

In Sect. 4 we illustrate how symplectic quantization can be extended to non-rela-
tivistic field theories by performing a suitable non-relativistic limit of the symplec-
tic evolution equations, which transform into symplectic evolution equations for a 
Schrödinger field, which still keeps a dependence on the intrinsic time � . We dis-
cuss also the connection of this non-relativistic scheme with the standard formula-
tion of non-relativistic QFT: the Feynman path-integral turns out to be the Fourier-
transform of the partition volume of the constant-action hypersurface Ω(A) . This 
outcome elucidates also that symplectic quantization is the result of a deterministic 
dynamical evolution yielding a generalized microcanonical measure, whose entropy 
is given by

In Sect.  6 we go through the symplectic quantization scheme for a quantum field 
in interaction with a classical electromagnetic field and we show that, by a coarse-
graining procedure over the fast dynamics ruled by � (a sort of adiabatic elimination 
procedure) one can recover the standard quantum mechanical limit in terms of the 
Schrödinger equation, provided self-interaction terms can be neglected with respect 
to the interaction with external classical fields. In this perspective the symplectic 
quantization approach to non-relativistic field theories might be interpreted as a 
sort of formulation of quantum mechanics relying upon a hidden-variable theory. 
These are the momenta conjugated to fields yielding the dynamics engendered by 
the intrinsic time � of quantum fluctuations. Note that this is not contradictory to the 
foundations of quantum mechanics and, in particular, with Bell’s theorem. Actually, 
this does not rule out non-local theories with hidden variables (see, for instance [7]), 
like those characterized by global conservation constraints, as in the case of sym-
plectic quantization. In Sect. 7 we report conclusions and perspectives of the matter 

(1)Ssym = log(Ω(A)).
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contained in this paper. Finally, in the Appendix we provide further support to the 
generality of the symplectic approach, by reconsidering its interest also for “classi-
cal” quantum models.

2 � Relativistic Formulation

Let us start from the Lagrangian density of a massive charged scalar field �(x) , where 
x = x� = (x0, x) with x0 = c t , c the speed of light in vacuum, t the time, and x ∈ ℝ

3 
the vector of spatial coordinates. Including the quartic non-linear self-interaction the 
Lagrangian density reads

Since in what follows we want to consider the non-relativistic limit of the theory, we 
have to consider a complex, i.e. charged, field � . The integral over the space-time 
continuum of the Lagrangian density in Eq. (2) is the relativistic-invariant action

where d4x = dx0 d3x = c dt d3x.

3 � Symplectic Quantization

The fundamental idea of symplectic quantization is that x0 = c t is just a standard coor-
dinate and that one has to consider an additional time variable, i.e. the intrinsic time � 
parametrizing the sequence of quantum fluctuations [1, 2]. In practice, one assumes 
that the complex field depends also on this intrinsic time, i.e. �(x;�) = �(x0, x;�) . 
Moreover, one postulates the existence of a generalized “Lagrangian” (which has how-
ever the units of an action) containing a sort of kinetic energy term:

where �� denotes the derivative with respect to � and cs is a suitable parameter with 
the dimensions of a velocity. Let us observe that the simple form of the general-
ized Lagrangian in Eq.  (4) is closely inspired, almost dictated, by the analogous 
deterministic dynamics approach to Euclidean lattice field theory (see for instance 
[5]), where the presence of the quadratic term in ��� is a necessary condition to 
guarantee the sampling of the equilibrium measure exp(−SE∕ℏ) . The new physical 
constant cs is associated with the intrinsic time-scale of the symplectic dynamics, 
which might be relevant for analyzing transient regimes, but which has no practical 

(2)
L(�, ���) =�

��∗��� −
m2 c2

ℏ2
|�|2 − �

2
|�|4

=
1

c2
|�t�|2 − |�x�|2 −

m2 c2

ℏ2
|�|2 − �

2
|�|4 .

(3)S[�(x)] = ∫ L(�, ���) d
4x ,

(4)�[�, ���] = ∫ c−2
s
|���(x;�)|2 d4x + S[�(x;�)] ,
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influence on the sampling of the equilibrium distribution of fields. Since there is in 
general no need for cs to coincide with c, we will keep explicit the dependence on it. 
Moreover, in order to illustrate properly how to perform the non-relativistic limit in 
the symplectic quantization scheme, it is convenient to keep explicit the dependence 
also on the other physical constants ℏ and c. Following a standard procedure, one 
can introduce the canonically conjugated momenta

and thus define the symplectic action, or generalized “Hamiltonian”, as follows

Making use of all of the previous equations one can finally write

The symplectic dynamical equations then read

For the field-theory (2) they have the explicit expressions

where □ = c−2�2
t
− �2

x
 . The purpose of the present discussion has been to intro-

duce the formalism of symplectic quantization for relativistic fields in order to both 
connect with the previous papers on the subject [1, 2] and also to show how the 
approach to non-relativistic QFT can be directly deduced from the relativistic one, 
which needed therefore to be presented first.

