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1 Introduction

The AdSs/CFT, holographic correspondence [1] is an important instance of holography which
has been studied quite extensively since the heydays of holography.! With respect to the
correspondence between type-IIB AdS5 x S° strings and A = 4 supersymmetric Yang-Mills
theory, the AdS3/CFT, correspondence is less supersymmetric and therefore it presents a
much richer dynamics. The simplest instance of this duality is the one involving the string
background AdSs x S x T?. Despite some superficial similarities with AdSs x S°, one striking
feature of this background is that it can be supported by a mixture of Ramond-Ramond
(RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes. In particular, the supergravity
background involves a B field and an NSNS three-form flux H3 = dB whose coefficient is
quantised in terms of an integer k. At large string tension 7', one finds that the tension is
sourced by k and by a continuous parameter A

k2

T= h2+m, h>0, k=0,1,2.... (1.1)
The parameter h > 0 is related to the RR flux of the background and it is continuous in
perturbative string theory: it is similar to the ’t Hooft coupling v/A of AdSs JCFTy. In the
special case where h = 0, the string model can be studied in the Ramond-Neveu-Schwarz
formalism in terms of a supersymmetric WZW model based on SL(2,R) and SU(2) [4],
where k plays the role of the level. Away from these special points, it is much harder to do
so [5]. Remarkably, the classical Green-Schwarz (GS) action is integrable for any k, h [6].
This raised the hope of studying the model by quantising the GS action in lightcone gauge
and exploiting integrability at the quantum level, like it was done for AdSs x S°, see [7]
for a review, and it spurred a very intense activity aimed at constructing the worldsheet

S matrix of the mixed-flux model [8-13].2
The integrability program on the string worldsheet starts by constructing the S matrix in
infinite volume. Much of that construction boils down to understanding the symmetries of the
model, which determine the two-particle S matrix up to handful of functions — the dressing
factors. For mixed-flux AdSs; x S x T* strings, the S matrix was determined up to the
dressing factors in [10].* Finding the dressing factors requires solving the crossing equations,
which are similar to the ones in [16], in such a way as to preserve the other symmetries of the
theory (unitarity, parity, etc.). Due to the rather involved analytic structure of the mixed-flux
model [11], a proposal for these dressing factors was put forward in an earlier paper of ours
only quite recently [13]. This proposal was discussed in full detail for what concerns the
scattering of massive worldsheet excitations in [17]. The aim of this paper is to complete this
construction in the case of massless excitations (i.e., excitations whose dispersion relation

has no mass gap). This sector of the model is especially subtle; in particular, it was recently

!See [2] for an early review of AdSs;/CFT and [3] and references therein for a more recent review centred
around the small-tension limit of the duality.

2In parallel, much effort was devoted to studying integrability for pure-RR backgrounds, that is for k = 0
and h > 0. This case turns out to be relatively similar to AdSs x S°, see [14] for a pedagogical review.

3The multi-particle S matrix then follows by factorisation and by the Yang-Baxter equation, much like in
relativistic QFT [15].



argued [18] that such massless particles might obey non-trivial exchange relations, which
modify the crossing equation and therefore its solution.

As this paper completes the construction of the dressing factors of mixed-flux AdS3 x
53 x T* strings, it is a natural starting point for the next step in the integrability program —
the construction of the equations which determine the finite-volume spectrum of the model.
This can be done by means of the ‘mirror’ thermodynamic Bethe ansatz (TBA) approach [19]
in analogy with what is done for relativistic models [20]. In this case, we find that the
structure of the mirror TBA follows closely that of the pure-RR model (k = 0) [21] but that
several subtleties arise related to the more involved analytic structure and non-unitarity
of the mirror model.

This paper is structured as follows. In section 2 we briefly recap the kinematics of the
model, which was already discussed in [11]. In section 3 we list the various properties that
the S matrix should obey (such as crossing, parity and so on) both in the kinematics of the
string-worldsheet model and in the mirror; in formulating the crossing equations, we allow
for non-trivial exchange relations [18], which turns out to be crucial for the massless-massless
scattering. In section 4 we put forward our proposal for the dressing factors; like in the
massive case [17] it turns out that it is easy to start this construction in the mirror kinematics,
and analytically continue it to the string kinematics. In section 5 we check our proposal
against all symmetries of the model (in the string and mirror kinematics) and against all
existing perturbative computations. In section 6 we put forward our proposal for the mirror
TBA equations from which the spectrum of the model may be computed. Finally, in section 7
we present our conclusion and discuss the next steps in this integrability program.

2 Kinematics

We begin by briefly recalling the kinematics of the model, which is discussed in detail in [17],
see also [11]. Different kinematical properties were also analysed in [12]; however, in that
paper the authors adopt a slightly different cut structure compared to the one used here,
which instead refers to the previous construction of [11]. The dispersion relation is [9, 10]

E(p) = \/(irp—i- M)2 + 4h? sin? (g) : (2.1)

which is not parity-invariant. For k # 0, in the mirror model, the mirror energy £ (p) is

complex for real p [22]. We introduce Zhukovsky variables obeying [9, 11, 17]

1
ua(m):x—l———@lnm, a=LR, (2.2)
xr ow
where k, = k and kg = —k, with kK = k/h. Inverting the Zhukovsky map (2.2) we can
define the string and mirror variables
i = g, <u:|:27;:> , it =z, <u:|:27;:> , (2.3)

as discussed in [11, 17], where m = |M|. We then express momentum and energy as

P = ilna;™ —ilnzl™,

ih 1
_ - +
E(gm) - 2 (xam - xgm - xam + xim

) ‘ (2.4)
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Figure 1. Structure of the string theory branch cuts as originally shown in [17].

In the mirror kinematics these become

gém) =Inz,"” —Inz/™ =Inz,™ +1n$§m,

h(_ 1 1 h 1 1 (2.5)
ﬁfzm):<xam_j—m_$j{m+i,+m>:('xam__x-i-rn—l_‘rgm)'
a a

2 a 2 x;m

String and mirror Zhukovsky variables are connected by the relation

() xa(u), if S(u) >0, (2.6)
Zo(u) = .
#(u), lfg(u) <0.

For the reader’s convenience, we summarise the cut structure of z;, and zy in figure 1. The
mirror variables Z;, and Zy are depicted in figure 2. The figures are taken from [17].

In the rest of this section we define massless Zhukovsky variables as the limit of massive
ones with the mass going to zero. We begin by analysing massless particles in the mirror
model because the discussion is clearer in that context.

2.1 Massless particles of the mirror theory

Massless mirror energy and momentum. The energy and momentum of mirror massless
particles are obtained by taking m to 0. We define massless Zhukovsky variables as the
limit of massive ones

i) = lim 7, (u + ;Lm) , a=LR, (2.7)

m—0+

where u is on a mirror theory cut. If that were not the case, both momentum and energy
would vanish. We recall from [11] that Z,(u) has long cuts

(—00 + ikq, —V + iKq) and (v, +00), (2.8)
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Figure 2. Structure of the mirror theory branch cuts as originally shown in [17].

where

v = 2coshn — 2nsinhn, n= arcs.inh2i . (2.9)
T

We refer to the former cut by the name ‘k,-cut’ and to the latter by ‘main mirror cut’. As
it will be clear in a moment, if u is on the main mirror cut then the mirror momentum is
positive, while if it is on the k,-cut then the mirror momentum is negative. In this section we
find it convenient to use a real rapidity variable for both positive and negative momentum
branches, and we will denote it by r, so that u = r or u = r + ix,.

The discontinuity equations across the cuts are [11]

- . . 1
To(—T + 1kq +10) = =

. 0) =
Tolr +10) = 7 Ta(—r —ikg —i0)

Tgz(r —10)’

r>v. (2.10)

Therefore, on the main mirror cut the energy and momentum of a mirror massless particle are

EO(r) = iy (r — i0) — InZ,,(r + i0)
= —Indg(r +i0) + nFn(r — i0) = EV(r) > 0,
SO = (i - L 4 : 1) (2.11)
P(r) =5 (“"L("“ B T R Py
B iy n i) <
_Q(fR(rﬂ'O) Zalr +40) :ER(T—Z'O)JFJCR(T ZO))_pR =0



where r > v, and

EO(r) = Iy (r + iky, — i0) — InFy (r + iy, +10)

= —In@x(r — ikn +90) + In i (r — kg — i0) = EX(r) > 0,
0\ _ (. o 1 . : . 1 >
p(r) = 5 (:cL(r + ik, — i0) P P — Zp(r 4 iky +140) + PR P
h 1 1
_h o ) e (r e 40
2 (fR(r—mR—i—iO) Tnlr —in +10) = Z gy Tk~ ike = >>
= (r) <0,
(2.12)
where r < —v.
Thus, for both momentum branches
) =), &0 =ED0) for r=v or 1< v, (2.13)

and in what follows we drop the indices L,R and use instead indices 4 to distinguish between
the positive and negative momentum branches. The two branches are related by the parity
transformation which for any w is u — —u + ik, [17]. Since

Ta(—u+1Re) = —= =  Fo(-u)=———"— (2.14)
we get for real r < —v

700 = —p0(—r), EV()=ED(=r). (2.15)
The momentum and energy can be easily analytically continued to any complex value of
the rapidity variable, and we get

E0(u) = — Indy (u) — In g (u),

2.16
7 () = h (jiu) — #p(u) — Zr(u) + le(u)) , (2.16)

2

where real energy and positive momentum correspond to u on the upper edge of the main
mirror cut, v = r + i0, r > v. Similarly,

gio)(u) =427 + In Ty (u +ik) + InZg(u — i) = gf)(—u) ,
1 1

~0),\_ I I (u 4+ iK) — — Fnlu—ir) ) = -9 (—u
p- (u)_2<L( +ix) Tp(u +ik) :TcR(u—i/i)+ r( )> Py ()

where real energy and negative momentum correspond to u + ik, on the lower edge of
the kq-cut, u = r — 10, r < —v. Note that the two momentum branches are not related
to each other through any analytic continuation. This is expected as the string-model
dispersion relation (2.1) is not analytic for M = 0, and the same is therefore also true
for the mirror model.



Massless mirror gamma’s. Let us recall that the mirror 4-rapidities are defined by [17]*

2o Ca—ied o <£a—5:> i
= = - - — 2.18
) = 215 @ =m(2) -7 (2.18)
where )
& =—=¢€", (2.19)
&n
with 7 given in (2.9). This obeys
Ya(1/Z) = Ya(Z) + im sgn (3(7)) - (2:20)

The cuts for 4,(Z) are (—oo, —1/&,) and (£4, +00), and in the mirror region J(#) < 0. The
massless mirror 4’s are defined for positive momentum as

0 = Au(r £40), 7,0 =420 +ir, r>v, (221)

and for negative momentum as

AR = F,(r 4+ ikg £i0), F70=4T"+in, 1< —v, (2.22)

where 4, is considered as a function of u

~ ga - :i'a(u) > T

uy=hn|———"2=|]—-—. 2.23
Talu) (aéa(u)éaH 2 (2.23)
The massless mirror 50 for both momentum branches have different real parts but opposite

constant imaginary parts
- - o ~10\* - .
RO=RED) F G 0 = (5) =50 x, (2.24)

where +i0 indicates that X have infinitesimally small negative imaginary parts.

The analytic continuation of 4,0 to any complex value on the mirror u-plane (without
crossing any cut) just gives 7, (u). On the other hand 7, ° becomes 75 (u) + i because u — 0
moves to the anti-mirror u-plane.

Crossing transformation for mirror massless particles. We follow the pure-RR case [25]
and define the crossing transformation for massless mirror particles with positive momentum
as the analytic continuation through the main mirror cut from below. Then, the massless
Zhukovsky variables transform in the usual way

.40 massless crossing ,p>0

1
i — =70 +1i0, (2.25)
a

where at the last step we used that the v rapidity variable is on the main mirror cut, and
added +i0 to stress that the crossing takes #9 to the upper half-plane.

“In the RR case it differs from ~-rapidities introduced in [23] (see also [24]) by constant shifts.



Figure 3. The analytic continuation from the mirror region to the positive-string-momentum region.
In the left panel we depict the u-plane; the point u + 70 crosses the main cut from above, and then
u £ 40 ends up on the cut of the (string) z; (u) function. Correspondingly, in the Z-plane (right panel),
#70 crosses the interval (0,¢), and then %9 — 20 which are complex and conjugate. The gray
contour on the Z-plane is the image of the edges of the gray cut of x;(u) on the u-plane.

Then, the A-rapidities transform as

520 = Au(Ef") PO, 5, (1/310) + 2im = 3a(#1°) + im = 5, + i
~—0
=% >
1 o ¢ (2.26)
~— ~ ~— massless crossing , > ~ ~— . ~ ~— . ~— .
Fa = Fa(8,°) S Fa(1/25°) + 2im = 34(87°) + im = 770 + im

= 740 + 2im,

where we used that under the crossing 0 cross the half-line > £, which is the cut of 5, (z).

Similarly, for massless mirror particles with negative momentum we define the crossing
transformation as the analytic continuation through the mirror k4-cut from below. It is
easy to check that the massless Zhukovsky variables and 4-rapidities transform in the same
way as in (2.25) and (2.26). Thus, for massless mirror particles the crossing transformation
can be written in the form

A0 5 430 i =50, 770 5 50+ ir =50 + 2in. (2.27)
2.2 Massless particles of string theory

Massless string energy and momentum. We are going to get the energy and momentum
of massless string particles by an analytic continuation of the mirror ones. We have to
distinguish the positive momentum branch with momentum in the range 0 < p < 27, and
the negative one with momentum in the range —27 < p < 0.

I. For the positive momentum branch we analytically continue the mirror energy and positive
momentum (2.16) through the main mirror cut from above. On the z-plane it corresponds
to moving Z70 through the interval (0,¢,) to a point 79 on the upper boundary of the left
string region, and 7, to a point x," on the lower boundary of the left string region. The
sketch of the continuation is reported in figure 3.



Thus, the energy and momentum of massless string particles are
h 1 1
E(O)u:2<:i' u) — — — = +z u),
=g (W T i T (2.28)

pg?) (u) = +ilnZg(u) + ilnZy(u),

where u can take any complex value. The positive energy and momentum in the range (0, 27)
are obtained by taking u to be on the string main cut, i.e. u < v. Assuming, following the
RR case, that u is on its upper edge,® and therefore &(u) > 0, we can rewrite (2.28) in
terms of the string Zhukovsky variables z,(u)

B0 =5 (5 ~ 0 =m0+ 5
(0)

py (u) = —ilnxg(u) —ilnag(u),

(2.29)

defined everywhere on the string u-plane. Taking now w to be the upper edge of the string
main cut, we can cast (2.29) into the form

h 1 1 ih 1 1
E(O)u+z’0 :Z< — 20— +x0>:(x0——x+0+)7
Pl =5 lgpn ot 2\ e T 0 (2.30)
pgf)(u—l—iO):ilnxL_O—iln:UE'O:—iln;r;fo—i—ilnacgo, u<v.

Thus, we could have defined the energy and momentum of massless string particles with
momentum in the range (0,27) as the limit of massive ones with the mass going to zero.

The momentum and energy of a massless string particle with momentum in the range
(0,27) are related to the ones of a right k-particle bound state through the reflection
transformation u — —u on the u-plane. To check this fact we recall the following relations
from [17]

m k+m m
2" (u) = —a:;f( * )(_U)7 oy (u) = =DV (2.31)

Ir (_u)

which are valid for 0 < m < k and follows from (2.14). Then, using (2.4) we see that
By (w) = BT (), " () = 2m = p T (),

" o " —m (2.32)
EMw) =B ™ (—w),  pi () =27 — pT™ (—u)

where again 0 < m < k. The massless case corresponds to the limit m — 0% with u < v.
In this manner the massless energies and momenta take values on the main string theory
cut and the k-particle bound states energies and momenta are away from the k-cuts. As
expected, in this limit, the first and second line in the equation above become equivalent.
Performing the computation explicitly, in the massless case we have

PSS)(U +1i0) = —ilnxy(u+i0) — i Inzg (u + i0)

=21 —ilnzg(—u— ik —i0) + ilnxg(—u + ik —i0) = 27 —pgf)(—u) ,

(0) SN th ( 1 (k)
E +i0) = — [ —— =Ey"’(—u).
1 (u+1i0) (i 1 i0) R (—u)

(2.33)

— zr(u +40) — zp (u +0) +

2 xL(quiO)>

5Since Z4(u) does not have a cut for u < v one can choose either the upper or lower edge of the string
main cut.

,10,
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Figure 4. The analytic continuation from the mirror region to the negative-string-momentum region.
In the left panel we represent the u plane with the cuts of Z in blue and magenta; we additionally
depict an (orange) cut at —ir, which is the cut of zy(u). In this case, u + 90 crosses the cut at +ix
and it is mapped to a different u-plane, that of xy(u), and it is continued to a point where u > —v. In
this process, u — 10 does not cut any cut. The same transformation is easier to visualise on the Z-plane
(right) where 710 crosses the cut between (—1/¢,0); then, #*° end up on complex and conjugate
points on a curve which is the image of the horizontal gray lines by the map 1/zx(u).

As already remarked, for u on the main string cut the points —u 4 ix are not on a cut. Note
that we would get the same result for any u with 0 < S(u) < k.

IT. Massless string particles with momenta in the range (—2m,0) can be obtained from mirror
ones with negative momenta in two steps. Let us recall that the mirror #° of massless
mirror particles with negative momenta are defined as

1
Fa(w —ike F10) 7TV

[a—

TE9() = T (u + kg £1i0) = u < —v. (2.34)
The analytic continuation to negative string momentum is done in two steps. First, we move
the v/-rapidity through the upper edge of the x,-cut to a point u > —v. Thus, the massless
particle 770 moves to a point in the upper half-plane through the interval —1/¢, < 2 < 0.
As a result, we get (u > —v)

1 1 1
00 = i (u+ik) = ——— i) — =

ai(u) In(u—ik)  ap®(u)’ (2.35)
- - . _ - 1 '
0 = En(u—ik) = 23 (), i) — i) =zt (u).
After the first step the mirror energy and negative momentum (2.17) become
&0 (W) = =27 +ilnd,(u+ik) +ilnZg(u — ik)
= 27 — z'lna:;{k +iln$§k :pgg)(u) — 21 <0,
.(0)/ @ (~ SN 1 . 1 ~ . ) (2.36)
ipr’(u') — 5 T (u+ikK) Ttin)  En(u—in) + Zp(u — iK)

ih 1 1 _ k
= (—x:k—f—M—k‘i‘ka) :Er({)(u)>0'
Tr Tr

— 11 —



Note, that because of our definition of g(_o)(u) and p (u) we do not cross any cut (we
have done it already to define them). We see that a massless mirror particle with negative
momentum analytically continued through the upper edge of the k4-cut to a point v > —v can
be thought of as a right string k-particle bound state with momentum in the interval (—2m,0).
Now, taking into account (2.33) which relates a massless string particle with a right k-particle
bound state, we perform, as the second step, the reflection v — —u that gives (u < v)

1 1
1 ——— = — 5,
—k . _ _ [L’R(U720) €T O(u) 2 37
x U) = —— = R s .
v () Tr(u) { —zp(u+10) = —20(u) (2.87)
—zp(u—1i0) = —27%u
ot (—u) = —Fu(u) = _L) _ _i) : (2.38)
zr(ut+i0) 2t Ow)
Thus, after the two steps
1
~+0/, /1
— X5, >
Ty (u') xfo(u)

i€ ) = p O+ i0) = p (—u) — 27 = —pV (u +i0) , (2-39)

if)(,o) () — Y (u+1i0) = Ef({k)(—u) = Esro) (u+10),

see figure 4. It is worth pointing out that as a result of the two steps we obtained a massless
string particle with negative momentum which has the same wu-rapidity and energy but
opposite momentum as a massless string particle with positive momentum.

Massless string gamma’s. The string ~y-rapidities are defined as follows

.’E(’)/):ga—i_e’y .'L’—éa
¢ 1_5(167’ xfa"‘l,

Ya(2) = In Ya(1/2) = va(x) —imsign (S () ,
(2.40)
and the cut of 7,(x) is the interval (—1/&,,&,). Then, considering z as a function of wu,

we get the functions v, (u)

— In xa(u) —&a

I (2.41)

Ya(u)

Clearly, up to a shift the massless 70 for the positive momentum branch are obtained by
analytically continuing ;0 through the main mirror cut from above, and are given by

ri 3i
T4 = Fa( +0) < o (u+i0) — i = o (u+0) — -,
. (2.42)
. ing_ . . . i
3.0 = F,(u —i0) 1o string, Fa(u —i0) = v, (u —i0) + 5
Note that it is different from the continuation of massive 4’s
"~Y;r to string ")/;r 4 % 7 :)’; to string 7; + % . (243)
Thus,
40 . - . i —0 . - . LI
Yo (1) = Ya(u +i0) = Y5 (u + i0) + 5 Ta (u) = vo(u —10) = A4 (u — i0) — 5 (2.44)
7 0(u) = 4 0%u) —ir, u<v. (2.45)
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Therefore, we can express 7, *(u) in terms of 43 %(u), and then drop +i0 and use 4 (u) for any
complex u as massless y-rapidity variables. The massless string 7 are complex conjugate to
each other but, contrary to the mirror massless 7Y, their imaginary parts are not constant
as u varies along the cut, except in the case k = 0 (i.e., in the pure-RR case).

To get the massless v1? for the negative momentum branch we perform the two steps dis-
cussed above. First, we analytically continue Wig through the x,-mirror cut from above and get

30 = A (@ + ik~ 10)) = A (F e+ i8)) = (o in) — 2 =)~ T
AH0 = 5, (Zn(u' + ik +i0)) — Ao (M) = Yr(Zp(u —iK)) —im
= (onl = i) = 5 = () - g
(2.46)
%:0 = (Zn(u' —ir —i0)) = Jn(Ta(u — i) = Y (zr(u — iK)) + 5 = VRk( ) + %r )
A4 = Ay (Zp (v — ik +40)) — 7R<M> =3 (@ (u +iK)) —im
= vr(zr(u+iK)) — 327% =y () — 31777 )
(2.47)

It is again different from the continuation of massive 4’s to the string theory negative
momentum branch
+(k+1)

FUO g L AFED 4 (2.48)

’YR — TR 2

Next, performing the reflection v — —u, we obtain

T (—u) = Yr(zr(—u — ik)) = WR( - )

el (2.49)
— (= zRr (u— 10)) = —r(zr(u—i0)) —ir = —R° —im '
Ve — z(u+10)) = — (2 (u +10)) = =
W (—u) = Y (zr(—u + k) = (= &(u))
_ (= 2u(u—i0) = (2 (u — i0)) = —~;° (2.50)
’YR( IR(quzO)) (xR(’LL + ZO)) = _’Y}—i_o +im
Thus, after the two steps
- s
W) = =)~ T (251)
For massive 4’s we find
i o T
fYa — Wa + e Ya — Yo — S - (252)
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Crossing transformation for string massless particles. We again follow the pure RR
case and define the crossing transformation for massless particles with momenta in the interval
(0,27) as the analytic continuation through the string main cut from above. The massless
Zhukovsky variables transform in the usual way

40 massless crossing,p>0 1 . 0
Tq o = T4 (2.53)

Ly

where at the last step we used that the u rapidity variable is on the main string cut.
Then, v, %(u) = v4(2°) transforms as

+0 _ ( +0) massless crossing , p>0

70 = alx] Ya(1/2F0) + 2mi = 7a(20) + im = 770 4 im

(2.54)
=, "+ 2ir.

0

On the other hand under the crossing z_, - crosses the semi-line z > &, which is not the

cut of v4(z), and therefore

,0) massless crossing , p>0

,Y;o = ya(z, 7a(1/;cg°) :'ya(xc—jo)—i-m:'y(—;o—i-iﬂ

_ ~10
=Y -

(2.55)

Thus, the crossing transformation of massless string particles with momenta in the interval
(0,27) can be written in the form

Yol =0 +im =70+ 2im, 7.0 = im =10 (2.56)

As to massless string particles with negative momenta in the interval (—2,0), since their
rapidity variables are expressed in terms of those for massless string particles with momenta
in the interval (0,27), their crossing transformations are the same.

3 Properties of the S matrix

The S matrix is fixed by the light-cone gauge symmetries up to a number of dressing factors.
The first check on the dressing factors is that they are such that the S matrix, as a whole,
satisfies all relevant physical properties: crossing symmetry, unitarity, parity- or CP-invariance
as appropriate, as well as a suitable notion of analyticity. Below we briefly review these
properties for the model at hand, following and expanding on the discussion of [13].

3.1 Highest-weight S-matrix elements

For any pair of irreducible representations of the light-cone symmetries, there is an unde-
termined dressing factor. Not all of these dressing factors are independent, as some are
simply related by braiding unitarity. Here we list the independent scattering elements for
each block, corresponding to the scattering of highest-weight states in a given multiplet.
It turns out that it is simplest to start from the S matrix in the mirror kinematics, which
is what we consider here.
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Massive scattering. In the case of massive scattering elements, there are®

S|Y1Y2> S ( L1 L2 |Y1Y2> S’Y122> SH (~L17 )‘YlZ?> (3.1)

Mixed-mass scattering. In the case of mixed-mass scattering it is sufficient to consider
the following two scattering processes

S|xi'Y2) = S (@77, 75) iYa) S|xi'Z2) = SV (E, o) VxiZ). (32

Here the index A = 1,2 is charged under the so-called 81(2), symmetry [10, 26], corresponding
to local frame rotations in T%; clearly, the boundary conditions of 7% break such a symmetry,
though this should not be noticeable when considering the S matrix. For this reason, we
assume such a symmetry and outright omit the A = 1,2 index on the S-matrix element.

Massless-massless scattering. In the case of massless scattering we can simply consider
A_B 00 :|:0~:tOAB A_B

SIxix2) = (S (@ 32)) [xixz)- (3.3)
In this case 81(2), symmetry would dictate that the S-matrix structure is given by two invari-
ant tensors (identity and permutation), see [26] for a more detailed discussion. Interestingly,
perturbative results suggest that only the identity tensor on the 31(2), representation should
appear; this would also seem to fit well with the “hexagon form factor” construction [27].
For this reason, in what follows we will generally assume that

- AB -
(500( L:tlo’xitQO)) = 1AB SOO( floﬂfzo) (3.4)

3.2 Discrete symmetries

As we mentioned, some of the discrete symmetries can be thought of as a way to determine
some highest-weight-highest-weight scattering process starting from the ones listed above.
Yet, these symmetries put further constraints on some of the S-matrix elements. We list
those below.

