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1 Introduction

The AdS3/CFT2 holographic correspondence [1] is an important instance of holography which
has been studied quite extensively since the heydays of holography.1 With respect to the
correspondence between type-IIB AdS5 × S5 strings and N = 4 supersymmetric Yang-Mills
theory, the AdS3/CFT2 correspondence is less supersymmetric and therefore it presents a
much richer dynamics. The simplest instance of this duality is the one involving the string
background AdS3×S3×T 4. Despite some superficial similarities with AdS5×S5, one striking
feature of this background is that it can be supported by a mixture of Ramond-Ramond
(RR) and Neveu-Schwarz-Neveu-Schwarz (NSNS) fluxes. In particular, the supergravity
background involves a B field and an NSNS three-form flux H3 = dB whose coefficient is
quantised in terms of an integer k. At large string tension T , one finds that the tension is
sourced by k and by a continuous parameter h

T =

√
h2 + k2

4π2 , h ≥ 0 , k = 0, 1, 2 . . . . (1.1)

The parameter h ≥ 0 is related to the RR flux of the background and it is continuous in
perturbative string theory; it is similar to the ’t Hooft coupling

√
λ of AdS5/CFT4. In the

special case where h = 0, the string model can be studied in the Ramond-Neveu-Schwarz
formalism in terms of a supersymmetric WZW model based on SL(2,ℝ) and SU(2) [4],
where k plays the role of the level. Away from these special points, it is much harder to do
so [5]. Remarkably, the classical Green-Schwarz (GS) action is integrable for any k, h [6].
This raised the hope of studying the model by quantising the GS action in lightcone gauge
and exploiting integrability at the quantum level, like it was done for AdS5 × S5, see [7]
for a review, and it spurred a very intense activity aimed at constructing the worldsheet
S matrix of the mixed-flux model [8–13].2

The integrability program on the string worldsheet starts by constructing the S matrix in
infinite volume. Much of that construction boils down to understanding the symmetries of the
model, which determine the two-particle S matrix up to handful of functions — the dressing
factors. For mixed-flux AdS3 × S3 × T 4 strings, the S matrix was determined up to the
dressing factors in [10].3 Finding the dressing factors requires solving the crossing equations,
which are similar to the ones in [16], in such a way as to preserve the other symmetries of the
theory (unitarity, parity, etc.). Due to the rather involved analytic structure of the mixed-flux
model [11], a proposal for these dressing factors was put forward in an earlier paper of ours
only quite recently [13]. This proposal was discussed in full detail for what concerns the
scattering of massive worldsheet excitations in [17]. The aim of this paper is to complete this
construction in the case of massless excitations (i.e., excitations whose dispersion relation
has no mass gap). This sector of the model is especially subtle; in particular, it was recently

1See [2] for an early review of AdS3/CF T2 and [3] and references therein for a more recent review centred
around the small-tension limit of the duality.

2In parallel, much effort was devoted to studying integrability for pure-RR backgrounds, that is for k = 0
and h ≥ 0. This case turns out to be relatively similar to AdS5 × S5, see [14] for a pedagogical review.

3The multi-particle S matrix then follows by factorisation and by the Yang-Baxter equation, much like in
relativistic QFT [15].
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argued [18] that such massless particles might obey non-trivial exchange relations, which
modify the crossing equation and therefore its solution.

As this paper completes the construction of the dressing factors of mixed-flux AdS3 ×
S3 × T 4 strings, it is a natural starting point for the next step in the integrability program —
the construction of the equations which determine the finite-volume spectrum of the model.
This can be done by means of the ‘mirror’ thermodynamic Bethe ansatz (TBA) approach [19]
in analogy with what is done for relativistic models [20]. In this case, we find that the
structure of the mirror TBA follows closely that of the pure-RR model (k = 0) [21] but that
several subtleties arise related to the more involved analytic structure and non-unitarity
of the mirror model.

This paper is structured as follows. In section 2 we briefly recap the kinematics of the
model, which was already discussed in [11]. In section 3 we list the various properties that
the S matrix should obey (such as crossing, parity and so on) both in the kinematics of the
string-worldsheet model and in the mirror; in formulating the crossing equations, we allow
for non-trivial exchange relations [18], which turns out to be crucial for the massless-massless
scattering. In section 4 we put forward our proposal for the dressing factors; like in the
massive case [17] it turns out that it is easy to start this construction in the mirror kinematics,
and analytically continue it to the string kinematics. In section 5 we check our proposal
against all symmetries of the model (in the string and mirror kinematics) and against all
existing perturbative computations. In section 6 we put forward our proposal for the mirror
TBA equations from which the spectrum of the model may be computed. Finally, in section 7
we present our conclusion and discuss the next steps in this integrability program.

2 Kinematics

We begin by briefly recalling the kinematics of the model, which is discussed in detail in [17],
see also [11]. Different kinematical properties were also analysed in [12]; however, in that
paper the authors adopt a slightly different cut structure compared to the one used here,
which instead refers to the previous construction of [11]. The dispersion relation is [9, 10]

E(p) =

√(
k

2πp+M

)2
+ 4h2 sin2

(
p

2

)
, (2.1)

which is not parity-invariant. For k ≠ 0, in the mirror model, the mirror energy Ẽ(p̃) is
complex for real p̃ [22]. We introduce Zhukovsky variables obeying [9, 11, 17]

ua(x) = x+ 1
x
− κa

π
ln x , a = L,R , (2.2)

where κL = κ and κR = −κ, with κ = k/h. Inverting the Zhukovsky map (2.2) we can
define the string and mirror variables

x±ma = xa

(
u± im

h

)
, x̃±ma = x̃a

(
u± im

h

)
, (2.3)

as discussed in [11, 17], where m = |M |. We then express momentum and energy as

p(m)
a = i ln x−ma − i ln x+m

a ,

E(m)
a = ih

2

(
x−ma − 1

x−ma
− x+m

a + 1
x+m
a

)
.

(2.4)
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ν

u

ξ

xL

−ν+iκ

−ν−iκ

ν

u

1/ξ−ξ

xR

Figure 1. Structure of the string theory branch cuts as originally shown in [17].

In the mirror kinematics these become

Ẽ(m)
a = ln x̃−ma − ln x̃+m

a = ln x−ma + ln x+m
ā ,

p̃(m)
a = h

2

(
x̃−ma − 1

x̃−ma
− x̃+m

a + 1
x̃+m
a

)
= h

2

(
x−ma − 1

x−ma
− 1
x+m
ā

+ x+m
ā

)
.

(2.5)

String and mirror Zhukovsky variables are connected by the relation

x̃a(u) =

xa(u) , if ℑ(u) > 0 ,
1

xā(u) , if ℑ(u) < 0 .
(2.6)

For the reader’s convenience, we summarise the cut structure of xL and xR in figure 1. The
mirror variables x̃L and x̃R are depicted in figure 2. The figures are taken from [17].

In the rest of this section we define massless Zhukovsky variables as the limit of massive
ones with the mass going to zero. We begin by analysing massless particles in the mirror
model because the discussion is clearer in that context.

2.1 Massless particles of the mirror theory

Massless mirror energy and momentum. The energy and momentum of mirror massless
particles are obtained by taking m to 0+. We define massless Zhukovsky variables as the
limit of massive ones

x̃±0
a (u) = lim

m→0+
x̃a

(
u± i

h
m

)
, a = L, R , (2.7)

where u is on a mirror theory cut. If that were not the case, both momentum and energy
would vanish. We recall from [11] that x̃a(u) has long cuts

(−∞+ iκa,−ν + iκa) and (ν,+∞) , (2.8)

– 5 –
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−ν+iκ

ν

u

ξ−1/ξ

x̃L

−ν−iκ

ν

u

1/ξ−ξ

x̃R

Figure 2. Structure of the mirror theory branch cuts as originally shown in [17].

where

ν = 2 cosh η − 2η sinh η , η ≡ arcsinh κ

2π . (2.9)

We refer to the former cut by the name ‘κa-cut’ and to the latter by ‘main mirror cut’. As
it will be clear in a moment, if u is on the main mirror cut then the mirror momentum is
positive, while if it is on the κa-cut then the mirror momentum is negative. In this section we
find it convenient to use a real rapidity variable for both positive and negative momentum
branches, and we will denote it by r, so that u = r or u = r + iκa.

The discontinuity equations across the cuts are [11]

x̃a(r + i0) = 1
x̃ā(r − i0)

, x̃a(−r + iκa + i0) = 1
x̃ā(−r − iκa − i0)

, r > ν . (2.10)

Therefore, on the main mirror cut the energy and momentum of a mirror massless particle are

Ẽ(0)
L (r) = ln x̃L(r − i0)− ln x̃L(r + i0)

= − ln x̃R(r + i0) + ln x̃R(r − i0) = Ẽ(0)
R (r) > 0 ,

p̃
(0)
L (r) = h

2

(
x̃L(r − i0)−

1
x̃L(r − i0)

− x̃L(r + i0) + 1
x̃L(r + i0)

)
= h

2

( 1
x̃R(r + i0) − x̃R(r + i0)− 1

x̃R(r − i0)
+ x̃R(r − i0)

)
= p̃

(0)
R (r) > 0 ,

(2.11)
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where r ≥ ν, and

Ẽ(0)
L (r) = ln x̃L(r + iκL − i0)− ln x̃L(r + iκL + i0)

= − ln x̃R(r − iκR + i0) + ln x̃R(r − iκR − i0) = Ẽ(0)
R (r) > 0 ,

p̃
(0)
L (r) = h

2

(
x̃L(r + iκL − i0)−

1
x̃L(r + iκL − i0)

− x̃L(r + iκL + i0) + 1
x̃L(r + iκL + i0)

)
= h

2

( 1
x̃R(r − iκR + i0) − x̃R(r − iκR + i0)− 1

x̃R(r − iκR − i0)
+ x̃R(r − iκR − i0)

)
= p̃

(0)
R (r) < 0 ,

(2.12)
where r ≤ −ν.

Thus, for both momentum branches

p̃
(0)
L (r) = p̃

(0)
R (r) , Ẽ(0)

L (r) = Ẽ(0)
R (r) for r ≥ ν or r ≤ −ν , (2.13)

and in what follows we drop the indices L,R and use instead indices ± to distinguish between
the positive and negative momentum branches. The two branches are related by the parity
transformation which for any u is u → −u + iκa [17]. Since

x̃a(−u+ iκa) = −
1

x̃a(u)
⇐⇒ x̃a(−u) = −

1
x̃a(u+ iκa)

, (2.14)

we get for real r ≤ −ν

p̃
(0)
− (r) = −p̃(0)

+ (−r) , Ẽ(0)
− (r) = Ẽ(0)

+ (−r) . (2.15)

The momentum and energy can be easily analytically continued to any complex value of
the rapidity variable, and we get

Ẽ(0)
+ (u) = − ln x̃L(u)− ln x̃R(u) ,

p̃
(0)
+ (u) = h

2

( 1
x̃L(u)

− x̃L(u)− x̃R(u) +
1

x̃R(u)

)
,

(2.16)

where real energy and positive momentum correspond to u on the upper edge of the main
mirror cut, u = r + i0, r ≥ ν. Similarly,

Ẽ(0)
− (u) = +2πi+ ln x̃L(u+ iκ) + ln x̃R(u− iκ) = Ẽ(0)

+ (−u) ,

p̃
(0)
− (u) = h

2

(
x̃L(u+ iκ)− 1

x̃L(u+ iκ) −
1

x̃R(u− iκ)
+ x̃R(u− iκ)

)
= −p̃(0)

+ (−u) ,
(2.17)

where real energy and negative momentum correspond to u + iκa on the lower edge of
the κa-cut, u = r − i0, r ≤ −ν. Note that the two momentum branches are not related
to each other through any analytic continuation. This is expected as the string-model
dispersion relation (2.1) is not analytic for M = 0, and the same is therefore also true
for the mirror model.

– 7 –



J
H
E
P
0
2
(
2
0
2
6
)
2
3
7

Massless mirror gamma’s. Let us recall that the mirror γ̃-rapidities are defined by [17]4

x̃a(γ̃) =
ξa − i eγ̃

1 + i ξaeγ̃
, γ̃a(x̃) = ln

(
ξa − x̃
x̃ ξa + 1

)
− iπ

2 , (2.18)

where
ξL = 1

ξR
= eη , (2.19)

with η given in (2.9). This obeys

γ̃a(1/x̃) = γ̃ā(x̃) + iπ sgn (ℑ(x̃)) . (2.20)

The cuts for γ̃a(x̃) are (−∞,−1/ξa) and (ξa,+∞), and in the mirror region ℑ(x̃) < 0. The
massless mirror γ̃’s are defined for positive momentum as

γ̃±0
a = γ̃a(r ± i0) , γ̃−0

a = γ̃+0
ā + iπ , r > ν , (2.21)

and for negative momentum as

γ̃±0
a = γ̃a(r + iκa ± i0) , γ̃−0

a = γ̃+0
ā + iπ , r < −ν , (2.22)

where γ̃a is considered as a function of u

γ̃a(u) = ln
(
ξa − x̃a(u)
x̃a(u) ξa + 1

)
− iπ

2 . (2.23)

The massless mirror γ̃±0
a for both momentum branches have different real parts but opposite

constant imaginary parts

γ̃±0
a = ℜ(γ̃±0

a )∓ iπ

2 ± i0 ⇒
(
γ̃±0
a

)∗
= γ̃±0

a ± iπ , (2.24)

where ±i0 indicates that x̃±0
a have infinitesimally small negative imaginary parts.

The analytic continuation of γ̃+0
a to any complex value on the mirror u-plane (without

crossing any cut) just gives γ̃a(u). On the other hand γ̃−0
a becomes γ̃ā(u) + iπ because u− i0

moves to the anti-mirror u-plane.

Crossing transformation for mirror massless particles. We follow the pure-RR case [25]
and define the crossing transformation for massless mirror particles with positive momentum
as the analytic continuation through the main mirror cut from below. Then, the massless
Zhukovsky variables transform in the usual way

x̃±0
a

massless crossing , p̃>0−−−−−−−−−−−−−−→ 1
x̃±0
ā

= x̃∓0
a + i0 , (2.25)

where at the last step we used that the u rapidity variable is on the main mirror cut, and
added +i0 to stress that the crossing takes x̃±0

a to the upper half-plane.
4In the RR case it differs from γ-rapidities introduced in [23] (see also [24]) by constant shifts.
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Figure 3. The analytic continuation from the mirror region to the positive-string-momentum region.
In the left panel we depict the u-plane; the point u+ i0 crosses the main cut from above, and then
u± i0 ends up on the cut of the (string) xL(u) function. Correspondingly, in the x̃-plane (right panel),
x̃+0 crosses the interval (0, ξ), and then x̃±0 → x±0

L which are complex and conjugate. The gray
contour on the x̃-plane is the image of the edges of the gray cut of xL(u) on the u-plane.

Then, the γ̃-rapidities transform as

γ̃+0
a ≡ γ̃a(x̃+0

a ) massless crossing , p̃>0−−−−−−−−−−−−−−→ γ̃a(1/x̃+0
ā ) + 2iπ = γ̃ā(x̃+0

ā ) + iπ = γ̃+0
ā + iπ

= γ̃−0
a ,

γ̃−0
a ≡ γ̃a(x̃−0

a ) massless crossing , p̃>0−−−−−−−−−−−−−−→ γ̃a(1/x̃−0
ā ) + 2iπ = γ̃ā(x̃−0

ā ) + iπ = γ̃−0
ā + iπ

= γ̃+0
a + 2iπ ,

(2.26)

where we used that under the crossing x̃±0
a cross the half-line x > ξa which is the cut of γ̃a(x).

Similarly, for massless mirror particles with negative momentum we define the crossing
transformation as the analytic continuation through the mirror κa-cut from below. It is
easy to check that the massless Zhukovsky variables and γ̃-rapidities transform in the same
way as in (2.25) and (2.26). Thus, for massless mirror particles the crossing transformation
can be written in the form

γ̃+0
a → γ̃+0

ā + iπ = γ̃−0
a , γ̃−0

a → γ̃−0
ā + iπ = γ̃+0

a + 2iπ . (2.27)

2.2 Massless particles of string theory

Massless string energy and momentum. We are going to get the energy and momentum
of massless string particles by an analytic continuation of the mirror ones. We have to
distinguish the positive momentum branch with momentum in the range 0 < p < 2π, and
the negative one with momentum in the range −2π < p < 0.
I. For the positive momentum branch we analytically continue the mirror energy and positive
momentum (2.16) through the main mirror cut from above. On the x-plane it corresponds
to moving x̃+0

a through the interval (0, ξa) to a point x+0
a on the upper boundary of the left

string region, and x̃−0
a to a point x−0

a on the lower boundary of the left string region. The
sketch of the continuation is reported in figure 3.

– 9 –
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Thus, the energy and momentum of massless string particles are

E
(0)
+ (u) = ih

2

(
x̃R(u)−

1
x̃R(u)

− 1
x̃L(u)

+ x̃L(u)
)
,

p
(0)
+ (u) = +i ln x̃R(u) + i ln x̃L(u) ,

(2.28)

where u can take any complex value. The positive energy and momentum in the range (0, 2π)
are obtained by taking u to be on the string main cut, i.e. u < ν. Assuming, following the
RR case, that u is on its upper edge,5 and therefore ℑ(u) > 0, we can rewrite (2.28) in
terms of the string Zhukovsky variables xa(u)

E
(0)
+ (u) = ih

2

( 1
xL(u)

− xL(u)− xR(u) +
1

xR(u)

)
,

p
(0)
+ (u) = −i ln xL(u)− i ln xR(u) ,

(2.29)

defined everywhere on the string u-plane. Taking now u to be the upper edge of the string
main cut, we can cast (2.29) into the form

E
(0)
+ (u+ i0) = ih

2

( 1
x+0

L

− x+0
L −

1
x−0

L

+ x−0
L

)
= ih

2

(
x−0

R −
1
x−0

R

− x+0
R + 1

x+0
R

)
,

p
(0)
+ (u+ i0) = i ln x−0

L − i ln x+0
L = −i ln x+0

R + i ln x−0
R , u < ν .

(2.30)

Thus, we could have defined the energy and momentum of massless string particles with
momentum in the range (0, 2π) as the limit of massive ones with the mass going to zero.

The momentum and energy of a massless string particle with momentum in the range
(0, 2π) are related to the ones of a right k-particle bound state through the reflection
transformation u 7→ −u on the u-plane. To check this fact we recall the following relations
from [17]

x±mL (u) = −x∓(k+m)
R (−u) , x±mR (u) = − 1

x
±(k−m)
R (−u)

, (2.31)

which are valid for 0 < m < k and follows from (2.14). Then, using (2.4) we see that

E
(m)
L (u) = E

(k+m)
R (−u) , p

(m)
L (u) = 2π − p(k+m)

R (−u) ,

E
(m)
R (u) = E

(k−m)
R (−u) , p

(m)
R (u) = 2π − p(k−m)

R (−u) ,
(2.32)

where again 0 < m < k. The massless case corresponds to the limit m → 0+ with u < ν.
In this manner the massless energies and momenta take values on the main string theory
cut and the k-particle bound states energies and momenta are away from the κ-cuts. As
expected, in this limit, the first and second line in the equation above become equivalent.
Performing the computation explicitly, in the massless case we have

p
(0)
+ (u+ i0) = −i ln xL(u+ i0)− i ln xR(u+ i0)

= 2π − i ln xR(−u− iκ− i0) + i ln xR(−u+ iκ− i0) = 2π − p(k)
R (−u) ,

E
(0)
+ (u+ i0) = ih

2

( 1
xR(u+ i0) − xR(u+ i0)− xL(u+ i0) + 1

xL(u+ i0)

)
= E

(k)
R (−u) .

(2.33)
5Since x̃a(u) does not have a cut for u < ν one can choose either the upper or lower edge of the string

main cut.
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Figure 4. The analytic continuation from the mirror region to the negative-string-momentum region.
In the left panel we represent the u plane with the cuts of x̃ in blue and magenta; we additionally
depict an (orange) cut at −iκ, which is the cut of xR(u). In this case, u+ i0 crosses the cut at +iκ
and it is mapped to a different u-plane, that of xR(u), and it is continued to a point where u > −ν. In
this process, u− i0 does not cut any cut. The same transformation is easier to visualise on the x̃-plane
(right) where x̃+0 crosses the cut between (−1/ξ, 0); then, x̃±0 end up on complex and conjugate
points on a curve which is the image of the horizontal gray lines by the map 1/xR(u).

As already remarked, for u on the main string cut the points −u± iκ are not on a cut. Note
that we would get the same result for any u with 0 < ℑ(u) < κ.
II. Massless string particles with momenta in the range (−2π, 0) can be obtained from mirror
ones with negative momenta in two steps. Let us recall that the mirror x̃±0

a of massless
mirror particles with negative momenta are defined as

x̃±0
a (u′) = x̃a(u′ + iκa ± i0) =

1
x̃ā(u′ − iκa ∓ i0)

= 1
x̃∓0
ā

, u′ < −ν . (2.34)

The analytic continuation to negative string momentum is done in two steps. First, we move
the u′-rapidity through the upper edge of the κa-cut to a point u > −ν. Thus, the massless
particle x̃+0

a moves to a point in the upper half-plane through the interval −1/ξa < x < 0.
As a result, we get (u > −ν)

x̃−0
L (u′)→ x̃L(u+ iκ) = 1

x+k
R (u)

, x̃+0
L (u′)→ 1

x̃R(u− iκ)
= 1
x−kR (u)

,

x̃−0
R (u′)→ x̃R(u− iκ) = x−kR (u) , x̃+0

R (u′)→ 1
x̃L(u+ iκ) = x+k

R (u) .
(2.35)

After the first step the mirror energy and negative momentum (2.17) become

iẼ(0)
− (u′)→ −2π + i ln x̃L(u+ iκ) + i ln x̃R(u− iκ)

= −2π − i ln x+k
R + i ln x−kR = p

(k)
R (u)− 2π < 0 ,

ip̃
(0)
− (u′)→ ih

2

(
x̃L(u+ iκ)− 1

x̃L(u+ iκ) −
1

x̃R(u− iκ)
+ x̃R(u− iκ)

)
= ih

2

(
−x+k

R + 1
x+k

R

− 1
x−kR

+ x−kR

)
= E

(k)
R (u) > 0 .

(2.36)
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Note, that because of our definition of Ẽ(0)
− (u) and p̃

(0)
− (u) we do not cross any cut (we

have done it already to define them). We see that a massless mirror particle with negative
momentum analytically continued through the upper edge of the κa-cut to a point u > −ν can
be thought of as a right string k-particle bound state with momentum in the interval (−2π, 0).
Now, taking into account (2.33) which relates a massless string particle with a right k-particle
bound state, we perform, as the second step, the reflection u 7→ −u that gives (u < ν)

x−kR (−u) = − 1
x̃R(u)

=

 − 1
xR(u−i0) = − 1

x−0
R (u)

−xL(u+ i0) = −x+0
L (u)

, (2.37)

x+k
R (−u) = −x̃L(u) =

−xL(u− i0) = −x−0
L (u)

− 1
xR(u+i0) = − 1

x+0
R (u)

. (2.38)

Thus, after the two steps

x̃±0
a (u′)→ − 1

x±0
a (u)

,

iẼ(0)
− (u′)→ p

(0)
− (u+ i0) ≡ p(k)

R (−u)− 2π = −p(0)
+ (u+ i0) ,

ip̃
(0)
− (u′)→ E

(0)
− (u+ i0) ≡ E(k)

R (−u) = E
(0)
+ (u+ i0) ,

(2.39)

see figure 4. It is worth pointing out that as a result of the two steps we obtained a massless
string particle with negative momentum which has the same u-rapidity and energy but
opposite momentum as a massless string particle with positive momentum.

Massless string gamma’s. The string γ-rapidities are defined as follows

xa(γ) =
ξa + eγ

1− ξaeγ
, γa(x) = ln x− ξa

x ξa + 1 , γa(1/x) = γā(x)− iπ sign (ℑ (x)) ,
(2.40)

and the cut of γa(x) is the interval (−1/ξa, ξa). Then, considering x as a function of u,
we get the functions γa(u)

γa(u) = ln xa(u)− ξa
xa(u) ξa + 1 . (2.41)

Clearly, up to a shift the massless γ±0
a for the positive momentum branch are obtained by

analytically continuing γ̃±0
a through the main mirror cut from above, and are given by

γ̃+0
a = γ̃a(u′ + i0) to string−−−−−→ γ̃ā(u+ i0)− iπ = γa(u+ i0)− 3iπ

2 ,

γ̃−0
a = γ̃a(u′ − i0)

to string−−−−−→ γ̃a(u− i0) = γa(u− i0) +
iπ

2 .

(2.42)

Note that it is different from the continuation of massive γ̃’s

γ̃+
a

to string−−−−−→ γ+
a + iπ

2 , γ̃−a
to string−−−−−→ γ−a + iπ

2 . (2.43)

Thus,

γ+0
a (u) = γa(u+ i0) = γ̃ā(u+ i0) + iπ

2 , γ−0
a (u) = γa(u− i0) = γ̃a(u− i0)−

iπ

2 , (2.44)

γ−0
a (u) = γ+0

ā (u)− iπ , u < ν . (2.45)
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Therefore, we can express γ−0
a (u) in terms of γ+0

ā (u), and then drop +i0 and use γa(u) for any
complex u as massless γ-rapidity variables. The massless string γ±0

a are complex conjugate to
each other but, contrary to the mirror massless γ̃±0

a , their imaginary parts are not constant
as u varies along the cut, except in the case κ = 0 (i.e., in the pure-RR case).

To get the massless γ±0
a for the negative momentum branch we perform the two steps dis-

cussed above. First, we analytically continue γ̃±0
a through the κa-mirror cut from above and get

γ̃−0
L = γ̃L

(
x̃L(u′ + iκ− i0)

)
→ γ̃L

(
x̃L(u+ iκ)

)
= γR

(
xR(u+ iκ)

)
− iπ

2 = γ+k
R (u)− iπ

2 ,

γ̃+0
L = γ̃L

(
x̃L(u′ + iκ+ i0)

)
→ γ̃L

( 1
x̃R(u− iκ)

)
= γ̃R

(
x̃R(u− iκ)

)
− iπ

= γR
(
xR(u− iκ)

)
− iπ

2 = γ−kR (u)− iπ

2 ,

(2.46)

γ̃−0
R = γ̃R

(
x̃R(u′ − iκ− i0)

)
→ γ̃R

(
x̃R(u− iκ)

)
= γR

(
xR(u− iκ)

)
+ iπ

2 = γ−kR (u) + iπ

2 ,

γ̃+0
R = γ̃R

(
x̃R(u′ − iκ+ i0)

)
→ γ̃R

( 1
x̃L(u+ iκ)

)
= γ̃L

(
x̃L(u+ iκ)

)
− iπ

= γR
(
xR(u+ iκ)

)
− 3iπ

2 = γ+k
R (u)− 3iπ

2 .

(2.47)

It is again different from the continuation of massive γ̃’s to the string theory negative
momentum branch

γ̃±R → γ
±(k+1)
R + iπ

2 , γ̃±L → γ
∓(k−1)
L ± iπ . (2.48)

Next, performing the reflection u → −u, we obtain

γ−kR (−u) = γR
(
xR(−u− iκ)

)
= γR

(
− 1
x̃R(u)

)

=
{

γR
(
− 1

xR(u−i0)
)

= −γR
(
xR(u− i0)

)
− iπ = −γ−0

R − iπ
γR
(
− xL(u+ i0)

)
= −γL

(
xL(u+ i0)

)
= −γ+0

L

,

(2.49)

γ+k
R (−u) = γR

(
xR(−u+ iκ)

)
= γR

(
− x̃L(u)

)
=
{
γR
(
− xL(u− i0)

)
= −γL

(
xL(u− i0)

)
= −γ−0

L

γR
(
− 1

xR(u+i0)
)

= −γR
(
xR(u+ i0)

)
+ iπ = −γ+0

R + iπ
.

(2.50)

Thus, after the two steps

γ̃±0
a (u′)→ −γ±0

a (u)− iπ

2 . (2.51)

For massive γ̃’s we find

γ̃+
a → −γ+

a + 3iπ
2 , γ̃−a → −γ−a −

iπ

2 . (2.52)
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Crossing transformation for string massless particles. We again follow the pure RR
case and define the crossing transformation for massless particles with momenta in the interval
(0, 2π) as the analytic continuation through the string main cut from above. The massless
Zhukovsky variables transform in the usual way

x±0
a

massless crossing , p>0−−−−−−−−−−−−−−→ 1
x±0
ā

= x∓0
a , (2.53)

where at the last step we used that the u rapidity variable is on the main string cut.
Then, γ+0

a (u) = γa(x+0
a ) transforms as

γ+0
a ≡ γa(x+0

a ) massless crossing , p>0−−−−−−−−−−−−−−→ γa(1/x+0
ā ) + 2πi = γā(x+0

ā ) + iπ = γ+0
ā + iπ

= γ−0
a + 2iπ .

(2.54)

On the other hand under the crossing x−0
a crosses the semi-line x > ξa which is not the

cut of γa(x), and therefore

γ−0
a ≡ γa(x−0

a ) massless crossing , p>0−−−−−−−−−−−−−−→ γa(1/x−0
ā ) = γā(x−0

ā ) + iπ = γ−0
ā + iπ

= γ+0
a .

(2.55)

Thus, the crossing transformation of massless string particles with momenta in the interval
(0, 2π) can be written in the form

γ+0
a → γ+0

ā + iπ = γ−0
a + 2iπ , γ−0

a → γ−0
ā + iπ = γ+0

a . (2.56)

As to massless string particles with negative momenta in the interval (−2π, 0), since their
rapidity variables are expressed in terms of those for massless string particles with momenta
in the interval (0, 2π), their crossing transformations are the same.

3 Properties of the S matrix

The S matrix is fixed by the light-cone gauge symmetries up to a number of dressing factors.
The first check on the dressing factors is that they are such that the S matrix, as a whole,
satisfies all relevant physical properties: crossing symmetry, unitarity, parity- or CP-invariance
as appropriate, as well as a suitable notion of analyticity. Below we briefly review these
properties for the model at hand, following and expanding on the discussion of [13].

3.1 Highest-weight S-matrix elements

For any pair of irreducible representations of the light-cone symmetries, there is an unde-
termined dressing factor. Not all of these dressing factors are independent, as some are
simply related by braiding unitarity. Here we list the independent scattering elements for
each block, corresponding to the scattering of highest-weight states in a given multiplet.
It turns out that it is simplest to start from the S matrix in the mirror kinematics, which
is what we consider here.
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Massive scattering. In the case of massive scattering elements, there are6

S
∣∣Y1Y2

〉
= S11

Y Y (x̃±L1, x̃
±
L2)
∣∣Y1Y2

〉
, S

∣∣Y1Z̄2
〉
= S11

Y Z̄
(x̃±L1, x̃

±
R2)

∣∣Y1Z̄2
〉
. (3.1)

Mixed-mass scattering. In the case of mixed-mass scattering it is sufficient to consider
the following two scattering processes

S
∣∣χȦ1 Y2

〉
= S01

χY (x̃±0
L1 , x̃

±
L2)
∣∣χȦ1 Y2

〉
, S

∣∣χȦ1 Z̄2
〉
= S01

χZ̄
(x̃±0

L1 , x̃
±
R2)

∣∣χȦ1 Z̄2
〉
. (3.2)

Here the index Ȧ = 1, 2 is charged under the so-called 𝔰𝔲(2)◦ symmetry [10, 26], corresponding
to local frame rotations in T 4; clearly, the boundary conditions of T 4 break such a symmetry,
though this should not be noticeable when considering the S matrix. For this reason, we
assume such a symmetry and outright omit the Ȧ = 1, 2 index on the S-matrix element.

Massless-massless scattering. In the case of massless scattering we can simply consider

S
∣∣χȦ1 χḂ2 〉 = (

S00
χχ(x̃±0

L1 , x̃
±0
L2 )
)ȦḂ ∣∣χȦ1 χḂ2 〉 . (3.3)

In this case 𝔰𝔲(2)◦ symmetry would dictate that the S-matrix structure is given by two invari-
ant tensors (identity and permutation), see [26] for a more detailed discussion. Interestingly,
perturbative results suggest that only the identity tensor on the 𝔰𝔲(2)◦ representation should
appear; this would also seem to fit well with the “hexagon form factor” construction [27].
For this reason, in what follows we will generally assume that(

S00
χχ(x̃±0

L1 , x̃
±0
L2 )
)ȦḂ = 1ȦḂ S00

χχ(x̃±0
L1 , x̃

±0
L2 ) . (3.4)

3.2 Discrete symmetries

As we mentioned, some of the discrete symmetries can be thought of as a way to determine
some highest-weight-highest-weight scattering process starting from the ones listed above.
Yet, these symmetries put further constraints on some of the S-matrix elements. We list
those below.

Braiding unitarity. Braiding unitarity on mixed-mass and massless elements requires

S01
χY (x̃±0

L1 , x̃
±
L2) S10

Y χ(x̃±L2, x̃
±0
L1 ) = 1 , S01

χZ̄
(x̃±0

L1 , x̃
±
R2) S10

Z̄χ
(x̃±R2, x̃

±0
L1 ) = 1 ,

S00
χχ(x̃±0

L1 , x̃
±0
L2 ) S00

χχ(x̃±0
L2 , x̃

±0
L1 ) = 1 .

(3.5)

Similar relations apply to the massive S-matrices.

Physical unitarity in the string kinematics. In the string kinematics, the S-matrix is
unitary, when the momenta are real, and therefore for the diagonal S-matrix elements we have

|S11
Y Y (x±L1, x

±
L2)| = |S11

Y Z̄
(x±L1, x

±
R2)| = |S01

χY (x±L1, x
±
L2)| = |S01

χZ̄
(x±L1, x

±
R2)| = |S00

χχ(x±L1, x
±
L2)| = 1

(3.6)
for real string momenta.