(5)�(x;�) =
��

����
∗(x;�)

= c−2
s
���(x;�)

(6)�∗(x;�) =
��

����(x;�)
= c−2

s
���

∗(x;�)

(7)
ℍ[�,�]

= ∫
[
�∗(x;�)���(x;�) + �(x;�)���

∗(x;�)
]
d4x − 𝕃[�, ���].

(8)ℍ[�,�] = ∫
|�(x;�)|2

c−2
s

d4x − S[�(x;�)] .

(9)���(x;�) =
�ℍ[�,�]

��∗(x;�)
,

(10)���(x;�) = −
�ℍ[�,�]

��∗(x;�)
.

(11)���(x;�) =
�(x;�)

c−2
s

,

(12)���(x;�) = −

(
□ +

m2c2

ℏ2
+ �|�(x;�)|2

)
�(x;�),
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4 � Non‑relativistic Limit

Here we discuss the non-relativistic limit in the framework of the symplectic 
quantization. The first step amounts to factorize the high-frequency component 
of the field �(x;�) , thus epitomizing its dependence on the parameter c (speed of 
light):

where Ψ(x, t;�) is the non-relativistic field, i.e. the Schrödinger field, which still 
exhibits a dependence on the intrinsic time � . The adiabatic separation in slow and 
fast oscillating components of the field �(x;�) is a standard approach to perform 1/c 
expansions, see for instance [3]. Let us notice that within the symplectic quantiza-
tion approach the distinction between “classical” and “quantum” fields is straight-
forward: anytime a field has quantum fluctuations it carries an explicit dependence 
on the intrinsic time � , while a classical field does not exhibit any dependence on �.

By substituting Eq. (13) into the relativistic action, Eq. (3), and performing the 
non-relativistic limit c → ∞ one can conclude that the contribution 1

2c2
Ψ∗ �2Ψ

�t2
→ 0 

can be neglected, thus yielding the following expression for the non-relativistic 
action

where g = �ℏ4∕(4m2c) . Then, for consistency, we also define the slow non-relativis-
tic component Π(x, t;�) of the conjugated momentum field �(x;�) as follows

In this way we obtain the expression of the generalized non-relativistic Hamiltonian

where � = 2mc−2
s
∕ℏ2 . One can easily recognize in the previous formula a general-

ized separable Hamiltonian, containing a generalized “kinetic energy” term and a 
generalized “potential energy” term

with

(13)�(x;�) =
ℏ√
2mc

e
−i

mc2

ℏ
t Ψ(x, t;�) ,

(14)
Snr[Ψ(x, t;�)] = ∫ dt d3x Lnr[Ψ(x, t;�)]

Lnr[Ψ] =
iℏ

2

(
Ψ∗�tΨ − Ψ�tΨ

∗
)
−

ℏ2

2m
|�xΨ|2 −

g

2
|Ψ|4,

(15)�(x;�) =
ℏ√
2mc

e
−i

mc2

ℏ
t Π(x, t;�).

(16)
ℍnr[Π(x, t;�),Ψ(r, t;�)]

= ∫
|Π(x, t;�)|2

�
dt d3x − Snr[Ψ(x, t;�)],

(17)ℍnr[Π,Ψ] = 𝕂[Π] + 𝕍 [Ψ],
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The symplectic dynamical equations of the Schrödinger field Ψ(x, t;�) read then

For the non-relativistic limit of the field-theory, Eq.  (2), they take the explicit 
expressions

Before proceeding further in illustrating more details about the outcomes of the 
non-relativistic limit of the symplectic quantization scheme, we want to point out 
a crucial comment about its physical interpretation. The deterministic dynamics in 
the intrinsic time � , engendered by Eqs. (21) and (22), makes the action Snr[Ψ] play 
the role of an effective potential energy −� [Ψ] , which is, accordingly, a fluctuating 
quantity. In the extended phase-space of the Schrödinger field Ψ(x, t;�) and of its 
conjugated momentum Π(x, t;�) these fluctuations are of quantum origin.