Braiding unitarity. Braiding unitarity on mixed-mass and massless elements requires

S (L:tlov~ )S (LZ’ )

SR, 5) S a)

01 (~+0 ~=+ 10 (~+ ~=+0
S ( T ’xl’{2) SZX(:'UR27$L1 )=1,

1,
(3.5)
1.

Similar relations apply to the massive S-matrices.

Physical unitarity in the string kinematics. In the string kinematics, the S-matrix is
unitary, when the momenta are real, and therefore for the diagonal S-matrix elements we have

‘S ( L11, T >| ‘SH ( L1y, T RQ)‘ = ‘S ( Izi:lv )’ |S ( Lr1, T RQ)‘ = ’SOO( Lr1> & LQ)‘ =1
(3.6)

for real string momenta.

5In the language of [18], these are elements of the Zamolodchikov-Faddeev (ZF) S matrix, i.e. they appear
in ZF algebra relations of the type A; (pl)A;r, (p2) = Sxv (p1,p2) A{,(pg)AE( (p1).
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CT invariance of the mirror model. The mirror energy is not real, satisfying instead
(@) =Ep,—M), (37)

for real mirror momentum. Correspondingly, the mirror S matrix is not unitary, nor it is
invariant under time-reversal. However, as (3.7) suggests, the mirror S matrix is invariant
under a combination of charge conjugation and time reversal. This property holds for
the mirror representations as a whole and it is crucial to ensure the reality of wrapping
corrections [22]. It is possible to check that the matrix part of the S matrix is CT invariant,
up to the normalisations, which should obey

(S (Nlejig)) SH (NRI’ji) (SH (~L17j§2))*531712(552(:1’f2:2) = 17
(SO0, 38)) S0 (380, a8y) = (S04, o)) SO aH) =1, (38)

L1 Tr2 R
00 /~3+0 ~+0 00 (~3+0 ~+0
(S ( T2 )) S ( AR )

1.

P invariance in the mirror model. The mirror model is parity invariant. Combining
this condition with braiding unitarity we get”

1 1 1 1
+ 11 11 /~£0 ~40y\gll
1= SYY( L1>$L2)SYY< - =F 7_~:|:)7 S ( L1 71’32)55/2( ~ ~F0o —q(])’
L1 Lr2 L1 R2
i 01 1 1 01 (~+0 =+ 01 1 1
1= S ( L1 ’ LQ)SXY ~3F0’ _F ) 1= S ( L1 ’xRQ)SXZ - j¥0’ _x:': ’ (3'9)
L1 L2 Ll R2

1 —SOO( Ll’ji0)500< ~:1|:0’_~i0>'
L1 T2
CP invariance in the string model The string theory Lagrangian is invariant under a
simultaneous parity transformation on the worldsheet and mapping particles to anti-particles.
If this symmetry is preserved at the quantum level then the S-matrix must be invariant
under a combination of charge conjugation and parity; we refer to this type of symmetry

by CP. In particular it must hold
SWH(p1,p2) = SYL(=p2, —p1) . 87 (p1,p2) = SER (—p2, —p1) - (3.10)

The first and second relation in (3.10) are mapped one into the other by a charge conjugation
transformation and we expect the validity of the first relation to imply the validity of the
second one. For this reason in this paper we will only provide a proof of the first relation
above. Similarly for massless particles we require

S (p1,p2) = S (—p2, —p1) - (3.11)

3.3 Crossing symmetry

Crossing symmetry is the most constraining among those discussed so far, because it knows
about the physical content of the model and it requires a non-trivial analytic continuation.
Crossing symmetry must hold both in the string and in the mirror model.

"We used that under the transformation p — —p, #2° — —l/ifo, a =L,R.
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A subtle point about crossing symmetry is that it depends on the exchange relations of
the underlying model. In particular, the crossing equations derived in [10] had implicitly
assumed bosonic/fermionic exchange relations. However, in two-dimensional QFT, more
general exchange relations may and do appear — for instance, in integrable models like the
Chiral Gross-Neveu (CGN) one. In [18] we discussed in detail how to write “generalised”
crossing equations, valid for any exchange relations, and the possible modifications for the
AdSs x 8% x T* S matrix. In general, these equations take the form

Sap(ur,u2)S 45 (ut, i2) = S5% (1, u2) S5 (ur, u2) (37, 75) (3.12)

where SU% free i3 the value of ZF scattering element in the limit where the interactions disappear.®

For a model with trivial exchange relations (featuring only bosons or fermions), the right-hand
side reduces to f (a:1 , 25 ) but this is not the case in general. In analogy with what happens
with the SU(2) CGN model — whose S matrix indeed appears in the SU(2), part of the
massless scattering — we will assume that massless particles have “semionic” statistics, i.e.
that exchanging any two massless particles produces a factor of +i. Bearing in mind such
exchange relations, we find that the right-hand side of (3.12) becomes — f(z7,z5) (notice
the minus sign). As a result, the crossing equations are modified by a sign relative to those
n [10, 25]. As for the exchange relations involving massive particles, we see no reason to
assume them to be non-trivial; on the contrary, the experience from AdSs x S° suggest that
standard bosonic/fermionic exchange relations are correct in this case. We will therefore work
with the same crossing equations as in [10, 25] for both massive and mixed-mass crossing.’

Assuming exchange relations as explained above, the S matrix elements (3.2) satisfy the
following crossing equations. First, for the reader’s convenience we recap the massive-massive
crossing equations,

~— st ~t 2
11 1 (- Tra (Tl — T2
Syy (u1,u2) S5y (U1, uz) = —% (~+ el I
Tyg “Tp1 — Tpo
(3.13)
~— ~— ~+ 2
11 11 (- _ T 1=y T
S, u2) Py (i, uz) = 2 (212
Ty — Tr1TL2
Turning to mixed-mass scattering, we can cross with respect to massive particles, getting

the equations

01 0L B B — By\?
S (ur, u2) 8% (ur, i) = 2L (ﬁ) :
Ll Tl T T2 (3 14)
~+0 705~ :
501_(u w )501 (ur, in) = L =2 Tro
xZ 1, W2)0yy U, U2 1 ~+0~, ’
Trq xRQ

and with respect to massless particles, obtaimng

~— =40 _ =+ 9
_ T X X
S (ur, u2) Sy (1, ug) = 22 (H5—2)",
2 (3.15)

~t = t0~—
— 182
5212(%7“2)501 (1, u2) = Lro (%1 Tr2 )

~+0~+
Lro "Ly Lo — 1

8For a massive relativistic model, this limit is expressed in terms of rapidities as 0, — 02 — +o0.

9Strictly speaking, we could consider non-trivial exchange relations between massive and massless excitations,
but we do not see a reason for doing so. This is also based on an ex-post check of the solutions which we
obtain with perturbation theory.

,17,



Finally, the crossing equation for massless particles with semionic statistics is

-0 ~40 _ =40 o
_ T T
S (1 02) S8 i1 uz) = 255 (Teh =) (3.16)

Lo Ty — T2

which differs by a minus sign from [10, 25]. As we will discuss around eq. (4.25) below, the
solutions of equation (3.16) are more natural than those of the equation with opposite sign.
This difference in sign (even if restricted to the pure RR case) was also suggested in [28]
based on the quantum spectral curve construction of the dressing factors.

4 Proposal for dressing factors involving massless particles

Below we detail our proposal for the dressing factors of mixed-mass and massless-massless
scattering. As it turns out, taking suitable massless limits of the massive-massive dressing
factors of [17] is sufficient to construct the remaining factors.

4.1 Mirror theory S-matrix elements

Mixed-mass S-matrix elements. As was discussed in the previous section, in the case
of mixed-mass scattering one considers the following two S-matrix elements

and we assume that the S-matrix elements for massless particles of any chirality have the
same functional dependence on rapidity variables.

These S-matrix elements must satisfy the crossing equations (3.14) and (3.15). Since the
crossing equations (3.14) are the same as for the scattering elements Syy, S?;‘ 21 of massive
particles (3.13) in the limit where the mass m of the first particle is taken to 0, their solutions
are given by the same limit of Syy, S;f 21 up to solutions of homogeneous crossing equations.

Thus, the S-matrix elements are given by

N _ _ —2
SU (@, #5) = AN @R, 7h) (@D Eh)

4.2)
s (4.
0l (~+0 ~£+\ _ 501 +0 ~i 01 (~£0 ~*
SXZ('ILI 733R2) - sz(xLl ) ) (E ( Ty ’:ERQ)) .
Here A% are simple “rational” factors
0 5= (770 _ 2+ \2
401 _ 7701 L1 Tra [ Lol — Trg
AXY(uhuQ) = HXY(uhuQ) —0 =+ <~+0 pop )
xLl Tr2 \Tp1 — Tr2 (4 3)
01 (240 ~t 01 Blo 1 =TTy 1 — 5Ty
~ Ty L1 Tg Tp1Tr
A ( 1 Tre) = sz(ubuQ) G0+ 70+

R2 1- L1 Tro 1- Ly Tro

where HO satisfy the homogeneous crossing equations with respect to the second variable

Hoy(ul,uz)Hglz(Ul,ﬂz) =1, Hglz(ulaUZ)H)(g/(ulaa2) =1. (4.4)

Notice that up to these H functions, the dressing factors have been fixed to be the m — 0T
limit of the dressing factors of the massive-massive elements defined in equation (F.3) in [17].
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The dressing factors X0} are obtained from the massive ones by taking the mass of the first
particle to 0, and are given by

_9 ZDlBES( ~+0 ji) -2

Sob(@as B3)) = (Z0 M (Fals Ya) ( Tl b : (4.5)

(test ) = ()| Syt 2
oad/ 20—\ "2 R2(3° )RQ(WO*)
(20, 7)) R2(~L_L0+> e L = (4.6)
LL
(Eodd(,yio ,~7i )) -2 _ R(PYLR+ +'”T)R(:Yrjr?+ - Z.7T)R(’YLO + “T)R(Vrfr?i —i7) . (47)
L R(o™ +im)R(ee ™ — im) Rt + im)R(GHT — im)

Since the massless Zhukovsky variables xflo are real, one has to deform slightly the integration

contours in the BES and HL dressing factors. Indeed, in the limit lim,,_,o+ Z2;" the Zhukovsky
variables approach the integration contours of BES and HL.'®

The S-matrix elements also have to satisfy the crossing equations (3.15). Since the
crossing equations for the dressing factors Eob can be derived from their explicit form, see
appendix B, the crossing equations (3.15) lead to additional crossing equations on H°!. By
using the results in appendix B, it is straightforward to show that they are

~— -+
_ _ «
Hg%/(ul,uQ)Hg%/(ul,uQ) fjf , Hglz(U1,U2)H212(U1,U2) = d—l? . (48)
Qo R2
Here and in what follows we often use the notation (a =R ,L, j = 1,2)
~+ _ ~+ +m + + + +m +
Qi = aa(xaj) ’ aajm = aa(xa]m) ’ Quj = aa(xaj) ) aa]m = O[a(l‘a]m) ) (49)

where the functions «a,(z) are defined in (A.1).
The simplest solutions to (4.4) and (4.8) that are consistent with all symmetries and
perturbative computations are

< ~+
(6% 2 (6% 2

HYy (w1, uz) = ~L+ ; Hglz(ul,w) = fi (4.10)
A2 Qo

The choice of the square-root branches is such as to ensure good properties under fusion.
The appearance of the &(z) functions is unavoidable due to the crossing equations. Note
that the branch points of these functions are not in the physical region, as they lie on the
boundary of the mirror region. Their positions coincide with those of the left and right
Zhukovsky maps, as shown in figures 1 and 2.

To show the S-matrix normalisation we are using, and for the reader’s convenience let
us write the S-matrix elements in a more explicit form

_ 2
S ( Llovjé) 2 ~—10 12 < Ll0 ~I:2> ilo ~+ ’
\/ + Trq ‘TE_Q 2_1 — L2 Egi( Ll’xLQ)Q
(4.11)
501( £0 5E) = \/O‘JRF2 ~R2 1- 1125131&2 1- ~i:12$32 ilo R—
A Tpop 1 -2 xaz -2, IRZ YO (T1 s Tr2)?

%0ne can also work with underformed contours and introduce a small regulator to assign a mass § < 1 to
the massless particle.
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By using fusion, one can also find the S-matrix elements SXY’ Sg’g for the scattering of
massless particles with m-particle bound states, see appendix C. They can also be obtained
from the S-matrix elements Syy, S5m by taking the mass § of the first particles to 0

&—m
S ( ~40 ~im)_ V L2 hm S ( ~46 ~im)’

Lr15 T2 - Lr15 T2
~+m
\/ Qpo

4.12
i (4.12)
~+0 ~+ 0 ~+6 ~+
Som( Llo’xRQWL) e }g% Sy 7 (E1, T3 -
Qro

Massless-massless S-matrix elements. In the case of massless-massless scattering, we
assume that the S-matrix elements for massless particles of any chirality have the same
functional dependence on rapidity variables. Thus, we only need to consider the only
S-matrix element

S (@), #). (4.13)

It satisfies the following crossing equation

00 00 ~720 B =B \2
Sxx(ula u?)Sxx(ul) u?) I_T'_O ( I:A'_O - NL_O) I (414)
Lo “Tp %)

where the minus sign appears due to the nontrivial exchange relations for massless particles
discussed in the previous section.

Up to the sign the crossing equation (4.14) is the same as (3.15) for the scattering element
Sg%/ in the limit where the mass of the second particle is taken to 0. Therefore, the S-matrix
element Sgg)( takes the following form

/~ 0. /a- 70 (70 _ 740 2

g0 & \ar Ll %2 I — & 100 -2 415

XX (uhu? m 0 _ =0 v (U1, u2) ) (4.15)
y/ ~;1 \/ & L2 ‘TLI 'ILQ

Tr1 — Tr2
where 2% is given by (4.5) and (4.6) with massive rapidities replaced by massless ones. It

can also be obtained from SXY by taking m to zero and using (4.12).

The braiding unitarity of (4.15) requires adding the extra \/a;/1/d;, factor. Remark-
ably, this factor also produces the minus sign in the crossing equation (4.14). Indeed, the
crossing transformation for massless Zhukovsky variables is (2.25)

~+(0 massless crossing

g0 IR S EF0 400, (4.16)

Since for positive momentum #° do not cross the cut (0,¢) of \/ay, while for negative
momentum both 0 cross the cut (—oo, —1/¢), we get

~+0 / ~—0 - ~70
O‘L(CL'L+1 ) massless crossing aL(xLl + 10 ar, xLl (417)

ar(Z)) o (7 +i0) o ( fflo

Thus, the S-matrix element (4.15) satisfies the crossing equation (4.14).
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It is worth noting that the massless- rnassless S-matrix can equivalently be obtained by
taking the m — 07 limit of right particles, Z™ — Z£°. Then, using that 30 = 1/z70, the
result can be recast in terms of the left-massless kinematics, and it agrees with the one above.
This can be seen by using the results of appendix D.2, which implies that

~+0 ~+6
S s (4.18)
im = .
~+0 ~+4 ~—0 ’
§—0%* 506 ( Tr1 7xL2) Q1
where after the limit we used #° = 1/#F°. It is then natural to identify the massless S-matrix

as the following limit of the mixed-mass S matrices

70 ~+0

00 (~+0 ~+0y _ V1 . 08 (~+0 ~+5 VO .. ~40 ~46

S ( Ll?xLQ) - ﬁ 6HO+SXZ( Ll7$R2) \/aiflo 5~>0+S ( L17xL2) (4'19>
Qy, L

Finally, let us comment on the plus sign in (4.15). Naively, to guarantee the condition

Sgg(u, u) = —1 one would have expected an overall minus sign. Indeed, for equal rapidities
the rational factor, and the odd factor are obviously equal to 1 while the BES and HL factors
are obtained by exponentiating their phases which are skew-symmetric, and therefore we
would expect the phases to vanish if rapidities are equal. There is, however, a loophole
in this consideration for what concerns the massless HL phase, which is not continuous as
ug — uy. This is because to define the BES and HL phases for massless particles one has to
deform the integration contours in the ®¥ and ®" functions. For finite h, i.e. for the BES
phase, one can always do the deformation for any values of the rapidities :ifjo = 7y, (u; £140),
j = 1,2 the phase depends upon. For infinite &, i.e. for the HL. phase, the deformation of
the integration contours in ®" (), z,)) and ®"(i,, %) can be done only for u; # us.
As a result, the ug — wq limit of massless HL phase is ambiguous. The massless HL. factor
nonetheless is well defined, and it is equal to —1 for equal rapidities as it can be checked
numerically. In fact, this can be most easily seen by using a different representation of the HL
massless factor. Amazingly, in analogy with the HL factor for the RR case (see eq. (G.4)),
we have found and checked numerically that the massless HL factor can be expressed in
terms of Barnes functions as follows

Bi @R, 5y)” = 7 )
B R(’yL0 O+ 2mi) 2 R(3, 0792 R(5, 010 — 2mi)2 R(7,,91°)2 (4.20)
- R(u! ") IR(3H0)! ’
where
T =Tt~ ia (4.21)

The equation (4.20) also agrees with the relativistic limit discussed in section 5.7.

The r.h.s. of the formula (4.20) is well defined for any 4’s and admits a straightforward
analytic continuation to any region. Moreover, taking into account that the product of
the odd and HL factors gives

3:0000d (50 5£0)~2500HL (7E0 72012 _ R 4 2m0) R0 — 2mi)?
LL (xLl ) ( T1HT L2) - ~—0—0\2 +0+0
R(’YLL ) R( ) (4 22)
~—0 ~+0 0 0 0 — :
oy 0‘:5 fcm 33:5 (x:rl _«TL2> R(AH°)?R(ELT)?
= T 250 20 ~+0 ~—0 0 ~—0-0 0+042
a:rl Qp9 xﬂLl $L2 L1 _3523 R(3t. )2 R(A1 ot )
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we find that the S-matrix element (4.15) takes the following simple form

,/ 5400 0+0

00 Gt /63 R(3{070) R(’YLL )? /-008Es -2

S9 (uy, uz) = —5 ARG ~—0 SR (070 (z 0 (ul,uQ)) . (4.23)
\/ Ll \/ LL

On the crossing equation with trivial exchange relations. Had we assumed trivial

exchange relations, we would have found the crossing equation
~—0 ~+0 _ ~+0

_ T T - 2
S, u2) S (v ) = + 225 (H) , (4.24)
L L L

which differs from (3.16) by an overall sign. When x = 0, this equation can be solved by
introducing the function [25]

a(5) = —i tanh (; _ ZD . a(@)ai+im) = -1 (4.25)

This however introduces a zero for 41 —42 = im/2, so in this sense this solution is “less minimal”
than the one of equation (3.16). This factor is also incompatible with the analytic structure of
the quantum spectral cure (as highlighted in [28]), and it complicates the cut structure of the
pure RRY system [29]. Things are even worse in the x > 0 case (where one must distinguish
A0 =30 £ 370 — 470, ete.). In this case we could not find a solution of the crossing
equation (4.24) compatible with the symmetries of the model — in particular, we could find
a solution which is however incompatible with SU(2), symmetry. We regard this as a further
indication that the correct crossing equation is that related to semionic statistics (3.16).

4.2 String theory S-matrix elements

The S-matrix elements (4.11) (4.15) can be used to derive the corresponding string theory
S- matrlx elements. To this end one analytically continues the mirror varlables #9440 and
#F, A+ to their string regions where one can use the string variables x;%, 4 and x| 7.
As discussed in section 2, the analytic continuation path depends on whether one wants to
get an S-matrix element with positive momenta in the interval (0,27) or with negative ones
in the interval (—2m,0). One can also use fusion to find the S-matrix elements SXY , Sg%l for
the scattering of massless particles with m-particle string bound states.

We will derive explicit expressions for the string S-matrix elements in appendix E. They
make the physical unitarity manifest. Here we present some of the results obtained in
appendix E for positive momenta. Relations involving S-matrix elements with negative
momenta will be discussed in subsection 5.4. In this subsection we write the string S-matrix
elements as functions of particle’s momenta which take values in the interval (0, 27).

First, S’gr{}(pl,pg) is given by

0 \/ Iizm +10 -2

m _ L

SXY(plvp2) = \/O?Qm (me) (ULL (p1, p2)) ) (4.26)
L

where afjm are defined in (4.9) and ¥ is the string dressing factor, cf (G.12) of [17]

o\t —m T2 — iyy,] 2 i
_ 12 Uiz + ym _ _
ULL v (p1,p2)” = (*1)m Ijrlo Ifm 31 51 }ZL ‘:‘ST(plaZD) 27
x riy" \T[% + Zuiz] ) w2 — 3m
(4.27)
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(4.28)

and
_9:;50m
‘—‘LL (p17p2) EOdd(fyLl 77L2) 20LE )
252?_+2¢LL( L1> ) 2(1)51%( L >xit2m)
—2\IIL(u1, )+2\I/L(u1, T )—i-\f[/Jr (uQ—i—hm x] ) \IIJr (uQ—i-;m,mL_lO)
—Hi/; <u2 ;Lm a:L+10> ‘i{ (uz—zm,xglo) .
(4.29)

Egs. (4.26) and (4.29) do not depend on constituent particles of the bound state, and (4.26)

satisfies the physical unitarity.
Similarly, SO 7 (p1,p2) is given by
1 _OCC+m )
LT (G0 pa)) (4.30)

—m 0\ m+1
_V ) ( ;rl > -y 37
—0 +0 +0,.—m
1- L1 'TR2 1- Ty1 TR2

Ly

is the string dressmg factor, cf (G.22) of [17]

where a
—0 -1 m ih 2 7
_ _ T Iz — 5 U2 U2 + M _
o) = -yt (2l (T8 = el L —
Trq Tro' \I[3 + Juia] ) wiz—gm
(4.31)
and
—_ o _9:;50m
:g;n(plaPQ) =X dd(7L1 7732) e 201 ) (4'32)
+m
L1 795112 )

200 = +2Pur (177 75" ) — 20 (7
—2Up (uy, wia) + 2R (ug, )+ U (ug—i—hm x]

~ { ~ {
+Ur (UQ—hm,CCE_lO) -V (ug 7 a:L10> .
(4.33)

> \I/+ (u2+ ;lm xLlo)

Equation (4.30) also satisfies the physical unitarity.
When both particles are massless, we have

So(p1p2) = =
\/ a O[L2

where 0% is the string dressing factor, cf (G.12) of [17]
+0 _.—0 T ih 2
(F[ UIQ] > =00 (p17p2) —2 ) (435)

- (4.34)

00 -2 %1 L2
JLL(p17p2) - +0
L1 %)

(4.36)

and
— _ o _o9 _9;500
Bl (p1,p2) 2 = S0 (g )T e L
2000 = + 2Py, (z icloﬂﬁio) — 201 (2, 27y)) — 20y (ug, aify) + 20 (ug, 23)
+ 20, (ug, z,0) — 20, (uz,xmo).

(4.37)
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We can also use the formula (4.23) to do the analytic continuation to the string region.

Then, we get
+0 -0 - - 2
S()() . Qp %% .%'2_10 xL20 xT 10— .%'2_20
o (P1;p2) = — = 70 20 270 \ +0 _ =0
Q1 Qo Ll L2 Ll L2 (4.38)
2 0—0 2(~—040
o O )R () 1
—0-0 1040 0 _F0\2°
R2 (v )R (v ) BBES (), 21y )?

where Y288 (z50, 25)) is the analytically continued BES factor, see (E.95). The expressions
in (4.34) and (4.38) also manifestly satisfy both physical and braiding unitarity, and the
condition Sggc(p,p) = -1

Similar to the mirror mixed-mass and massless S-matrix elements, the string S-matrix
elements turn out to be the limit of the string massive elements S?}{i ) Sf}%:

\am
Om/..+£0 _+m\ __ L2 . om (. .+6 _+m

SXY(xLl » T2 ) - lim SYY(xLl » L2 )7
/a—zm 6—0+
L

—m

v/ o

R2 : 5 +5 _+m

SO (pE0 pEmy lim S (z=°. x .
XZ( Ll> R2) \/Oé—&-iméao*‘ YZ( Ll> R2)
R2

Note that the factors of /oy in (4.39) are inverted in comparison to (4.12). This is because

(4.39)

the analytic continuation paths are different for massless and massive particles.
In the next sections we will discuss various checks of the proposed S-matrix elements.

5 Verifying the proposal

Here we check that our proposal passes all available self-consistency checks and that it
reproduces the existing perturbative results.

5.1 Crossing symmetry and braiding unitarity

Invariance under crossing as well as braiding unitarity was a guiding principle in the con-
struction of the dressing factor. Braiding unitarity of the S matrix is manifest, given the
form of the dressing factors. As for crossing, the construction in the previous section of the
phases from a limit of the massive ones [17] makes it manifest that they satisfy crossing in the
mirror kinematics. Crossing in the string kinematics then follows by analytic continuation

of the crossing equations as a whole.

5.2 Parity in the mirror kinematics

The parity transformation in the mirror model corresponds to sending p, — —p, with
E, — ga, without any analytic continuation. In fact, such an analytic continuation would
not even exist for massless particles, as positive- and negative-momentum branches are not
connected, as remarked in section 2. We can analyse the behaviour of the various pieces of the
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S-matrix elements under parity. The transformation X — —1/#F (and similarly for massless
variables) can be easily implemented on the rational pre-factors; note in particular that

~+ ~—

Vo () Vo (D)

y-r 5 Y0 (5.1)
\/ ag (7)) aL(ji)

under such a transformation. In this way, the rational pieces cancel out by themselves in the

equations (3.9). Similarly, recalling the transformation property of mirror rapidities

yz) — —F(2), 3(z) <0, (5.2)

and the fact that the “odd” dressing factors are of difference form in the rapidities, we get a
straightforward cancellation in (3.9). Finally, for BES and HL phases it was verified in [17] that

-4 ~ 1 1
Ouns,335) = O~ 2~ ). (5.3)
Tp2 Lal
This identity makes no assumption on the value of the mass: it remains true if one or both
particles’ masses are taken to zero. This observation completes the check of (3.9).
5.3 CT invariance in the mirror kinematics
To show CT invariance (3.8) it is useful to note that, for the mixed-mass phases,
*
(S0, )2 = SO (520, 55)%, a =R, (5.4

Using the relations (A.19) and (A.20) between the highest-weight and lowest-weight S-matrix
elements, and noting that under conjugation mirror massive excitations transform as

(@) ==, () =73 (5.5)

Q‘—H‘ =

and mirror massless ones as
* *
(#20) =& +i0,  (55°) =50 xir (5.6)

it is easy to check the CT conditions (3.8). It is worth noting that the would-be unitarity

condition )
~40 ~—0 [ ~—0 _ ~+0
00 00 Tl Trg [ Lo1 — Tio ?
Sxx(“17“2) Sxx(ul’UQ)* = ~EO ~iO <~Ier _ ~LO> =h (5.7)
L1 T2 Ty L2
is not satisfied unless k = 0. Instead, the corresponding CT condition
00 00
Sxx(uhuQ) S}Z)Z(ula'UJQ)* =1, (58>

is valid for any k.