6In the language of [18], these are elements of the Zamolodchikov-Faddeev (ZF) S matrix, i.e. they appear
in ZF algebra relations of the type A†

X(p1)A†
Y (p2) = SXY (p1, p2) A†

Y (p2)A†
X(p1).
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CT invariance of the mirror model. The mirror energy is not real, satisfying instead(
Ẽ(p̃,M)

)∗
= Ẽ(p̃,−M) , (3.7)

for real mirror momentum. Correspondingly, the mirror S matrix is not unitary, nor it is
invariant under time-reversal. However, as (3.7) suggests, the mirror S matrix is invariant
under a combination of charge conjugation and time reversal. This property holds for
the mirror representations as a whole and it is crucial to ensure the reality of wrapping
corrections [22]. It is possible to check that the matrix part of the S matrix is CT invariant,
up to the normalisations, which should obey(

S11
Y Y (x̃±L1, x̃

±
L2)
)∗
S11
Ȳ Ȳ

(x̃±R1, x̃
±
R2) =

(
S11
Y Z̄

(x̃±L1, x̃
±
R2)
)∗
S11
Ȳ Z

(x̃±R1, x̃
±
L2) = 1 ,(

S01
χY (x̃±0

L1 , x̃
±
L2)
)∗
S01
χ̃Ȳ

(x̃±0
L1 , x̃

±
R2) =

(
S01
χZ̄

(x̃±0
L1 , x̃

±
R2)
)∗
S01
χ̃Z(x̃±0

L1 , x̃
±
L2) = 1 ,(

S00
χχ(x̃±0

L1 , x̃
±0
L2 )
)∗
S00
χ̃χ̃(x̃±0

L1 , x̃
±0
L2 ) = 1 .

(3.8)

P invariance in the mirror model. The mirror model is parity invariant. Combining
this condition with braiding unitarity we get7

1 = S11
Y Y (x̃±L1, x̃

±
L2)S11

Y Y

(
− 1
x̃∓L1

,− 1
x̃∓L2

)
, 1 = S11

Y Z̄
(x̃±0

L1 , x̃
±0
R2 )S11

Y Z̄

(
− 1
x̃∓0

L1
,− 1

x̃∓0
R2

)
,

1 = S01
χY (x̃±0

L1 , x̃
±
L2)S01

χY

(
− 1
x̃∓0

L1
,− 1

x̃∓L2

)
, 1 = S01

χZ̄
(x̃±0

L1 , x̃
±
R2)S01

χZ̄

(
− 1
x̃∓0

L1
,− 1

x̃∓R2

)
,

1 = S00
χχ(x̃±0

L1 , x̃
±0
L2 )S00

χχ

(
− 1
x̃∓0

L1
,− 1

x̃∓0
L2

)
.

(3.9)

CP invariance in the string model The string theory Lagrangian is invariant under a
simultaneous parity transformation on the worldsheet and mapping particles to anti-particles.
If this symmetry is preserved at the quantum level then the S-matrix must be invariant
under a combination of charge conjugation and parity; we refer to this type of symmetry
by CP. In particular it must hold

S0m
χY (p1, p2) = Sm0

Ȳ χ̃
(−p2,−p1) , S0m

χZ̄
(p1, p2) = Sm0

Zχ̃ (−p2,−p1) . (3.10)

The first and second relation in (3.10) are mapped one into the other by a charge conjugation
transformation and we expect the validity of the first relation to imply the validity of the
second one. For this reason in this paper we will only provide a proof of the first relation
above. Similarly for massless particles we require

S00
χχ(p1, p2) = S00

χ̃χ̃(−p2,−p1) . (3.11)

3.3 Crossing symmetry

Crossing symmetry is the most constraining among those discussed so far, because it knows
about the physical content of the model and it requires a non-trivial analytic continuation.
Crossing symmetry must hold both in the string and in the mirror model.

7We used that under the transformation p̃ → −p̃, x̃±0
a → −1/x̃∓0

a , a =L,R.
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A subtle point about crossing symmetry is that it depends on the exchange relations of
the underlying model. In particular, the crossing equations derived in [10] had implicitly
assumed bosonic/fermionic exchange relations. However, in two-dimensional QFT, more
general exchange relations may and do appear — for instance, in integrable models like the
Chiral Gross-Neveu (CGN) one. In [18] we discussed in detail how to write “generalised”
crossing equations, valid for any exchange relations, and the possible modifications for the
AdS3 × S3 × T 4 S matrix. In general, these equations take the form

SAB(u1, u2)SAB̄(u1, ū2) = Sfree
AB (u1, u2)Sfree

AB̄
(u1, ū2) f(x̃±1 , x̃

±
2 ) , (3.12)

where Sfree
AB is the value of ZF scattering element in the limit where the interactions disappear.8

For a model with trivial exchange relations (featuring only bosons or fermions), the right-hand
side reduces to f(x̃±1 , x̃

±
2 ), but this is not the case in general. In analogy with what happens

with the SU(2) CGN model — whose S matrix indeed appears in the SU(2)◦ part of the
massless scattering — we will assume that massless particles have “semionic” statistics, i.e.
that exchanging any two massless particles produces a factor of ±i. Bearing in mind such
exchange relations, we find that the right-hand side of (3.12) becomes −f(x±1 , x

±
2 ) (notice

the minus sign). As a result, the crossing equations are modified by a sign relative to those
in [10, 25]. As for the exchange relations involving massive particles, we see no reason to
assume them to be non-trivial; on the contrary, the experience from AdS5 × S5 suggest that
standard bosonic/fermionic exchange relations are correct in this case. We will therefore work
with the same crossing equations as in [10, 25] for both massive and mixed-mass crossing.9

Assuming exchange relations as explained above, the S matrix elements (3.2) satisfy the
following crossing equations. First, for the reader’s convenience we recap the massive-massive
crossing equations,

S11
Y Y (u1, u2)S11

Z̄Y
(ū1, u2) =

x̃−L2
x̃+

L2

( x̃+
L1 − x̃

+
L2

x̃+
L1 − x̃

−
L2

)2
,

S11
Z̄Y

(u1, u2)S11
Y Y (ū1, u2) =

x̃−L2
x̃+

L2

(1− x̃−R1x̃
+
L2

1− x̃−R1x̃
−
L2

)2
.

(3.13)

Turning to mixed-mass scattering, we can cross with respect to massive particles, getting
the equations

S01
χY (u1, u2)S01

χZ̄
(u1, ū2) =

x̃+0
L1
x̃−0

L1

( x̃−0
L1 − x̃

+
L2

x̃+0
L1 − x̃

+0
L2

)2
,

S01
χZ̄

(u1, u2)S01
χY (u1, ū2) =

x̃+0
L1
x̃−0

L1

(1− x̃−0
L1 x̃

−
R2

1− x̃+0
L1 x̃

−
R2

)2
,

(3.14)

and with respect to massless particles, obtaining

S01
χY (u1, u2)S01

χY (ū1, u2) =
x̃−L2
x̃+

L2

( x̃+0
L1 − x̃

+
L2

x̃+0
L1 − x̃

−
L2

)2
,

S01
χZ̄

(u1, u2)S01
χZ̄

(ū1, u2) =
x̃+

R2
x̃−R2

( x̃+0
L1 x̃

−
R2 − 1

x̃+0
L1 x̃

+
R2 − 1

)2
.

(3.15)

8For a massive relativistic model, this limit is expressed in terms of rapidities as θ1 − θ2 → +∞.
9Strictly speaking, we could consider non-trivial exchange relations between massive and massless excitations,

but we do not see a reason for doing so. This is also based on an ex-post check of the solutions which we
obtain with perturbation theory.
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Finally, the crossing equation for massless particles with semionic statistics is

S00
χχ(u1, u2)S00

χχ(ū1, u2) = −
x̃−0

L2
x̃+0

L2

( x̃+0
L1 − x̃

+0
L2

x̃+0
L1 − x̃

−0
L2

)2
, (3.16)

which differs by a minus sign from [10, 25]. As we will discuss around eq. (4.25) below, the
solutions of equation (3.16) are more natural than those of the equation with opposite sign.
This difference in sign (even if restricted to the pure RR case) was also suggested in [28]
based on the quantum spectral curve construction of the dressing factors.

4 Proposal for dressing factors involving massless particles

Below we detail our proposal for the dressing factors of mixed-mass and massless-massless
scattering. As it turns out, taking suitable massless limits of the massive-massive dressing
factors of [17] is sufficient to construct the remaining factors.

4.1 Mirror theory S-matrix elements

Mixed-mass S-matrix elements. As was discussed in the previous section, in the case
of mixed-mass scattering one considers the following two S-matrix elements

S01
χY (x̃±0

L1 , x̃
±
L2) , S01

χZ̄
(x̃±0

L1 , x̃
±
R2) , (4.1)

and we assume that the S-matrix elements for massless particles of any chirality have the
same functional dependence on rapidity variables.

These S-matrix elements must satisfy the crossing equations (3.14) and (3.15). Since the
crossing equations (3.14) are the same as for the scattering elements Sm,1Y Y , Sm,1

Y Z̄
of massive

particles (3.13) in the limit where the mass m of the first particle is taken to 0, their solutions
are given by the same limit of Sm,1Y Y , Sm,1

Y Z̄
up to solutions of homogeneous crossing equations.

Thus, the S-matrix elements are given by

S01
χY (x̃±0

L1 , x̃
±
L2) = A01

χY (x̃±0
L1 , x̃

±
L2)
(
Σ01

LL(x̃±0
L1 , x̃

±
L2)
)−2

,

S01
χZ̄

(x̃±0
L1 , x̃

±
R2) = A01

χZ̄
(x̃±0

L1 , x̃
±
R2)

(
Σ01

LR(x̃±0
L1 , x̃

±
R2)
)−2

.
(4.2)

Here A01 are simple “rational” factors

Ã01
χY (u1, u2) = H01

χY (u1, u2)
x̃+0

L1
x̃−0

L1

x̃−L2
x̃+

L2

(
x̃−0

L1 − x̃
+
L2

x̃+0
L1 − x̃

−
L2

)2

,

A01
χZ̄

(x̃±0
L1 , x̃

±
R2) = H01

χZ̄
(u1, u2)

x̃+
R2
x̃−R2

1− x̃−0
L1 x̃

−
R2

1− x̃+0
L1 x̃

+
R2

1− x̃+0
L1 x̃

−
R2

1− x̃−0
L1 x̃

+
R2
,

(4.3)

where H01 satisfy the homogeneous crossing equations with respect to the second variable

H01
χY (u1, u2)H01

χZ̄
(u1, ū2) = 1 , H01

χZ̄
(u1, u2)H01

χY (u1, ū2) = 1 . (4.4)

Notice that up to these H functions, the dressing factors have been fixed to be the m→ 0+

limit of the dressing factors of the massive-massive elements defined in equation (F.3) in [17].
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The dressing factors Σ01
ab are obtained from the massive ones by taking the mass of the first

particle to 0, and are given by

(
Σ01
ab(x̃±0

a1 , x̃
±
b2)
)−2

=
(
Σ01odd
ab (γ̃±0

a1 , γ̃
±
b2)
)−2

(
Σ01BES
ab (x̃±0

a1 , x̃
±
b2)

Σ01HL
ab (x̃±0

a1 , x̃
±
b2)

)−2

, (4.5)

(
Σ01odd

LL (x̃±0
L1 , x̃

±
L2)
)−2

= R2(γ̃−0−
LL )R2(γ̃+0+

LL )
R2(γ̃−0+

LL )R2(γ̃+0−
LL )

, (4.6)

(
Σodd

LR (γ̃±0
L1 , γ̃

±
R2)
)−2

= R(γ̃−0+
LR + iπ)R(γ̃−0+

LR − iπ)R(γ̃+0−
LR + iπ)R(γ̃+0−

LR − iπ)
R(γ̃−0−

LR + iπ)R(γ̃−0−
LR − iπ)R(γ̃+0+

LR + iπ)R(γ̃+0+
LR − iπ)

. (4.7)

Since the massless Zhukovsky variables x̃±0
L1 are real, one has to deform slightly the integration

contours in the BES and HL dressing factors. Indeed, in the limit limm→0+ x̃±mL1 the Zhukovsky
variables approach the integration contours of BES and HL.10

The S-matrix elements also have to satisfy the crossing equations (3.15). Since the
crossing equations for the dressing factors Σ01

ab can be derived from their explicit form, see
appendix B, the crossing equations (3.15) lead to additional crossing equations on H01. By
using the results in appendix B, it is straightforward to show that they are

H01
χY (u1, u2)H01

χY (ū1, u2) =
α̃−

L2
α̃+

L2
, H01

χZ̄
(u1, u2)H01

χZ̄
(ū1, u2) =

α̃+
R2
α̃−

R2
. (4.8)

Here and in what follows we often use the notation (a =R ,L , j = 1, 2)

α̃±
aj ≡ αa(x̃

±
aj) , α̃±m

aj ≡ αa(x̃
±m
aj ) , α±

aj ≡ αa(x
±
aj) , α±m

aj ≡ αa(x
±m
aj ) , (4.9)

where the functions αa(x) are defined in (A.1).
The simplest solutions to (4.4) and (4.8) that are consistent with all symmetries and

perturbative computations are

H01
χY (u1, u2) =

√
α̃−

L2√
α̃+

L2

, H01
χZ̄

(u1, u2) =

√
α̃+

R2√
α̃−

R2

. (4.10)

The choice of the square-root branches is such as to ensure good properties under fusion.
The appearance of the α̃(x) functions is unavoidable due to the crossing equations. Note
that the branch points of these functions are not in the physical region, as they lie on the
boundary of the mirror region. Their positions coincide with those of the left and right
Zhukovsky maps, as shown in figures 1 and 2.

To show the S-matrix normalisation we are using, and for the reader’s convenience let
us write the S-matrix elements in a more explicit form

S01
χY (x̃±0

L1 , x̃
±
L2) =

√
α̃−

L2√
α̃+

L2

x̃+0
L1
x̃−0

L1

x̃−L2
x̃+

L2

(
x̃−0

L1 − x̃
+
L2

x̃+0
L1 − x̃

−
L2

)2 1
Σ01

LL(x̃±0
L1 , x̃

±
L2)2 ,

S01
χZ̄

(x̃±0
L1 , x̃

±
R2) =

√
α̃+

R2√
α̃−

R2

x̃+
R2
x̃−R2

1− x̃−0
L1 x̃

−
R2

1− x̃+0
L1 x̃

+
R2

1− x̃+0
L1 x̃

−
R2

1− x̃−0
L1 x̃

+
R2

1
Σ01

LR(x̃±0
L1 , x̃

±
R2)2 .

(4.11)

10One can also work with underformed contours and introduce a small regulator to assign a mass δ ≪ 1 to
the massless particle.
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By using fusion, one can also find the S-matrix elements S0m
χY , S

0m
χZ̄

for the scattering of
massless particles with m-particle bound states, see appendix C. They can also be obtained
from the S-matrix elements SδmY Y , SδmY Z̄ by taking the mass δ of the first particles to 0

S0m
χY (x̃±0

L1 , x̃
±m
L2 ) =

√
α̃−m

L2√
α̃+m

L2

lim
δ→0

SδmY Y (x̃±δL1 , x̃
±m
L2 ) ,

S0m
χZ̄

(x̃±0
L1 , x̃

±m
R2 ) =

√
α̃+m

R2√
α̃−m

R2

lim
δ→0

Sδm
Y Z̄

(x̃±δL1 , x̃
±m
R2 ) .

(4.12)

Massless-massless S-matrix elements. In the case of massless-massless scattering, we
assume that the S-matrix elements for massless particles of any chirality have the same
functional dependence on rapidity variables. Thus, we only need to consider the only
S-matrix element

S00
χχ(x̃±0

L1 , x̃
±0
L2 ) . (4.13)

It satisfies the following crossing equation

S00
χχ(u1, u2)S00

χχ(ū1, u2) = −
x̃−0

L2
x̃+0

L2

( x̃+0
L1 − x̃

+0
L2

x̃+0
L1 − x̃

−0
L2

)2
, (4.14)

where the minus sign appears due to the nontrivial exchange relations for massless particles
discussed in the previous section.

Up to the sign the crossing equation (4.14) is the same as (3.15) for the scattering element
S01
χY in the limit where the mass of the second particle is taken to 0. Therefore, the S-matrix

element S00
χχ takes the following form

S00
χχ(u1, u2) = +

√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃+0
L1
x̃−0

L1

x̃−0
L2
x̃+0

L2

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2 (
Σ00

LL(u1, u2)
)−2

, (4.15)

where Σ00
LL is given by (4.5) and (4.6) with massive rapidities replaced by massless ones. It

can also be obtained from S0m
χY by taking m to zero and using (4.12).

The braiding unitarity of (4.15) requires adding the extra
√
α̃+0

L1 /
√
α̃−0

L1 factor. Remark-
ably, this factor also produces the minus sign in the crossing equation (4.14). Indeed, the
crossing transformation for massless Zhukovsky variables is (2.25)

x̃±0
L

massless crossing−−−−−−−−−−→ x̃∓0
L + i0 , (4.16)

Since for positive momentum x̃±0
L do not cross the cut (0, ξ) of √αL while for negative

momentum both x̃±0
L cross the cut (−∞,−1/ξ), we get√
αL(x̃+0

L1 )√
αL(x̃−0

L1 )
massless crossing−−−−−−−−−−→

√
αL(x̃−0

L1 + i0)√
αL(x̃+0

L1 + i0)
= −

√
αL(x̃−0

L1 )√
αL(x̃+0

L1 )
. (4.17)

Thus, the S-matrix element (4.15) satisfies the crossing equation (4.14).
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It is worth noting that the massless-massless S-matrix can equivalently be obtained by
taking the m→ 0+ limit of right particles, x̃±mR → x̃±0

R . Then, using that x̃±0
R = 1/x̃∓0

L , the
result can be recast in terms of the left-massless kinematics, and it agrees with the one above.
This can be seen by using the results of appendix D.2, which implies that

lim
δ→0+

S0δ
χZ̄

(x̃±0
L1 , x̃

±δ
R2 )

S0δ
χY (x̃

±0
L1 , x̃

±δ
L2 )

= α̃+0
L1
α̃−0

L1
, (4.18)

where after the limit we used x̃±0
R = 1/x̃∓0

L . It is then natural to identify the massless S-matrix
as the following limit of the mixed-mass S matrices

S00
χχ(x̃±0

L1 , x̃
±0
L2 ) =

√
α̃−0

L1√
α̃+0

L1

lim
δ→0+

S0δ
χZ̄

(x̃±0
L1 , x̃

±δ
R2 ) =

√
α̃+0

L1√
α̃−0

L1

lim
δ→0+

S0δ
χY (x̃±0

L1 , x̃
±δ
L2 ) . (4.19)

Finally, let us comment on the plus sign in (4.15). Naively, to guarantee the condition
S00
χχ(u, u) = −1 one would have expected an overall minus sign. Indeed, for equal rapidities

the rational factor, and the odd factor are obviously equal to 1 while the BES and HL factors
are obtained by exponentiating their phases which are skew-symmetric, and therefore we
would expect the phases to vanish if rapidities are equal. There is, however, a loophole
in this consideration for what concerns the massless HL phase, which is not continuous as
u2 → u1. This is because to define the BES and HL phases for massless particles one has to
deform the integration contours in the Φ̃BES and Φ̃HL functions. For finite h, i.e. for the BES
phase, one can always do the deformation for any values of the rapidities x̃±0

Lj = x̃L(uj ± i0),
j = 1, 2 the phase depends upon. For infinite h, i.e. for the HL phase, the deformation of
the integration contours in Φ̃HL(x̃+0

L1 , x̃
−0
L2 ) and Φ̃HL(x̃−0

L1 , x̃
+0
L2 ) can be done only for u1 ̸= u2.

As a result, the u2 → u1 limit of massless HL phase is ambiguous. The massless HL factor
nonetheless is well defined, and it is equal to −1 for equal rapidities as it can be checked
numerically. In fact, this can be most easily seen by using a different representation of the HL
massless factor. Amazingly, in analogy with the HL factor for the RR case (see eq. (G.4)),
we have found and checked numerically that the massless HL factor can be expressed in
terms of Barnes functions as follows

ΣHL
LL (x̃±0

L1 , x̃
±0
L2 )2 = e2iθ̃HL(x̃±0

L1 ,x̃
±0
L2 )

= −R(γ̃
+0−0
LL + 2πi)2R(γ̃+0−0

LL )2R(γ̃−0+0
LL − 2πi)2R(γ̃−0+0

LL )2

R(γ̃−0−0
LL )4R(γ̃+0+0

LL )4 ,
(4.20)

where
γ̃±0±0

LL = γ̃±0
L1 − γ̃

±0
L2 . (4.21)

The equation (4.20) also agrees with the relativistic limit discussed in section 5.7.
The r.h.s. of the formula (4.20) is well defined for any γ̃’s and admits a straightforward

analytic continuation to any region. Moreover, taking into account that the product of
the odd and HL factors gives

Σ00odd
LL (x̃±0

L1 , x̃
±0
L2 )−2Σ00HL

LL (x̃±0
L1 , x̃

±0
L2 )2 = −R(γ̃

+0−0
LL + 2πi)2R(γ̃−0+0

LL − 2πi)2

R(γ̃−0−0
LL )2R(γ̃+0+0

LL )2

= − α̃
−0
L1
α̃+0

L1

α̃+0
L2
α̃−0

L2

x̃−0
L1
x̃+0

L1

x̃+0
L2
x̃−0

L2

(
x̃+0

L1 − x̃
−0
L2

x̃−0
L1 − x̃

+0
L2

)2
R(γ̃+0−0

LL )2R(γ̃−0+0
LL )2

R(γ̃−0−0
LL )2R(γ̃+0+0

LL )2 ,

(4.22)
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we find that the S-matrix element (4.15) takes the following simple form

S00
χχ(u1, u2) = −

√
α̃−0

L1√
α̃+0

L1

√
α̃+0

L2√
α̃−0

L2

R(γ̃+0−0
LL )2R(γ̃−0+0

LL )2

R(γ̃−0−0
LL )2R(γ̃+0+0

LL )2

(
Σ00BES

LL (u1, u2)
)−2

. (4.23)

On the crossing equation with trivial exchange relations. Had we assumed trivial
exchange relations, we would have found the crossing equation

S00
χχ(u1, u2)S00

χχ(ū1, u2) = + x̃
−0
L2
x̃+0

L2

( x̃+0
L1 − x̃

+0
L2

x̃+0
L1 − x̃

−0
L2

)2
, (4.24)

which differs from (3.16) by an overall sign. When κ = 0, this equation can be solved by
introducing the function [25]

a(γ̃) = −i tanh
(
γ̃

2 −
iπ

4

)
, a(γ̃)a(γ̃ + iπ) = −1 . (4.25)

This however introduces a zero for γ̃1−γ̃2 = iπ/2, so in this sense this solution is “less minimal”
than the one of equation (3.16). This factor is also incompatible with the analytic structure of
the quantum spectral cure (as highlighted in [28]), and it complicates the cut structure of the
pure-RR Y system [29]. Things are even worse in the κ > 0 case (where one must distinguish
γ̃+0

L1 − γ̃
+0
L2 ̸= γ̃−0

L1 − γ̃
−0
L2 , etc.). In this case we could not find a solution of the crossing

equation (4.24) compatible with the symmetries of the model — in particular, we could find
a solution which is however incompatible with SU(2)◦ symmetry. We regard this as a further
indication that the correct crossing equation is that related to semionic statistics (3.16).

4.2 String theory S-matrix elements

The S-matrix elements (4.11) (4.15) can be used to derive the corresponding string theory
S-matrix elements. To this end one analytically continues the mirror variables x̃+0

L , γ̃+0
L and

x̃+
a , γ̃

+
a to their string regions where one can use the string variables x+0

L , γ+0
L and x+

a , γ
+
a .

As discussed in section 2, the analytic continuation path depends on whether one wants to
get an S-matrix element with positive momenta in the interval (0, 2π) or with negative ones
in the interval (−2π, 0). One can also use fusion to find the S-matrix elements S0m

χY , S
0m
χZ̄

for
the scattering of massless particles with m-particle string bound states.

We will derive explicit expressions for the string S-matrix elements in appendix E. They
make the physical unitarity manifest. Here we present some of the results obtained in
appendix E for positive momenta. Relations involving S-matrix elements with negative
momenta will be discussed in subsection 5.4. In this subsection we write the string S-matrix
elements as functions of particle’s momenta which take values in the interval (0, 2π).

First, S0m
χY (p1, p2) is given by

S0m
χY (p1, p2) =

√
α+m

L2√
α−m

L2

(
x+0

L1
x−0

L1

)m (
σ0m

LL (p1, p2)
)−2

, (4.26)

where α±m
aj are defined in (4.9) and σ0m

LL is the string dressing factor, cf (G.12) of [17]

σ0m
LL (p1, p2)−2 = (−1)m−1

(
x−0

L1
x+0

L1

)m−1
x−mL2
x+m

L2

(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

Ξ0m
LL (p1, p2)−2 ,

(4.27)
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and

Ξ0m
LL (p1,p2)−2 =Σodd

LL (γ±0
L1 ,γ

±
L2)−2 e−2iδ0m

LL , (4.28)

2δ0m
LL =+2Φ̃LL(x±0

L1 ,x
±m
L2 )−2Φ̃HL

LL (x±0
L1 ,x

±m
L2 )

−2Ψ̃L(u1,x
+m
L2 )+2Ψ̃L(u1,x

−m
L2 )+Ψ̃+

L

(
u2+

i

h
m,x+0

L1

)
−Ψ̃+

L

(
u2+

i

h
m,x−0

L1

)
+Ψ̃−

L

(
u2−

i

h
m,x+0

L1

)
−Ψ̃−

L

(
u2−

i

h
m,x−0

L1

)
.

(4.29)

Eqs. (4.26) and (4.29) do not depend on constituent particles of the bound state, and (4.26)
satisfies the physical unitarity.

Similarly, S0m
χZ̄

(p1, p2) is given by

S0m
χZ̄

(p1, p2) =

√
α−m

R2√
α+m

R2

(
x+0

L1
x−0

L1

)m+1 1− x−0
L1 x

−m
R2

1− x+0
L1 x

+m
R2

1− x−0
L1 x

+m
R2

1− x+0
L1 x

−m
R2

(
σ0m

LR (p1, p2)
)−2

, (4.30)

where σ0m
LR is the string dressing factor, cf (G.22) of [17]

σ0m
LR (p1, p2)−2 = (−1)m−1

(
x−0

L1
x+0

L1

)m−1
x−mR2
x+m

R2

(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

Ξ0m
LR (p1, p2)−2 ,

(4.31)
and

Ξ0m
LR (p1,p2)−2 =Σodd

LR (γ±0
L1 ,γ

±
R2)−2 e−2iδ0m

LL , (4.32)

2δ0m
LR =+2Φ̃LR(x±0

L1 ,x
±m
R2 )−2Φ̃HL

LR(x±0
L1 ,x

±m
R2 )

−2Ψ̃R(u1,x
+m
R2 )+2Ψ̃R(u1,x

−m
R2 )+Ψ̃+

L

(
u2+

i

h
m,x+0

L1

)
−Ψ̃+

L

(
u2+

i

h
m,x−0

L1

)
+Ψ̃−

L

(
u2−

i

h
m,x+0

L1

)
−Ψ̃−

L

(
u2−

i

h
m,x−0

L1

)
.

(4.33)

Equation (4.30) also satisfies the physical unitarity.
When both particles are massless, we have

S00
χχ(p1, p2) =

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

(
σ00

LL(p1, p2)
)−2

, (4.34)

where σ00
LL is the string dressing factor, cf (G.12) of [17]

σ00
LL(p1, p2)−2 = −x

+0
L1
x−0

L1

x−0
L2
x+0

L2

(
Γ
[
− ih

2 u12
]

Γ
[
+ ih

2 u12
])2

Ξ00
LL(p1, p2)−2 , (4.35)

and

Ξ00
LL(p1, p2)−2 =Σodd

LL (γ±0
L1 , γ

±0
L2 )−2 e−2iδ00

LL , (4.36)

2δ00
LL = + 2Φ̃LL(x±0

L1 , x
±0
L2 )− 2Φ̃HL

LL (x±0
L1 , x

±0
L2 )− 2Ψ̃L(u1, x

+0
L2 ) + 2Ψ̃L(u1, x

−0
L2 )

+ 2Ψ̃L(u2, x
+0
L1 )− 2Ψ̃L(u2, x

−0
L1 ) .

(4.37)
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We can also use the formula (4.23) to do the analytic continuation to the string region.
Then, we get

S00
χχ(p1, p2) =−

√
α+0

L1√
α−0

L1

√
α−0

L2√
α+0

L2

x+0
L1
x−0

L1

x−0
L2
x+0

L2

(
x−0

L1 − x
+0
L2

x+0
L1 − x

−0
L2

)2

× R2(γ+0−0
LL )R2(γ−0+0

LL )
R2(γ−0−0

LL )R2(γ+0+0
LL )

1
ΣBES

LL (x±0
L1 , x

±0
L2 )2 ,

(4.38)

where ΣBES
LL (x±0

L1 , x
±0
L2 ) is the analytically continued BES factor, see (E.95). The expressions

in (4.34) and (4.38) also manifestly satisfy both physical and braiding unitarity, and the
condition S00

χχ(p, p) = −1.
Similar to the mirror mixed-mass and massless S-matrix elements, the string S-matrix

elements turn out to be the limit of the string massive elements SδmY Y , SδmY Z̄ :

S0m
χY (x±0

L1 , x
±m
L2 ) =

√
α+m

L2√
α−m

L2

lim
δ→0+

SδmY Y (x±δL1 , x
±m
L2 ) ,

S0m
χZ̄

(x±0
L1 , x

±m
R2 ) =

√
α−m

R2√
α+m

R2

lim
δ→0+

Sδm
Y Z̄

(x±δL1 , x
±m
R2 ) .

(4.39)

Note that the factors of √αa in (4.39) are inverted in comparison to (4.12). This is because
the analytic continuation paths are different for massless and massive particles.

In the next sections we will discuss various checks of the proposed S-matrix elements.

5 Verifying the proposal

Here we check that our proposal passes all available self-consistency checks and that it
reproduces the existing perturbative results.

5.1 Crossing symmetry and braiding unitarity

Invariance under crossing as well as braiding unitarity was a guiding principle in the con-
struction of the dressing factor. Braiding unitarity of the S matrix is manifest, given the
form of the dressing factors. As for crossing, the construction in the previous section of the
phases from a limit of the massive ones [17] makes it manifest that they satisfy crossing in the
mirror kinematics. Crossing in the string kinematics then follows by analytic continuation
of the crossing equations as a whole.

5.2 Parity in the mirror kinematics

The parity transformation in the mirror model corresponds to sending p̃a → −p̃a with
Ẽa → Ẽa, without any analytic continuation. In fact, such an analytic continuation would
not even exist for massless particles, as positive- and negative-momentum branches are not
connected, as remarked in section 2. We can analyse the behaviour of the various pieces of the
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S-matrix elements under parity. The transformation x̃±a → −1/x̃∓a (and similarly for massless
variables) can be easily implemented on the rational pre-factors; note in particular that√

αL(x̃+
L )√

αL(x̃−L )
−→

√
αL(x̃−L )√
αL(x̃+

L )
, (5.1)

under such a transformation. In this way, the rational pieces cancel out by themselves in the
equations (3.9). Similarly, recalling the transformation property of mirror rapidities

γ̃(x̃) −→ −γ̃(x̃) , ℑ(x̃) < 0 , (5.2)

and the fact that the “odd” dressing factors are of difference form in the rapidities, we get a
straightforward cancellation in (3.9). Finally, for BES and HL phases it was verified in [17] that

θ̃ab(x̃±a1, x̃
±
b2) = θ̃ba

(
− 1
x̃∓b2

,− 1
x̃∓a1

)
. (5.3)

This identity makes no assumption on the value of the mass: it remains true if one or both
particles’ masses are taken to zero. This observation completes the check of (3.9).

5.3 CT invariance in the mirror kinematics

To show CT invariance (3.8) it is useful to note that, for the mixed-mass phases,(
Σ01even

La (x̃±0
L1 , x̃

±
a2)−2

)∗
= Σ01even

Lā (x̃±0
L1 , x̃

±
ā2)+2 , a = R,L , (5.4)

Using the relations (A.19) and (A.20) between the highest-weight and lowest-weight S-matrix
elements, and noting that under conjugation mirror massive excitations transform as(

x̃±a
)∗ = 1

x̃∓ā
,

(
γ̃±a
)∗ = γ̃∓ā , (5.5)

and mirror massless ones as(
x̃±0
a

)∗
= x̃±0

a + i0 ,
(
γ̃±0
a

)∗
= γ̃±0

a ± iπ (5.6)

it is easy to check the CT conditions (3.8). It is worth noting that the would-be unitarity
condition

S00
χχ(u1, u2)S00

χχ(u1, u2)∗ =
x̃+0

L1
x̃−0

L1

x̃−0
L2
x̃+0

L2

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2
?= 1 . (5.7)

is not satisfied unless κ = 0. Instead, the corresponding CT condition

S00
χχ(u1, u2)S00

χ̃χ̃(u1, u2)∗ = 1 , (5.8)

is valid for any κ.

5.4 Continuation to arbitrary momentum in the string kinematics

As discussed in section 4, it is possible to obtain the string dressing factor by analytically
continuing the mirror one. Because the model is massless, there are different branches that are
given by non-equivalent choices of analytic continuation. Following the various paths outlined
in figures 3 and 4 we obtain various expressions which happen to satisfy simple relations
with the dressing factors in the 0 < pj < 2π region, which were given in eqs. (4.26), (4.30)
and (4.34). In the rest of this section we assume that any momentum p ∈ (0, 2π), explicitly
writing p − 2π to denote negative momentum in the interval (−2π, 0).
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Massless-left scattering. We can express the S-matrix element S0m
χY with one or both

negative momenta in terms of S-matrix elements with positive momenta as follows

S0m
χY (p1 − 2π, p2) =

√
α−m

L2√
α+m

L2

Skm
Z̄Y

(p1, p2) , 0 < m

S0m
χY (p1, p2 − 2π) = α+0

L1
α−0

L1
S0,k−m
χZ̄

(p1, p2) , 0 < m < k ,

S0,m+k
χY (p1, p2 − 2π) = −S0m

χY (p1, p2) , 0 < m ,

(5.9)

S0m
χY (p1 − 2π, p2 − 2π) =

√
α

+(k−m)
R2√
α
−(k−m)
R2

α−k
R1
α+k

R1
Sk,k−m
Z̄Z̄

(p1, p2) , 0 < m < k ,

S0,m+k
χY (p1 − 2π, p2 − 2π) = −

√
α−m

L2√
α+m

L2

Skm
Z̄Y

(p1, p2) , 0 < m .

