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Abstract. This paper treats second order fully nonlinear degenerate
elliptic equations having a family of subunit vector fields satisfying a
full-rank bracket condition. It studies Liouville properties for viscosity
sub- and supersolutions in the whole space, namely, under a suitable
bound at infinity from above and, respectively, from below, they must
be constants. In a previous paper, we proved an abstract result and
discussed operators on the Heisenberg group. Here, we consider various
families of vector fields: the generators of a Carnot group, with more
precise results for those of step 2, in particular H-type groups and free
Carnot groups, the Grushin and the Heisenberg-Greiner vector fields.
All these cases are relevant in sub-Riemannian geometry and have in
common the existence of a homogeneous norm that we use for building
Lyapunov-like functions for each operator. We give explicit sufficient
conditions on the size and sign of the first and 0-th order terms in the
equations and discuss their optimality. We also outline some applica-
tions of such results to the problem of ergodicity of multidimensional
degenerate diffusion processes in the whole space.

1. INTRODUCTION

This paper continues our analysis initiated in [7] on one-side Liouville
properties for entire viscosity sub- and supersolutions of fully nonlinear
subelliptic PDEs of the form

G(x,u, Dyu,(D3u)*) =0 in R? (1.1)
where X = {X71, ..., X,,,} is a family of Hérmander vector fields, u : R? — R,
Dyu : R — R™ and (D3u)* : R — Sym,,, m < d, are respectively the
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horizontal gradient and the symmetrized horizontal Hessian of the unknown
function u. Our abstract result in [7] considers operators G satisfying some
general structural assumptions that we recall precisely in Section 2. We
suppose the existence of an ezhaustion function w [28, 36, 37], i.e., such that
lim, o w(z) = +00, that we call a Lyapunov function if it is a viscosity
supersolution of (1.1) outside a compact set, and impose to u the bound
from above for large |z|
lim sup w()

We call Liouville property for subsolutions of (1.1) the following:

<0. (1.2)

if u € USC(R?) is a viscosity subsolution to (1.1)
satisfying (1.2) for a Lyapunov function w, then u is constant. (LP1)
Symmetrically, one can formulate a Liouville property for LSC(R?) super-
solutions v to (1.1) by assuming the existence of a function W viscosity

subsolution to (1.1) outside a compact set, such that lim,_,., W(z) = —oo0,
that we call a negative Lyapunov function, quantifying the bound from below

at infinity via

_ v(x)

lim sup <0. (1.3)
We call now Liouville property for supersolutions of (1.1) the following:

if v € LSC(RY) is a viscosity supersolution to (1.1) satisfying  (LP2)
(1.3) for a negative Lyapunov function W, then v is constant.

Therefore, the validity of such properties boils down to the construction
of suitable Lyapunov functions. For linear equations this is known in the
literature as the Khas’'minskii test and it is deeply connected with the re-
currence and ergodicity properties of the associated diffusion process: see,
e.g., the nice survey [28] on the extensions to Riemannian manifolds, [38] for
quasilinear operators like the p-laplacian and the recent papers [36, 37|, the
monograph [12] along with the references therein.

Such Lyapunov functions were first built for fully nonlinear uniformly
elliptic equations in [4] by exploiting the comparison with convex or con-
cave operators, in particular the Pucci’s extremal operators /\/l; A(DQU),

./\/l;\r A(D?u). In our previous paper [7], we built Lyapunov functions for de-

generate equations with a similar structure on the Heisenberg group H? by
means of the norm p homogeneous with respect to the dilations of the group,
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and we checked that the conditions for the Liouville properties were sharp
by computing MiA((Dﬁdf(p))*) for suitable f.

In the present paper, we build Lyapunov functions, and therefore get
Liouville properties, for several other choices of vector fields X' that are of
interest in sub-Riemannian geometry. We begin with homogeneous Carnot
groups, for which we refer to the comprehensive monograph [16]. In this
generality, we discuss in particular a Liouville comparison principle inspired
by [30], the failure of Liouville properties for linear equations, together with
an estimate of the distance at infinity of a supersolution from the constant
of the Liouville property, inspired by [31, 39], see also [24].

Next, we turn to two classes of groups of step 2: H-type groups and
free Carnot groups. Here, we use Lyapunov functions of the form w =
log p, where p is the homogeneous norm of the group, for subsolutions of
convex equations or supersolutions of concave ones. We also discuss the
optimality of our conditions for getting (LP1) and (LP2), along with the
best growth at infinity of nonconstant viscosity semi-solutions to horizontal
Hessian problems, and consider equations involving the horizontal Hessian
Dggu and the Euclidean gradient Du.

An example of result we get for a model H-type group on R7 introduced
in [16, p. 687] is the following: (LP1) holds when

G(z,u, Dyu, (D3u)*) > M;A((Diu)*)—i—;rellfq{ca(w)u—bo‘(x)-D;gu}, (1.4)

with ¢ > 0, ¢*, b® uniformly locally Lipschitz, and
3 4
sup {ba(g:)-DXp(x) P —co‘(x)p Ing} < A=A(Q-1)for |z| > R, (1.5)

o |z [? zm|?
where xp is the horizontal part of z and @) is the homogeneous dimension
of the structure [16]. Since Dxyp has explicit polynomial components and
|Dxp| = |zm|/p, one can easily check the last condition. For instance, (1.5)
holds for ¢* > ¢, > 0 and b® bounded, whereas for ¢* = 0 it becomes a
recurrence condition on the drift, saying that b - Dy p must be negative and
large enough in norm for large |z|. Under the assumptions (1.4) and (1.5) the
Liouville comparison principle mentioned before states that a subsolution u
and a supersolution v of (1.1), such that limsupjy|_,o % < 0, coincide up
to a constant. Note that this is equivalent to the Liouville property for linear
equations, but not in the nonlinear case, and it appears to be new for fully
nonlinear equations even in the uniformly elliptic Euclidean setting.

In the second part of the paper, we consider geometries that are not
related to a group structure. The first is the classical one associated to
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the Grushin vector fields, in the plane as well as in the generalized version
for arbitrary dimension. Also here there is a suitable norm p associated to
the fundamental solution of the sub-Laplacian [23] and we consider operators
that can be compared with convex or concave ones, as in (1.4). The Liouville-
type results that we find assume conditions on the data of the same form as
(1.5), they are sharp in any dimension for quasi-linear equations and in the
plane for fully nonlinear operators.

The last sub-Riemannian structure taken into account is generated by the
Heisenberg-Greiner vector fields, see [8, 9, 13], that is intermediate between
Heisenberg and Grushin geometries. Again, a gauge norm p allows us to find
a Lyapunov function.

We refer to our companion paper [7] for a general introduction to Li-
ouville properties for (degenerate) elliptic equations and their motivations
and applications. The recent article [19] discusses these properties for equa-
tions with superlinear growth in the gradient Du and presents several open
problems and a very large bibliography.

Let us emphasize that general Liouville-type results for fully nonlinear
subelliptic equations cannot be deduced from (invariant) Harnack inequal-
ities as in the classical uniformly elliptic setting [17], because a building
block such as the ABP maximum principle is still unknown in this frame-
work. Some recent advances in this direction can be found in [42] and the
references therein.

The main potential applications of our Liouville properties concern various
forms of ergodicity of controlled diffusion processes such as

dX; = b(Xy, ap)dt + o(Xy, 04)dB; , Xo = 2 € RY,

where ay is a control function, B; a Brownian motion, and o a matrix whose
entries are the coefficients of Hormander vector fields. This is related to the
large-time behavior for degenerate parabolic Hamilton-Jacobi-Bellman equa-
tions. Sufficient conditions for the ergodicity of such processes on compact
state spaces have been thoroughly discussed in the literature, cf. [1] and
the references therein, whilst no general criteria have been systematically
explored when the process is posed on the whole space. For uncontrolled
processes the analysis by PDE methods started in the work [34] and con-
tinued in the Lions’ lectures [33], which inspired the recent work [35]. At
the end of the paper, we show how the Lyapunov functions constructed in
the previous sections can be used to prove asymptotic properties for linear
degenerate elliptic and parabolic equations.
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The paper is organized as follows. In Section 2, we recall some prelimi-
naries and the main abstract result from [7], and we apply it to an abstract
Liouville comparison principle. Section 3 first recalls some basic facts on
Carnot groups and their sub-Laplacians, then gives a Liouville theorem for
operators concave in the Hessian and convex in the gradient (or viceversa).
It continues with examples of non-constant sub- and supersolutions of linear
equations and with a theorem on the asymptotic behavior at infinity of non-
constant semi-solutions, which appears to be new even in the Heisenberg
group. Section 4 contains our results about equations on Carnot groups
of step 2. We analyze first nonlinear PDEs on H-type groups, including
cases with dependence on the full Euclidean gradient. Then we turn to free
Carnot groups, for which we find more precise results for the classical Pucci
operators P5 [41] than for the usual Mf , as defined in [17]. In Section 5,
we introduce the Grushin vector fields for which we prove Liouville prop-
erties for quasi-linear and fully nonlinear equations. Section 6 presents the
Heisenberg-Greiner geometry and a Liouville theorem for quasi-linear oper-
ators. In Section 7, we show that for equations of Ornstein-Uhlenbeck type
without terms of order 0 our recurrence condition on the drift is sharp for
the Liouville property. Section 8 concludes the paper with some applica-
tions to asymptotic problems of ergodic type for linear degenerate elliptic
and parabolic equations.

2. ABSTRACT RESULTS

2.1. Liouville properties for Hormander vector fields. Given a family
X = {Xi,..., X;n} of smooth vector fields satisfying the Hérmander’s rank
condition (see below for the definition), we consider general fully nonlinear
subelliptic equations of the form

G(x,u, Dyu,(D3u)*) = 0in R? (2.1)

where Dyu = (Xju,..., X;yu) and (D%(u)fj = M stand respec-
tively for the horizontal gradient and the symmetrized Hessian, m < d, and
G :R?Y x R x R™ x Sym,,, — R. The equation can be written in Euclidean
coordinates by calling ¢ = o(z) the d x m matrix whose columns ¢/ have
the coefficients of the fields X, and observing that

Dxyu= ol Du ,(D3u)* = ¢! (z)D*uc(z) + g(z, Du) ,
where g(x, Du) is the m x m matrix with entries

Do’ (z)oi(x) + Doi(x)o! (x)
2 )r-

9ij(x, p) = (
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In analogy with [17], we will consider those operators that are uniformly
subelliptic, i.e., for M, N € Sym,,
M;A(M - N) < G(fL‘,’I",p, M) - G($’ p, N) < MIA(M - N) (22)

where Mf\E A are the Pucci’s extremal operators [17] over the symmetrized
horizontal Hessian defined as

MI (M) = sup{=Tr(AM) Ay SA< AL} ==X > ei—A > e

61(M)>0 ei(M)<0
M A(M) = inf{~Tr(AM) M S A< AL} =—A > ei=X Y e,
ei(M)>0 ei(M)<0

where e; (M) are the eigenvalues of the matrix M. It is important to point out
that condition (2.2) does not imply the uniform ellipticity in the classical
sense, as in Caffarelli-Cabré [17], since we are considering m-dimensional
symmetric matrices for an operator posed on the Euclidean space R% with
m < d. We can also express the uniform subellipticity condition (2.2) via
Fuclidean coordinates as

ATr(o" () Po(z) + g(x,p)) < G(z,r, 07 (2)p,0" (z)No(z) + g(z,p))
~G(z,r,0" (x)p, 0" (2)(P+N)o(x)+g(z,p)) < ATe(o” (x) Po(z)+g(z,p))

for PN € Symy,, P > 0, i.e., positive semidefinite. Note that the correction
term g(x,p) vanishes in many important cases, such as Carnot groups of
step 2.