5.4 Continuation to arbitrary momentum in the string kinematics

As discussed in section 4, it is possible to obtain the string dressing factor by analytically
continuing the mirror one. Because the model is massless, there are different branches that are
given by non-equivalent choices of analytic continuation. Following the various paths outlined
in figures 3 and 4 we obtain various expressions which happen to satisfy simple relations
with the dressing factors in the 0 < p; < 27 region, which were given in egs. (4.26), (4.30)
and (4.34). In the rest of this section we assume that any momentum p € (0, 27), explicitly
writing p — 27 to denote negative momentum in the interval (—2,0).
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Massless-left scattering. We can express the S-matrix element Sg’{} with one or both
negative momenta in terms of S-matrix elements with positive momenta as follows

0m \/ﬁ km
Sy (p1 —2m,p2) = SZv(p1,p2),

= — 0<m
Vot 7
ato 0.k (5.9)
S%r/l(pl,m—wr) aLl S m(pl,pz), O<m<k,
Ll
Som+k(p1,p2—27)=— W (p1,p2) 0<m,
a+2(k_m) o
0 R. 1 Jk—m
Sy (p1 — 2m,pe — 2m) = i aik Sz M(pip2),  0<m<k,
(5.10)
- Vol
Sy (P1—27T7p2—27T)Z—ﬁszy(phm), 0<m.
Vads
Massless-right scattering. For Sg%‘ with negative momenta we find
SV% (p1 — 27, p2) Skm (p1,p2) 0<m,
R2
Som(pl,pz 2m) = 50 T (p1,p2) s 0<m, (5.11)
+(m+k)
om( _ R2 k m+k;
SXZ(pl 21, py — 2m) = ——— (p1,p2) , 0<m.
R2
Massless-massless scattering. Finally, for massless-massless scattering we have
-0
Qo
SN (p1 — 27, p2) = S5 (p1,02)
+0
Qo
/ a;?
L
Six(p1,p2 = 2m) = = SY% (p1,p2) (5.12)
Qr
—k +k
Qg1 \/ Xr2
SOO x(P1 = 2m,py — 27) = = = SEE(p1,p2) .
+k [ —k
Qg1 \ Gr2

These formulae clearly show that the massless particles with momentum in the interval
(—2m,0) are related to the bound states of k right particles.

Scattering of left k-particle bound states with p € (—2m,0). There is also a similar
relation of a left k-particle bound state with momentum in the interval (—2m,0) to a massless



particle with momentum in (0, 27). This is a consequence of the following identities

Vo 0

S{?{}(pl - 27'(',])2) = Tm XT{/l(plvlJQ) )
\/ Qpo

0<m,

(5.13)
+m
Sk (g — 2, py) = L2 g0
ve(pr — 2m,p2) = Zp1p2),  0<m.
—m
V Qo
The analytic continuation of these formulae in ps gives
[ +(k—
km _ afy aRQ( " 0,k—m
Sy'y(p1 — 2m,p2 — 27) = ——=5 Sz (p1,p2), O0<m<k,
Qr1 \/a;ék_m)
\/ Qg
S@?Jrk(pl —2m,py —2m) = j_m S%r}(pl?pg) , 0<m, (5.14)
V Qo
[ +(m+k)
km . o _ Qra 0,m+k
Sy (p1 — 2w, pa — 27) = 7\/m SXZ (p1,p2), 0<m.
Qg
Taking the limit m — 0 of the relations above, we also obtain
Oé+10
L
S%(p1,p2 — 27) = — — SW (p1,p2) ,
Ay
—k -0
Qr1 \/ QL2
S)(zl;:/(pl - 27T>p2 - 271') - - = - 520 (p17p2) ) (515)
+k +0  “X
QR Qo

[at0 \Jad

L L

S (p1 — 27, py — 2m) = = 0 SU(p1,p2) -
QO \V Q2

Note that the first two relations in (5.15) can also be obtained as the limit m — 0 of the

-‘rk( 0,m+k

relations for Sg’{,n p1,p2 — 2m) and S|y " (p1 — 2m, p2 — 2m).

5.5 CP in the string kinematics

As for the massive case [17] the check of CP for the mixed-mass and massless S-matrices
is complicated since it connects different regions of the string theory (associated with
0 <p<2mand —27 < p < 0) and the S-matrix matrix must be continued to these regions
in a non-trivial way.

Let us sketch first the check of CP for the mixed-mass case. There are two different
kinematical configurations one should analyse: the case involving particles with the same
sign of the momenta and the case involving particles with opposite momentum signs. These
two configurations are reached by performing two separate analytic continuations of the
mixed-mass S-matrix. To write the two CP constraints explicitly we consider p; and ps to
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be in the interval (0,27) and check that

SWHp1 — 2, pp — 2m) = SP2(2m — pa, 2w — p1), 5.16)
S (p1 — 2m,pa) = Spmg(—p%% —p1)-
Two similar kinematical configurations must be considered also for massless S-matrices where
instead we need to check
Sg%(?w—pg,zﬁ—pl) ZSgg)((pl—Q’ﬂ',pQ—QW), (5 17)
S (2m = p1,p2 — 27) = S (2w — pa, p1 — 2m).
Making use of the relations listed in section 5.4 the constraints (5.16) and (5.17) in the
u plane are given by!!

e
gk _ R2 RL gm0 (_
i o) = s SR ).
R2
5.18
a+2m N ( )
L
Sy (ur, uz) = — SE R (—ug, —ur),
\/aL_zm
and
[~k [ +k
Qri |/ Qg2
SR (—ug, —u1) = + ik lik S¥(u1,ug)
V @r1 \ Or2 (5.19)
ofF (o '
R L
Syg(—un, —us) = = — = S0y (u2, )
Qpy \/ Qg

respectively. We will explicitly show how to connect the CP constraints in momentum and u
plane parameterisations in appendix F. In the same appendix we show that all CP constraints
are verified by our proposal for the dressing factors.

5.6 Near-BMN expansion

It is possible to expand the S-matrix elements at large string tensions, both in the mirror and
string kinematics. These results can be compared, at least at tree level, with the perturbative
S-matrix, which has been computed in [8] for the string model and in [22] for the mirror
model. One-loop results for the mixed-mass and massless S-matrices were obtained in [30, 31]
for the pure Ramond-Ramond case. In the presence of mixed-flux, only S-matrices between
massive excitations have been computed to higher loop orders [32-34] while interactions with
massless modes are known only at tree-level [8]. However, already in the pure-RR setup
the computations are both infrared and ultraviolet divergent, and it is not clear whether
the regularisation schemes adopted e.g. in [30, 31] are compatible with integrability, or
whether some additional counterterms may be needed. This makes the one-loop perturbative
S-matrices not completely reliable. A more extended discussion can be found in [25].

' Actually the second equation in (5.16) should not lead to a new constraint since it corresponds to the
analytic continuation of the first equation under p2 — p2+27. We will consider the two equations independently
anyway.
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In either kinematics, we take the string tension T' > 1 with k fixed. More precisely, we have
k k K T—oco q
— =qT h=1/1—¢T+ O(1), — = — , 5.20
where 0 < ¢ < 1 interpolates between the pure-RR backgrounds (¢ = 0) and the pure-NSNS

ones (¢ = 1). Moreover, we will take the string momentum (respectively, the mirror energy)
to be small, of order O(T~1).

Physical vs. ZF S matrix. Before proceeding with the comparison, it is important to

remark a distinction between the S matrix Sl-kjl (p1,p2) which appears in the ZF algebra, and
kl
ij
asymptotic states on a basis of out asymptotic states [18, 35]. This distinction is important

the physical S matrix S%(p1,p2) which is defined as the operator allowing to express in
in the presence of non-trivial exchange relations, like in this case. In fact, in our case the
exchange relations are diagonal,

al(p1) al(pa) = 7> 22 0} (py) al (1) (5.21)

where af are in (respectively, out) creation operators, and v = dw/Jp is the group velocity
of either excitation. Eq. (5.21) is written in the string kinematics, but analogous formulae
hold in the mirror kinematics.!? In this case, the physical S matrix Sf} is related to the
ZF S matrix Sikjl as

Sg(m,m) = et 2mismsen(vi—v2) Sfjl(phpz) , (5.22)

and similarly for the mirror kinematics. Note in particular that the physical S matrix can be
expanded around the identity, S = I+ ..., but does not necessarily obey the Yang-Baxter
equation; conversely, the ZF S matrix S obeys the Yang-Baxter equation, but reduces to
something nontrivial in the “free” limit. Referring the reader to [18] and references therein
for a more detailed discussion, we emphasise that when comparing with perturbative results
we must consider the physical S matrix §. In the case at hand we conjecture that

if both ¢, j are massless,
%FJ’] else,

PN

(5.23)

Sij =

where F; = 1 for excitations of type 1, v, x, ¥ and F; = 0 for excitations of type Z, Z,Y,Y, T
— that is to say, exchange relations are standard apart from massless-massless ones.

Mirror kinematics. The mirror energy is given by the positive branch of

K 5
P = 47252 + 4h? sinh? 7 (5.24)

which in the near-BMN limit where & = @/T yields the dispersion

5(0) = |5 + O(T2). (5.25)

128trictly speaking, the mirror velocity & = 8@ /0P can be complex, but we assume all exchange relations
which involve massive particles to be trivial, i.e. sj, = 0 or sji = 1/2 when at least one of the particles is
massive, in which case there is no need to introduce the sign function sgn(vi — v2).
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As expected, this dispersion has two branches, which originate from the main cut of the
u-plane (for p > 0) and from the k, cut (or more specifically, from the x; cut, since we
typically describe massless excitations in the “left” kinematics). It is worth noting that the
images of u-plane branch points go to a finite limit as T' — oo

1 1+¢q
£L—§—R: _”/17—(1' (5.26)

The massless Zhukovsky variables take values in the vicinity of the images of the branch
points, namely

3 Pa , B3—qp*\ . _
”Ufo‘*éa(lﬂ%*(zzmg)‘“ Pu >0,

1 s (5.27)
~40 DPa +q)p . -
a £, ( o7 T a1 > e Pa

It is possible to derive similar formulae for massive particles and for the massive or massless
rapidities. They are collected in appendix H where they are used to expand the dressing
factors. Much like in [17], the computation of the phases boils down to taking the double
derivatives of the kernels. Of course it is necessary to ensure that the two particles which
we scatter have group velocity v; > wvg, which in the massless-massless scattering means
v > 0 > vy. Since in [22] the perturbative S matrix was computed for bosons, it is convenient
to check the following (diagonal) S-matrix elements

40 - T _
S%%’(xflo7$f20) =1——=pip2 + O(T 2) )

T
40 ~ (A _
SOle(fffvxﬁtz) =1- TP1P2 +0O(T7?), (5.28)
40 ~ (A _
SPr (&Y, 7)) =1 - TP1P2 +0O(T7?).

These results match the perturbative scattering results of [22]. For the massless-massless
scattering it was crucial to keep track of an additional factor of ¢ coming from the nontrivial
exchange relations [18], cf. eq. (5.22).

String kinematics. Similar considerations apply to the case of the string kinematics. One
has to be careful to reproduce the correct branch of the string momentum. For instance,
to reproduce the small and positive momentum region, we proceed as outlined in section 2
and obtain

1
~+0 _ .10 ~—0 ~—0 _ -0
Trq - ~+0 Tt Lra — L1 = Lyg s (5'29)
Tr1
~+0

where the rapidity u; has gone trough the main mirror cut from above and accordingly z;
has crossed the real-z line from below. Instead, to obtain negative and small momentum we
start with Zhukovsky variables evaluated on the opposite edges of the +x cuts

iy = Fua(uz + i £140) ug < —v. (5.30)
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Then we drag us slightly below the cut, so that izrgo must be continued,

iy (ug + ik) = Fra(ug + ik — i0) ug < —v,
(5.31)

1
~ 40 .
x U 1K) = Uy < —UV.
2 (U ) = o =0 ?

Then we move ug horizontally to the region ug > —v. The Zhukovsky variables after the
continuation take the following expressions

o . 1
$L20(U2 + ZK/) — W s Ug > —U,
n2 72 (5.32)
52_20('&2 + ZH) = Ug > —U,
Tr2 (UQ)

in terms of the rapidity of a k-particle bound state. Having crossed the log-cut of the
mirror energy, we get

gL(g) = —log 7" (ug) + log x5 " (ug) + 2mi (5.33)
or in the string kinematics
p£02) = igég) =1 <log :ng(uz) — log xf{k(ug)) — 2 = pl(akz) — 27 € (—27,0). (5.34)
To make the string momenta small, as it is needed for the near-BMN limit, we must set
pl =2 o™, =+ 2o, p>0>p. (539)

Once again, the Zhukovsky variables take values near the images of the branch points, namely

: 2
xLilO:‘Ff(lilm—(?’—Q) ! >+O(T_3)»

2T 2472
) ) , , (5.36)
1p2 p3 -3
— =1+ = T).
aF € ( or — 3+ 24T2> +O(T™)

In this way, and taking care of performing the necessary analytic continuation of the dressing
factors, we can evaluate the string S-matrix, as detailed in appendices H.2 and H.3. Again,
both for the mixed-mass and massless scattering, we find agreement with the perturbative
results [8].

5.7 Relativistic expansion

In [11], a particular relativistic limit of the model was considered, where h < 1, k was kept
fixed, and the momentum was expanded around the minimum of the dispersion relation with
fluctuations of order h. A similar limit was earlier considered in [36], where h was assumed
to be much smaller than the momentum fluctuation (as a consequence of this fact all modes
became massless). Here we refer to the limit considered in [11], which better reproduces the
bound state structure of the model. As already shown in [17], the non-perturbative S-matrix
for massive excitations matches the one bootstrapped in [11] in the limit. This provides a
nontrivial confirmation of the correctness for the proposal of the massive-massive S-matrices

— 31 —



advanced in [17]. In this section we check that this is also the case for S-matrix elements
involving the scattering of massless modes, up to removing the factor

a(f) = —i tanh (g - zD (5.37)
from the solution of [11].'3 In particular, we will focus on the scattering of massless particles
with positive velocities. The scattering of massless particles with negative velocities can be
obtained by a parity transformation, and all the other processes have trivial S-matrices in
the limit [11]. Therefore this case provides a good representative of the limit.

In [11] it was found that two highest-weight massless particles of the same chirality scatter
with the following S-matrix element

R%(0 — im)R%(0 + i)

SO = a() T

(5.38)

where 0 = 015 = 01 — 05 is the difference of the rapidities of the scattered particles. Removing
the factor a(f), which with the current sign of the crossing equations is unnecessary, we
expect the following relativistic limit of the S-matrix element

R2(0 — in)R2(0 + i)
RY(9)

rel _
S (0) = — (5.39)
The overall sign of the S-matrix is not fixed by relativistic crossing, but we have chosen
it so that

Sy (0) = —1. (5.40)

In this way, we have a well-behaved Bethe wave function.' In appendix I we show that in
the limit the proposal for the massless-massless S-matrix of this paper agrees with (5.39).

5.8 Pure-RR limit

As a final check of our proposal, we study the x — 0 limit of our solution and compare it
with the results in [25]. Strictly speaking, k is a quantised parameter; there is then no strict
reason why the limit should be smooth. It is anyway desirable (and a further indication of
the correctness of our proposal) to have agreement with the pure-RR case.

For simplicity, we perform the limit directly in the mirror theory. The computation is
performed in detail in appendix G. For the mixed-mass S matrices, we find an exact agreement
with the results in [21, 25] (this is also the case for the massive-massive S matrices, as found
in [17]). For the massless-massless case, we find an agreement with [21, 25] up to the factor
a(7y), which in this paper was replaced by —1 (we refer to the discussion in section 4.1 for the
reasoning of removing this term). A further observation is that the limit of the ratios of «

13 As in the pure Ramond-Ramond case, this factor was introduced in the relativistic study of the theory
considered in [11] to solve the crossing equations with an opposite sign compared to the one considered here.
This is due to the triviality of the exchange relations assumed in that paper.

141f we had solved the crossing equations with trivial exchange relations, we would have expected a factor
a(0), which would have also lead to Si%(0) = —1 because a(0) = —1.

- 32 —



Real parts of £z and E, for m=1, k=5, h=7 Imaginary parts of £z and E, for m=1, k=5, h=7
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Figure 5. Graphs of real and imaginary parts of mirror energy and momenta as functions of real u
rapidity for m < k. The real part of mirror momentum is bounded from below.

functions appearing in the massless-massless S matrix is +1 or —1 depending on whether the
scattered particles have equal or opposite chiralities (more comments on this can be found in
appendix G). This leads to another small difference compared with the pure-RR case, where
the sign was chosen to be the same in both chirality sectors. This sign does not affect the
mirror TBA equations for the ground state. However, it is important to fix it to reproduce
the spectrum of excited states. Hence the sign may be fixed by studying the mirror TBA
equations for excited states and comparing with perturbative results.

6 Mirror Thermodynamic Bethe Ansatz

In this section we conjecture the ground state TBA equations for the mixed-flux AdS3 x 3 xT*
superstring. Since the mirror theory has a structure very similar to the pure RR one, we
expect that the TBA equations have the same form as well. The main difference in comparison
to the RR case is that the mixed-flux mirror theory is not unitary, and in particular for a real
u-rapidity, both the mirror energy and momentum of massive particles are not real. Moreover,
as we will see in a moment, for m < k and real u the real part of a mirror momentum is
bounded from below. This suggests that the integration contours appearing in TBA equations
are not real intervals on the wu-plane.

6.1 Real mirror momentum contour

Recall that the mirror energy and momentum are given by

5(gm):1nj;m—ln;%:m, Aﬁm)=2<5«;m_~—7n_5j‘;rm+:%+m> '
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Real parts of Eg and E,; for m=4, k=3, h=7 Imaginary parts of Ex and E, for m=4, k=3, h=7
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Figure 6. Graphs of real and imaginary parts of mirror energy and momenta as functions of real u
rapidity for m > k. The real part of mirror momentum runs from —oo to +oo.

They satisfy the complex conjugation conditions
(Emw) =&y, (W) =" ), (6.2)

where, as usual, L = R, R = L. As a result, neither the mirror momentum nor the mirror
energy are real for real u. Instead, the images of the real-u line under gém) (u) and ]A)ém) (u)
are curves in the complex plane, whose shape depends on m. For m < k the real part of gR(u)
and Pr(u) (equal to the ones of & (u) and py,(u)) asymptote to 0 as u — —oo, and to 400 as
u — 400 but they are not monotonic as functions of u. The real part of pR( ) (and py(u)) is
bounded from below and asymptotes to 0. The imaginary parts of & (u), &.(u) (and pr(u),
pr(u)) are conjugate to each other and bounded from above and below. They all asymptote
to 0 as u — 4o0. In the limit u — —oc the imaginary parts of & (u), & (1) approach 0
while the imaginary parts of pr(u), pp(u) asymptote to £m, as depicted in figure 5. The
dependence of &, and p, on u is very different from the pure RR case (k =0). The reason
is that for m < k and real u, both points u + i7* and u — i% are either below or above a
k-cut while in the RR case they are on opposite sides of the mirror cuts.

For m > k pictures of real parts of & (u) and of p,(u) are similar to the ones for the
k = 0 case because u & i7* are on opposite sides of the two mirror cuts. Their imaginary
parts are similar to the ones for m < k case, see figure 6.

Such a dependence of &, and Pa on u for m < k indicates that one should consider the
values of u for which the real part of mirror momentum runs from —oo to 4+o00. Since the
parity transformation in the mirror theory corresponds to the map u — —u + ikq, and for
any m the real part of p, approaches +00 as u — +00, it is clear that the corresponding
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u=r+is where p, is real for m=1, k=5, h=2

s Real p; as a function of r=Re(u) for m=1, k=5, h=2

25} P
20 sl
1. L
1.0 4 -2 2 4"
05
-hr
. ) ' r
-4 -2 2 4

Figure 7. Left: the curve on the u-plane where left mirror momentum py, is real. The curve where
Dr is real is a reflection of this one about the real line. Right: the real py(r) = pr(r) as a function of

r = R(u).
Re(&,) as a function of r=Re(u) for m=1, k=5, h=2 Im(&,) as a function of r=Re(u) for m=1, k=5, h=2

Re &, Im&;
250

2.0r

-4 2 2 4 -4 -2 2 4"

Figure 8. Left: the real part of the mirror energy %(5’1(7“)) = %(gR(r)) as a function of r = R(u) for

points on the u-plane curves where mirror momenta are real. Right: the imaginary part of the left
mirror energy &, (r). The graph of $(Ex(r)) is a reflection of this one about the real line.

curve should asymptote to the main cut for ®(u) — +oo and to a k.-cut for R(u) — —oc.
Indeed, the reality of p, follows if u = r + is, r,s € R satisfies the following equation

%(fa(r—i—is—im)— - —5:a<r+is+im)+ L)oo
h To(r +is — i) h To(r+is+1i%)

(6.3)
Finding numerically s as a function of real r, one can plot the real mirror momentum
curve on the u-plane, and the graphs of mirror energy and momentum as functions of r,
see figures 7 and 8.

Since the mixed-flux mirror model is not unitary the real mirror momentum curve is
not the one that would appear in the TBA equations. Nevertheless, we expect that a
TBA integration contour would approach the cuts as r = R(u) goes to £oo, and it would
have similar shape. As discussed in section 2, for massless mirror particles the real mirror
momentum and energy correspond to u taking values on the mirror cuts.
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6.2 Mirror Bethe-Yang equations

In the following we label by N; the number of fundamental particles of type left, by Nj
the number of fundamental particles of type right and by Ny the total number of massless
particles. Finally, we label by Néa) the number of auxiliary roots of type « (this is an 81(2),
index for the different types of excitations).

The Bethe-Yang equations are a straightforward generalisation of the equations written
in [21] for the pure RR-case. For the fundamental particles we have

Ny 9 N@SQ)

+1 = e H Svy (uk, uz) 11 Sy 7 (ur, uj) H SYx ur,u) [T 11 Sly(“k’yg(‘a))a
J#k J#k j=1 a=1 j=1
2 N

_ zka H SZZ uk,uj H SZY uk,u] H SZX uk7uj H H S , (6'4)

J#k i#k a=1 j=1
5 N

—1 = el H y (U, uy) H S 7 (uk, ujg) stx Uk, Uj) H H S0y Uk,y]( ))'
Jj#k J#k Jj=1 a=1 j=1

Note that with respect to [21] we take the number of families of massless excitations to be
only one, as it is suggested in [37]. The equations for the auxiliary roots are instead given by

Nl Ni 1 No
~1= T8 ™ u) TTS" ™ wp) TSP ;). (6.5)
j=1 j=1 j=1

where the auxiliary S-matrices are defined by

—
SW(u,y) = YL T =Y SUL(y, u) =

1
VaEr T —y’ S(u,y)’

<ly Tn Ty —1/y <l 1
S (u,y) = ~Fr 4 S (ya U) = Ha, (66)
\/in ix —1/y Sly(u, Y)

S%(u,y) =

SOy u) = —
#0300 —y’ v S%(u,y)’
The bound states equations can be obtained from the equations above following the same
route of [21]. For any model the fused Bethe-Yang equations can be written in the following

concise form

Np
(—1)#A = oi0APARR H H S (Unkes Unn) - (6.7)

B n=1
Here the indices A, B label Bethe strings (bound states) of different kind, then §, = 1 for Bethe
strings carrying momentum and d, = 0 otherwise, and , are real constants which in our case
can be equal to either 0 or 1 depending on the type of a Bethe string. S,z is the scattering
matrix of an A-string with a B-string, and we label by Np the number of strings of kind B.
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6.3 Mirror TBA equations

In this subsection we conjecture the mixed-flux AdSs x S3 x T% TBA equations, and discuss
some subtle points which would have to be addressed in a thorough derivation of these
equations. Since the bound-state structure and symmetry algebra are similar to those of
the pure RR case, we expect that the mixed-flux TBA equations are of the same form as
the ones proposed in [21].

The derivation of the TBA equations from the fused Bethe-Yang equations (6.7) follows
the standard route. In the thermodynamic limit Bethe roots become dense, and introducing
the densities of particles and holes, one finds that they satisfy the following integral equations

R _ dp
Pat pa = 75A jA + Kap * p5 - (6.8)
Here the convolution kernels are determined by the associated S matrices!®
Kao(1,0) = 5105 Syo(u,0) (6.9
as(u,v 57 7 108 Sas(u, v .

and the x-operation is defined as follows
Kap * py(v Z du Ky (v, u)pp(u). (6.10)

The shape of the integration contour Cy for the B-string depends on the string and the model
under consideration, and we will discuss the contours for the mixed-flux AdS3 x 83 x T*
superstring in a due course.

Introducing then a Y-function for each Bethe string

Pa

and finding an extremum of the free energy, one gets the canonical TBA equations

log Vs = —LEy 4 log (14 Vg) * Kpa (6.12)

where for any function f()g) we define
FOB) * Koa(0) = 3 / du f (Vo (1)) Koa (1, 0). (6.13)

The free energy of the model is given by

du dpy

:_fz /771 (ESAR (6.14)

where >°," = Y, da.

5Note that for non-momentum-carrying auxiliary Bethe strings of type A the S matrices should be chosen

so that the r.h.s. of (6.8) is positive. If the auxiliary S matrix Saa is constant, e.g. 1 or —1, so that Kas =0,
then the real parts of the kernels Kag must be positive.
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Let us now specify the formulae above to the AdSs x S% x T% TBA system. It involves
various convolution kernels K,z to be defined later, and the following Y -functions

1. Yp-functions of left @Q-particle bound states: Yp = g—g ,Q=1,2,...
2. Y o-functions of right Q-particle bound states: Y = g—? ,Q=12,...
Q

3. Yj-function of massless particles:'6 Yy = ZE

()
P

4. Yi(a)-functions of auxiliary y4-particles: Yi(a) = —¢'lle T?{)
Y

Here po, = (—1)%u where p is a twist parameter which if g # 0 breaks supersymmetry of
the light-cone string theory.

