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Abstract—We present a model, based on the calculation of
collision integrals, for evaluating nonlinear interference noise
(NLIN) in a distributed Raman-amplified, few-mode fiber (FMF),
wavelength division multiplexed (WDM) link. It is first demon-
strated, neglecting dispersion and power evolution along the
fiber, that the collision integrals have asymptotic limits for low
and high differential group delay (DGD) between the channels.
A general approximated model is then derived for any DGD
regime. Dispersion and power evolution are incorporated into
the model via correction factors applied to the asymptotic
limits, which require only a very limited number of integrals
to be numerically evaluated. The accuracy of the analytical
estimates is confirmed through comparison with full numerical
evaluations of the collision integrals. The proposed method offers
a substantial reduction in computational effort compared with
direct numerical calculations, which become prohibitive in FMFs
due to the large number of interfering channels and the large
number of collisions caused by large DGDs between mode groups.
We apply the model to a link based on a FMF supporting
four mode groups and with counterpropagating distributed
Raman amplification. We confirmed the significant computational
efficiency and accuracy, since the largest number of channel
pairs present high DGD where the model is fast and accurate.
The comparison of the FMF-based system with one based on
a standard single-mode fiber (SMF), loaded by the same WDM
grid of each mode group of the FMF, and comparable Raman
amplification scheme, shows, as expected, that the NLIN is lower
in the FMF link. However, NLIN in FMF can vary significantly,
with subsets of channels exhibiting notably stronger intermodal
NLIN due to group-velocity (GV) matching conditions.

I. INTRODUCTION

ONLINEAR interference noise (NLIN) represents one

of the major capacity limitations to current optical fiber
communication links [1, 2]. This effect arises from the non-
linear interaction between pulses that propagate together in
the fiber across different channels of a wavelength-division-
multiplexed (WDM) system [3]. A pulse on a given channel
propagates with a group velocity (GV) determined by the
chromatic and modal dispersion of the fiber, which may exhibit
a nontrivial profile across a wide WDM bandwidth. Pulse self-
interference, yielding NLIN due to the self-phase modulation
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(SPM), can be compensated through digital backpropagation;
however, cross-phase modulation (XPM) and four wave mix-
ing (FWM) processes are more complex to mitigate, and they
contribute to set the current capacity crunch [4-6].

From a theoretical perspective, models have been developed
to estimate NLIN in single-mode fibers (SMF), using two
distinct theoretical approaches. In the frequency domain, the
GN model [7-10] is based on a specific signal model and the
properties of Gaussian noise. Its extension, known as enhanced
GN (EGN), relaxes some of the model’s hypotheses, such
as the fixed modulation of the model signal, and has been
widely applied [11]. The GN model was extended to FMFs in
Refs. [12, 13], providing a good match to experimental results.

A complementary time domain approach has been shown
to be effective for a concise description of the NLIN as the
composition of a modulation-dependent and a modulation-
independent part, where the modulation-independent part co-
incides with the one computed using the GN model [14, 15].
This theory uses a perturbative approach on the nonlinear
Schrodinger equation for weak nonlinearity to derive time and
space integrals modeling the magnitude of interaction of each
pair of interacting pulses [16]. Since the central role of these
integrals, this is also known as pulse collision model [16].

This time-domain model has also been proposed for systems
based on few-mode fibers (FMF), extending the methodology
to the coupled Manakov equation under the assumption of
strong intra-group mixing [17]. The noise variance has been
determined as a function of the pulse-collision integrals for all
possible channel interactions, categorized as self-interactions,
cross-group interactions, and four-wave mixing [18].

In fiber-optic communication systems, distributed Raman
amplification is a well-known technique for achieving lower
noise figures than lumped amplification with rare-earth-doped
fiber amplifiers [19]. Evaluation of NLIN within the pulse
collision model in the presence of Raman amplification poses
challenges due to the need to weight pulse collisions by
the Raman amplification profile along the fiber. Closed-form
analytical results within the GN model can be obtained in
the undepleted pump approximation, or within similar semi-
analytical approaches [20-22]. In a previous study [23, 24],
the problem of computing the NLIN within the time domain
model in the presence of arbitrary Raman amplification over
the WDM grid of a SMF was addressed, adopting a fully
numerical approach to find optimal transmission parameters
and comparing Raman pumping schemes. It was shown that,

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in Journal of Lightwave Technology. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/JLT.2026.3680666

in a wideband system, the signal-to-signal Raman interaction
is also present, but its effect on the noise is weak compared
to NLIN [24].

As mentioned, NLIN evaluation in the time domain is
based on the calculation of pulse collision integrals, which
consist of double integrations over time and space, specific to
a given couple of pulses from two different channels. These
integrals are generally not amenable to closed-form solutions
and depend on the dispersion properties of the interaction
channels. The number of collision integrals to be evaluated
depends on the number of WDM channels and the differential
group delay (DGD) between the channels. For these reasons,
the computation in the FMF link can become prohibitive, as
the number of collisions can become extremely large due to
inter-modal dispersion, which can significantly surpass intra-
modal dispersion.

In this work, we develop and validate a model that enables
accurate, fast estimation of the NLIN in FMF, including
Raman amplification effects and fully accounting for fiber
dispersion. The model is derived analytically for Nyquist (zero
roll-off) and Gaussian pulses, but it can be extended to any
pulse shape. Although Gaussian pulses are not used in real
systems, they have been considered because they provide a
fully analytical framework that highlights a general behaviour
that is independent of the pulse format and yields physical
insights. In particular, the model, presented in Sect. II, is based
on the fact that analytical expressions of the collision integral
exist in the case of high and low DGD under ideal conditions
(negligible dispersion and no power evolution along the fiber).
Starting from the asymptotic results, a fitting model, that en-
ables evaluation on NLIN for any value of the DGD, is found.
Finally, we showed how the power evolution of channels (e.g.
due to losses and Raman amplification) and dispersion can be
also accurately accounted within the analytical approximation.
To demonstrate the effectiveness of the proposed method, in
Sect. III we evaluate the NLIN of a FMF with four mode
groups and compare it with that of a single-mode fiber (SMF)
system. Finally, In Sect. IV, we draw our conclusions.

II. MODEL DESCRIPTION

The starting point of the analysis is the model for NLIN
calculation reported in Ref. [18], in which expressions are
derived from all nonlinear channel interactions. In our no-
tation, channels are denoted by both the mode group and
their position in the WDM grid. The channel of interest is
considered to belong to mode group a and has an index p in
the WDM grid. In this notation, ap is the channel of interest.
To logically distinguish interfering channels, we denote them,
in the same notation, with the mode and frequency pair
bq. Based on these definitions, nonlinear interactions can be
identified and associated with the corresponding independent
noise contribution, denoted by o2. Here, we focus on the XPM
contribution to NLIN, and also work within the assumption
that the modes inside the same group are strongly mixed,
whereas different mode groups have negligible mixing [12,
13, 15, 18]. Within this assumption, FWM terms are neglected:
some remarks on this approximation will be given at the end

of the paper. The interactions of interest are classified as
follows: if ¢ = b and p = ¢, the interaction is self-phase
modulation (SPM), otherwise it is cross-phase modulation
(XPM). Considering p # ¢, if a = b the interaction is in
the same modal group (SG), so it is called SGXPM, and if
a # b it is on crossed groups (XG), so it is called XGXPM.
Within this notation, the total NLIN power due to XPM can
be written as a sum of independent noise contributions