(5.10)

Massless-right scattering. For S0m
χZ̄

with negative momenta we find

S0m
χZ̄

(p1 − 2π, p2) =

√
α+m

R2√
α−m

R2

Skm
Z̄Z̄

(p1, p2) , 0 < m ,

S0m
χZ̄

(p1, p2 − 2π) = −S0,m+k
χZ̄

(p1, p2) , 0 < m ,

S0m
χZ̄

(p1 − 2π, p2 − 2π) = −

√
α

+(m+k)
R2√
α
−(m+k)
R2

Sk,m+k
Z̄Z̄

(p1, p2) , 0 < m .

(5.11)

Massless-massless scattering. Finally, for massless-massless scattering we have

S00
χχ(p1 − 2π, p2) =

√
α−0

L2√
α+0

L2

Sk0
Z̄χ

(p1, p2) ,

S00
χχ(p1, p2 − 2π) =

√
α+0

L1√
α−0

L1

S0k
χZ̄

(p1, p2) ,

S00
χχ(p1 − 2π, p2 − 2π) =

√
α−k

R1√
α+k

R1

√
α+k

R2√
α−k

R2

Skk
Z̄Z̄

(p1, p2) .

(5.12)

These formulae clearly show that the massless particles with momentum in the interval
(−2π, 0) are related to the bound states of k right particles.

Scattering of left k-particle bound states with p ∈ (−2π, 0). There is also a similar
relation of a left k-particle bound state with momentum in the interval (−2π, 0) to a massless
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particle with momentum in (0, 2π). This is a consequence of the following identities

SkmY Y (p1 − 2π, p2) =

√
α−m

L2√
α+m

L2

S0m
χY (p1, p2) , 0 < m ,

Skm
Y Z̄

(p1 − 2π, p2) =

√
α+m

R2√
α−m

R2

S0m
χZ̄

(p1, p2) , 0 < m .

(5.13)

The analytic continuation of these formulae in p2 gives

SkmY Y (p1 − 2π, p2 − 2π) = −α
+0
L1
α−0

L1

√
α

+(k−m)
R2√
α
−(k−m)
R2

S0,k−m
χZ̄

(p1, p2) , 0 < m < k ,

Sk,m+k
Y Y (p1 − 2π, p2 − 2π) =

√
α−m

L2√
α+m

L2

S0m
χY (p1, p2) , 0 < m ,

Skm
Y Z̄

(p1 − 2π, p2 − 2π) =

√
α

+(m+k)
R2√
α
−(m+k)
R2

S0,m+k
χZ̄

(p1, p2) , 0 < m .

(5.14)

Taking the limit m → 0 of the relations above, we also obtain

S0k
χY (p1, p2 − 2π) = −

√
α+0

L1√
α−0

L1

S00
χχ(p1, p2) ,

S0k
χY (p1 − 2π, p2 − 2π) = −

√
α−k

R1√
α+k

R1

√
α−0

L2√
α+0

L2

Sk0
Z̄χ

(p1, p2) ,

SkkY Y (p1 − 2π, p2 − 2π) =

√
α+0

L1√
α−0

L1

√
α−0

L2√
α+0

L2

S00
χχ(p1, p2) .

(5.15)

Note that the first two relations in (5.15) can also be obtained as the limit m → 0 of the
relations for S0,m+k

χY (p1, p2 − 2π) and S0,m+k
χY (p1 − 2π, p2 − 2π).

5.5 CP in the string kinematics

As for the massive case [17] the check of CP for the mixed-mass and massless S-matrices
is complicated since it connects different regions of the string theory (associated with
0 < p < 2π and −2π < p < 0) and the S-matrix matrix must be continued to these regions
in a non-trivial way.

Let us sketch first the check of CP for the mixed-mass case. There are two different
kinematical configurations one should analyse: the case involving particles with the same
sign of the momenta and the case involving particles with opposite momentum signs. These
two configurations are reached by performing two separate analytic continuations of the
mixed-mass S-matrix. To write the two CP constraints explicitly we consider p1 and p2 to
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be in the interval (0, 2π) and check that

S0m
χY (p1 − 2π, p2 − 2π) = Sm0

Ȳ χ̃
(2π − p2, 2π − p1) ,

S0m
χY (p1 − 2π, p2) = Sm0

Ȳ χ̃
(−p2, 2π − p1) .

(5.16)

Two similar kinematical configurations must be considered also for massless S-matrices where
instead we need to check

S00
χ̃χ̃(2π − p2, 2π − p1) = S00

χχ(p1 − 2π, p2 − 2π) ,
S00
χχ(2π − p1, p2 − 2π) = S00

χ̃χ̃(2π − p2, p1 − 2π) .
(5.17)

Making use of the relations listed in section 5.4 the constraints (5.16) and (5.17) in the
u plane are given by11

Sk,k−m
Z̄Z̄

(u1, u2) =

√
α
−(k−m)
R2√
α

+(k−m)
R2

α+k
R1
α−k

R1
Sm0
Ȳ χ̃

(−u2,−u1) ,

Skm
Z̄Y

(u1, u2) = −

√
α+m

L2√
α−m

L2

Sm+k,0
Ȳ χ̃

(−u2,−u1) ,

(5.18)

and

S00
χ̃χ̃(−u2,−u1) = +

√
α−k

R1√
α+k

R1

√
α+k

R2√
α−k

R2

Skk
Z̄Z̄

(u1, u2) ,

S0k
χZ̄

(−u1,−u2) = −

√
α+k

R1√
α−k

R1

√
α+0

L2√
α−0

L2

S0k
χ̃Ȳ

(u2, u1) .

(5.19)

respectively. We will explicitly show how to connect the CP constraints in momentum and u

plane parameterisations in appendix F. In the same appendix we show that all CP constraints
are verified by our proposal for the dressing factors.

5.6 Near-BMN expansion

It is possible to expand the S-matrix elements at large string tensions, both in the mirror and
string kinematics. These results can be compared, at least at tree level, with the perturbative
S-matrix, which has been computed in [8] for the string model and in [22] for the mirror
model. One-loop results for the mixed-mass and massless S-matrices were obtained in [30, 31]
for the pure Ramond-Ramond case. In the presence of mixed-flux, only S-matrices between
massive excitations have been computed to higher loop orders [32–34] while interactions with
massless modes are known only at tree-level [8]. However, already in the pure-RR setup
the computations are both infrared and ultraviolet divergent, and it is not clear whether
the regularisation schemes adopted e.g. in [30, 31] are compatible with integrability, or
whether some additional counterterms may be needed. This makes the one-loop perturbative
S-matrices not completely reliable. A more extended discussion can be found in [25].

11Actually the second equation in (5.16) should not lead to a new constraint since it corresponds to the
analytic continuation of the first equation under p2 → p2+2π. We will consider the two equations independently
anyway.
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In either kinematics, we take the string tension T ≫ 1 with κ fixed. More precisely, we have

k

2π = q T , h =
√
1− q2 T +O(1) , k

2πh = κ

2π
T→∞−−−−→ q√

1− q2 , (5.20)

where 0 ≤ q ≤ 1 interpolates between the pure-RR backgrounds (q = 0) and the pure-NSNS
ones (q = 1). Moreover, we will take the string momentum (respectively, the mirror energy)
to be small, of order O(T−1).

Physical vs. ZF S matrix. Before proceeding with the comparison, it is important to
remark a distinction between the S matrix Sklij (p1, p2) which appears in the ZF algebra, and
the physical S matrix 𝕊klij (p1, p2) which is defined as the operator allowing to express in
asymptotic states on a basis of out asymptotic states [18, 35]. This distinction is important
in the presence of non-trivial exchange relations, like in this case. In fact, in our case the
exchange relations are diagonal,

a†i (p1) a†j(p2) = e−2πi sij sgn(v1−v2) a†j(p2) a†i (p1) , (5.21)

where a† are in (respectively, out) creation operators, and v = ∂ω/∂p is the group velocity
of either excitation. Eq. (5.21) is written in the string kinematics, but analogous formulae
hold in the mirror kinematics.12 In this case, the physical S matrix 𝕊klij is related to the
ZF S matrix Sklij as

𝕊klij (p1, p2) = e+2πi skl sgn(v1−v2) Sklij (p1, p2) , (5.22)

and similarly for the mirror kinematics. Note in particular that the physical S matrix can be
expanded around the identity, 𝕊 = 𝕀+ . . . , but does not necessarily obey the Yang-Baxter
equation; conversely, the ZF S matrix S obeys the Yang-Baxter equation, but reduces to
something nontrivial in the “free” limit. Referring the reader to [18] and references therein
for a more detailed discussion, we emphasise that when comparing with perturbative results
we must consider the physical S matrix 𝕊. In the case at hand we conjecture that

sij =


1
4 if both i, j are massless,
1
2FiFj else,

(5.23)

where Fi = 1 for excitations of type ψ, ψ̄, χ, χ̃ and Fi = 0 for excitations of type Z, Z̄, Y, Ȳ , T
— that is to say, exchange relations are standard apart from massless-massless ones.

Mirror kinematics. The mirror energy is given by the positive branch of

p̃2 = k2

4π2 Ẽ
2 + 4h2 sinh2 Ẽ

2 , (5.24)

which in the near-BMN limit where Ẽ = ω̃/T yields the dispersion

ω̃(p̃) =
∣∣p̃∣∣+O(T−2) . (5.25)

12Strictly speaking, the mirror velocity ṽ = ∂ω̃/∂p̃ can be complex, but we assume all exchange relations
which involve massive particles to be trivial, i.e. sjk = 0 or sjk = 1/2 when at least one of the particles is
massive, in which case there is no need to introduce the sign function sgn(v1 − v2).

– 29 –



J
H
E
P
0
2
(
2
0
2
6
)
2
3
7

As expected, this dispersion has two branches, which originate from the main cut of the
u-plane (for p̃ > 0) and from the κa cut (or more specifically, from the κL cut, since we
typically describe massless excitations in the “left” kinematics). It is worth noting that the
images of u-plane branch points go to a finite limit as T → ∞

ξL = 1
ξR
≡ ξ →

√
1 + q

1− q . (5.26)

The massless Zhukovsky variables take values in the vicinity of the images of the branch
points, namely

x̃±0
a = +ξa

(
1∓ p̃a

2T + (3− q)p̃2

24T 2

)
− i0 p̃a > 0 ,

x̃±0
a = − 1

ξa

(
1± p̃a

2T + (3 + q)p̃2

24T 2

)
− i0 , p̃a < 0 .

(5.27)

It is possible to derive similar formulae for massive particles and for the massive or massless
rapidities. They are collected in appendix H where they are used to expand the dressing
factors. Much like in [17], the computation of the phases boils down to taking the double
derivatives of the kernels. Of course it is necessary to ensure that the two particles which
we scatter have group velocity v1 > v2, which in the massless-massless scattering means
v1 > 0 > v2. Since in [22] the perturbative S matrix was computed for bosons, it is convenient
to check the following (diagonal) S-matrix elements

𝕊01
TY (x̃±0

L1 , x̃
±0
L2 ) = 1− i

T
p̃1p̃2 +O(T−2) ,

𝕊01
T Z̄

(x̃±0
L1 , x̃

±
R2) = 1− i

T
p̃1p̃2 +O(T−2) ,

𝕊00
TT (x̃±0

L1 , x̃
±0
L1 ) = 1− i

T
p̃1p̃2 +O(T−2) .

(5.28)

These results match the perturbative scattering results of [22]. For the massless-massless
scattering it was crucial to keep track of an additional factor of i coming from the nontrivial
exchange relations [18], cf. eq. (5.22).

String kinematics. Similar considerations apply to the case of the string kinematics. One
has to be careful to reproduce the correct branch of the string momentum. For instance,
to reproduce the small and positive momentum region, we proceed as outlined in section 2
and obtain

x̃+0
L1 →

1
x̃+0

R1
= x+0

L1 , x̃−0
L1 → x̃−0

L1 = x−0
L1 , (5.29)

where the rapidity u1 has gone trough the main mirror cut from above and accordingly x̃+0
L1

has crossed the real-x line from below. Instead, to obtain negative and small momentum we
start with Zhukovsky variables evaluated on the opposite edges of the +κ cuts

x̃±0
L2 = x̃L2(u2 + iκ± i0) , u2 < −ν . (5.30)
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Then we drag u2 slightly below the cut, so that x̃+0
L2 must be continued,

x̃−0
L2 (u2 + iκ) = x̃L2(u2 + iκ− i0) , u2 < −ν ,

x̃+0
L2 (u2 + iκ) = 1

x̃R2(u2 − iκ− i0)
, u2 < −ν .

(5.31)

Then we move u2 horizontally to the region u2 > −ν. The Zhukovsky variables after the
continuation take the following expressions

x̃−0
L2 (u2 + iκ)→ 1

x+k
R2 (u2)

, u2 > −ν ,

x̃+0
L2 (u2 + iκ) = 1

x−kR2 (u2)
, u2 > −ν ,

(5.32)

in terms of the rapidity of a k-particle bound state. Having crossed the log-cut of the
mirror energy, we get

Ẽ(0)
L2 = − log x+k

R (u2) + log x−kR (u2) + 2πi , (5.33)

or in the string kinematics

p
(0)
L2 = iẼ(0)

L2 = i
(
log x−kR (u2)− log x+k

R (u2)
)
− 2π = p

(k)
R2 − 2π ∈ (−2π, 0) . (5.34)

To make the string momenta small, as it is needed for the near-BMN limit, we must set

p
(0)
L1 = p1

T
+O(T−1), p

(k)
R2 = 2π + p2

T
+O(T−1) , p1 > 0 > p2 . (5.35)

Once again, the Zhukovsky variables take values near the images of the branch points, namely

x±0
L1 = +ξ

(
1± ip1

2T − (3− q) p2
1

24T 2

)
+O(T−3) ,

1
x∓kR2

= −1
ξ

(
1± ip2

2T − (3 + q) p2
2

24T 2

)
+O(T−3) .

(5.36)

In this way, and taking care of performing the necessary analytic continuation of the dressing
factors, we can evaluate the string S-matrix, as detailed in appendices H.2 and H.3. Again,
both for the mixed-mass and massless scattering, we find agreement with the perturbative
results [8].

5.7 Relativistic expansion

In [11], a particular relativistic limit of the model was considered, where h≪ 1, k was kept
fixed, and the momentum was expanded around the minimum of the dispersion relation with
fluctuations of order h. A similar limit was earlier considered in [36], where h was assumed
to be much smaller than the momentum fluctuation (as a consequence of this fact all modes
became massless). Here we refer to the limit considered in [11], which better reproduces the
bound state structure of the model. As already shown in [17], the non-perturbative S-matrix
for massive excitations matches the one bootstrapped in [11] in the limit. This provides a
nontrivial confirmation of the correctness for the proposal of the massive-massive S-matrices
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advanced in [17]. In this section we check that this is also the case for S-matrix elements
involving the scattering of massless modes, up to removing the factor

a(θ) = −i tanh
(
θ

2 − i
π

4

)
(5.37)

from the solution of [11].13 In particular, we will focus on the scattering of massless particles
with positive velocities. The scattering of massless particles with negative velocities can be
obtained by a parity transformation, and all the other processes have trivial S-matrices in
the limit [11]. Therefore this case provides a good representative of the limit.

In [11] it was found that two highest-weight massless particles of the same chirality scatter
with the following S-matrix element

Srel
χχ(θ) = a(θ)R

2(θ − iπ)R2(θ + iπ)
R4(θ) , (5.38)

where θ = θ12 = θ1− θ2 is the difference of the rapidities of the scattered particles. Removing
the factor a(θ), which with the current sign of the crossing equations is unnecessary, we
expect the following relativistic limit of the S-matrix element

Srel
χχ(θ) = −

R2(θ − iπ)R2(θ + iπ)
R4(θ) . (5.39)

The overall sign of the S-matrix is not fixed by relativistic crossing, but we have chosen
it so that

Srel
χχ(0) = −1 . (5.40)

In this way, we have a well-behaved Bethe wave function.14 In appendix I we show that in
the limit the proposal for the massless-massless S-matrix of this paper agrees with (5.39).

5.8 Pure-RR limit

As a final check of our proposal, we study the κ → 0 limit of our solution and compare it
with the results in [25]. Strictly speaking, k is a quantised parameter; there is then no strict
reason why the limit should be smooth. It is anyway desirable (and a further indication of
the correctness of our proposal) to have agreement with the pure-RR case.

For simplicity, we perform the limit directly in the mirror theory. The computation is
performed in detail in appendix G. For the mixed-mass S matrices, we find an exact agreement
with the results in [21, 25] (this is also the case for the massive-massive S matrices, as found
in [17]). For the massless-massless case, we find an agreement with [21, 25] up to the factor
a(γ), which in this paper was replaced by −1 (we refer to the discussion in section 4.1 for the
reasoning of removing this term). A further observation is that the limit of the ratios of α

13As in the pure Ramond-Ramond case, this factor was introduced in the relativistic study of the theory
considered in [11] to solve the crossing equations with an opposite sign compared to the one considered here.
This is due to the triviality of the exchange relations assumed in that paper.

14If we had solved the crossing equations with trivial exchange relations, we would have expected a factor
a(θ), which would have also lead to Srel

χχ(0) = −1 because a(0) = −1.
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Figure 5. Graphs of real and imaginary parts of mirror energy and momenta as functions of real u
rapidity for m < k. The real part of mirror momentum is bounded from below.

functions appearing in the massless-massless S matrix is +1 or −1 depending on whether the
scattered particles have equal or opposite chiralities (more comments on this can be found in
appendix G). This leads to another small difference compared with the pure-RR case, where
the sign was chosen to be the same in both chirality sectors. This sign does not affect the
mirror TBA equations for the ground state. However, it is important to fix it to reproduce
the spectrum of excited states. Hence the sign may be fixed by studying the mirror TBA
equations for excited states and comparing with perturbative results.

6 Mirror Thermodynamic Bethe Ansatz

In this section we conjecture the ground state TBA equations for the mixed-flux AdS3×S3×T 4

superstring. Since the mirror theory has a structure very similar to the pure RR one, we
expect that the TBA equations have the same form as well. The main difference in comparison
to the RR case is that the mixed-flux mirror theory is not unitary, and in particular for a real
u-rapidity, both the mirror energy and momentum of massive particles are not real. Moreover,
as we will see in a moment, for m < k and real u the real part of a mirror momentum is
bounded from below. This suggests that the integration contours appearing in TBA equations
are not real intervals on the u-plane.

6.1 Real mirror momentum contour

Recall that the mirror energy and momentum are given by

Ẽ(m)
a = ln x̃−ma − ln x̃+m

a , p̃(m)
a = h

2

(
x̃−ma − 1

x̃−ma
− x̃+m

a + 1
x̃+m
a

)
. (6.1)
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Figure 6. Graphs of real and imaginary parts of mirror energy and momenta as functions of real u
rapidity for m > k. The real part of mirror momentum runs from −∞ to +∞.

They satisfy the complex conjugation conditions(
Ẽ(m)
a (u)

)∗
= Ẽ(m)

ā (u∗) ,
(
p̃(m)
a (u)

)∗
= p̃

(m)
ā (u∗) , (6.2)

where, as usual, L̄ = R, R̄ = L. As a result, neither the mirror momentum nor the mirror
energy are real for real u. Instead, the images of the real-u line under Ẽ(m)

a (u) and p̃
(m)
a (u)

are curves in the complex plane, whose shape depends on m. For m < k the real part of ẼR(u)
and p̃R(u) (equal to the ones of ẼL(u) and p̃L(u)) asymptote to 0 as u→ −∞, and to +∞ as
u→ +∞ but they are not monotonic as functions of u. The real part of p̃R(u) (and p̃L(u)) is
bounded from below and asymptotes to 0. The imaginary parts of ẼR(u), ẼL(u) (and p̃R(u),
p̃L(u)) are conjugate to each other and bounded from above and below. They all asymptote
to 0 as u → +∞. In the limit u → −∞ the imaginary parts of ẼR(u), ẼL(u) approach 0
while the imaginary parts of p̃R(u), p̃L(u) asymptote to ±m, as depicted in figure 5. The
dependence of Ẽa and p̃a on u is very different from the pure RR case (k = 0). The reason
is that for m < k and real u, both points u + imh and u − imh are either below or above a
κ-cut while in the RR case they are on opposite sides of the mirror cuts.

For m > k pictures of real parts of Ẽa(u) and of p̃a(u) are similar to the ones for the
k = 0 case because u ± imh are on opposite sides of the two mirror cuts. Their imaginary
parts are similar to the ones for m < k case, see figure 6.

Such a dependence of Ẽa and p̃a on u for m < k indicates that one should consider the
values of u for which the real part of mirror momentum runs from −∞ to +∞. Since the
parity transformation in the mirror theory corresponds to the map u→ −u+ iκa, and for
any m the real part of p̃a approaches +∞ as u → +∞, it is clear that the corresponding
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Figure 7. Left: the curve on the u-plane where left mirror momentum p̃L is real. The curve where
p̃R is real is a reflection of this one about the real line. Right: the real p̃L(r) = p̃R(r) as a function of
r = ℜ(u).

Figure 8. Left: the real part of the mirror energy ℜ
(
ẼL(r)

)
= ℜ

(
ẼR(r)

)
as a function of r = ℜ(u) for

points on the u-plane curves where mirror momenta are real. Right: the imaginary part of the left
mirror energy ẼL(r). The graph of ℑ

(
ẼR(r)

)
is a reflection of this one about the real line.

curve should asymptote to the main cut for ℜ(u)→ +∞ and to a κa-cut for ℜ(u)→ −∞.
Indeed, the reality of p̃a follows if u = r + is, r, s ∈ ℝ satisfies the following equation

ℑ
(
x̃a

(
r + is− im

h

)
− 1
x̃a(r + is− imh )

− x̃a
(
r + is+ i

m

h

)
+ 1
x̃a(r + is+ imh )

)
= 0 .

(6.3)
Finding numerically s as a function of real r, one can plot the real mirror momentum
curve on the u-plane, and the graphs of mirror energy and momentum as functions of r,
see figures 7 and 8.

Since the mixed-flux mirror model is not unitary the real mirror momentum curve is
not the one that would appear in the TBA equations. Nevertheless, we expect that a
TBA integration contour would approach the cuts as r = ℜ(u) goes to ±∞, and it would
have similar shape. As discussed in section 2, for massless mirror particles the real mirror
momentum and energy correspond to u taking values on the mirror cuts.
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6.2 Mirror Bethe-Yang equations

In the following we label by N1 the number of fundamental particles of type left, by N1̄
the number of fundamental particles of type right and by N0 the total number of massless
particles. Finally, we label by N (α)

y the number of auxiliary roots of type α (this is an 𝔰𝔲(2)•
index for the different types of excitations).

The Bethe-Yang equations are a straightforward generalisation of the equations written
in [21] for the pure RR-case. For the fundamental particles we have

+1 = eip̃kR
N1∏
j ̸=k

S11
Y Y (uk, uj)

N1̄∏
j ̸=k

S11
Y Z̄

(uk, uj)
N0∏
j=1

S10
Y χ(uk, uj)

2∏
α=1

N
(α)
y∏
j=1

S1y(uk, y
(α)
j ) ,

+1 = eip̃kR
N1̄∏
j ̸=k

S11
Z̄Z̄

(uk, uj)
N1∏
j ̸=k

S11
Z̄Y

(uk, uj)
N0∏
j=1

S10
Z̄χ

(uk, uj)
2∏

α=1

N
(α)
y∏
j=1

S
1y(uk, y

(α)
j ) ,

−1 = eip̃kR
N1∏
j ̸=k

S01
χY (uk, uj)

N1̄∏
j ̸=k

S01
χZ̄

(uk, uj)
N0∏
j=1

S00
χχ(uk, uj)

2∏
α=1

N
(α)
y∏
j=1

S0y(uk, y
(α)
j ) .

(6.4)

Note that with respect to [21] we take the number of families of massless excitations to be
only one, as it is suggested in [37]. The equations for the auxiliary roots are instead given by

−1 =
N1∏
j=1

Sy1(y(α)
k , uj)

N1̄∏
j=1

S
y1(y(α)

k , uj)
N0∏
j=1

Sy0(y(α)
k , uj) , (6.5)

where the auxiliary S-matrices are defined by

S1y(u, y) =

√
x̃−L√
x̃+

L

x̃+
L − y
x̃−L − y

, Sy1(y, u) = 1
S1y(u, y) ,

S
1y(u, y) =

√
x̃+

R√
x̃−R

x̃−R − 1/y
x̃+

R − 1/y
, S

y1(y, u) = 1
S

1y(u, y)
,

S0y(u, y) =

√
x̃−0

L√
x̃+0

L

x̃+0
L − y
x̃−0

L − y
, Sy0(y, u) = 1

S0y(u, y) ,

(6.6)

The bound states equations can be obtained from the equations above following the same
route of [21]. For any model the fused Bethe-Yang equations can be written in the following
concise form

(−1)φA = eiδAp̃AkR
∏

B

NB∏
n=1

SAB(uAk, uBn) . (6.7)

Here the indices A, B label Bethe strings (bound states) of different kind, then δA = 1 for Bethe
strings carrying momentum and δA = 0 otherwise, and φA are real constants which in our case
can be equal to either 0 or 1 depending on the type of a Bethe string. SAB is the scattering
matrix of an A-string with a B-string, and we label by NB the number of strings of kind B.
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6.3 Mirror TBA equations

In this subsection we conjecture the mixed-flux AdS3 × S3 × T 4 TBA equations, and discuss
some subtle points which would have to be addressed in a thorough derivation of these
equations. Since the bound-state structure and symmetry algebra are similar to those of
the pure RR case, we expect that the mixed-flux TBA equations are of the same form as
the ones proposed in [21].

The derivation of the TBA equations from the fused Bethe-Yang equations (6.7) follows
the standard route. In the thermodynamic limit Bethe roots become dense, and introducing
the densities of particles and holes, one finds that they satisfy the following integral equations

ρA + ρ̄A = R

2πδA
dp̃A

du
+KAB ⋆ ρB . (6.8)

Here the convolution kernels are determined by the associated S matrices15

KAB(u, v) =
1
2πi

d

du
logSAB(u, v) , (6.9)

and the ⋆-operation is defined as follows

KAB ⋆ ρB(v) ≡
∑

B

∫
CB
duKAB(v, u)ρB(u) . (6.10)

The shape of the integration contour CB for the B-string depends on the string and the model
under consideration, and we will discuss the contours for the mixed-flux AdS3 × S3 × T 4

superstring in a due course.
Introducing then a Y-function for each Bethe string

YA = ρA

ρ̄A
, (6.11)

and finding an extremum of the free energy, one gets the canonical TBA equations

logYA = −L ẼA + log (1 + YB) ⋆ KBA , (6.12)

where for any function f(YB) we define

f
(YB

)
⋆ KBA(v) ≡

∑
B

∫
CB
du f

(YB(u)
)
KBA(u, v) . (6.13)

The free energy of the model is given by

F(L) = −R
L

∑
A

′
∫

du

2π
dp̃A

du
log (1 + YA) , (6.14)

where
∑

A
′ ≡

∑
A δA.

15Note that for non-momentum-carrying auxiliary Bethe strings of type A the S matrices should be chosen
so that the r.h.s. of (6.8) is positive. If the auxiliary S matrix SAA is constant, e.g. 1 or −1, so that KAA = 0,
then the real parts of the kernels KAB must be positive.

– 37 –



J
H
E
P
0
2
(
2
0
2
6
)
2
3
7

Let us now specify the formulae above to the AdS3 × S3 × T 4 TBA system. It involves
various convolution kernels KAB to be defined later, and the following Y -functions

1. YQ-functions of left Q-particle bound states: YQ = ρQ

ρ̄Q
, Q = 1, 2, . . .

2. Y Q-functions of right Q-particle bound states: Y Q =
ρ

Q

ρ̄
Q

, Q = 1, 2, . . .

3. Y0-function of massless particles:16 Y0 = ρ0
ρ̄0

4. Y (α)
± -functions of auxiliary y±-particles: Y

(α)
± = −eiµα

ρ̄
(α)
y±

ρ
(α)
y±

Here µα = (−1)αµ where µ is a twist parameter which if µ ̸= 0 breaks supersymmetry of
the light-cone string theory.

The left, right and massless Y -functions for momentum-carrying Bethe roots satisfy
the following equations17

log YQ = −LẼQ + log
(
1 + YQ′

)
⋆ KQ′Q

Y Y + log
(
1 + Y Q′

)
⋆ KQ′Q

Z̄Y
+ log (1 + Y0) ⋆̌K0Q

χY

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂KyQ
LL +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂KyQ
RL ,

(6.15)

log Y Q = −LẼQ + log
(
1 + Y Q′

)
⋆ KQ′Q

Z̄Z̄
+ log

(
1 + YQ′

)
⋆ KQ′Q

Y Z̄
+ log (1 + Y0) ⋆̌K0Q

χZ̄

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂KyQ
LR +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂KyQ
RR ,

(6.16)

log Y0 = −LẼ0 + log (1 + Y0) ⋆̌K00
χχ + log (1 + YQ) ⋆ KQ0

Y χ + log
(
1 + Y Q

)
⋆ KQ0

Z̄χ

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂Ky0
LL +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂Ky0
RL ,

(6.17)

and for auxiliary particles y− and y+ the following coupled pair appears

− log Y (α)
− = log (1 + YQ) ⋆ KQy

LL + log
(
1 + Y Q

)
⋆ KQy

RL + log (1 + Y0) ⋆̌K0y
LL , (6.18)

− log Y (α)
+ = + log (1 + YQ) ⋆ KQy

LR + log
(
1 + Y Q

)
⋆ KQy

RR + log (1 + Y0) ⋆̌K0y
LR . (6.19)

The mirror energy ẼQ and momentum p̃Q are given by (6.1) with m replaced by Q. The
energy of the ground state of the light-cone AdS3 × S3 × T 4 string theory is given by

E(L) = lim
R→∞

L

R
F(L) =−

∞∑
Q=1

∫
du

2π
dp̃Q
du

log (1 + YQ)−
∞∑
Q=1

∫
du

2π
dp̃Q
du

log
(
1 + Y Q

)
−
∫

du

2π
dp̃0
du

log (1 + Y0) .
(6.20)

16Note that in contrast to [21], we introduce a single Y function for all massless momentum carrying modes,
as suggested in [37].

17Note that contrary to [21, 37] we have chosen the left particles to be in the su(2) sector while the right
ones in the sl(2).
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The kernels are related to S matrices as in (6.9). The S matrices for momentum-carrying
excitations have been discussed in [13, 17] and this paper. The remaining S-matrices are
given by

SQyLL (u, v) = SQy(u, x̃L(v)) , SyQLL (u, v) = 1
SyQ(x̃L(u), v)

= SQyLL (v, u) ,

SQyLR (u, v) = SQy(u, 1
x̃R(v)

) , SyQRL (u, v) = SyQ( 1
x̃R(u)

, v) = 1
SQyLR (v, u)

,

SQyRL (u, v) = S
Qy(u, x̃L(v)) , SyQLR (u, v) = 1

S
yQ(x̃L(u), v)

= SQyRL (v, u) ,

SQyRR (u, v) = S
Qy(u, 1

x̃R(v)
) , SyQRR (u, v) = S

yQ( 1
x̃R(u)

, v) = 1
SQyRR (v, u)

,

(6.21)

where Q = 0, 1, . . . and the auxiliary S matrices are given by (6.6) with x̃±a replaced by x̃±Qa .
Note that the difference in the definition of SyQLL and SyQLR which is related to the requirement
of the kernel positivity, see footnote 15.

The auxiliary S matrices and kernels we are using here differ from the ones used in
the RR case in [21, 38]. For the reader’s convenience, we discuss the relation between the
new and old kernels in appendix J.

The ⋆-, ⋆̌- and ⋆̂-convolutions distinguish integration contours for different YA functions,
and, as was mentioned above, one should use the following definition

f
(
YA
)
⋆ KAB(v) ≡

∑
A

∫
CA

du f
(
YA(u)

)
KAB(u, v) , (6.22)

where f
(
YA
)

is any function of YA and CA is the integration contour for the YA-function. In
the pure-RR case the integration contours are intervals of the real line, and they are divided
into three groups which explains three different convolutions. In the mixed-flux case the
integration contours are found from the requirement that the densities of particles and holes
are real. Since the mirror model is non-unitary it is a highly nontrivial requirement. Indeed,
the densities of particles and holes satisfy in the thermodynamic limit the equations (6.8).
Since KAB are not real, the reality of ρA and ρ̄A can be achieved only by choosing the
integration contours so that the imaginary part of the r.h.s. of the equation vanishes.

Thus, finding the integration contours is a complicated problem by itself. We believe,
however, that this may not be necessary to write and solve the mirror TBA equations. Indeed,
in the mirror TBA, the contours can be deformed without changing a solution, as long as the
deformation does not encounter a singularity (conversely, such singularities are usually related
to describing different excited states [39]). We believe that it should be possible to deform
the contours to a simple and more convenient shape. In particular, it seems reasonable to
expect that for Q-particle Y -functions one could choose the real mirror momentum contour,
or even the contours which run from −∞ + iκa to the vertical line ℜ(u) = 0, then along
the vertical line to the horizontal line ℑ(u) = 0, and finally along the horizontal line to +∞.
For Y± functions we expect the contours are similar, only they run from a κa-branch point
to the main one. The contour for massless Y0-function is basically the same as for the RR
case. It runs over the lower edge of the κ-cut and over the upper edge of the main mirror
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cut. All the contours are parity-invariant. Whether this choice of contours is correct requires
substantially more careful analysis which will be done in a future publication.

7 Conclusions

In this work we have completed the S-matrix bootstrap program for mixed-flux AdS3×S3×T 4

by constructing massless dressing factors which solve crossing and satisfy all expected
properties of the model. Interestingly, much of the construction follows as m → 0+ limit
of that of massive dressing factors. Having fixed the S matrix, we have conjectured the
mirror TBA equations which should describe the spectrum of the model for any value of
the RR/NSNS flux (and hence, of the string tension). This completes the picture for the
spectral problem of the model: the case of pure-NSNS models was understood long ago in
the framework of the RNS string [4] (it can be studied by mirror TBA too [40, 41] starting
from the GS string); the opposite case of pure-RR background was recently understood in
terms of the mirror TBA [21, 37, 42, 43] and of the QSC [28, 44–46]. This work fills the
gap between the two cases. It would be interesting to see if it is possible to derive the Y
system, TQ and QQ relations from this TBA, which would yield a derivation of a QSC for
the mixed-flux model, along the lines of the ongoing effort for the pure-RR case.