5 � Connection with Standard Non‑relativistic QFT

In this section we want to elaborate about the relation between the non-relativistic 
symplectic quantization scheme introduced in the previous section and the standard 
formulation of non-relativistic field theory (QFT), based on the path integral formal-
ism. The key point is the assumption that the dynamics engendered by Eqs.  (19) 
and (20) is ergodic in a generalized microcanonical ensemble. Note that despite one 
would like to have at disposal a proof rather than an assumption, ergodicity is quite 
difficult to be established on a rigorous ground. Anyway, there is a general consen-
sus that such an assumption holds for models of infinite-dimensional variables, like 
field theories. Said differently, ergodicity amounts to assume the existence of a uni-
form probability measure PA(Π,Ψ) in the infinite-dimensional phase-space of fields 
and conjugate momenta reading as:

(18)
�[Π] = ∫

|Π(x, t;�)|2
�

dt d3x

� [Ψ] = −Snr[Ψ(x, t;�)]

(19)��Ψ(x, t;�) =
�ℍnr[Π,Ψ]

�Π∗(x, t;�)
,

(20)��Π(x, t;�) = −
�ℍnr[Π,Ψ]

�Ψ∗(x, t;�)
.

(21)��Ψ(x, t;�) =
Π(x, t;�)

�
,

(22)��Π(x, t;�) =

(
iℏ�t +

ℏ2

2m
�2
x
− g|Ψ|2

)
Ψ(x, t;�) .
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where the normalization factor is a generalized microcanonical partition function 
fixing to A the value of the generalized non-relativistic Hamiltonian ℍnr (which has 
the actual physical dimensions of an action):

The ergodic hypothesis amounts then to assume that the dynamical average along 
the trajectories of the symplectic quantization dynamics do correspond to ensemble 
averages with respect to the probability measure PA[Π,Ψ] in Eq. (23):

where ΨA(x, t;�
�) denotes a solution of symplectic dynamics equations relative to a 

generic initial condition, such that ℍnr[Π(x, t;0),Ψ(x, t;0)] = A . In Eqs. (24) and (25) 
the symbols D[Π] = D[Π(x, t)] and D[Ψ] = D[Ψ(x, t)] denote functional integration 
over the fields Π(x, t) and Ψ(x, t) , respectively. According to Eq. (25) the dynamical 
average can be replaced by the (microcanonical) ensemble average: for this reason 
the fields and their conjugated momenta in the integral on the r.h.s. do not keep any 
dependence on � . This is in complete analogy to what is assumed in classical sta-
tistical mechanics, where the dynamics is replaced by (functional) integration over 
equilibrium configurations. In this case the partition function in Eq. (24) turns out to 
be just the sum over all classical configuration of the field and conjugated momenta, 
compatible with a given value of the generalized action.

It is worth stressing that the ergodic hypothesis is the core of the connection 
between symplectic quantization and ordinary quantum field theory also in the 
non-relativistic limit discussed here.

Then, since in the present framework the action A is the symplectic analog of 
the microcanonical internal energy, it is natural to introduce the dimensionless 
symplectic analog of the familiar microcanonical entropy as

In this way, the reduced Planck constant ℏ fixes the constraint

or, equivalently,

(23)PA[Π,Ψ] =
�(ℍnr[Π,Ψ] −A)

Ω(A)
,

(24)Ω(A) = ∫ D[Π]D[Ψ]�(ℍnr[Π,Ψ] −A) ,

(25)
lim

�→+∞

1

� ∫
�

0

O(ΨA(x, t;�
�)) d��

= ∫ D[Π]D[Ψ] O(Ψ) PA[Π,Ψ],

(26)Ssym(A) = lnΩ(A) .

(27)1

ℏ
=

�Ssym(A)

�A
,
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which relates the extensive quantity A to the intensive quantity ℏ . As previously 
discussed, in the symplectic quantization ℏ plays the role of the intensive thermal 
energy kBT .

At this point our purpose is to draw the precise connection between the microcanoni-
cal representation of symplectic quantization and the most familiar functional approach 
to quantum field theory, i.e. the path-integral representation. As we are going to show 
this bridge can be established by performing a suitable change of equilibrium statistical 
ensemble, which, in this case, does not amount to a standard Legendre transform. Actu-
ally, in the microcanonical representation of the symplectic quantization scheme the 
value of the action over the phase-space is fixed and one would like to transform this 
formalism to a sort of canonical representation fixing on average the action per unit 
volume. In equilibrium statistical mechanics the analogous procedure yields a canoni-
cal representation based on a Gibbs-Boltzmann weight. Since in symplectic quantiza-
tion scheme (also in the present non-relativistic case) the functional with respect to 
which we would like to consider the integral transform is an action, i.e. a “non-posi-
tive” defined quantity, the only transformation which can be performed is the Fourier 
one. Accordingly, the Fourier transform of the partition volume in Eq. (24) reads