2 _ 2 2
OXPM,ap = E OSGXPM,apaq T E E OXGXPM,apbg - (1)
qFp b#a q

Each of these terms depends on the properties of the XPM-
type collisions between pulses [18], namely,
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where L is the fiber length, T is the symbol period, the
functions gap (2, ), gy ¥ (2,t) are the pulse shapes linearly
propagated to position z, and normalized so the integral of
their modulus square in time is equal to 1 [15], AB1.apbq
is the DGD per unit length among channels ap and bg, and
h, k, m are the symbol indexes in the transmission sequence.
The symbol indexes denote shifts in time, indicating different
pulses within the same data stream of a given channel ap or
bq. They span the full set of the integer numbers. The function
fvq is introduced to model losses and distributed amplification
along the fiber
_ Pi(2)
Pqg(0)’

foq(2) 3)
where Py,(z) is the average power of the interfering channel
along the fiber. This quantity is, in general, dependent on the
choice of the channel bg. Since the expression (2) includes
pulses which have vanishing amplitude for all choices of
coordinates (z,t) except the ones related to the position of
the peak, the dominant choice of indices h, k, m is given by
h = 0,k = m. It is sufficient to consider this term for most
practical XPM noise computations [15], namely ,the task is to
compute the collision integrals

L
XOmm;apbq = / dz qu(z) Im,;apbq(z)a (4)
0
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This subset of collision integrals, with the index choices
described above, is real, unlike other choices of indices in
Eq. (2).

Considering a transmission of a sequence of i.i.d. symbols
following the complexrandom variable by for each channel,
with pulse time 7" and the same average energy per symbol
{|bo|?) = PT, with P the average power per polarization, we
obtain the following expression for the noise contributions [18]
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(see also the Appendix VI-A). The SGXPM can be simplified

as
2| (Ibol*)
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when b = a, and the XGXPM becomes
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when b # a, where P is the average power per polariza-
tion, k4, are mode dependent overlap integrals (defined in
Appendix VI-D) N, and N, are the number of spatial mode
per mode groups a and b, respectively, v = wona/(cAeft),
Acgr being the effective area of the fundamental mode, and
wo the angular frequency at the WDM band center. The term
Nabpq is defined as

Napbq = Z )(Om'm;apbq2 ) (8)

and contains all the information about the pulse collisions. In
the following, the subscripts apbg of the expressions Nyppq,
Xommsapbg> Imiapbg, and AB1,qppe are dropped for brevity, as
they can be easily inferred from the context.

The result of the integration of Eq. (4-5) depends on the
chromatic dispersion of the fiber for the two channels and on
the relative DGD. In fact, the local collision integral (Eq. (5))
can be rewritten into

+oo
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with
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and can be evaluated in the frequency domain using the
Parseval identity. In fact, in the frequency domain, exact
expressions of the Fourier transforms of the propagated pulses
Gap(z,w) and Gpq(z,w), can be readily calculated using the
dispersion propagation operators (for Nyquist and Gaussian
pulses — see also Appendix VI-B — there also exist analytical
expressions). The resulting expression is
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where C'(z,w) is the Fourier transform of ¢(z,t). Expressing
explicitly the dispersion propagation operators,
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Fig. 1: Local collision integral I,, (from numerical in-

tegrations of Eq. (5)) as a function of the distance
z (normalized to the rms dispersion length L} =
\/ﬁLpapLqu/\/LDaIP + Lppg?), in panel (a) for Gaussian
pulses and in panel (b) for Nyquist pulses. For a channel pair
with high DGD (Ly /L'%* = 10~2) and with equal dispersion
lenghts Lpap, = Lpyg = L5, the results are represented by
the blue curves, which refer to collisions with indices m = 10
and m = 90, and by the blue dots that are the peak values
for other collisions (displayed once every 20 collisions). The
blue crosses are the peak values for channels with different
dispersion lengths still yielding the same rms dispersion length
(in particular, L’Dap = 2L and L’qu = 4L/ V3).
The red and green curves are obtained for vanishing DGD,
respectively, for the conditions of equal or different dispersion

lengths as specified above.

where G x (0,w), X = ap, bq are the Fourier transform of the
input pulses, w’ = wT, ' = QT are normalized frequencies,
and Lpy, = T?/|Bam| = 2172 /|B2.ap + B2,b4|. We remark the
presence of different length scales relative to the dispersion
properties, namely the dispersion length associated to channel
ap, Lpap = T2/|62’ap|, that associated to channel bq, Lpyq =
T?/|B2.bq|, and the walkoff length Ly = T/|AB].

A remarkably simple closed form expression is available
for the case of Gaussian pulses. Even if they are not used in
practice, they provide analytical insight as the integral (5) can
be solved directly in the time domain by square completion.
The result is

1 1
I (z) = -
T+ GILB)
(AB1z —mT)?
- 13
S 7T 7 ]
where L7 is defined as the dispersion length
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(RMS)
namely

corresponding to the root mean squared
value Brms = \/(62 ap + 52 ,bq )/2
LrDmb = \/>LDapLqu/ \/ LDap + Lqu

The local collision integrals, for Gaussian and Nyquist
pulses are represented, as a function of distance z (normalized
to the rms dispersion length L}5*®), respectively in panels (a)
and (b) of Fig. 1, for an ideal lossless fiber (fp,(z) = 1). The
lossless case is considered to isolate the effects of dispersion.
The blue curves and markers denote the high-DGD regime. In
particular, the blue curves present the local collision integrals
for two specific collision indices (m = 10, 90). Each collision
occurs over a short portion of the fiber, which scales with the
walk-off length Ly, and is peaked around z,, = mT/ApB, =
mZLyy. The blue circles indicate the peak values of the other
collision indices for two channels with identical dispersion
lengths. In contrast, the blue crosses show the peak value
for channels with different dispersion lengths. The Gaussian
pulse (panel (a)) has the remarkable property to present a local
collision integral only dependent on the rms dispersion length
L75*® and not on the single channel dispersion lengths, as can
be seen from Eq. (13). The collision peak position can be
also interpreted by looking at zeros of the argument of the
exponential function in the latter equation. For the Nyquist
pulse (panel (b)), the sole dependence on L7 holds for
z/L'3s < 0.5, but for larger values, a weak dependence on
specific Lpgp, Lppg values exists. In practical systems, the
weak dispersion case (z/L55* < 0.5) refers to low baud-rate
(e.g. 10Gbaud) systems, while the larger baud-rates start to
present such weak dependence on the difference between the
GVD coefficients of the channels.

The red and green curves refer to the vanishing DGD
regime. In this case, only one collision (m = 0) is presented,
as it occurs along the entire fiber. Remarkably, as shown in
the Appendix VI-B1, the same formulas used to calculate the
peak values I,,,(2,,) in the high DGD regime can be used to
calculate I,,,(z) in the vanishing DGD regime. For this reason,
the blue circle and cross markers are overlapped to the red and
green curves in Fig. 1.

The role of the difference in the dispersion properties
of the two channels is further illustrated in Fig. 2, in the
vanishing DGD regime. For the Gaussian pulse (panel (a)),
I.(z) (Eq. (5)) depends only on the rms dispersion length
L7, For the Nyquist pulse (panel (b)), the calculation shows
that such a property is no longer valid beyond z/L'}* ~ 0.5.
This fact will be taken into account when developing a general
model to approximate the local collision integral in Sect. II-C.

We will now show that asymptotic approximations for the
spatial integral Xo,,,, exist in the vanishing and high-DGD
regimes.

A. High DGD regime

In the high DGD regime, Ly — 0 and along the fiber there
is a large number of collisions.