Our results open the way to several exciting explorations. They allow us to start the
numerical exploration of the spectrum from the mirror TBA. In the mixed-flux case, it
seems natural to consider the limit where k is fixed and h ≪ 1, where one should recover
the pure-NSNS result [4] (and the pure-NSNS mirror TBA [41]) and its perturbation [5].
Taking the h → 0 limit is far from straightforward as the worldsheet excitations become
chiral and the scattering of collinear particles is especially subtle [10]; it is likely that the
limit should be taken at the level of the mirror TBA equations for excited states rather
than at the level of the S-matrix.

The perturbation around k = 1 is particularly interesting because it can be compared with
the perturbed symmetric-product orbifold CFT of T 4 [47–49], see [3] for a review. In the case
k = 1, the massless-massless sector is especially important owing to the periodicity (E.128)
(see also [50]) which allows to relate all masses to the m = 0 case in the string kinematics. It
is encouraging that the HL phase admits a particularly simple representation in this case.
We expect the most leading correction to appear already at order O(h) [51], even before
what expected from the Bethe-Yang equations.

Another interesting direction is to generalise the integrability approach to other AdS3
backgrounds. Among those there are many interesting integrable deformations of the type
reviewed in [3], but perhaps even more interestingly there is the family of AdS3×S3×S3×S1

backgrounds. They enjoy the same amount of supersymmetry as AdS3 × S3 × T 4, but in
this case the Killing spinors generate two copies of the 𝔡(2, 1;α) algebra, where 0 < α < 1
determines the ratio between the radii of the two three-spheres. As it turns out, the structure
of the S matrix of this model is very close to that of AdS3 × S3 × T 4 [52, 53], and the
background can be supported by a mixture of RR and NSNS flux. However, the presence of
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the additional parameter α makes the model substantially more involved.18 Nonetheless, it
may be possible to build on the insights presented here to solve the crossing equations of
that model too. We hope to return to these problems in the near future.
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A Definitions and useful formulae

A.1 Properties of
√

αa(x)

The S matrix elements we have constructed involve the function αa(x) defined by

αa(x) =
(
1− ξa

x

)(
x+ 1

ξa

)
, (A.1)

and its square root. We recall the definitions

ξL = 1
ξR

= eη , η ≡ arcsinh κ

2π . (A.2)

Here we summarise some of their properties. The function αa(x) transforms as follows under
the three discrete symmetries of the mirror region

αa(1/x) = −αā(x) , αa(−x) = −αā(x) , αa(−1/x) = αa(x) . (A.3)

Then, taking into account that

sgn (ℑ (αa(x))) = sgn (ℑ(x)) , (A.4)

we get that√
αa(−x) = −sgn (ℑ(x)) i

√
αā(x) ,

√
αa(1/x) = −sgn (ℑ(x)) i

√
αā(x) , (A.5)

Using that the cuts of
√
αa(x) are the intervals (−∞,−1/ξa) and (0, ξa), we find that moving

x to 1/x through the cuts of
√
αa(x) gives√

αa(x)
x→1/x through a cut−−−−−−−−−−−−−→ +sgn (ℑ(x)) i

√
αā(x) . (A.6)

18The case where α = 1/2, where the two spheres have the same radius, is simpler. Then the symmetries
are given by two copies of 𝔬𝔰𝔭(4|2) and there is exciting ongoing work to study the spectrum by the QSC, in
the pure-RR case.
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A.2 Function R(γ)

The odd dressing factors are expressed in terms of the following combination of Barnes
Gamma functions G:

R(γ) ≡
G(1− γ

2πi)
G(1 + γ

2πi)
=
(
e

2π

)+ γ
2πi

∞∏
ℓ=1

Γ(ℓ+ γ
2πi)

Γ(ℓ− γ
2πi)

e−
γ
πi
ψ(ℓ) , (A.7)

where ψ(ℓ) = d
dℓ log Γ(ℓ). It satisfies the following monodromy relations

R(γ ± 2πi) = i

(
sinh γ

2
π

)±1

R(γ) , R(γ + πi) =
cosh γ

2
π

R(γ − πi) , (A.8)

and the “unitarity” conditions

R(γ)R(−γ) = 1 , R(γ)∗R(γ∗) = 1 . (A.9)

A.3 Functions Φ̃ and Ψ̃

The mirror BES phases are expressed in terms of Φ̃-functions defined for all values of x1
and x2 by the double integral introduced in [13, 17]

Φ̃αβab (x1, x2) = −
∫

∂Rα

dw1
2πi

∫
∂Rβ

dw2
2πi

1
w1 − x1

1
w2 − x2

KBES(ua(w1)− ub(w2)) , α, β = ± ,

(A.10)
where we use the BES kernel

KBES(v) = i log
Γ
(
1 + ih

2 v
)

Γ
(
1− ih

2 v
) . (A.11)

The integration paths ∂R+ and ∂R− correspond to the upper and lower edges of the real
line (it is important to distinguish them since ua(w) has a log cut for w < 0). The BES
Φ̃-functions are defined in terms of Φ̃αβab -functions as follows

Φ̃aa(x1, x2) =
Φ̃−−
aa (x1, x2) + Φ̃++

aa (x1, x2)
2 , Φ̃aā(x1, x2) =

Φ̃−+
aā (x1, x2) + Φ̃+−

aā (x1, x2)
2 .

(A.12)
Expanding the BES kernel at large-h gives the AFS kernel, the HL kernel, and subleading terms

KBES(v) = hKAFS(v) +KHL(v) +O(1/h) , (A.13)

with
KAFS(v) = −1

2v
(
log(−iv) + log(+iv)

)
− v log h

2e,

KHL(v) = −π2 sgn
(
ℜ(v)

)
= lim

ϵ→0

ln(ϵ− iv)− ln(ϵ+ iv)
2i .

(A.14)

The double integrals for the HL phase can be reduced to single integrals, see appendix C.2
of [17].
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In the mirror theory x1 = x̃±m1
a1 , x2 = x̃±m2

b2 , and for any of these Φ̃-functions we define
the following combination19

Φ̃any
ab (x̃±m1

a1 , x̃±m2
b2 ) ≡ Φ̃any

ab (x̃+m1
a1 , x̃+m2

b2 )− Φ̃any
ab (x̃+m1

a1 , x̃−m2
b2 )

− Φ̃any
ab (x̃−m1

a1 , x̃+m2
b2 ) + Φ̃any

ab (x̃−m1
a1 , x̃−m2

b2 ) ,
(A.15)

Then, the mirror BES and HL phase and dressing factors are

θ̃any
ab (x̃±m1

a1 , x̃±m2
b2 ) = Φ̃any

ab (x̃±m1
a1 , x̃±m2

b2 ) , Σany
ab (x̃±m1

a1 , x̃±m2
b2 ) = exp

[
i θ̃any
ab (x̃±m1

a1 , x̃±m2
b2 )

]
.

(A.16)
For mj ̸= 0 the mirror Zhukovsky variables are below the integration contours, and the double
integrals are well-defined. The massless variables are obtained by taking the limit m→ 0, and
they approach the integration contours from below. Thus, in the massless case the contours
have to be slightly deformed that is always possible for finite h. For infinite h, i.e. for the HL
phase, and in the case where both particles are massless the contour deformation leads to an
ambiguity for u1 = u2 which makes the HL phase discontinuous at u1 = u2.

If we move x1 from the lower to the upper half plane, the analytic continuation of
Φ̃(x1, x2) function produces Ψ̃-functions

Ψ̃β
b (x1, x2) ≡ −

∫
∂Rβ

dw2
2πi

1
w2 − x2

KBES(ua(x1)− ub(w2)) . (A.17)

If we write x1 as x1 = x̃a(u1) or x1 = xa(u1) then ua(x1) = u1, and therefore Ψ̃β
b depends

only on u1. Because of that with a slight abuse of notation we use interchangeably Ψ̃β
b (x1, x̃b2)

and Ψ̃β
b (u1, x̃b2) for one and the same Ψ̃β

b function.
We also recall from [17] the following combinations of Ψ̃ functions

∆β
b

(
u1 ±

i

h
m, x±m2

b2

)
=+ Ψ̃β

b

(
u1 +

i

h
m1, x

+m2
b2

)
+ Ψ̃β

b

(
u1 −

i

h
m1, x

−m2
b2

)
− Ψ̃β

b

(
u1 +

i

h
m1, x

−m2
b2

)
− Ψ̃β

b

(
u1 −

i

h
m1, x

+m2
b2

)
.

(A.18)

This quantity can be explicitly computed both for x±m2
b2 in the mirror or string region. We

refer to the results in appendix E.2 of [17] for the explicit value of the expression above
in the different kinematical configurations.

A.4 Normalisation of lowest-weight elements

We find the following relations of the lowest-weight mixed-mass S-matrix elements to the
highest-weight ones

S0m
χ̃Z (p1, p2) =

x−0
L1
x+0

L1

x+m
L2
x−mL2

(
x+0

L1 − x
−m
L2

x−0
L1 − x

+m
L2

)2

S0m
χY (p1, p2) ,

Sm0
Zχ̃ (p1, p2) =

x−mL1
x+m

L1

x+0
L2
x−0

L2

(
x+m

L1 − x
−0
L2

x−mL1 − x
+0
L2

)2

Sm0
Y χ(p1, p2) ,

(A.19)

19We use the same definition of Φ̃-functions with x̃
±mj

aj being anywhere on the x-plane.
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and

S0m
χ̃Ȳ

(p1, p2) =
x−0

L1
x+0

L1

x−mR2
x+m

R2

(
1− x+0

L1 x
+m
R2

1− x−0
L1 x

−m
R2

)2

S0m
χZ̄

(p1, p2) ,

Sm0
Ȳ χ̃

(p1, p2) =
x+m

R1
x−mR1

x+0
L2
x−0

L2

(
1− x−mR1 x

−0
L2

1− x+m
R1 x

+0
L2

)2

Sm0
Z̄χ

(p1, p2) .

(A.20)

The massless-massless elements are related as follows

S00
χ̃χ̃(p1, p2) =

x−0
L1
x+0

L1

x+0
L2
x−0

L2

(
x+0

L1 − x
−0
L2

x−0
L1 − x

+0
L2

)2

S00
χχ(p1, p2) . (A.21)

B Crossing equations for mixed-mass dressing factors

In this appendix we sketch the derivation of the crossing equations for the mixed-mass
dressing factors. Just as in our previous papers, we perform the crossing transformation with
respect to the first particle, and therefore we consider as Σ10

aL as Σ01
La, a =R,L.

B.1 Crossing equations w.r.t. a massive particle

Let us derive the crossing equations for the BES, HL and odd factors with respect to a
massive particle. So, we consider

Φ̃αβab (x̃
±
a1, x̃

±0
b2 ) =−

∫
∂Rα

dw1
2πi

∫
∂R∩

β

dw2
2πi

1
w1 − x̃±a1

1
w2 − x̃±0

b2
KBES(ua(w1)− ub(w2)) , (B.1)

where a, b =R,L, α, β = ±, and ∂R∩
β denotes a slightly deformed integration contour to

avoid a pole due to the reality of x̃±0
b2 .

The derivation of the crossing equation for two massive particles discussed in [17] goes
through without any change, and we get (see definition (A.18))

θ̃αβab

(
1
x̃±ā1

, x̃±0
b2

)
+ θ̃−αβāb (x̃±ā1, x̃

±0
b2 ) =−∆β

b

(
u1 ±

i

h
, x̃±0

b2

)
+ 1
i
log x̃

+
b1 − x̃

−0
b2

x̃+
b1 − x̃

+0
b2

x̃+
b̄1x̃

+0
b2 − 1

x̃+
b̄1x̃

−0
b2 − 1

.

(B.2)
By using the identities for Ψ̃’s listed in appendix E.2 of [17], we get

exp
(
−i∆−

b

(
u1 ±

i

h
, x̃±0

b2

))
= x̃−0

b2
x̃+0
b2

x̃−b1 − x̃
+0
b2

x̃−b1 − x̃
−0
b2

x̃+
b1 − x̃

+0
b2

x̃+
b1 − x̃

−0
b2

, (B.3)

e
iθ̃α−

ab
( 1

x̃±
ā1
,x̃±0

b2 )+iθ̃−α−
āb

(x̃±ā1,x̃
±0
b2 )

= x̃−0
b2
x̃+0
b2

x̃−b1 − x̃
+0
b2

x̃−b1 − x̃
−0
b2

x̃+
b̄1x̃

+0
b2 − 1

x̃+
b̄1x̃

−0
b2 − 1

, (B.4)

and

exp
(
−i∆+

b

(
u1 ±

i

h
, x̃±0

b2

))
= x̃+0

b2
x̃−0
b2

x̃−b1x̃
−0
b2 − 1

x̃−b1x̃
+0
b2 − 1

x̃+
b̄1x̃

−0
b2 − 1

x̃+
b̄1x̃

+0
b2 − 1

, (B.5)

e
iθ̃α+

ab
( 1

x̃±
ā1
,x̃±0

b2 )+iθ̃−α+
āb

(x̃±ā1,x̃
±0
b2 )

= x̃+0
b2
x̃−0
b2

x̃+
b1 − x̃

−0
b2

x̃+
b1 − x̃

+0
b2

x̃−
b̄1x̃

−0
b2 − 1

x̃−
b̄1x̃

+0
b2 − 1

. (B.6)
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Thus, the crossing equations for the BES factors are

e
2iθ̃BES

aa ( 1
x̃±

ā1
,x̃±0

a2 )+2iθ̃BES
āa (x̃±ā1,x̃

±0
a2 )

= e
2iθ̃BES

āa ( 1
x̃±

a1
,x̃±0

a2 )+2iθ̃BES
aa (x̃±a1,x̃

±0
a2 )

= x̃−a1 − x̃
+0
a2

x̃−a1 − x̃
−0
a2

x̃+
ā1x̃

+0
a2 − 1

x̃+
ā1x̃

−0
a2 − 1

x̃+
a1 − x̃

−0
a2

x̃+
a1 − x̃

+0
a2

x̃−ā1x̃
−0
a2 − 1

x̃−ā1x̃
+0
a2 − 1

.
(B.7)

The equations can be found from the bound-state crossing equations of [17] by taking the
mass of the second particle to zero. The crossing equations for the HL factors have the same
form as for the massive particles with the replacement x̃±a2 → x̃±0

a2 , and therefore the ratio
of the BES and HL factors satisfies the homogeneous crossing equationΣBES

aa ( 1
x̃±ā1
, x̃±0

a2 )

ΣHL
aa ( 1

x̃±ā1
, x̃±0

a2 )

2(
ΣBES
āa (x̃±ā1, x̃

±0
a2 )

ΣHL
āa (x̃±ā1, x̃

±0
a2 )

)2

=

ΣBES
āa ( 1

x̃±a1
, x̃±0

a2 )

ΣHL
āa ( 1

x̃±a1
, x̃±0

a2 )

2(
ΣBES
aa (x̃±a1, x̃

±0
a2 )

ΣHL
aa (x̃±a1, x̃

±0
a2 )

)2

= 1 .

(B.8)
The odd factors also satisfy the massive particles crossing equations with the replacement
x̃±a2 → x̃±0

a2

(
Σ10odd

RL (ū1, u2)
)−2 (

Σ10odd
LL (u1, u2)

)−2
=

(
x̃−L1 − x̃

−0
L2

) (
x̃+

L1 − x̃
+0
L2

)
(
x̃−L1 − x̃

+0
L2

) (
x̃+

L1 − x̃
−0
L2

) ,
(
Σ10odd

LL (ū1, u2)
)−2 (

Σ10odd
RL (u1, u2)

)−2
=

(
x̃+

R1x̃
−0
L2 − 1

) (
x̃−R1x̃

+0
L2 − 1

)
(
x̃+

R1x̃
+0
L2 − 1

) (
x̃−R1x̃

−0
L2 − 1

) ,
(B.9)

due to the monodromy property (A.8) of R functions.
By using these formulae, it is straightforward to check that to solve crossing the factors

H01 must satisfy the homogeneous equations (4.4), and that the S-matrix elements (4.11)
satisfy the crossing equations (3.14).

B.2 Crossing equations w.r.t. a massless particle

Crossing equations for BES factors. Let us derive the crossing equations for the BES
factors with respect to a massless particle. We consider

Φ̃αβab (x̃
±0
a1 , x̃

±
b2) =−

∫
∂R∩

α

dw1
2πi

∫
∂Rβ

dw2
2πi

1
w1 − x̃±0

a1

1
w2 − x̃±b2

KBES(ua(w1)− ub(w2)) , (B.10)

and use the crossing transformation (4.16) for massless particles

x̃±0
L

massless crossing−−−−−−−−−−→ x̃∓0
L + i0 . (B.11)

The crossing path is chosen so that one does not cross any cut of resulting Ψ̃-functions. It
is easy to see that the total contribution from Ψ̃-functions vanish, and therefore the BES
factors satisfy the homogeneous crossing equations with respect to a massless particle

Σ10BES
aa (ū1, u2)Σ10BES

āa (u1, u2) = Σ10BES
āa (ū1, u2)Σ10BES

aa (u1, u2) = 1 . (B.12)

– 45 –



J
H
E
P
0
2
(
2
0
2
6
)
2
3
7

Crossing equations for HL factors To define the HL phases we need to take h → ∞.
This requires extra deformation of integration contours such that on the v-planes the cuts
of KHL(v12) would not intersect the deformed contours. Then, repeating the calculation
done in [17] for the massive HL phases we get the same expressions but with deformed
integration contours

θ̃HL
ab (x̃±0

a1 , x̃
±
b2) = IHL

ab (x̃+0
a1 , x̃

+
b2) + IHL

ab (x̃−0
a1 , x̃

−
b2)− I

HL
ab (x̃+0

a1 , x̃
−
b2)− I

HL
ab (x̃−0

a1 , x̃
+
b2) , (B.13)

where

IHL
aa (x1, x2) ≡ −

1
4π

∫
c̃uts

∩

dv x̃′a(v)
x̃a(v)− x1

(log (x̃a(v − iϵ)− x2)− log (x̃a(v + iϵ)− x2)) ,

IHL
āa (x1, x2) ≡ + 1

4π

∫
c̃uts

∩

dv x̃′ā(v)
x̃ā(v)− x1

(
log

( 1
x̃ā(v − iϵ)

− x2

)
− log

( 1
x̃ā(v + iϵ) − x2

))
,

(B.14)
and c̃uts∩ denotes the deformed integration contours. By using the formulae, one then finds
that the HL dressing factors satisfy the following crossing equations

(
Σ01HL

LL (ū1, u2)
)2 (

Σ01HL
LL (u1, u2)

)2
=
(
x̃+0

L1 − x̃
+
L2

x̃+0
L1 − x̃

−
L2

x̃−0
L1 − x̃

−
L2

x̃−0
L1 − x̃

+
L2

)2

,

(
Σ01HL

LR (ū1, u2)
)2 (

Σ01HL
LR (u1, u2)

)2
=
(
x̃+0

L1 x̃
−
R2 − 1

x̃+0
L1 x̃

+
R2 − 1

x̃−0
L1 x̃

+
R2 − 1

x̃−0
L1 x̃

−
R2 − 1

)2

.

(B.15)

Crossing equations for odd factors. To find the crossing equations for the odd factors
we use that under crossing

γ̃+0
a → γ̃−0

a , γ̃−0
a → γ̃+0

a + 2iπ , (B.16)

and therefore(
Σ01odd

LL (ū1, u2)
)−2 (

Σ01odd
LL (u1, u2)

)−2
=

sinh2 γ̃+0−
LL
2

sinh2 γ̃+0+
LL
2

= α̃+
L2
α̃−

L2

x̃+
L2
x̃−L2

(
x̃+0

L1 − x̃
−
L2

x̃+0
L1 − x̃

+
L2

)2

,

(
Σ01odd

LR (ū1, u2)
)−2 (

Σ01odd
RL (u1, u2)

)−2
=

cosh2 γ̃+0+
LR
2

cosh2 γ̃+0−
LR
2

= α̃−
R2
α̃+

R2

x̃−R2
x̃+

R2

(
x̃+0

L1 x̃
+
R2 − 1

x̃+0
L1 x̃

−
R2 − 1

)2

.

(B.17)

By using the formulae above, it is easy to verify that in order for the S-matrix elements (4.2) to
satisfy the crossing equations (3.15) the factors H01 must satisfy the crossing equations (4.8).
Solutions to the crossing equations are then provided by the expression in (4.11).

C S-matrix normalisation using left and right Zhukovsky variables

There are two separate representations for massless particles spanned by a 𝔰𝔲(2)◦ index
α̇ = 1, 2. The particles of the two representations are connected one to another under charge
conjugation ‘C’ (up to some sign ϵ1̇2̇ = −ϵ2̇1̇)

|χ1̇⟩ = |ϕBL ⟩ ⊗ |ϕFL ⟩ ←− C −→ |χ̃2̇⟩ = |φBR ⟩ ⊗ |φFR ⟩ ,

|χ2̇⟩ = |ϕFR ⟩ ⊗ |ϕBR ⟩ ←− C −→ |χ̃1̇⟩ = |φFL ⟩ ⊗ |φBL ⟩ .
(C.1)
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The two representations are isomorphic and in the main text (as well as in [10]) we parametrised
all massless particles with left Zhukovsky variables. However, we can equally parameterise the
massless kinematics using right variables. In this appendix, we parameterise the representation
associated with the index 1̇ using left Zhukovsky variables and the representation associated
with the index 2̇ using right Zhukovsky variables. This is particularly convenient if one
want to solve the crossing equations in the same way as is done for massive particles in [17],
and then take the mass to zero. It is possible to show that the two representations are
equivalent for massless particles, and there is no distinction between the two indices. As a
consequence of this fact massless particles can be parameterised either using left or right
Zhukovsky variables. We will show this explicitly in appendix D. This is a nontrivial check
of the correctness of our proposal for the dressing factors.

C.1 S-matrix normalisation in the mirror region

Massless-massive elements in mirror theory. In section 4 we proposed the S-matrix
elements S01

χY ≡ S01
χ1̇Y

and S01
χZ̄
≡ S01

χ1̇Z̄
. Here we associate the index 1̇ to these solutions

since they are expressed in terms of massless left Zhukovsky variables. Once these elements
are known, one can apply a charge conjugation tranformation to obtain the elements S01

χ̃2̇Ȳ

and S01
χ̃2̇Z

, and from them get S01
χ2̇Z̄

and S01
χ2̇Y

by changing normalisation from the scattering
of lowest weight state to highest weight states (this is realised by multiplying the S-matrix
element by F (p1, p2)−2 in the notation of appendix B in [11]). The charge conjugation
transformation corresponds to mapping left Zhukovsky variables to right Zhukovsky variables
and vice versa. Starting from the solutions in (4.11) we can therefore generate all the
remaining S-matrix elements for the scattering of highest weight states in the mixed-mass
sector. For bound states of arbitrary mass we find

S
∣∣χ1̇

1Y
m

2 ⟩ =

√
α̃−m

L2√
α̃+m

L2

x̃−mL2
x̃+m

L2

x̃+0
L1
x̃−0

L1

(
x̃−0

L1 − x̃
+m
L2

x̃+0
L1 − x̃

−m
L2

)2 (
Σ0m

LL (u1, u2)
)−2 ∣∣χ1̇

1Y
m

2 ⟩,

S
∣∣χ1̇

1Z̄
m
2
〉
=

√
α̃+m

R2√
α̃−m

R2

x̃+m
R2
x̃−mR2

1− x̃−0
L1 x̃

−m
R2

1− x̃+0
L1 x̃

+m
R2

1− x̃+0
L1 x̃

−m
R2

1− x̃−0
L1 x̃

+m
R2

(
Σ0m

LR (u1, u2)
)−2 ∣∣χ1̇

1Z̄
m
2
〉
,

S
∣∣χ2̇

1Y
m

2
〉
=

√
α̃+m

L2√
α̃−m

L2

x̃−0
R1
x̃+0

R1

1− x̃+0
R1 x̃

−m
L2

1− x̃−0
R1 x̃

+m
L2

1− x̃+0
R1 x̃

+m
L2

1− x̃−0
R1 x̃

−m
L2

(
Σ0m

RL (u1, u2)
)−2 ∣∣χ2̇

1Y
m

2
〉
,

S
∣∣χ2̇

1Z̄
m
2
〉
=

√
α̃−m

R2√
α̃+m

R2

(
Σ0m

RR (u1, u2)
)−2 ∣∣χ2̇

1Z̄
m
2
〉
.

(C.2)

Bound states in the mirror theory have been obtained by fusing particles of type Z and
Z̄, with the constraint on the constituents

x̃+m
R (u) = x̃+

R1 , x̃−R1 = x̃+
R2 , x̃−R2 = x̃+

R3 . . . , x̃−Rm = x̃−mR (u) . (C.3)

We refer to [17] for further details on the construction of bound states. The elements above
are manifestly left-right symmetric.
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In the main text we worked using only the first two rows in the expression above due to
the fact that the representations for massless particles are equivalent, which is

S0m
χ1̇Y

(u1, u2) = S0m
χ2̇Y

(u1, u2) , S0m
χ1̇Z̄

(u1, u2) = S0m
χ2̇Z̄

(u1, u2) . (C.4)

These equalities are not implied by left-right symmetry and need to be checked. Remarkably
after mapping left variables to right variables x̃±0

L1 = 1
x̃∓0

R1
the equalities above turn out to

be correct. This is a nontrivial fact supporting the validity of our proposal. We will return
to this in appendix D.

The massive-massless S-matrix elements can be immediately obtained by applying braiding
unitarity on the elements in (C.2).

Massless-massless elements in mirror theory. The massless-massless element Sχ1̇χ1̇ was
proposed in (4.15) (again, we associate an index 1̇ to the massless particles of this element since
we use left Zhukovsky variables). From Sχ1̇χ1̇ by mapping left Zhukovsky variables to right
Zhukovsky variables we obtain all the remaining elements Sχ1̇χ2̇ , Sχ2̇χ1̇ and Sχ2̇χ2̇ . We obtain

S
∣∣χ1̇

1χ
1̇
2⟩ = +

√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃−0
L2
x̃+0

L2

x̃+0
L1
x̃−0

L1

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2 (
Σ00

LL(u1, u2)
)−2 ∣∣χ1̇

1χ
1̇
2⟩,

S
∣∣χ1̇

1χ
2̇
2
〉
= −

√
α̃−0

L1√
α̃+0

L1

√
α̃+0

R2√
α̃−0

R2

x̃+0
R2
x̃−0

R2

1− x̃−0
L1 x̃

−0
R2

1− x̃+0
L1 x̃

+0
R2

1− x̃+0
L1 x̃

−0
R2

1− x̃−0
L1 x̃

+0
R2

(
Σ00

LR(u1, u2)
)−2 ∣∣χ1̇

1χ
2̇
2
〉
,

S
∣∣χ2̇

1χ
1̇
2
〉
= −

√
α̃−0

R1√
α̃+0

R1

√
α̃+0

L2√
α̃−0

L2

x̃−0
R1
x̃+0

R1

1− x̃+0
R1 x̃

−0
L2

1− x̃−0
R1 x̃

+0
L2

1− x̃+0
R1 x̃

+0
L2

1− x̃−0
R1 x̃

−0
L2

(
Σ00

RL(u1, u2)
)−2 ∣∣χ2̇

1χ
1̇
2
〉
,

S
∣∣χ2̇

1χ
2̇
2
〉
= +

√
α̃+0

R1√
α̃−0

R1

√
α̃−0

R2√
α̃+0

R2

(
Σ00

RR(u1, u2)
)−2 ∣∣χ2̇

1χ
2̇
2
〉
,

(C.5)

It can be shown that the normalisation above solves braiding unitarily, it is left-right symmetric,
and that all the elements are equal after mapping left variables to right variables:

Sχ1̇χ1̇(u1, u2) = Sχ1̇χ2̇(u1, u2) = Sχ2̇χ1̇(u1, u2) = Sχ2̇χ2̇(u1, u2) . (C.6)

C.2 S-matrix normalisation in the string region

Starting from the mirror region it is possible to continue the S-matrix elements to the
string region. This can be done either to the region where the momenta are positive
(0 < p < 2π) or to the region of negative momenta (−2π < p < 0). S-matrices with string
particles of negative momenta can also be obtained by using the quasi-periodicity under
shifts {m → m ± k, p → p ∓ 2π}. This periodicity was already discussed in [11, 12] and
analysed in full detail on the S-matrix elements for massive particles in [17]. This extends
also to massless particles as we discuss in appendix E. It is then enough to write down the
normalisation for particles having both momenta positive and in the region (0, 2π). All the
other regions can be obtained by using the periodicity under shifts of 2π.
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Massless-massive elements in string theory. From the continuation of the dressing
factors, we obtain the following normalisation for the massless-massive S-matrix elements
in the string region of momenta 0 < p1 < 2π, 0 < p2 < 2π:

S
∣∣χ1̇

1Y
m

2 ⟩ =

√
α+m

L2√
α−m

L2

(
x+0

L1
x−0

L1

)m (
x−0

L1 − x
+m
L2

x+0
L1 − x

+m
L2

)2

×
m−1∏
j=1

(
x−0

L1 − x
+
L2j

x+0
L1 − x

+
L2j

)2 (
Σ0m

LL (u1, u2)
)−2 ∣∣χ1̇

1Y
m

2 ⟩,

S
∣∣χ1̇

1Z̄
m
2
〉
=

√
α−m

R2√
α+m

R2

(
x−0

L1
x+0

L1

)m−1 1− x−0
L1 x

−m
R2

1− x+0
L1 x

−m
R2

1− x+0
L1 x

+m
R2

1− x−0
L1 x

+m
R2

×
m−1∏
j=1

(
1− x+0

L1 x
+
R2j

1− x−0
L1 x

+
R2j

)2 (
Σ0m

LR (u1, u2)
)−2 ∣∣χ1̇

1Z̄
m
2
〉
,

S
∣∣χ2̇

1Y
m

2
〉
=

√
α−m

L2√
α+m

L2

(
x−0

R1
x+0

R1

)m
x−mL2
x+m

L2

(
1− x+0

R1x
+m
L2

)3(
1− x−0

R1x
+m
L2

) (
1− x−0

R1x
−m
L2

) (
1− x+0

R1x
−m
L2

)
×
m−1∏
j=1

(
1− x+0

R1x
+
L2j

1− x−0
R1x

+
L2j

)2 (
Σ0m

RL (u1, u2)
)−2 ∣∣χ2̇

1Y
m

2
〉
,

S
∣∣χ2̇

1Z̄
m
2
〉
=

√
α+m

R2√
α−m

R2

x+m
R2
x−mR2

(
x+0

R1
x−0

R1

)m−1(
x+0

R1 − x
−m
R2

x+0
R1 − x

+m
R2

)2

×
m−1∏
j=1

(
x−0

R1 − x
+
R2j

x+0
R1 − x

+
R2j

)2 (
Σ0m

RR (u1, u2)
)−2 ∣∣χ2̇

1Z̄
m
2
〉
.

(C.7)

In string theory, the bound states are composed of multiple particles of type Y (or multiple
particles of type Ȳ ). The fusion condition in this case is

x−mL (u) = x−L1 , x+
L1 = x−L2 , x+

L2 = x−L3 , . . . , x+
Lm = x+m

L (u) . (C.8)

We fuse assuming all the constituents particles to be in the mirror region but x+
Lm (which

we choose in the string region) as discussed in [17]. We stress that the odd dressing factors
in the expressions above are evaluated at string γ functions. We leave the continuation of
the even part of the dressing factors implicit(

Σ0m
ab (u1, u2)

)−2
=
(
Σ0m,even
ab (u1, u2)

)−2 (
Σ0m,odd
ab (γ±0

a1 , γ
±m
b2 )

)−2
. (C.9)

The massive-massless S-matrix elements for string bound states are obtained from the
expressions above using braiding unitarity.

Massless-massless elements in string theory. Continuing the first expression in (C.5)
to the string region where both massless particles have positive momenta we obtain

S
∣∣χ1̇

1χ
1̇
2⟩ = +

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

(
Σodd

LL (γ±0
L1 , γ

±0
L2 )

)−2 (
Σ00,even

LL (u1, u2)
)−2 ∣∣χ1̇

1χ
1̇
2⟩ . (C.10)
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We omit the remaining massless-massless S-matrix elements, since they are all equal to
each other.

D Crossing using left and right Zhukovsky variables

In the main text of this paper, we parameterised massless kinematics using left Zhukovsky
variables — which makes their 𝔰𝔲(2)◦ invariance manifest [10]. However, as a consequence,
the crossing equations for massless particles take a quite different form compared to the
crossing equations of massive particles (which instead couple left and right particles). Giving
up manifest 𝔰𝔲(2)◦ invariance, we can parametrise half of the massless excitations in terms
of right Zhukovsky variables, in such a way as to make manifest that the massless crossing
equations can be obtained as a limit of the massive ones. In this appendix, we show this fact
explicitly and check the equivalence between S-matrix elements expressed in terms of left and
right variables for massless particles. Since the crossing equations w.r.t. a massive particle
take exactly the same form discussed in [17] and the massless particle is a spectator, we
consider here only crossing equations w.r.t. massless particles, where this relation is nontrivial.

D.1 Crossing from a limit of the massive case

Let us consider the crossing equations in (3.15). Since the massless particles do not distinguish
between indices 1̇ and 2̇ (i.e. S0m

χ1̇Y
= S0m

χ2̇Y
and S0m

χ1̇Z̄
= S0m

χ2̇Z̄
) then we can write down the

crossing equations in the following form

S0m
χ1̇Y

(u1, u2)S0m
χ2̇Y

(ū1, u2) =
x̃−mL2
x̃+m

L2

(
x̃+0

L1 − x̃
+m
L2

x̃+0
L1 − x̃

−m
L2

)2

,

S0m2
χ1̇Y

(ū1, u2)S0m2
χ2̇Y

(u1, u2) =
x̃−mL2
x̃+m

L2

(
1− x̃−0

R1 x̃
+m
L2

1− x̃−0
R1 x̃

−m
L2

)2

,

(D.1)

S0m
χ2̇Z̄

(u1, u2)S0m
χ1̇Z̄

(ū1, u2) =
x̃+m

R2
x̃−mR2

(
x̃−0

R1 − x̃
−m
R2

x̃−0
R1 − x̃

+m
R2

)2

,

S0m
χ2̇Z̄

(ū1, u2)S0m
χ1̇Z̄

(u1, u2) =
x̃+m

R2
x̃−mR2

(
1− x̃+0

L1 x̃
−m
R2

1− x̃+0
L1 x̃

+m
R2

)2

.