Remark 2.1. It is worth remarking the special case
m
G((Diw)") = ~Tr((Diu)") = Mi, (DRw)") = —Axu=—) Xiu.
i=1

By the definition of the Pucci’s extremal operators (which appear as a supre-
mum or infimum of linear operators in non-divergence form), all the non-
existence results stated for equations of the form

M;A((Dg(u)*) < H(z,u, Dyu) or M;\F,A((D?\fu)*) > H(z,u, Dyu)
lead immediately to non-existence results for sub- and supersolutions to the
non-divergence structure equation

~Tr(A(z)(Diw)*) = H(w,u, Dxu),
provided the eigenvalues of A € Sym,, lie in the interval [A,A]. To our
knowledge, most of the results we will present are new even for linear and
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quasi-linear PDEs driven merely by the sum of squares of Hormander vector
fields.

We now recall some abstract Liouville results obtained in [7] for fully
nonlinear uniformly subelliptic equations (2.1). When dealing with Liou-
ville properties for viscosity subsolutions, we will consider those operators G
uniformly subelliptic such that

G(z,r,p,0) > Hy(x,r,p), z € R peR™, r eR, (2.3)
with H; concave in p, so of the form
Hi(a,r,p) = inf {¢*(@)r — °(2) - p} . (2.4)
Then it will be enough to treat equations of the form
M;A((Diu)*) + Hi(x,u, Dyu) =0 in RY, (2.5)

When dealing with Liouville properties for viscosity supersolutions, we will
assume instead

G(x,r,p,0) < Hy(z,r,p), z € R, pe R™, r € R, (2.6)
with H convex in p, i.e.,
H(z,r,p) = sug{ca(w)r —b%(z) - p} (2.7)
ac

and therefore consider the equation
M5 A((DRw)*) + Hy(2,u, Dyu) = 0 in R . (2.8)

As for the first and 0-th order coefficients, we will assume the following
conditions: b : R? — R™ is locally Lipschitz in « uniformly in «, i.e., for
all R > 0 there exists Kr > 0 such that

sup [b%(x) = b%(y)| < Kgrlz —y| (2.9)
|z|,ly| <R
and
¢*(z) > 0 and continuous in |z| < R uniformly in a. (2.10)

We recall that a family of vector fields satisfy the Hérmander’s rank condition
if

the vector fields are smooth and the Lie algebra (H)
generated by them has full rank d at each point.
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Theorem 2.2. Assume that the vector fields X are CY' and satisfy the
Héormander condition (H). Furthermore, suppose that G is uniformly subel-
liptic.
(a) Under the previous assumptions on H;, (LP1) holds for (2.5) pro-
vided that either uw > 0 or ¢*(z) = 0.
(b) Under the previous assumptions on Hg, (LP2) holds for (2.8) pro-
vided that v <0 or ¢*(x) = 0.
As a consequence, (LP1) and (LP2) hold for the equation (2.1).

This result has been proved in [7, Corollary 3.11 and 3.12] via the strong
maximum principle recently obtained by the authors in [6] through the no-
tion of generalized subunit vector fields for fully nonlinear operators. The re-
sult has extended prior Liouville properties obtained in [4] valid for fully non-
linear uniformly elliptic equations and some quasi-linear degenerate equa-
tions. Section 4.1 in [7] provides explicit sufficient conditions for the validity
of the Liouville property for PDEs structured on the Heisenberg group, but
allows also a dependence on the Euclidean gradient, cf. [7, Section 4.3]. In
the next sections, we will exhibit further sufficient conditions ensuring the
validity of Liouville properties in more general structures.

We finally remark that when the control set A appearing in H; and Hy
is a singleton, and A = A = 1, our equations (2.5)-(2.8) reduce to the linear
problem

—Axu+b(x) - Dyu+ c(x)u =0
and the results in Theorem 2.2 apply to it under the assumptions (2.9)-(2.10)
on b, c if there exist the Lyapunov functions w and W. To our knowledge,
the results we obtain here are new even for such linear equations.

2.2. A Liouville comparison principle. A consequence of Theorem 2.2
is the following Liouville property expressed in the form of a comparison
principle.

Corollary 2.3. Assume X are CY and satisfy (H), ¢ = 0, and there erists
a Lyapunov function w for (2.5) (resp., a negative Lyapunov function W for
(2.8)). Let u and v be a viscosity sub- and supersolution to (2.5) (respectively,

u(z)—v(z) v(z)—u(@)

to (2.8)) such that limsup|,)_,« (@) W) =

<0 (resp., liminf|,
0). Then u = v in R up to a constant.
Proof. It is not hard to check by the arguments in [4, 7] that in the first case

u — v is a viscosity subsolution of (2.5). Since it satisfies (1.2), by Theorem
2.2 (a) it is a constant.
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Similarly, in the second case v—u is a supersolution of (2.8) and it satisfies
(1.3), so Theorem 2.2 (b) says that it is a constant. O

Remark 2.4. Note that the growth conditions at infinity on v — v are both
satisfied if u < v + C for some constant C, so the result is a counterpart for
fully nonlinear equations of the Liouville comparison principles for quasilin-
ear equations, see e.g. [30] (where C' = 0).

Note also that the constant 0 is a solution of (2.5) and (2.8) because
c® =0, so the Corollary contains Theorem 2.2 as a special case.

Remark 2.5. Sufficient conditions for the existence of the Lyapunov func-
tions can be found in [4] for the Euclidean case, in [7] for the Heisenberg
group, and in the next sections for other sets of vector fields X.

Note that Corollary 2.3 seems to be new even for linear equations

—Tr(A(z)(D3u)*) + b(z) - Dyu = 0 in R?

as soon as the operator is degenerate elliptic (and A is the square of a
Lipschitz matrix, b Lipschitz).

3. GENERAL CARNOT GROUPS AND SUB-LAPLACIANS

3.1. Definitions and preliminaries. A stratified group (or Carnot group)
[16, Definition 2.2.3] is a connected and simply connected Lie group whose
Lie algebra G admits a stratification G = V1@ Vo ®...®V, with [V}, V;_1] =V
for 2 <i <r and [V1,V;] =0, where [V, W] := span{[v,w] : v € V;w € W}.
Here, r is called the step of the group, and we set m = d; = dim(V1),
d; = dim(V;), 2 < i < r. A stratified group can be identified with a so-called
homogeneous Carnot group up to an isomorphism (see [16, Section 2.2.3]).
A homogeneous Carnot group G (cf. [16, Definition 1.4.1]) can be in turn
identified with R? = R4 x ... x R% (d = dy + ... + d,) endowed with a
group law o if for any A > 0 the dilation ) : R? — R of the form §y(x) =
Az, . X"z(") is an automorphism of the group, where 2 = (z(1), ... (")),
() € R%. Then the smooth vector fields on R* X = {X1, ..., X,,,} generate
the homogeneous Carnot group (R%, o, 6y ) if they are left-invariant on G and
such that X;(0) = 0y,|o for j = 1,...,d; span R? at every point z € R%. We
say that G has step r and m = d; generators.

In this case, the second order differential operator Ag =Y /", Xi2 sum of
squares of vector fields is called sub-Laplacian on G. We also denote with

' T

Q=) id= idim(V;)
i=1

=1



646 MARTINO BARDI AND ALESSANDRO GOFFI

the homogeneous dimension of the group, with
Dgu = Dyu = (Xju, ..., X;pu)

the horizontal gradient, and with Déu = D3u the horizontal Hessian. We
now collect some basic properties that will be needed in the sequel and that
can be found in [16, Chapter 5].

Definition 3.1. Let Ag be a sub-Laplacian on a homogeneous Carnot group
G. We call Ag-gauge a symmetric norm p, homogeneous with respect to Jy,
smooth out of the origin, and satisfying

Ag(p*~?) =0 in G\{0} .

Then, a radial function on G is a function u: G\{0} — R such that u(z) =
f(p(x)) for all x € G for a given f: (0,00) = R and a Ag-gauge p on G.

Definition 3.2. Let G be a homogeneous Carnot group on R* and Ag be a
sub-Laplacian on G. A function T' : R1\{0} — R is a fundamental solution
for Ag if it satisfies

e I' e C=(R4\{0}) ,

elc Ll (RY) andT — 0 as |z| — oo,

o [paTAgodr = —p(0) for all ¢ € C3°(RY).

We have the following important existence result due to G.B. Folland [25,
Theorem 2.1] (see also [16, Theorem 5.3.2] and the references therein)

Theorem 3.3. Let Ag be a sub-Laplacian on a homogeneous Carnot group
with homogeneous dimension Q > 2. Then, there exists a fundamental solu-
tion I' of Ag. Moreover, the solution is unique.

We now recall the following result connecting Ag-gauges and fundamental
solutions of sub-Laplacians.

Proposition 3.4. Let Ag be a sub-Laplacian on a homogeneous Carnot
group G and ' be the fundamental solution of Ag. Then

(i)
1
I'(x))2-@ ifx € G\{0} ,
oo (@@ 2BV}
0 ife=0,
s a Ag-gauge on G;
(i) if p is a Ag-gauge on G, then there exists a positive constant g such
that T = y4p*>~ 9 is the fundamental solution of Ag;
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(iii) if p is a norm on G homogeneous with respect to 0y, smooth out of
the origin, and such that

Ag(p®) =0 in G\{0}
for a suitable « € R, o # 0, then o = 2 —Q and p is a Ag-gauge on
G.

Proof. (i) is proved in [16, Proposition 5.4.2], (ii) in [16, Theorem 5.5.6] ,
and (iii) in [16, Corollary 9.9.8] O

The next result is proved in [16, Proposition 5.4.3] and allows to compute
sub-Laplacians on Carnot groups over radial functions with respect to the
homogeneous norm.

Proposition 3.5. Let Ag be a sub-Laplacian on a homogeneous Carnot
group G and f = f(p(x)) be a smooth radial function on G\{0}. Then

Bc((p)) = IDeol (70 + =2 7/0)

3.2. Liouville property for some concave-convex equations. In this
section, we derive some Liouville-type results in general homogeneous Carnot
groups for subsolutions of equations of the form

F((D&u)*) + Hi(x,u,Dgu) =0 in R? (3.1)
where

IN>0: F(M) > -ATr(M) VM ES,,. (3.2)
Note that the Pucci’s maximal operator F' = Mj\“ , satisfies such condition,
and this motivates the title of this section. The property (3.2) allows to
work by comparing F((D%u)*) with the corresponding sub-Laplacian, even

if a fundamental-type solution of the second order operator in (3.1) is not
known in general.