1) Gaussian pulse: Let us define a small dimensionless
parameter ¢ = Ly /L%, in Appendix VI-C2 it is shown
that the integral (4) can be expanded as

XOmm =

(a1 +aze® +...) , (14)

IAﬂ |
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Fig. 2: The local collision integral I,,—¢ 1" as a function of the

distance normalized to the single channel dispersion lengths,
for vanishing DGD: (a) Gaussian pulse. (b) Nyquist pulse.
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with a; = 1, and a3 =
the zero-order term

18. In the following, we will keep only

1
AV
Note that this is the same expression as Ref. [15, Eq. (12)],
under the substitution A, = 522, where 35 and € represent,
within the assumptions of that work, the constant GVD coeffi-
cient and the channel frequency detuning. We remark that the
result of Ref. [15] is derived under the hypothesis z > L7*%;
however, our expression (15) is derived independently of the
dispersion lengths. Moreover, the integral does not depend on
the collision order m. This means that the integral of each
blue curve of panel (a) of Fig. 1 is a constant depending on
the DGD only.

Therefore the NLIN can be estimated by a sum of M =
L/Lw = L|AB1|/T equal collision integrals of value
X2 ..~ 1/|AB1]?, and so it scales inversely with respect
to the DGD I

HI _

C TIAB

The latter expression is that obtained in Ref. [15], though
we stress once more that the hypothesis of large channel
dispersion is not required here. As an example, considering:
ABy = 100 ps/km, L = 100 km, 7" = 100 ps, we will
have M = AByL/T = 100 collisions along the fiber link.
If the RMS dispersion is 32 = —23 ps?/km, the expansion
parameter is € = 0.002, and the approximation holds.

2) Nyquist pulse: In the case of Nyquist pulses, the fre-
quency integral (11) can be analytically computed for colli-
sions occurring for z,, /L < 1 (see Appendix VI-C1):

2
Im(zm) ~ 37T )

that correspond to the first blue cross marker on the left of
Fig. 1 (b). As shown by the blue curve in the same panel, if
zm /L5 < 1, the spatial extension of the collision is also
small, and the collision shape can be well approximated by a
triangle. In this limit, the peak value is given by Eq. (17). At
the same time, the base of the triangle can be approximated
by considering the length over which the pulse of channel bp
interacts significantly with that of channel ap (see (Eq. (5))).

XOmm ~ (15)

(16)

A7)
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In particular, the absolute value of the Nyquist pulse (see
also Eq. (34) in the Appendix) presents secondary peaks for
t = £3T/2; so, approximating the pulsewidth by 37T, the
spatial extension of the collision is 3Ly . Finally, the spatial
integral (4) can be approximated by the triangle area, i.e.
Xomm =~ 2/(3T) - 3Lw /2 = 1/|AB1], i.e. the same value
of the Gaussian pulse. For larger values of z,, /LS, as can
be noted in Fig. 1(b), the shape and peak value of the local
collision integral of the Nyquist pulse change. Nonetheless
numerical integrations of Eq. (11) show that X, = 1/|AB ]
is valid like for the Gaussian case. The explanation of this
behaviour can be given with reference to Eq. (12). In par-
ticular, the value of |C'(z,w)| is determined by the absolute
value of the integral expression. As long as the walkoff lenght
Ly is much smaller than Lp,, and L py,, the application of
the method of stationary phase implies that the values of the
dispersion lenght do not play a relevant role in the calculation
of the integral with respect to the walkoff length. So, summing
for the number of collisions M = L/Ly = L|AB|/T, we
get the same noise value of the Gaussian pulse Eq. (16).

In panel (a) of Fig. 3, we demonstrate the validity of
the approximations in the high DGD regime, by comparing
formula (16) (orange line) to the full numerical integration
(blue crosses for Gaussian pulses and green stars for Nyquist
pulses).

To summarize the results of this subsection, in the high-
DGD regime, channels’ dispersion does not affect NLIN. An
approximate formula (analytically derived for Gaussian and
Nyquist pulses and therefore independent of the pulse shape)
indicates that NLIN scales as 1/|Af1|. In this regime, the
direct evaluation of the integrals would require the calculation
of a large number of time and space integrals; thus, our
approximation enables a substantial simplification.

B. Low DGD regime

In the low DGD regime, 1/Ly — 0, there is a very low
number of significant collisions and each collision occurs all
along the fiber, as shown for example by the green and red
curves in Fig. 1 that presents the local integral of the collision
m = 0. Unlike the results presented in the previous section for
the high-DGD case, NLIN depends on GVD in this regime.
Asymptotic limits can still be found analytically for negligible
dispersions L < Lpgp and L < Lppy.

1) Gaussian pulse: This case can be analyzed in the limit
& — oo. For the most relevant collision, m = (0, we obtain
(see Appendix VI-C2 for full calculation)

)

2) Nyquist pulse: Considering the collision m = 0, Eq. (11)
reduces to the same form as Eq. (17) as soon as the substitution
Zm — z is made (see also Eqs. (42 -43) in the Appendix). The
local collision integral is approximated by I,,,—o(2) =~ 2/(3T)
and so integrating over z € [0, L], and squaring, one gets:

(1)

NLO7Gaussian (18)

NLO,Nyquist (19)

The results show that when GV matching is achieved among
channels, the NLIN tends to a constant that, for negligible
dispersion, is proportional to the square of the ratio between
the fiber length and the baudrate

L 2
NLO:5<T> :

through a pulse shape dependent coefficient (£ = 1/(2+/7) in
the Gaussian case, and £ = 4/9 in the Nyquist case). Note that
the NLIN in the case of a low DGD is much larger than that
for a high DGD. The low DGD approximations are shown in
Fig. 3 (a), by the blue solid line for the Gaussian pulse, and the
green dashed line for the Nyquist pulse. Blue crosses show the
result of the full numerical integration for the Gaussian pulse,
and the green stars that for the Nyquist pulse. The agreement
between analytical and numerical results is very good.

When channel dispersion is no longer negligible, the local
collision integral is no longer constant along z. In particular,
as shown by the red and green curves in Fig. 1, the integral
decreases with 2, and so NLIN is expected to be smaller for
any value of the DGD.

(20)

C. General model

In the previous subsections, we demonstrated that asymp-
totic limits exist for the NLIN as a function of the DGD. In
this section, we present a general model to approximate NLIN
for arbitrary values of the DGD, accounting also for channel
dispersion and the power variation along the fiber (note that, so
far, we have assumed f,,(2) = 1). The behaviour presented in
panel (a) of Fig. 3 can be, in fact, interpolated by the following
function:

L . 1 L \Y"\""

with fitting parameters N°, A, and 7. The fitting parameters
have the following interpretation: N° corresponds to the
asymptotic constant value in the limit of low DGD; A sets
the transition DGD between the asymptotic regimes, and 7
regulates the smoothness of the transition. The asymptotic
power law behaviour for high DGD is fixed to N ~ AS] 1

In the regime where L < Lpg, and L < Lpy,, N° and A
can be estimated starting from the asymptotic values given in
Eq. (16), (18) and (19), or fitted to numerical data. The value
of 1 can instead only be obtained by fitting to numerical data.
For example, by fixing: L = 70 km, 7" = 100 ps, f2,ap =
B2.bg = —20 ps?/km, we have L/L" ~ (.14, showing that
low dispersion approximation is valid. The parameters relative
to the results of panel (a) of Fig. 3 are: N'° = 2.516 kmz/ps2,
A = 2.12, and n = 0.921 for the Nyquist case, and N° =
1.506 km?/ps?, A = 3.29, and 1 = 0.493 for the Gaussian
case.