(D.2)

These equations correspond exactly to the crossing equations of massive-massive elements in
the limit where the first mass becomes zero. Similarly, starting from (3.16) and assuming (C.6)
we obtain the following crossing equations for the massless-massless S-matrices

S00
χ1̇χ1̇(u1, u2)S00

χ2̇χ1̇(ū1, u2) = −
x̃−0

L2
x̃+0

L2

( x̃+0
L1 − x̃

+0
L2

x̃+0
L1 − x̃

−0
L2

)2
,

S00
χ2̇χ1̇(u1, u2)S00

χ1̇χ1̇(ū1, u2) = −
x̃−0

L2
x̃+0

L2

(1− x̃−0
R1 x̃

+0
L2

1− x̃−0
R1 x̃

−0
L2

)2
,

S00
χ2̇χ2̇(u1, u2)S00

χ1̇χ2̇(ū1, u2) = −
x̃+0

R2
x̃−0

R2

(
x̃−0

R1 − x̃
−0
R2

x̃−0
R1 − x̃

+0
R2

)2

,

S00
χ2̇χ2̇(ū1, u2)S00

χ1̇χ2̇(u1, u2) = −
x̃+0

R2
x̃−0

R2

(
1− x̃+0

L1 x̃
−0
R2

1− x̃+0
L1 x̃

+0
R2

)2

.

(D.3)
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Using that x̃+0
R = 1/x̃−0

L and x̃−0
R = 1/x̃+0

L it is easy to check that all the crossing equations
above are equivalent, and one can solve these equations with the further requirement that all
the S-matrix elements are the same and do not depend on the index α̇. Using the equations
above together with the normalisation in appendix C we obtain the following equations on
the dressing factors expressed in terms of left and right variables

(
Σ0m
aa (u1, u2)

)2 (
Σ0m
āa (ū1, u2)

)2
= x̃+0

a1 − x̃
−m
a2

x̃+0
a1 − x̃

+m
a2

x̃−0
a1 − x̃

+m
a2

x̃−0
a1 − x̃

−m
a2

,

(
Σ0m
aa (ū1, u2)

)2 (
Σ0m
āa (u1, u2)

)2
= 1− x̃+0

ā1 x̃
+m
a2

1− x̃−0
ā1 x̃

+m
a2

1− x̃−0
ā1 x̃

−m
a2

1− x̃+0
ā1 x̃

−m
a2

,

(D.4)

(
Σ00
aa(u1, u2)

)2 (
Σ00
āa(ū1, u2)

)2
= x̃+0

a1 − x̃
−0
a2

x̃+0
a1 − x̃

+0
a2

x̃−0
a1 − x̃

+0
a2

x̃−0
a1 − x̃

−0
a2

,

(
Σ00
aa(ū1, u2)

)2 (
Σ00
āa(u1, u2)

)2
= 1− x̃+0

ā1 x̃
+0
a2

1− x̃−0
ā1 x̃

+0
a2

1− x̃−0
ā1 x̃

−0
a2

1− x̃+0
ā1 x̃

−0
a2

.

(D.5)

where as usual if a = L then ā = R and vice-versa. To construct the solutions, we can then
take the limit of the results in [17] where the mass of the first (and possibly the second)
particle becomes 0+. As for the massive-massive case in the mixed mass sector we have(

Σ0m
ab (u1, u2)

)2
=
(
Σ0meven
ab (u1, u2)

)2 (
Σ0modd
ab (u1, u2)

)2
(D.6)

where (
Σeven
ab (x̃±0

a1 , x̃
±m
b2 )

)−2
= e−2iθ̃BES

ab (x̃±0
a1 ,x̃

±m
b2 )+2iθ̃HL

ab (x̃±0
a1 ,x̃

±m
b2 ) (D.7)

and

(
Σodd
aa (x̃±0

a1 , x̃
±m
a2 )

)−2
= R2(γ̃−0,−m

aa )R2(γ̃+0,+m
aa )

R2(γ̃−0,+m
aa )R2(γ̃+0,−m

aa )
,

(
Σodd
āa (x̃±0

ā1 , x̃
±m
a2 )

)−2
= R(γ̃−0,+m

āa + iπ)R(γ̃−0,+m
āa − iπ)R(γ̃+0,−m

āa + iπ)R(γ̃+0,−m
āa − iπ)

R(γ̃−0,−m
āa + iπ)R(γ̃−0,−m

āa − iπ)R(γ̃+0,+m
āa + iπ)R(γ̃+0,+m

āa − iπ)
.

(D.8)
The massless-massless dressing factors are obtain by sending the second mass to zero in
the expression above.

D.2 Recovering the results of the main text

We now check that the scattering matrix is insensitive to the indices 1̇ and 2̇ for massless
particles — though this is no longer manifest — and that therefore it agrees with the
proposal in the main text.

Equivalence between left and right representations for BES and HL. We start
checking the equivalence between left and right parameterisation for massless particles on
the BES and HL phases. From [17], we know that

Φ̃αβab (x, y) + Φ̃−αβ
āb

(1
x
, y

)
= Φ̃−α,β

āb (0, y) ∀ x, y , α, β = ± . (D.9)
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If we consider x = x̃±δa (with δ ≪ 1 being a regulator to assign a mass to the massless
particle) then we get

Φ̃αβab (x̃
±δ
a , y) + Φ̃−αβ

āb

( 1
x̃±δa

, y

)
= Φ̃−α,β

āb (0, y). (D.10)

Note that in the limit of δ → 0+ it holds that

Φ̃−αβ
āb

( 1
x̃±δa

, y

)
= Φ̃−αβ

āb (x̃∓δā , y) + Ψ̃β
b (u1, y) (D.11)

where u1 = ua(x̃±δa ). The residue Ψ̃β
b (u1, y) comes from the fact that 1

x̃±δ
a

and x̃∓δa are close
but on the opposite sides of the contour. Then we get

Φ̃αβab (x̃
±δ
a , y) = −Φ̃−αβ

āb (x̃∓δā , y)− Ψ̃β
b (u1, y) + Φ̃−α,β

āb (0, y) . (D.12)

From the relation above and the definition in (A.15) it follows that

Φ̃αβab (x̃
+δ
a , y)− Φ̃αβab (x̃

−δ
a , y) = Φ̃−αβ

āb (x̃+δ
ā , y)− Φ̃−αβ

āb (x̃−δā , y)

=⇒ Φ̃αβab (x̃
±δ
a1 , x̃

±m
b2 ) = Φ̃−αβ

āb (x̃±δā1 , x̃
±m
b2 ) ,

(D.13)

allowing to identify left and right massless particles at the level of the BES phase. Since the
HL phase corresponds to the subleading order of BES for large h it also satisfies the same
relation. Recalling the definitions in (A.12) and (A.15) we conclude that

θ̃any
ab (x̃±0

a1 , x̃
±m
b2 ) = θ̃any

āb (x̃±0
ā1 , x̃

±m
b2 ) , (D.14)

where ‘any’ can either be BES or HL, and therefore(
Σeven
āa (x̃±0

ā1 , x̃
±0
a2 )
)−2

=
(
Σeven
aa (x̃±0

a1 , x̃
±0
a2 )
)−2

. (D.15)

Equivalence between left and right representations for the odd phases. We start
by finding a relation between the different odd phases. By using

γ̃±0
ā = γ̃∓0

a ∓ iπ , (D.16)

and (D.8) we get

(
Σodd
āa (x̃±0

ā1 , x̃
±m
a2 )

)−2
= R(γ̃+0,+m

aa + 2iπ)R(γ̃+0,+m
aa )R(γ̃−0,−m

aa )R(γ̃−0,−m
aa − 2iπ)

R(γ̃+0,−m
aa + 2iπ)R(γ̃+0,−m

aa )R(γ̃−0,+m
aa )R(γ̃−0,+m

āa − 2iπ)

=
sinh γ̃+0,+m

aa
2 sinh γ̃−0,+m

aa
2

sinh γ̃−0,−m
aa

2 sinh γ̃+0,−m
aa

2

R2(γ̃−0,−m
aa )R2(γ̃+0,+m

aa )
R2(γ̃−0,+m

aa )R2(γ̃+0,−m
aa )

= x̃−ma2
x̃+m
a2

αa(x̃−ma2 )
αa(x̃+m

a2 )
x̃+m
a1 − x̃

+m
a2

x̃−0
a1 − x̃

−m
a2

x̃−0
a1 − x̃

+m
a2

x̃+0
a1 − x̃

−m
a2

(
Σodd
aa (x̃±0

a1 , x̃
±m
a2 )

)−2
.

(D.17)

Combining this result with (D.15) and the normalisation it is immediate to show that all
S-matrix elements are blind to the index α̇. The results trivially apply also to the case in
which the second particle is massless (we only need to take the limit m → 0+).
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For example, using x̃±0
ā = 1

x̃∓0
a

, after setting ā = L and a = R, we obtain

S
χ1̇

1χ
2̇
2
(u1, u2) = −

√
α̃−0

L1√
α̃+0

L1

√
α̃−0

R2√
α̃+0

R2

(
Σ00

RR(u1, u2)
)−2

. (D.18)

From the last line in (C.5) then we see that the following equality holds

S
χ1̇

1χ
2̇
2
(u1, u2) = −

√
α̃−0

L1√
α̃+0

L1

√
α̃−0

R1√
α̃+0

R1

S
χ2̇

1χ
2̇
2
(u1, u2) = S

χ2̇
1χ

2̇
2
(u1, u2) . (D.19)

A similar check can be done on all the massless-massless S-matrix elements in (C.5) to
show that the chain of equalities in (C.6) is satisfied. This is in agreement with the fact
that the 𝔰𝔲(2)◦ S-matrix acting on the massless representations is trivial and left and
right massless representations are equivalent. A similar check can be performed on the
mixed-mass S-matrices.

E String S-matrix elements

In this appendix we often write the string S-matrix elements as functions of the particles’
momenta. We take any pk to be in the interval (0, 2π), and we continue to pk − 2π to get
negative momentum in the interval (−2π, 0). To derive the formulae in the appendix we
use identities for Ψ̃-functions from appendix E.2 of [17].

E.1 String S0m
χY (p1, p2)

We begin with the mirror S-matrix element S01
χY given by (4.11)

S01
χY (x̃±0

L1 , x̃
±
L2) = A01

χY (x̃±0
L1 , x̃

±
L2)
(
Σ01

LL(x̃±0
L1 , x̃

±
L2)
)−2

. (E.1)

We want to continue it to the string region, and use fusion to get the string S01
χY with positive

momenta p1 and p2. The fusion condition (C.8) has the following solution

x−L2,j = x̃2j−m−2
L2 , x+

L2,j = x̃2j−m
L2 , j = 1, . . . ,m− 1 ,

x−L2,m = x̃m−2
L2 , x−mL2 = x−L2,1 , x+m

L2 = x+
L2,m = 1

x̃+m
L2

.
(E.2)

The fusion of A01
χY gives

A0m
χY (x±0

L1 , x
±m
L2 ) =

√
α−m

L2√
α+m

L2

(
x+0

L1
x−0

L1

)m
x−mL2
x+m

L2

(
x−0

L1 − x
+m
L2

x+0
L1 − x

−m
L2

)2 m−1∏
j=1

(
x−0

L1 − x̃
2j−m
L2

x+0
L1 − x̃

2j−m
L2

)2

, (E.3)

where we used that the cuts of
√
αa(x) are the intervals (−∞,−1/ξa) and (0, ξa).
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To find the fusion of the dressing factors we have to consider two cases

1. j ≤ m− 1. We analytically continue x̃+0
L1 → x+0

L1 , and get

θ̃BES
LL (x±0

L1 , x
±
L2j) = Φ̃LL(x+0

L1 , x
+
L2j) + Φ̃LL(x−0

L1 , x
−
L2j)− Φ̃LL(x+0

L1 , x
−
L2j)− Φ̃LL(x−0

L1 , x
+
L2j)

− Ψ̃L(u1, x
+
L2j) + Ψ̃L(u1, x

−
L2j) .

(E.4)
The analytic continuation of the HL phase gives

2θ̃HL
LL (x̃±0

L1 , x
±
L2j)

x̃±0
L1 →x±0

L1−−−−−−→ 2θ̃HL
LL (x±0

L1 , x
±
L2j)

= 2Φ̃HL
LL (x±0

L1 , x
±
L2j)−

1
i
ln
x+

L2j

x−L2j
− 1
i
ln(x̃+0

L1 − x
+
L2j) +

1
i
ln(x+0

L1 − x
+
L2j)

+ 1
i
ln(x̃+0

L1 − x
−
L2j)−

1
i
ln(x+0

L1 − x
−
L2j) ,

(E.5)

2. j = m . We analytically continue x̃+0
L1 → x+0

L1 , x̃+m
L2 → x+

L2,m = x+m
L2 , and get

θ̃BES
LL (x±0

L1 , x
+m
L2 , x−L2,m) = Φ̃LL(x+0

L1 , x
+m
L2 ) + Φ̃LL(x−0

L1 , x
−
L2,m)− Φ̃LL(x+0

L1 , x
−
L2,m)

− Φ̃LL(x−0
L1 , x

+m
L2 )− Ψ̃L(u1, x

+m
L2 ) + Ψ̃L(u1, x

−
L2,m) + Ψ̃L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃L

(
u2 +

i

h
m, x−0

L1

)
−KBES

(
u12 −

i

h
m

)
,

(E.6)

θ̃HL
LL (x±0

L1 , x
+m
L2 , x−L2,m) = Φ̃HL

LL (x±0
L1 , x

+m
L2 , x−L2,m) +

1
i
ln x

+0
L1
x−0

L1
+ 1
i
ln
x−L2,m

x+m
L2

− 1
i
ln(x̃+m

L2 − x
+0
L1 )−

1
i
ln(x̃+0

L1 − x
+m
L2 ) + 1

i
ln(x+0

L1 − x
+m
L2 )2

+ 1
i
ln(x̃+0

L1 − x
−
L2,m)−

1
i
ln(x+0

L1 − x
−
L2,m) +

1
i
ln(x̃+m

L2 − x
−0
L1 )−

1
i
ln(x+m

L2 − x
−0
L1 ) .

(E.7)

The fusion of Φ̃’s is trivial. Next, consider

m−1∑
j=1

(
−Ψ̃(u1, x

+
L2j) + Ψ̃(u1, x

−
L2j)

)
= −Ψ̃(u1, x

−
L2,m) + Ψ̃(u1, x

−m
L2 ) . (E.8)

Adding all the terms we get

θ̃BES
LL (x±0

L1 ,x
±m
L2 )=Φ̃LL(x+0

L1 ,x
+m
L2 )+Φ̃LL(x−0

L1 ,x
−m
L2 )−Φ̃LL(x+0

L1 ,x
−m
L2 )−Φ̃LL(x−0

L1 ,x
+m
L2 )

−Ψ̃L(u1,x
+m
L2 )+Ψ̃L(u1,x

−m
L2 )+Ψ̃L

(
u2+

i

h
m,x+0

L1

)
−Ψ̃L

(
u2+

i

h
m,x−0

L1

)
−KBES

(
u12−

i

h
m

)
.

(E.9)
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We rewrite the combination of Ψ̃ functions in it as follows (see (A.18) for the definition of ∆−
L )

− 2Ψ̃L(u1, x
+m
L2 ) + 2Ψ̃L(u1, x

−m
L2 ) + 2Ψ̃L

(
u2 +

i

h
m, x+0

L1

)
− 2Ψ̃L

(
u2 +

i

h
m, x−0

L1

)
= −2Ψ̃L(u1, x

+m
L2 ) + 2Ψ̃L(u1, x

−m
L2 ) + Ψ̃+

L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃+

L

(
u2 +

i

h
m, x−0

L1

)
+ Ψ̃−

L

(
u2 −

i

h
m, x+0

L1

)
− Ψ̃−

L

(
u2 −

i

h
m, x−0

L1

)
+∆−

L

(
u2 ±

i

h
m, x+0

L1 , x
−0
L1

)
.

(E.10)

By using identities for Ψ̃ functions, we find

e−i∆
−
L (u2± i

h
m,x+0

L1 ,x
−0
L1 ) =

(
h

2

)+2m m∏
j=1

(
u12 −

i(2j −m)
h

)(
u12 +

i(2j −m)
h

)

×
(
x−0

L1
x+0

L1

)m (x−mL2 − x
+0
L1 )(x̃

+m
L2 − x

+0
L1 )

(x−mL2 − x
−0
L1 )(x̃

+m
L2 − x

−0
L1 )

m−1∏
j=1

x̃+m−2j
L2 − x+0

L1
x̃+m−2j

L2 − x−0
L1

2

.

(E.11)
We also have

e2iKBES(u12− i
h
m)
(
h

2

)+2m m∏
j=1

(
u12 −

i(2j −m)
h

)(
u12 +

i(2j −m)
h

)

= (−1)m
(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

m−1∏
j=1

(
u12 + i

h(2j −m)
u12 − i

h(2j −m)

)4

.

(E.12)

Next, for the HL phase we get

1
i

m−1∑
j=1

log
x−L2j

x+
L2j

x+0
L1 − x

+
L2j

x+0
L1 − x

−
L2j

x̃+0
L1 − x

−
L2j

x̃+0
L1 − x

+
L2j

= 1
i
log x−mL2

x−L2,m

x+0
L1 − x

−
L2,m

x+0
L1 − x

−m
L2

x̃+0
L1 − x

−m
L2

x̃+0
L1 − x

−
L2,m

. (E.13)

Adding all the terms, we obtain

e2iθ̃HL
LL (x±0

L1 ,x
±m
L2 ) = e2iΦ̃HL

LL (x±0
L1 ,x

±m
L2 )

× (−1) x
+0
L1
x−0

L1

x−mL2
x+m

L2

(x+0
L1 − x

+m
L2 )2

(x−0
L1 − x

+m
L2 )2

(x−0
L1 − x

−m
L2 )(x̃+m

L2 − x
−0
L1 )

(x+0
L1 − x

−m
L2 )(x̃+m

L2 − x
+0
L1 )

.
(E.14)

where we used

x̃+0
L1 = 1

x+0
R1

= x−0
L1 if u1 < ν, (E.15)

Thus, (u1, u2 are on the string u-plane)

(
Σ0mBES

LL (u1, u2)
Σ0mHL

LL (u1, u2)

)−2

= (−1)m−1
(
x−0

L1
x+0

L1

)m−1
x−mL2
x+m

L2

(x+0
L1 − x

+m
L2 )2

(x−0
L1 − x

+m
L2 )2

m−1∏
j=1

x̃+m−2j
L2 − x+0

L1
x̃+m−2j

L2 − x−0
L1

2

×
(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

e−2iδ0m
LL ,

(E.16)
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where

2δ0m
LL = +2Φ̃LL(x±0

L1 , x
±m
L2 )− 2Φ̃HL

LL (x±0
L1 , x

±m
L2 )

− 2Ψ̃L(u1, x
+m
L2 ) + 2Ψ̃L(u1, x

−m
L2 ) + Ψ̃+

L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃+

L

(
u2 +

i

h
m, x−0

L1

)
+ Ψ̃−

L

(
u2 −

i

h
m, x+0

L1

)
− Ψ̃−

L

(
u2 −

i

h
m, x−0

L1

)
.

(E.17)

The fusion of the odd factor is trivial, and we get

(
Σ01odd

LL (γ̃±0
L1 , γ̃

±
L2)
)−2

=
(
Σ01odd

LL (γ±0
L1 , γ

±
L2)
)−2 sinh2 γ+0−m

LL
2

sinh2 γ+0+m
LL

2

, (E.18)

where

γ±0±m
LL = γ±0

L − γ±mL . (E.19)

Taking into account that

sinh2 γ+0−m
LL

2

sinh2 γ+0+m
LL

2

= α+m
L2
α−m

L2

x+m
L2
x−mL2

(x+0
L1 − x

−m
L2 )2

(x+0
L1 − x

+m
L2 )2 , (E.20)

we find that the fusion of S01
χY gives

S0m
χY (p1, p2) =

√
α+m

L2√
α−m

L2

(
x+0

L1
x−0

L1

)m
R2(γ−0−m

LL )R2(γ+0+m
LL )

R2(γ−0+m
LL )R2(γ+0−m

LL )

× (−1)m−1
(
x−0

L1
x+0

L1

)m−1
x−mL2
x+m

L2

(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

e−2iδ0m
LL ,

(E.21)

The expression above satisfies the physical unitarity.
In the pure RR case we have the formula

(
σBES(x±m1

1 , x±m2
2 )

σHL(x±m1
1 , x±m2

2 )

)−2

= e−2iδm1m2 (−1)m1−m2+1
(
x−m1

1
x+m1

1

)m2−1(
x+m2

2
x−m2

2

)m1−1

×
u12 + i

h(m1 +m2)
u12 − i

h(m1 +m2)

(
Γ
[m1+m2

2 − ih
2 u12

]
Γ
[m1+m2

2 + ih
2 u12

])2

.

(E.22)

Setting m1 = 0 and m2 = m, we get

(
σBES(x±0

1 , x±m2 )
σHL(x±0

1 , x±m2 )

)−2

= (−1)m−1
(
x−0

1
x+0

1

)m−1
x−m2
x+m

2

u12 + i
hm

u12 − i
hm

(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

e−2iδ0m
,

(E.23)
and, therefore, we have an agreement with the RR case.
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In what follows we sometimes use the following normalisation of the string S-matrix element

S0m
χY (x±0

L1 , x
±m
L2 ) = B0m

χY (x±0
L1 , x

±m
L2 )

(
Σ0m

LL (x±0
L1 , x

±m
L2 )

)−2
, (E.24)

B0m
χY (x±0

L1 , x
±m
L2 ) =

√
α+m

L2√
α−m

L2

(
x+0

L1
x−0

L1

)m (
x−0

L1 − x
+m
L2

x+0
L1 − x

+m
L2

)2 m−1∏
j=1

(
x−0

L1 − x̃
+m−2j
L2

x+0
L1 − x̃

+m−2j
L2

)2

,

(E.25)(
Σ0m

LL (x±0
L1 , x

±m
L2 )

)−2
=
(
Σ0m odd

LL (γ±0
L1 , γ

±m
L2 )

)−2
(
Σ0mBES

LL (x±0
L1 , x

±m
L2 )

Σ0mHL
LL (x±0

L1 , x
±m
L2 )

)−2

, (E.26)

(
Σ0m odd

LL (γ±0
L1 , γ

±m
L2 )

)−2
= R2(γ−0−

LL )R2(γ+0+
LL )

R2(γ−0+
LL )R2(γ+0−

LL )
, (E.27)

and Σ0mBES
LL and Σ0mHL

LL are the analytically continued BES and HL factors.

E.2 String S0m
χY (p1 − 2π, p2) and S0m

χY (p1 − 2π, p2 − 2π)

We begin with the mirror S-matrix element

S01
χY (u1, u2) = A01

χY (u1, u2)
(
Σ01

LL(u1, u2)
)−2

. (E.28)

We first move x̃±L2 to x±L2, and then x̃±0
L (u′) to 1/x∓kR (u).

Step I: x̃±
L2 → x±

L2. The first step is to move x̃+m
L2 to x+m

L2 through x > ξ that gives

A01
χY (u1, u2)→ +

√
α−

L2√
α+

L2

x̃+0
L1
x̃−0

L1

x−L2
x+

L2

(
x̃−0

L1 − x
+
L2

x̃+0
L1 − x

−
L2

)2

, (E.29)

θ̃BES
Lb (x̃±0

L1 , x
±
b2) = Φ̃Lb(x̃±0

L1 , x
±
b2) + Ψ̃L(x+

b2, x̃
+0
L1 )− Ψ̃L(x+

b2, x̃
−0
L1 ) , (E.30)

2θ̃HL
LL (x̃±0

L1 , x
±
L2) = 2Φ̃HL(x̃±0

L1 , x
±
L2) +

1
i
log x̃

+0
L1
x̃−0

L1

x̃+0
L1 − x

+
L2

x̃−0
L1 − x

+
L2

x̃−0
L1 x

+
R2 − 1

x̃+0
L1 x

+
R2 − 1

. (E.31)

Σodd
LL (x̃±0

L1 , x
±
L2) =

R2(γ−0−
LL − iπ

2 )R
2(γ+0+

LL − iπ
2 )

R2(γ−0+
LL − iπ

2 )R2(γ+0−
LL − iπ

2 )
, (E.32)

where
γ±0±

LL = γ̃±0
L − γ±L . (E.33)

Step II: x̃±0
L1 → 1/x∓k

R1 . Next, we move x̃±0
L1 to 1/x∓kR1 through the upper edge of the κ-cut

to a point u1 > −ν. Thus, the massless particle x̃+0
a moves to a point in the upper half-plane

through the interval −1/ξa < x < 0 without crossing any cut of resulting Ψ̃ functions. We get

The rational factor.

A01
χY (u1, u2)→ +

√
α−

L2√
α+

L2

x−kR1
x+k

R1

x−L2
x+

L2

(
x+k

R1 x
+
L2 − 1

x−kR1 x
−
L2 − 1

)2

, (E.34)
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The odd factor.

Σodd
LL (x̃±0

L1 , x
±
L2)→

R2(γ+k−
RL − iπ)R2(γ−k+

RL − iπ)
R2(γ+k+

RL − iπ)R2(γ−k−RL − iπ)

=
cosh γ+k+

RL
2 cosh γ−k−

RL
2

cosh γ+k−
RL
2 cosh γ−k+

RL
2

Σodd
RL (x±kR1 , x

±
L2)

= x−kR1 x
−
L2 − 1

x−kR1 x
+
L2 − 1

x+k
R1 x

+
L2 − 1

x+k
R1 x

−
L2 − 1

Σodd
RL (x±kR1 , x

±
L2) ,

(E.35)

where
γ±k±RL = γ±kR1 − γ

±
L2 . (E.36)

The BES phase.

Φ̃−−
LL (x̃+0

L1 , x
±
L2)→ + Φ̃−−

LL

(
1
x−kR1

, x±L2

)
− Ψ̃−

L

(
u1 +

i

h
k, x±L2

)
,

Φ̃++
LL (x̃+0

L1 , x
±
L2)→ + Φ̃++

LL

(
1
x−kR1

, x±L2

)
− Ψ̃+

L

(
u1 −

i

h
k, x±L2

)
,

(E.37)

Ψ̃−
L (x+

L2, x̃
+0
L1 )→ Ψ̃−

L

(
x+

L2,
1
x−kR1

)
−K

(
u12 +

i

h
(k − 1)

)
,

Ψ̃+
L (x+

L2, x̃
+0
L1 )→ Ψ̃+

L

(
x+

L2,
1
x−kR1

)
−K

(
u12 −

i

h
(k + 1)

)
,

(E.38)

2θ̃BES
LL (x̃±0

L1 , x
±
L2)→ 2θ̃k1

RL(x±kR1 , x
±
L2) + ∆+

L

(
u1 ±

i

h
k, x±L2

)
+KBES

(
u12 +

i

h
(k − 1)

)
−KBES

(
u12 −

i

h
(k + 1)

)
.

(E.39)

exp
(
−i∆+

L

(
u1 ±

i

h
k, x±L2

))
=
(
h

2

)+2k k∏
j=1

(
u12 +

i (2j − 1− k)
h

)(
u12 +

i (−2j − 1 + k)
h

)

×
(
x+

L2
x−L2

)k (x̃−kR1 x
−
L2 − 1)(x+k

L1 − x
−
L2)

(x̃−kR1 x
+
L2 − 1)(x+k

L1 − x
+
L2)

k−1∏
j=1

(
x̃k−2j

R1 x−L2 − 1
x̃k−2j

R1 x+
L2 − 1

)2

,

(E.40)

exp
[
i

(
KBES

(
u12 −

i

h
− i

h
k

)
−KBES

(
u12 −

i

h
+ i

h
k

))]
=
(
h

2

)−2k 1∏k
j=1

(
u12 + i(2j−1−k)

h

) (
u12 + i(−2j−1+k)

h

) ,
(E.41)

e−2iθ̃BES
LL (x̃±0

L1 ,x
±
L2) → e−2iθ̃k1

RL(x±k
R1 ,x

±
L2)

×
(
x+

L2
x−L2

)k (x−kR1 x
−
L2 − 1)(x+k

L1 − x
−
L2)

(x−kR1 x
+
L2 − 1)(x+k

L1 − x
+
L2)

k−1∏
j=1

(
x̃k−2j

R1 x−L2 − 1
x̃k−2j

R1 x+
L2 − 1

)2

(E.42)
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The HL phase.

e2iθ̃HL
LL (x̃±0

L1 ,x
±
L2) → e2iθ̃HL

RL(x±k
R1 ,x

±
L2) x

−k
R1 x

+
L2 − 1

x−kR1 x
−
L2 − 1

(x+k
R1 x

−
L2 − 1)2

(x+k
R1 x

+
L2 − 1)2

x+k
L1 − x

+
L2

x+k
L1 − x

−
L2
. (E.43)

For the ratio of BES and HL we find

e−2iθ̃BES
LL (x̃±0

L1 ,x
±
L2)+2iθ̃HL

LL (x̃±0
L1 ,x

±
L2) → e−2iθ̃k1

RL(x±k
R1 ,x

±
L2)+2iθ̃HL

RL(x±k
R1 ,x

±
L2)

×
(
x+

L2
x−L2

)k (x+k
R1 x

−
L2 − 1)2

(x+k
R1 x

+
L2 − 1)2

k−1∏
j=1

(
x̃R(u1 + i

h(k − 2j))x−L2 − 1
x̃R(u1 + i

h(k − 2j))x+
L2 − 1

)2

.
(E.44)

S01
χY after two steps. Combining the pieces, we get

S01
χY (u1, u2)→

√
α−

L2√
α+

L2

x−kR1
x+k

R1

(
x+

L2
x−L2

)k−1
x+k

R1 x
−
L2 − 1

x−kR1 x
+
L2 − 1

x+k
R1 x

+
L2 − 1

x−kR1 x
−
L2 − 1

×
k−1∏
j=1

(
x̃R(u1 + i

h(k − 2j))x−L2 − 1
x̃R(u1 + i

h(k − 2j))x+
L2 − 1

)2

Σk1
RL(u1, u2)−2 =

√
α−

L2√
α+

L2

Sk1
Z̄Y

(u1, u2) .

(E.45)
This can be written in the form

S01
χY (p1 − 2π, p2) =

√
α−

L2√
α+

L2

Sk1
Z̄Y

(p1, p2) , (E.46)

and it is similar to the one for massive particles. By using fusion, we also get

S0m
χY (p1 − 2π, p2) =

√
α−m

L2√
α+m

L2

Skm
Z̄Y

(p1, p2) . (E.47)

Now, by using (m1 = 1, 2, . . . , k − 1)

Sm1 m2
Y Z̄

(p1 − 2π, p2) =
α+m2

R2
α−m2

R2
Sk−m1,m2
Z̄Z̄

(p1, p2) , (E.48)

we find

S0m
χY (p1 − 2π, p2 − 2π) =

√
α

+(k−m)
R2√
α
−(k−m)
R2

α−k
R1
α+k

R1
Sk,k−m
Z̄Z̄

(p1, p2) , (E.49)

For m > k we simply get

S0m
χY (p1 − 2π, p2 − 2π) = −

√
α
−(m−k)
L2√
α

+(m−k)
L2

Sk,m−k
Z̄Y

(p1, p2) , (E.50)

where the minus sign comes because of the analytic continuation of x+m
L2 through the cut

of
√
αL(x).
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E.3 String S0m
χZ̄

(p1, p2)

Let us consider the analytic continuation to the string region of the following mirror S-
matrix element

S01
χZ̄

(x̃±0
L1 , x̃

±
R2) = A01

χZ̄
(x̃±0

L1 , x̃
±
R2)

(
Σ01

LR(x̃±0
L1 , x̃

±
R2)
)−2

, (E.51)

A01
χZ̄

(x̃±0
L1 , x̃

±
R2) =

√
α̃+

R2√
α̃−

R2

x̃+
R2
x̃−R2

1− x̃−0
L1 x̃

−
R2

1− x̃+0
L1 x̃

+
R2

1− x̃+0
L1 x̃

−
R2

1− x̃−0
L1 x̃

+
R2
, (E.52)

(
Σ01

LR(x̃±0
L1 , x̃

±
R2)
)2

=
(
Σeven

LR (x̃±0
L1 , x̃

±
R2)
)2 (

Σodd
LR (γ̃±0

L1 , γ̃
±
R2)
)2

, (E.53)(
Σodd

LR (γ̃±0
L1 , γ̃

±
R2)
)−2

= R(γ̃−0+
LR + iπ)R(γ̃−0+

LR − iπ)R(γ̃+0−
LR + iπ)R(γ̃+0−

LR − iπ)
R(γ̃−0−

LR + iπ)R(γ̃−0−
LR − iπ)R(γ̃+0+

LR + iπ)R(γ̃+0+
LR − iπ)

. (E.54)

To do the analytic continuation to positive p1, p2 we use x̃±0
L1 → x±0

L1 , x̃±R2 → x±R2, and get

A01
χZ̄

(x±0
L1 , x

±
R2) =

√
α+

R2√
α−

R2

x+
R2
x−R2

1− x−0
L1 x

−
R2

1− x+0
L1 x

+
R2

1− x+0
L1 x

−
R2

1− x−0
L1 x

+
R2
. (E.55)

Then, (
Σodd

LR (γ̃±0
L1 , γ̃

±
R2)
)−2
→ α−

R2
α+

R2

x−R2
x+

R2

(1− x+0
L1 x

+
R2)2

(1− x+0
L1 x

−
R2)2

(
Σodd

LR (γ±0
L1 , γ

±
R2)
)−2

. (E.56)

Thus, we can write the string S-matrix element in the following form

S01
χZ̄

(x±0
L1 , x

±
R2) = B01

χZ̄
(x±0

L1 , x
±
R2)

(
Σ01

LR(x±0
L1 , x

±
R2)
)−2

, (E.57)

B01
χZ̄

(x±0
L1 , x

±
R2) =

√
α−

R2√
α+

R2

1− x−0
L1 x

−
R2

1− x−0
L1 x

+
R2

1− x+0
L1 x

+
R2

1− x+0
L1 x

−
R2
, (E.58)

(
Σ01

LR(x±0
L1 , x

±
R2)
)2

=
(
Σeven

LR (x±0
L1 , x

±
R2)
)2 (

Σodd
LR (γ±0

L1 , γ
±
R2)
)2

. (E.59)

The fusion then gives the S-matrix element for a massless particle and a string m-particle
bound state

S0m
χZ̄

(x±0
L1 , x

±m
R2 ) = B0m

χZ̄
(x±0

L1 , x
±m
R2 )

(
Σ0m

LR (x±0
L1 , x

±m
R2 )

)−2
, (E.60)

B0m
χZ̄

(x±0
L1 , x

±m
R2 ) =

√
α−m

R2√
α+m

R2

(
x−0

L1
x+0

L1

)m−1 1− x−0
L1 x

−m
R2

1− x+0
L1 x

−m
R2

1− x+0
L1 x

+m
R2

1− x−0
L1 x

+m
R2

m−1∏
j=1

(
1− x+0

L1 x̃
m−2j
R2

1− x−0
L1 x̃

m−2j
R2

)2

.