Corollary 3.6. Assume (3.2) and that the Ag-gauge p satisfies
sup {p*() - Dgp — (x)p*logp} < —AQ = 2)|Dgp”  (3.3)
(1S

for p sufficiently large. Then (LP1) holds for (3.1) with w(z) = log p(z).

Proof. By (3.2) M ,((D&u)*) > —AAgu and so u is a subsolution to the
equation —Agu + H;(z,u, Dgu) = 0. We then apply Theorem 2.2 with the
Lyapunov function w(x) = log p(x). Note that lim, ., w(z) = oo because
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p=T10CQ) 5 0 as |x| — oo by Proposition 3.4. By Proposition 3.5, w

satisfies © A
-2
—AMg(w(p)) = —|DGP|2T :

Thus, w is a supersolution at all points where

—-2)A . Dgp
—|D 2(Q = 2)A + inf {c¥(z)logp — b*(x) - —L ¢+ >0 .
| Dl 7 nf, {c () log p — b%(x) p }_0

In particular, this inequality holds when p is sufficiently large under condition
(3.3). O

Remark 3.7. A symmetric result holds for supersolutions of F((D%u)*) +
Hg(z,u, Dgu) = 0 if F(M) < —ATr(M) for some A > 0, as it is the case for
the Pucci’s minimal operator F' = My ,.

Remark 3.8. Under condition (3.3) the Liouville comparison principle
Corollary 2.3 applies to (3.1) with w = log p and to the equation of Remark
3.7 with W = —log p.

3.3. Failure of the Liouville property for linear equations. Using the
existence of a Ag-gauge of Proposition 3.4, we can easily show the failure of
the Liouville property for sub- and supersolutions to sub-Laplace equations
on any homogeneous Carnot group.

Proposition 3.9. Let X be a system of smooth vector fields in R¢ generating
a homogeneous Carnot group G with homogeneous dimension @, and p be a
Ag-gauge on G. Then

ui(z) = (14 p%(2)) "7 |

18 a non-constant bounded classical supersolution to —Agu = 0 in G, while
—uy 18 a non-constant bounded subsolution to —Agu =0 in G.

Proof. Clearly, 0 < u; < 1 because @ > 2, while owing to Proposition 3.5,
we find

Agui = [Depl2[Q(Q = 2)(1 + 1) 2
+2-QU+) T+ (149 22-Q)Q-1)

= —|DeplQ(Q - 2)(1 +p*) 7% <0. O

Remark 3.10. When G is the classical d-dimensional Euclidean group, d >
3, the sub-Laplace operator reduces to the classical Laplacian A := Zle agi,

s
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the homogeneous dimension is @) = d and p(x) = |z|. This case is classical,
and counterexamples to the one-side Liouville property can be found in [7]
and the references therein.

Remark 3.11. One- or two-side Liouville properties for solutions to sub-
Laplace equations on Carnot groups have been investigated in [18] by means
of mean-value formulas and in [16] via Harnack inequalities. Proposition 3.9
shows that, instead, the property may fail for mere sub- or supersolutions.

We consider now a family of smooth vector fields fulfilling the following
assumptions

(H1) Xy,..., X, are linearly independent and satisfy the Hormander rank
condition at 0 € R%.

(H2) Xy, ..., X, are homogeneous of degree 1 with respect to a family of
anisotropic dilations ¢y on R? of the form

oa(z) = (N2, ..., N%%2y)
foro;eN,i=1,....dand 1 < o1 <... <oy

We can extend Proposition 3.9 to sub-Laplacians built on vector fields ful-
filling the above assumptions (H1) and (H2) via a global lifting argument
that dates back to Folland and recently reconsidered in [10]. A similar argu-
ment has been recently used in [11, Proposition 5.6] to prove non-existence
of nontrivial solutions for sub-Laplace equations, and the next result shows
that, instead, non-constant sub- and supersolutions do exist.

Corollary 3.12. Let X = {Xy,..., X;n} be a system of smooth vector fields
in RY satisfying (H1)-(H2). Then, there exist non-constant classical subso-
lutions bounded above and supersolutions bounded below to — Z;nzl Xfu =0

in RY,

Proof. The lifting argument in [10, Theorem 3.2] shows that there exists a
homogeneous Carnot group G ~ R, N > d, and a system of Lie generators
21, ..., Zm of G, which are the lifted vector fields corresponding to X7, ..., Xi,.
Then, we set Ag = 37", Zf and observe that Ag(uom) = (Ayu)om, where
7 : RN — R? is the canonical projection of RY onto the first d variables.
Then, if u solves —Aru < 0 in R, the function v = u o 7 solves —Agv < 0
in G ~ RY. Therefore, the failure of the Liouville property readily follows
from Proposition 3.9 on RY, which gives the existence of a non-constant
bounded smooth subsolution to —Axu = 0 on R? when the fields satisfy the
hypotheses (H1)-(H2). O
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3.4. The distance from a constant at infinity. When the Liouville prop-
erty does not hold one would like to evaluate how far is a sub- or supersolu-
tion from the constant of the Liouville property. In the Euclidean case this
was done by V. Kurta for a class of quasilinear equations in [31] via integral
methods (see also [39] for similar test function methods applied to semilin-
ear equations on the Heisenberg group) and more recently by L. D’Ambrosio
and E. Mitidieri in [24]. Let us first note that for the classical Laplacian in
dimension d > 3 the supersolution of Proposition 3.9 is ui (z) = (1+ ]x\2)¥,
which satisfies
lim inf { sup (up(z) — 0)}7@*2 =C.
r=oo Lp<|el<ar

Theorem 2 in [31] implies that, for any v € (0, 1), a superharmonic function
u > 0 either is constant in R? or it satisfies

lim inf [ sup (u(z) — O)}Ttli%3 = +o00. (3.4)
T Lr<a|<ar
This gives the “sharp distance at infinity” of nonconstant supersolutions
larger than ¢ from the constant c.
Next, we give the corresponding result in a homogeneous Carnot group,
where we expect the Fuclidean dimension d to be replaced by the homoge-
neous dimension @. In fact, the supersolution of Proposition 3.9 satisfies

lim inf [ sup (u(x) — 0)] 972 =,
r=00 Lr<p(x)<2r

Theorem 3.13. Let u > ¢ be a non-constant weak solution to —Agu > 0

in G ~ R such that u € LS (RY). Then, for any v € (0,1),

loc

lim inf [ sup  (u(z) — c)}r% = 400. (3.5)
=0 Lr<p(a)<2r

Remark 3.14. By weak supersolution, we mean a measurable function w :
G ~ R? — R defined on G which is locally integrable in R?, | Dgu| € L? _(R?)

loc
and
m
/ > XipXiudz >0
R4

for all nonnegative test functions ¢ € W12(G) with compact support, where
Wh4(G), ¢ > 1, is the standard horizontal Sobolev space.

Proof. The proof relies on proving the following stronger property: if
is a non-constant supersolution to —Agu = 0 in RY, then it satisfies the
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condition

lim inf 7‘_2/ (u(z) — )17 dx = 400 (3.6)
r<p(z)<ar

7—00

for any fixed v € (0,1). Then, the latter would imply (3.5) if we further
have u € LS (RY).

To show the condition (3.6) one adapts to Carnot groups the proof in the
Euclidean case of [31, Theorem 2]. We summarize here below the crucial
steps, and refer to the earlier version of this manuscript! and to [31] for a
thorough discussion. The idea is to use a variational argument, taking the
test function

(@) = (u—c+ ") v e (0,1)
where ¢ : R? — [0, 1] is smooth and identically 1 on the Koranyi ball Bg(0, )
and 0 outside Bg(0,2r), to be specialized later. Rearranging the weak for-
mulation of the problem and using Cauchy-Schwarz, Holder and Young in-
equalities one deduces that

lim inf/ |DeC)*(u— )7 = 400 . (3.7)
T—00 A,

This step concludes the proof by choosing ((z) = 1(p/2r), where p is a
homogeneous norm of the structure, ¢ : [0, +00] — [0, 1] is a smooth function
which equals 1 on [0,1/2], 0 on [1,00) and satisfies the inequality |Dg(| <
Cr~' (since |Dgp| < C in view of the fact that Dgp is homogeneous of
degree 0, cf. [16, Remark 5.5.2]) for arbitrary r > 0. d

Remark 3.15. Theorem 3.13 agrees with the growth rate of superharmonic
functions found in [15, Theorem 1.1], at least in the context of the Heisenberg
group. Moreover, a more general decay rate of positive supersolutions has
been recently studied in [24] for operators in divergence form with regular
coefficients. This can be obtained combining Corollary 23 and Remark 12
in [24].

Remark 3.16. Using a slight modification of the above argument and fol-
lowing [31], one can prove that any nonconstant and locally bounded weak
solution to —Ag pu = —divg(|Dgu[P"?Dgu) > 0in G, where divg stands for
the horizontal divergence along the vector fields, with u > cand 1 < p < Q,
satisfies o
lim inf [ sup (u(x) — c)}rP*TpV =400 (3.8)
rro0 Lr<p(a)<2r

LarXiv: 2109.11331v1, September 23, 2021
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with any fixed v € (0,p — 1). This agrees with the Liouville property found
in [22, Corollary 4.3] when p > Q.

4. FULLY NONLINEAR PDES oN CARNOT GROUPS OF STEP 2

4.1. Definitions and preliminaries. In this section, we introduce step-2
Carnot groups following [16, Chapter 3]. Set R? = R™ x R™. Given n skew-
symmetric matrices B, ..., B with dimension m x m and real entries,
one defines the group operation

(z,t) o (2, t) = (x+ 2/, t +1 + 2(Bx,2')),

where (Bz,z') stands for the n-tuple ((BMz, /), ..., (B™zx 2)) and (-,
denotes the inner product in R™. Then, (R% e) is a Lie group, while the
dilation 8y : RY — R? | 65((z,t)) = (Ax, A*t) is an automorphism of (R?, e)
for any positive A. Then G = (R?, e, §y) is a homogeneous Lie group. When
BG) = (bg.?)), Jj,l=1,...,m, and for ¢ = (x1, ..., T, t1,...,tn), a basis of the
Lie algebra of G is given by the m + n left invariant vector fields

Xj(Q) = azj + 2ZZb§~?)$lat_g , i =1 ..m,

s=1[=1
Yi(q) =0, ,s=1,...,n.
As pointed out in [16], we have n < m(ngfl)’ that allows to relate the dimen-

sion of the horizontal and vertical layers.

Example 4.1. The Heisenberg group is a step 2 Carnot group with m = 2d
and n = 1 on R?¥*1 by taking

w_ (0 I
s - (5, 1)

Example 4.2. H-type groups. They are Carnot groups of step 2 such that
the matrices B(®) satisfy the further conditions

e B®) are m x m skew symmetric and orthogonal.

e BWBG) 4 BOBK) =0 for k,s =1,...,n with k # s.
In this case the homogeneous dimension is defined as Q = m+2n. Prototype
examples of matrices fulfilling the above conditions, cf. [16, p.687], are

0 -1 0 0 0 01 0
w_|1 00 0 e_[0 00 -1|,
B 0o 0 o0 —1]"% 100 o] @
00 1 0 0 10 0
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0 0 01
@m_]10 0 10

B 0 -1 0 0"
-1 0 0 0

which generate a H-type group on R” = R* x R3, and we will focus on them
in the next sections. Other explicit examples can be found in [16, Remark
3.6.6]. Also the Heisenberg group is a H-type group with m = 2d and n =1
on R2+1 by taking B as in the previous example.