where z is the variable conjugated to A and has therefore physical dimensions of an 
inverse action, [z] = [A−1] . By then fixing z = 1∕ℏ and integrating over the quad-
ratic dependence on conjugated momenta one obtains

which is the standard Feynman path integral representation of the non-relativistic 
QFT of the Schrödinger field Ψ(x, t) , where N(ℏ) is a suitable normalization fac-
tor. We can conclude that within the symplectic quantization approach the Feynman 
path-integral is obtained, on the basis of the ergodic hypothesis mentioned in this 
paragraph, simply as the Fourier transform of a generalized microcanonical parti-
tion function based on the conservation of the symplectic action. Only on a formal 
ground, we can therefore think at Eq. (30) as a sort of partition function and its com-
plex integrand as a sort of probability measure Pℏ[Π,Ψ] which, provided the origi-
nal ergodic hypothesis in Eq. (25) holds true, conserves on average the symplectic 
action, with Pℏ[Π,Ψ] reading as

(28)
1

ℏ
=

1

Ω(A)

�Ω(A)

�A
,

(29)
Z(z) =

1√
2�

∫
+∞

−∞

dA e−izA Ω(A)

= ∫ D[Π]D[Ψ]e−izℍnr[Π,Ψ] ,

(30)
Z(ℏ) =∫ D[Π]D[Ψ] e−

i

ℏ
ℍnr[Π,Ψ]

=N(ℏ)∫ D[Ψ] e
i

ℏ
Snr[Ψ],
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More precisely, we can write

which makes explicit the relation between symplectic quantization dynamical aver-
ages and the expectation values in ordinary quantum field theory.

Note that, as for Eqs. (8) and (16), the integration over the conjugated momenta 
in the last line of Eq. (32) is straightfoward only if the generalized Hamiltonian cor-
responding to the symplectic action is separable. Additional computational difficul-
ties occur when one has to deal with models exhibiting symmetry properties whose 
symplectic quantization yields a non-separable generalized Hamiltonian of the form

as is it happens, for instance, in non-abelian gauge theories [6] and, most notably, in 
gravity [2, 6].

We conclude this section by discussing the physical implications of the quantiza-
tion constraint in Eq. (27), which draws a formal correspondence between ℏ , in the 
symplectic quantization approach, and the microcanonical definition of temperature 
T in ordinary statistical mechanics, T−1 = �S(E)∕�E , where S is the microcanoni-
cal entropy and E is the total conserved energy. In order to do that we take inspira-
tion from the Parisi-Wu stochastic quantization approach, where the quantum fluc-
tuations of the fields are associated to a stochastic dynamics, which mimicks the 
contact with a fictitious thermal bath at temperature ℏ . Therefore, the main idea is 
that we need to set the conditions for the deterministic dynamics of Eq. (22) as if 
it would be performed in contact with a thermostat at temperature ℏ . This task can 
be achieved by assuming that a sort of equipartition theorem applies in the sym-
plectic quantization scheme, as for an ergodic Hamiltonian dynamics of a classical 
system at temperature T. In fact, in a classical Hamiltonian system with total energy 
E, made on N degrees of freedom, whose kinetic energy is denoted by K, the equi-
partiton of the energy amounts to assume that

where

(31)Pℏ[Π,Ψ] =
1

Z(ℏ)
e
−

i

ℏ
ℍnr[Π,Ψ].

(32)

lim
�→+∞

1

� �
�

0

O(ΨA(x, t;�
�)) d��

= � D[Π]D[Ψ] O(Ψ) Pℏ[Π,Ψ]

=
1

Z(ℏ) � D[Π]D[Ψ] O(Ψ) e−
i

ℏ
ℍnr[Π,Ψ]

=
∫ D[Ψ] O(Ψ) e

i

ℏ
Snr[Ψ]

∫ D[Ψ] e
i

ℏ
Snr[Ψ]

(33)A[Π,Ψ] = �[Π,Ψ] + � [Φ] ,

(34)kBT =
E

N
=

2⟨K⟩
N

,
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Accordingly, the angle brackets ⟨∙⟩ are a shorthand notation for a time-average, 
which, consistently with the ergodic hypothesis, is assumed to be independent of the 
initial conditions. We can export this procedure in the framework of the symplectic 
quantization scheme by introducing the following correlation function for general-
ized momenta

where Π∗(x, t;s) and Π(y, t�;s) denote solutions of the Hamiltonian equations, 
Eq.  (22), and �0 indicates a time scale over which the system has already reached 
stationarity. The analogous of Eq. (34) reads

where � is a suitable dimensional constant. By Fourier-transforming this equation 
one obtains the quantization condition

