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THE BRAUER-SIEGEL RATIO FOR PRIME CYCLOTOMIC FIELDS
NEELAM KANDHIL, ALESSANDRO LANGUASCO AND PIETER MOREE

ABSTRACT. The Brauer-Siegel theorem concerns the size of the product of the class number
and the regulator of a number field K. We derive bounds for this product in case K is
a prime cyclotomic field, distinguishing between whether there is a Siegel zero or not. In
particular, we make a result of Tatuzawa (1953) more explicit. Our theoretical advancements
are complemented by numerical illustrations that are consistent with our findings.

1. INTRODUCTION

Let K be a number field, O its ring of integers and s a complex variable. For R(s) > 1
the Dedekind zeta function is defined by

1 1
Cel(s) = D s = Hl_—w>
a p

where a ranges over the non-zero ideals in O, p over the prime ideals in O, and Na denotes
the absolute norm of a, that is the index of a in O. Note that (g(s) is merely the Riemann
zeta-function ((s). It is known that (x(s) can be analytically continued to C\ {1}, and that
it has a simple pole at s = 1. It has residue

_ 2" (2m)2h(K) Reg(K) (1)
WK\/@ ’

where r1 and 7y denote the number of real, respectively complex embeddings of K, dx the
absolute value of the discriminant, wg the roots of unity in K, Reg(K) its regulator and
h(K) its class number. Formula is called the analytic class number formula. In it the only
mysterious quantity is h(K) Reg(K') and one could hope to get bounds on it via estimates
of R(K). One has for example, under the Generalized Riemann Hypothesis and the strong
Artin conjecture for (x(s)/((s),

(5 o) % <R(K) < (2+0(1))" (e loglogdi)" ™, (2)

R(K)

where n denotes the degree of K, see [2, Section 3], and 4 is Euler’s constant. In 2015,
Louboutin [21I] (see also [20]) gave a weaker, but unconditional, bound for R(K). More
precisely, he demonstrated that for any given € > 0 and ng > 5, there exists a number pg
such that for all number fields K of degrees n > ny and dx > pfj, we have

c(14 )"V log dK)n—l

n

R(K) < %(

(3)

where ¢ = %(1 — \/ig)

The following classical result, see, e.g., Lang [I1, Ch. 16|, provides some information on
the size of h(K)Reg(K).
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Classical Theorem 1 (Brauer-Siegel). Suppose K runs through a sequence of number
fields that are normal over Q and satisty [K : Q|/logdyx — 0. Then

log(h(K) Reg(K))

log \/dk
This result is very general and so not surprisingly far from optimal in certain specific
situations. The goal of this paper is to investigate h(K) Reg(K) for prime cyclotomic fields

Q(¢,)- From now on our focus is exclusively on these fields. In this case the Brauer-Siegel
theorem yields

— 1.

q
log(h(q) Reg(q)) ~ log \/dy ~ 5 logg, (¢ — o0), (4)
since d, = ¢? 2, where we have shortened h(Q({,)) to h(q),dg(,) to d, and Reg(Q(¢,)) to
Reg(q). We will continue to use this notation in the remaining part of this work.

1.1. Residue of the prime cyclotomic field. Let ¢ > 3 be a prime number and K = Q((,)
a prime cyclotomic field. We have the factorization

Coten(5) = C(s) TT Ls: %) (5)

XF#X0

where y runs over the non-principal characters modulo ¢. Combination of () and (1)) yields

Rig) = T i1, x) = 2D Teele) )

X#X0 Y \/d_q

Many mathematicians tried to exploit the identity in @ in order to obtain information
on the size of the class number h(q).

1.2. The Brauer-Siegel theorem and the Brauer-Siegel ratio. In the case of prime
cyclotomic fields, Tatuzawa [29, Theorem 3] in 1953 identified a suitable normalization
function[]] analogue of the one for the Kummer ratio for the relative class number of the
cyclotomic field, see, e.g. [10], as
q\T
Hq) = 2/(5-) (7)
so that
h(q) Reg(q)
H(qg)

In analogy with the terminology used for the relative class number, from now on we will
call R(q) the Brauer-Siegel ratio for a prime cyclotomic field, a term that seems to have
been introduced by Ulmer [30] in the context of abelian varieties over function fields. In his
Theorem 3, Tatuzawa proved that for every positive € there exists ¢(¢) > 0 such that

L) < Rig) < (g ®)
where ¢ > 0 is an absolute constant.

Here, adapting the technique used in Kandhil et al. [10] to study the order of magnitude
of the Kummer ratid?] for the relative class number of prime cyclotomic field, we bound the
value of ¢ in . We show that c is essentially at most 2 in the most general case; otherwise

R(q) =

IThere’s a typo in the statement of Theorem 3 of [29]; performing the computations and checking with
formula (27.13) of Ribenboim [27] one gets H(q) as defined in (7).
2This analogy also speaks in favor of the terminology Brauer-Siegel ratio.
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it is less than 1. Moreover, we explicitly show the role of the Siegel zero (defined in Section
2.2)) in both the bounds appearing in (§]). In particular, the Siegel zero contribution will be
expressed using the exponential integral functzon (defined as Ey(z) := [ e tdt/t for x > 0).