The left, right and massless Y-functions for momentum-carrying Bethe roots satisfy

the following equations!”

log Yo = —LEg + log (1 + Yor) *K%/Q + log (1 +?Q/) * K%,Q + log (1 + Yp) %Kgg

it 6.15)
Q et ) e (
+ Z log( e )> *KYE + Z log( @z)) YK,

a=1,2 a=1,2

logY g = —LEg + log (1 —i—?Q/) * K%?IZQ +log (1 + Yg) *KQ @ 4 log (1 + Yp) *KOQ

eita \ (6.16)
+ ) log( G )) VY + > log( Y(a))*Kf{ﬁQ,

a=1,2 a=1,2 +

log Yy = —L& + log (1 +Y0)*KOO + log (1 +YQ)*KQ + log (1 +YQ> *KQO

u eiua R (617)
+ Z log( e )) K + Z log( Y(a)) AKY

a=1,2 a=1,2 +

and for auxiliary particles y_ and y the following coupled pair appears
—log V!*) = log (14 Yo) » KV + log (1 + Vo) » K& + log (1 + Yo) ¥K7Y (6.18)

—log V") = +log (1 + Yo) * K¥ +log (1+ Vo) » K@/ +log (1 + Yo) ¥k . (6.19)

The mirror energy 5~Q and momentum pg are given by (6.1) with m replaced by Q. The
energy of the ground state of the light-cone AdS3 x S3 x T* string theory is given by

— = dudpQ dudpQ —
1 = £ S v £ [ S elm)
du dpg .

16Note that in contrast to [21], we introduce a single Y function for all massless momentum carrying modes,
as suggested in [37].

"Note that contrary to [21, 37] we have chosen the left particles to be in the su(2) sector while the right
ones in the sl(2).
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The kernels are related to S matrices as in (6.9). The S matrices for momentum-carrying
excitations have been discussed in [13, 17] and this paper. The remaining S-matrices are

given by
- 1
Srgy(%v) = SQy(%HTL(U))a SI?LQW,U) = W = Sﬁy(%u)a
1 1
SQyu,v = S (y, ———), SyQ u,v) = SYQ(= V) = ———
LR( ) ( l’R(U)) RL( ) (I'R(U) ) SE’)I%J(’U,U)
Qy QY -~ yQ 1 Qy (6.21)
Skt (u,v) = 577 (u, Z1.(v)) Siw (u,v) = 0.~ . . °RL (v,u),
ST (@ (u),v)
_ 1 — 1 1
S (u, v =59 U, ——), S (u, v = 5¥9(- V) = —5———,
RR ( ) ( .I‘R(U) ) RR ( ) (CL'R(U) ) Sl—%—% (’U, u)

where @ = 0, 1,... and the auxiliary S matrices are given by (6.6) with # replaced by ZF¢.
Note that the difference in the definition of SY© and SYS which is related to the requirement
of the kernel positivity, see footnote 15.

The auxiliary S matrices and kernels we are using here differ from the ones used in
the RR case in [21, 38]. For the reader’s convenience, we discuss the relation between the
new and old kernels in appendix J.

The *-, % and *-convolutions distinguish integration contours for different Y, functions,
and, as was mentioned above, one should use the following definition

f(YA) * Kap(v) = Z /CA du f(YA(U))KAB(Ua v), (6.22)

where f(Y,) is any function of Y, and C, is the integration contour for the Y,-function. In
the pure-RR case the integration contours are intervals of the real line, and they are divided
into three groups which explains three different convolutions. In the mixed-flux case the
integration contours are found from the requirement that the densities of particles and holes
are real. Since the mirror model is non-unitary it is a highly nontrivial requirement. Indeed,
the densities of particles and holes satisfy in the thermodynamic limit the equations (6.8).
Since K,p are not real, the reality of p, and p, can be achieved only by choosing the
integration contours so that the imaginary part of the r.h.s. of the equation vanishes.
Thus, finding the integration contours is a complicated problem by itself. We believe,
however, that this may not be necessary to write and solve the mirror TBA equations. Indeed,
in the mirror TBA, the contours can be deformed without changing a solution, as long as the
deformation does not encounter a singularity (conversely, such singularities are usually related
to describing different excited states [39]). We believe that it should be possible to deform
the contours to a simple and more convenient shape. In particular, it seems reasonable to
expect that for Q-particle Y-functions one could choose the real mirror momentum contour,
or even the contours which run from —oo + ik, to the vertical line R(u) = 0, then along
the vertical line to the horizontal line &(u) = 0, and finally along the horizontal line to +oco.
For Y, functions we expect the contours are similar, only they run from a k,-branch point
to the main one. The contour for massless Yyp-function is basically the same as for the RR
case. It runs over the lower edge of the k-cut and over the upper edge of the main mirror

-39 —



cut. All the contours are parity-invariant. Whether this choice of contours is correct requires
substantially more careful analysis which will be done in a future publication.

7 Conclusions

In this work we have completed the S-matrix bootstrap program for mixed-flux AdSs x S3 x T4
by constructing massless dressing factors which solve crossing and satisfy all expected
properties of the model. Interestingly, much of the construction follows as m — 07 limit
of that of massive dressing factors. Having fixed the S matrix, we have conjectured the
mirror TBA equations which should describe the spectrum of the model for any value of
the RR/NSNS flux (and hence, of the string tension). This completes the picture for the
spectral problem of the model: the case of pure-NSNS models was understood long ago in
the framework of the RNS string [4] (it can be studied by mirror TBA too [40, 41] starting
from the GS string); the opposite case of pure-RR background was recently understood in
terms of the mirror TBA [21, 37, 42, 43] and of the QSC [28, 44-46]. This work fills the
gap between the two cases. It would be interesting to see if it is possible to derive the Y
system, TQ and QQ relations from this TBA, which would yield a derivation of a QSC for
the mixed-flux model, along the lines of the ongoing effort for the pure-RR case.

Our results open the way to several exciting explorations. They allow us to start the
numerical exploration of the spectrum from the mirror TBA. In the mixed-flux case, it
seems natural to consider the limit where k is fixed and h < 1, where one should recover
the pure-NSNS result [4] (and the pure-NSNS mirror TBA [41]) and its perturbation [5].
Taking the h — 0 limit is far from straightforward as the worldsheet excitations become
chiral and the scattering of collinear particles is especially subtle [10]; it is likely that the
limit should be taken at the level of the mirror TBA equations for excited states rather
than at the level of the S-matrix.

The perturbation around k = 1 is particularly interesting because it can be compared with
the perturbed symmetric-product orbifold CFT of T* [47-49], see [3] for a review. In the case
k =1, the massless-massless sector is especially important owing to the periodicity (E.128)
(see also [50]) which allows to relate all masses to the m = 0 case in the string kinematics. It
is encouraging that the HL phase admits a particularly simple representation in this case.
We expect the most leading correction to appear already at order O(h) [51], even before
what expected from the Bethe-Yang equations.

Another interesting direction is to generalise the integrability approach to other AdSs
backgrounds. Among those there are many interesting integrable deformations of the type
reviewed in [3], but perhaps even more interestingly there is the family of AdSs3 x 52 x §3 x S*
backgrounds. They enjoy the same amount of supersymmetry as AdSz x S% x T%, but in
this case the Killing spinors generate two copies of the d(2,1; ) algebra, where 0 < a < 1
determines the ratio between the radii of the two three-spheres. As it turns out, the structure
of the S matrix of this model is very close to that of AdS3 x S x T* [52, 53], and the
background can be supported by a mixture of RR and NSNS flux. However, the presence of
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the additional parameter o makes the model substantially more involved.'® Nonetheless, it
may be possible to build on the insights presented here to solve the crossing equations of
that model too. We hope to return to these problems in the near future.
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A Definitions and useful formulae

A.1 Properties of /a,(x)

The S matrix elements we have constructed involve the function a,(x) defined by

o (z) = (1 - i) <x + ;) , (A1)

and its square root. We recall the definitions
— 1 JE—
&r

Here we summarise some of their properties. The function ag(z) transforms as follows under

&L e, n= arcsinh% . (A.2)

the three discrete symmetries of the mirror region
ao(1/7) = —0a(z), au(—z) = —aa(z), au(-1/z) = au(z). (A.3)
Then, taking into account that
sgn (S (@a(2))) = sgn (3(2)) (A.4)
we get that
Ga(—1) = —sgn (3(@)) i Jaa(2), \fau(l/a) = —sgn (3(2)) iyJaale),  (A5)

Using that the cuts of \/a,(z) are the intervals (—oo, —1/&,) and (0,&,), we find that moving
x to 1/x through the cuts of \/a,(x) gives

Oéa(l') z—1/x through a cut +sen (%(CL‘)) ; \/;(l'). (AG)

8The case where o = 1/2, where the two spheres have the same radius, is simpler. Then the symmetries

are given by two copies of 08p(4]|2) and there is exciting ongoing work to study the spectrum by the QSC, in
the pure-RR case.
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A.2 Function R(7v)

The odd dressing factors are expressed in terms of the following combination of Barnes
Gamma functions G:

_G-55)  (eNTm STUA+S) 1y

where ¢(0) = % log'(¢). It satisfies the following monodromy relations

. _{ sinh % +l . cosh % .
R(y £ 2mi) =1 R(7), R(y + mi) = —=R(y — i), (A.8)
v s
and the “unitarity” conditions
R(YR(=y) =1,  R('R(H")=1 (A.9)

A.3 Functions ® and ¥

The mirror BES phases are expressed in terms of ®-functions defined for all values of z;
and zo by the double integral introduced in [13, 17]

~ dw; dws 1 1
P _ / J(BES . — 4
ab (1‘1, 372) 271 21 w1 — T1 Wy — T (ua(wl) Ub(wQ)) @ 5 ’
ORa R
(A.10)
where we use the BES kernel
r (1 + %v)
K" (v) =ilog (A.11)

(1 _ ih,\
T ( — %’U)
The integration paths R, and OR_ correspond to the upper and lower edges of the real

line (it is important to distinguish them since u,(w) has a log cut for w < 0). The BES
d-functions are defined in terms of &)Z‘bﬁ -functions as follows

~ (p** éJr‘F - (i_:‘_ é_":_
q)aa(xh-TZ) _ —aa ($1,$2) —; aa (.7}1,.222) : (I)aa(l'l,lQ) _ Paa (.Tl,.l‘g) —;— o (xlij) ‘

(A.12)
Expanding the BES kernel at large-h gives the AFS kernel, the HL kernel, and subleading terms
KPS (y) = hK*S(0) + K™ (v) + O(1/h) , (A13)

with X )

KAFS(v) = —iv(log(—iv) + log(+iv)) — vlog o

In(e — iv) ln(6—|— i) (A.14)

T € — _ €

) =~ Tagm(R(e) = iy MR

The double integrals for the HL phase can be reduced to single integrals, see appendix C.2
of [17].
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In the mirror theory x; = F5™, o = a?biQmQ, and for any of these ®-functions we define

the following combination!?

z ~+ ~+ _F ~ ~ B~ ~ ~—
o (T i) = O (™ B — Y (E 3y™) (a15)
— QU (M, B + RN (™M B

Then, the mirror BES and HL phase and dressing factors are

G (G Ee) = B (EE w5 S 5 = exp 105 GET 5.

(A.16)
For m; # 0 the mirror Zhukovsky variables are below the integration contours, and the double
integrals are well-defined. The massless variables are obtained by taking the limit m — 0, and
they approach the integration contours from below. Thus, in the massless case the contours
have to be slightly deformed that is always possible for finite h. For infinite h, i.e. for the HL
phase, and in the case where both particles are massless the contour deformation leads to an

ambiguity for u; = uz which makes the HL phase discontinuous at u; = us.
If we move x; from the lower to the upper half plane, the analytic continuation of

®(21,x2) function produces W-functions
\i’f ($1, 1‘2) = — % 1
R

KPP (ug(21) — up(wa)) . (A.17)

2T wg — X9

If we write x1 as ©1 = Zq(u1) or x1 = x4(u1) then ug(z1) = uy, and therefore \i/f depends
only on u1. Because of that with a slight abuse of notation we use interchangeably \ilf (21, Zp2)
and \ilbﬁ(ul,i*bg) for one and the same @bﬁ function.

We also recall from [17] the following combinations of ¥ functions

h h

~ 7 _ ~ 7
— \I/f <u1 + hml,xb2m2> — ‘I/bﬁ (ul — hml,x;g'”) .

87 (ot ) =+ 9 (s L) 85 (s = T )
(A.18)

This quantity can be explicitly computed both for xgémQ in the mirror or string region. We

refer to the results in appendix E.2 of [17] for the explicit value of the expression above
in the different kinematical configurations.

A.4 Normalisation of lowest-weight elements

We find the following relations of the lowest-weight mixed-mass S-matrix elements to the
highest-weight ones

Som =
XZ (p1,p2) $L+10 x;2m 1:;10 — $L+2m Y(pl,pQ) ’

-m .40 +m -0\ 2

SmO _ T Tyg Lyl — Tra SmO

Z~(p17p2) - m __—0 —m 0 Y <p17p2)7

X $+ T T _ $+ X
Ll L2 Ll L2

-0 4m 40 —m\ 2
Ty1 Tra L1 — T2 om
Sx

(A.19)

19We use the same definition of $-functions with a?itjmj being anywhere on the z-plane.
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and

0 +0,+m
To. 11—z
SO v(p1,p2) = 110 _Rfm ( L_lo 3%) ngg(pth

T 1-— x
Ll R2 L1 Tro ( A.QO)
0 ot afy (1—a ey ’ 0
Sy(p1,p2) = 25 == ‘ij:——ﬁgﬁg%gg S7(p1,p2) .
rl L2 Tr1 Tro
The massless-massless elements are related as follows
-0 .40 +0 -0\ 2
00 L1 Trg [ Tor — T2 00
S¥x(p1p2) = 55~ (aﬁk)__xio> Syx (P1,12) - (A.21)
T L2 Ll L2

B Crossing equations for mixed-mass dressing factors

In this appendix we sketch the derivation of the crossing equations for the mixed-mass
dressing factors. Just as in our previous papers, we perform the crossing transformation with
respect to the first particle, and therefore we consider as X0 as Y1 ¢ =R,L.

B.1 Crossing equations w.r.t. a massive particle

Let us derive the crossing equations for the BES, HL and odd factors with respect to a

massive particle. So, we consider

~ﬁ:0
To1s Ty ) /

ORa

dw1

dw 1 1
2 o KB (ug (w1) — up(ws))

0 (3% :
ab 271wy — :cil Wy — Tpy

27rz (B.1)

where a,b =R,L, o, = 4+, and 8Rg denotes a slightly deformed integration contour to
avoid a pole due to the reality of 5:2[20

The derivation of the crossing equation for two massive particles discussed in [17] goes
through without any change, and we get (see definition (A.18))

=+ ~+0
~ 1 1 x i -0 773 -1
ap ~+0 j—af ~+0y _ B ~+0 bl b2 Tb17b2
aab < e +0 ( al’xb2> _Ab ulih Lp2 ;lg ~40 ~+ ~—0 1
Ta1 Ty — gy Tydy -
(B.2)
By using the identities for ¥’s listed in appendix E.2 of [17], we get
‘ =0 ~— 40 =+ =40
. . Tyy Ty, — Zpy Tp — T
exp | —iA, | u £ — ajio = b2 L 83 bl b2 (B.3)
b b b2 B By — Ty B — gy
b2 Th1 b2 Th1 b2
Go— ~+ ~40 ~—0 ~— ~4+0 5+ 510
i, (vaw )+l (E5855)) Ty Ty — be T 2y — 1 (B.4)
T 240 ~— _ ~—0 ~+~—0 ’ :
Tpo Tpp — xbz T Ty — 1
and
A+ L 40 5«"?20 Ty Ty — 1 ‘T;rljb_ZO —1
exp | —iA, w1 :I: W , Ty = 0o t0 {2t A0 0 (B.5)
Ty Tp1Tp2 51762
got +0 at ~+0 ~+ _ ~—0 -0 _
0y (G i ) +i0a Catia) _ oy By - Ty Ty 1 B
€ T 50 st 540 40 (B-6)
Tyy Ty — Ty Ty Ty —
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Thus, the crossing equations for the BES factors are

A ~+0 A + +0 A ~+0 A ~+ ~+0
QZegfs(f’zaz )+219§¢§ES(%1@ 2) 21933358(%@(12 )JrQZOEaES(map%z
e “a1 —=e o
i— _ 50 st <40 + _ 20 == =0 (B.7)
_ Lol — Lag Tg1Tao — 1Ty —Zpg Tgnlyy —1
= -= _ ~=0 =+ ~-0 ~F _ ~40 ~— ~40
Ty —Tgg TyZag —1 Ty — Ty TgTge — 1

The equations can be found from the bound-state crossing equations of [17] by taking the
mass of the second particle to zero. The crossing equations for the HL. factors have the same
form as for the massive particles with the replacement icaQ — xiQO, and therefore the ratio

of the BES and HL factors satisfies the homogeneous crossing equation

EBES 1 ~%0 1 2 EBES 1 =30 1 9
(? Tp) (EBES( a1’$a20)> B (T T5) (EBES( al’xa20)> _,
~+ ~+ - Jon T = 1.
EHL(% xa20) ZHL( al?xa20) EHL(;}F a20) EHL( La1, T a20)
(B.8)
The odd factors also satisfy the massive particles crossing equations with the replacement
:t N ~+0
Lg2 ‘xaQ
s =0\ (st _ ~40
(Eloodd(uhuQ)) (zigodd(ul’u2)) _ ( L ) ( L L ) :
s— _ ~40) (~+ _ ~—0
(fc 1 'ILQ) (%1 - ‘TLQ)
B R (B.9)
(lexLZ - 1) (lexLQ 1)

(ElOOdd(ul, u2)>_2 (ng"dd(uh u2)>_2 _

due to the monodromy property (A.8) of R functions.

By using these formulae, it is straightforward to check that to solve crossing the factors
H°' must satisfy the homogeneous equations (4.4), and that the S-matrix elements (4.11)
satisfy the crossing equations (3.14).

B.2 Crossing equations w.r.t. a massless particle

Crossing equations for BES factors. Let us derive the crossing equations for the BES
factors with respect to a massless particle. We consider

=i

dw dw 1 1
af~+0 ~ 1 2 BES
K —
ab (Tai ’xb? 874 2m 2w wy — 5:2:10 wo — :Z‘ZE2 (ualwr) = up(ws)) (B.10)

and use the crossing transformation (4.16) for massless particles

~+(0 massless crossing

g0 massles crossing oz o (B.11)

The crossing path is chosen so that one does not cross any cut of resulting U-functions. It
is easy to see that the total contribution from W-functions vanish, and therefore the BES
factors satisfy the homogeneous crossing equations with respect to a massless particle

EloBES(u " )EloBES(uhuQ) EloBES(u " )EloBES(ul,UQ) =1. (B.12)
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Crossing equations for HL factors To define the HLL phases we need to take h — oc.
This requires extra deformation of integration contours such that on the v-planes the cuts
of K" (v12) would not intersect the deformed contours. Then, repeating the calculation
done in [17] for the massive HL phases we get the same expressions but with deformed
integration contours

Oy (Fals Big) = Loy (B0, ) + Loy (Bt ) — Loy (&8, Bpy) — Iy (8,0, 7). (B.13)
where
[ (21, 9) = — / d—22) (10g (Fa(v — i€) — 29) — log (7a(v + i€) — 2))
aa 4 Tqo(v) — 71 ’
1 il (v) 1 1
= | B o) ()
aa (1,02) =470 YFa) — 2 \ B \Tav —ie)  2) T B\ G i
(B.14)

and cuts ' denotes the deformed integration contours. By using the formulae, one then finds
that the HL dressing factors satisfy the following crossing equations

=40 st =0 =—\?2
2 2 X - x -
O1HL [~ 01HL _ Ll L2 Ll L2
(ELL (u17u2)) (ZLL (u17u2)) = <j+0 - =0 _ ~+ ) ’
Ll

=40~ — ~—0 4+ 2
201HL(— ) 2 201HL( ) 2_ L $R2_1 Ly xRQ_l
LR \U1,U2 Lr (UL, U2 T\ G0+ _1 70— 1 .
L1 TR L1 TR

(B.15)

Crossing equations for odd factors. To find the crossing equations for the odd factors
we use that under crossing

40 20 ~0 . A40 , o
Y =37, Aa — .+ 2im, (B.16)
and therefore
10—
2 T st st [0 2=\ 2
Eolodd — —2 201odd —2 _ sinh 2 _ Qg9 Tyg Ty — Tpg
v (U, ug) oo (ur, ug) = SF0T T a— = ~30 ot )
sinh? AL Qrg Trg \Tp1 — T2
_ _ LR F— == =0+
520lo0dd (7 2 $20Todd 2 cosh® M- Gy Tpy (T 00— 1
tr (U1, u2) e (U1, U2) = 507 T gt wt \ 0 — 1]
cosh? s Qrg Try \Tp1Tro —

By using the formulae above, it is easy to verify that in order for the S-matrix elements (4.2) to
satisfy the crossing equations (3.15) the factors H%! must satisfy the crossing equations (4.8).
Solutions to the crossing equations are then provided by the expression in (4.11).

C S-matrix normalisation using left and right Zhukovsky variables

There are two separate representations for massless particles spanned by a 8u(2), index

& = 1,2. The particles of the two representations are connected one to another under charge

conjugation ‘C’ (up to some sign l? = —621)

X = [9P) @ [¢F) +— C — |72 = [oB) @ |F),

2 F B -1 F B (C.1)
IX°) =or) @|dg) «—C— [X) =lpoL) ®ler).
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The two representations are isomorphic and in the main text (as well as in [10]) we parametrised
all massless particles with left Zhukovsky variables. However, we can equally parameterise the
massless kinematics using right variables. In this appendix, we parameterise the representation
associated with the index 1 using left Zhukovsky variables and the representation associated
with the index 2 using right Zhukovsky variables. This is particularly convenient if one
want to solve the crossing equations in the same way as is done for massive particles in [17],
and then take the mass to zero. It is possible to show that the two representations are
equivalent for massless particles, and there is no distinction between the two indices. As a
consequence of this fact massless particles can be parameterised either using left or right
Zhukovsky variables. We will show this explicitly in appendix D. This is a nontrivial check
of the correctness of our proposal for the dressing factors.

C.1 S-matrix normalisation in the mirror region

Massless-massive elements in mirror theory. In section 4 we proposed the S-matrix

elements S%/ = S and S% = SY1_. Here we associate the index 1 to these solutions
x'Y xXZ X'z

since they are expressed in terms of massless left Zhukovsky variables. Once these elements

are known, one can apply a charge conjugation tranformation to obtain the elements S)%%)‘/

and Sg% e and from them get Sg% 7 and Sgéy by changing normalisation from the scattering

of lowest weight state to highest weight states (this is realised by multiplying the S-matrix

2 in the notation of appendix B in [11]). The charge conjugation

element by F(p1,p2)~
transformation corresponds to mapping left Zhukovsky variables to right Zhukovsky variables
and vice versa. Starting from the solutions in (4.11) we can therefore generate all the
remaining S-matrix elements for the scattering of highest weight states in the mixed-mass

sector. For bound states of arbitrary mass we find

. Ao ~—m ~40 ~—0 ~+m\ 2 _ .
S|y = V&2 Ty Tpy [T — T 520m ) 2 v
X1t2 ) = = —+m ~—0 | =40  ~—m LL (U1, U2 X1t2 /s
1/042'27” Lo Ty Ty — L2

. AT™M ~4m ~—0~—m ~+0~—m .
S\ IZm> V%2 Tpy 1 -3 %y 1 -3 8 Zﬂm( ) —2 ‘ 1Zm>
X142 ) = —m —10-+m ——0~+m \~Lr \UL, U2 X142 )5
~—m T 1—z'72 1—277
Qpo R2 L1l *R2 L1 *RrR2

(C.2)
[atm ~—0 ~+0~—m ~4+0~+m
; Qo o7 1 —27% 1—z'77% -2 4
S|XiYs") = = Al LS L2 (0 (uy, up) IXTY5"™),
o R e 1 aag O ()
. Qg 2
S|xizg) = (2w u2)) X2
o

Bound states in the mirror theory have been obtained by fusing particles of type Z and
Z, with the constraint on the constituents

IEM(u) =38, Tp =T, g =dng ooy Fpm = Ig 1 (u). (C.3)

We refer to [17] for further details on the construction of bound states. The elements above
are manifestly left-right symmetric.
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In the main text we worked using only the first two rows in the expression above due to
the fact that the representations for massless particles are equivalent, which is

SO (ur,ug) = SV (ur,uz), SO (w1, un) = SO (un, ua) (C.4)

These equalities are not implied by left-right symmetry and need to be checked. Remarkably
after mapping left variables to right variables 3550 = JFO the equalities above turn out to
be correct. This is a nontrivial fact supporting the vahdlty of our proposal. We will return
to this in appendix D.

The massive-massless S-matrix elements can be immediately obtained by applying braiding

unitarity on the elements in (C.2).