We now show that corrections to the parameters of (21)
can be introduced to account for the signal power profile
evolution and the chromatic dispersion, which, remarkably, can
be treated on a similar footing. In fact, both effects lead to a z
dependent integrand function in Eq. 5 and so to a decrease of
the NLIN with respect to the calculations carried out so far.
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Fig. 3: Channel-pair NLIN, A/ as a function of the DGD. The
results for the Nyquist and Gaussian pulses are respectively
shown in green and blue. In panel (a), the ideal case with
fvg(2) = 1 and negligible dispersion is presented. In particular,
the green dashed and blue solid lines represent the low DGD
approximations given by Eqgs. (18) and (19). The orange line
corresponds to the high DGD approximation for both Nyquist
and Gaussian pulses (Eq. (15)). The green asterisk and blue
cross markers are the result of the numerical solutions. Gray
solid curves are the result of the general model, Eq. (21). In
panel (b), only for the Nyquist pulse, the model corrections,
due to losses/distributed amplification and the dispersion, are
shown. The function f34(2) used corresponds to the cyan curve
of Fig. 7, taken as a representative curve of the counter-
propagating amplification case. The dashed green and solid
orange lines are the same of panel (a). The dashed orange
line represents the high DGD limit for a case of a lossy and
Raman amplified link. Green markers present the result of
numerical calculations: dot (negligible dispersion and constant
power); plus (dispersive channel and constant power); cross
(negligible dispersion and varying power); asterisk (dispersive
channel and varying power). Dispersive channel case has
L/Lpey = 2.3 and L/Lpy, = 0. Gray curves are the
fitting equation modified by the calculated correction factors

PHI pLO ﬁLO

First, fiber losses and Raman distributed amplification are
included in the model. A feature of the evolution function
foq(2) for fiber lengths of a few tens of km is that its amplitude
can easily span about an order of magnitude, because of the
exponential decay (due to losses) and exponential growth (due
to the pumps) [19]. In a WDM system each channel will
experience a different evolution, as it will be shown also in
the case study of Sect. III (see Fig. 7).

In the high DGD regime, the local collision integral peaks
around the values z,, (blue curves in Fig. 1). If we approxi-
mate fp,(2) ~ foq(2m) in the vicinity of the pulse collision
peak, the total noise will be a sum of the form:

Z qu Zm
|AB |2
However, if we consider that the collision peaks are separated

by Ly, which for high DGD is much smaller than L, we can
map the discrete sum over m into the integral:

(22)

HI L HI
T|AB] ’

L
= %/O dz quQ(Z)

is a correction factor with respect to the high DGD limit
analytically found for fyq(2) = 1 in Eq. (16). This integral
can be evaluated numerically efficiently, since f3,(2) is smooth
across all channels. No further correction is required for ac-
counting dispersion in the high DGD regime. We checked this
for Nyquist pulses, and the results are presented in Fig. 3(b).
The orange solid line represents Eq. (16) (for fp,(z) = 1)
while the orange dashed line Eq. (23) for an evolving sig-
nal. In particular, we used the cyan curve in Fig. 7, which
represents the evolution of fyq(z) for a counter-propagating
pump Raman-amplified signal, including fiber losses. Note
that the selected evolution is very typical of this amplification
scheme. Noticeably, the dashed line is a translation of the solid
line by the correction term PH!' (magenta arrow in figure).
Full numerical integrations with negligible (green crosses) and
non-negligible dispersion (green asterisks) confirm that for
high DGD, the NLIN is weakly dispersion dependent, and
the approximation used is very good.

For the low-DGD regime, with negligible dispersion, the
dominant contribution is given by m = 0 collision, and
the local collision integral I(z) , i.e. the integral (5) with
m = 0, is approximately constant, as derived in the previous
subsection. Therefore, from Eq. (5), one gets:

(23)

where
(24)

L2
OzgﬁPLO:NOPLO, (25)
where the correction factor is:
1 [E ?
0 7 / dz foq(2) (26)
0

Egs. (23-26) provide some direct insight into the effect of
including a distributed amplification and losses. Due to the
Holder inequality (see section VI-C3 of the Appendix) 1 >
PHL > PLO je  the decrease in NLIN due to different
power evolution along the fiber is more significant in the
case of low DGD compared to that of high DGD. Therefore,
channels with similar GV are expected to be less sensitive to
noise degradation induced by changes in pumping schemes.
Numerical solutions (green crosses in Fig. 3(b)) confirm that in
the low DGD regime, a translation of the curve by an amount
equal to Eq. (26) (red arrow) is a very good approximation.
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The correction factors (24) and (26) can be included in the
estimation of the NLIN of Eq. (21) through the modification of
the parameters. Given the pulse-shape dependent fitting param-
eters (N°, A,n), obtained under the assumption of constant
power evolution and negligible dispersion, the corrected fit
parameters will be (NV°PLO APLO /PHI 1),

In the low DGD regime, when dispersion is non negligible,
both fy, and I, are z dependent. Moreover, though m =
0 remains the most relevant term, the tails of higher order
(up to a value mr to be evaluated) collisions are not always
negligible. Following Eq. (25), the correction factor accounting
for dispersion can be calculated as

- L.O 1 L mr 2

O _ A.;/’o o (/0 dz fuqe(2) mzm Im(z)> .

’ @7)
Eq. (27) shows that dispersion effects can be evaluated first, by
calculating the summation term. In Fig. 4, the local collision
integrals I, ,m = 1,2,3 are shown as a function of the
distance normalized to dispersion lengths (2/Lpap, 2/Lpbq)
for the Nyquist pulse (m = 0 is shown in Fig. 2). Note that:
a) the m = 0 integral decreases monotonically with z; b)
higher order integrals are of smaller and smaller amplitude as
m increases (actually down to being negligible for m > 3);
c¢) higher order integrals present a maximum that is achieved
at higher and higher values of the normalized distance, as m
increases. All these characteristics ultimately lead the sum to
vary slowly and weakly with respect to fi,(2) as a function
of z. For this reason, the dynamic range of values of Eq. (27)
is dominated by the function fu,(2), the dispersion being a
weak perturbation along z.

Therefore, an interpolation can be used to calculate the
correction factor fL in the presence of dispersion from
values calculated when dispersion is negligible. For neg-
ligible dispersion, through Eq. (25), the correction factors
(PLO  PLO) for the WDM channels presenting the maximum
and minimum average power evolution can be evaluated. Then,
the same correction factors are numerically calculated using
Eq. (27), so fully accounting for dispersion. Let us call the
resulting values P, , P, . and note that the latter integrals
must be calculated only once. For any power profile evolution,

. . . . =LO
the correction factor accounting for dispersion P, can be
simply linearly interpolated as follows

—=LO =LO
LO LO
P — Pmin ~ P — Pmin (28)
=LO =LO "~ pLO _ pLO’
Pmax - pmin Pmax Pmin

The relative interpolation error will be calculated in the case
study, presented in Sect. IIl and its maximum is in the order
of 2%.

In panel (b) of Fig. 3, the low DGD correction for non-
negligible dispersion is shown by the blue arrow, for the
same power evolution fu,(z) used before. The agreement
with numerical simulations (indicated by asterisk markers) is
excellent.

To summarize, in this section we derived analytical asymp-
totic expressions of NLIN for low and high DGD, under
the ideal hypotheses of negligible dispersion and negligible

Z/Lqu
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Fig. 4: Local collision integral I,,, - T, for collision orders
m = 1,2,3, as a function of the position z normalized to
single channel dispersion lengths, for vanishing DGD. The
plots on the left are for Gaussian pulses; those on the right
are for the Nyquist pulse. Parameters are the same as in Fig. 1.

losses/amplification. A general equation (Eq. (21)) satisfying
asymptotic expressions can be used to predict NLIN for any
value of the DGD among WDM channels. Dispersion and
losses/amplification can be accounted for in the modelling
equation using corrective factors derived from the evaluation
of a reduced set of integrals.

The general model was developed for Gaussian and Nyquist
pulses, however it can be applied to any pulse shape by proper
calculation of the modelling parameters.

We summarize the method in pseudocode form. The com-
putation of the total system NLIN is organized into three main
steps (S1-S3), indicated on the pseudocode.