(E.61)

The fusion of Σodd
LR is trivial. Let us analyse the fusion of the even dressing factor.

The BES dressing phase analytically continued and fused is given by the usual expression

θ̃BES
LR (x±0

L1 , x
±m
R2 ) = Φ̃LR(x±0

L1 , x
±m
R2 )− Ψ̃R(u1, x

+m
R2 ) + Ψ̃R(u1, x

−m
R2 )

+ Ψ̃L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃L

(
u2 +

i

h
m, x−0

L1

)
−KBES

(
u12 −

i

h
m

)
.

(E.62)
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We rewrite the combination of Ψ̃ functions in it as follows

− 2Ψ̃R(u1, x
+m
R2 ) + 2Ψ̃R(u1, x

−m
R2 ) + 2Ψ̃L

(
u2 +

i

h
m, x+0

L1

)
− 2Ψ̃L

(
u2 +

i

h
m, x−0

L1

)
= −2Ψ̃R(u1, x

+m
R2 ) + 2Ψ̃R(u1, x

−m
R2 ) + Ψ̃−

L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃−

L

(
u2 +

i

h
m, x−0

L1

)
+ Ψ̃+

L

(
u2 −

i

h
m, x+0

L1

)
− Ψ̃+

L

(
u2 −

i

h
m, x−0

L1

)
+∆+

L

(
u2 ±

i

h
m, x+0

L1 , x
−0
L1

)
.

(E.63)

Using a proper identity for Ψ̃ functions, we find

e−i∆
+
L (u2± i

h
m,x+0

L1 ,x
−0
L1 )

=
(
h

2

)+2m m∏
j=1

(
u12 −

i (2j −m)
h

)(
u12 −

i (−2j +m)
h

)

×
(
x+0

L1
x−0

L1

)m (x−0
L1 x

−m
R2 − 1)

(x+0
L1 x

−m
R2 − 1)

(x−0
L1 x̃

+m
R2 − 1)

(x+0
L1 x̃

+m
R2 − 1)

m−1∏
j=1

(
x−0

L1 x̃
+(m−2j)
R2 − 1

x+0
L1 x̃

+(m−2j)
R2 − 1

)2

.

(E.64)

We also have

e2iKBES(u12− i
h
m)
(
h

2

)+2m m∏
j=1

(
u12 −

i(2j −m)
h

)(
u12 +

i(2j −m)
h

)

= (−1)m
(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

.

(E.65)

The HL phase gives

2θ̃HL
LR(x̃±0

L1 , x̃
±m
R2 )→ 2Φ̃HL

LR(x±0
L1 , x

±m
R2 ) + π

+ 1
i
log x

+0
L1
x−0

L1

x−mR2
x+m

R2

(x−0
L1 x

+m
R2 − 1)2

(x+0
L1 x

+m
R2 − 1)2

x+0
L1 x

−m
R2 − 1

x−0
L1 x

−m
R2 − 1

x+0
L1 x̃

+m
R2 − 1

x−0
L1 x̃

+m
R2 − 1

.
(E.66)

Thus,

(
Σ0mBES

LR (x̃±0
L1 , x̃

±m
R2 )

Σ0mHL
LR (x̃±0

L1 , x̃
±m
R2 )

)−2

=
(
x+0

L1
x−0

L1

)m+1
x−mR2
x+m

R2

(x−0
L1 x

+m
R2 − 1)2

(x+0
L1 x

+m
R2 − 1)2

m−1∏
j=1

(
x−0

L1 x̃
+(m−2j)
R2 − 1

x+0
L1 x̃

+(m−2j)
R2 − 1

)2

× (−1)m−1
(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

e−2iδ0m
LR ,

(E.67)
where

2δ0m
LR =+ 2Φ̃LR(x±0

L1 , x
±m
R2 )− 2Φ̃HL

LR(x±0
L1 , x

±m
R2 )

− 2Ψ̃R(u1, x
+m
R2 ) + 2Ψ̃R(u1, x

−m
R2 ) + Ψ̃+

L

(
u2 +

i

h
m, x+0

L1

)
− Ψ̃+

L

(
u2 +

i

h
m, x−0

L1

)
+ Ψ̃−

L

(
u2 −

i

h
m, x+0

L1

)
− Ψ̃−

L

(
u2 −

i

h
m, x−0

L1

)
.

(E.68)
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Collecting all the terms, we get

S0m
χZ̄

(p1, p2) =

√
α−

R2√
α+

R2

(
x+0

L1
x−0

L1

)m+1 1− x−0
L1 x

−m
R2

1− x+0
L1 x

+m
R2

1− x−0
L1 x

+m
R2

1− x+0
L1 x

−m
R2

Σodd
LR (γ±0

L1 , γ
±
R2)−2

× (−1)m−1
(
x−0

L1
x+0

L1

)m−1
x−mR2
x+m

R2

(
Γ
[
m
2 −

ih
2 u12

]
Γ
[
m
2 + ih

2 u12
])2

u12 + i
hm

u12 − i
hm

e−2iδ0m
LR ,

(E.69)

which agrees with the pure RR case. Note that up to the factor
√
α−

R2√
α+

R2
it coincides with

the limit δ → 0 of Sδm
Y Z̄

(x±δL1 , x
±m
R2 ).

E.4 String S0m
χZ̄

(p1 − 2π, p2) and S0m
χZ̄

(p1 − 2π, p2 − 2π)

We use again the mirror S-matrix element (4.11), and continue as

x̃±0
L1 →

1
x±kR1

, γ̃∓0
L1 → γ±kR1 −

iπ

2 , (E.70)

x̃±R2 → x±R2 , γ̃±R2 → γ±R2 +
iπ

2 . (E.71)

We get

A01
χZ̄

(x̃±0
L1 , x̃

±
R2)→ A01

χZ̄
(p1 − 2π, p2) =

√
α+

R2√
α−

R2

x+
R2
x−R2

x+k
R1 − x

−
R2

x+k
R1 − x

+
R2

x−kR1 − x
−
R2

x−kR1 − x
+
R2
, (E.72)

(
Σodd

LR (γ̃±0
L1 , γ̃

±
R2)
)−2
→ x+k

R1 − x
−
R2

x+k
R1 − x

+
R2

x−kR1 − x
+
R2

x−kR1 − x
−
R2

(
Σodd

RR (γ±kR1 , γ
±
R2)
)−2

, (E.73)

Thus, we can write the string S-matrix element in the following form

S01
χZ̄

(
1
x∓kR1

, x±R2

)
= B01

χZ̄

(
1
x∓kR1

, x±R2

)(
Σ01

LR

(
1
x∓kR1

, x±R2

))−2

, (E.74)

B01
χZ̄

(
1
x∓kR1

, x±R2

)
=

√
α+

R2√
α−

R2

x+
R2
x−R2

(
x+k

R1 − x
−
R2

x+k
R1 − x

+
R2

)2

, (E.75)

(
Σ01

LR(
1
x∓kR1

, x±R2)
)2

=
(
Σeven

LR ( 1
x∓kR1

, x±R2)
)2 (

Σodd
RR (γ±kR1 , γ

±
R2)
)2

. (E.76)

Let us analyse the continuation of the even dressing factor. The BES factor is continued
in the same way as for massive particles, and we get

2θ̃BES
LR (x̃±0

L1 , x̃
±
R2)→ 2θ̃k1

RR(x±kR1 , x
±
R2)

+ ∆−
R

(
u1 ±

i

h
k, x±R2

)
+KBES

(
u12 −

i

h
+ i

h
k

)
−KBES

(
u12 −

i

h
− i

h
k

)
,

(E.77)
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By using identities for Ψ̃-functions, and the BES kernel, we obtain

e−2iθ̃BES
LR (x̃±0

L1 ,x̃
±
R2) → e−2iθ̃k1

RR(x±k
R1 ,x

±
R2)

(
u12 + i(k+1)

h

)
(
u12 − i(k+1)

h

)
(
u12 + i(k−1)

h

)
(
u12 − i(k−1)

h

)
×
(
x−R2
x+

R2

)k (x−kR1 − x
+
R2)(x̃

+k
R1 − x

+
R2)

(x−kR1 − x
−
R2)(x̃

+k
R1 − x

−
R2)

k−1∏
j=1

(
x̃

+(k−2j)
R1 − x+

R2

x̃
+(k−2j)
R1 − x−R2

)2

.

(E.78)

The HL phase is continued as

2θ̃HL
LR(x̃±0

L1 , x̃
±
R2)→ 2Φ̃HL

RR(x±kR1 , x
±
R2) + π

+ 1
i
log x

+k
R1
x−kR1

x−R2
x+

R2

(x+k
R1 − x

+
R2)2

(x−kR1 − x
+
R2)2

x−kR1 − x
−
R2

x+k
R1 − x

−
R2

x−kR1 − x̃
+
R2

x+k
R1 − x̃

+
R2
.

(E.79)

Using that

2θ̃HL
RR(x±kR1 , x

±
R2) = 2Φ̃HL

RR(x±kR1 , x
±
R2) + π + 1

i
log x

+k
R1
x−kR1

x−R2
x+

R2

x+k
R1 − x

−
R2

x−kR1 − x
+
R2

x̃+k
R1 − x

+
R2

x̃+k
R1 − x

−
R2

x−kR1 − x̃
+
R2

x+k
R1 − x̃

+
R2
,

(E.80)
we get

2θ̃HL
LR(x̃±0

L1 , x̃
±
R2)→ 2θ̃HL

RR(x±kR1 , x
±
R2) +

1
i
log (x+k

R1 − x
+
R2)2

(x+k
R1 − x

−
R2)2

x−kR1 − x
−
R2

x−kR1 − x
+
R2

x̃+k
R1 − x

−
R2

x̃+k
R1 − x

+
R2
. (E.81)

Thus, the ratio of BES and HL is given by

e−2iθ̃BES
LR (x̃±0

L1 ,x̃
±
R2)+2iθ̃HL

LR(x̃±0
L1 ,x̃

±
R2) → e−2iθ̃k1

RR(x±k
R1 ,x

±
R2)+2iθ̃HL

RR(x±k
R1 ,x

±
R2)

×
u12 + i(k+1)

h

u12 − i(k+1)
h

u12 + i(k−1)
h

u12 − i(k−1)
h

(
x−R2
x+

R2

)k (x+k
R1 − x

+
R2)2

(x+k
R1 − x

−
R2)2

k−1∏
j=1

(
x̃

+(k−2j)
R1 − x+

R2

x̃
+(k−2j)
R1 − x−R2

)2

.
(E.82)

We therefore find

S01
χZ̄

(p1 − 2π, p2) =

√
α+

R2√
α−

R2

Sk1
Z̄Z̄

(p1, p2) . (E.83)

The fusion then gives

S0m
χZ̄

(p1 − 2π, p2) =

√
α+m

R2√
α−m

R2

Skm
Z̄Z̄

(p1, p2) . (E.84)

Now, by using

Sm1,m2
Z̄Z̄

(p1 − 2π, p2) = Sm1+k,m2
Z̄Z̄

(p1, p2) . (E.85)

we get

S0m
χZ̄

(p1 − 2π, p2 − 2π) = −

√
α

+(m+k)
R2√
α
−(m+k)
R2

Sk,m+k
Z̄Z̄

(p1, p2) , (E.86)

where the minus sign comes from crossing the cut of αR(x).
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E.5 String S0m
χY (p1, p2 − 2π) and S0m

χZ̄
(p1, p2 − 2π)

Let us also find the string S-matrix element S0m
χY (p1, p2 − 2π) with p1, p2 ∈ (0, 2π). This

can be done by using the relations (4.39)

S0m
χY (p1, p2) =

√
α+m

L2√
α−m

L2

lim
δ→0

SδmY Y (p1, p2) ,

S0m
χZ̄

(p1, p2) =

√
α−m

R2√
α+m

R2

lim
δ→0

Sδm
Y Z̄

(p1, p2) ,

(E.87)

their analytic continuation in p2

S0m
χY (p1, p2 − 2π) = +

√
α
−(k−m)
R2√
α
−(k−m)
R2

lim
δ→0

SδmY Y (p1, p2 − 2π) , 0 < m < k ,

S0m
χY (p1, p2 − 2π) = −

√
α

+(m−k)
L2√
α
−(m−k)
L2

lim
δ→0

SδmY Y (p1, p2 − 2π) , k < m ,

S0m
χZ̄

(p1, p2 − 2π) = −

√
α
−(m+k)
R2√
α

+(m+k)
R2

lim
δ→0

Sδ,m
Y Z̄

(p1, p2 − 2π) , 0 < m ,

(E.88)

and the monodromy relations for SδmY Y from [17]

SδmY Y (p1, p2 − 2π) = α+δ
L1
α−δ

L1
Sδ,k−m
Y Z̄

(p1, p2) , 0 < m < k ,

SδmY Y (p1, p2 − 2π) = Sδ,m−k
Y Y (p1, p2) , k < m

Sδm
Y Z̄

(p1, p2 − 2π) = Sδ,m+k
Y Z̄

(p1, p2) , 0 < m .

(E.89)

Using the formulae, we find immediately

S0m
χY (p1, p2 − 2π) = α+0

L1
α−0

L1
S0,k−m
χZ̄

(p1, p2) , 0 < m < k , (E.90)

which is the same relation as for massive particles.
Next,

S0m
χY (p1, p2 − 2π) = −S0,m−k

χY (p1, p2) , k < m , (E.91)

which differs by the minus sign from the corresponding relation for massive particles.
Finally,

S0m
χZ̄

(p1, p2 − 2π) = −S0,m+k
χZ̄

(p1, p2) , 0 < m , (E.92)

which again differs by the sign from the relation for massive particles.
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E.6 String S00
χχ(p1, p2)

We begin with the mirror S-matrix element S00
χχ given by (4.15)

S00
χχ(x̃±0

L1 , x̃
±0
L2 ) = A00

χχ(x̃±0
L1 , x̃

±0
L2 )

(
Σ00

LL(x̃±0
L1 , x̃

±0
L2 )
)−2

,

A00
χχ(x̃±0

L1 , x̃
±0
L2 ) =

√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃+0
L1
x̃−0

L1

x̃−0
L2
x̃+0

L2

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2

.
(E.93)

The analytic continuation of A00
χχ to the string region on the positive momentum branch

is straightforward

A00
χχ(x̃±0

L1 , x̃
±0
L2 )→ A00

χχ(x±0
L1 , x

±0
L2 ) =

√
α+0

L1√
α−0

L1

√
α−0

L2√
α+0

L2

x+0
L1
x−0

L1

x−0
L2
x+0

L2

(
x−0

L1 − x
+0
L2

x+0
L1 − x

−0
L2

)2

. (E.94)

The BES phase is continued as follows

θ̃BES
LL (x̃±0

L1 , x̃
±0
L2 )→ θ̃BES

LL (x±0
L1 , x

±0
L2 ) = Φ̃LL(x±0

L1 , x
±0
L2 )− Ψ̃L(u1, x

+0
L2 ) + Ψ̃L(u1, x

−0
L2 )

+ Ψ̃L(u2, x
+0
L1 )− Ψ̃L(u2, x

−0
L1 )−KBES (u1 − u2) .

(E.95)

The continuation of HL can be done using the results in appendix D.3 of [17]

2θ̃HL
LL (x̃±0

L1 , x̃
±0
L2 )→ 2θ̃HL

LL (x±0
L1 , x

±0
L2 ) = 2Φ̃HL

LL (x±0
L1 , x

±0
L2 ) +

1
i
log x

+0
L1
x−0

L1

x−0
L2
x+0

L2
+ π . (E.96)

The analytically continued HL dressing factor satisfies the following equality

ΣHL
LL (γ±0

L1 , γ
±0
L1 )2 = −1 . (E.97)

Equivalently, we could have obtained this continuation from the Barnes function representa-
tion (4.23). The continuation of the odd factor is simple, and we get

Σodd
LL (γ̃±0

a1 , γ̃
±0
a2 )−2 → x−0

L1
x+0

L1

x+0
L2
x−0

L2

α−0
L1
α+0

L1

α+0
L2
α−0

L2

(
x+0

L1 − x
−0
L2

x−0
L1 − x

+0
L2

)2

Σodd
LL (γ±0

L1 , γ
±0
L2 )−2. (E.98)

Therefore, the S-matrix element S00
χχ in the string region is given by

S00
χχ(p1, p2) =

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

(
Σodd

LL (γ±0
L1 , γ

±0
L2 )

)−2 (
Σ00,even

LL (u1, u2)
)−2

. (E.99)

It satisfies

S00
χχ(p, p) = −1 , (E.100)

which is the usual condition one imposes if one does not want to have any number of particles
with the same momentum.
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Note that (E.99) can be also written in the form

S00
χχ(p1, p2) = −

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

x+0
L1
x−0

L1

x−0
L2
x+0

L2

R2(γ−0−0
LL )R2(γ+0+0

LL )
R2(γ−0+0

LL )R2(γ+0−0
LL )

(
Γ
[
− ih

2 u12
]

Γ
[
+ ih

2 u12
])2

e−2iδ00
LL ,

(E.101)
where

2δ00
LL =+ 2Φ̃LL(x±0

L1 , x
±0
L2 )− 2Φ̃HL

LL (x±0
L1 , x

±0
L2 )− 2Ψ̃L(u1, x

+0
L2 ) + 2Ψ̃L(u1, x

−0
L2 )

+ 2Ψ̃L(u2, x
+0
L1 )− 2Ψ̃L(u2, x

−0
L1 ) .

(E.102)

Finally, we can also replace the contribution of the HL factor with a γ-dependent term
by using that

ΣHL
LL (x±0

L1 , x
±0
L2 )2 = −x

+0
L1
x−0

L1

x−0
L2
x+0

L2
e2iΦ̃HL(x±0

L1 ,x
±0
L2 )

= −R(γ
+0−0
LL − 2πi)2R(γ+0−0

LL )2R(γ−0+0
LL + 2πi)2R(γ−0+0

LL )2

R(γ−0−0
LL )4R(γ+0+0

LL )4 ,

(E.103)

where
γ±0±0

LL = γ±0
L1 − γ

±0
L2 . (E.104)

Then, eq. (E.101) takes the form

S00
χχ(p1, p2) =−

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

R2(γ+0−0
LL − 2π)iR2(γ−0+0

LL + 2πi)
R2(γ−0−0

LL )R2(γ+0+0
LL )

×
(
Γ
[
− ih

2 u12
]

Γ
[
+ ih

2 u12
])2

e−2iδ̌00
LL ,

(E.105)

where

2δ̌00
LL =+ 2Φ̃LL(x±0

L1 , x
±0
L2 )− 2Ψ̃L(u1, x

+0
L2 ) + 2Ψ̃L(u1, x

−0
L2 ) + 2Ψ̃L(u2, x

+0
L1 )− 2Ψ̃L(u2, x

−0
L1 ) ,
(E.106)

or equivalently

S00
χχ(p1, p2) =−

√
α+0

L1√
α−0

L1

√
α−0

L2√
α+0

L2

x+0
L1
x−0

L1

x−0
L2
x+0

L2

(
x−0

L1 − x
+0
L2

x+0
L1 − x

−0
L2

)2

× R2(γ+0−0
LL )iR2(γ−0+0

LL )
R2(γ−0−0

LL )R2(γ+0+0
LL )

e−2iθBES
LL (x±0

L1 ,x
±0
L2 ) ,

(E.107)

where θBES
LL (x±0

L1 , x
±0
L2 ) is the analytically continued BES phase (E.95).

E.7 String S00
χχ(p1, p2 − 2π) and S00

χχ(p1 − 2π, p2 − 2π)

We use again (4.15), and first do the analytic continuation of A00
χχ

A00
χχ(x̃±0

L1 , x̃
±0
L2 )→ A00

χχ(p1, p2 − 2π) =

√
α+0

L1√
α−0

L1

√
α+k

R2√
α−k

R2

x+0
L1
x−0

L1

x+k
L2
x−kR2

(
x−0

L1 x
−k
R2 − 1

x+0
L1 x

+k
R2 − 1

)2

, (E.108)
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and the odd factor

(Σ00odd
LL (u1, u2))−2 → α−k

R2
α+k

R2

x−kR2
x+k

R2

(1− x−0
L1 x

+k
R2 )(1− x

+0
L1 x

+k
R2 )

(1− x+0
L1 x

−k
R2 )(1− x

−0
L1 x

−k
R2 )

(Σ0kodd
LR (u1, u2))−2 . (E.109)

The BES phase is continued as follows. The continuation of the first variable to the
positive momentum branch of the string region gives

θ̃BES
LL (x±0

L1 , x̃
±0
L2 ) = Φ̃LL(x±0

L1 , x̃
±0
L2 )− Ψ̃L(u1, x̃

+0
L2 ) + Ψ̃L(u1, x̃

−0
L2 ) . (E.110)

Continuing then the second variable to the negative momentum branch, we obtain

θ̃BES
LL

(
x±0

L1 ,
1
x∓kR2

)
= Φ̃LL

(
x±0

L1 ,
1
x∓kR2

)

− Ψ̃L

(
u1,

1
x−kR2

)
+ Ψ̃L

(
u1,

1
x+k

R2

)
+ 1

2Ψ̃
−
L

(
u2 +

i

h
k, x+0

L1

)
− 1

2Ψ̃
−
L

(
u2 +

i

h
k, x−0

L1

)
+ 1

2Ψ̃
+
L

(
u2 −

i

h
k, x+0

L1

)
− 1

2Ψ̃
+
L

(
u2 −

i

h
k, x−0

L1

)
− 1

2K
BES

(
u1 − u2 −

i

h
k

)
− 1

2K
BES

(
u1 − u2 +

i

h
k

)
.

(E.111)
Now we use (up to terms canceled in) the full phase

Φ̃LL

(
x±0

L1 ,
1
x∓kR2

)
= −Φ̃LR(x±0

L1 , x
∓k
R2 ) = Φ̃LR(x±0

L1 , x
±k
R2 ), Ψ̃L

(
u1,

1
x±kR2

)
= −Ψ̃R(u1, x

±k
R2 ) ,

(E.112)
and the general formula for the BES phase in the positive-positive branch of the string region

θ̃BES
ab (x±0

a1 , x
±m
b2 ) = Φ̃ab(x±0

a1 , x
±m
b2 )− Ψ̃b(u1, x

+m
b2 ) + Ψ̃b(u1, x

−m
b2 )

+ Ψ̃a

(
u2 +

i

h
m, x+0

a1

)
− Ψ̃a

(
u2 +

i

h
m, x−0

a1

)
−KBES

(
u1 − u2 −

i

h
m

)
,

(E.113)
to simplify (E.111) as

2θ̃BES
LL (x±0

L1 ,
1
x∓kR2

) = 2θ̃BES
LR (x±0

L1 , x
±k
R2 )−∆+

L

(
u2 ±

i

h
k, x±mL1

)
+KBES

(
u12 −

i

h
k

)
−KBES

(
u12 +

i

h
k

)
.

(E.114)

By using identities for Ψ̃-functions, and the BES kernel, we finally obtain

2θ̃BES
LL (x̃±0

L1 , x̃
±0
L2 )→ 2θ̃BES

LR (x±0
L1 , x

±k
R2 )

+ 1
i
log

(
x+0

L1
x−0

L1

)k (x−0
L1 x

−k
R2 − 1)

(x+0
L1 x

−k
R2 − 1)

(x−0
L1 − x

+k
L2 )

(x+0
L1 − x

+k
L2 )

k−1∏
j=1

(
x−0

L1 x̃
k−2j
R2 − 1

x+0
L1 x̃

k−2j
R2 − 1

)2

.

(E.115)
Next, the continuation of HL to the string region is given by

2θ̃HL
LL (x̃±0

L1 , x̃
±0
L2 )→ 2Φ̃HL

LR(x±0
L1 , x

±k
R2 ) +

1
i
log x

+0
L1
x−0

L1

x−kR2
x+k

R2
+ π . (E.116)
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Taking into account that the string HL phase for general particles of positive momenta is

2θ̃HL
ab (x±0

a1 , x
±m
b2 ) =2Φ̃HL

ab (x±0
a1 , x

±m
b2 )

+ 1
i
log
(
−x

+0
a1
x−0
a1

x−mb2
x+m
b2

(x+0
a1 −x

+m
a2 )(x+0

b1 −x
+m
b2 )(x−0

b1 −x
−m
b2 )(x−0

a1 − x̃
+m
a2 )

(x+0
b1 −x

−m
b2 )(x−0

a1 −x
+m
a2 )(x+0

a1 − x̃
+m
a2 )(x−0

b1 −x
+m
b2 )

)
,

(E.117)
we obtain

2θ̃HL
LL (x̃±0

L1 , x̃
±0
L2 )→ 2θ̃HL

LR(x±0
L1 , x

±k
R2 ) +

1
i
log x

−0
L1 − x

+k
L2

x+0
L1 − x

+k
L2

1− x−0
L1 x

−k
R2

1− x+0
L1 x

−k
R2

(1− x+0
L1 x

+k
R2 )2

(1− x−0
L1 x

+k
R2 )2

(E.118)

Combining all the terms, we find that the continuation of the full S-matrix element
is given by

S00
χχ(x̃±0

L1 , x̃
±0
L2 )→

√
α+0

L1√
α−0

L1

√
α−k

R2√
α+k

R2

(
x−0

L1
x+0

L1

)k−1 (1− x+0
L1 x

+k
R2 )(1− x

−0
L1 x

−k
R2 )

(1− x+0
L1 x

−k
R2 )(1− x

−0
L1 x

+k
R2 )

k−1∏
j=1

(
x+0

L1 x̃
k−2j
R2 − 1

x−0
L1 x̃

k−2j
R2 − 1

)2

(Σ0k
LR(u1, u2))−2 .

(E.119)

We see that up to a factor it is the S-matrix element S0k
χZ̄

, and the formula above can
be written as

S00
χχ(p1, p2 − 2π) =

√
α+0

L1√
α−0

L1

S0k
χZ̄

(p1, p2) . (E.120)

From the formulas in appendix B of [11] we also have the following continuation

(FLL(x̃±0
L1 , x̃

±0
L2 ))2 → (FLR(x±0

L1 , x
±k
R2 ))2 (E.121)

and the expression above implies that

S00
χ̃χ̃(p1, p2 − 2π) =

√
α+0

L1√
α−0

L1

S0k
χ̃Ȳ

(p1, p2) . (E.122)

By using (E.84), we also get

S00
χχ(p1 − 2π, p2 − 2π) =

√
α−k

R1√
α+k

R1

√
α+k

R2√
α−k

R2

Skk
Z̄Z̄

(p1, p2) . (E.123)

We see that for equal momenta S00
χχ(p − 2π, p − 2π) = −1.

E.8 String Skm
Y Y (p1 − 2π, p2) and Skm

Y Z̄
(p1 − 2π, p2) for any m

We get a left string k-particle bound state with negative momentum by doing the usual
steps. First, the continuation of x+k

L = 1/x̃+k
R through the half-line x > ξ in the x-plane

or through the lower edge of the main mirror cut in the u-plane replaces x±kL with x̃±kL .
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Second, the analytic continuation of x̃+k
L through the semi-line x < −1/ξ in the x-plane or

through the lower edge of the +κ-cut in the mirror u-plane shifts the string momentum
by −2π, and does not cross the cut of γL.

So, we move x̃+k
L through the +κ-cut, and get

x̃+k
L

+κ-cut−−−−→ 1
x̃R(u− i

hk)
, x̃−kL

+κ-cut−−−−→ x̃L

(
u− i

h
k

)
. (E.124)

Then, we shift u by +ik/h, and get

x̃+k
L

+κ-cut and shift of u−−−−−−−−−−−−−→ 1
x̃R(u)

, x̃−kL
+κ-cut and shift of u−−−−−−−−−−−−−→ x̃L(u) . (E.125)

Now we take u to be on the upper edge of the string main cut, so that

x̃+k
L

+κ-cut and shift of u−−−−−−−−−−−−−→ x+0
L , x̃−kL

+κ-cut and shift of u−−−−−−−−−−−−−→ x−0
L , (E.126)

and

pL(x̃±kL ) +κ-cut and shift of u−−−−−−−−−−−−−→ pL(x±0
L )− 2π , F (x̃±kL ) +κ-cut and shift of u−−−−−−−−−−−−−→ F (x±0

L ) , (E.127)

where F = {EL , γL}.
We see that these transformations are the limit Q→ k with Q > k of the ones for left

string Q-particle bound state. This implies that the continuation of S-matrix elements with
left k-particle bound states can be obtained by taking the limit in the continuation of general
S-matrix elements. Thus, by using that (see, (5.55) of [17])

Sk+δ m
Y Y (p1 − 2π, p2) = Sδ mY Y (p1, p2) ,
Sk+δ m
Y Z̄

(p1 − 2π, p2) = Sδ m
Y Z̄

(p1, p2) ,
(E.128)

and taking the limit δ → 0, we get

SkmY Y (p1 − 2π, p2) =

√
α−m

L2√
α+m

L2

S0m
χY (p1, p2) ,

Skm
Y Z̄

(p1 − 2π, p2) =

√
α+m

R2√
α−m

R2

S0m
χZ̄

(p1, p2) ,

(E.129)

where we used the relations (4.39). Next, taking the limit m→ 0 in (E.129), we obtain

Sk0
Y χ(p1 − 2π, p2) = −

√
α−0

L2√
α+0

L2

S00
χχ(p1, p2) ,

S0k
χY (p1, p2 − 2π) = −

√
α+0

L1√
α−0

L1

S00
χχ(p1, p2) .

(E.130)

The analytic continuation in p1 then gives

S0k
χY (p1 − 2π, p2 − 2π) = −

√
α−k

R1√
α+k

R1

√
α−0

L2√
α+0

L2

Sk0
Z̄χ

(p1, p2) . (E.131)
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F Checking CP in the string region

F.1 Massless S-matrices as limits of massive ones

To prove that all mixed-mass and massless S-matrix elements are CP symmetric, it is
important to notice that in the positive momentum region of the string kinematics, these
elements can be obtained as the limit of the massive ones. In particular, let us recall the
result in (4.39), which is

S0m
χY (x±0

L1 , x
±m
L2 ) =

√
α+m

L2√
α−m

L2

lim
δ→0+

SδmY Y (x±δL1 , x
±m
L2 ) ,

S0m
χZ̄

(x±0
L1 , x

±m
R2 ) =

√
α−m

R2√
α+m

R2

lim
δ→0+

Sδm
Y Z̄

(x±δL1 , x
±m
R2 ) .

(F.1)

Similar relations also apply to the scattering of lowest-weight states, where by introducing
the same normalisation factor on the l.h.s. and r.h.s. of the expressions above one finds

S0m
χ̃Z (x±0

L1 , x
±m
L2 ) =

√
α+m

L2√
α−m

L2

lim
δ→0+

SδmZZ(x±δL1 , x
±m
L2 ) ,

S0m
χ̃Ȳ

(x±0
L1 , x

±m
R2 ) =

√
α−m

R2√
α+m

R2

lim
δ→0+

Sδm
ZȲ

(x±δL1 , x
±m
R2 ) .

(F.2)

Finally, comparing (4.35) with equation (G.12) in [17], we notice that in the positive mo-
mentum region of string kinematics we have

S00
χχ(x±0

L1 , x
±0
L2 ) = lim

δ→0+

√
α−δ

L1√
α+δ

L1

√
α+δ

L2√
α−δ

L2

SδδY Y (x±δL1 , x
±δ
L2 ) ,

S00
χ̃χ̃(x±0

L1 , x
±0
L2 ) = lim

δ→0+

√
α−δ

L1√
α+δ

L1

√
α+δ

L2√
α−δ

L2

SδδZZ(x±δL1 , x
±δ
L2 ) .

(F.3)

In the following, we will use the relations in (F.1), (F.2) and (F.3) to prove CP as a limit
of the results in [17].

To check CP it will be necessary to map certain relations originally expressed in terms of
momenta to relations expressed in terms of u variables. To do so we will use the identities
in (2.31) and (2.32).

F.2 CP for mixed-mass elements

CP for sgn(p1) = sgn(p2). Let p1 and p2 be in the interval (0, 2π). Then the CP
symmetry implies the following relation

S0m
χY (p1 − 2π, p2 − 2π) = Sm0

Ȳ χ̃
(2π − p2, 2π − p1) , (F.4)
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connecting S-matrix elements with both positive momenta to S-matrix element with both
negative momenta. From (5.10) we see that

S0m
χY (p1 − 2π, p2 − 2π) =

√
α

+(k−m)
R2√
α
−(k−m)
R2

α−k
R1
α+k

R1
Sk,k−m
Z̄Z̄

(p1, p2) , (F.5)

and the relation (F.4) can be written as follows

Sk,k−m
Z̄Z̄

(p1, p2) =

√
α
−(k−m)
R2√
α

+(k−m)
R2

α+k
R1
α−k

R1
Sm0
Ȳ χ̃

(2π − p2, 2π − p1) . (F.6)

If we now parameterise

p1 = p
(k)
R (u1) = 2π − p(0)

L (−u1) , p2 = p
(k−m)
R (u2) = 2π − p(m)

R (−u2) (F.7)

(where we used (2.32)) then the relation above on the u plane is given by

Sk,k−m
Z̄Z̄

(u1, u2) =

√
α
−(k−m)
R2√
α

+(k−m)
R2

α+k
R1
α−k

R1
Sm0
Ȳ χ̃

(−u2,−u1) . (F.8)

Let us show in some details how the equality in (F.8) can be checked. Firs we replace
u1 → −u1 and u2 → −u2. Using that

x
±(k−m)
R (−u2) = −

1
x±mR (u2)

, x±kR (−u1) = −x∓0
L (u1) . (F.9)

we obtain

Sk,k−m
Z̄Z̄

(−u1,−u2) =

√
α−m

R2√
α+m

R2

α−0
L1
α+0

L1
Sm0
Ȳ χ̃

(u2, u1) . (F.10)

Applying braiding unitarity to the second relation in (F.2) and plugging it into the r.h.s.
of the expression above, we obtain

lim
δ→0+

Sk+δ,k−m
Z̄Z̄

(−u1,−u2) = lim
δ→0+

α−δ
L1
α+δ

L1
Smδ
Ȳ Z

(u2, u1) . (F.11)

This relation follows now from the results in [17] (see third line in eq. (I.35) of that paper).
This concludes the check of CP in the mixed-mass sector for particles having the same
momentum sign.