Note that for a lattice version of the theory, the condition in Eq.  (37) should be 
replaced with

where a is the lattice spacing along spatial directions and b is the lattice spacing 
along time direction. Again, by Fourier-transforming this equation one obtains 
Eq.  (38), where the continuum variables k and � are replaced by their discretized 
version. These quantization conditions point out the special role played by ℏ in the 
symplectic quantization scheme. In any practical computation by numerical methods 
of the deterministic dynamics in Eq. (22) one has to consider the class of initial con-
ditions yielding a stationary evolution, compatible with such quantization constraint. 
More details about the possible recipes for identifying the right class of initial con-
ditions for the numerical simulaton of the dynamics will be reported in a forthcom-
ing paper by one of the authors [11].

(35)⟨K⟩ = lim
Δt→∞

1

Δt ∫
t0+Δt

t0

ds K[Π(s)],

(36)⟨Π∗(x, t)Π(y, t�)⟩ = lim
Δ�→∞

1

Δ� ∫
�0+Δ�

�0

ds Π∗(x, t;s)Π(y, t�;s),

(37)
1

�
⟨Π∗(x, t)Π(y, t�)⟩ = ℏ

2
�(t − t�) �(x − y),

(38)
1

�
⟨Π∗(k,�)Π(k,�)⟩ = ℏ

2
.

(39)
1

�
⟨Π∗(xi, tk)Π(xj, t

�
l
)⟩ = ℏ

2

1

ba3
�kl �ij,
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6 � Coarse‑Graining: From Quantum Field Theory to Quantum 
Mechanics

In this section we illustrate how to obtain a non-relativistic theory for a quantum 
wave-function �(x, t) , by applying a suitable coarse graining procedure to the 
Schrödinger field Ψ(x, t;�) . We limit our considerations to local fields and single-
particle wavefunctions, disregarding the case of many-body wavefunctions, since 
they are non-local objects unsuitable for describing in the same framework non-rela-
tivistic and relativistic systems, a fortiori in the presence of interactions.

We consider the paradigmatic case of a self-interacting quantum scalar field 
which is also in interaction with a classical electromagnetic field. Starting from the 
Lagrangian in Eq. (2), one can add the interaction with the electromagnetic classical 
field A�(x, t) = A�(x) = (Φ(x),A(x)) , with Φ(x, t) the scalar potential and A(x, t) the 
vector potential, in a way which is both covariant and gauge-invariant, by introduc-
ing the covariant derivatives:

The classical nature of the electromagnetic field excludes any dependence of A�(x, t) 
and Φ(x, t) on the intrinsic time of quantum fluctuations � . Since we assume that 
the elecromagnetic field is a static external field, we can also neglect “propagative” 
terms such as F��F�� . Thereofere, the total Lagrangian, including the contributions 
of the external fields, reads

In order to consider the non-relativistic limit, we rewrite �(x, t;�) in terms of a high-
frequency component e−imc2t∕ℏ and a slow component Ψ(x, t;�) according to the rela-
tion in Eq. (13). This replacement amounts to a sort of adiabatic elimination proce-
dure, yielding the following Lagrangian of the field Ψ(x, �)

where the non-relativistic Lagrangian Lnr[Ψ] is the one define in Eq. (14). Without 
loss of generality we can assume a null vector potential, i.e. A = 0 . By replacing 
1∕c2 with �0�0 we can rewrite the complete Lagrangian in the form

(40)�t → �t + i
q

ℏ
Φ

(41)� → � − i
q

ℏ
A.

(42)
Ltot = L(�, ���) +

q2

2mc2
|�|2Φ2 −

iqℏ

2mc2
(�∗�t� − ��t�

∗)Φ

−
q2

2m
|�|2A2 +

iqℏ

2m
(�∗

�� − ���∗) ⋅ A

(43)
Ltot = Lnr[Ψ] +

q2

2mc2
|Ψ|2Φ2 − q|Ψ|2Φ

−
q2

2m
|Ψ|2A2 +

iqℏ

2m
(Ψ∗

�Ψ − Ψ�Ψ∗) ⋅ A ,
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where we have made explicit the dependence of the quantum fields on � , as opposed 
to the classical fields, which are assumed independent of it.