In Step S1, the ideal fitting parameters—i.e., those corre-
sponding to a dispersionless system with a flat power profile—
are determined using the numerical data and asymptotic ex-
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pansions discussed in Sect. II.A and B. Once the pulse shape is
fixed, these parameters are obtained by numerically evaluating
N for ten different values of the DGD, spanning a range
sufficient to capture all regimes. These parameters depend only
on the pulse type and therefore serve as a baseline for all
subsequent calculations. Step S2 performs a precomputation
of channel-specific correction factors, which account for the
actual signal power profiles and dispersion properties of the
system. In particular, all signal power profiles are inserted in
Eq. (26) and Eq. (24). For the maximum and minimum power
profiles, Eq. (27) is evaluated over a set of 20 dispersion values
(forming a 20 x 20 grid), up to a truncation index my chosen
to ensure convergence for the maximum dispersion considered.

Finally, in Step S3, the correction factors are applied to the
ideal fitting Earameters In particular, for the low DGD case
Pﬁlm and Pmax are obtained by interpolating the precomputed
grid at the specific dispersion lengths of the channel pair
under consideration. The proportional scaling of Eq. (28) is
then performed based on the corresponding channel-specific
signal power profile. Using the corrected fitting formula,
Eq. (21), the noise coefficient AV is evaluated, and the resulting
NLIN contribution is added to the noise of the channel under
analysis. This procedure is repeated for all channel pairs, and
the contribution of each interfering channel is stored.

Finally, we note that the signal power profiles are treated
as input data, since their calculation is not the primary focus
of the present work.

x1073 4 4.89

195
f [THz]

185 200 205

Fig. 5: Group delay per unit length for the FMF under study.
The pink-shaded boxes highlight the bands over which WDM
channels can exhibit GV matching. The gray vertical dashed-
dotted lines represent the limits of the band considered in the
case study.

III. CASE STUDY

We applied the model to a FMF case study, to show its
effectiveness and to clarify how dispersion properties affects

Pseudocode 1: Estimation of NLIN for every channel.
Steps S1-S3 are described in the text.

Channels of interest A = {(a,p)} for all
mode groups a and WDM frequencies p
Link parameters: LT, {52}/\3 {Aﬂl}AXAa Vs Kabs Ny
(L/LD)max = max(q p) LBQ’ap/T2, heuristic mr
Symbol statistics: Ey = {|bo|?), Eq = (|bo|*)

Set of power profiles: fuq(2) = Pyy(2)/Poq(0)
Extremal power profiles: fp min(z) = miny, foq(2).

Inputs :

fB,max(Z) = MaXpq qu(z)
Pulse type

Output: List of {0%py}a
begin

s1 (N°, A, n)igeal < fitting Eq. (21) on pulse-specific

dispersionless data with flat power profile

(analytic or numeric)

s2 | foreach (a,p) € A do

{P"O} 4 + Eq. 26)

{PH1} 4 + Eq. (24)

P oinmax < Eq. (27), with I,,,(z) computed up
to (VL/LD)max and |m| < mp

s3 foreach (a,p) € A do

B« A\{(a,p)}

U)Q(PM,ap <0
foreach (b,q) € B do
PHL < from precomputed {PH} 4
P9 « from precomputed {PYC} 4,

P mae and Ed. (28)

—LO , =LO

(N A Do <= (NP AP /PR )

N + Eq. (21) with (N°, A, 7)corr and

A/Bl,apbq
if b = a then
C «+
P3T%2k2, [(Es/E3)(2No+3) —4]N
(Eq. (6))
else
C + 2N, P3T?y%k2, [(E4/E3) — 1|N
(Eq. (7))

2 2
OXPM,ap <~ OxpM,ap T C

| return {o%p\ta

NLIN in this type of fibers. The fiber under consideration
supports 4 mode groups: LPgy; ,LPq1,LPo;,LPgs, with a
number N of spatial modes of 1, 2, 2, 1, respectively. The fiber
and system parameters are specified in Tab. L.

The group delay per unit length of the FMF modes, cal-
culated through numerical solutions (Finite-Element-Method,
FEM), are plotted in Fig. 5; the FMF design parameters were
selected so to present dispersion features that enable to observe
all the significant dispersion regimes, and are very close to
those found in the literature [26, 27]. We consider 200 WDM
channels per group mode, over the S, C, and part of the L
band (see dashed-dot lines in Fig. 5). WDM bands presenting
low DGD are highlighted by the pink shadowed regions. There
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Fig. 6: Distribution of the channel pairs as a function of the
DGD for the FMF under study. The shaded box highlights
the estimated range of the fitting parameter A . It spans from
the minimum value (cyan dashed line) to the maximum value
(magenta dashed-dotted line) over all the channel pairs.It deter-
mines the transition between the high- and low-DGD regimes.
In the inset, the distribution of the chromatic dispersion of the
channel pairs is also shown.

TABLE I: Fiber and system parameters

Value

220.7 um? (FMF)
80 um? (SMF)
2.7x 10720 m>w-!

Parameter
Effective area (Aeof)

Kerr coefficient (ng, see [25])

Raman coefficient (gr, see [25]) 7x 1074 mw-!
Attenuation (at band center) 0.19dB km™
Fiber Length (L) 70km

Baud rate (1/7) 33 Gbaud
Modulation format 64-QAM
Channel spacing (€20) 27 x 50 GHz

WDM carriers per group mode (N) | 200
WDM band 190.94 THz to 200.94 THz
1492.0nm to 1570.1 nm (S+C+L)

are essentially three possible scenarios to get low DGD (i.e.
GV matching). The first is that of channels on different modes
separated by large frequency shifts; this is the case of large and
low frequency channels on mode groups LP5;, LPy; in Fig. 5.
The second is that of channels of about the same frequency on
different mode groups; this is the case of LPy;, LPys for which
the group delay curves cross at a certain frequency. The third
is the case of low dispersion mode groups, like LPys for which
32 spans from —2 to 0 ps*/km, and so low DGD is found over
many WDM channels propagating in the same mode.

In Fig. 6, the statistics of the DGD distribution for all the
possible unsorted channel pairs (6.4 x 10°) of the selected
WDM grid are shown. The dispersion data are calculated
from a direct interpolation of the dispersion data obtained
from the FEM simulation with a order 3 polynomial, that is

TABLE II: Optimized pump launch powers at the end of the
link.

FMF
Pump # A [nm] Launch Power [dBm]
LPo1 | LP11 | LPo2 | LPa21
1 1384.26 -1.9 2.4 31.9 29.2
2 1397.61 0.7 34 28.0 24.8
3 1413.34 -9.0 -6.1 239 20.6
4 1429.42 | -20.6 -16.7 21.8 18.7
5 1455.33 -29.6 -25.1 11.1 14.4
6 145797 | -322 -29.0 17.0 8.3
SMF
Pump # A (nm) Launch Power (dBm)
1 1380.98 26.9
2 1394.51 27.6
3 1409.75 24.8
4 1426.05 214
5 1454.22 12.3
6 1456.08 19.2

then differentiated and evaluated for the central frequencies
of the WDM grid (see also Fig. 5 for the group delay).
In the figure, the shaded box is delimited by the estimated
maximum and minimum values (over all possible dispersion
lengths and f(z) evolution functions) of the fitting parameter
A. The values, as discussed in Sect. II-C are calculated using
the baseline A computed by numerical integration (step S1 in
the pseudocode 1). Then, the value of A is corrected using
the expressions Eq. (24), and Eq. (26) approximated using
Eq. (28). The minimum value (cyan dashed line) is estimated
by considering the maximum power profile and negligible
dispersion, whereas to the minimum value (magenta dashed-
dotted line), is estimated taking the minimum value of f and
the most dispersive channels (L/Lp = 2.3). Channel pairs
above the maximum are mostly in the high DGD regime,
while those below the minimum are mostly in the low DGD
regime. Channel pairs are therefore mostly in the high DGD
regime, while a much more limited number of pairs show a
low DGD. The statistics regarding the dispersion values are
shown in the inset of Fig. 6. As can be seen, the system
under consideration includes both high- and low-dispersion
channel pairs. The proposed model is used to estimate the
NLIN accurately (as demonstrated in Fig. 3 (b)).