CP for sgn(p1) = −sgn(p2). Now we want to check the constraint

S0m
χY (p1 − 2π, p2) = Sm0

Ȳ χ̃
(−p2, 2π − p1) . (F.12)

Using again the analytic continuation at negative momenta (see results in equations (5.9), (5.10)
and (5.11)) we have

S0m
χY (p1 − 2π, p2) =

√
α−m

L2√
α+m

L2

Skm
Z̄Y

(p1, p2) ,

Sm0
Ȳ χ̃

(−p2, 2π − p1) = −Sm+k,0
Ȳ χ̃

(2π − p2, 2π − p1)

(F.13)
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Plugging these relations into (F.12) we obtain

Skm
Z̄Y

(p1, p2) = −

√
α+m

L2√
α−m

L2

Sm+k,0
Ȳ χ̃

(2π − p2, 2π − p1) . (F.14)

Using (2.32), in the u plane this equality is given by

Skm
Z̄Y

(u1, u2) = −

√
α+m

L2√
α−m

L2

Sm+k,0
Ȳ χ̃

(−u2,−u1) . (F.15)

First send u1 → −u1 and u2 → −u2 so that the relation above becomes

Skm
Z̄Y

(−u1,−u2) =

√
α
−(k+m)
R2√
α

+(k+m)
L2

Sm+k,0
Ȳ χ̃

(u2, u1) . (F.16)

Then we use the result in the second line of (F.2)and write this relation as the limit

lim
δ→0+

Sk+δ,m
Z̄Y

(−u1,−u2) = lim
δ→0+

Sm+k,δ
Ȳ Z

(u2, u1) . (F.17)

This equality follows from the second relation in (I.35) of [17].

F.3 CP for massless elements

In momentum representation the CP condition on massless-massless S-matrices takes the
following form

S00
χχ(p1, p2) = S00

χ̃χ̃(−p2,−p1) . (F.18)

This symmetry relates the chiral-chiral branch to the antichiral-antichiral branch, and relates
the chiral-antichiral branch to itself.

CP on the same-chirality branch. Let us consider the chiral-chiral and antichiral-
antichiral branches first. In this case we require

S00
χ̃χ̃(2π − p2, 2π − p1) = S00

χχ(p1 − 2π, p2 − 2π) , 0 < p1 < 2π, 0 < p2 < 2π . (F.19)

Parameterising
p1 = p

(k)
R (u1) , p2 = p

(k)
R (u2) (F.20)

and recalling from (2.32) that

p
(0)
L (−u) = 2π − p(k)

R (u) (F.21)

then to have CP on the same-chirality branch it must hold that

S00
χ̃χ̃(−u2,−u1) =

√
α−k

R1√
α+k

R1

√
α+k

R2√
α−k

R2

Skk
Z̄Z̄

(u1, u2) , (F.22)
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where we replaced the r.h.s. of (F.19) with (E.123). To check the relation above we first
send u1 → −u1 and u2 → −u2, and get

S00
χ̃χ̃(u2, u1) =

√
α+0

L1√
α−0

L1

√
α−0

L2√
α+0

L2

Skk
Z̄Z̄

(−u1,−u2) . (F.23)

Using then the second relation in (F.3) then the expression above implies that

lim
δ→0+

Sδ,δZZ(u2, u1) = lim
δ→0+

Sk+δ,k+δ
Z̄Z̄

(−u1,−u2) . (F.24)

This equality was proven in [17] (see first relation in eq. (I.35) of that paper) and concludes
the check of CP for massless-massless S-matrices involving particles of the same chirality.

CP on the opposite-chirality branch. In the chiral-antichiral branch we write the CP
condition as follows

S00
χχ(2π − p1, p2 − 2π) = S00

χ̃χ̃(2π − p2, p1 − 2π) . (F.25)

Substituting the l.h.s. and r.h.s. of the expression above with (E.120) and (E.122), and
parameterising

p1 = p
(k)
R (u1) , p2 = p

(k)
R (u2) (F.26)

then we obtain √
α−k

R1√
α+k

R1

S0k
χZ̄

(−u1, u2) =

√
α−k

R2√
α+k

R2

S0k
χ̃Ȳ

(−u2, u1) (F.27)

As before we wrote the relation in the u plane by making use of (F.21). Moreover we consider
u1 > −ν so that the kinematics of the massless particle on the l.h.s. of the expression above
is physical (since −u1 < ν is on the main string theory cut). We also notice that for this
configuration, u1 ± i

hk are away from the κ cuts and the relation on the r.h.s. is well defined.
Plugging the second relation in (F.1) into the l.h.s. of the expression above, and the second
relation in (F.2) into the r.h.s., we obtain

lim
δ→0+

Sδ,k+δ
Y Z̄

(−u1, u2) = lim
δ→0+

Sδ,k+δ
ZȲ

(−u2, u1) . (F.28)

The validity of this relation follows from the second line in eq. (I.35) of [17]. This concludes
the check of CP for massless particles in the chiral-antichiral branch of the kinematics. The
check on the antichiral-chiral branch is connected to the one above by braiding unitarity
and does not require a separate check.

F.4 CP for k-particle bound states

One can check that, as for massless particles, also S-matrices involving k-particle bound
states are CP symmetric. Even in this case, this can be proven from the limit of the relations
in [17]. In the following, we will check the relation

S0k
χY (p1 − 2π, p2 − 2π) = Sk0

Ȳ χ̃
(2π − p2, 2π − p1) , with 0 < p1 < 2π, 0 < p2 < 2π . (F.29)
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The other cases can be verified similarly. Using the second relation in (F.2) and parameterising

p1 = p
(k)
R (u1) , p2 = p

(0)
L (u2)

=⇒ 2π − p1 = p
(0)
L (−u1), 2π − p2 = p

(k)
R (−u2)

(F.30)

we can write the r.h.s. of the expression above as

Sk0
Ȳ χ̃

(−u2,−u1) =

√
αR(−1/x+0

R (u2))√
αR(−1/x−0

R (u2))
lim
δ→0+

Skδ
Ȳ Z

(−u2,−u1)

=

√
αR(−x−0

L (u2))√
αR(−x+0

L (u2))
lim
δ→0+

Skδ
Ȳ Z

(−u2,−u1) = −

√
α−0

L2√
α+0

L2

lim
δ→0+

Skδ
Ȳ Z

(−u2,−u1) .

(F.31)
The l.h.s. is instead obtained by using first the expression in (E.131) and then the second
relation in (4.39):

S0k
χY (p1 − 2π, p2 − 2π) = −

√
α−k

R1√
α+k

R1

√
α−0

L2√
α+0

L2

Sk0
Z̄χ

(u1, u2) = −

√
α−0

L2√
α+0

L2

lim
δ→0+

Skδ
Z̄Y

(u1, u2) .

(F.32)
Comparing l.h.s. and r.h.s. we end up with the following relation

lim
δ→0+

Skδ
Ȳ Z

(−u2,−u1) = lim
δ→0+

Skδ
Z̄Y

(u1, u2) , (F.33)

which is equal to the second line in eq. (I.35) of [17]. This concludes the check of CP for
the relation (F.29) involving k particle bound states.

G Comparison with Ramond-Ramond results in mirror region

In this appendix, we check that in the κ→ 0 limit the S-matrix elements proposed in this
paper match the ones in [21] for particles in the mirror region.

G.1 Improved HL and Barnes functions

It is possible to show that in the pure Ramond-Ramond case the improved HL phase, defined
as a double integral around the mirror cuts, is connected to the R functions in (A.7) through
the following relation

ΣHL(x±Q1 , x±P2 )2 = R(γ̃++
12 + iπ)R(γ̃++

12 − iπ)R(γ̃
−−
12 + iπ)R(γ̃−−

12 − iπ)
R(γ̃+−

12 + iπ)R(γ̃+−
12 − iπ)R(γ̃

−+
12 + iπ)R(γ̃−+

12 − iπ)
R2(γ̃+−

12 )R2(γ̃−+
12 )

R2(γ̃++
12 )R2(γ̃−−

12 )
,

(G.1)
where the bound state indices Q and P on the r.h.s. of the expression above have been assumed.
In the case in which the second particle becomes massless, that is P → 0+, we have that

γ̃+
2 = γ̃◦2 , γ̃−2 = γ̃◦2 + iπ . (G.2)

Then, using the monodromy properties of the R functions, we get

ΣHL(x±Q1 , x±0
2 )2 =

tanh γ̃+◦
12
2

tanh γ̃−◦
12
2

R4(γ̃−◦
12 )

R4(γ̃+◦
12 )

R2(γ̃+◦
12 − iπ)

R2(γ̃−◦
12 − iπ)

R2(γ̃+◦
12 + iπ)

R2(γ̃−◦
12 + iπ)

. (G.3)
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Finally, in the case in which the first particle is also massless, we end up with

ΣHL(x±0
1 , x±0

2 )2 = −R
4(γ̃◦◦12 − iπ)R4(γ̃◦◦12 + iπ)

R8(γ̃◦◦12)
. (G.4)

G.2 Mirror S-matrices in pure Ramond-Ramond

Mixed-mass S-matrices. Let us consider the scattering of a massless and a massive
particle. Normalising as in appendix B of [21]

S
∣∣Y1χ

α̇
2
〉
= S̄Q0(u1, u2)

∣∣Y1χ
α̇
2
〉
= i

√
x̃+

1
x̃−1

x̃−1 − x̃2

x̃+
1 x̃2 − 1

(
Σ̂10)−2 ∣∣Y1χ

α̇
2
〉
,

S
∣∣Z̄1χ

α̇
2
〉
= SQ0(u1, u2)

∣∣Z̄1χ
α̇
2
〉
= i

√
x̃−1
x̃+

1

x̃+
1 x̃2 − 1
x̃−1 − x̃2

(
Σ̂10)−2 ∣∣Z̄1χ

α̇
2
〉
,

(G.5)

then the crossing equations take the following form

(
Σ̂10(u1, u2

)−2 (Σ̂10(ū1, u2
)−2 = − x̃

+
1 − x̃2

x̃−1 − x̃2

1− x̃−1 x̃2

1− x̃+
1 x̃2

. (G.6)

Notice that we put an hat on the dressing factor since this is not the same quantity defined
in the rest of this paper. In this appendix we use the notation of [21], where a different
normalisation was used and the dressing factor was not split into an even and odd part.
After considering the h → 0 limit of the γ̃ variables

γ̃(u) = 1
2 log

(2− u
2 + u

)
, γ̃±(u) = γ̃(u± i

h
) , γ̃◦(u) = γ̃(u+ i0) , (G.7)

then using the monodromy relations of R functions it is simple to check that the crossing
equation (G.6) is solved by

(
Σ̂10(u1, u2)

)−2
= −i tanh

(
γ̃+◦

12
2

)
R2(γ̃−◦

12 )
R2(γ̃+◦

12 )
R(γ̃+◦

12 − iπ)R(γ̃
+◦
12 + iπ)

R(γ̃−◦
12 − iπ)R(γ̃

−◦
12 + iπ)

(
ΣBES(x̃±1 , x̃

±0
2 )
)−2

.

(G.8)
The solution above agrees with the result in [21]. To make the comparison with the results
in [21] it is necessary to redefine the γ̃ functions

γ̃+ → γ̃+ − iπ

2 , γ̃− → γ̃− + iπ

2 , (G.9)

in such a way that they match the definition (C.6) in [21].
We do not write the crossing equation and solution for

(
Σ01(u1, u2)

)−2 since this dressing
factor is connected to the one above either by parity or braiding unitarity.

Massless S-matrix. Normalising the scattering of two massless modes by

S
∣∣χα̇1χβ̇2 〉 = (

Σ00)−2 ∣∣χα̇2χβ̇2 〉 (G.10)

the massless-massless crossing equations take the form

(
Σ00(u1, u2

)−2 (Σ00(ū1, u2)
)−2 = −

( x̃1 − x̃2
x̃1x̃2 − 1

)2
= − tanh2 γ̃

◦◦
12
2 . (G.11)
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The equation above contains a minus sign compared to the crossing equations for massless
particles written in the literature (see, e.g., [25]). This sign was discussed in [28] and is
justified by the nontrivial exchange relations for massless particles [18]. This sign is necessary
to solve crossing with a minimal dressing factor, without introducing any further zero or pole
in the physical strip of massless particles. For massless particles under crossing it holds that

γ◦(ū) = γ◦(u) + iπ . (G.12)

The improved BES phase satisfies homogeneous crossing equations and a solution to the
crossing equations is given by(

Σ00(u1, u2
)−2 = −R

2(γ◦◦12 − iπ)R2(γ◦◦12 + iπ)
R4(γ◦◦12)

(
ΣBES(x±0

1 , x±0
2
)−2

. (G.13)

This solution differs from the one in [21] by the absence of the factor

a(γ̃◦◦12) = −i tanh
(
γ̃◦◦12
2 −

iπ

4

)
, (G.14)

which is replaced here by −1. The overall sign is fixed by requiring that in the limit p1 = p2
the S-matrix is −1, according with fermionic statistics. However, this consideration is valid
only for particles of equal chirality. If the particles have opposite chirality (and therefore
u1 and u2 lye on different mirror cuts) then they cannot have the same momentum and the
dressing factor can have an opposite sign. This is actually what happens in the h→ 0 limit
of our proposal, as we will show in appendix G.4.

G.3 The Ramond-Ramond limit of mixed-mass S-matrices

Consider the k → 0 limit of the following S-matrix element

SQ0
Y χ1̇ =

√
α̃+Q

L1√
α̃−Q

L1

x̃+Q
L1

x̃−QL1

x̃−0
L2
x̃+0

L2

(
x̃−QL1 − x̃

+0
L2

x̃+Q
L1 − x̃

−0
L2

)2 (
ΣQ0

LL (u1, u2)
)−2

, (G.15)

which we obtain applying braiding unitarily on the first relation in (C.2). The dressing
factor is given by(

ΣQ0
LL (u1, u2)

)−2
=
(
ΣQ0,even

LL (u1, u2)
)−2 (

ΣQ0,odd
LL (u1, u2)

)−2
(G.16)

where (
ΣQ0,even

LL (u1, u2)
)−2

=
(
ΣQ0,BES

LL (u1, u2)
ΣQ0,HL

LL (u1, u2)

)−2

(G.17)

and (
ΣQ0,odd

LL (γ̃±QL1 , γ̃±0
L2 )

)−2
= R2(γ̃−Q−0

LL )R2(γ̃+Q+0
LL )

R2(γ̃−Q+0
LL )R2(γ̃+Q−0

LL )
. (G.18)

In the limit the normalisation becomes√
α̃+Q

L1√
α̃−Q

L1

x̃+Q
L1

x̃−QL1

x̃−0
L2
x̃+0

L2

(
x̃−QL1 − x̃

+0
L2

x̃+Q
L1 − x̃

−0
L2

)2

→

√
α̃+Q

1√
α̃−Q

1

x̃+Q
1

x̃−Q1

(
x̃−Q1 − x̃2

x̃+Q
1 x̃2 − 1

)2

=
sinh γ̃−Q◦

12
2

cosh γ̃+Q◦
12
2

√√√√ x̃+Q
1

x̃−Q1

x̃−Q1 − x̃2

x̃+Q
1 x̃2 − 1

.

(G.19)
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Then we have the following limit of γ̃ functions

γ̃+0
L → γ̃◦ , γ̃−0

L → γ̃◦ + iπ , (G.20)

leading to

ΣQ0,odd
LL (γ̃±QL1 , γ̃±0

L2 )−2 → R2(γ̃−Q◦
LL − iπ)R2(γ̃+Q◦

LL )
R2(γ̃−Q◦

LL )R2(γ̃+Q◦
LL − iπ)

. (G.21)

Combining the even and odd part of the dressing factor, and using relation (G.3), then
the dressing factor becomes

ΣQ0
LL (u1, u2)−2 →

tanh γ̃+Q◦
12
2

tanh γ̃−Q◦
12
2

R2(γ̃−Q◦
12 )

R2(γ̃+Q◦
12 )

R2(γ̃+Q◦
12 + iπ)

R2(γ̃−Q◦
12 + iπ)

ΣQ0
BES(u1, u2)−2

=
sinh γ̃+Q◦

12
2

sinh γ̃−Q◦
12
2

R2(γ̃−Q◦
12 )

R2(γ̃+Q◦
12 )

R2(γ̃+Q◦
12 − iπ)R(γ̃+Q◦

12 + iπ)
R(γ̃−Q◦

12 − iπ)R(γ̃−Q◦
12 + iπ)

ΣQ0
BES(u1, u2)−2 .

(G.22)

From the limit of the dressing factor and the limit of the normalisation (G.19) we get

SQ0
Y χ1̇(u1, u2)→

√√√√ x̃+Q
1

x̃−Q1

x̃−Q1 − x̃2

x̃+Q
1 x̃2 − 1

tanh γ̃
+Q◦
12
2

× R2(γ̃−Q◦
12 )

R2(γ̃+Q◦
12 )

R2(γ̃+Q◦
12 − iπ)R(γ̃+Q◦

12 + iπ)
R(γ̃−Q◦

12 − iπ)R(γ̃−Q◦
12 + iπ)

ΣBES(x±Q1 , x±0
2 )−2 .

(G.23)

This result agrees with the pure Ramond-Ramond mixed-mass S-matrix at the beginning
of section G.2 (which is the result written in [21] after redefining the γ̃ functions through
shifts of iπ2 ).

G.4 The Ramond-Ramond limit of massless S-matrices

Let us now consider the κ→ 0 limit of the massless-massless S-matrix written in the first
row of (C.5):

Sχ1̇χ1̇(u1, u2) = +

√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃−0
L2
x̃+0

L2

x̃+0
L1
x̃−0

L1

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2 (
Σ00

LL(u1, u2)
)−2

. (G.24)

In this case we have(
Σ00

LL(u1, u2)
)−2

=
(
Σ00,even

LL (u1, u2)
)−2 (

Σ00,odd
LL (u1, u2)

)−2
. (G.25)

where

(
Σ00,even

LL (u1, u2)
)−2

=
(
Σ00,BES

LL (u1, u2)
Σ00,HL

LL (u1, u2)

)−2

, (G.26)

(
Σ00,odd

LL (γ̃±0
L1 , γ̃

±0
L2 )

)−2
= R2(γ̃−0−0

LL )R2(γ̃+0+0
LL )

R2(γ̃−0+0
LL )R2(γ̃+0−0

LL )
. (G.27)
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In the κ → 0 limit the normalisation becomes√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃−0
L2
x̃+0

L2

x̃+0
L1
x̃−0

L1

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2

→ +1 (G.28)

if the two particles have the same chirality and√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

x̃−0
L2
x̃+0

L2

x̃+0
L1
x̃−0

L1

(
x̃−0

L1 − x̃
+0
L2

x̃+0
L1 − x̃

−0
L2

)2

→ −1 (G.29)

if the two particles have opposite chiralities. Then using (G.20) we obtain

(
Σodd

LL (γ̃±0
L1 , γ̃

±0
L2 )

)−2
→ R4(γ̃◦◦12)

R2(γ̃◦◦12 + iπ)R2(γ̃◦◦12 − iπ)
. (G.30)

In the limit, we also have that (see (G.4))

(
Σ00,HL

LL (u1, u2)
)2
→ −R

4(γ̃◦◦12 + iπ)R4(γ̃◦◦12 − iπ)
R8(γ̃◦◦12)

. (G.31)

Then, combining the pieces above, we end up with

Sχχ(u1, u2)→ ε12
R2(γ̃◦◦12 + iπ)R2(γ̃◦◦12 − iπ)

R4(γ̃◦◦12)
(
ΣBES(x̃±0

1 , x̃±0
2 )
)−2

, (G.32)

where

ε12 =

−1 if same chirality ,
+1 if opposite chirality .

(G.33)

In principle one could define the S matrix to be the same in both chirality sectors by introducing
different signs in the normalisation (4.15) depending on the chirality of the scattered particles;
namely, one could change the sign of the opposite-chirality scattering in the mirror kinematics
(and hence in the string kinematics as well). This would require changing the exchange
relations by a minus sign in order to reproduce the physical S-matrix 𝕊. Let us also remark
that the sign of the same-chirality S matrix is fixed so that S(u, u) = −1 for the ZF S matrix.

H Near-BMN limit

In this appendix, we show how to compute the near BMN expansion of our conjectured
S-matrices, both for mirror and string kinematics. In both kinematical regions, we find
agreement with the results known in the literature at the tree level [8, 22].

H.1 Near BMN limit in the mirror region

Expansion of mirror kinematical variables. The expansion of the massive Zhukovsky
variables was already considered in [17] and we recall the formulae from that paper:

x̃±a = x̃a

(
1∓ ω̃a

2T

)
, x̃a ≡

√
p̃2
a − q2 + 1 + qap̃a

(p̃a + i)
√
1− q2 , (H.1)
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where
ω̃a = iqa +

√
p̃2

L − q2 + 1 . (H.2)

and qL = −qR = 1. The γ̃ variables are instead given by

γ̃±a = γ̃a −
iπ

2 ∓
i

2T ω̃
2
a , γ̃a ≡ ln ξa − x̃a

ξax̃a + 1 . (H.3)

For mirror massless particles, we have two different kinematical branches depending on
whether the momentum is positive or negative. We obtain

x̃±0
a = ξa

(
1∓ p̃a

2T + (3− q)p̃2

24T 2

)
− i0 p̃a > 0 ,

x̃±0
a = 1

ξa

(
−1∓ p̃a

2T −
(3 + q)p̃2

24T 2

)
− i0 , p̃a < 0 .

(H.4)

and
γ̃±0
a = log ξap̃a

2(1 + ξ2
a)T
∓ iπ

2 ±
p̃a
3T

ξ2
a − 1
ξ2
a + 1 +O(1/T 2) , p̃a > 0 ,

γ̃±0
a = log

(
−2T (1 + ξ2

a)
ξap̃a

)
∓ iπ

2 ∓
p̃a
3T

ξ2
a − 1
ξ2
a + 1 +O(1/T 2) , p̃a < 0 .

(H.5)

The limit of BES. To compute the AFS order of the BES phases we give a small mass δ
to the massless particles so that ℑ(x̃±δa ) < 0 and both points are just below the integration
contour in the x plane. For x̃1 and x̃2 in the mirror region in [17] the following results for
the mixed derivative of the phases were found20

′′
Φ̃AFS
aa (x̃a1, x̃a2) =−

1
2
u′a(x̃a1)u′a(x̃a2)

u1 − u2
+ 1

4
u′a(x̃a2) + u′a(x̃a1)

x̃a1 − x̃a2
+ x̃a1 − x̃a2

4x̃2
a1x̃

2
a2

,

′′
Φ̃AFS
āa (x̃ā1, x̃a2) =

1
2x̃ā1x̃a2 (x̃ā1x̃a2 − 1)

[
x̃ā1 − x̃a2 −

κā
2π (x̃ā1x̃a2 + 1)

]
,

(H.6)

and are valid for arbitrary points in the mirror region (see equation (6.14) in [17]). Below we
evaluate the second derivative of the phase on the different branches.

Suppose the first particle is massless on the branch p̃1 > 0 and parameterise such a
particle using left Zhukovsky variables. Then at the leading order we set x̃1 = ξ (where x̃1
can either be x̃a1 or x̃ā1 depending if we use the first or second relation in (H.6)). Depending
on the type of the second particle, we set x̃a2 = x̃L2 or x̃a2 = x̃R2 (see the definitions in (H.1)).
By doing so we obtain

′′
Φ̃AFS

LL (ξ, x̃L2) = −
1

2x̃L2ξ
√
1− q2 ,

′′
Φ̃AFS

LR (ξ, x̃R2) = − 1
2x̃R2ξ

√
1− q2 .

(H.7)

On the other hand if both particles are massless and satisfy p̃1 > 0 > p̃2 then from (H.4)
we see that at the leading order we have x̃a1 = − 1

x̃a2
= ξ and

′′
Φ̃AFS

LL (ξ,−1/ξ) = 1
4

(
ξ + 1

ξ

)
= 1

2
1√

1− q2 .
(H.8)

20We follow the same notation of [17] and define
′′
Φ̃ (x, y) ≡ ∂2

∂x∂y
Φ̃.
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Let us now derive the BMN limit of the BES phase. First we consider the case in which
the second Zhukovsky variable x̃±a2 (where a can either be L or R) is of massive type. Using
the expansions in (H.1) and the first line of (H.4) we obtain

θ̃AFS
La (x̃±0

L1 , x̃
±
a2) = h

(
Φ̃AFS

La (x̃+0
L1 , x̃

+
a2) + Φ̃AFS

La (x̃−0
L1 , x̃

−
a2)− Φ̃AFS

La (x̃+0
L1 , x̃

−
a2)− Φ̃AFS

La (x̃−0
L1 , x̃

+
a2)
)

=
√
1− q2 ξp̃1x̃a2ω̃a2

T

′′
Φ̃AFS

La (x̃L1, x̃a2) +O(T−2) = − p̃1ω̃a2
2T +O(T−2) ,

(H.9)
where in the last equality we used the results in (H.7). The limit of the even part of the
mixed-mass dressing factor is then given by

log(Σ01 even
La )−2(u1, u2)→

i

T
p̃L1ω̃a2 . (H.10)

Similarly, for the scattering of massless modes with p̃1 > 0 > p̃2 we obtain

θ̃AFS
LL (x̃±0

L1 , x̃
±0
L2 ) =

√
1− q2

T
p̃L1p̃L2

′′
Φ̃AFS

LL (ξ,−1/ξ) +O(T−2) = p̃L1p̃L2
2T +O(T−2) . (H.11)

The BMN limit of the even part of the dressing factor for massless particles of opposite
chirality is then given by

log(Σ00 even
LL )−2(u1, u2)→ −

i

T
p̃1p̃2 . (H.12)

This concludes the computation of the near-BMN limit of BES both in the mixed-mass
and massless-massless sectors. We still need to evaluate the same limit on the remaining
pieces of the S-matrix. Below we show how this can be done in the two different setups
of mixed-mass and massless scattering.

Massless-massive scattering. We compute the near BMN limit of the S-matrix element
ST 11̇Y in the transmission channel

S
∣∣T 11̇

1 Y2
〉
=ST 11̇Y

∣∣T 11̇
1 Y2

〉
+ . . . . (H.13)

The ellipses correspond to the reflection element, which we do not consider since it is connected
to the transmission element by supersymmetry. The bosonic massless state

|T 11̇⟩ = |φFL ⟩ ⊗ |ϕFL ⟩ (H.14)

is obtained by lowering the first state of |χ1̇⟩ = |ϕBL ⟩ ⊗ |ϕFL ⟩. We can then obtain ST 11̇Y

by introducing the factor

DLL(u1, u2) =
√
x̃+

L2
x̃−L2

x̃−0
L1 − x̃

−
L2

x̃−0
L1 − x̃

+
L2

(H.15)

(as defined in appendix B of [11]) to the normalisation in the first row of (C.2):

ST 11̇Y (u1, u2) = DLL(x̃±0
L1 , x̃

±
L2)Sχ1̇Y (u1, u2)

=

√
α̃−

L2√
α̃+

L2

x̃+0
L1
x̃−0

L1

√
x̃−L2
x̃+

L2

(x̃−0
L1 − x̃

+
L2)(x̃

−0
L1 − x̃

−
L2)

(x̃+0
L1 − x̃

−
L2)2

(
Σ01

LL(u1, u2)
)−2

.
(H.16)
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In the BMN limit, the different terms of the S-matrix element above become

log(Σ01 even
LL )−2(u1, u2)→

i

T
p̃1ω̃L2 ,

log(Σ01 odd
LL )−2(u1, u2) = log R

2(γ̃−0−
LL )R2(γ̃+0+

LL )
R2(γ̃−0+

LL )R2(γ̃+0−
LL )

→ iω̃2
L2

2T ,

log


√
α̃−

L2√
α̃+

L2

x̃+0
L1
x̃−0

L1

√
x̃−L2
x̃+

L2

(x̃−0
L1 − x̃

+
L2)(x̃

−0
L1 − x̃

−
L2)

(x̃+0
L1 − x̃

−
L2)2

→ − i

T
p̃1p̃2 −

i

T
p̃1ω̃L2 −

i

2T ω̃
2
L2 .

(H.17)

Combining the expressions above we get

logS01
T 11̇Y

(u1, u2)→ −
i

T
p̃1p̃2 , (H.18)

in agreement with the results of [22] in the a = 0 gauge (see equation (3.14) of that paper).
In principle, one could repeat a similar computation for SY T 11̇(p1, p2). However, this is

not necessary since the mirror S-matrix is parity invariant and therefore it holds

SY χ1̇(p̃1, p̃2) = Sχ1̇Y (−p̃2,−p̃1) . (H.19)

Then the correctness of ST 11̇Y implies that also SY T 11̇ has the correct expansion. Similarly
the S-matrix elements involving massive particles of right type must be correct since they are
connected to the element above by charge conjugation (or left-right symmetry).

Massless-massless scattering. Let us now compute the massless-massless S-matrix element
S00
T 11̇T 11̇(u1, u2) = FLL(u1, u2)Sχ1̇χ1̇(u1, u2)

=

√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

√√√√ x̃−0
L2
x̃+0

L2

√√√√ x̃+0
L1
x̃−0

L1

x̃−0
L1 − x̃

+
L2

x̃+0
L1 − x̃

−
L2

(
Σ00

LL(u1, u2)
)−2

.
(H.20)

The limit on the even part of the dressing factor can be read from (H.12), while the odd
part and rational terms return

log(Σ00 odd
LL )−2(u1, u2) = log R

2(γ̃−0−0
LL )R2(γ̃+0+0

LL )
R2(γ̃−0+0

LL )R2(γ̃+0−0
LL )

→ − q

3T (p̃1 − p̃2) + i
π

2 +O(1/T 2) ,

log

−
√
α̃+0

L1√
α̃−0

L1

√
α̃−0

L2√
α̃+0

L2

√√√√ x̃−0
L2
x̃+0

L2

√√√√ x̃+0
L1
x̃−0

L1

x̃−0
L1 − x̃

+
L2

x̃+0
L1 − x̃

−
L2

→ q

3T (p̃1 − p̃2) +O(1/T 2) .

(H.21)
Combining all terms above, we end up with

ST 1̇1T 1̇1(p̃1, p̃2)→ e−i
π
2

(
1− i

T
p̃1p̃2

)
+O(1/T 2) , p̃1 > 0 > p̃2 . (H.22)

We stress that this corresponds to the BMN limit of the ZF S-matrix. Such an S-matrix
should be connected to the physical S-matrix through equation (5.22), involving nontrivial
exchange relations in the free theory limit (as discussed in [18] and references therein). Here
we postulate that all sij = 1/4 for the massless-massless scattering; therefore, the physical
S-matrix for the scattering of massless modes is given by

𝕊T 1̇1T 1̇1(p̃1, p̃2) = ei
π
2 ST 1̇1T 1̇1(p̃1, p̃2) = 1− i

T
p̃1p̃2 +O(1/T 2) , (H.23)

in agreement with the results in [22] for the mirror-mirror massless kinematics.
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H.2 Near BMN limit in the string region for mixed-mass

Let us consider the scattering of a massless particle coming from the left and a massive particle
coming from the right, in the string kinematical region. After continuing the expression
in (H.16) to the string region, the odd part of the dressing factor transforms as follows

R2(γ̃−0−
LL )R2(γ̃+0+

LL )
R2(γ̃−0+

LL )R2(γ̃+0−
LL )

x̃±0
L1 →x±0

L1 , x̃
±
L2→x±L2−−−−−−−−−−−−−→ R2(γ−0−

LL )R2(γ+0+
LL − 2πi)

R2(γ−0+
LL )R2(γ+0−

LL − 2πi)
, (H.24)

and we obtain

ST 11̇Y (u1, u2) =

√
α−

L2√
α+

L2

x+0
L1
x−0

L1

√
x−L2
x+

L2

(x−0
L1 − x

+
L2)(x

−0
L1 − x

−
L2)

(x+0
L1 − x

−
L2)2

× R2(γ−0−
LL )R2(γ+0+

LL − 2πi)
R2(γ−0+

LL )R2(γ+0−
LL − 2πi)

(
Σ01,even

LL (u1, u2)
)−2

.

(H.25)

In this appendix, we compute the near-BMN limit of the expression above in the kinematical
branch p1 > 0. We find agreement at the tree level with the perturbative computation of [8].
We perform the limit on the case in which the massive particle is of left type since the case
in which it is of right type is connected by charge conjugation.

Expansion of string kinematical variables. We start considering the expansion of the
massive Zhukovsky variables, which is given by

x±L2 = xL2

(
1± ip2

2T

)
+O(1/T 2) , (H.26)

where
xL2 = 1 + qp2 + ωL2

p2
√
1− q2 , ωL2 =

√
1 + p2

2 + 2qp2 . (H.27)

The massive γ variables have instead the following expansion

γ±L2 = log
(
xL2 − ξ
ξxL2 − 1

)
± i

2T p
2
2 +O

( 1
T 2

)
. (H.28)

We also list the expansion of the different massless variables on the positive momen-
tum branch:

x±0
L1 = ξ

(
1± ip1

2T − (3− q) p2
1

24T 2

)
+O(1/T 3) ,

γ±0
L1 = log

(
ξ p1

2T (1 + ξ2)

)
± iπ

2 ∓ q
ip1
3T +O(1/T 2) .