For H-type groups a gauge is

1
pu(z) = (2 + ... +22)? +t] + ...+ 2]* (4.2)

and Kaplan [29] (see also [16]) proved that I'yg := pIQHI_Q, Q = m + 2n, is the
fundamental solution to the corresponding sub-Laplace equation. (Here we
made the change of coordinates for the vertical layer ¢’ = t/4 to normalize a
constant in the original definition of pp in [29]).

r(r—1)
2

Example 4.3. Free Carnot groups I, = 2 ~ R" x R They are

Carnot groups of step 2 where the matrices B(®) have the entry —1 in po-
sition (4,1), 4+1 in position (I,7), and 0 otherwise. In R?, let us denote the
coordinates of the first layer by zr, 1 < k < r and those of the second layer
by trj, 1 < j <k <r. Let Oy and Oy, the standard basis vectors in this co-
ordinate system. Free Carnot groups of step-2 and r generators are spanned
by the vector fields

X =0 +2(ij8jk — ijakj) if1<k<r.
>k i<k
Then, denote by
ij ::8kj if1§j<k§7”

the fields of the vertical layer. The Carnot structure of F, is given by

Vi =Span{X} :1 <k <r}and Vo =Span{Xy,; : 1 <j<k<r}.
The commutation relations for 1 < j < k <r and 1 <i < r are given by

[Xk,Xj] = 4Xk] and [Xl,Xk]] =0.

Denote the coordinates by

r(r—1)
(.le,t) = (l‘H,xv) = (:Bl, ...,$r,t271, ...,tr’r,«_Q,tr’»p_l) ER" xRz
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and consider the homogeneous norm

pe(@) = [Jwul® + 2] . (4.3)

It is immediate to recognize that free Carnot group of step-2 coincides with
the Heisenberg group only in one dimension, i.e., H' = (R3,-). Indeed for
r = 2d generators, we have a free Carnot group of step 2 if and only if the
following equality holds 2d + 1 = 2d + 2d(2d — 1)/2 , which is fulfilled only
when d = 1.

4.2. Fundamental solutions to Pucci’s extremal equations on a class
of H-type groups. In this section and the next, we consider the specific
case of matrices (4.1). Then m =4,n =3, Q = 10, p = py is given by (4.2),
and we denote the coordinates
(x,t) = (xg,xv) = (21, .oy Tg, t1, .oy £3).
It is immediate to check that the algebra is spanned by the vector fields
X1 = 8331 — 2%26151 + 2$38t2 + 2x48t3, (44)
Xy = am -+ 2.%1&51 — 2.%'4at2 + 2$36t37
X3 = 8333 - 2x48t1 — 2(E18t2 — 21‘28t3,
Xy = 814 + 2%38151 + 2.%'28t2 — 2:01&3.
We now give two simple algebraic lemmas for later use. The first is taken
from [32].
Lemma 4.4. Let a,b,c,s € R and v,w € R™ be unitary vectors and define
A=slp+av@v+bw@w+clv@w+wev) .
Then, the eigenvalues of A are

o s with multiplicity at least m — 2 and eigenspace Span{v, w}=*, i.e.,
the orthogonal complement of Span{v,w};
st a+b+20v-w:|:\/(a+b+2cv-w)2+4(1—(v-w)z)(cz—ab)

2

ferent from s.

which are simple, if dif-

In particular, when either (v-w)? =1 or ¢ = ab, the eigenvalues are s with

multiplicity m — 1 and s 4+ a + b + 2cv - w, which is simple.
Lemma 4.5. We have X;p = % where w;, 1 =1,...,4, are defined via
p1 = —x2ly + x3le + x4tz ,  p2 1= T1t1 — T4tz + 3t3

M3 = —xaty — w1t — woty ,  pg = x3ty + Tolo — w13 .
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Moreover, |Dyp|? = |z |*/p?,

(Dfip)* = _ glDuel, §DHP ® Dyp
and
i) =3P o1+ (7)) Dap © Dy

In particular, the eigenvalues of (D% f(p))* are Sf |DHp|2 with multiplicity
3 and f"(p)|Dup|? which is a simple eigenvalue. Fmally,

8uf(p) = |Dael? (1) + 912),

where 9 = Q — 1, QQ = 10 being the homogeneous dimension.

Proof. We compute

2
T1|TH 1 .
p P P
wolzgl* | 1 i
Xop = p3 + E(xltl — Tyt + xgtg) = ﬁ;

M3

Xzp = =5 — + S (—zats — 2112 — 22t3) =
P p
zylzg)? |1 Iy
Xap = + (w3t + Tty — @1t3) = —.
P’ p? 3
Then, it is immediate to check that
4
wnl® | |eml( + 13+ t3)
| Dup|? = Z(Xip)z T8 + 1,06 2=
i=1

2
+ E(—xgﬂfgtﬂb + x3x4t2t3 — :L’Q.I4t1t3 — 1’11:4t1t2 — .T3:L’4t2t3 + $1373t1t3

+ zyxitite + xamatits + x1Totats + x3xatite — T1xolols — x123t113)

|416H|2

+2 (—z120t1 + 2321t + T124t3 + T 122t — TaXale + T3T2t3

— x4x3ty — 123l — Tox3t3 + T3wat + X3waty + Toxsle — T17413)
_leal®  JraPE 6 +E)  leal® 4 Jzal
% I I p?
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We then compute
Dypl|? x| 3
| Dl 2| H

Xip= 5 — —XipXip,
p b
th 3 t 3
XoX1p=——5 = “XopXip, XiXap=— — =X1pXap,
b b
ts 3 ts 3
XoX3p = —% — —XopX3p, X3Xop= % — —X3pXap,
b b

t 3 t 3
XoXap == — ~XopXap, XaXop=—— — =XipXap,
pPoop poop

t 3 t 3
XyX3p = _p%” - ;X4PX3P, X3Xyp = p%’ - ;X3PX4P-

Then, using the fact that |Dyp|?p? = |ry|?, the symmetrized horizontal
Hessian takes the form

Dyp|? 3
(Dip)* = 3“‘;?’]4 - ;DHP ® Dup .
We then conclude that for a radial function f = f(p), we have

. _ad"(p) f'(p) 2
(DEf(p))" =3 )1 Dapl ® S
H p P |Dup| — [Dupl
We then use Lemma 4.4 applied with m =4, s = 3@|DH,0|2, a=(f"(p)—

3@)|DHM2, b = ¢ = 0 to conclude that the eigenvalues are 3@\DHM2
with multiplicity 3 and f”(p)|Dmp|?, which is a simple eigenvalue. O

Dup _ Dup

|Dup|*1s + (f”(ﬂ) -3

We are now able to compute explicitly the degenerate Pucci’s extremal
operators of radial functions.

Lemma 4.6. For every f = f(p) concave and increasing, we have

MEADEF)) = Dol (M@ = DL A7)

P
while for f = f(p) convex and decreasing, we have

MEA(DRFW)) = ~1Depl? (A" (0) + A(Q - 1)f’[()p)> |

where (Q = 10 is the homogeneous dimension of the H-type group associated
with the matrices (4.1).

Proof. This is a simple consequence of Lemma 4.5 and the formulas for the
Pucci’s extremal operators. [l
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We are now ready to construct classical solutions, that we call “funda-
mental solutions”, of

M3 A ((Dfu)*) = 0 in RT\{0}.

This extends to a different subelliptic structure some results of [20] and the
more general ones in [3] for the uniformly elliptic case, as well as those in [21]
for the Heisenberg group. In particular, by taking A = A, our fundamental
solutions of the corresponding sub-Laplacian agrees with those found by
Kaplan [29]. These classical solutions depend on the two parameters

A A
= — — = —_ >
« A(Q 1)+1 9A—|—1_1

and

A A
B:=5Q-1)+1=97+1210=Q.

Standard calculations similar to those carried out in [20], [21, Lemma 3.3]
lead to the following:

Lemma 4.7. The radial functions ®1(x) = ¢1(p) and Po(z) = p2(p) with

Ci1p* %+ Cy for a < 2
p1(p) == ¢ Crlogp+ Cy fora =2
—C1p> 4+ Cy  fora>2

and po(p) := C1p*>~P + Cy are classical (and hence viscosity) solutions to
M\ (DFu)*) = 0 in R™\{0} .

In particular, p1 is concave and increasing, while o is convexr and decreasing
with respect to p. Similarly, V1 = —®y and Yo = —&; are “fundamental
solutions” of

M A((DRu)?) = 0 in B\ {0}

4.3. Liouville properties on H-type groups. We consider the specific
case of matrices (4.1) as in the previous section, and refer to the next Remark
4.13 for the general case. We begin with the homogeneous Pucci’s equation
and improve Corollary 3.6 in this special case. The next result is known in
the Euclidean and Heisenberg cases with different proofs, see [20, Theorem
3.2], [2, Theorem 4.3] and [21, Theorem 5.2], and it is new for H-type groups.
We provide a new unified proof with the same strategy as in [7].
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Theorem 4.8. Let X be either the Euclidean or the Heisenberg vector fields,
or the generators of the H-type groups in (4.4), and @Q be the correspond-
ing homogeneous dimension. Let u be a continuous viscosity solution to
ME L ((D3w)*) <0 (resp., My ,((D3u)*) > 0) in R? bounded from above
(resp., below). If Q < %—i— 1, then u is constant.

Proof. We outline the main steps in the case of the maximal operator,
the other being similar. Let p be the homogeneous norm associated to X
Assume temporarily the existence of a function w € C?(R%\{0}) such that
M;\FA((Dgfw)*) > 0 for p(z) > R and limy|,ocw = +00. For § > 0 set
ve(z) = u(z) — Ew(x) for some R > R > 0. Then v¢ is continuous on
{x € R?: p(z) > R} and solves in the viscosity sense M;A((Dgcvg)*) <0
for p(z) > R by the properties of Pucci’s extremal operators. Indeed, if both
u,w are C?, we have

M A (DRve)*) < M (DRu)*) + My (—§(DFw)”)
= M, ((Dw)*) — EMT ((DRw)*) <0,

and the inequality is true in the viscosity sense by an argument in [7, Theo-
rem 2.1]. Therefore, arguing again as in [7] by the weak comparison principle
on the annuli, one observes that u attains its maximum at some point on
0B(0, R). Then, one applies the strong maximum principle [6] to conclude
that w is constant.