We designed a counterpropagating Raman-amplified system
with 6 pump wavelengths. The pump input powers and wave-
lengths are selected to equalize the gain at the end of the span,
through the method defined in [28]. The resulting launch pow-
ers are reported in Tab. II, for both the SMF and the FMF case.
However, let us remark that our calculations can be performed
for any type of power distributions along the fiber. In the FMF
case, the estimated power evolutions along the fiber f(z), are
presented (green/yellow curves) in Fig. 7. As it can be noticed
the power evolution dynamics for all channels is bounded
between a curve of maximum (dashed-dotted cyan curve) and
a curve of minimum (dashed-dotted magenta curve), that can
be used to estimate the corrections PLC  PLO ag indicated

max’ / min
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Fig. 7: Power evolution profiles f(z) of all WDM channels,
for the Raman counter-propagating pumping scheme of the
case study. The profiles corresponding to the maximum and
minimum interfering power levels are highlighted by the
cyan and magenta dashed-dotted curves, respectively. Different
shades of green and yellow denote channels pertaining to
different mode groups.
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Fig. 8: Relative error AP /P between the Raman correction
factors numerically computed (Eq. (27)) and approximate
(Eq. (28)). Each marker corresponds to one computed value,
plotted as a function of P. Shades of blue and green cor-
respond to different curves f, the light blue being closer to
the minimum power profile and the green being closer to the
maximum. Markers with the same color are taken for different
values of dispersion such that L/Lp € [0,2.3] (see also the
inset of Fig. 6.

in the previous section. In Fig. 8 we present the relative error
of the estimated correction terms. The relative error AP /P
(the label LO is dropped for compactness) is estimated by
computing the Raman correction factor using the definition of
P in Eq. (27) and using the indirect approximated relation
Eq. (28), and taking their difference AP. The results confirm
the validity of the approximation taken in Eq. (28). Crucially,
this justify the usage of the fast approximated calculation of
such correction on the sole basis of the precomputed data for
the maximum and minimum profiles, along with the simpler
integrals of Eq. (26).

The computation of the total NLIN for each WDM channel
in the FMF is performed by calculating Z(b q)%(ap) N, where

the sum is extended over all the interfering channels. The
results, presented in Fig. 9, enable insight into the various
effects contributing to the NLIN.

By setting the overlap integrals ., = 0,a # b we can first
quantify the strength of intramodal NLIN. This correponds
to the use of Eq. (6) only, not considering the contribution
of Eq. (7); the results are shown in Fig. 9 by the dashed-
dotted curves for each mode group. The general trend is
similar to that observed in SMFs [24]: channels at the grid
center exhibit higher NLIN due to the presence of a larger
number of significantly interfering channels. Moreover, the
low dispersion mode (LPg2, dashed-dotted red curve) is the
most affected by NLIN. This is due to the low DGD among
the WDM channels, which is the condition yielding the highest
interference noise, as shown by the result of Fig. 3.

The solid curves show the total NLIN resulting from both
intermodal and intramodal interference. NLIN is slightly larger
across all modes due to the increase in the number of inter-
fering channels, and, more notably, the NLIN enhancement
for low DGD (pink-shaded regions in Fig. 5) is clearly
observable in two of the three previously mentioned scenarios.
For channels on different modes separated by large frequency
shifts (LP21, LPy1, orange and green solid curves), the NLIN
is clearly larger for all channel pairs close to GV matching.
In the case of group delay curves crossing (Fig. 5), the NLIN
is even more significantly enhanced for the mode with large
GVD (LPy;, blue solid curve). Finally, the low-GVD mode
(LPg2) channels experience only a slight increase due to the
additional channels.

We finally compare the NLIN of a Raman-amplified system
based on the FMF to that based on a SMF. The comparison
is performed under the assumption of the same total bit
rate per mode, i.e., assuming that the SMF is loaded with
the same WDM setup as one of the group modes of the
FMF. The dispersion of the fundamental mode of the SMF
is equal to that of the LPy; (fundamental) group mode of
the FMF. The Raman amplification scheme is optimized with
the same method, with 6 counterpropagating pumps yielding
comparable average ASE noise, as shown in Tab. III. The
NLIN in both systems is computed for —5dBm per-channel
launch power, and the results are presented in Fig. 9 as the
dashed gray curve. The WDM channels of the FMF exhibit
better performance in terms of NLIN compared to the SMF, as
summarized in Tab. III; however, NLIN can vary substantially
among group modes and across wavelengths within the same
group mode due to the different dispersion properties.

Finally, although not considered in this analysis, it is worth
noting the potential contribution of FWM. As calculated in
[18] (see Fig. 5 of that paper), the strength of NLIN FWM is
comparable to that due to XPM when both group velocity and
phase matching are achieved, the latter condition being hard
to achieve in general. Therefore, for the largest majority of
group modes and WDM channels, FWM will give a negligible
contribution. The channels of the low dispersion mode group
LPy2 might indeed present an additional penalty due to FWM.

In order to assess the computational complexity of the
proposed method, we compare the number of evaluations of
the function I,,,(z) defined in Eq. (5), which must be computed
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Fig. 9: NLIN power for the FMF case study with parameters
in Tab. I. The dashed-dotted curves are the NLIN due to
intragroup interactions only (SG); the solid curves are the
NLIN due to both inter- and intragroup interactions (SG+XG).
Color codes for mode groups are: blue LPy;, orange LP;1,
green LP4q, red LP,. The gray dashed curve represents NLIN
for the SMF system.

TABLE III: Comparison between SMF and FMF systems.
Launch power is =5 dBm.

Parameter FMF [dBm] | SMF [dBm]
Average NLIN —47.3 —41.7
Median NLIN -49.3 -41.6
Maximum NLIN -43.0 -41.4
Minimum NLIN -52.3 —43.8
Average ASE -29.9 -30.1

through numerical integration for a set of values of z, and can
be regarded as the most computationally intensive operation
required in the NLIN calculation. We consider a worst-case
scenario in which the computational cost of evaluating I,,(2)
is independent of both the index m and the dispersion and
DGD characteristics of the channels under consideration.
Breaking down the analysis according to the algorith-
mic steps (see also pseudocode 1), the proposed method
requires the following operations. In Step S1, 8 sampling
points of N are evaluated for different DGDs under f(z) =
1 and no dispersion in order to estimate the coefficients
of the ideal fit. This procedure requires the evaluation of
about 200 functions I,,(z). In Step S2, I,,(z) are evaluated
for m = 0,1,2,3 (Eq. 5) in the low-DGD limit over a
sampling grid with varying dispersion. This corresponds to
(20 dispersion sampling points)? x 4 values of m, but can be
reduced to an equivalent of approximately 20 x 4 evaluations
by using the scaling properties of I,, in the low DGD
regime, for which the function depends only on the ratios
2/Lpap and z/Lpp,. Another set of operations consists of

the calculation of the integrals in Eqs. (24) and (26) for
(200 channels x 4 mode groups), however these are single
integrals and therefore substantially less demanding. Step S3
requires the evaluation of the fitting expressions with the
appropriate corrections and the summation of the resulting
contributions. By contrast, a direct-integration approach would
require calculating I,,,(z), M = L/Ly times for all channel
pairs, 6.4 x 10°. Taking into account the distribution of DGDs
in the system under study (see Fig. 6), the number of relevant
values of M introduces an additional multiplicative factor of
about 102,

We report the total computation time measured on typical
hardware, namely a laptop equipped with an Intel i7-12700H
CPU and 16 GB of RAM. Multiprocessing is employed
for Steps S1 and S2 of the algorithm, which are the most
computationally demanding. The measured execution times
(averaging over 5 calculations) are as follows: Step S1 ~ 50s,
Step S2 ~ 86, and Step S3 ~ 20s. As discussed in Sect. II,
Step S1 is largely system-independent, since neither modal nor
chromatic dispersion nor the signal power profile are taken
into account. Similarly, the results obtained in Step S2 can be
reused for systems with lower chromatic dispersion, as well
as for systems whose signal power profiles can be reasonably
approximated by the ones considered here.