We can now introduce the coarse-graining argument which allows us to deduce 
quantum mechanics from quantum field theory. Let us recall that within the sym-
plectic quantization approach we have to deal with a generalized Hamiltonian, 
that we have also called symplectic action, because its physical dimensions are 
those of an action. This generalized Hamiltonian is related to the Lagrangian in 
Eq. (44) and to the generalized conjugated momenta appearing in the equation of 
motion:

Since for physical reasons we have to assume that the generalized Hamiltonian 
takes a finite value, also the “potential energy” contribution, i.e. the one depend-
ing on Ψ(x, t;�) , and the “kinetic energy” contribution, i.e. the one which depending 
on Π(x, t;�) , have to remain finite for any values of � . Accordingly, the generalized 
momenta are bounded functions of � . Therefore, averaging with respect to the intrin-
sic time � both terms of Eq. (45) we obtain that the l.h.s. of this equation vanishes 
with � → +∞ , namely

For what concerns the quantum field ⟨Ψ⟩ , we assume that its intrinsic-time average

defines the quantum mechanics wave-function

By assuming that the external field is such that q2𝜖0𝜇0Φ
2∕m ≪ qΦ , Eq. (45) can be 

rewritten in terms of the wave-function as follows

(44)

Ltot[Ψ(x, t;�)]

=
iℏ

2

(
Ψ∗(x, t;�)�tΨ(x, t;�) − Ψ(x, t;�)�tΨ

∗(x, t;�)
)

−
ℏ2

2m
|�xΨ(x, t;�)|2 −

g

2
|Ψ(x, t;�)|4

+

(
�0�0q

2

2m
Φ2(x, t) − qΦ(x, t)

)
|Ψ(x, t;�)|2 ,

(45)
��Π(x, t;�) =

(
iℏ�t +

ℏ2

2m
�2
x
− g|Ψ|2

)
Ψ(x, t;�)

+

(
�0�0q

2

2m
Φ2(x, t) − qΦ(x, t)

)
Ψ(x, t;�).

(46)lim
�→+∞

1

� ∫
�

0

�Π(x, t;��)

���
d�� = lim

�→+∞

Π(�) − Π(0)

�
→ 0

(47)⟨Ψ(x, t;�)⟩� = lim
�→+∞

1

� ∫
�

0

Ψ(x, t;��) d��

(48)�(x, t) = ⟨Ψ(x, t;�)⟩� .
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The important information which must be retained from Eq. (49) is that in general 
the coarse-graining of the quantum fields over the fast dynamics over � does not 
yield a simple quantum-mechanical theory. The average/coarse-graining of the non-
linear interaction term with respect to the sequence of quantum fluctuations con-
trolled by � does not yield an expression which can be written in terms of the wave-
function �(x, t) only, because

It is only in peculiar cases, related to quantum phase transitions, that one finds situa-
tions where the following replacement is correct

where in Eq. (51) the second quantization formalism has been restored: the fluctuat-
ing field Ψ(x, t;�) has been replaced with the field operator Ψ̂(x, t) and ⟨∙⟩ denotes the 
average over the Fock space rather than the intrinsic time average. A replacement as 
the one of Eq. (51) is possible for instance when the average is made with respect 
to a coherent state �CS⟩ , that is an eigenstate of the field operator Ψ̂(x, t) , such that 
Ψ̂(x, t)�CS⟩ = 𝜓(x, t)�CS⟩ (see, for instance [12]). However, we are not going to deal 
with these peculiar cases in this paper.

The main conclusion is that for local fields in the presence of self-interac-
tions, in general the Schrödinger field Ψ(x, t;�) is intrinsically fluctuating and 
cannot be reduced to a wave-function. Only when the effect of the external clas-
sical field is dominant with respect to the self interaction, namely

where ‖ ⋅ ‖ denotes an L2 norm in the appropriate Hilbert space, or when the self 
interaction is set to zero ( g = 0 ), the coarse-graining with respect to the intrinsic 
time � allows one to map the fluctuating quantum field to a wave-function, uniquely 
determined in each point of space-time as the solution of the Schrödinger equation:

In summary, the above derivation is a well-defined protocol for obtaining a wave 
function �(r, t) (with |�(x, t)|2 representing a probability density in space-time) 
from a fluctuating quantum field Ψ(r, t;�) by a sort of adiabatic elimination proce-
dure, combined with suitable assumptions about the role of self-interacting contri-
butions in the original field theory.

(49)
iℏ

�

�t
�(x, t)

= −
ℏ2

2m
�
2�(x, t) + q�(x, t)Φ(x, t) + g⟨�Ψ�2Ψ⟩ .