Massless-massless elements in mirror theory. The massless-massless element Sxi i Was
proposed in (4.15) (again, we associate an index 1 to the massless particles of this element since
we use left Zhukovsky variables). From SXi Xl by mapping left Zhukovsky variables to right

Zhukovsky variables we obtain all the remaining elements Sxi R SX 3y and S . We obtain

lat0 /& -0 _ ~40\2
iody L1 L2 $L2 ‘7: Ty — Ty 00 -2
S ’X1X2> = 0 ~1+0 70 _ =0 (E (u17u2 )
\/Ngl v/ & Lrg T L Ty — T2
. Vard Ve 501 - 5050 =400 P
Sixivd) = — dn /Gy T Ty 1 — 20 Tpy 5200 ( ) 2‘ %)
X1X2/) = 0 _o 1_ ~+0 +0 1 _ 7040 \7LR X1X2/s
L1 R2 1 TR2 — Tp1 Tr2
VLY (C.5)
. Vard ety 5701 - 510570 =40 40 P
S|ty = — Gt /Gy Tp Ty 1 —Tp1 3, 500 ( ) 205 i)
X1X2/) = N +0 1 — 770740 1 _ 2-05-0 )
1/ Q Rl £/ L2 x Tr1Lr2 Tr1Tr2

50 /=0
5 5 Qg1 \/ %r2

S |xix3) = T (50 w)) XEG)
Qr1 04;{2

It can be shown that the normalisation above solves braiding unitarily, it is left-right symmetric,
and that all the elements are equal after mapping left variables to right variables:

Sayi(ur,ug) =8 5 2(ur,uz) = S 2 i (ur,uz) = S 2 5 (ur, ug). (C.6)

C.2 S-matrix normalisation in the string region

Starting from the mirror region it is possible to continue the S-matrix elements to the
string region. This can be done either to the region where the momenta are positive
(0 < p < 27) or to the region of negative momenta (—27 < p < 0). S-matrices with string
particles of negative momenta can also be obtained by using the quasi-periodicity under
shifts {m — m + k, p — p F 2x}. This periodicity was already discussed in [11, 12] and
analysed in full detail on the S-matrix elements for massive particles in [17]. This extends
also to massless particles as we discuss in appendix E. It is then enough to write down the
normalisation for particles having both momenta positive and in the region (0, 27). All the
other regions can be obtained by using the periodicity under shifts of 2.
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Massless-massive elements in string theory. From the continuation of the dressing
factors, we obtain the following normalisation for the massless-massive S-matrix elements
in the string region of momenta 0 < p; < 27, 0 < py < 27

) +m +0\ ™ -0 +m\ 2
S| 1Ym> V%2 il Ly — T2
X1t2 ) = —0 +0 +m

o Ty — T2

m—1 -0 + 2
L1 — Tra; 0 —2 i
<+0+]> (ZLT(ulau2)> |X1Y2m>7

5

j=1 \To1 — Traj
, -m -0\ m—1 —0,,—m 40, +m
S | 12m> o ) T -z, LR2 — L1 Tro
X142 ) = +m +0 1— +0,.—m 1 _ ,.—0,.+m
Qpo Lry L1 Tr2 Lp1 Tr2

m=1 /1 _ 440+ \?2
— X1 Lo, —2 s
L1l *R2j 0 1
) (S e w)) X128,
11—z xt
1 Tr2j

J=1
(©.7)
o m 40 4m)\3
pymy V2 (apr ) 2" (1 - wipaly")
S|X1}/2 >: +m IL'+O .Z'+m 1 — -0, ,.+m 1— —0,.,—m 1— +0,.—m
Q9 Rl L2 LTr1 T2 Tr1 T2 Lr1 T2

1—=x

m—1 1— x—i—Ox-i-
X

2
) (st n) )

R1

1 L2j

J

+m 0\ m—1 0 — 2
S | 22m> _ V%2 $R+2m $;cr1 $;€1 — Ty
X142 ) = “m pom -0 210 +m
\/ Qg2 R2

X — T
m—1 -0 + 2
Tr1 — Troj —2 s
<le’> (S0 (i us)) A28,

RrR1 R1 R2

In string theory, the bound states are composed of multiple particles of type Y (or multiple
particles of type Y). The fusion condition in this case is

x " (u) =2, mil = Tpg, 35;5 =Tyzsee- s xz_m = xme) (C.8)

We fuse assuming all the constituents particles to be in the mirror region but z;,, (which
we choose in the string region) as discussed in [17]. We stress that the odd dressing factors
in the expressions above are evaluated at string + functions. We leave the continuation of
the even part of the dressing factors implicit

—2 0m,even 2 (Omjedd, 40 _+my) 2
(30w, u2)) = (S (i, w2)) (S0 ™) (C.9)
The massive-massless S-matrix elements for string bound states are obtained from the
expressions above using braiding unitarity.
Massless-massless elements in string theory. Continuing the first expression in (C.5)
to the string region where both massless particles have positive momenta we obtain

-0 +0

i i Qr Qo o —2 00,even —2 i i
S|xi) = = T (S0 E)) (SR ) ) (C.10)
Qr )
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We omit the remaining massless-massless S-matrix elements, since they are all equal to
each other.

D Crossing using left and right Zhukovsky variables

In the main text of this paper, we parameterised massless kinematics using left Zhukovsky
variables — which makes their 81(2), invariance manifest [10]. However, as a consequence,
the crossing equations for massless particles take a quite different form compared to the
crossing equations of massive particles (which instead couple left and right particles). Giving
up manifest 31(2), invariance, we can parametrise half of the massless excitations in terms
of right Zhukovsky variables, in such a way as to make manifest that the massless crossing
equations can be obtained as a limit of the massive ones. In this appendix, we show this fact
explicitly and check the equivalence between S-matrix elements expressed in terms of left and
right variables for massless particles. Since the crossing equations w.r.t. a massive particle
take exactly the same form discussed in [17] and the massless particle is a spectator, we
consider here only crossing equations w.r.t. massless particles, where this relation is nontrivial.

D.1 Crossing from a limit of the massive case

Let us consider the crossing equations in (3.15). Since the massless particles do not distinguish
: : i Y (3 Om _ QOm 0m _ QOm :
between indices 1 and 2 (i.e. S'7}, = S5}, and SxiZ = SX?Z) then we can write down the

crossing equations in the following form

~—m [ ~+0 ~+m \ 2
0 0 — Lo Ty — g
S Ty(ulaUQ)S gny(ulau2) = (S R — )
X X L2 Ty — T2
- (D.1)
~—m ~—0~+m
Om Om Lo 1 - LTr1 T2
S iy (U1, u2)S QY(Ul,W) — o] >
L2 1- Tr1Tr2
~+m ~—0 = 2
om om Tro' (Tt — Tyo'
S 22(“1,“2)5 12(“’17“2) ~—m | ~—0 ~+m )
X rR2 \%r1 ~ Tr2
) (D.2)
j+m 1— x-i-Ow—m
50?7(a1 UQ)SDT*<’U,1 u2) _ “R2 Ll *R2 )
= AN

These equations correspond exactly to the crossing equations of massive-massive elements in
the limit where the first mass becomes zero. Similarly, starting from (3.16) and assuming (C.6)
we obtain the following crossing equations for the massless-massless S-matrices

770 10 _ 240 o
00 00 = _ L2 Ll L2
Sty (un,ug)SU5 5 (U, uz) = — —0 (7% — ,0) ,
Lo Ty %)
—0 1 _ 770540 o
00 00 = _ L2 Rl Lo
SXQXi(UbUZ)SXiXi (a1, u2) = — ~+0 1_70z0) >
X
Tr1 T2
.i'+0 7o 0 j_o 2 (D3>
00 00 = R2 Rl — “*R2
SXQXQ(ul,UQ)SXiXQ (U1,U2) = - ~—0 <~ 0 ~+0> 3
Try \ZTr1 — Tgo
~+0 1 71050 2
SO(Q) 2('&1,1@)50? 2(“17“2) = 7R2
~4+0~4+0 | *
X X L =201 Ty

,50,



Using that 70 = 1/2;% and 7;° = 1/7;70 it is easy to check that all the crossing equations
above are equivalent, and one can solve these equations with the further requirement that all
the S-matrix elements are the same and do not depend on the index ¢&. Using the equations
above together with the normalisation in appendix C we obtain the following equations on
the dressing factors expressed in terms of left and right variables

~+0 ~—m ~—0 ~+m
2 Lol — L2 xal — T2

) +0 ~+m ~—m
Lol = Lg2 xal — g2 (D 4)
)2 1 _ $+10$+2m 1 ;10j;2m

~—0~ ~+O~—m ’
1- Ta1 xa2 1- La1 L2
+0 ~—0 ~—0 ~+0

(
(
(220, u2))” (5 (@, up))” = Ta = a2 Tal = a2
(

~+0 ~+O ~—0 ~—0"
Lol = La2 a1 — La2 (D 5)
EOO = EOO _ al a2 al “a2
aa(u1’u2) da(u17u2) - 1— 1 _ 7105-0"
al xa? La1 La2

where as usual if @ = L then @ = R and vice-versa. To construct the solutions, we can then
take the limit of the results in [17] where the mass of the first (and possibly the second)
particle becomes 07. As for the massive-massive case in the mixed mass sector we have

2 2 2
(B0 (1, u2)) " = (S0 (ur, ua) ) (S5 (w1, u2) ) (D.6)
where
( gf“(xflo,;ﬁggm)) TP B @R a2l @ ) (D.7)
and

40, +m)

(Eo a0, ) " = e O (e 7).
R%(Yaa" ™) 2(7+0 )
(s a0, 27) = RQ@_{ f: +im)R(Fa0” *: ' >R<v{az ik fw)R(v{ag T —im).
R(Vaa " +im)R(Yae  —im)R(Va " +im)R(Y5, " — i)
(D.8)
The massless-massless dressing factors are obtain by sending the second mass to zero in

the expression above.

D.2 Recovering the results of the main text

We now check that the scattering matrix is insensitive to the indices 1 and 2 for massless
particles — though this is no longer manifest — and that therefore it agrees with the
proposal in the main text.

Equivalence between left and right representations for BES and HL. We start

checking the equivalence between left and right parameterisation for massless particles on
the BES and HL phases. From [17], we know that

~ ~_ 1 ~_
@Zf(m,y) + @abaﬁ (x,y) = @ab‘“’ﬁ(o,y) VoY, a,B==+. (D.9)
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If we consider x = iaﬂ (with 6 < 1 being a regulator to assign a mass to the massless

particle) then we get

S

« X —Q 1 I —a,
al?( Tq ’y) + (I)ab ? (.fid?y> = (I)ab 6(07y) (DlO)

Note that in the limit of § — 071 it holds that

- 1 .
(I)abﬁ(iiéﬂ ) S (@30, y) + ) (us, y) (D.11)

where u; = uq(Z9). The residue \Ifﬁ (u1,y) comes from the fact that j% and % are close
but on the opposite sides of the contour. Then we get ‘

Boy (270 y) = =05 (@ y) — Wy (un,y) + D577 (0,) - (D.12)
From the relation above and the definition in (A.15) it follows that

0 (70, y) — B (5,0, y) = B0 (30, y) — B0 (750, y)

~+d ~Em ~+6 ~Etm

o (D.13)
= @ ( T, T ) = Py (T T )

allowing to identify left and right massless particles at the level of the BES phase. Since the
HL phase corresponds to the subleading order of BES for large h it also satisfies the same
relation. Recalling the definitions in (A.12) and (A.15) we conclude that

O (a1 Tps") = 05 (T37. F33") (D.14)
where ‘any’ can either be BES or HL, and therefore
-2 -2
(Zeven( 2:10’.%,330)) (Eeven( 2:107:62:20)) ) (D15)

Equivalence between left and right representations for the odd phases. We start
by finding a relation between the different odd phases. By using

70 =470 Fim, (D.16)
and (D.8) we get

R(Y .~ ™ — 2im)

(EOdd( ~+0 ~im)> —2 — R(ﬁ/(j;zmﬁ_m + 2i7r)R(7(LO —i_m)R(’chLO7 m)
)R

Ta1 Ton RO 1 2i7r)R('yaJCz0 M R(Aad TR (~_ 0 — 2i)
. ~+0,+m . = —
_ sinh %45 sink s R (5™ R (0 (D.17)
== =0 ~+ —m —0,+m +0 —-m ’
ginh Yaa smh Yaa’ (’Yaa ( )

2 2

~—m ~, ~—0
— xa? aa( Lq2 ) 'rt—;lm _ x:Qm Lol — .CC+2 (EOdd( ~+0 j_im)) —2
T ag(Tly") &) —d" i) — @y Fai a2

Lol —Lagz L1 — J"a2

Combining this result with (D.15) and the normalisation it is immediate to show that all
S-matrix elements are blind to the index &. The results trivially apply also to the case in
which the second particle is massless (we only need to take the limit m — 0T).
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0

For example, using aci ~11F07 after setting a = LL and a = R, we obtain

~—0 [~—0
L. _ \/j aRQ 00 -2
SX}X% (u1,ug) = e (ERR(ul,UQ)) . (D.18)
Ll R2

From the last line in (C.5) then we see that the following equality holds

a0

j

S_is(ui,ug) = *g s s(ur,u2) =8 5 s(ui,ug). (D.19)

X1X3 ~ 40 ~+0 X1X X1X3
Qrq Qg1

A similar check can be done on all the massless-massless S-matrix elements in (C.5) to
show that the chain of equalities in (C.6) is satisfied. This is in agreement with the fact
that the 8u(2), S-matrix acting on the massless representations is trivial and left and
right massless representations are equivalent. A similar check can be performed on the

mixed-mass S-matrices.

E String S-matrix elements

In this appendix we often write the string S-matrix elements as functions of the particles’

momenta. We take any pi to be in the interval (0,27), and we continue to py — 27 to get
negative momentum in the interval (—2m,0). To derive the formulae in the appendix we
use identities for U-functions from appendix E.2 of [17].

E.1 String S)(Z'{}(pl,pz)
We begin with the mirror S-matrix element Sg%, given by (4.11)
-2
SW (@ 7t = AW @ 3 (S EE. ah) (E-1)

We want to continue it to the string region, and use fusion to get the string SOY with positive
momenta p; and py. The fusion condition (C.8) has the following solution

~2j—m—2 + ~2j—m

Tpg; =T s Tig =Ty, j=1....m—1,
- = M- 2 -m - +m 4 . 1 (E2)
xLZ,m =Ty Trg = :I:LQ,I ’ Tra = Tpa m j;+m :

The fusion of AOY gives

[ M +0 —-m -0 2m-1 —0 ~2j m\ 2
AOm(x:I:O :L,:i:m) _ ) 2l xLQ L1 — — Ty (E 3)
xY\*rl1o%L2 J — \/m x—o +m x+0 —m ~2] m ’ '
Qpo

Ll T2 Ll ':ULQ Ll — T2
where we used that the cuts of \/a,(x) are the intervals (—oo, —1/&,) and (0,&,).

=1
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To find the fusion of the dressing factors we have to consider two cases

1. j <m — 1. We analytically continue ;7" — 2,7, and get

éBES(xLilo’xmg) (I)LL( L1 ) L2]) + (I)LL( LlO’ L2]) (PLL( Ll ’ L2]) (I)LL( L1 ) :_2]')
_\IJL(ula L2])+\II (ulvxLQj)‘
(E.4)

The analytic continuation of the HL phase gives

70 .t Ly ety i 10+
HL
95}%( Tr1s L2j) - HLL (xLl ’xLQj)
1, a1 1
+ L2 ~+0 0
=207 (27 7%2;‘) - ;ln :U’;- 7 In(Z) — 35;53‘) + gln(ﬂf;ﬁ - foj)
Lzg
i = In(Zy — msz) - Eln(le - xmj)?
(E.5)
2. j =m. We analytically continue #;{ — z;70, #" — fo’m x3", and get
- " _ - _
QBSS(xLlovngnvxm m) = q)LL( ilov ) + @LL( L1 ’ L2 ’rn) (I)LL( L1 » L2 m)
- (I)LL( ) ’xL+2m) \IIL(ulv r") + \IlL<u17 Tro m) + \I/L (uQ + hm xl—!_lo) (E.6)
~ ) 1
-, <U2 + hm xm) KBES (U12 — hm) ,
AHL/ +0 _+m _ — FHL(, +0 _+m _ — 1 rlo L2m
HLL ('rLl y L2 7$L2,m) = @LL (xLl y L2 ?xLQ,m) + - i In —0 + 71 Am
L1 t L2
1 0 1 1 0 9
— ~In(z L+2m_%+1)_*1 (T _xfzm> ;ln( ay — a3
1 ~+0 - 1 +0 — 1 +m —0 1 +m -0
1n< Ty — xLQ,m) - ; 1n('%Ll - xLQ,m) + ; ln( Lo — T ) - ; ln( Lo — Ty ) :
(E.7)
The fusion of ®’s is trivial. Next, consider
m—1 B B B
(Bl ayy) + Blur ) ) = —Fur, ) + B, ). (E3)
7j=1

Adding all the terms we get

éf}?s(xitloa ) (I)LL( L1> )+(I)LL( le ) (I)LL( le ) q)LL( le E_Qm)
— Uy (uy, 3"+, (ul,xL_Qm)—i—@L <U2+hm7$2_10)—\:[~1L (u2+hm,:z:L_10>

— KB5S <u12 — ;Lm> )
(E.9)
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We rewrite the combination of ¥ functions in it as follows (see (A.18) for the definition of A;)
— 20, (uy, x5 + 20 (uy, z ") + 20, (uz + hm bons > — 20, (u2 + 27”7%10)
= =2y (up, 2 5") + 20 (ug, 2 3") + O <U2 + hm z] ) wF (UQ + hm xL10> (E.10)
+ 0, (uz - %m, xflo) — Uy (uQ ;Lm xL1> + A (ug + :Lm,xfl(),:rao) .
By using identities for ¥ functions, we find

S i _ h, +2m m . 2 . . 2 .
eszL (uziﬁm,x{f,fo) _ () H <U12 _ Z( J m)) (u12 n ’L( ¥i m))
2) h h

2
—0\™ / —m +0\(~+m +0y [m—1 ~+m—2j +0
% Ly (mLZ _le)( L _le) l[ Lo — T
~+m—2j5 :B_O

- -0 + -0
L1 (2" — 2 )(@" — 1) j=1 T2 — I
(E.11)
We also have
: i (R T2 i(2j —m i(2j —m
622KBES(u12—ﬁm) (2) H (U12 . ( ]h )) <u12 + ( ]h )>
7 (E.12)
; 2 ; _ 4 .
~ (—1ym F[% — %ulz] u12 + %m ni—f u12 + %(2] —m)
%+ 2un]) wa—gm o \w — 125 —m)
Next, for the HL phase we get
1 - +0 + %10 - - +0 - -
1' & log L2] _xLZj L1 — Lroj o 11 «TLQm Ty = Tram xz-l() - $L2m E
i e e T s e £ (B (E-13)
j=1 L2j5 L1 L2j5 L1 L2j 12,m Tr1 Tro Tp :ULQ,m
Adding all the terms, we obtain
20 @y o iy") — 2P (e ey
+0 +0 _ o A4my2 (o —0 _ —my(at -0
x (—1) rhy Tyt (@l —2i)T (@ — 2 ) (@R —ay) (E.14)
—0 .+ —0 0 - 0y °
a () — a2 (@) — 2" (@35 - )
where we used
- 1 0 .
H=—g=ar if wm<v, (E.15)

T = =T
Ll +0 Ll
Tgr1

Thus, (u1,us are on the string u-plane)

-2 20 -1 _ 0 -1 ~+m—2j 0
EE?BES(UlaU2)> — (_1)m71 Ly ) xLQm (:EL+1 - x;r2m)2 Trﬁ xLQm ?47 x;rl
SOMHL (1, ug) fﬁo ‘TL+27n (35;10 - $1T2m) j=1 szm_% - 33;10

y P[5 — Suin] \" w2 + hm o200
= ,
T+ Guie] ) wg — gm
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where
0om 7 +0 _+m FHL/, .0 . +tm
200 = +2¢LL(xL1 y L1 ) — 27 (xLl » L2 )

- - ~ 7
— 22U, (ug, o{3") + 20 (u, 29") + U <U2 +om, x:rl())
~ ) ~ 1 ~ 7
— \IILF <u2 + Em, leo) + U <u2 — hm,xiﬁo) - U (u2 — hm,mL10> .

The fusion of the odd factor is trivial, and we get

+0—m
: 2 YLL
-2 —2 sinh”® L
Olodd /x40 ~=+ _ Olodd/.4+0 _+ 2
(ELL ('7L1 37L2)) - (ELL ('7L1 vVLZ)) 9 7+0+m )
sinh® ~LL—
where
+0+m __ _+£0 +m
YL ="M N .
Taking into account that
+0—m
o2 LL +m . +m +0 —m\2
sinh® +Hs— o J" 25" (2] —25")
+0+m T —m _ —m +0 +m\2 ’
sinh2ﬂyLLT g T (@ — ")

we find that the fusion of S%/ gives

—m
Qp9

Jatm +0\ ™ p2(n—0-m) R2(A40+m
ng(phpz) _ L2 (xLl > (FYLL ) (7LL )

Y — — —
) Rt R2 (0™

+0
Ll

+m

T Ty

—o\™ 1 _m m ih 2 i
[z x I'Z — “Zug U2 + +M o om
% (_1)m 1 ( Ll ) L2 ( [2 2 ]) h e 24077 ,

Cg + Gu]) wa—gm

The expression above satisfies the physical unitarity.

In the pure RR case we have the formula
BES (. Em1 o tmay\ ~2 —my \ m2—1 +mg\ M1l
o (™ x5 ™) — 262 (_qymi—matl 2y Lo
ot (@™ 1y ™) ™ zy "

o u19 + Z(TTLl + m2) P[% — %ulg]
(m1 4+ mg) F[7m1;m2 + %ulg]

>

U2 —

=

Setting m1 = 0 and mo = m, we get

3
<

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)

-2 _ -1 _ - 2
UBES(l‘%O»fUétm) _ (_1ym1 Ty “\" xy " u12 + m F[? - 7“12] —92450m
HL(..£0 . +m - (_ ) 10 Im il e R
ot ( ) T ]

) m
7, T 3™ ug — pm \T[% + Buio

and, therefore, we have an agreement with the RR case.
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In what follows we sometimes use the following normalisation of the string S-matrix element

-2
SO (a0, aiy) = BU (a0, o) (S0 (@, i) (E24)
+m 0 -0 2m—1/_ -0  ~+m-2
BO (a0 2ty = 12 ( E) (%1 _xf2m> WIL—[ (%1 —F5 ]>
L1t ) = —0 0 N ]
' o \ait ) \ail i) el -
(E.25)
-2
-2 _92 EOmBES(x:EO :L‘im)
Om/ .0 _+m _ Omodd/.+0 _+m LL Ll L2
(B @) = (B (i aEm) (EQTHL(xiov@m) : (E-26)
-2 Ry )R*(i)")
EOm odd (,Yj:O7 ,yj:m) — LL LL ’ (E.27)
( LL Ll L2 ) R2(’71?L0+)R (’YLL )
and BVMEES and BUMHL are the analytically continued BES and HL factors.
E.2 String 527{}(171 — 2w, p2) and Sg’{}(Pl — 27, pa — 2m)
We begin with the mirror S-matrix element
01 01 01 -2
S (w1, u9) = A (ua, u2) (20 (w1, wa)) (E.28)

We first move 2, to z,, and then ZF0(u') to 1/zF*(u).

Step I: 5'3L2 -z 25+ The first step is to move #;5" to x;3" through = > ¢ that gives

./ ~4+0 — [/~—0 2
o 37+1 fULz (%1 5@2) (E.29)

AXY ul,u2 — 4+

0 —
Vgl o 1~ T2
+ ~ o
QBES( L1 7xb2) @Lb($L1oaxb2)+‘I’L(xb27 +0) v (Izrwx 0) (E.30)
1 20 it —af 02k, 1
26HL T _ Qq)HL ,mi 4= 10 L1l Ll L2 L1 “R2 ) E.31
LL( Ll ) ( Ll L2) i ~IT1() le() _ xL+2 xL+1O$;—2 1 ( )

R ()~ — ”)R (it - )

: l\')

~+0 .+
Eiid(l'm ’zLZ) =

(E.32)

where

Tt =0 =it (E.33)
Step II: w 0 _, 1/ZB . Next, we move :Z"flo to 1/x;flk through the upper edge of the k-cut
to a point uq > —v. Thus, the massless particle 1° moves to a point in the upper half-plane

through the interval —1/¢, < x < 0 without crossing any cut of resulting U functions. We get

The rational factor.

AxY(“’l? UQ) — +

o= o~k — k
QL2 Tpy T (33;1 + - 1) (E.34)

/ 4k ot k
OzL+2 Tri Tr2 Tr1 mL2 -1
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The odd factor.

2(nHk— _ 2(n—k+ _;
Zodd( ~40 ﬁ:) _ R*(vap, i) R (g, T — i)
L1155 L2 2 +k+ . 2 —k— .
R ( TrRL _ZTF)R ('VRL —ZTF)
kot — k-
Y Y
cosh 22— cosh -2
_ 2 dd +
- ,Y+k ,Y—Iﬁt EO ( R1’$L2) (E'35)
cosh -BL— cosh -2
k= +k +
_ L1 Lo — 1 Lr1 g — ]‘ZOdd( +k ﬁ:)
- "k + 1 +k_ — 1 rL \(Tr1>T12) >
Lr1 Lo — LTr1 Lo —
where
+k+ +k +
Tre = Tr1 T N2 (E'36)

The BES phase.

S = _ 1 ~_ 1
Q. ('/I;I—i_l()?xL:tQ) = + & (k’xL:g) -y (ul + hkmeﬂ:Q) )

;‘1 , (E.37)
- ~ 1
(I)++( 2_107 it2) — + (I);FLJF (-k’xi - \IIIJJF (ul - hkvxit2> ’
Rl
- ~ - 1 i
‘lllj(ml—i,_%x:lo) — \IIL (xI—E? iL‘_k> - K <U12 + E(k - 1)) )
fl‘l , (E.38)
- ~ i
‘1’+( Ly, X iﬁo) —>‘I’i (xfm _k> - K <U12 - E(k‘F 1)) )
Tr1
255{?8(@1:507 it2) %2051{( Rl’ L2) + A+ (ul + k xLZ)
+ KBES (ulz—l-;(k ) KBES (ulz— k-i—l))
(E.39)
exp (—z Af <u1 + ;k,mi)) = <2> H <u12 + 12 ) <u ‘7 ))
j=1
- —\ k— ~l<; 2 — 2
% (B) (z Rf Lo 1)(33# - H ( Lo — 1)
rn) (EFfah - 1)(93#_%2 j=1 i Va1
(E.40)
(ees(, 0 )_K( Qi m
exp [z( <U12 W hk U1 A + hk
2 H§=1 <u12+ i(2j—hl—k)) (u o+ i(=2j— 1+k))
(E.41)
6—2725555(90%10@%2) e —220k1 (J;Rf,zitZ)
k, _ —\ k=l f=k=2j — 2
X (5'3:2) (fo T, —1)(z flk—%ﬁ H ( R Tro 1)
Ty) (@ Rfmfz 1)(x :rlk—xﬁ) =1 fgl% EL2_1
(E.42)
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The HL phase.