A direct timing comparison with the naive integration
approach is impractical because the total execution time would
be prohibitively long. We estimate the speedup on the basis
of the number of the computed collisions, that in our method
is decreased by a factor of at least x10°. The great advantage
of our approach is based on the fact that we sample only a
few values of NLIN in relevant regimes, and extrapolate for
any other value of DGD, dispersion, and power evolution.

IV. CONCLUSIONS

In this work, we extended the time-domain model to evalu-
ate NLIN in distributed Raman-amplified, spatial-division mul-
tiplexed systems based on few-mode fibers. In such systems,
the increased number of WDM channels, together with the
large DGD between them can make the number of pulse
collisions to be evaluated significantly larger than in SMF
systems, making the numerical calculation of the collision
integrals highly computationally demanding.

We first show that asymptotic approximations of the inte-
grals for low and high DGD can be analytically derived for
Gaussian and Nyquist pulses under ideal conditions (negligible
dispersion and no power evolution along the fiber). The low-
DGD regime exhibits higher NLIN values than the high-DGD
regime. These results enable the definition of a universal fitting
model that matches numerical simulations accurately across
all DGD values. The model can then be extended to account
for channel power evolution (distributed Raman amplification
and/or losses) and larger dispersion by calculating simple
correction factors, whose evaluation requires a very reduced
amount of numerical simulations. Although tested on Gaussian
and Nyquist pulses, the methodology can be extended to other
pulse formats by numerically determining their asymptotic
limits. Moreover, the method can also be applied to single-
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mode fiber systems, where, in particular, it would be advanta-
geous for modeling multi-band transmission including the O
and E bands.

As an application, we analyze a Raman-amplified system
for a FMF supporting four mode groups. The fiber modes
and dispersion properties were evaluated numerically. The
comparison with a SMF-based system, at the same baud
rate, shows that the NLIN is smaller for all channels of
the FMF, confirming the main advantage of spatial division
multiplexing. However, in FMFs, the NLIN distribution can
vary substantially, and several channels can exhibit signifi-
cantly larger NLIN values. Intermode NLIN can highly affect
channels at wavelengths close to mode group velocity match-
ing, while intramode NLIN can highly affect low-dispersion
modes. Future work may exploit this fast time-domain model
for the optimization of distributed Raman amplification with
respect to NLIN. As discussed, NLIN is significantly enhanced
in mode groups and wavelength regions where group-velocity
matching occurs due to stronger inter-group interactions, indi-
cating that Raman pump configurations optimized solely for
gain equalization may be highly suboptimal from an NLIN
perspective in FMF systems. The proposed model therefore
offers a promising tool for Raman pump power and wave-
length optimization that explicitly accounts for mode- and
wavelength-dependent NLIN [21, 29]. Moreover, since the
model is inherently modulation-format dependent, it may also
be relevant for the optimization of probabilistic shaping aimed
at maximizing generalized mutual information in nonlinear
fiber channels [30].
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VI. APPENDIX
A. Derivation of the noise variance equations

The expressions for the noise variance given in Egs. (6)
and (7) are derived from Ref. [18, Egs. (19) and (28)] as
follows. We first consider the SGXPM case. The starting point
is the fundamental relation given in Eq. (15) of Ref. [18],

(2N, +1)* ,
W OXPM,scalar>

where ofipM’scalar denotes the XPM variance obtained from
a scalar perturbative treatment of the NLSE (see for example
Ref. [15]). We recall that each mode group, labeled by a,
contains N, spatial modes.

Under the approximation that spatial modes within the same
mode group experience negligible modal dispersion, the scalar
XPM variance can be recast into the form of Eq. (19) of
Ref. [18]. In that formulation, the second- and fourth-order
noise coefficients appearing in Eqgs. (46) and (48) encode the
details of pulse collisions through integrals of the type shown
in Eq. (2). Depending on the choice of indices, these integrals
describe two-, three-, or four-pulse collision processes. As

g gGXPM = 29)

discussed in Ref. [16], the two-pulse collision term is the
dominant contribution. Therefore, by neglecting higher-order
collision terms, i.e., approximating

Xiem = Xomm 0100km, (30)

Eq. (19) of Ref. [18] can be rewritten as
U)Q(PM = 4P3’{ga72 Z Xgmm

2N, +1 2N, +3 [ (|bo|*)
[ 2 1 (<bo|2>2_2>}7 Gh

where the dependence on the factor ({|bo|*)/(|bg|?)? — 2) is
retained in the same form as in the original derivation. We
note that, for [ = 0 and k = m, the coefficients X, are real.
Upon simplification and regrouping of terms, this expression
directly leads to Eq. (6).

The derivation of the XGXPM expression follows an anal-
ogous procedure, starting from Eq. (28) of Ref. [18]. In the
notation of that work,

U)z(GXPM =2Ny C}Q(PM,scalarv (32)

where C;(PM,scalar differs from U)Q(PM,scalar by accounting for
modal dispersion between different mode groups (see Ref. [6,
Eq. (49)]). This effect is incorporated through generalized
pulse-collision coefficients Y3y, which reduce to Xpy), in the
limit of XPM-only interactions, namely neglecting the three
and four waves FWM contribution. Applying the same two-
pulse-collision approximation and performing the correspond-
ing simplifications yields Eq. (7).

B. Analytic expressions for the pulse models

Analytical results are available for Gaussian and Nyquist
pulses. In the Gaussian case, with time normalized in units
of the symbol time 7', and space normalized in units of the
dispersion length L = T2 /|32], the pulse propagated linearly
to the position z is given by:

1
T/2(m(1+ (2/Lp)*)"/*

t2 1+i(z/Lp)

) z
X exp [2 arctan(LD)] exp |:_2TQl-‘r(Z/LD)2:| .
(33)

9V (z,t) =

The input (z = 0) Nyquist pulse with zero roll-off is defined
in the time and frequency domains by

1 sinwt/T VT |w|<Z
O@y=—"—""r" Gw)= T (34
900 = = Ow) {0 MY
and the propagated pulse is [31, Eq. (7)],
1 2
(0) ==, — =
970 = N\ TG o)
™ 7r
A (ng)-r-2)) 6)
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where

(36)

with erfi(z) = erf(iz) /i, erf(-) being the error function [32].