(50)⟨�Ψ�2Ψ⟩ ≠ �⟨Ψ⟩�2⟨Ψ⟩.

(51)⟨Ψ̂+(x, t)Ψ̂(x, t)Ψ̂(x, t)⟩ = �𝜓(x, t)�2𝜓(x, t).

(52)‖q𝜓(x, t)Φ(x, t)‖ ≫ ‖g⟨�Ψ�2Ψ⟩‖,

(53)iℏ
�

�t
�(x, t) =

[
−
ℏ2

2m
�
2 + qΦ(x, t)

]
�(x, t)
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7 � Conclusions and Perspectives

In this paper we have explained how the symplectic quantization approach to quan-
tum field theory introduced in [1, 2] can be extended to the non-relativistic field 
theory of a Schrödinger field and how, under a very reasonable ergodic hypothesis 
for the deterministic dynamics of this new approach, it is possible to readily obtain 
a connection with the standard functional approach to QFT based on the Feyn-
man path-integral formalism. Moreover, we have illustrated how a coarse-graining 
procedure applied to the symplectic quantization scheme yields ordinary quantum 
mechanics from a theory of fluctuating quantum fields. This procedure is effective 
only for a free quantum field or in the presence of an external classical field much 
stronger than the self-interaction term of the quantum field. In Appendix A we dis-
cuss how the symplectic quantization formalism applies to a non-relativistic parti-
cle in a potential well. Last but not least we have pointed out how the symplectic 
quantization dynamics, which flows along the new intrinsic time � of quantum fluc-
tuations, can provide new numerical protocols for sampling quantum fluctuations of 
fields in real coordinate time t also in the non-relativistic case. Further investigations 
should certainly encompass numerical tests of the symplectic quantization scheme 
for non-relativistic quantum fields (a first numerical study of relativistic fields can 
be found in [11]) and the investigation of the interplay between this formalism and 
alternative functional approaches to study quantum fluctuations of non-relativistic 
fields (in particular bosonic ones) already present in the literature, e.g. the so-called 
Truncated Wigner Approximation [13] or the Stochastic Gross-Pitaevski equation 
[14, 15].

Appendix A: Non‑relativistic Particle in a One‑Dimensional External 
Potential

We complete our discussion on the non-relativistic limit of symplectic quantiza-
tion by considering the one-dimensional non-relativistic problem of a particle in 
an external potential. The classical lagrangian of this non-relativistic system can be 
written as

where q(t) denotes the coordinate of a particle of mass m as a function of coordinate 
time t and q̇ is the derivative of the coordinate with respect to t, while V(q) is the 
external potential acting on the particle. The action functional is given by

where t ∈ [tI , tF] , i.e. with tI and tF the two limits of integration over the time t.
As previously discussed, the prescription of symplectic quantization is that any 

classical field, in this case the “position field” q(t), is “quantized” by assuming for 

(A1)L(q, q̇) =
m

2
q̇2 − V(q) ,

(A2)S[q(t)] = ∫
t1

t0

L(q, q̇) dt = ∫
t1

t0

(
m

2
q̇2 − V(q)

)
dt ,
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it a further dependence on the intrinsic time � , so that for any given value of coordi-
nate time t the field q(t;�) is not fixed but fluctuates along the symplectic dynamics.

According to what already done for fields in the previous sections, we postulates 
the existence of a generalized “Lagrangian”

where �� denotes again the derivative with respect to the intrinsic time � and M is an 
appropriate dimensional constant. In this case

The symplectic momentum reads

and the symplectic-action/generalized-Hamiltonian functional is

The symplectic dynamical equations are given by

Explicitly, we have

Clearly, Eq. (A9) is equal to Eq. (A5).
As done in the discussion of quantum fields, we need to define the quantization con-

straints also for the symplectic quantization approach to ordinary quantum mechanics. 

(A3)

�[q, 𝜕𝜏q] =∫
tF

tI

M

2
(𝜕𝜏q(t;𝜏))

2 dt + S[q(t;𝜏)]

=∫
tF

tI

(
M

2
(𝜕𝜏q)

2 +
m

2
q̇2 − V(q)

)
dt ,

(A4)[M] = mass .

(A5)�(t;�) =
��

���q(t;�)
= M��q(x;�)

(A6)

ℍ[𝜋, q] =∫
tF

tI

𝜋(t;𝜏)𝜕𝜏q(t;𝜏) dt − 𝕃[q, 𝜕𝜏q]

=∫
tF

tI

𝜋(t;𝜏)2

2M
dt − S[q, 𝜕𝜏q]

=∫
tF

tI

(
𝜋(t;𝜏)2

2M
−

m

2
q̇(t;𝜏)2 + V(q(t;𝜏))

)
dt .