It remains to verify the existence of a Lyapunov function w for the equa-
tion. We take w(z) =log p(z) (p(z) = |z| in the Euclidean case and p = pg
in the other cases) and claim that

[Dxp(z)]?

plx)*
This is well known for the Euclidean and Heisenberg case, and it follows
from Lemma 4.6 for the case of H-type groups. Then

M A((DFw)") = (A =A@ — 1))

A

Remark 4.9. The condition on () in Theorem 4.8 is sharp, as it can be seen
immediately by constructing explicit counterexamples as in [7]. Note that it
is equivalent to the condition a < 2 and therefore to the unboundedness at
infinity of the fundamental solution built in Lemma 4.7. We stress again that
the one-side Liouville property for sub- and supersolutions to sub-Laplacians
(A = A) fails in any Carnot group of step-2.
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The proof of Theorem 4.8 in [21] used a Hadamard-type result in the
Heisenberg group. Such a qualitative property can be obtained also for H-
type groups, and Theorem 4.8 can also be deduced from it.

Remark 4.10. The one-sided bound on = in the previous result can be
weakened, at least for Hessian equations. When ) = % + 1 one has

: u(z)
MT ((D%31)*) <0, limsu <0 = wu constant,
/\,A(( X ) )_ p_)oop og plz) =

- . u(z)
DZu)*) >0, 1 > tant.
M,\,A(( Fu)) >0, 1;15(121) log p(z) = 0 =— wu constan

Moreover, an inspection of the proofs in [7] shows that when @ < %—F 1, one
can replace the semi-boundedness with the conditions

lim su < 0 and limsu >0
p—>oop p27%(Q71)71(x) o p—>oop p27%(Q71)71($) n

i

respectively (indeed, pQ_%(Q_l)_l(:n) blows up as p — o0). Thus, we can re-
formulate the above Liouville property by saying that every nonconstant vis-
cosity solution to M;A((D%(u)*) > 0 is asymptotic at infinity to —pl_%(Q_l)
if@Q < %+ land to —logpif Q = %Jr 1. This gives a counterpart for Pucci’s
equations on Heisenberg-type groups of Theorem 3.13 concerning the sharp
distance at infinity. This is consistent with the results for the Laplacian
in the plane and those in [20] obtained for the Pucci’s operators via the
Hadamard-three sphere theorem. We refer to Remark 7.2 for an example
showing the sharpness of such growth conditions, at least for nonlinear equa-
tions depending on the horizontal Hessian.

We now consider equations (2.5) and (2.8) structured over the H-type
vector fields, namely,

M;,A((DI%IU)*) + Hi(z,u,Dgu) =0 inR", (4.5)

M \(Dfu)*) + Hy(z,u, Dgu) =0 in R", (4.6)

where H;, Hy are defined by (2.4) and (2.7). In the rest of this section p = pg
defined by (4.2).

Theorem 4.11. Let X = {X1,...., X4} be the system of vector fields gener-
ating the H-type group H ~ R associated to the matrices in (4.1). Assume
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that (2.9) and (2.10) hold and

4

[ p
sup{b®(x) - —c*(z lo < A—09A 4.7
aeg{ (z) al? ()‘xH‘Q gp} < (4.7)

for p sufficiently large and || # 0, where Q = 10 is the homogeneous di-
mension of H ~ R”, b*(x) takes values in R*, and p is defined in Lemma 4.5.
(A) If either ¢*(x) =0 oru > 0, then (LP1) holds for (4.5) with w(z) =
log p(x).
(B) If either ¢®(x) =0 orv < 0, then (LP2) holds for (4.6) with W (x) =
—log p(z).
As a consequence, (LP1) and (LP2) hold for G uniformly subelliptic under
the assumptions (2.3) or (2.6) and H;, Hs as in (2.4) or (2.7).

Proof. We only have to check the existence of a Lyapunov function and
apply Theorem 2.2. Take w(x) = logp(x). Note that lim, . w(z) = oo
because p — oo as || — oco. By Lemma 4.6, we can compute the Pucci
minimal operator for p(z) > 0 and get

2
M A((DEw)) = {=AQ — 1) + A} ‘szm :

Thus, w is a supersolution at all points where

o2
(M@= D+ VD 4 int (e () tog p - 07(0) - £} 2 0.
because |Dyp|? = |z |?/p? and Dyw = p/p* by Lemma 4.5. In particular,
this inequality holds when p is sufficiently large under condition (4.7) by
recalling that @@ = 10. Similarly, one can check that (4.7) implies that the
function W(p) = —logp is a subsolution to (4.6) for p(x) > 0. Therefore,
Theorem 2.2 gives the conclusion. 0

Remark 4.12. It is easy to give simpler sufficient conditions on the coeffi-
cients so that condition (4.7) holds. For instance,
lim sup sup b*(x) - LQ <A—9A,
|z| =00 acA |z m|
since ¢® > 0, or, uniformly in «,
@) > >0, (@) =o(ptlogp/lanl) |

because |u| = p?|ry| (the condition on b* is satisfied, for instance, if they
are uniformly bounded), guarantee the validity of (4.7).
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Remark 4.13. The Liouville properties obtained above for the matrices
(4.1) can be extended to general H-type groups under similar conditions
by means of the expression of the symmetrized horizontal Hessian of a
rescaled homogeneous norm given in [42, p. 468]. Moreover, the same
computations would lead to new results even for linear equations driven by
Tr(A(x)(D%u)*), where A is uniformly positive definite with eigenvalues be-
tween two given constants A < A via [7, Theorem 2.1]. In both cases, to prove
(LP1) one can take the Lyapunov functions wq(z) = log p or wa(x) = p? (cf.
[7, Remark 4.6]) and get sufficient conditions involving the dimension of the
underlying structure.

Remark 4.14. The previous sufficient condition is comparable with the one
obtained in [4] for the Euclidean vector fields and in [7] for the Heisenberg
vector fields, since the constant on the right-hand side in (4.7) can be written
as A —9A = A —A(Q —1). It can be improved for subsolutions (resp. super-
solutions) when M7 , (resp. MY ,) is replaced with M7 , (resp. M} ,), as
we did in Theorem 4.8. This is consistent with non-existence results aiready
found for different equations, see, e.g., [19, Remark 2.6] and the references
therein. For instance, consider a subsolution u to the fully nonlinear equa-
tion perturbed by linear terms

MIA((D%{U)*) +b(z) - Dyu + c(x)u=0 inR", (4.8)

where X' are either the Heisenberg vector fields or those generating the H-
type group H ~ R associated to the matrices in (4.1). Assume (2.9), (2.10),
and

4
lim sup {b(a:) ) L logp(x)} <A-AXQ-1)  (49)
for p sufficiently large, where @) is the homogeneous dimension of the struc-
ture, and p is defined in Lemma 4.5 for H-type groups or in [7, eq. (37)] for
the Heisenberg group. If limsupj,_,q, % < 0 and either ¢(z) =0 or u > 0,
then u is constant. The proof is the same as that of Theorem 4.8.

We can deduce from Theorem 4.11 and Corollary 2.3 the following Liou-
ville comparison principle.

Corollary 4.15 (Liouville comparison principle). Let u,v be a sub- and a

supersolution to (4.5) (resp., (4.6)) such that imsup|,_ % <0 and

assume ¢® =0 and (4.7) holds. Then u = v up to constants in R,
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Proof. By (4.7) and the proof of Theorem 4.11, w = logp is a Lyapunov

function for (4.5) and W = —w is a negative Lyapunov function, u — v is a
subsolution and v — u a supersolution of (4.5). Then one can conclude by
the Liouville properties of Thm. 4.11. ]

4.4. Equations with horizontal Hessian and Euclidean gradient. In
this section, following [7], we consider equations that involve the H-Hessian
(D%u)* and the Euclidean gradient Du, namely of the form

G(zx,u, Du, (DZu)*) = 0 in RY = R™*" | (4.10)

with G : R x R x R™*" x S, — R. We impose G uniformly subelliptic
and its first order part bounded from below by a concave Hamiltonian H;,
or from above by a convex one H,, which are allowed to depend on the full
Euclidean gradient. More precisely,

G(.’L’,T’,p,O) ZHi($7rap>7 Vx,peRd,reR, (411)

for a concave Hamiltonian of the form (2.4), but with b : R? — R? a vector
field in R%, or

G(z,7,p,0) < Hy(z,7,p), Ya,peRLrecR, (4.12)

for a convex Hamiltonian of the form (2.7) with 5* : R — R%. On 5 and
¢ we make the same assumptions (2.9), (2.10).

The next result provides an explicit sufficient condition on H-type groups
associated to the matrices (4.1). It states that the velocity fields % in the
drift part of the Hamiltonian terms H; and H point toward the origin for
|x| sufficiently large, and it is expressed in terms of the homogeneous norm
p of the H-type group defined by (4.2).

Corollary 4.16. Assume that the operator G satisfies (2.2), where X =
{X1,..., X4} are the H-type vector fields in R” given by (4.4), and (2.9) and
(2.10) hold. Suppose there exist 1, ..., Ym+n € R with min;v; = v, > 0 and
such that
m-+n 1
supb®(z) - Dp(x) < — Z YixiOip + O(E> as p — 0. (4.13)
@ i=1
(A) Assume (4.11). If either ¢*(x) =0 or u > 0, then (LP1) holds for
(4.11) with w(x) = log p(x).
(B) Assume (4.12). If either ¢*(z) =0 or v < 0, then (LP2) holds for
(4.12) with W (z) = —log p(x).
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Proof. We only need to check that w = log p is a supersolution to
M;,A((D]%Iu)*) + Hi(z,u, Du) =0 .
Let C1 :=9A — A > 0. As in the proof of Theorem 4.11, w is a supersolution

at all points where

§ D
‘x;’ + inf {C“(SL’) log p — b*(x) - 7’)} >0. (4.14)
Since Dp = 2|z |*ry, 2v)/(2p%) € R™™™, we deduce from (4.13) that the

left-hand side of the above inequality is greater than

—C o +TM(QZVix?’xHP+nyjl‘?+0(1))
i=1 j=1

—C

1
=z i (|951L1|2(%|$H|2 —C1) + %lﬂEvI? + 0(1)) >0,
for p large enough, by taking either |zg|?> > C1/70, or |zg|?> < C1/v, and
|I'V|2 > 2012/’)/2. 0

As a byproduct, we conclude with a result based on a positivity condition
of the 0-th order coefficients ¢* at infinity similar to [7, Example 4.9 and
Corollary 4.10]. We skip the proof since it is the same of [7, Corollary 4.10].

Corollary 4.17. In the assumptions of Corollary 4.16 replace (4.13) with

liminf inf ¢*(x)logp(z) > 0, (4.15)
|z|—00 a€A
and either
lim sup sup b“(x) - Dp(z) <0, (4.16)
|z| =00 a€A
or
sup [b%(x)| = o(p) as p — oo. (4.17)
acA

Then the conclusions of Corollary 4.16 hold.

Remark 4.18. Corollary 4.16 generalizes to fully nonlinear equations over
H-type vector fields the Liouville properties proved in the companion paper
[7] for the Heisenberg group.

The condition (4.15) in Corollary 4.17 obviously holds if ¢*(z) > ¢, > 0
for |z| large enough, and in such case the condition (4.17) can be weakened

to sup,e 4 [0%(7)] = o(plog p).
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4.5. Liouville properties on free step-2 Carnot groups. Here, we con-
sider the Carnot groups F, with r parameters introduced in Example 4.3 of
Section 4.1 with pr defined by (4.3).