1) Derivation of the general expression for C(z,w): The
time integral (9) can be evaluated in the frequency domain
using the Parseval identity. By noting that ¢(z, t) is the product
of two functions we can derive its Fourier transform as a con-
volution integral of the Fourier transforms of g((l%)(z, t) and of
ggg) (z,t —mT — Ap1z), denoted respectively by Gqp(2,w)
and Gpq(z,w). In the latter expression, ABy = AB1 gpbg 1S
the DGD, and m is the collision order (see also Sect. II for
the definition of the subindices). The relation is

+o0 1 +o0
/ dt|c(z,t)|? = —/ dw|C(z,w)>,  (37)
where C(z,w) is the Fourier transform of ¢(z,t).
1 [re
C(z,w) = %/ dQ Gop(z, V) Gpg(z,w — Q). (38)

The Fourier transforms of the propagated pulses can be readily
written as:

2

Gap(z,w) = Gap(0,w) exp (zW) , (39)
2

Gpq(z,w) = Gpq(0,w) exp (iW)

X exp [—iw(—mT + AP 2)] (40)

where 2 qp, B2,pq are the GVD coefficients respectively for
channels ap and bq, and m the collision order. The transform
(38) becomes:

C(z,w) =

1 oo ‘ﬂgyapzﬂz
%/700 dQGqp(0,9Q) exp (22

—0)?2
X exp [iﬂz’qu(; )

) qu(O,w - Q)
] exp [—i(w — Q)(—mT + Ap1z)] =

1 2
= —exp <z/62quw> exp [—iw(—mT + AB z)]
2 2

“+o0
x / 40 Gap(0, Q) Gy (0,00 — Q)
X exp (zﬂgmzﬂz) exp(—if2,pgzwd) exp [Q(—mT + Af2)]

41

where B2, = (B2,ap + B2,b9)/2. By introducing disper-
sion length scales for a pulse of duration T, Lp,, =
T2/|52ap|aLqu = T2/‘ﬂ2bq|aLDm = T2/|B2m| and the
walk-off length for the pulses propagating in the two channels,
Lw = T/|AB], the previous integral can be cast in a
dimensionless form as shown in Eq. (12).

2) Nyquist pulse: For a Nyquist pulse with zero roll-
off, Eq. (41) is non null only for values of {2 between
Q" =max{—7/T,w—n/T} and Q" = min{r /T, w+m/T}.
Therefore, noticing the quadratic dependence of the exponent
in €2, the integral, which is of the form fgj dQ) eiA107+iA0
has an explicit expression in terms of error functions with a
complex argument [32] as follows

O2r — |W'|) TLpm

N2 _
‘C(Z,OJ)‘ - (27’(’)2 42
2
x Jert [, (,0)] = enf [ (2,0)] |, @2)
where w’ = wT is the normalized frequency, © is the

Heaviside step function denoting the band limit, and
CE(z,u) =
32V Lomz (1 om, W

2 Lw z Lpx

for X = ap, bq.

2
¥ sgn(w’)L;T> . (43)

C. Asymptotic expressions

1) High DGD asymptotics: For the Gaussian pulse, by
considering the small parameter € = Ly /Lp, where the rms
superscript in L5 is dropped for brevity, the noise coefficient
(4) can be written as

X, Lo ("7 p 44
Omm — ﬁ 0 C (C)a ( )
where
_ € __(C=m)? }
v i ea o R
By expanding the function F'(¢) in powers of &,
F(O) ~ >0 el F;(¢), the coefficients are obtained as
2
A =ex |50 (46)
2
F5(Q) = exp {(m—;()] 3 ((m+Q*=1), @D

and Fy(¢) = F»(¢) = F4(¢) = 0, so the integral can be
estimated by a truncation of the power series. The first two
nonzero terms can be expressed analytically by taking the
integration limit to infinity

/0 d¢ F1(¢) = \/; erfc <_\/§) , (48)
i d¢ F3(¢) = 3v2r erfe (-\%) . (49)

Recalling that erfc(z) — 2 when z — —oo, choosing a
number m > 1 (i.e.,, a collision far from ¢ = 0), the
relation (14) is retrieved. We remark that Eq. (14) is considered
nonzero, and speficied by the above expression, only for the
values of m for which z,, < L.

In the Nyquist case for z,, < L < L3, the first-order
expansion erf(¢s) ~ 2€ /\/7 can be used in Egs. (42,43).
In particular, the sum of the contributions from the expanded
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Eq. (43), which are linear in the argument of the erf function,
Eq. (42) simplifies to
|C (2, )|* =

0(2r — |w'|) L%, ‘ 4

— ‘w/| ( 1 4 1 ) 2
LDm LDap Lqu

(2m)?2 4
_ 6@r — ') 2
=@ 2m —|w') (50

where the relation L} = 2(Lz,}lp + LB})Q) has been used.
The integration of this quantity in (9) is then performed
using the Parseval relation Eq. (11). This relation becomes
an elementary integral after the truncation of the integration
region due to the band-limitedness. Within this approximation,
Eq. (17) is obtained.

2) Low DGD asymptotics: In the Gaussian case for low
DGD, we can take the opposite limit for the parameter, i.e.
€ — oo. Therefore, it is sufficient to evaluate the integral (4)
as

1
!
TV2m\/1 4 22

m?2

X exp [2(14_2/2)} (51)

with 2/ = z/Lp. The latter expression contains an exponential
dependence on the index m, but setting m = 0, the integral
can be computed, resulting in

Lp . L
Xoogo = ——asinh [ — | .
000 VorT ( Lp )

This expression can be used to get a lower bound to the
channel pair noise generated by extremely low-DGD channel
pairs. The lower bound is N'(© := X2, < > X2 . By
using z < L in Eq. (51), one gets the bound on the noise
coefficients

L/Lp
Xomm ~ L / dz
0

(52)

T <L/LD>2>] -

After performing the (exponentially decaying) summation over
all the m € Z, to the NLIN channel-pair upper bound

m2
N = XGp0 > exp |:_1+(L/LD)2:|

m

= Xgoo U3 (O,exp {

X()mm < XOOO exp l:_2(

1

o)) o
where the function 93 is the elliptic theta function 3, evalu-
ated in this case with nome exp [— (1+(L/Lp)?) '] 133,
Eq. (8.180.4)]. We remark that the sum over all the m
can be approximated using a Gaussian integral instead of
a discrete sum. For negligible dispersion, L/Lp ~ 101,
this expression for A'(®) can be approximated by expanding
asinh(L/Lp) ~ L/Lp, so to have

1 /L\?
o (L
N 27T(T)'

Accordingly, the theta function becomes 93(0, e 1), and it can
be approximated with the value of the standard Gaussian inte-
gral. Indeed, the error is small: J3(0, e~ 1) —/7 &~ 0.0001833.

(55)

By substituting this approximation along with Eq. (55) in
Eq. (54), we obtain Eq. (18).

3) Holder inequality: As a consequence of the Holder
inequality in L4 ([0, L]), if f is an integrable function between
z =20 and z = L, it holds

L 2 L
(/ dz qu(z)> < L/ dz (fee(2))*.  (56)
0 0

D. Definition of the overlap integral coefficients

The overlap integrals used in this article are the same
defined in Ref. [17, Eq. 4], and [34]. In the notation of
Ref. [17], they depend on the coefficients Cjyy, i.€., overlaps
between vector mode functions. They are connected to the
expressions originally derived in the context of the multimode
generalized Schrodinger equation in Ref. [34], and are widely
used in the case of the analysis of the mixing properties
of modal groups in subsequent works (see Refs. [6, 17]).
Linking the notation of Ref. [17], defining the tensor C, and
of Ref. [34], defining the tensors Q") and Q(?), one gets

Cintp = A (2Q00 + Q1) (57)

The resulting k., matrix for the fiber under analysis are
reported in Tab. IV.

LPo1 LPy1 LPo2 LPoy
LPo1 0.8908 | 0.8610 | 0.5522 | 0.8169
LP1; 0.8610 | 0.7169 | 0.7364 | 0.4089
LPo2 0.5522 | 0.7364 | 0.5758 | 0.3679
LP2; 0.8169 | 0.4089 | 0.3679 | 0.6199

TABLE IV: Values of kg, for all the mode groups.
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