+0 +
QzGHL(:L" TR1 Tl r1 12

. —k,+ +k +k o+
2fHL 2k 2t ) Tl Tpg — 1 (z — 1) oy —af

11 %L2) S e

k +k, .+ 2 .tk )
RleQ_l ( R1$L2_1) L1 _$L2

For the ratio of BES and HL we find

-7 +0 + 0 =+ + +k £
e—QZGEES(J:LI ,JJL2)+27,9HL(50L1 VT1s) e —27,9]“1 (xRI ,xL2)+219RL(xR1 Lo

)

5 — 1

+\F ok )2 kel Y
ziy\ (ziiar r(u1 + 4 (k = 25))ay
" <_2> oy H ( (w1 + 7 (k — 25))a;

%) (xR,l Lo — 7=1

Sg; after two steps. Combining the pieces, we get

la=y »—k [+ \F1 4k +
QL2 Ty (%2) le‘/L‘L27]‘$ $L2*1

Soy(ul, UQ) —
el e gt
oty Tri \7TL2 TpyTpg — 1 Tpywpy —1

X

kl:[l <5SR(U1 + 7 (k—2j))x, — 1

2
: SFL (4 )2 =
Falur + Lk 2)))a 1) w11, 2)

=1

This can be written in the form

SW (p1 — 2, p2) ﬁS’“ p1,p2)

(E.43)

)2 (E.44)

Qpo

S?Y(ul, ug) .
Qro
(E.45)
(E.46)

and it is similar to the one for massive particles. By using fusion, we also get

0Om Vv ;27” km
Syy (p1 — 2, p2) \/—5 v(p1,p2) -

Now, by using (m; = 1,2,...,k — 1)

SYL" (pr — 27, p2) = az’”z SET (p,pa)
we find
+(k—m)
SxY (p1 — 2w, p2 — 2m) R2k = Rl 2; m(p17p2)
R2
For m > k we simply get
(m—k)
SWH(p1 — 27, py — 27) = L2m 5 SE (1, pa) |
L2

where the minus sign comes because of the analytic continuation of x/3"

of ay(z).
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(E.48)

(E.49)

(E.50)
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E.3 String Sg%l (p1,p2)

Let us consider the analytic continuation to the string region of the following mirror S-
matrix element

-2
SO (F F) = A2§< i >(z°1< B d)) (E51)
AOI( ~+0 ~i \/ Ty sz 1_~'Z"+1 Tpy (E.52)
Tt \ﬁ 1 ik, 1— a0k, '
Qo R2 L1 LTro L1 *RrR2
2
(02, 55))” = (Sie @ h)) (Smeitak)” (E.53)

ylodd (2 £0 2+ —2 R('VLR+ + ”r) ('YLR iﬂ-)Rﬁ/LP?_ + iﬂ-)R(;yE_RO 277)
LR ('YLl ) )

= : — : - (E.54)
R(’YLR +im)R (VLR wr)R(’y:}?Jr + m)R(’Y;rf? - 277)

To do the analytic continuation to positive p;, po we use xio — :cLilo, ffREQ — xi&, and get
Jat, ot 200~ 205~
Ao1 ( 0 * ) = VR gy 1 — 1Ty 1 — 275 (E.55)
Lr1>Tr2) = N T :
Qpo R2 L1 Tr2 L1 Tr2
Then,
—2 gy Try (1 — 2 Pay)? -2
odd(#£0 4« “R2 *R2 Ll “*R2 odd
(E (7L1 ”YRZ)) - —|—2 $+2 (1 I—i_le};Q) (ELR (7L1 77R2)) . (E'56)
Thus, we can write the string S-matrix element in the following form
SOI_ (l,iO ) BOl ( ) (201( ﬂji )>_2 (E 57)
xXZ RS L1 y L ) RrR2 ) .
Ja L0+
BOI ( 1 2 1- Ll ':URQ 1 - Ll Lr2 (E 58)
L 7 ) .
1/ 1 L1 xRQ 1- L1 xRQ
2 2
01,,.£0 .+ even/, . +0 _ + o
(ELR(‘T:Ll 733R2)) - (ELR (xLl 7'%.R2)) (2 dd('yLl 7'7R2)) . (E'59>

The fusion then gives the S-matrix element for a massless particle and a string m-particle
bound state

-2
0Om Om om +m
S ( T 7$ ) B ( L1 y L ) (Z ( Ly 7‘7:1%2 )) ’ (E'GO)
—m _o\ m—1 —0 +0_+m m—1 +0~m—2j 2
BOm( +0 xim) _ V%2 ( L1 ) l—wgogg' 1 —alyag L — 2y Zpy
rR2 ) = 10 +0 —0,.+m —0~-m-25 | -
v ardat \ 7Ll L —afp oy 1 — 2y agy =1 \1 =21 Ty

(E.61)

The fusion of 324 is trivial. Let us analyse the fusion of the even dressing factor.
The BES dressing phase analytically continued and fused is given by the usual expression

éfgs(xf10>xim) €15LR( flo,xfgl) — (“17 )"‘\I’R(ul? Teo")
+ 0, <u2 + ;Lm,ajilo) — 0, (u2 + hm $L1> KBES <u12 . %m

(B.62)
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We rewrite the combination of ¥ functions in it as follows

. i _
— 20, (ul, 5') + 2\IIR(u1, Tho') + 2V, (uz + hm xLl ) — 20, (UQ + hm,me)

. i - j
= —2Wp (uy, ) + 2Up (ug, ") + U] (ug + hm,xfﬁo) -v <u2 + hm xLlo) (E.63)

+ 0t (u2 - 2m LUL1> T (u2 - ;Lm Ty ) + Af <u2 + %m, xi’f,x{f) .

Using a proper identity for ¥ functions, we find

At i 40 -0
—iA] (uetymua o))

e
_(h +2mﬁ " (2 —m) (=2 +m)
=13 2= T U12 o
0 -0 0 1 —0 +(m—2 2
x ( ;> (afod ~ 1) (w733~ 1) mH ( A 1) |
We also have
2 iy ey
BZiKBES(U12*%m) (h)+ m ﬁ (u12 _ 1(2] - m)> <u12 + Z(2j - m))
2 i h h
. (E.65)
m ih 2 i
_ ( 1>m F[? - 7u12] ui2 + B
F[% + Zhulg] U192 — %m .
The HL phase gives
265}%( itlov :I:m) _>2¢§FI;( %107 )—I—TI'
+ llog xL+10 Thy" (%103%? — 1) L+10x1’{2 -1 xLl @_Qm -1 ' (E.66)
i J?Ll $R+§n (%ﬁofﬁry —1)2 mL1O5URQ -1 93;10531371 -1
Thus,
—9 1 2
(z%%%ﬁf@;@)) _ ( if’)”” 1" (aris' 1) " ( a " 1)
EQKLHL(‘{ELi:[O?ij:%n) LIO "Egén (xfloxggn - 2 ]:]_ L]. R2m 2]) 1
2
% (_1)m—1 F[% — %uu] u12 + hm —2160m
D2+ Dupy] ) wg — +m ’
(E.67)

where

2000 =+ 20 g (2 floaxim) — 207 (2 Lilovxgn)

— W (g, 2f3") + 2Wg (ug, 2py”) + U} (ug + hm ;) ) T (ug + hm a:LIO>

o i = i
+ v <u2 - hm,x;rlo) -V <u2 7™ me) .
(E.68)
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Collecting all the terms, we get

— [0\ ™ -0 —0,.+m
gom ) = N 1 -z, 'rRQ — Ty ‘TR2 odd( +0 ) -2
xZ (plap2 - T —0 1 +0 1 +0,.,—m Tl 77R2
Qpo L1 — 21 xR2 — Tp1 TR2

(E.69)

R2

—o\™m1 _—m m ih 2 i
« (—1ymt (Tt T (L3 = Swa] " wa+5m o200
+ i ‘ ’
7P+ Fun] ) we— gm

which agrees with the pure RR case. Note that up to the factor 7”%}2 it coincides with

OR2
the limit § — 0 of Sg}%(:pﬁ‘;,xif).
E.4 String Sgrzf‘(pl — 2w, p2) and S;%l(pl — 27, py — 27)
We use again the mirror S-matrix element (4.11), and continue as
40 1 - i
Tor 7 Ik W = rar - 5 (E.70)
Tr1
i ot kT E.71
2 =" Tr2 7R2_>7R2+2' ( : )
We get
+ —k —
\/ Qo _
AL (E20,5%,) — A% (pr — 2m,po) = L2 12 T —re T e (B
Qpo T2 le — Ty Tr1 — Tgr2
TN —33R2 %1 - oda -2
(G A) - i - (z (i E) (E.73)

Tg1 — xRQ le

Thus, we can write the string S-matrix element in the following form

—2
1 1 1
01 + 01 01 +
Tr1 Tgr1

Jat, ot +k_ o~ \2

BOL < 1 xi> _ V%2 oy (le _xR2> (E.75)

xXZ FkIUR2 | T +k + ) )
Tr1 Tr1 — Tgr2

—~

E.74)

— :Ei
Qgo R2

2 2
1 1 2
R1

Tr1

Let us analyse the continuation of the even dressing factor. The BES factor is continued
in the same way as for massive particles, and we get

2. ) > 20 o )

L2
~ i i i
g (o bty ) 4 K7 (= g k) K7 (= ),
7
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By using identities for W-functions, and the BES kernel, we obtain
k+1 i(k—1

_QZQBES(Z,iO + (u + i )) <u12 + %)

(mz B z(k}—:—l)) <U12 N i(k;l))

1 %TRa) Se —229"1 (zik :vi 5)

R1°’

_l’_

~+(k—25 —
TR :L'Rl( D x

k N/ ~+k _
(Tar — xRQ)(':U;l — o) j=1
The HL phase is continued as

0 ~+0 ~+ F +k
2951%(1“L1 7$R2) - 2CI)§I§,( Tr1>T ) +m

+k k42 ko~ o~k ~+

+ llog Ty Ty (Thy — Tro)” Tl — Tpo Tpy — Tno
7 .’L’_kx (l’ k‘_x-f-) 517+k—$ x-i—k:_i,'i‘ :

R1 “R2 Rl R2 Rl R2 “RI1 R2

Using that
+k vk _ o~ stk _ o+

Rl xRZ Lr1 — Tra Tr1 — Tra Tr1 —

Nk, _p 4k k=1 / ~+(k—2j 2
% (%&) (Tn1 71:;2)(1:;1 *fﬁ%) H <$R1( ) $R+2>

(E.79)

~+
R2

NHL HL
20y, (Rl? 5) = 297 (Rl’ o)+ log kot ok 2 - k
Z xXr X —$+ x+ — X l’+ —
Tr1 Lr2 Ty R2 *R1 R2 “R1

we get
+k +\2 .k — stk -
QHL( ~+0 ~i ) N 29HL< +k mﬁ:) 11 (x xR2) Tri — Tr2 Lri — Tgr2
Lr\Tp1, T RR\TR1 (+k ,)2 —k _ o+ stk o+
Tr2)” Tr1 — Tr2 Tr1 — Tr2
Thus, the ratio of BES and HL is given by
o 2I0PES (317 &5, + 2001 (17 85,) _y o= 2008k (ei ) wp,) +2000E (2h ) )
i(k+1 i(k—1 —\k k k—1 ~+k 2 2
u12+l( 7 ) u12+z( 7 ) (CL’R2> (CL'R+1 —:EJRFZ)2 H ( ( 7 x§2>
i(k+1 i(k—1 + k - —+(k—2j _
urg — WEED g D \ oy ) (2l — 2n)? 0y \at ) o,
We therefore find
+
\V Qr2
ng( 27 p2) ng(plap2)
\/ Or2
The fusion then gives
+m
Qg km
SV (D1 — 27, p2) = == STL(p1,p2) -
Qo
Now, by using
Sm17m2 ) Sm1+k mo
(p1 —2m,p2) = (p1,p2) -
we get
a+2(m+k) R
SY2(p1 — 2m,py — 2m) = — L 77
XZ(pl T, P2 7T) —(m+k) z7 (p17p2)7
R2

where the minus sign comes from crossing the cut of ag(x).
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~+ Y
Tr2

(E.80)

(E.81)

(E.82)

(E.83)

(E.84)

(E.85)
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E.5 String Sg’)"’}(pl,pz — 27) and Sg%l(pl,pz — 2m)

Let us also find the string S-matrix element S%’}(pl,pg — 2m) with p1,pe € (0,27). This
can be done by using the relations (4.39)

ol
L .
527?(101,292) = %Hn Sﬁs/@ (p1,p2),
E.87
= (E.87)
0om _ R : om
sz(pl,m) = T %1_1‘}(1) Syz(plap2)a
D)
their analytic continuation in ps
—(k—m)
o
527)/”(1717292_277):"’ o2 lim ngn;'(p17p2_27r)a 0<m<kv
“(k—m) 00
V)
aJr(mfk)
S%’}(pl,pg —om)=—Y2 ___ |im SO (1, pa — 2m), kE<m, (E.88)
—(m—k) -0
%)
. a72(m+k) s
m — — VY R: i ) _
sz(p17p2 27T) - F(m+h) %E}% SYZ(plaPQ 271'), 0<m7
R2
and the monodromy relations for S¢% from [17]
S(Sm _ aL+15 d,k—m
YY(p17p2_27T)_ a_5 SyZ (p17p2)7 0<m<k7
Ll
S,m—k E.89
SY3 (1, p2 — 27) = Sy " (p1,pa) k<m (£.89)
o0,m+k
SV (p1,p2 — 2m) = S7 " (p1,p2) 0<m.
Using the formulae, we find immediately
Som _ O Gokem E.90
XY(p17p2_27r)_ —0"xZ (p17p2)7 0<m<k7 ( : )
Q1
which is the same relation as for massive particles.
Next,
SU (p1,p2 — 2m) = =S  (p1,p2), k<m, (E.91)

which differs by the minus sign from the corresponding relation for massive particles.
Finally,

SV (prp2 — 2m) = =87 (pr,pa). 0<m, (E.92)

which again differs by the sign from the relation for massive particles.
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E.6 String SOO x(P1,D2)

We begin with the mirror S-matrix element S% given by (4.15)

-2
00 (~+0 +0 00 /~+0 ~+0 00/~+0 ~+0
S ( 112 ) = A (T, 7L )(ELL( L17$L2)> )

50 /5=0 ~40 ~—0 /~—0 ~4+0\2 E.93
AW (720 79) — ALl V2 Ty Tp [Ty —Tpp (E.93)
TPz -0 /40 #0410 | 5+0 _ -0/ ~
Qqq Qg L1 Lo L ILQ

The analytic continuation of A y to the string region on the positive momentum branch
is straightforward

+0 -0 —0 —0 0\ 2
AP (70 320y 400 (20 ag Voo wfy an) (o — (E.94)
Tr1s Tp1s® 0 10 —0 $+0 x+0 —r -0 ’ :
o1 \/ Qg Tr1 T2 Ll L2
The BES phase is continued as follows
éffS(ijiIO’ ‘%it20) - él?ss(xi:lov :I:O) QSLL( L1 » L ) @ (uh ) + \I’ (U1,$;20) (E 95)
+ Uy (ug, 2,7) — Uy (ug, 2,)) — K (uy — ug) .
The continuation of HL can be done using the results in appendix D.3 of [17]
L (520 50 HL( 0 40 L A0 40y | L xfﬁo Ty
0LL< Lp1s® ) - 20LL( Tr1 ’xLZ) = 2gpLL (xLl » L2 ) 1 Q?+0 +7 (E'96)
Ll L2
The analytically continued HL dressing factor satisfies the following equality
S o) = -1 (E.97)

Equivalently, we could have obtained this continuation from the Barnes function representa-
tion (4.23). The continuation of the odd factor is simple, and we get

270 40 +0 +0 -0\ 2
dd 2 2l xL2 aLl aL2 T — g dd -2
X0 (7a1 77a2 ) — 0 0 —0 0 D2y (VLl ﬂ7L2 ) . (E.98)
+ + o
L1 xLQ Qry aLQ Ty — g

Therefore, the S-matrix element Sggl in the string region is given by

-0 +O

a 1 a 72 even -
SOO v(p1,p2) = = (EOdd(’m VS )) (E(L)g’ (Ul,u2)) . (E.99)
+0 -0
O 5%
It satisfies
Sex(p:p) = —1, (E-100)

which is the usual condition one imposes if one does not want to have any number of particles
with the same momentum.
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Note that (E.99) can be also written in the form

i 2
SOO x(P1,p2) = il \/; xLl xL? 7L_LO )R () (F[_ ?“12]) 020008
afy @ vy 2y R2(yid )R ™0 \ D[+ Gune]

(E.101)
where

2000 = + 28y (277 xio) — 201 (27 jE0) — 20, (ug, 23) + 20, (ur, 23

L1 Tiq,%

~ . (E.102)
+ 20, (ug, 270) — 20 (ug, 2.) .

Finally, we can also replace the contribution of the HL factor with a ~-dependent term
by using that

270 =0
HL 40 _+0\2 _ Pl T 2i@HL(gE0 5F0
ELL($L17xL2) - x—O x—i-Oe bz

L2 (E.103)

R0 = 2702 R(VEP )2 R(v O + 2mi)* R (7, 010)?
Ry ) R(yH10) ’

where
%0 = — s - (E.104)
Then, eq. (E.101) takes the form
—0 0 . .
arp oy R2(4f070 — 27)i R2 (7,010 + 2mmi)

= 2/ —0—0\ P2/~ +010
oy B0 )R 0 ) (E.105)

2
u12)] ) 208
u12]

2588 =+ 2@LL( Ll y L ) 2\IIL(U17 Tro ) + 2‘PL(U17 Lo ) + 2\DL(U27 1—5_10) 2\I’L(u2’ x;lo) )

S)(z()]((plup2) = -

where

(E.lOG)
or equivalently
0 /-0 0 40\ 2
SOO A1 ) Ll :ELQ L1 — T2
v(P1,D2) = - 5 P
Ol_l CYE_Z Ll l‘LQ Ll - :'ULQ (E107)

R2(fy L(; (Z)ZRZ(’YLB 0) e_QZQBES(xfi)’IfS) ,
Rz(’YLL )R2(’7L+L+ )

where 0275 (220 229 is the analytically continued BES phase (E.95).

E.7 String SOO (Pl, p2 — 27) and SOO (p1 — 27, p2 — 27)

We use again (4.15), and first do the analytic continuation of A?&

+U 0 _—k 2

Aoo ~+0 ~:|:0 Aoo _9 VO Yo R2 :CLl $L2 Ty Tpy — 1 108

( L17 ) (p17p2 7T \/> \/7]6 o :L' +0 Tk 1 ) ( . )
agq Opo L1 -

L1 Tr2
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and the odd factor

—k -0, .4k +0,_+k
- Try (1 =2 7259)(1 = 27 259) | 0koda 2
(22044 () 1)) 2 — Yr2 R2 LR LR Re 2 (yp0vedd (g ug)) ™. (E.109)
o O‘;{er xRQ (1- $L+10xR§)(1 Lloszk)

The BES phase is continued as follows. The continuation of the first variable to the
positive momentum branch of the string region gives

éfll::s(xio ~:|:0) QSLL( LlO,w:i:O) \IIL(ulv L2)+\II (u17 L20) (E'110>

L1

Continuing then the second variable to the negative momentum branch, we obtain

~ 1 ~ 1
BES +0 _ +0
9LL (%17 Fk *@LL L1l Tk
Tr2 LRr2
1
k

1. 1 1- 1 _
— §\I/L (ug + hk Ty ) + 2\Il+ (uQ - hk,xfﬁo) - illlf (uQ hk’xLP)
L pes ( v ) L pes ( t )
2K UL — U9 hk: 2K up — uo + hk
(E.111)
Now we use (up to terms canceled in) the full phase
5 %0 1 5 30 +0  +k i 1 i +k
Pur | 2, e = —Dur(zy, R2) @LR( T Tr ), Uy | ur, — = —Wg(u1, 253) s
Tr2 R2
(E.112)

and the general formula for the BES phase in the positive-positive branch of the string region

o> (Tt ™) = Pan(w1s w35 ™) — Uolur, zf5™) + Wy (us, 25™)
+7, (u2 + m,:rjl()) -, ('UQ + hm,:ﬂa1> K®®s <u1 — Uy — Zm) ,

h h
(E.113)
to simplify (E.111) as
250wkl —) = 20950, wth) - AF (wa )
Tr2 _ , (E.114)
+ KBES <U12 — ;Lk) — KB (ulg -+ }Zlk‘) .

By using identities for U-functions, and the BES kernel, we finally obtain

NBES ( ~+0 ~40 NBES (.0 _ tk
20, (:ULl 7xL2) — 20y (xLl 7$R2)

k _ k-1 / —0~k—2] 2
1 ~ log <x310> (xLloxRQk -1 (xLlo — xIEk) H (leOxR?]_l> .
Z

0 —Fk 0 Iz ~k—2j
Ll (7o — 1) (a7 — a7 ) Mg —1
(E.115)
Next, the continuation of HL to the string region is given by
10 ok v 4wy, 1w
2000 (#21, Tig) — 2005 (21 wg) + ~ log =151 . (E.116)
i L1 Tr2
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Taking into account that the string HL phase for general particles of positive momenta is

29 (al?be) 2¢ (auxiém)

0 0 0 -0 .- -0
—|—log< 2[10 ffzf ($;r10—ngQm)(ffbﬁo_%m)(xmo "Ebzm)(‘fﬂo ¢j2 ))7
¢ Toy Ty (95;3 Ty ) (T —x;rzm)(xzh —x:{zm)(xm 5”25m)
(E.117)
we obtain
-0 —k +0, . +k\2
20—t 1 -2 0% 1—x'x

ST F0) 20, i) + Dlog e Lo L )

Ty — xLZ 1- Ty1 TR2 (1 L xRQ)

Combining all the terms, we find that the continuation of the full S-matrix element
is given by

,/+0 —k —o k—1 0,.+k 20—k
Soo( ~+0 ~i0 A1\ Qg2 ( ) (1- fﬁ 5";2)(1 Ti1 o)

T 0 -0, .+k
\/aL_lo ary (1 -z ) (1 — 2 aly)
) (E.119)
k—1 0 k 2
H(+ - )@Wuu»z
—0.k—2j _ Lr\U1, U2
7j=1 L1 Tr2

We see that up to a factor it is the S-matrix element Sgk—, and the formula above can
be written as

S)(z())((php? - 27T) =

5% (01, p2). (E.120)

ary

From the formulas in appendix B of [11] we also have the following continuation

(FLL(jitlov'iLiQO))z — (FLR( 0 $ik))2 (E.121)

L1155 TRr2

and the expression above implies that

+0
Qpq
S¥x(p1.p2 —2m) = L= 5 Sg’%(pl,pz) : (E.122)
ap
By using (E.84), we also get
—k [ +k
g1 \/ Or2
sgﬁ’((pl —2m,py — 2m) = ik :: S% (p1,p2) - (E.123)
Qr1 Qg2

We see that for equal momenta Sgg)((p —2m,p—2m) = —1.

E.8 String Sy3(p1 — 2m,p2) and S " (p1 — 2w, p2) for any m

We get a left string k-particle bound state with negative momentum by doing the usual

steps. First, the continuation of 2}t = 1/#* through the half-line x > ¢ in the 2-plane
+k

or through the lower edge of the main mirror cut in the u-plane replaces 2% with z*
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Second, the analytic continuation of #;*¥ through the semi-line x < —1/¢ in the z-plane or
through the lower edge of the 4+x-cut in the mirror u-plane shifts the string momentum
by —2m, and does not cross the cut of 7.

So, we move Z7* through the +r-cut, and get

~ 1 T T Z‘
:_k +r-cut, - (u_ 7]{) ka ﬂ) X1, (u— hk‘) . (E124)

Then, we shift u by +ik/h, and get

j'j;"k +k-cut and shift of u _ 1 : ~;k +kr-cut and shift of u By (u) ) (E.125)
Zg(u)

Now we take u to be on the upper edge of the string main cut, so that

~+k +k-cut and shift of u 0 ~_k +r-cut and shift of u -0
i AR z0, (E.126)
and
~+k\ +r-cut and shift of u +0 ~+ky\ +r-cut and shift of u +0
pu(Z7) pu(zr”) —2m, F(z07) F(z™), (E.127)

where F' = {E,, 1.}.

We see that these transformations are the limit ) — k with @ > k of the ones for left
string ()-particle bound state. This implies that the continuation of S-matrix elements with
left k-particle bound states can be obtained by taking the limit in the continuation of general
S-matrix elements. Thus, by using that (see, (5.55) of [17])

SER ™ (p1 — 2m,pa) = S (p1,p2) (E128)
ST (py — 21, p2) = 32 (p1,p2) s
and taking the limit § — 0, we get
S{y{ﬁ( — 27 p2 XY p17p2
acl (E.129)
S (p1 — 2, p2) "2 (p1,p2)

where we used the relations (4.39). Next, taking the limit m — 0 in (E.129), we obtain

S (p1 — 2m,p2) =

[ +0 XX
(6
v (E.130)

S (p1,p2 —

The analytic continuation in p; then gives

—k —0
Qri \/ F2
SW (p1 — 2, pp — 2m) = === == 5% (p1,p2). (E.131)
+k +0  “X
Qri \/ A2
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F  Checking CP in the string region

F.1 Massless S-matrices as limits of massive ones

To prove that all mixed-mass and massless S-matrix elements are CP symmetric, it is
important to notice that in the positive momentum region of the string kinematics, these
elements can be obtained as the limit of the massive ones. In particular, let us recall the
result in (4.39), which is

N
Om(,£0 _+my\ _ L2 : rEm
SXY( Llo*L2 ) - 11m+ S ( L17 L2 )7
()é;2m 60—0
V (F.1)
Om . +0 :I:m _ \/ (Sm +5 _+tm
SXZ( L1 \/m 5g%+s Ll’xRZ)'

Similar relations also apply to the scattering of lowest-weight states, where by introducing

the same normalisation factor on the L.h.s. and r.h.s. of the expressions above one finds

+m
\/ L2
S)Q('rg( +0 im) _

L1 T2

hm SZZ( = im%

- L1 T2
L2 d—0+
v (F.2)
S}%T{,L( +0 im) — \/ Lim Sém( +4

Ll Tr2 +m S0+ Lr1sTR2 ) .
QR2

Finally, comparing (4.35) with equation (G.12) in [17], we notice that in the positive mo-
mentum region of string kinematics we have

L \/ 2 j:6 +6
Y0 (70 xio = lim - xy
XX( Ll> L2 S0+ Li1s )
Ll L2
00 /.40 j:O _ V Ll V& L2
Stx (@ 2ia) _51—l>o+ o ﬁszz iy ety
Ll L2

In the following, we will use the relations in (F.1), (F.2) and (F.3) to prove CP as a limit
of the results in [17].
To check CP it will be necessary to map certain relations originally expressed in terms of

i

momenta to relations expressed in terms of u variables. To do so we will use the identities
n (2.31) and (2.32).