Lemma 4.19. The gauge pr in F, satisfies

% g 2 3
(DIBQ‘TP]F) = |p4‘Ir - pﬁDFrPF ® Dr, pr -
F F

In particular, for a radial function f = f(pr), we have

2 /
(B2, (pe))” = 0 2200+ ()~ 2L D e e e
¥ P
" By 3'(pe)
’ T 7
B f(pe) = £/ (pe) =g+ (£ (o) = =572 ) D, s

Proof. We drop the subscript F in the homogeneous norm p for ease of
notation. We have

Xep = — {x’“zx (Dt = i) |

>k i<k

Thus, we obtain

| De, pf* = %Z (D @it —Zﬂfjtkj>2-
k

>k j<k

Moreover, we can compute

Xi(Xgp) = [Zx +2$k+2 Z } —kapka
Jj=1,#k
3lzg|? 3
_ 3 ?' I, — —XppXip
p p
and ) 5
Xi(Xkp) = — [2mimp — iy — 2752%] — — XipXyp for i < k;
P p
1 3 )
Xi(Xrp) = 3 2xx) + tip — 2w528) — ’ ipXgp for i >k .

Therefore, the horizontal hessian DH%T p € R™" is given by

1 3
D p= P [T +3lzu*L] - ;DIFTP® Dy, p ,
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where xfp = (21, ...,2,) and T is the skew-symmetric matrix

0 —to ... —tn
T .= .
trl 0
We then conclude

. ST 2 3
(D# p)* = | f’ I, — = Dp,p® Dp,.p . O

p P

We now consider fully nonlinear problems of the form

M A (DR w)*) + Hi(x,u, Dp,u) =0 in R, (4.18)
M A((DF w)*) + Hy(x,u, Dg,u) =0 in R?. (4.19)

Theorem 4.20. Assume (2.9)-(2.10) and

D 4\ 3
sup {ba(x) BB c*(x) logp} < T‘DFTPF - A—Z|$H|2 (4.20)
a€A p p p

for p large enough.

(a) Assume that either ¢*(x) =0 or u > 0, then (LP1) holds for (4.18)
with w(z) = log p(x).

(b) Assume that either ¢*(x) =0 or v <0, then (LP2) holds for (4.19)
with W (z) = —log p(x).

Proof. The proof follows the same lines at that of Theorem 4.11 with the
Lyapunov function w := log p, p = pr. By Lemma 4.19 and the chain rule,
we get

. Sl 4
03, 1os() = 2L - Lpe peDep = NvaL a2

By Lemma 4.4 the eigenvalues of M are —{;%\DFT p|?, which is simple, and

0 with multiplicity 7 — 1, while the eigenvalue of N is 3|zy|?/p* with mul-
tiplicity . By the sub-additivity of the Pucci’s minimal operator (cf. [17]),
we get,

M A (DR w) + Hi(x, w, Dy, w)

_ 4 _ 71
> M)\7A( - ?DFTP(@DFTP) +MA,A (E(gnyFIr))
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D
+ inf {ca(x) logp — b*(x) - ﬂ}
acA 1%
4)\ 2 37' 2 . D]Frp
= 31Dn. ol = A lanl + it {e(x) logp — b7(2) - —>F
Hence, w is a supersolution of (4.18) at all x where (4.20) holds. O

Remark 4.21. This result can be compared with the one obtained in [7] for
the Heisenberg group H', which is a free step to Carnot group with r = 2.
We set 77 := p3Dp, p and recall that in this case |Dp,p|? = |xH| by [21,
Lemma 3.1]. Then (4.20) reads

sup{b®(x) - i — ¢*(x)p* log p} < (4X — 6A) |zp >

acA
On the other hand, the sufficient condition in [7, Theorem 4.2] is

sup {4 () - 7 — c*(x)p*log p} < (A = 3A)|zu|? .
aec

The two conditions coincide only if A = A, i.e., when the operators reduce
to the sub-Laplacian. Then for the nonlinear case A < A, Theorem 4.20 is
not sharp, as expected, because in the proof, we had to use the sub- and
superadditivity inequalities of the extremal operators.

We now address the extremal operators P/j\c, introduced by Pucci in [41],
computed over horizontal Hessians. These operators can be written in terms
of the ordered eigenvalues of the matrix M € S, as follows

PI(M) = sup —Tr(AM) = -A ) e, —[1—(m—1))e
A() AelIs))\ Zk )]1

= —A\Tr(M) — (1 — m\)ey,

7)/\—( ):AIQLEA_Tr (AM) :—)\Zek_ [1—(m—1)Nen

=-ATr(M) — (1 — mA\)epm,
where
By ={A¢€Sym,, : A >\, ,Tr(A) =1}.
Note that they can be computed by knowing only the trace and an extremal

eigenvalue of the Hessian, different from M¥ that require the sign of all the
eigenvalues. We have the following sharp Liouville property for the equations

Py (D} w)*) + Hi(z,u, Dp,u) =0  in R?, (4.22)
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Py ((D§ u)*) + Hy(z,u, Dp,u) =0 in R? . (4.23)

Corollary 4.22. For H;, Hy defined by (2.4), (2.7) with b* : RY — R",
assume (2.9)-(2.10) and

sup {b°*(x) - 71— ¢*(2)o" og p} < —Blanf’ + 40| Dsp* (424
[e1S

for p sufficiently large, where 7 := p3 Dy, p.
(c) Assume that either ¢®(x) =0 or u > 0, then (LP1) holds for (4.22)
with w(zx) = log p(x).
(d) Assume that either ¢*(z) =0 or v <0, then (LP2) holds for (4.23)
with W(z) = —log p(x).

Proof. The proof follows the same line as that of Theorem 4.11 with p = pf.

By Lemma 4.4 the eigenvalues of the horizontal Hessian in (4.21) are w
with multiplicity » — 1 and 3'2’1 E_ /;%|D1FT p|? which is simple. Then
_ 4\ gl
P5 (D2, log )") = 5 |Ds, pf? = 214 0

o

Remark 4.23. As in Remark 4.21, we compare with the result obtained in
[7] for the Heisenberg group H'. Now condition (4.24) is the same as the
one in [7, Corollary 4.10], so Corollary 4.22 is sharp.

Remark 4.24. The Liouville comparison principle Corollary 4.15 continues
to hold for equations (4.18) and (4.19) assuming (4.20) instead of (4.7), and
for equations (4.22) and (4.23) assuming (4.24).

Remark 4.25. Results for equations involving the horizontal Hessian D%Tu
and the Euclidean gradient Du can be found as in Section 4.4.

5. FULLY NONLINEAR EQUATIONS ON GRUSHIN GEOMETRIES

5.1. Preliminaries on Grushin structures. The prototype sub-Rieman-
nian geometry of Grushin-type is the one generated by the vector fields
X=0, Y =10, (5.1)
for p = (x,y) € R?, that leads to the so-called Grushin operator defined as
Ay =02 +x28§ , (z,y) €R?.

Unlike the examples presented in the previous section in the realm of Carnot
groups, here the vector fields are not left-invariant with respect to any group
action on R?. However, one can easily check that X and Y satisfy the
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Hormander condition, since at the origin we have Span{X,Y } = Span{X} #
R?, but [X,Y] = §, and Span{X,Y,[X,Y]} = R? at any point (z,y) € R
In this case, we consider the following homogeneous norm

pla.y) = (o' +45°)7 . (5.2)
which is 1-homogeneous with respect to the dilations dy(z,y) = (Ax, A\%y),
A > 0.
A multidimensional counterpart can be defined as follows. Let v be a
positive real number and (z,y) € RY = R? x R’y“ with n,k > 1. Consider the
vector fields

X =0y Y= |28y, vi=1,.n, j=1,..k (5.3)

and denote by Dy = (D, |z|"D,) the horizontal gradient and Ay = A, +
\x|27Ay the Grushin sub-Laplacian and, finally, let

Q:=n+1+7)k

be the corresponding homogeneous dimension. For such structures, we con-
sider the homogeneous norm

pla,y) = (PO + (1)) (5.4)

When ~ = 0 this generalizes the classical Laplacian, while for v > 0 the
ellipticity of the operator degenerates at {0} x R¥ C R?. When v = 2k,
k € N, Ay is a sum of squares of C*° vector fields fulfilling the Hérmander’s
rank condition.

We start with the following algebraic results on the plane.

Lemma 5.1. Let X and p be defined by (5.1) and (5.2). Then Dyp =
2
(Xp,Yp) = 5 (¢%,22y), |Dap* = %, and
1 (322 3
2 * T Yy v
(Dxp)" = 3 < y 21,2) pDXP®DXP-

In particular, for a radial function f = f(p), we have

/ 2 /

2 * f'(p) (3 Y ey 3f'(p)
s =L (% 1)+ (760~ L2 Do D

Proof. The computation of Dyp is easy. Then the entries of the intrinsic
Hessian Dg(p are given by

322 3 2y 3
X(Xp)=—75—-XpXp; X(Yp)=—75—-XpYp;
P p PP
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3 222 3
Y (Xp) = *;Ypo ; Y(Yp) = i ;YPYP :

Therefore, the matrix D?Yp can be written as

1 (322 2y 3

and the lemma is proved by exploiting the chain rule
(D3 f(p)* = ' (p)(D3p)* + f"(p)Dxp © Dixp. O

We now prove an analogous result for the multidimensional generalized
Grushin vector fields.

Lemma 5.2. Let X and p be defined by (5.3) and (5.4). Then

(JzYi, (1+ y)yl]) S
DXP: p27+1 ’ ’DX:O‘ = pg,y )
2y 2> (L ®Z Ogkxk (2y+1)
Doy = g o] @ o] VREXE) GV L g D
( Xp) 279+1 d+ p2’7+1 ORka Okak P xp ® xpP
[ ( Ogn O, ¥(1L+9) 2172 (Oguen 2@y
p27+1 Okak Ik; 2 p27+1 Yy Okak '

For a radial function for f = f(p)
|z[>

2’7 i(X)i 0 kxk
D2 * _ pf T 2 / |w’ ] || R
(Dxf(p)) f(fo)pzwl at2vf (p)p2v+1 Ogkxk  Ogkxk
, ‘.f(}|2fy OR" Okak
ARk <0kak I
(1479|2772 (Ognxn 2Qy

1o N
+f(p) 2 pQ’Y"Fl <y®l’ Okak>

+ (160 = 1) Dape D

i af? 0
€ g 7 / -1
Mf(p) =" (£10)+ F(0) =),

Proof. We compute

Xip— ERES (1 +7)y;lz]”
=

2v+1 Vi 2v+1 )
pHt pH
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from which it readily follows that |Dyp|? = £

gauge norm. Then
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|7
=l

using the definition of the

|| 222 |z|> 2y +1
XjXZ'p = 2’)/ p27+1] . p2ﬁ/+1 51‘]’ - XjPXiP§
2y 2y +1
X
YiYip = (1 +v);m|+16ij — Y pYips
z|7 2 2v+1
X;Yip=~(1+ V)ng%‘yz’ - ——X;pYip ;
2v+1
YiXip =~ —Y;pXp.
Therefore,
2y |22 (& @& Opkxk (2v+1)
D2y — 127 of @ YR} BV ED 5 oD
(Dxp) Fiid T P2\ Ogick Opro P xp @ Dxp
o T (Ogan Ogei) | 71 +9) 212 (Oguxn z @y
P)//)Q'Y'i'l Okak Ik; 2 p27+1 yx ORka

and the result follows by the chain rule. O

5.2. Liouville theorems for linear and quasi-linear equations. We
first underline that the Liouville property for the (classical) subsolutions (su-
persolutions) bounded from above (below) of the mere Grushin sub-Laplace
equation does not hold. Indeed, the function

[15 —10p? +3p%] ifp<1,

1
8
1 ifp>1.

u(z) = {

is a non-constant bounded classical supersolution to
—Axu = —0pztt — 3:28yyu =0 in R%
Indeed, when p < 1 one checks, setting

L

9(p) = g[15 = 100" + 3p]

S3) (o
pP?)\Y

and using Lemma 5.1, that
. 1
(Dhato) = 5 (3 /

23:2) +5Dxp® Dap.
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Therefore, exploiting that p < 1 one concludes

. . 1522 5
—Axus = —Tr((Dxg(p))") = ——— (1~ 1/p") 2 0.