(H.29)

Deforming the contours of BES. To perform the limit in a smooth way, we continue
the massless particle (with Zhukovsky variables x̃±0

L1 ) to the string region leaving the massive
particle (with Zhukovsky variables x̃±L2) in the mirror region. As discussed in [17] we can
continue the second variable to the string region after the limit. The continuation of BES is

θ̃BES
LL (x±0

L1 , x̃
±
L2) = Φ̃LL(x±0

L1 , x̃
±
L2)− Ψ̃L(u1, x̃

+
L2) + Ψ̃L(u1, x̃

−
L2) . (H.30)
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When we continue the second variable to the string region instead of picking up additional
residues we deform the contour. This is equivalent to compute the BMN limit with the
second variable in the mirror region and make the continuation after the limit. The interested
reader can find more details in appendix J of [17]. The expression above is still not suitable
to perform a large h expansion; indeed in the BMN limit the massless variables x+0

L1 and
x−0

L1 , which are just above and below the real line, pinch the integration contour in the x
plane from opposite sides. In particular from the first line in (H.29) we see that x+0

L1 and x−0
L1

are both close to ξ and have a small positive and negative imaginary part, respectively. To
have a better expansion, we deform the contours of the functions Φ̃−−

LL and Φ̃++
LL in such a

way to surround the point x−0
L1 from below. In this way, after the deformations, both x+0

L1
and x−0

L1 are above the integration contour in the x plane.
After deforming the contours the Φ̃ functions are modified as follows

Φ̃−−
LL (x−0

L1 , x̃L2) = Φ̃−−,def
LL (x−0

L1 , x̃L2)− Ψ̃−
L (u1, x̃L2) ,

Φ̃++
LL (x−0

L1 , x̃L2) = Φ̃++,def
LL (x−0

L1 , x̃L2)− Ψ̃+
L (u1, x̃L2) ,

(H.31)

where by ‘def’ we mean that the contour is deformed below the real line in such a way to
go around x−0

L1 from below. Plugging these relations into (H.30) all Ψ̃ functions simplify
and we get

θ̃BES
LL (x±0

L1 , x̃
±
L2) = Φ̃def

LL (x±0
L1 , x̃

±
L2) . (H.32)

Deforming the contour of HL. Before deforming the HL contour, we start recalling
that under continuation of the first variable to the string region, the HL Φ̃ functions are
continued as follows

Φ̃HL
LL (x̃+0

L1 , x̃
±
L2)→ Φ̃HL

ab (x+0
L1 , x̃

±
L2)−

1
2i log(−x̃

±
L2) +

1
2i log

x+0
L1 − x̃

±
L2

x−0
L1 − x̃

±
L2

+ π

2 ,
(H.33)

and we obtain

θ̃HL
LL (x±0

L1 , x̃
±
L2) = Φ̃HL

LL (x±0
L1 , x̃

±
L2) +

1
2i log

x̃−L2
x̃+

L2

(x+0
L1 − x̃

+
L2)(x

−0
L1 − x̃

−
L2)

(x−0
L1 − x̃

+
L2)(x

+0
L1 − x̃

−
L2)

. (H.34)

Now we deform the contour of the function Φ̃HL
LL in the same manner as we did for BES and get

Φ̃−−,HL
LL (x−0

L1 , x2) = Φ̃−−,HL,def
LL (x−0

L1 , x2)− Ψ̃−,HL
L (u1, x2) ,

Φ̃++,HL
LL (x−0

L1 , x2) = Φ̃++,HL,def
LL (x−0

L1 , x2)− Ψ̃+,HL
L (u1, x2) .

(H.35)

In the expressions above x2 can either be x̃+
2 or x̃−2 and

Ψ̃−,HL
L (u1, x2) = −

∫
c̃uts

dv

2πi
x̃′L(v)

x̃L(v)− x2
KHL
ϵ (u1 − v) ,

Ψ̃+,HL
L (u1, x2) = +

∫
c̃uts

dv

2πi

(
1

x̃R(v)

)′
1

x̃R(v) − x2
KHL
ϵ (u1 − v) .

(H.36)
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The point u1 = uL(x±0
L1 ) is on the main string theory cut (−∞, ν) and in the BMN limit

approached ν from the left. This point is away from the integration contour, which runs
around the mirror theory cuts. We can then send ϵ→ 0 in the Ψ̃ functions and obtain

KHL
ϵ (u1 − v) =

π

2 sign (ℜ(v − u1)) . (H.37)

Replacing the kernel into (H.36) we obtain that

Ψ̃−,HL
L (u1, x2) = −

1
2i logR+ 1

2i log(−x2)−
π

4 ,

Ψ̃+,HL
L (u1, x2) = −

1
2i logR+ 1

2i log(−x2)−
π

4 ,
(H.38)

where R ≫ 1 is a regulator defining the boundary of the integration contours in the v

plane (this means we are integrating between ν and ν +R around the main mirror cut and
similarly for the κ cut). After replacing the expression above into the full phase all the
regulator-dependent pieces cancel and we end up with

θ̃HL
LL (x±0

L1 , x̃
±
L2) = Φ̃HL,def

LL (x±0
L1 , x̃

±
L2) +

1
2i log

(x+0
L1 − x̃

+
L2)(x

−0
L1 − x̃

−
L2)

(x−0
L1 − x̃

+
L2)(x

+0
L1 − x̃

−
L2)

. (H.39)

Combining (H.32) and (H.39) we obtain that

log(Σ01even
LL )−2 = −2iΦ̃def

LL (x±0
L1 , x

±
L2) + 2iΦ̃HL,def

LL (x±0
L1 , x

±
L2) + log (x+0

L1 − x
+
L2)(x

−0
L1 − x

−
L2)

(x−0
L1 − x

+
L2)(x

+0
L1 − x

−
L2)

.

(H.40)
The point x+

L2 is continued to the string region without picking any further residue since we
take its continuation into account by deforming the contour as explained in appendix J.2
of [17]. Now both in BES and HL the points x+0

L1 and x−0
L1 are on the same side of the contour

(the same applies to x+
L2 and x−L2). Therefore we can compute the near BMN limit of the

even dressing factor using the mixed derivatives of the phase. This was not possible before
since the points would have pinched the integration contour from opposite sides.

We also stress that the term

log (x+0
L1 − x

+
L2)(x

−0
L1 − x

−
L2)

(x−0
L1 − x

+
L2)(x

+0
L1 − x

−
L2)

, (H.41)

coming from the continuation of HL starts contributing at the order T−2; therefore from
now on we will neglect sich a term, since we compare the expansion only to tree level results.
One could of course perform the expansion also to one loop order. However, already for the
pure Ramond-Ramond case, a disagreement was observed at this order [25]. In that paper,
the authors justified such a disagreement due to problems with UV and IR singularities
in perturbative computations.

The mixed-mass S-matrix in the near-BMN limit. Following [17] it is possible to show
that for generic points x1 and x2 in the complex plane the following relation holds

′′
Φ̃AFS

LL (x1, x2) =−
u′L(x1)u′L(x2)

2u12
(θ (ℑ(x1)) θ (ℑ(x2)) + θ (−ℑ(x1)) θ (−ℑ(x2)))

+ 1
4(x1 − x2)

(
u′L(x1) + u′L(x2)

)
+ x1 − x2

4x2
1x

2
2
.

(H.42)
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Since when moving x2 to the string region we are deforming the conotour so that x2 is always
below the contour then we need to evaluate the expression above for ℑ(x2) < 0. Moreover
the contour is deformed so that it goes below the point x1; then the AFS order of BES is
computed as if ℑ(x1) > 0. Taking this into account the expression in (H.42) simplifies to

′′
Φ̃AFS,def

LL (x1, x2) =
1

4(x1 − x2)
(
u′L(x1) + u′L(x2)

)
+ x1 − x2

4x2
1x

2
2
. (H.43)

Finally using that at the point around which we are expanding it holds that x1 = ξ (and
u′L(ξ) = 0) then we get

′′
Φ̃AFS,def

LL (ξ, x2) =
u′L(x2)

4(ξ − x2)
+ ξ − x2

4ξ2x2
2
. (H.44)

From (H.32) we see that the BES phase can be written in terms of Φ̃ functions with
deformed contours. Performing a large h expansion we have

θ̃BES
LL (x±0

L1 , x
±
L2) = hΦ̃AFS,def

LL (x±0
L1 , x

±
L2) + Φ̃HL,def

LL (x±0
L1 , x

±
L2) + . . . . (H.45)

Since the points are on the same side of the contour, the function Φ̃AFS,def
LL (x±0

L1 , x
±
L2) is analytic

around ξ (which is the leading order of the near-BMN expansion of x±0
L1 ) and we can compute

the expression above using the mixed derivative of the phase. We get

θ̃BES
LL (x±0

L1 , x
±
L2)→ −

p1p2
√
1− q2xL2ξ

T

′′
Φ̃AFS

LL (ξ, xL2) + Φ̃HL,def
LL (x±0

L1 , x
±
L2) +O(1/T 3)

= p1p2
2T + Φ̃HL,def

LL (x±0
L1 , x

±
L2) +O(1/T 3) .

(H.46)

As expected the result is the same as the one in (H.9) after sending p1 → iω̃L1 = ip̃1 and
p2 → iω̃L2. This implies that at the tree level, continuing and then performing the limit is
the same as performing the BMN limit first and then continue to string region.

Taking finally the difference between BES and HL we obtain the following BMN limit
for the even part of the dressing factor

log(Σ10 even
LL )−2(u1, u2)→ −i

p1p2
T

+O(1/T 2) . (H.47)

The remaining odd part and rational factors appearing in the S-matrix element have
the following BMN expansion

log R
2(γ−−

LL )R2(γ++
LL − 2πi)

R2(γ−+
LL )R2(γ+−

LL − 2πi)
→ − ip

2
2

2T ,

log

√
α−

L2√
α+

L2

x+0
L1
x−0

L1

√
x−L2
x+

L2

(x−0
L1 − x

+
L2)(x

−0
L1 − x

−
L2)

(x+0
L1 − x

−
L2)2 → i

p1p2
T

+ i
p1ωL2
T

+ ip2
2

2T .

(H.48)

Combining the values above into (H.25) we obtain

logST 11̇Y (u1, u2) = + i
p1ωL2
T

. (H.49)

This result agrees with perturbative computations at the tree level, as can be seen (for
example) from equation (2.51) of [22].
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H.3 Near BMN limit in the string region for massless-massless

We want to consider now the scattering of a chiral massless particle coming from the left with
an antichiral massless particle coming from the right, both with string kinematics. In order
to analyse the limit, we recall that the region of positive momentum for the first particle
is reached following the path sketched in figure 3, while the negative momentum region for
the second particle is reached through the path in figure 4. We invite the reader to look at
the discussion in section 2.2 for more details on the two continuations.

Expansion of string kinematical variables. After the continuation, we have

x̃−0
L1 →= x−0

L (u1) , u1 < ν ,

x̃+0
L1 →= x+0

L (u1) , u1 < ν ,
(H.50)

and u1 is on the main string theory cut. In the BMN limit u1 appraches ν from the left.
For the second particle we have instead

x̃−0
L2 (u2 + iκ)→ 1

x+k
R2 (u2)

, u2 > −ν ,

x̃+0
L2 (u2 + iκ) = 1

x−kR2 (u2)
, u2 > −ν .

(H.51)

In this case, in the BMN limit u2 approaches the point −ν from the right and x±kR2 are
evaluated near the branchpoints −ν ± i

hk. Under continuation to the string region, the γ
variables are continued as follows

γ̃−0
L1 → γ−0

L1 + i
π

2 , γ̃+0
L1 → γ+0

L1 − i
3π
2 , (H.52)

γ̃−0
L2 → γ+k

R2 − i
π

2 , γ̃+0
L2 → γ−kR2 − i

π

2 . (H.53)

The near-BMN expansion of the first particle kinematics was given in (H.29) and is
identical also in this situation. For the second particle, we have

p
(0)
L2 = p

(k)
R2 − 2π ∈ (−2π, 0) (H.54)

and we expand

p
(k)
R2 = 2π + p2

T
, with p2 < 0 . (H.55)

From this consideration we obtain

x±kR2 = ξ

(
−1∓ ip2

2T + (3− q) p2
2

24T 2

)
+O(1/T 3) ,

1
x∓kR2

= 1
ξ

(
−1∓ ip2

2T + (3 + q) p2
2

24T 2

)
+O(1/T 3) ,

(H.56)

and
γ±kR2 = log T ± iπ2 − log

(
−p2

4

√
1− q2

)
± iq

3T p2 +O(1/T 2) . (H.57)
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Deforming the contours of BES and HL. As for the massless-massive scattering to
facilitate the limit we deform the integration contours in the BES and HL phases so that
both points 1/x−kR2 and 1/x+k

R2 are on the same side of the contour (and the same applies to
x+0

L1 and x−0
L1 ). In this case, we deform the integration contours slightly below on the lower

half x plane in such a way as to surround both the points x−0
L1 and 1/x+k

R2 from below. The
deformation around the point 1/x+k

R2 is a bit tricky for the function Φ̃++
LL since ℜ(1/x+k

R2 ) < 0
and the contour deformation must be performed entering the logarithmic cut of uL(w2)
(see definition in (A.10)).

We start with the following BES phase evaluated in the string region

θ̃BES
LL (x±0

L1 ,
1
x∓kR2

)= Φ̃LL

(
x+0

L1 ,
1
x∓kR2

)
+1
2Ψ̃

+
L

(
u2−

i

h
k,x+0

L1

)
− 1
2Ψ̃

+
L

(
u2−

i

h
k,x−0

L1

)

−Ψ̃L

(
u1,

1
x−kR2

)
+Ψ̃L

(
u1,

1
x+k

R2

)
+1
2Ψ̃

−
L

(
u2+

i

h
k,x+0

L1

)
− 1
2Ψ̃

−
L

(
u2+

i

h
k,x−0

L1

)
+1
2K

BES
(
u1−u2−

i

h
k

)
+1
2K

BES
(
u1−u2+

i

h
k

)
.

(H.58)
After the double contour deformation, it turns out that

θ̃BES
LL

(
x±0

L1 ,
1
x∓kR2

)
= Φ̃def12

LL

(
x±0

L1 ,
1
x∓kR2

)
. (H.59)

Both integration contours are now deformed so that all Zhukovsky variables are above the
integration contours in the x plane. By def12 we mean that the contours are deformed
both around the first and second particles in the way just described. A similar deformation
on the HL phase leads to

θ̃HL
LL

(
x±0

L1 ,
1
x∓kR2

)
= Φ̃HL,def12

LL

(
x±0

L1 ,
1
x∓kR2

)
. (H.60)

Combining (H.59) and (H.60) we obtain

log(Σ00even
LL )−2 =− 2iΦ̃def12

LL

(
x±0

L1 ,
1
x∓kR2

)
+ 2iΦ̃HL,def12

LL

(
x±0

L1 ,
1
x∓kR2

)
. (H.61)

Now both in BES and HL the points x+0
L1 and x−0

L1 are on the same side of the contour (the
same applies to 1/x∓kR2 ). Therefore, we can compute the near BMN limit of the even dressing
factor using the mixed derivatives of the phase.

The massless S-matrix in the near-BMN limit. Formula (H.42) was evaluated in [17]
for undeformed contours; however, as already mentioned, the only relevant thing is on what
side of the contour the points x1 and x2 are located. In this case, both the first and second
integration contours have been deformed so that the points x1 and x2 are always above the
contours. Then we can apply the formula in (H.42) assuming ℑ(x1) > 0 and ℑ(x2) > 0. The
actual point locations can indeed be reached by evaluating AFS for ℑ(x1) > 0 and ℑ(x2) > 0,
and then continuing the solution to the location we want.
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Since at the leading order in the large tension limit we have (see (H.29) and (H.56))

u′L(x1) = u′L(ξ) = 0

and
u′L(x2) = u′L

(
−1
ξ

)
= u′R(−ξ) = 0 ,

then we get the following result for the second-order derivative of AFS

′′
Φ̃AFS

LL

(
ξ,−1

ξ

)
=
ξ + 1

ξ

4 = 1
2
√
1− q2 .

(H.62)

Performing the large h expansion on formula (H.59), we obtain

θ̃BES
LL

(
x±0

L1 ,
1
x∓kR2

)
= hΦ̃AFS,def12

LL

(
x±0

L1 ,
1
x∓kR2

)
+ Φ̃HL,def12

LL

(
x±0

L1 ,
1
x∓kR2

)
+ . . . . (H.63)

The points are on the same side of the contour and do not trap the contour in the large h
limit. Then we can use the mixed derivative of the phase and obtain

θ̃BES
LL

(
x±0

L1 ,
1
x∓kR2

)
= 4
T 2

(
ip1ξ

2

)(
− ip2

2ξ

)
h
′′
Φ̃AFS

LL (ξ,−1/ξ) + Φ̃HL,def12
LL

(
x±0

L1 ,
1
x∓kR2

)
+O(1/T 3)

= p1p2
2T + Φ̃HL,def12

LL

(
x±0

L1 ,
1
x∓kR2

)
+O(1/T 3) .

(H.64)
The result is the same as the one obtained in (H.11) for the mirror theory, after continuing

p1 → iω̃L1 = ip̃1 , p2 → iω̃L2 = −ip̃2 .

We conclude that performing the BMN limit in the mirror region and continuing the result
to the string region is equivalent to first continuing to the string region and performing
the BMN limit there.

Let us finally compute the S-matrix elements for the scattering of massless bosons T 1̇1

with opposite velocities in the string region. Continuing (H.20) to the string region (where
the γ variables are continued as in (H.52)) we end up with

S00
T 11̇T 11̇(u1, u2) =

√
α+0

L1√
α−0

L1

√
α+k

R2√
α−k

R2

√√√√x+k
R2
x−kR2

√√√√x+0
L1
x−0

L1

1− x̃−0
L1 x̃

−k
R2

1− x̃+0
L1 x̃

+k
R2

× R2(γ̃−0+k
LR + iπ)R2(γ̃+0−k

LR − iπ)
R2(γ̃−0−k

LR + iπ)R2(γ̃+0+k
LR − iπ)

(Σ00 even
LL )−2 .

(H.65)

The even part of the dressing factor is obtained by substituting (H.64) in (H.61):

log(Σ00even
LL )−2 = −ip1p2

T
+O(1/T 3) . (H.66)

The limit of the odd part of the dressing factor is

log R
2(γ̃−0+k

LR + iπ)R2(γ̃+0−k
LR − iπ)

R2(γ̃−0−k
LR + iπ)R2(γ̃+0+k

LR − iπ)
→ iq

3T (p1 + p2) + i
π

2 +O(1/T 2) . (H.67)
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The remaining rational terms instead return

log


√
α+0

L1√
α−0

L1

√
α+k

R2√
α−k

R2

√√√√x+k
R2
x−kR2

√√√√x+0
L1
x−0

L1

1− x̃−0
L1 x̃

−k
R2

1− x̃+0
L1 x̃

+k
R2

→ − iq

3T (p1 + p2)− iπ +O(1/T 2) . (H.68)

Combining (H.66), (H.67), and (H.68) all the q dependence disappears and we end up with

S00
T 1̇1T 1̇1(p1, p2)→ e−i

π
2

(
1− i

T
p1p2

)
+O(1/T 2) , p1 > 0 > p2 , (H.69)

This is the same expression as in (H.22) if we continue p1 → iω̃1 = ip̃1 and p2 → iω̃2 = −ip̃2.
The same consideration applies term by term to all the different pieces composing the S-
matrix element. As for the mirror theory (see the discussion below equation (H.22)) the
factor −i comes from having non-trivial exchange relations between creation operators in
the free-theory limit. This factor connects the ZF S-matrix to the physical one, which in
the near BMN limit is therefore given by

𝕊T 1̇1T 1̇1(p1, p2)→ 1− i

T
p1p2 , p1 > 0 > p2 . (H.70)

This result agrees with perturbative computations at the tree level in the gauge a = 0 (see,
e.g., equation (2.52) in [22]).

I Relativistic limit

In this appendix, we show that in the relativistic limit of [11], our proposal for the massless-
massless S-matrix of equal chirality reduces to (5.39).

I.1 The limit of the kinematics and crossing

If we consider h ≪ 1 and expand the momenta and energies of chiral massless particles
around the minimum of the dispersion relation with fluctuations of order h (as done in [11]),
we obtain the following relations

pi =
2π
k
heθi , Ei = heθi , h≪ 1 , k ∈ ℕ . (I.1)

The Zhukovsky and u variables become

x±0
Li = ξ − hπ

3k e
2θi ± ieθi +O(h2) ,

ui ≡ uL(x±0
Li ) = ν − hπ

2k e
2θi +O(h2) ,

(I.2)

where
ξ = k

πh
+ πh

k
+O(h2) ,

ν = uL(ξ) = −
k

πh
log k

πhe
+ hπ

k
+O(h2) .

(I.3)

The γ variables become

γ±0
Li = −2 log k

πh
+ θi ±

iπ

2 +O(h) . (I.4)
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Under crossing in the full model the γL variables transform as follows

γ+0
Li → γ+0

Ri + iπ = γ−0
Li + 2iπ ,

γ−0
Li → γ−0

Ri + iπ = γ+0
Li .

(I.5)

Since the relativistic limit of the γ variables is given by (I.4) then the transformation above
corresponds to send θi → θi + iπ. This is exactly the type of crossing equation used in [11]
and we should expect that the relativistic limit of the massless-massless S-matrices of this
paper should match the S-matrices found in [11]. In the same way from (I.2) we see that the
transformation θi → θi+ iπ transform x±0

Li → x∓0
Li , as expected from crossing in the full theory.

Once we are sure that the crossing symmetry used in the limit is compatible with the limit of
the crossing paths used in the full model, we can match the solution for the dressing factor.

I.2 The relativistic limit of BES

The continuation of BES to the positive-positive momentum branch of the string theory is

θ̃BES
LL (x±0

L1 , x
±0
L2 ) = Φ̃LL(x±0

L1 , x
±0
L2 )− Ψ̃L(u1, x

+0
L2 ) + Ψ̃L(u1, x

−0
L2 )

+ Ψ̃L(u2, x
+0
L1 )− Ψ̃L(u2, x

−0
L1 ) +KBES (u1 − u2) .

(I.6)

From the second line in (I.2) in the limit we have

KBES (u1 − u2)→ 0 . (I.7)

Moreover, from (I.2) we notice that
1

x̃− x−0
L1
− 1
x̃− x+0

L1
= −2πi

ξ
δ

(
1− x̃

ξ
− hπ

3kξ e
2θ1

)
= −2πiδ

(
x̃−

(
ξ − πh

3k e
2θ1

))
.

(I.8)

Then we obtain

Φ̃ααLL (x+0
L1 , x2)− Φ̃ααLL (x−0

L1 , x2) =
∫

∂Rα

dw2
2πi

1
w2 − x2

i log
Γ
(
1 + ih

2 (uL(ξ)− uL(w2))
)

Γ
(
1− ih

2 (uL(ξ)− uL(w2))
)

= −Ψ̃α
L (ν, x2) ,

(I.9)

(we recall from the definition in (A.10) that α can either be + or − according with the
integration contours used) from which we get

Φ̃LL(x±0
L1 , x

±0
L2 ) = −Ψ̃L(ν, x+0

L2 ) + Ψ̃L(ν, x−0
L2 ) . (I.10)

Using again the relation in (I.8) the expression above becomes

Φ̃LL(x±0
L1 , x

±0
L2 ) = −Ψ̃L(ν, x+0

L2 ) + Ψ̃L(ν, x−0
L2 ) = −i log

Γ
(
1 + ih

2 (ν − uL(ξ))
)

Γ
(
1− ih

2 (ν − uL(ξ))
) = 0 . (I.11)

The other differences of Ψ̃ functions in (I.6) also give a vanishing result in the relativistic
limit and in the end we obtain

θ̃BES
LL (x±0

L1 , x
±0
L2 ) = 0 =⇒

(
Σ00BES

LL (u1, u2)
)2
→ 1 . (I.12)

This agrees with the fact that BES satisfies homogeneous crossing equations, and in the
relativistic limit, we should expect at most a simple CDD factor.

– 90 –



J
H
E
P
0
2
(
2
0
2
6
)
2
3
7

I.3 The relativistic limit of HL

The simplest way to evaluate the relativistic limit of the HL phase is to start with the
expression (E.103), corresponding to the HL phase in the string region written in terms of
Barnes Gamma functions. Replacing into such a function the limit of the γ variables (I.4)
we obtain

Σ00,HL
LL (u1, u2)2 → −R

4(θ12 − iπ)R4(θ12 + iπ)
R4(θ12)

. (I.13)

Since the result (E.103) was only checked numerically to agree with the integral representation
of HL, it is instructive to see how the relativistic limit of HL can also be generated by its
integral representation. This provides a further confirmation that for massless particles
the expression in (E.103) is indeed equivalent to the integral representation of HL. In the
remaining of this subsection we will check this fact explicitly.

After continuation to the positive momentum region of the string theory the HL phase
is given by

2θ̃HL
LL (x±0

L1 , x
±0
L2 ) = 2Φ̃HL

LL (x±0
L1 , x

±0
L2 ) +

1
i
log x

+0
L1
x−0

L1

x−0
L2
x+0

L2
+ π . (I.14)

Since in the relativistic limit it holds

x+0
L1
x−0

L1

x−0
L2
x+0

L2
→ 1 (I.15)

then we obtain

2θ̃HL
LL (x±0

L1 , x
±0
L2 )→ 2Φ̃HL

LL (x±0
L1 , x

±0
L2 ) + π . (I.16)

Let us now perform the limit of the Φ̃HL
LL function. The computation of this contribution

cannot be performed on the same route of appendix K in [17] since for massless particles the
points x1 and x2 become singular in the limit. Since in the relativistic limit

ℜ(x±0
L1 ) = ℜ(x

±0
L2 ) ≃

k

πh
≫ 1 (I.17)

then we can approximate the HL Φ̃ functions as follows

Φ̃−−,HL
LL (xn10

L1 , xn20
L2 ) = Φ̃++,HL

LL (xn10
L1 , xn20

L2 ) = Φ̃HL
LL (x

n10
L1 , xn20

L2 )

= −
+∞∫
0

dw1
2πi

+∞∫
0

dw2
2πi

1
w1 − xn10

L1

1
w2 − xn20

L2

log (ϵ− i(uL(w1)− uL(w2)))− log (ϵ+ i(uL(w1)− uL(w2)))
2i ,

(I.18)

with n1 = ± and n2 = ±. Indeed the integrand is suppressed on the negative real axis
because of (I.17). Then we can apply the following change of integration variables

w1 = k

πh
+ ŵ1 , w2 = k

πh
+ ŵ2 , (I.19)
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from which in the limit h ≪ 1 we obtain

uL(wi) = −
k

πh
log k

πhe
+ πh

k
+ πh

2k ŵ
2
i +O(h2), i = 1, 2 . (I.20)

Then in the limit h ≪ 1 we can write

Φ̃HL
LL (x

n10
L1 , xn20

L2 ) = −
+∞∫

−∞

dŵ1
2πi

+∞∫
−∞

dŵ2
2πi

1
ŵ1 − n1ieθ1

1
ŵ2 − n2ieθ2

×
log

(
ϵ− iπh2k (ŵ

2
1 − ŵ2

2)
)
− log

(
ϵ+ iπh2k (ŵ

2
1 − ŵ2

2)
)

2i .

(I.21)

Sending the regulator ϵ → 0 we get

Φ̃HL
LL (x

n10
L1 , xn20

L2 ) = π

2

+∞∫
−∞

dŵ1
2πi

+∞∫
−∞

dŵ2
2πi

1
ŵ1 − n1ieθ1

1
ŵ2 − n2ieθ2

sgn(ŵ2
1 − ŵ2

2)

= π

2

+∞∫
−∞

dŵ2
2πi

1
ŵ2 − n2ieθ2

 ∫
|ŵ1|>|ŵ2|

dŵ1
2πi

1
ŵ1 − n1ieθ1

−
∫

|ŵ1|<|ŵ2|

dŵ1
2πi

1
ŵ1 − n1ieθ1

 .

(I.22)

It is simpler to perform the integration after deriving w.r.t. θ1. By doing so we get

d

dθ1
Φ̃HL

LL (x
n10
L1 , xn20

L2 ) = iπn1
2(2πi)2 e

θ1

+∞∫
−∞

dŵ2
1

ŵ2 − n2ieθ2

×

 ∫
|ŵ1|>|ŵ2|

dŵ1
1

(ŵ1 − n1ieθ1)2 −
∫

|ŵ1|<|ŵ2|

dŵ1
1

(ŵ1 − n1ieθ1)2

 .
(I.23)

Performing the integral w.r.t. both w1 and w2 we obtain

d

dθ1
Φ̃HL

LL (x
n10
L1 , xn20

L2 ) = + n1
8πi

1
sinh θ12

[
π
(
eθ12 − 1

)
+ 2in2θ12

]
− n1

8πi
1

sinh θ12

[
π
(
eθ12 − 1

)
− 2in2θ12

]
= n1n2

2π
θ12

sinh θ12
.

(I.24)

From this relation we can read

d

dθ1
Φ̃HL

LL (x±0
L1 , x

±0
L2 ) =

2
π

θ12
sinh θ12

= 1
i

d

dθ12
log R

2(θ12 − iπ)R2(θ12 + iπ)
R4(θ12)

. (I.25)

From (I.25) and (I.16) we see that the relativistic limit of HL is (I.13).

I.4 The limit of the full S-matrix element

The massless S-matrix for particles with positive momenta in the string region is given
by (see equation (C.10))

Sχ1̇χ1̇(u1, u2) = +

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

(
Σodd

LL (γ±0
L1 , γ

±0
L2 )

)−2 (
Σ00,even

LL (u1, u2)
)−2

. (I.26)
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In the limit it is easy to show that

√
α−0

L1√
α+0

L1

√
α+0

L2√
α−0

L2

→ 1 . (I.27)

and

(
Σodd

LL (γ±0
L1 , γ

±0
L2 )

)−2
= R2(γ−0−

LL )R2(γ+0+
LL )

R2(γ−0+
LL )R2(γ+0−

LL )
→ R4(θ12)

R2(θ12 − iπ)R2(θ12 + iπ) . (I.28)

Substituting into (I.26) the expressions above together with the limits of BES and HL
(see (I.12) and (I.13)) we obtain the result in (5.39).

J New vs old auxiliary TBA kernels

In this appendix we discuss the relation between the auxiliary S matrices and kernels we
are using here and the ones used in the RR case in [21, 38].

A natural generalisation of the S matrices in [21, 38] is given by

SQy− (u, v) =
x̃L

(
u− iQh

)
− x̃L(v)

x̃L

(
u+ iQh

)
− x̃L(v)

√
x̃L

(
u+ iQh

)
√
x̃L

(
u− iQh

) , SyQ− (u, v) = 1
SQy− (v, u)

, (J.1)

SQy+ (u, v) =
x̃L

(
u− iQh

)
− 1

x̃R(v)

x̃L

(
u+ iQh

)
− 1

x̃R(v)

√
x̃L

(
u+ iQh

)
√
x̃L

(
u− iQh

) , SyQ+ (u, v) = SQy+ (v, u) , (J.2)

S0y
± (u, v) = lim

Q→0
SQy± (u, v) , (J.3)

S
Qy
− (u, v) =

x̃R

(
u− iQh

)
− x̃R(v)

x̃R

(
u+ iQh

)
− x̃R(v)

√
x̃R

(
u+ iQh

)
√
x̃R

(
u− iQh

) , S
yQ
− (u, v) = 1

S
Qy
− (v, u)

, (J.4)

S
Qy
+ (u, v) =

x̃R

(
u− iQh

)
− 1

x̃L(v)

x̃R

(
u+ iQh

)
− 1

x̃L(v)

√
x̃R

(
u+ iQh

)
√
x̃R

(
u− iQh

) , S
yQ
+ (u, v) = S

Qy
+ (v, u) . (J.5)

In the RR case SQy± = SQy± and Sy0
+ = Sy0

− but in the mixed-flux case we have to distinguish
between them. These S matrices and associated kernels are related to the new ones (6.21)
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as follows

SQy− (u, v) = 1
SQyLL (u, v)

, KQy
− (u, v) = −KQy

LL (u, v) ,

SyQ− (u, v) = SyQLL (u, v) , KyQ
− (u, v) = +KyQ

LL (u, v) ,

SQy+ (u, v) = 1
SQyLR (u, v)

, KQy
+ (u, v) = −KQy

LR (u, v) ,

SyQ+ (u, v) = SyQRL (u, v) , KyQ
+ (u, v) = +KyQ

RL (u, v) ,

S
Qy
− (u, v) = SQyRR (u, v) , K

Qy
− (u, v) = +KQy

RR (u, v) ,

S
yQ
− (u, v) = SyQRR (u, v) , K

yQ
− (u, v) = +KyQ

RR (u, v) ,

S
Qy
+ (u, v) = SQyRL (u, v) , K

Qy
+ (u, v) = +KQy

RL (u, v) ,

S
yQ
+ (u, v) = SyQLR (u, v) , K

yQ
+ (u, v) = +KyQ

LR (u, v) .

(J.6)

In terms of these kernels the TBA equations take the form

log YQ = −LẼQ + log
(
1 + YQ′

)
⋆ KQ′Q

Y Y + log
(
1 + Y Q′

)
⋆ KQ′Q

Z̄Y
+ log (1 + Y0) ⋆̌K0Q

χY

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂KyQ
− +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂KyQ
+ ,

(J.7)

log Y Q = −LẼQ + log
(
1 + Y Q′

)
⋆ KQ′Q

Z̄Z̄
+ log

(
1 + YQ′

)
⋆ KQ′Q

Y Z̄
+ log (1 + Y0) ⋆̌K0Q

χZ̄

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂KyQ
+ +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂KyQ
− ,

(J.8)

log Y (α̇)
0 = −LẼ0 + log (1 + Y0) ⋆̌K00

χχ + log (1 + YQ) ⋆ KQ0
Y χ + log

(
1 + Y Q

)
⋆ KQ0

Z̄χ

+
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ⋆̂Ky0
− +

∑
α=1,2

log

1− eiµα

Y
(α)

+

 ⋆̂Ky0
+ ,

(J.9)

− log Y (α)
− = − log (1 + YQ) ⋆ KQy

− + log
(
1 + Y Q

)
⋆ K

Qy
+ − log (1 + Y0) ⋆̌K0y

− , (J.10)

− log Y (α)
+ = − log (1 + YQ) ⋆ KQy

+ + log
(
1 + Y Q

)
⋆ K

Qy
− − log (1 + Y0) ⋆̌K0y

+ . (J.11)

To compare the TBA equations with those in [21] one should do the following exchanges

YQ ↔ Y Q , Y
(α)

+ ↔ Y
(α)
− , (J.12)

and use the relations between the S matrices and kernels in the RR case mentioned above.
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