F.2 CP for mixed-mass elements

CP for sgn(p1) = sgn(pz). Let p; and ps be in the interval (0,27). Then the CP
symmetry implies the following relation

S)(zrlr/L(pl - 277,102 - 271') - S;J/?)Q((Q’]T — P2, 27 _pl) ) (F4>
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connecting S-matrix elements with both positive momenta to S-matrix element with both
negative momenta. From (5.10) we see that

+k ZZ

+(k—m
0om _ \/T Rl kk m
SXY( —2m,py —2m) = W (p1,p2), (F.5)
Q2

and the relation (F.4) can be written as follows

k.k 2(k ™ 04+f 0
m R R m)
S22 " (p1,p2) = e ok S}—,X(ZW — p2,2m —p1) . (F.6)
Qra 1
If we now parameterise
pr=p () =27 —p D (—ur),  p2=p¢ ™ (ug) = 27 — p (—uy) (F.7)

(where we used (2.32)) then the relation above on the u plane is given by

—(k— m)
Ghoh=m

2
Qg T o k YX —Ug, —U1) . (F.8)
V R2

Let us show in some details how the equality in (F.8) can be checked. Firs we replace

U17U2

u1 — —u1 and us — —ug. Using that

+(k—m 1
" (~ug) = T () 2" (—u1) =~ (ur). (F.9)
we obtain
Wm0
SERT (—un, —up) = Y T GOy ). (F.10)

77 +0
[atm «
R2 Ll

Applying braiding unitarity to the second relation in (F.2) and plugging it into the r.h.s.
of the expression above, we obtain

-6

k+6,k—m _ A1 qmo
51561+SZZ (—u1, w)-élggh S (U2, ur) . (F.11)

This relation follows now from the results in [17] (see third line in eq. (I1.35) of that paper).
This concludes the check of CP in the mixed-mass sector for particles having the same
momentum sign.

CP for sgn(p1) = —sgn(p2). Now we want to check the constraint
S (p1 — 27, p2) = STL(—p2, 27 — 1) - (F.12)

Using again the analytic continuation at negative momenta (see results in equations (5.9), (5.10)

and (5.11)) we have
\/ Qo
SUH(pr — 2m,p2) = V—

- 75277;(])17172) )
Jor (F.13)

k
Sgg(—pzﬂﬂ —p1) = —S;”; 021 — p2, 2m — p1)
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Plugging these relations into (F.12) we obtain

[ . +m
aL2 Sm+k,0

Syy(prp2) = = P02 — po,2m — 1) (F.14)
V oy

Using (2.32), in the u plane this equality is given by

\/a+2m
= ST (—ug, —uy) (F.15)
—m X

Qo

SEM (un, up) = —

First send u; — —u1 and us — —us so that the relation above becomes
—(k+m)
kmy v _ V%2 m+k,0
SZY( ui, UQ) = hrm) SY)”( (UQ, ul) . (F.lﬁ)
Qo
Then we use the result in the second line of (F.2)and write this relation as the limit

50t ZY (—u1, —up) = lim 8775 (up, uy). (F.17)

50t YZ
This equality follows from the second relation in (I1.35) of [17].

F.3 CP for massless elements

In momentum representation the CP condition on massless-massless S-matrices takes the
following form

52(31(171,292) = 52?3(*192, —p1)- (F.18)

This symmetry relates the chiral-chiral branch to the antichiral-antichiral branch, and relates
the chiral-antichiral branch to itself.

CP on the same-chirality branch. Let us consider the chiral-chiral and antichiral-
antichiral branches first. In this case we require

S%%(QW_P%%—M) :Sgi(m — 2w, py — 2m), 0<pr<2m 0<py<2r. (F.19)
Parameterising
_ (k) _ (k) (F.20)
p1=0pr (u1), P2 = pr’ (u2) .

and recalling from (2.32) that
Pt (~u) = 2m — pi () (F.21)

then to have CP on the same-chirality branch it must hold that

ont’ Vs

Sg%(—UQ, —ul) = & = S%kz(ul, UQ) y (F.22>
+k —k
ARy |/ Ogr2
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where we replaced the r.h.s. of (F.19) with (E.123). To check the relation above we first
send u; — —uy and uo — —ug, and get

+0 /. —0
Qpp /X2

S (w2, un) = S == == 87 (—w, —ua).. (F.23)
\/OZ Qo

~—

Using then the second relation in (F.3) then the expression above implies that

. 4,6 . k+6,k+6
lim 577 (ug,u1) = lim S.7

S, S, 577 (—u1, —ug). (F.24)

This equality was proven in [17] (see first relation in eq. (1.35) of that paper) and concludes
the check of CP for massless-massless S-matrices involving particles of the same chirality.

CP on the opposite-chirality branch. In the chiral-antichiral branch we write the CP
condition as follows

S>O<(>)<(27r —p1,p2 — 2m) = S;%%(QW — p2,p1 — 27m). (F.25)

Substituting the Lh.s. and r.h.s. of the expression above with (E.120) and (E.122), and
parameterising

p=p(w),  pa=pL (us) (F.26)
then we obtain
—k —k
Qg1 Qgro
ik Sﬁ’%(—ul,ug) = ik 52’3{7(—%2,%1) (F.27)
Ogq Oro

As before we wrote the relation in the u plane by making use of (F.21). Moreover we consider
u1 > —v so that the kinematics of the massless particle on the Lh.s. of the expression above
is physical (since —u; < v is on the main string theory cut). We also notice that for this
configuration, u; + %/@ are away from the k cuts and the relation on the r.h.s. is well defined.
Plugging the second relation in (F.1) into the L.h.s. of the expression above, and the second
relation in (F.2) into the r.h.s., we obtain

lim Sé’kj—a(—ul, UQ)

2, vz lim, $75°° (<ua,w). (F.28)

50t zy

The validity of this relation follows from the second line in eq. (I.35) of [17]. This concludes
the check of CP for massless particles in the chiral-antichiral branch of the kinematics. The
check on the antichiral-chiral branch is connected to the one above by braiding unitarity
and does not require a separate check.

F.4 CP for k-particle bound states

One can check that, as for massless particles, also S-matrices involving k-particle bound
states are CP symmetric. Even in this case, this can be proven from the limit of the relations
in [17]. In the following, we will check the relation

S%(p1 — 2m,pp — 27) = S{%(Qﬁ — o, 2T —p1), with0<p; <27, 0<py <2r. (F.29)
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The other cases can be verified similarly. Using the second relation in (F.2) and parameterising

p1= pl(xk) (Ul) ) p2 = pg)) (U2) (F 30)
— 2 —p = p 0 (—w), 27— po = ) (—un)
we can write the r.h.s. of the expression above as
ar(—1/23%wu
SO (—ug, —uyp) = \/ n(71/zs () lim S (—ug, —u1)
Vor(=1/2:(ug)) 020"
\/—_0
ar(—z " (u
_ r(—a (u2)) lim+ Sf;‘}(—m,—ul) \/7 lim+ Sk(S (—uz, —ua).
ar (=27 (ug)) °7° ﬁ o
(F.31)

The Lh.s. is instead obtained by using first the expression in (E.131) and then the second

relation in (4.39):
[ad -0
Ont Vo Sko 2 lim S%

(u1,u2)
+h [0 X
Qg1 L2

HR‘

S%(p1 — 2m,pp — 27) =

(F.32)
Comparing L.h.s. and r.h.s. we end up with the following relation
—u) = L k&
51_1>%1+ S ( uz, U1) - 51—1>%1+ Szy(ula UQ) 3 (F33)

which is equal to the second line in eq. (1.35) of [17]. This concludes the check of CP for
the relation (F.29) involving k particle bound states.

G Comparison with Ramond-Ramond results in mirror region

In this appendix, we check that in the x — 0 limit the S-matrix elements proposed in this
paper match the ones in [21] for particles in the mirror region.

G.1 Improved HL and Barnes functions

It is possible to show that in the pure Ramond-Ramond case the improved HL phase, defined
as a double integral around the mirror cuts, is connected to the R functions in (A.7) through
the following relation
s (2@ xryz _ BOLT+HimRG" — i) RO +im) Ry — i) R (i )R (iry7)
Ry +im) Ry —im)R(g" +im) R(p" — im) R?(ﬁﬁ*)R?(%(‘é )

where the bound state indices (Q and P on the r.h.s. of the expression above have been assumed.

In the case in which the second particle becomes massless, that is P — 0", we have that
Yo =%, A =T tim. (G-2)
Then, using the monodromy properties of the R functions, we get

SH (i iQ io) tanh 712 R'(515) R2(712 —im) R2(712 +Z7T)'
. tanh ﬁl;'; R4( 5) R2(315 — ”T) R2(Y19 + i)

(G.3)
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Finally, in the case in which the first particle is also massless, we end up with

RY(5%5 — im) RY(315 + im)

EHL<m:t0’ x:I:O)Q _ -
! R3(3{5)

2 (G.4)

G.2 Mirror S-matrices in pure Ramond-Ramond

Mixed-mass S-matrices. Let us consider the scattering of a massless and a massive
particle. Normalising as in appendix B of [21]

: _ o ET BT =T eqon— -
S|Yixg) = 59 (ur,uz) [Yix3) =iy [ =5 (S0 7 V),
‘7;1 1'1 :L‘2 - 1
N (G.5)
- = e L [T T2 =1 aq0v-2 15 &
S|Z1x8) = S9(wnu2) | Z1x8) = iy | F T (51) 7| Zid)
then the crossing equations take the following form
~ _9 A _ 7T — G0 1 — 374
(21 (us, ug) ? (5" (ta, ug) S Mk 1% (G.6)

Iy —do 1— 33
Notice that we put an hat on the dressing factor since this is not the same quantity defined
in the rest of this paper. In this appendix we use the notation of [21], where a different
normalisation was used and the dressing factor was not split into an even and odd part.
After considering the h — 0 limit of the 4 variables

)

iw=jzls(50) . =iy,  F@=iw+i), (G

then using the monodromy relations of R functions it is simple to check that the crossing
equation (G.6) is solved by

R _92 ~to 2(x—0 ~+to _ . ~+0 - _
(w1, u)) " =~ tan (”2 ) ) s — RO 07 (o 5 2.
2 R2(31y) R(1g —im)R(Y9 +im)

(G.8)
The solution above agrees with the result in [21]. To make the comparison with the results

in [21] it is necessary to redefine the 4 functions

- - s o __ am

in such a way that they match the definition (C.6) in [21].
We do not write the crossing equation and solution for (2% (uy, ug))_2 since this dressing
factor is connected to the one above either by parity or braiding unitarity.

Massless S-matrix. Normalising the scattering of two massless modes by
. 2 2 . 5
S[xixg) = (5%) 7 [x5x3) (G.10)

the massless-massless crossing equations take the form
~,00

00 —2 200/~ 2 _ (@1 —T2N\?2_ 2 V12
(P (ur,u2) = (B (ur,u2)) ~ = (3%13%2—1)_ tanh 5 - (G.11)
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The equation above contains a minus sign compared to the crossing equations for massless
particles written in the literature (see, e.g., [25]). This sign was discussed in [28] and is
justified by the nontrivial exchange relations for massless particles [18]. This sign is necessary
to solve crossing with a minimal dressing factor, without introducing any further zero or pole
in the physical strip of massless particles. For massless particles under crossing it holds that

¥ (u) = ~°(u) + i . (G.12)

The improved BES phase satisfies homogeneous crossing equations and a solution to the
crossing equations is given by

o RP(y75 —im) R*(415 + im)

(2% (ur,u) " = — ) (P58 (250, 250) 72 (G.13)
This solution differs from the one in [21] by the absence of the factor
a3i3) = ~itanh (22 - ) (C.14)

which is replaced here by —1. The overall sign is fixed by requiring that in the limit p; = po
the S-matrix is —1, according with fermionic statistics. However, this consideration is valid
only for particles of equal chirality. If the particles have opposite chirality (and therefore
u1 and ug lye on different mirror cuts) then they cannot have the same momentum and the
dressing factor can have an opposite sign. This is actually what happens in the h — 0 limit
of our proposal, as we will show in appendix G.4.

G.3 The Ramond-Ramond limit of mixed-mass S-matrices

Consider the k — 0 limit of the following S-matrix element
[61Q ~+Q ~—0 /-—Q _ -40\?2
a — -2
520, = YL Tu T2 (m . x”) (22w, u)) (G.15)

vxi = g 7+—Q 710 +Q _ -0
Var? T’ T

L
le — T2
which we obtain applying braiding unitarily on the first relation in (C.2). The dressing

factor is given by

-2 -2 _92
(ZgLO(ubuQ)) = (ELQLO’CVCD(W,W)) (ZgLO’Odd(uhuz)) (G.16)
where " i EQO’BES(ul ) -2
Y (ur,ug)) = (LL’> (G.17)
( - ) ELQLO’HL(UhUz)
e Q0,0dd / ~+Q ~40 —2 RQ(’?EQio)Rz(ﬁjLQJFO)
(ZLL ° (:YLI 7:}/1,2 )) = (G18)

~—0+0 ~+Q—0- °
R0 R2(5597°)
In the limit the normalisation becomes
~+Q o — ~ 2 ~+Q - = \2
Vau® #7° d ('TLIQ - $f20> V™ 7Y ( 79— )
_ ~—Q 510 ~+Q ~—0 _ ~—Q ~+Q ~
Var? Tu® Loy \Tp” — T Var? & Ty T —1 (G.19)
~—Qo °
- +Q --Q
sinh % Z 1

- 1\ -—Q Q- '
cosh 12— \ 71~ T To—1
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Then we have the following limit of 4 functions
WAt A A0+, (G.20)

leading to

ELQI?»odd(~iQ <40)=2 R2(’7L_LQO — m)RQ(%J,FLQO)

Ll VL2 I ( )RZ( Qo 27r) . (G.Ql)

Combining the even and odd part of the dressing factor, and using relation (G.3), then
the dressing factor becomes

tanh 13— R?(3,°°) R*(5/,°° + i)

S (ug,ug) ™ — —as s (1, ug) "
tanh 127 R2(715%°) R2(75,°° + i)
o 2 o (G.22)
sinh 22— R R R + i
_ 2 (T2 ) (’71%2 im) R(Y15 ) Eggs(uhm) 2

Qo ~ o
sinh i3 RGP R’ —m)Rmz@ +im)

From the limit of the dressing factor and the limit of the normalisation (G.19) we get

Q0 ~+Q 1_Q Ty WEQO
Sy i(ur,ug) = | = Q — 0= tanh —=—
: 1 xl v (G.23)
R*(7,*) R wfﬁ —ImRG +01) v 2@ 0)
. 1 %2
R2(35%°) R(315%° — im)R(3,°° + i)

This result agrees with the pure Ramond-Ramond mixed-mass S-matrix at the beginning
of section G.2 (which is the result written in [21] after redefining the 4 functions through
shifts of i7).

G.4 The Ramond-Ramond limit of massless S-matrices

Let us now consider the k — 0 limit of the massless-massless S-matrix written in the first
row of (C.5):

50 \F =0 240 /A0 _ ~10

A1 V2 Ty Ty (T — Zip 00 —2

SX U17 u2 —% = ~40 ~—0 | =40 ~—-0 (ELL(u17 uQ)) : (G'24>
1/ Ll V& 2_2 xLQ xLl

Ty — T2

In this case we have

—92 _9 _9
(zgg(ul,m)) =<Egg’eve"(uhug)) (22%°dd(u1,u2)) . (G.25)
where
ven _9 EOO,BES U, u -2
(233’ (m,uQ)) = W , (G.26)
Z ¥ (u17u2)

(Egg,odd(,}/:tlo ,7:i:20)> —2 R2(fyITLO O)R2<7L+LO+O>
W RETR )

(G.27)
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In the kx — 0 limit the normalisation becomes

510 /50 ~—0 ~+0 /~—0  ~+0\2
L1 QL2 T ffffl L _xz_Q
L: = — +1 (G.28)
20 Jat0 @) i) \ ) -2
Q1 Q9 L L L L
if the two particles have the same chirality and
lat0 . /5=0 ~—0 ~+0 /~—0 _ ~+0\?2
Q1 V%2 Ty xfl Ly _l‘fz
L L — —1 (G.29)
a4 q Qo L2 Ll Ll L2

if the two particles have opposite chiralities. Then using (G.20) we obtain

= RY(5%5)
yodd ~i07 ~30 N 12 . G.30
In the limit, we also have that (see (G.4))
2 4 ( x,00 ; 4(z00 _ ~
. ~RY(%5 + Zg)io(le i) _ (G.31)
R3(913)

Then, combining the pieces above, we end up with

(Eg%HL (u1> u2)

N———

R*(375 + im) R* (355 — im)
RY(513)

-2
S, uz) — 12 (mo=(@t0,257)) (G.32)

where

—1 if same chirality ,
€12 = { Y (G.33)

+1 if opposite chirality .

In principle one could define the S matrix to be the same in both chirality sectors by introducing
different signs in the normalisation (4.15) depending on the chirality of the scattered particles;
namely, one could change the sign of the opposite-chirality scattering in the mirror kinematics
(and hence in the string kinematics as well). This would require changing the exchange
relations by a minus sign in order to reproduce the physical S-matrix S. Let us also remark
that the sign of the same-chirality S matrix is fixed so that S(u,u) = —1 for the ZF S matrix.

H Near-BMN limit

In this appendix, we show how to compute the near BMN expansion of our conjectured
S-matrices, both for mirror and string kinematics. In both kinematical regions, we find
agreement with the results known in the literature at the tree level [8, 22].

H.1 Near BMN limit in the mirror region

Expansion of mirror kinematical variables. The expansion of the massive Zhukovsky
variables was already considered in [17] and we recall the formulae from that paper:

D2 _ o2 1 -~
@f:@a@;w“), Fo= YPa— O F "+ doba (H.1)

(ﬁa+i)vl_q2




where

Oq =iqq + /D2 —¢®+ 1. (H.2)

and ¢, = —qg = 1. The 7 variables are instead given by
B L - Ca—Ta
=Y, — — F — =ln>——. H.3
f)/a fya 2 :F 2 waﬂ ’Ya n gaja + 1 ( )

For mirror massless particles, we have two different kinematical branches depending on
whether the momentum is positive or negative. We obtain

~a 3_ ~2 B
i;tozfa(l:':p+( q)p>_i0 Da >0,

2T ' 24772
) 1 o (B+Qp*\ . - .
ﬂC(jl:OZ&L(_l 2T_24T2>—20, Da < 0.
and €7 T Paf2—1
ﬁozbgﬁ$?i?ﬁ§§+l+O(1/T2)’ P 0 (H.5)

3 QT(1+62)\ _im _ pa & —1 -
+0 a a Sa 2
=1 - | F — F == +O0(1/T%), <0.
Ya Og( faa 92 3T§2 1 (/ ) DPa

The limit of BES. To compute the AFS order of the BES phases we give a small mass §
to the massless particles so that %(:Eff‘s) < 0 and both points are just below the integration
contour in the = plane. For Z; and %, in the mirror region in [17] the following results for
the mixed derivative of the phases were found?’

"
‘I)aAgS(ﬂNCal, ja2) = -

luiz(jal)ug@ﬂ) + 1“&(53&2) + Up (Ta1) | Ta1 — Ta2

5 5 ~2 &2 0
2 Ul — U 4 Tgl — Tg2 4xa1xa2 (H 6)
" 1 P :
FAFS [~ ~ ~ ~ a (~ ~
Q30 (Ta1, Ta2) =5 Ta1 — Ta2 — 5~ (Tara2 +1)| ,
21‘511‘a2 (l’alxaz — 1) 2

and are valid for arbitrary points in the mirror region (see equation (6.14) in [17]). Below we
evaluate the second derivative of the phase on the different branches.

Suppose the first particle is massless on the branch p; > 0 and parameterise such a
particle using left Zhukovsky variables. Then at the leading order we set &1 = £ (where I
can either be Z,; or Zz1 depending if we use the first or second relation in (H.6)). Depending
on the type of the second particle, we set Z,2 = T12 Or T2 = Tr2 (see the definitions in (H.1)).
By doing so we obtain

" 1 " 1
(I)AFS ’{i — _ , (bAFS ’i' = V-
LL (f L2) zjljgm LR (5 R2) 21%112&.\/@

On the other hand if both particles are massless and satisfy p; > 0 > py then from (H.4)

(H.7)

we see that at the leading order we have %, = _5512 = ¢ and
v 1 1 1 1
q)AFS -1 — _ — = —— H8
w10 =3+ g) = 5= (1.8)

"

20We follow the same notation of [17] and define ® (z,y) = ag—zy&).
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Let us now derive the BMN limit of the BES phase. First we consider the case in which
the second Zhukovsky variable :Tc;g (where a can either be L or R) is of massive type. Using
the expansions in (H.1) and the first line of (H.4) we obtain

0L (@ i) = h (BRS @D, 2 ) + B @D, B) — BUS@ED, ) — L3, )

\/7 §p1$a2wa2 (I)AFS(xL17 Jfa2) + O( ) — _p12(';f112 + O(T*Q) )

(H.9)
where in the last equality we used the results in (H.7). The limit of the even part of the
mixed-mass dressing factor is then given by

_ i
log(29%=°") "2 (uy, u2) — TPriaz - (H.10)

Similarly, for the scattering of massless modes with p; > 0 > po we obtain
1—q¢?_ L’AFS -2 PL1PL2 H.11
= L h (€ —1/6) + O ) = P2B2 L o(r2) (1)

The BMN limit of the even part of the dressing factor for massless particles of opposite

0 ~+0 ~=30
HSES(xLl » L2 )

chirality is then given by

_ i
log (290 =em) "2 (uy, ug) — —PiP2 (H.12)

This concludes the computation of the near-BMN limit of BES both in the mixed-mass
and massless-massless sectors. We still need to evaluate the same limit on the remaining
pieces of the S-matrix. Below we show how this can be done in the two different setups
of mixed-mass and massless scattering.

Massless-massive scattering. We compute the near BMN limit of the S-matrix element
Spiiy in the transmission channel

S|THYy) =Spuiy |THYa) + ... . (H.13)

The ellipses correspond to the reflection element, which we do not consider since it is connected
to the transmission element by supersymmetry. The bosonic massless state

T = |of) ® [6F) (H.14)

is obtained by lowering the first state of [y!) = |[¢B) @ |¢F). We can then obtain Sy

by introducing the factor
50 _ e
125 &1 —
DLL(U1,U2) = NILZ 141071;2 (H'15)
Trg Ty — Lo

(as defined in appendix B of [11]) to the normalisation in the first row of (C.2):

L1 ) it)S iy(ulaUZ)

/\
2

STliy(u17u2) DLL

v, 510 ~—0 -0 A
_ V02 B i (@) — 35) (@0 — In) (gol(u u ))72 (H.16)
oy 770\ % (~+O _ )2 1, H2 :

(a2 Lr1 L2 11 xLQ
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In the BMN limit, the different terms of the S—matrix element above become

log(EOI even) 2(”1, u2

log(SP1°) "% (u1, ug) = log

)=
RQ(’VLL ) (7LL +) N ZWL2
)

R2(A PN R2 (A (H.17)
\/dL_2 53;? Ty (5510 — :FQ)(J;O — Tpy) (g [ i
log ——0\| =+ ~70 D) - —pPiP2 — pP1wi2 2TwL2
ONzITQ L1 L2 (Z L1 _‘TLQ)
Combining the expressions above we get
T
IOg STlly(ula U2) - _TPIPQ ) (H18>

in agreement with the results of [22] in the a = 0 gauge (see equation (3.14) of that paper).
In principle, one could repeat a similar computation for Sy.;.i(p1,p2). However, this is
not necessary since the mirror S-matrix is parity invariant and therefore it holds

Syi(P1,P2) = S, iy (=P2, —P1) - (H.19)
Then the correctness of STHY implies that also SYTH has the correct expansion. Similarly

the S-matrix elements involving massive particles of right type must be correct since they are
connected to the element above by charge conjugation (or left-right symmetry).

Massless-massless scattering. Let us now compute the massless-massless S-matrix element

St (w1, ug) = Fru(ur, uz)S iy i (ur, ug)

~—0 ~+0 ~—0 ~+

\/a \/Oé Ty M (Eoo(u u ))72 (H.QO)
70 ~40 x+0 :E —0 a:,-‘r _ j'_ LL 1, U2 .
[ Qo L2 Ll Ll L2

The limit on the even part of the dressing factor can be read from (H.12), while the odd

part and rational terms return

( LL ) (fYLL ) —>—i(p1—p2)+2g+o(l/T2)7

log(£7)°) 7> (u1, ug) = log ———1
. R3O R2(345070) 3T

70 | 20 | 240 ~—0 _ s+
& a _
log _val yad o, [T e ) )+ 0(1/72).
\/j A/ ~E’2 Tr1 T — T2 3T
(H.21)
Combining all terms above, we end up with
. iz (A _ ~
Spivpii(P1,02) — €72 <1 - Tp1p2> +0(1/T%), pr>0>ps. (H.22)

We stress that this corresponds to the BMN limit of the ZF S-matrix. Such an S-matrix
should be connected to the physical S-matrix through equation (5.22), involving nontrivial
exchange relations in the free theory limit (as discussed in [18] and references therein). Here
we postulate that all s;; = 1/4 for the massless-massless scattering; therefore, the physical
S-matrix for the scattering of massless modes is given by
. ;i . (A

Spiipin (P1,02) = €2 Spivpin (P1,02) = 1 — T P12 +0(1/T?%), (H.23)

in agreement with the results in [22] for the mirror-mirror massless kinematics.
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H.2 Near BMN limit in the string region for mixed-mass

Let us consider the scattering of a massless particle coming from the left and a massive particle
coming from the right, in the string kinematical region. After continuing the expression
in (H.16) to the string region, the odd part of the dressing factor transforms as follows

R )R (ET)  wiioeils ey, B2 () )R (yf " — 2mi)

- = = (H.24)
R (N R2(3H07) R2 (i XM R2 (0 — 2mi)
and we obtain
Sty (w1, un) = _r wﬁlo Tpo (35;10 - m;&)(%_lo — Tpo)
71y (U1, = - — —
Joh ol Valy @l —app)? N
RQ(’VLL )R (7110+ — 27”;) 01 -2
X E ,even U ,U )
R —am) ()

In this appendix, we compute the near-BMN limit of the expression above in the kinematical
branch p; > 0. We find agreement at the tree level with the perturbative computation of [8].
We perform the limit on the case in which the massive particle is of left type since the case
in which it is of right type is connected by charge conjugation.