(A7)��q(t;�) =
�ℍ[�, q]

��(t;�)
,

(A8)���(t;�) = −
�ℍ[�, q]

�q(t;�)
.

(A9)��q(t;�) =
�(t;�)

M
,

(A10)𝜕𝜏𝜋(t;𝜏) = −mq̈(t;𝜏) − 𝜕qV(q(t;𝜏)) .



	 Foundations of Physics (2024) 54:50

1 3

50  Page 16 of 19

Following the discussion above in the main text, this is simply obtained by asking the 
following for the dynamical average of momenta

which, in Fourier space, reads as

telling us that each frequency of the “momentum field” Fourier components, �(�) , 
carries a half quantum of action, the other half being carried by the “position field”. 
Therefore, if one is about doing a numerical simulation on a discrete and finite time 
grid, where also frequencies are discretized, the quantization constraint of Eq. (A12) 
can be obtained by choosing as initial condition

As previously discussed, given a generic observable O which depends on the coordi-
nate q, i.e. O(q) , its symplectic time average is given by

Again, under the assumption of symplectic ergodicity, this time average can be 
rewritten as the following micro-canonical statistical average

where

where A is a given fixed value of the action and ℍ[�, q] is given by Eq.  (A6) but 
clearly without the dependence with respect to the intrinsic time � , i.e.

As previously discussed, A is not arbitary. It is related to the reduced Planck con-
stant ℏ by the fundamental expression

(A11)
1

2M
⟨�(t)�(t�)⟩ = ℏ

2
�(t − t�),

(A12)
1

2M
⟨�(�)�(−�)⟩ = ℏ

2
,

(A13)
1

2M
|�(�i)|2 = ℏ ∀ i,

|q(�i)|2 = 0 ∀ i.

(A14)⟨O(q)⟩ = lim
�→+∞

1

� ∫
�

0

O(q(t;��)) d�� .

(A15)⟨O(q)⟩ = ∫ D[�]D[q]P[�, q]O(q(t)) ,

(A16)PA[�, q] =
�(ℍ[�, q] −A)

∫ D[�]D[q] �(ℍ[�, q] −A)

(A17)ℍ[𝜋, q] = ∫
tF

tI

(
𝜋(t)2

2M
−

m

2
q̇(t)2 + V(q(t))

)
dt .

(A18)
1

ℏ
=

�

�A
ln

(

∫ D[�]D[q] �(ℍ[�, q] −A)

)
,
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or, equivalently, one can use Eq. (28), where in this specific case

1. Microcanonical Definition of ℏ

As a toy model, we consider a very simple one-dimensional system, where q(t) and 
�(t) are substantially time independent, i.e. the kinetic energy (m∕2)q̇2 is negligi-
ble. Moreover, we assume that the potential energy is given by the quartic oscillator 
V(q) = (�∕2)q4 . It follows that

Consequently, we obtain

and from Eq. (28) we find

2. Ehrenfest Theorem

A fundamental relation which must be deduced from Eqs. (A9) and (A10) in order 
to asses the consistency of the above formalism with standard quantum mechanics is 
the Ehrenfest theorem. We start from the Ehrenfest relations, which can be obtained 
without effort from the Hamilton equations (A9) and (A10), simply by taking the 
average over intrinsinc time, see Eq. (A14). If the potential energy V(q(t;�)) is such 
that both q(t;�) and �(t;�) are bounded, we can write:

namely

(A19)Ω(A) = ∫ D[�]D[q] �
(
ℍ[�, q] −A

)
.

(A20)

Ω(A) =∫ d�dq �

(
(tF − tI)

(
�2

2M
+

�

2
q4
)
−A

)

=
1

2

√
2M

(tF − tI) ∫ dq
1√

A −
�

2
q4(tF − tI)

=1.748

√
2MA

�1∕4(tF − tI)
3∕4

.

(A21)
1

Ω(A)

�Ω(A)

�A
=

1

2A

(A22)A =
ℏ

2
.

(A23)lim
�→∞

1

� ∫
�

0

d��
��(t;��)

���
= lim

�→∞

�(t;�) − �(t;0)

�
= 0,

(A24)⟨𝜕𝜏𝜋(t)⟩ = 0 = m⟨q̈(t)⟩ + ⟨𝜕qV(q(t))⟩,
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from which, by denotig as mq̇(t) the momentum conjugated to q(t) with respect to 
ordinary time, we have

while we have that, in the present context, the equation

comes simply as a definition.
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