Instead, when p > 1 one immediately notices that us is the fundamental
solution of the Grushin sub-Laplacian with pole at the origin (cf. [14, The-
orem 3.1 or Corollary 5.1], being @ = 3, see also [23, Appendix B] for the
multi-dimensional counterpart). Similarly, v5 = —us shows the failure of the
Liouville property for subsolutions.

This example underlines that as soon as the strict ellipticity is not in force
the Liouville property may fail even in the plane.

Similarly, following the above results for Carnot groups, it is immediate to
provide a generalization of the previous counterexample to multi-dimensional

Grushin geometries: for instance, the function u(z) = (1 + ,02)1_% is a
nonnegative (and even bounded) classical supersolution to —Ayu = 0 in
R?, which shows the failure of the one-side Liouville property.

We now consider Liouville properties of the form (LP1)-(LP2) for viscosity
sub- and supersolutions of the quasi-linear equations

—Axu + Hi(z,u, Dyu) = 0 in RY = R" x R* (5.5)
and
—Axu+ Hy(z,u,Dyu) = 0in R = R" x RF | (5.6)

where Ay is the Grushin sub-Laplacian and H;, Hg are defined by (2.4),
(2.7) with b%(z) taking values in R%. They are consequences of the general
result in Theorem 2.2 combined with Lemma 5.2 and can be proved exactly
as in the case of Carnot structures, so we omit the proof.

Theorem 5.3. Let X be the vector fields in R = R™ x R* defined by (5.3).
Assume (2.9)-(2.10) and

o ()
sup {b (z)q— B pr? logp} <-(@-2) (5.7)

for p sufficiently large, where @ = n+ (1 + )k and q = (x, (1 + v)u%) €
RY = R"™ x RF.
(A) If either ¢*(xz) =0 or u > 0, then (LP1) holds for (5.5) with w(z) =

log p(z).
(B) If either ¢*(xz) =0 orv <0, then (LP2) holds for (5.6) with W(x) =

—log p().
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5.3. Liouville theorems for fully nonlinear problems. In the Grushin
geometry there are no fundamental solutions to the Pucci’s extremal oper-
ators, as we had in Section 4.2. Then we can give a sharp result only for
the fields (5.1) in the plane, whereas for the multi-dimensional case (5.3), we
will give some sufficient conditions in two remarks at the end of the section.
We start by considering the following nonlinear equations

M A (DRu)*) + Hi(z,u,Dyu) =0 in R? (5.8)

and

Theorem 5.4. Let X and p be defined by (5.1) and (5.2). Assume (2.9)-
(2.10) and

2 sug{ba(av)‘77—00‘(3:)p4 log p} < (—A=N)2?+(—A+ )9zt + 492, (5.10)
[e1S
for |z|, ly| sufficiently large, where 7j := (23, 2zy) € R? and z # 0.
(a) If either ¢*(x) =0 oru > 0, then (LP1) holds for (5.8) with w(x) =
log p(z).
(b) If either ¢*(x) = 0 or v < 0, then (LP2) holds for (5.9) W(x) =
—log p(z).
Proof. As in the proofs of Theorems 4.11 and 4.20, we compute the sym-
metrized horizontal Hessian of the Lyapunov function w = logp. We first
note that w(z) explodes as p — co. By Lemma 5.1, we have Dyp = 7i/p>
and the formula for the symmetrized horizontal Hessian of w

1 (/322 4
2 * T Yy =
(Dyw)* = p < y 2:52) p2D;(p®DX,0.

We claim that the eigenvalues are

{x2+\/9x4—|—4y2 xQ—\/9x4—|—4y2} (5.11)
2p4 ’ 2p4 ' ’

Indeed the (symmetrized) horizontal Hessian is given by

302 428y _ 8aly
2. ¢ _ [ pt 05 P P
(DXw) - Y 814y 2;1;2 16x2y2

ot 8 ot P8

Then one computes
5r2 4z z?
Tr((Dyw)*) = o — (@t + 4% = o
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and, by recalling the expression of p, we also get
6% 48zx%y?  8a®  6428y?

2 8,2 4,2
9 ey Y 64x°y 16z%y
det((Dyw)*) = R TR PG BT 12
_(6zt —y?)  32aty? 871'8_ —2z4 — 42
P 12 12 P

Then the eigenvalues are given by the formulae

Tr((D3w)") 4 Tr((D3w)*)? - 4det((D3w)")

1= ’

2
and
Tr((D3w)") =/ Tr((Dgw)*)? — 4det(D3w)?)
Ay 1= .
2
Note that

VI (D3w))? — 4det(D3w)) = p14\/9x4 e

Then, we get the eigenvalues (5.11). In particular, we immediately observe
that A1 is positive and As is negative and this fact allows to compute Pucci’s
extremal operators over (D%w)*. We have

MG A (D)) + inf {e*(x) log p — b (z) -

B Ax2+\/9m4+4y2 \
2p4

}
2 /9t + 4y?
2p%

bﬁ‘dz

8

: o « ﬁ
— >
—I—;relf {c*(z)logp = b*(x) - 5} >0

if condition (5.10) is satisfied. One can obtain the same sufficient condition
for equations of the form (5.9) using the Lyapunov function W (p) = — log p.
([

Remark 5.5. Sufficient conditions similar to those in Theorem 5.4 can be
obtained in the same way for the multi-dimensional case by taking again log p
as Lyapunov function and using Lemma 5.2. However, they are not optimal
because the Pucci’s extremal operator cannot be computed explicitly if d > 3
and must be estimated, as in Theorem 4.20.

Remark 5.6. As in Section 3.2, we can use the result for the quasilinear
case, Theorem 5.3, for equations of the form

F((D%u)*) + Hy(x,u, Dyu) =0 in R?
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for any d > 2, if for some A > 0, F(M) > —ATr(M) for all M € Sp,.
In fact a subsolution u is also subsolution of (5.5), so under assumption
(5.7) it satisfies the statement (A) of Theorem 5.3. This result applies to
F = ./\/lj\' A» and a symmetric one holds for supersolutions of M A((D%u)*)+
Hs(z,u, Dyu) = 0 as in Remark 3.7.

Remark 5.7. A Liouville comparison principle like Corollary 4.15 holds for
equations (5.5) and (5.6) assuming (5.7) instead of (4.7), and for equations
(5.8) and (5.9) assuming (5.10).

Remark 5.8. Results for equations involving the horizontal Hessian D?Yu
and the Euclidean gradient Du can be found as in Section 4.4.

6. SOME INTERMEDIATE STRUCTURES:
THE HEISENBERG-GREINER VECTOR FIELDS

6.1. Basic properties. In this section, we consider a sub-Riemannian struc-
ture which can be seen as intermediate among the Heisenberg group and
Grushin geometries. We consider (z,t) € R? x R, r = |z|, § > 1 an integer,
and the H-G vector fields

Xi = 0, + 202 qr® 720, Xipq=0p,,, — 2027720, i=1,..d.

Ti+d

We set @Q := 2d + 20 the homogeneous dimension. These correspond to
the Heisenberg vector fields when 6 = 1, while for § > 1 and integer these
are called Greiner vector fields, cf [27]. Furthermore, by letting § — 0 one
obtains the Euclidean fields in R?¢, while the presence of the coefficient r
in the term involving J; reminds the Grushin-type fields already discussed.
Here, it is natural to consider the gauge norm

N((z,y)) = (23 + oo + 23)% + 1235 = (4 4 £2) 5.

It is proved in [8, 9, 13] that I' = N?79 is the fundamental solution to
the Heisenberg-Greiner operator Ay = Z?il XZ?. Then N plays exactly
the same role as p in the previous sections, we change notation only for

consistency with the cited literature. We now compute the X derivatives
of N.

Lemma 6.1. For the vector fields just defined, we have
n 201

DaN = 5= |1DaN| = 551
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forn € R?*® defined asn; = 2 2 421120 2t, Niyq = Tipqr®® 2 —zr?0 72,

and )
AN = [DaNP (/) + L))

Proof. We compute

i g 2 e a2
XN = NA—1 N1 XivalN = N1 T T N4e-1
Therefore,
86—2 46—242 462 2(26—1)
9 T T = 45 o T
[DaNJ" = N2 T N2@-1) T @1 ) = N2(25-1) (6.1)

N46
Moreover, for ¢ = 1, ...,d, we have

FA6—2 FAE—1) 4.2 r20—4y
45—4
9 T 46 —1 .
+25$i+dN45,1 - X;NX;N;
462 4(0-1) .2 20—4
r r T g r t
r0=t 45— 1
+ 267 N1~y XiraNXipaN
Then, using that @ = 2d + 2 and (6.1), we compute
Axf(N) = f'(N)AxN + f"(N)|DxNJ?
-1
= IDNP (/) + L ). 0

6.2. Some Liouville theorems for linear and quasi-linear problems.
Let X be the H-G vector fields. We first observe that the Liouville property
for subsolutions (supersolutions) bounded from above (below) to —Ayu =0
in R? fails also in this setting. Indeed, by means of Lemma 6.1 one checks
that the function u(z) = —(1 + p2)_% is a non-trivial bounded classical
subsolution to the corresponding sub-Laplace equation in the whole space.
The same function provides a counterexample for the validity of the Liouville
property for sub-solutions bounded from above to M}y A((D3u)*) =0 in R?

via the inequality M} , ((D3u)*) < —AAyu. Consider now
—Axu+ Hi(x,u, Dyu) =0 in R24+1 (6.2)
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and
—Axu+ Hy(z,u, Dyu) = 0 in R24H! (6.3)

where Ay is the H-G sub-Laplacian and the vector fields b*(z) in H; and
H, take values in R??. By the usual proof based on Theorem 2.2 and now
combined with Lemma 6.1, we get the following.