Expansion of string kinematical variables. We start considering the expansion of the
massive Zhukovsky variables, which is given by

2T

1+Qp2 + Wi2 9
T = ——F——, wi2=1/1+p;+2p2. H.27
p2vV/1—¢? ( )

The massive v variables have instead the following expansion

YVip = log (5%2 — 1> + — 5T 3+ 0 <T2 . (H.28)

We also list the expansion of the different massless variables on the positive momen-

t =z (1 + sz) +0(1/1?), (H.26)

where

tum branch:

I I S i +0(1/T%),
il 2T 24T2

(H.29)

+0 _ _ & E g0 2

Deforming the contours of BES. To perform the limit in a smooth way, we continue
the massless particle (with Zhukovsky variables x ) to the string region leaving the massive
particle (with Zhukovsky variables #) in the mirror region. As discussed in [17] we can
continue the second variable to the string region after the limit. The continuation of BES is

éll?ss(xg:lov T ) QSLL( T 7‘i':t ) - @L(ulv‘%L—B) + \iL(ul?j;Q) . (H'30>
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When we continue the second variable to the string region instead of picking up additional
residues we deform the contour. This is equivalent to compute the BMN limit with the
second variable in the mirror region and make the continuation after the limit. The interested
reader can find more details in appendix J of [17]. The expression above is still not suitable
to perform a large h expansion; indeed in the BMN limit the massless variables mfﬁo and
xL_IO , which are just above and below the real line, pinch the integration contour in the x
plane from opposite sides. In particular from the first line in (H.29) we see that =, and z;;’
are both close to £ and have a small positive and negative imaginary part, respectively. To
have a better expansion, we deform the contours of the functions ®;;~ and ®;; in such a
way to surround the point x;lo from below. In this way, after the deformations, both a:;rlo
and z;,) are above the integration contour in the x plane.

After deforming the contours the ® functions are modified as follows

X —0 - z——def, —0 - = -
P (:ULlOv Tro) = Ppp” ¢ (xLloa Tr2) — W (w1, r2) s (H 31>
- a0 - ¢ o - - ~ .
(I)L+L+<mL107 xLQ) = (I)a—hde (xmoa xLQ) - \I’t(ubxm) 5

where by ‘def” we mean that the contour is deformed below the real line in such a way to
go around x;lo from below. Plugging these relations into (H.30) all ¥ functions simplify
and we get

0 +0 ~=+ Fdef (. £0 ~+

affs(xm()? xLQ) = @SE (xLl()? $L2> : (H'32>
Deforming the contour of HL. Before deforming the HL contour, we start recalling
that under continuation of the first variable to the string region, the HL ® functions are
continued as follows

+0 ~+

~ N - ~ N 1 B 1 x' — X T
QEII:(J“E_IO7 xé) — Sz?(xflo, x;_LQ) 9 log(—a:;—}) + - log ﬁ + 9 (H.33)
Ll — L2
and we obtain
- . 1 i () —ah) (e — i)
0HL<mi10 a~;:|:2) _ @HL(xzth fi2) + = log L2 Ll L2 Ll L2/ (H.34)
) ) . - —0 - 0 —_
e e 2 xL+2 (T4 —x;&)(x;ﬁ — T19)

Now we deform the contour of the function ® in the same manner as we did for BES and get

oM (a0 ) = By M (0 wg) — U (ug, 2)

- - - (H.35)
S (2 wa) = @ (@D, m) — U (uy, @)
In the expressions above xy can either be #3 or Z, and
~_ dv & (v)
] ,HL - _ / Bk LiKHL _
(o) 2mi ¥y (v) — a9 € (w1 —v),
cuts
1 (H.36)

/
~ d Z=(0)
\IIL+7HL(U1, xz) =1 / 277:; (fR(lf) K?L(Ul o U) .
— Fr(v) T2
cuts
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The point u; = uy,(z”) is on the main string theory cut (—oo,r) and in the BMN limit

approached v from the left. This point is away from the integration contour, which runs
around the mirror theory cuts. We can then send € — 0 in the ¥ functions and obtain
T

K™ (up —v) = §sign (R(v —uq)) . (H.37)
Replacing the kernel into (H.36) we obtain that
~ 1 1
vy ’HL(U17$2) = ——log R+ —log(—x2) — —,

_ 1 1 u
‘I'f’HL(Ubﬂm) = —2—i10gR + 27.10%(_1‘2) Ty

where R > 1 is a regulator defining the boundary of the integration contours in the v
plane (this means we are integrating between v and v + R around the main mirror cut and
similarly for the x cut). After replacing the expression above into the full phase all the
regulator-dependent pieces cancel and we end up with

~ - 1 (0 —ih) () — 25,)
guL (20 F+ — piildef £0 ) 1 o ~TLL L2\t L2 H.39
LL( Ll L2) LL ( Ll L2) 2% ($;10 N j:z)(xao N f&) ( )
Combining (H.32) and (H.39) we obtain that
+0 _ A0 _ .=
log(R01) =2 = 25l (0, afy) + 2 (a0, ) + log (1~ T o),
(xLl - xLQ)(‘rLl - J:LQ)

(H.40)
The point xfz is continued to the string region without picking any further residue since we
take its continuation into account by deforming the contour as explained in appendix J.2
of [17]. Now both in BES and HL the points ;7 and z;,’ are on the same side of the contour
(the same applies to x5, and x;,). Therefore we can compute the near BMN limit of the
even dressing factor using the mixed derivatives of the phase. This was not possible before
since the points would have pinched the integration contour from opposite sides.

We also stress that the term

(l‘irlo — $L+2)($;10 — Tpy) (H.41)

_l’_ )

log —=5 0 ~
(701 _xLz)(ij_l — Tpo)

coming from the continuation of HL starts contributing at the order T2; therefore from
now on we will neglect sich a term, since we compare the expansion only to tree level results.
One could of course perform the expansion also to one loop order. However, already for the
pure Ramond-Ramond case, a disagreement was observed at this order [25]. In that paper,
the authors justified such a disagreement due to problems with UV and IR singularities
in perturbative computations.

The mixed-mass S-matrix in the near-BMN limit. Following [17] it is possible to show
that for generic points x1 and 9 in the complex plane the following relation holds

(0, ma) = — LIV (g (001)) 0 (S(a)) + 0 (~(21)) 6 (~S(a2)))

2u12
1 o1 — (H.42)

A(z1 — x2) (uL(wl) + uL(x2>) + 433%1:% :
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Since when moving s to the string region we are deforming the conotour so that xo is always
below the contour then we need to evaluate the expression above for J(z2) < 0. Moreover
the contour is deformed so that it goes below the point z1; then the AFS order of BES is
computed as if I(z1) > 0. Taking this into account the expression in (H.42) simplifies to

"
* AFS,def 1 Ty — X2
Oy (21, 22) = Ao —2) (ug, (1) + ug (22)) + 12ad (H.43)

Finally using that at the point around which we are expanding it holds that x; = & (and
ul (&) = 0) then we get

" !/
GAFSdef _ uy (72) §— 12 ' H.44
LL (€, 72) 4(€ = 29) + 4€2$% ( )
From (H.32) we see that the BES phase can be written in terms of ® functions with
deformed contours. Performing a large h expansion we have

A z ,def ,def
9558(96507335) = hdifLFS ¢ (xio’ L2) + QSHL ¢ (z flovxfz) o (H.45)

£ . .
pRrsdel (40 2% is analytic

Since the points are on the same side of the contour, the function @1,
around ¢ (which is the leading order of the near-BMN expansion of xLl ) and we can compute
the expression above using the mixed derivative of the phase. We get

pip2V1— q2$L2£ (%AFS

a f
9558(3750@%2) - = T rr (& xr2) + 9555 de (z floﬂi) + O(l/T3)

(H.46)

pip2 f
=97 + e (i, 255) + O(1/T?).

As expected the result is the same as the one in (H.9) after sending p; — w1 = ip; and
p2 — iwre. This implies that at the tree level, continuing and then performing the limit is
the same as performing the BMN limit first and then continue to string region.

Taking finally the difference between BES and HL we obtain the following BMN limit
for the even part of the dressing factor

log(S10evemy =2 (41 ay0) — —i% +O1/T?). (H.47)

The remaining odd part and rational factors appearing in the S-matrix element have
the following BMN expansion

R2(,.YI? )R (’YLL _2777;) N _@
R2(yo M) R2 (v — 2mi) 2T’

log

[ — _ B , (H.48)
log Y2 x;rlo L1 (%10 — xi@)(%lo — ) _, ;P2 n ;P12 @
Vo v \ o (277 — 25)? T T 2T
Combining the values above into (H.25) we obtain
prw
log Siiy (w1, u2) =+ lple . (H.49)

This result agrees with perturbative computations at the tree level, as can be seen (for
example) from equation (2.51) of [22].
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H.3 Near BMN limit in the string region for massless-massless

We want to consider now the scattering of a chiral massless particle coming from the left with
an antichiral massless particle coming from the right, both with string kinematics. In order
to analyse the limit, we recall that the region of positive momentum for the first particle
is reached following the path sketched in figure 3, while the negative momentum region for
the second particle is reached through the path in figure 4. We invite the reader to look at
the discussion in section 2.2 for more details on the two continuations.

Expansion of string kinematical variables. After the continuation, we have

:JEL_IO —= x;o(ul), u < v, H.50
40 40 (H.50)
7 ==z (u1), u < v,

and u; is on the main string theory cut. In the BMN limit u; appraches v from the left.
For the second particle we have instead

1
B3 (ug + ik) — —F ug > —v,
To (u2)
1 (H.51)
- 40 Ly
Ty (ug +iK) = ———, ug > —v.
Tra (u2)

In this case, in the BMN limit us approaches the point —v from the right and m;zk are
evaluated near the branchpoints —v + %k Under continuation to the string region, the ~
variables are continued as follows

. _ T N 3

fyLlo — ’yLlo + 25 , 'y:rlo — fy:rlo - z? , (H.52)
o LT - _ LT

7L20 - ’Y;Qk - 25 ) ’YI—J_QO - 7R2k - 25 . (H'53)

The near-BMN expansion of the first particle kinematics was given in (H.29) and is
identical also in this situation. For the second particle, we have

Py = piy —2m € (~2m,0) (H.54)
and we expand
™ =or ¢ % . with py < 0. (H.55)

From this consideration we obtain

x?&f—é(—wip?ﬂ?’—q) P2 >+O(1/T3>,

2T 24772
L1 is . 3 (H.56)
@ = ¢ (—1¢2T+(3+q)24T2> +0(1/T7),
and '
Va5 =log T £ i —log <—T\/§> + %pQ +0(1/T?). (H.57)
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Deforming the contours of BES and HL. As for the massless-massive scattering to
facilitate the limit we deform the integration contours in the BES and HL phases so that
both points 1/z% and 1/z5 are on the same side of the contour (and the same applies to
21 and 2). In this case, we deform the integration contours slightly below on the lower
half z plane in such a way as to surround both the points z;,’ and 1/ x"l,téc from below. The
deformation around the point 1/z;5 is a bit tricky for the function &+ since R(1/z5) < 0
and the contour deformation must be performed entering the logarithmic cut of wuy (ws)
(see definition in (A.10)).

We start with the following BES phase evaluated in the string region
~ 1 - 1 1~ i 1~ i
BES (.30 _ +0 + +0 + —0
HLI]:: ($L1 ’ l}k) =P <$Ll ) IEQ]C) +§\IIL <u2_hkaxL1 ) _i\IIL (u2_hk7xL1 )

R2
~ 1 ~ 1 1- 7
-V, (Uhk) +0, (UL k) +59, <U2+k7372_10>
TRr2 s 2 h

1- i 1 i 1 i
Y v -0 Z (BES o Z (BES _ - )
9 L (UQ+hk,l‘L1>+2 (Ul U2 hk>+2 (u1 uQ-I-hk‘)
(H.58)
After the double contour deformation, it turns out that
jees [0 1 zdefyy [ 40 L
Orr, Tr1s Eo Py Tr1o Tk | - (H'59)
Lr2 Tr2

Both integration contours are now deformed so that all Zhukovsky variables are above the
integration contours in the x plane. By defio we mean that the contours are deformed
both around the first and second particles in the way just described. A similar deformation
on the HL phase leads to

~ 1 . 1
+0 ,def +0
9[}}[1; <$L1 ) ﬂ) = @EIE ez (xLl 5 ﬂ) . (HGO)
R2 R2
Combining (H.59) and (H.60) we obtain
even) — - 5 1 - 5 ,d f 1
log(0eveny=2 — _ 9;def1z (xflo, w) + 20y (ﬁf, ﬂ) : (H.61)
R2 R2

Now both in BES and HL the points x; and 2;,’ are on the same side of the contour (the
same applies to 1/ ijFZk ). Therefore, we can compute the near BMN limit of the even dressing
factor using the mixed derivatives of the phase.

The massless S-matrix in the near-BMN limit. Formula (H.42) was evaluated in [17]
for undeformed contours; however, as already mentioned, the only relevant thing is on what
side of the contour the points 1 and w9 are located. In this case, both the first and second
integration contours have been deformed so that the points x1 and x5 are always above the
contours. Then we can apply the formula in (H.42) assuming $(z1) > 0 and I(z2) > 0. The
actual point locations can indeed be reached by evaluating AFS for S(z1) > 0 and J(z2) > 0,
and then continuing the solution to the location we want.
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Since at the leading order in the large tension limit we have (see (H.29) and (H.56))

uy (21) = ug(§) =0

d
an 1

uy (w2) = uy, <—£> = up (=€) =0,

then we get the following result for the second-order derivative of AFS

1 + 3
Ofp” (&—1) _fte 1 (H.62)
$ 4 i-¢
Performing the large h expansion on formula (H.59), we obtain
~ 1 . 1 1
effs (wLﬁ:IO’ ij> _ h@fﬁs’defm <ij:10, > —i-@HL Jdefi2 (a?i:lo, ij) + ..., (H.63)
TRr2 R2 TR2

The points are on the same side of the contour and do not trap the contour in the large h
limit. Then we can use the mixed derivative of the phase and obtain

~ 1 ip1€ ip2 def 1
e (mio’ ﬂ) = (%) (%) L (6,10 + B (0, )+ 001/
D) Tr2

P1P2 | zmLdef w0 1 3
= =2 4 P02 —_— o(1/17).
oT + P (%1 ) ijsz> +O(1/T1°)

(H.64)
The result is the same as the one obtained in (H.11) for the mirror theory, after continuing

p1 — Wyl =1P1, P2 — W2 = —iP2.

We conclude that performing the BMN limit in the mirror region and continuing the result
to the string region is equivalent to first continuing to the string region and performing
the BMN limit there.

Let us finally compute the S-matrix elements for the scattering of massless bosons T
with opposite velocities in the string region. Continuing (H.20) to the string region (where
the v variables are continued as in (H.52)) we end up with

GO0 \/O‘ \/O‘ $ JJFO 1— 3 dy

i u17u2

T F05E
o o 1-—
L1 R2 (H‘65)
RQ(’YLR h + ZTF)RZ (’yi_l)? F Zﬂ-) 00 even—2
2 2 +0+k . (ELL ) :
R (’YLR +”r)R (Yir T —im)
The even part of the dressing factor is obtained by substituting (H.64) in (H.61):
log(£007) 7 = —it2 4+ O(1/T%). (HL.66)
The limit of the odd part of the dressing factor is
R 0+k R +0—k _ ;
log 1 O H I G 2200 Wy ) 40T £ OQTY). (D)

R? ('YLR + ”T)R (’erf?Jrk —im) 3T 2
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The remaining rational terms instead return

+0 +k +k +0 ~—0~—k .
o7 Vo T T 1—-2.% v .
log (\/ = \/ n2 J :cljZ“ J Ll M) — _7q(p1 +po) —im + O(1/T%) . (H.68)
R

[ —o0 | —k ~+0~+k 3T
Qr QRo

x;10 1 - Tr1 Tr2
Combining (H.66), (H.67), and (H.68) all the ¢ dependence disappears and we end up with

i {
Sipis(p1,p2) = €2 <1 - TP1P2> +0(1/T?), p1>0>ps, (H.69)

This is the same expression as in (H.22) if we continue p; — i@y = ip; and ps — iy = —ipo.
The same consideration applies term by term to all the different pieces composing the S-
matrix element. As for the mirror theory (see the discussion below equation (H.22)) the
factor —i comes from having non-trivial exchange relations between creation operators in
the free-theory limit. This factor connects the ZF S-matrix to the physical one, which in
the near BMN limit is therefore given by

i
Spipii(p1,p2) = 1= o2, p1>0>ps. (H.70)

This result agrees with perturbative computations at the tree level in the gauge a = 0 (see,
e.g., equation (2.52) in [22]).

I Relativistic limit

In this appendix, we show that in the relativistic limit of [11], our proposal for the massless-
massless S-matrix of equal chirality reduces to (5.39).
I.1 The limit of the kinematics and crossing

If we consider h < 1 and expand the momenta and energies of chiral massless particles
around the minimum of the dispersion relation with fluctuations of order h (as done in [11]),
we obtain the following relations

2
P = %he&, Ei=he", h<1,keN. (L.1)

The Zhukovsky and u variables become

+0 h7T

aE0 = ¢ — i i 1+ O(h?),
27; (1.2)
u; = uL(a;Liio) =v——e2i 1 On?),
2k
where i b
T (1.3)
v= (5)——ﬁ1 iJrh—7r+c9(h2)
TS T T B he Tk '
The ~ variables become
I .
V) = —2log — +6; + = + O(h). (L.4)
wh 2
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Under crossing in the full model the 7, variables transform as follows
’y:rio — fy:{io +im = VL}O + 247,
’yL_iO — "yr:io + o = ’y:;O .

Since the relativistic limit of the ~ variables is given by (I.4) then the transformation above

(L5)

corresponds to send 0; — 6; + im. This is exactly the type of crossing equation used in [11]
and we should expect that the relativistic limit of the massless-massless S-matrices of this

paper should match the S-matrices found in [11]. In the same way from (I.2) we see that the

iO — xio, as expected from crossing in the full theory.

Once we are sure that the crossing Symmetry used in the limit is compatible with the limit of

transformation 0; — 60; +4m transform x;

the crossing paths used in the full model, we can match the solution for the dressing factor.

1.2 The relativistic limit of BES

The continuation of BES to the positive-positive momentum branch of the string theory is

érl?gs(ﬂfitf]a io) Dy (2 Lilo’ f20) v L(ur, @ ) + U (u17$;20) (1.6)
+ U (ug, 2,7 — Uy (ug, 2.) + K (uy — ug) .
From the second line in (I.2) in the limit we have
KBEs (U1 — UQ) — 0. (17)
Moreover, from (I.2) we notice that
1 1 2w z hrm
— :_5<1__6291>
mh
— 2 (2 - (¢ Tre" )
i (;U (5 3ke
Then we obtain
. - d 1 D (14 () — u(w2))
B (a7 w) — B o) = [ G og 1L T o— )
o 2w =TT (1 Ry ()~ (wn))) (L)
= —\ifg(lj, l’Q) y

(we recall from the definition in (A.10) that « can either be 4+ or — according with the
integration contours used) from which we get

D (i), 7)) = =iy, o)) + U (v, 2,3). (1.10)
Using again the relation in (I.8) the expression above becomes
D1+ 2 - ()
M (1-2-u(©)

The other differences of ¥ functions in (1.6) also give a vanishing result in the relativistic

@LL(xiclo,xfzo) = —\i/L(V, xL+20) + 0 (v, ZCL20) —ilog =0. (I.11)

limit and in the end we obtain

~ 2
Oprs (@il aif) = 0 = (D00 (ug, ) = 1. (1.12)

This agrees with the fact that BES satisfies homogeneous crossing equations, and in the
relativistic limit, we should expect at most a simple CDD factor.
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1.3 The relativistic limit of HL

The simplest way to evaluate the relativistic limit of the HL phase is to start with the
expression (E.103), corresponding to the HL phase in the string region written in terms of
Barnes Gamma functions. Replacing into such a function the limit of the ~ variables (1.4)
we obtain

R4(912 - i?T)R4(912 + iT[')

ZOO,HL 2 B
LL (UI,UQ) — R4(912)

(I.13)
Since the result (E.103) was only checked numerically to agree with the integral representation
of HL, it is instructive to see how the relativistic limit of HL can also be generated by its
integral representation. This provides a further confirmation that for massless particles
the expression in (E.103) is indeed equivalent to the integral representation of HL. In the
remaining of this subsection we will check this fact explicitly.

After continuation to the positive momentum region of the string theory the HL phase
is given by

+0 ,.—0

- ~ 1 'y x
QQEE(mLilo’ foO) = 2@5}%(1,%10’ xLi20) + = log 1;10 120 + . (Il4>
L1 Tpg
Since in the relativistic limit it holds
+0 ,.—0
T (1.15)
Ly L2
then we obtain
2955(33%107 Ucfzo) — Q@ELL@LiPa xL:tQO) +. (I.16)

Let us now perform the limit of the " function. The computation of this contribution
cannot be performed on the same route of appendix K in [17] since for massless particles the
points x1 and xs become singular in the limit. Since in the relativistic limit

k
R(zE0) = R(z) ~ — > 1 (1.17)

then we can approximate the HL ® functions as follows

‘i);L—,HL(xnl() n20) :(i)E-L—i-,HL(me n20) _ (i)gllj(xmo TLQO)

Ll T2 Ll »Tr2 Ll »TL2
“+o00 “+00
/dw1 /dwg 1 1
/ 27 J 21 wy — xLiO Wy — g;Lgo (1.18)
log (€ — i(uw(w1) — uy(w2))) — log (¢ + i(u (w1) — ug (w3)))

21 ’

with n; = £+ and nyo = +. Indeed the integrand is suppressed on the negative real axis
because of (I.17). Then we can apply the following change of integration variables

k k
w1 = + Wy 5 w2 = + U/:JQ 5 (119)
mh Th
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from which in the limit h <« 1 we obtain
u(w;) = ——log — + — + —w7 +O0(h?), i=1,2. (1.20)
T T

Then in the limit h < 1 we can write

~ dw d 1 1
q)EIIj(xnlo n20 — / w1 w2

Ll L) 2mi 2mi Wy — nyieft Wy — noied?

(I.21)
log (e—ng(w %)) — log (64‘2%@(@% —12)%))

X ;
21

Sending the regulator ¢ — 0 we get

~ diy [ da 1 1
ot~ [ 42 [ %

sgn(wi — W
Lo P2 2mi ) 2mi Wy — nyiedt Wy — naied? (i 2

o (1.22)

dag 1 / dn 1 / day 1
2 21 Wy — n2i€62 2w Wy — n1i691 2w W1 — nliegl
—0o0 w1 |>| 2| |1 [ < |2

It is simpler to perform the integration after deriving w.r.t. ;. By doing so we get

~ 0 7m0 1Ny 1
PHL(pn1V m20y de _
1 (7 2137 2(27i)? Wo — noie?2

1 1
/ (11 — nyiefr)? (11 — nyiefr)?
1 | > 1] <|w2]

(1.23)
Performing the integral w.r.t. both w; and ws we obtain

i@HL( n10 nz(]) _

d9 L1 H T2

ni 1

S (7 (%12 = 1) + 2insb1s)

e (L.24)

ning G2

[’R’ (6912 — 1) — 21'712912} =

B % sinh 615 27 sinh 612 '

From this relation we can read

d 2 912 1 d R2(912 — ’iﬂ') R2(912 + iﬂ‘)
do Pl i) = = Fap o .

z B 1.25
7 sinh 012 1 d912 R4(912) ( )

From (I.25) and (I.16) we see that the relativistic limit of HL is (I.13).

I.4 The limit of the full S-matrix element

The massless S-matrix for particles with positive momenta in the string region is given
by (see equation (C.10))

-0 +0

@ L a —2 even -
Soiyi(ur,ug) =+ L (EOdd(’y[:ﬁO,’YLQ )) (Eggv (ul,u2)> : (1.26)
+0 —0
Qp Qo
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In the limit it is easy to show that

0 /o
(6% (0%
“0 L20 —1. (1.27)
O‘:rl Qo
and
R ("7 )R (v10F) R*(612)

(L.28)

odd(,£0 40\ T2 _
(O R R B m m)

Substituting into (I1.26) the expressions above together with the limits of BES and HL
(see (I.12) and (I1.13)) we obtain the result in (5.39).

J New vs old auxiliary TBA kernels

In this appendix we discuss the relation between the auxiliary S matrices and kernels we

are using here and the ones used in the RR case in [21, 38].

A natural generalisation of the S matrices in [21, 38] is given by

~ ) - 5 Q
Qy _n (u _ l%) —a) Y (u i ZW) yQ — 1

T (w+ig) - () [z, (u-i9) S%Y (v, u)
~ QN 1 T u -+ ZQ
Ty (u—1i =0 L h

9 - (=)l Lr8) o=,
T (“ + lﬁ) T Zr(v) (/7L (u - z%)

S% (u,v) = lim S (u,v), (J.3)
Q—0
. N 7 ;Q

. Tp(u—i%) — Tp(v) \/Tr (U T3 _

5% (u,v) = — ( g) - (v ) LS = g (14)
Ig (u+13) — Zr(v) P (u—z%) ST (v, u)

S (u, v) = 2L(v) o 5%w0) =S¥ w,u).  (J5)

In the RR case ?iy = 59Y and $¥° = 5%° but in the mixed-flux case we have to distinguish
between them. These S matrices and associated kernels are related to the new ones (6.21)



as follows

1
S¥(u,v) = ——, K%)= K (u,0),
LL (u7 U)
SY9 (u,v) = SE (u,v), KY9(u,v) = + K52 (u,v),
1
SP(uv) = g, KP(u,0) = K (u,0),
LR (Ua U)
49 (u,v) = Sk (u,v), K9 (u,v) = +K4 (u,v), (J.6)
5% (u, v) = S (u,v), K (u,v) = +K@ (u,v),
5% (u, v) = S¥Q(u,v), K (u,v) = +KU% (u,v),
5 (u,v) = S (u,v), K (u,v0) = +K& (u,v)
SP,0) = St ww),  EP(uw) = +KI (u0)

In terms of these kernels the TBA equations take the form

log Yo = —LEg + log (1 + YQ N x K32 +log (14 Vg )« K2 +log (1+ Yp) K45

iua
_ yQ _ ) @
—i—Zlog(l Y ) *K7 —i—Zlog(l Y()>*K+,

a=1,2 a=1,2 +

(J.7)
logVq = ~L&q +log (14 Yo ) x K§2 +log (14 Yor) + K72 +log (1 + Yo) *K

o . o .
+ Z log (1 — ;(a)) %KiQ + Z log (1 — ;(a)> %K%Q,

a=1,2 — a=1,2 +

(1.8)
log Y\ = —L& +1log (1 00 &0 2
g Yy 0 +log (14 Y) %K) +log (1 +Yg) x Ky +1log (1+Yq)* K
T (J.9)
Z log ( ) K + Z log ( )> %Kﬁ/ro,

a=12 - a=1,2 Y+
—log V' = “log (14 V) » K +log (1 T YQ) K ~log (14 Y) ¥K% (J.10)
—log ViV = —log (1 + Yg) K%' + log (1+ V) * K2¥ —log (1 + Yp) *K2. (J.11)

To compare the TBA equations with those in [21] one should do the following exchanges
Yo ¢ Yo, Y & v, (J.12)
and use the relations between the S matrices and kernels in the RR case mentioned above.
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