Theorem 6.2. Let X = {X1,...., Xoq} be the H-G vector fields. Assume
(2.9)-(2.10) and the condition

o n c*(2)N*log N
. — < —(Q — .
o {b () 226 1) | [226-1) } <-(@-2) (6.4)
for N sufficiently large, |x| # 0, where Q = 2d + 26, and n € R?? is defined
in Lemma 6.1.

(A) If either ¢*(xz) =0 oru > 0, then (LP1) holds for (6.2) with w(z) =
log N ().

(B) If either ¢*(x) =0 or v < 0, then (LP2) holds for (6.3) with W =
—log N (x).

7. OPTIMALITY OF THE CONDITIONS

Remark 7.1. The sufficient condition found in [7, Remark 4.5] for the
Liouville property of the equation

M;:A(Dg(u) — b(x) - Dyu = 0 in R¥*+1 (7.1)

where X are the Heisenberg vector fields, is optimal. Such assumptions can
be rewritten, with the help of [7, Lemma 4.1}, as
limsup p b(z) - Dxp<A(2— B)|Dxpl*, (7.2)
p(z)—o00
where 8 = %(Q — 1) + 1 is the intrinsic dimension of the Pucci-Heisenberg
maximal operator and p(z) is the homogeneous norm. For § > 0 to be
later determined we take, as in [7, 26], the radial function u(z) = f(p(x)) =
(1+ p2)*%. In view of [7, Lemma 4.1], we compute

Flp)==6(1+p2) 5, f"(p) =81+ p%) 2 2[5+ 1)p* = 1] ,

so that the eigenvalues of (D% f)* are f”(p)|Dxpl?, 3@|Dggp]2, which are

o
simple, and ¥|Dxp|2 with multiplicity 2d — 2. Therefore, when p? <
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1/(6 + 1), we have, using that A(Q —1) = A(f — 1),

s [ 1= (0+1)p?
M (D3 = D01+ )4 A= EE0 4 a0 - 1)
s 11— (6 +1)p?
> 2 n—2-1 _1l .
> MDofa(1+02) 8 [F T 5 1]
Similarly, when p? > 1/(§ + 1) it follows that
s 1= (6+1)p?
+ (D2u) = MDvpl25(1 + p2)~ 31
M 5 (D) = ADaola(1+ ) 81 [ 2
+AQ — 131+ p) 5 Dapf?
_ 2 31 [1 = (0 +1)p? B
= ADap5(1 4+ %) [T 1} .
In both cases, we end up with
11— (64 1)p?
M (D3 2 ADpPa+ )+ [F2 ).

We then take the vector field b : R?¥+1 — R2? b(x) = \(2 — B+ 5)#D;gp
to find that

My (D%) = b(z) - D 2 BN DiepP (1 + )42

so that u is a bounded non-constant supersolution to the equation. On the
other hand

Bim p b(x) - Daep = N2 = B+0)| Dapl”

and 0 can be taken arbitrarily small, so the condition (7.2) is sharp.

The same counterexample works with minor modifications for the H-type
group considered in Section 4.2, replacing ) with the appropriate homoge-
neous dimension.

Moreover, by setting A = A = 1, the same radial function works as a
counterexample for the linear equation

—Axu —b(z) - Dyu =0 in R? |

provided that the corresponding sub-Laplacian admits a fundamental solu-
tion. This is true on any Carnot group with step 2, on Grushin geometries,
and for problems structured on Heisenberg-Greiner vector fields. The Eu-
clidean counterpart of such counterexamples can be found in [19]. This
also shows that the condition ensuring the Liouville comparison principle in
Corollary 2.3 is sharp.
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This agrees with the analysis on Riemannian manifolds carried out in
[38] (see also the references therein), where the Liouville property has been
proved to be equivalent to the existence of a Lyapunov function (named
Khas’minskii test) for equations driven by p-Laplacians perturbed by 0-th
order terms. Our results show analogous properties for some fully nonlin-
ear PDEs on special sub-Riemannian geometries of Heisenberg type, e.g.,
for the equations driven by Pucci’s extremal operators over the horizontal
Hessian perturbed with drift terms. We do not study here the connection
of the Liouville property for uniformly elliptic or degenerate Bellman-Isaacs
equations with the probabilistic properties of the corresponding controlled
diffusion processes, that in the case of linear equations and uncontrolled
processes was deeply studied, e.g., in [28].

Remark 7.2. The growth conditions outlined in Remark 4.10 for the va-
lidity of Theorem 4.8 cannot be weakened. Hence, Remark 4.10 gives the
best possible result concerning the growth at infinity of nonconstant vis-
cosity semi-solutions to non-divergence subelliptic equations depending on
the horizontal Hessian. Indeed, adapting a two-dimensional example in [40]
and letting X be the family of fields of the Heisenberg group, we can find a
classical entire solution to My A((D%w)*) > 0 for which (1.3) fails. When

Q= % + 1 one can consider the function

{e (20'(@) = p*(@) +3)  if p(x)

al@) = —elog p(z) if p(x)

and observe that it is a nonconstant classical solution to M3 ((D%u)*) > 0
satisfying
z1(x)

I g p(2) o(z) =—e<0.

When Q < % + 1, setting a = %(Q — 1) + 1, the function
oo(z) = $la2—a)pt(z) —2(4 — a®)p*(x) —a2+a)]  if p(z) <
’ —ep? % (x) if p(x) >

is a nonconstant classical solution to the inequality My , ((D%u)*) > 0 (cf.
Counterexample 4.17 in [7]) and

lim —2 (z)

p—)oom:_6<0'
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Remark 7.3. Regarding equation (7.1), our sufficient conditions give new
Liouville properties even for problems perturbed with first order terms hav-
ing natural gradient growth. For instance, the Liouville property for equation
(7.1) leads to a nonexistence result for supersolutions bounded below of an
equation like

M (D3u) £ [Dyul* — b(z) - Dyu =0 in R*

When the eikonal term has a minus sign, a supersolution to the above equa-
tion is also a supersolution to (7.1). In the case of the presence of a positive
quadratic term, one can use a nonlinear variant of the Hopf-Cole transforma-
tion as v(z) = A(1—e~ %) to reduce the proof of the Liouville property to an
equation in the variable v with only a drift term of Ornstein-Uhlenbeck type.
One can even consider a similar problem where the nonlinearity involves the
product u4|Du|?, ¢ > 0, where still the first-order superlinear term has a
quadratic growth. We refer to [19] for further details and open problems
involving such nonlinearities.

8. STRICT LYAPUNOV FUNCTIONS AND ERGODICITY

In this section, we briefly discuss how the Liouville properties for linear
degenerate elliptic operators allow to address the question of the ergodicity
of stochastic processes with degenerate diffusion in the whole space R? with
possibly unbounded coefficients, together with the large time behavior for
parabolic problems posed on the whole space. Although the existence of a
Lyapunov/exhaustion function is in general sufficient to derive the Liouville
property for linear elliptic equations with drift terms, it does not guarantee
the existence of an invariant probability measure for the underlying diffusion
process, cf [34, Remark (iii), p. 9], see also [1] for the relevant definitions.

When the diffusion term is strictly elliptic, it is well-known that a sufficient
condition for the existence of an invariant measure for a process with infin-
itesimal generator L is the existence of a strict Lyapunov function, namely
the existence of a function w € C'*° such that

W — +00 as x| — oo and Lw > 1 for |z| > Ry > 0.

We consider the example of the Heisenberg group in R?#*! treated in [7], but
general results on different structures can be obtained in the same manner.
We denote for zp := (z,y) € R?*? by

I;  O4
oc=10q4 Ig (8.1)
2y —2x
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and consider the operator (written in Euclidean coordinates)
Lu := —Tr(co’ D*u) — b(z) - Du.

Since the matrix A = oo is degenerate, to use the previous sufficient con-
dition valid for a strictly elliptic operator it is enough to regularize the
structure by considering the approximated operator

Lou = —Tr(A(x)D*u) — b(x) - Du,

where
0q 04 O I; 04 2y
A (z) = ool + 104 04 O =10, I, —2x ,
0 0 & 2y —2x 4lazg|? +

construct an appropriate Lyapunov function, and finally pass to the limit.
To this aim, we show that a slight modification of Corollary 4.19 in [7], or of
Corollary 4.16 for H-type groups in the present paper, leads to the existence
of a strict Lyapunov function for L., uniform in €.

Lemma 8.1. Consider L.u = —Tr(A.(z)D?u) —b(z)- Du and suppose there
exist Y1, ..., Yod+1 € R such that miny; = v9 > 0 satisfying
2d+1 1
b(x) - Dp < — Z YiZi0ip + 0(;) as p — o0o. (8.2)
i=1

Then there exist w and Ry independent of € € [0,1] such that w is a strict
Lyapunov function for L..

Proof. We take w = vlog p, where p = (|zg|* + :U%dﬂ)% and v > 0 to be
later determined. Then

_ jwul? vt | eady, Dp
LW = —2dv—F— — o1 78+ —vb(z) - — .
p p p p
Since Dp = (2|lz|?2m, 24+1)/(20%), we get from (8.2) that
— zul*  ve? v . 2 2 2
Lw > —2dv Ao 274(22%% [ZH|" + Y2d+1%5441 + 0(1))

=1

2
Y v 270 12 £
vyt e (5 o] —Qd)—gﬂ”’(l)]

Now, we choose v = 4/v9 and observe that |zy|?(%|zg|* — 2d) is bounded
from below. Then we can choose R independent of £ € [0,1] such that
L.w > 1 for p > R, which easily gives the claim. O
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Thanks to the previous Lemma one can follow the approach initiated in
[33] and outlined in [35, Proposition 2.1] to obtain in a rather straightforward
way the following result.

Theorem 8.2. Assume o is given by (8.1) and b is Lipschitz and satisfies
(8.2). Then there exists a unique invariant probability measure m for the
diffusion process generated by the operator L.

Remark 8.3. It is not difficult to adapt the proof of Lemma 8.1 to prove the
existence of a strict Lyapunov function when the operator is modeled over
the fields generating any Carnot group of step 2, such as a H-type group, or
Grushin-type geometries. Therefore, also Theorem 8.2 can be extended to
these settings.

Remark 8.4. The invariant measure m found in Theorem 8.2, together
with the Liouville property and Holder estimates for solutions of subelliptic
equations, can be used to prove asymptotic properties of PDEs associated to
the operator £. A first example is the small discount limit for the stationary
equation, for § > 0,

Sus 4+ Lu = f(z), in R

with f continuous and bounded. Under the assumptions of Theorem 8.2 or
Remark 8.3 one can prove

fim us(e) = [ (o) dim(a),

6—0

uniformly on compact sets, see [5, Theorem 4.3] or [35, Theorem 4.1].
A second example is the large-time behavior of the degenerate parabolic
equation

u(z,0) = f(z) in R

Then, under the same assumptions, one can prove

lim u(z,t) = /R J@)dm()

t——+o0

{&u +Lu=0 in R%*! x (0, 00),

uniformly on compact sets, see [5, Prop. 4.4] or [35, Theorem 4.2].
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