Theorem 1. Let ¢(q) be a function that tends arbitrarily slow and monotonically to infinity
as q tends to infinity. There is an effectively computable prime qy (possibly depending on {)
such that the following statements are true:
1) If for some q > qo the family of Dirichlet L-series L(s,x), with x any non-principal
character modulo ¢, has no Siegel zero, then

~1.91

e
(ogq)¢ < ] L1, x) < e (logg)* %, (9)
X#X0
for some absolute constant &.
2) If for some q > qo the family of Dirichlet L-series L(s,x), with x any non-principal
character modulo q, has a Siegel zero (3 then

~1.91 ,—F1(1—fo) g )
< TT ra 10-60) (1og q)2 £(q).
oz a7 1(a Xg ,X) (log q)* ¢(q)
0

The computations carried out in Section [5| for the odd primes up to 10" show a remarkable

fit between R(q) = [, L(1,x) and ¢/(log ¢)*/*, with ¢ € (1/5,2/3). In this respect, the
3/4

e

scatter plot of the normalized values R(q)(log q)** presented in Figure [2[is particularly
relevant. We think it is possible that the “true” order of magnitude for R(g) in Theorem
might be the one on the left hand side of @ with £ = 1/4.

Remark 1. All constants in Theorem [I] can be further sharpened by arguing as in Remark
Bl below.

Remark 2. It is natural to expect a further improvement on assuming the validity of the
Riemann Hypothesis for the family of Dirichlet L-series L(s,x), with x any non-principal
character. However, this only leads to a minor improvement of the constants involved in the
statement of Part [1] of Theorem 1| (more precisely, 0.56 and —1.91 can be replaced by —0.14,
respectively —2.60). For this reason we omit the proof.

Remark 3. It is a consequence of Theorem (1| that asymptotically the upper bounds
and are quite weak for prime cyclotomic fields. However, the lower bound in seems
reasonable sharp in this case.

Remark 4. We have 1 < Ei(1 — 5y) < elogq + ¢(¢), where c(¢) is ineffective. To prove
this, we start by recalling that

' N (o)t
Ey(z) = —y—1 l—e)— =—y—logz— >
1(z) = =y ogfc+/0( e”) =7~ logz 2 (D

Since 0 < 1 — e™® < z, we infer from the first equality that

(x > 0).

—logr < Ey(z) < —y —logz+x (x> 0).
On using that for every € > 0 there exists a constant ¢;(¢) such that Sy < 1 — ¢1(g)g ¢, the
bounds for E;(z) lead to 1 < Ey(1 — fy) < elogq + c(e), where ¢(¢) is ineffective. Using

the weaker, but with an effective constant, estimate 8y < 1 — cqg~'/%(log ¢) =2 we obtain that
1< E(1-05y) < %logq + 2loglog g + ¢1, where ¢; > 0 is an effective constant.
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Clearly Theorem [I| has implications for the asymptotic estimates of h(q)Reg(q); for
example, Part 2| and the estimates of Remark {4! yield

log(h(g) Reg(q)) =  log ¢ — 3 log(2m) + O(loglog ) (¢ — o).

improving on the Brauer-Siegel implication (4)).

The paper is organized as follows: In Section [2[ we recall results we need (mainly from
prime number theory and in Section |3| we prove a useful lemma about a sum over prime
powers in an arithmetic progression modulo a prime ¢ > 3. Section 4] is devoted to the proof
of Theorem . Section [5| describes an efficient algorithm to compute R(q) and some graphical
representations regarding its distribution. Section [f] establishes some analogies between the
prime sums over characters connected with log R(¢q) and the ones for the Mertens’ constants
in arithmetic progressions.

2. PRELIMINARIES

2.1. Notations. Throughout this article, we will use the following standard notations:

) =>_1, w(tdb)= > 1

p<t p<t
p=b (mod d)
0(t;d,b)= Y logp and Y(tdb)= Y  An),
p<t n<t
p=b (mod d) n=b (mod d)

where A denotes the von Mangoldt function and b and d are coprime.

2.2. Siegel zeros. Let K # Q be an algebraic number field having dy as its absolute
discriminant over the rational numbers. Then, see Stark [28, Lemma 3], (x(s) has at most
one zero in the region in the complex plane determined by

1 N 1
Rs) 21— 4logdy’ [S(s)] = 4logdy

If such a zero exists, it is real, simple and often called Siegel zero. When K = Q((,),
using it is easy to see that the Siegel zero is attached to the family of Dirichlet L-series
(mod ¢). In this case, the Dirichlet character x such that L(s, x) has the Siegel zero is called

the exceptional character and it is a well known fact that it is quadratic.
The presence of a Siegel zero strongly influences the distribution of the primes in the
progressions modulo q. We present two classical results in this direction we will make use of.

Classical Theorem 2 (Brun—TitchmarshEl). Let x,y > 0 and a, q be positive integers
such that (a,q) = 1. Then

m(x +y;q,a) — m(25¢,a) < =0 2 (10)

log(y/q)’

for all y > q.
In particular, a key role is played by the constant 2 present in ; from the works of
Motohashi [25], Friedlander-Iwaniec [6], Ramaré [26] Theorems 6.5-6.6] and Maynard [23], it

is well known that replacing such a constant with any value less than 2 is equivalent with
assuming that there does not exist a Siegel zero for ], ~L(s, X)-

3For a proof, see, e.g., Montgomery-Vaughan [24, Theorem 2].
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In Part [1] of Theorem 1] we will in fact assume that [], ., L(s,x) has no Siegel zero and
we will make use of the following result by Maynard [23, Proposition 3.5, second part].

Theorem (Maynard). There is a fixed constant € > 0 such that there exists an effectively
computable constant ¢, such that if the set of the non-principal Dirichlet L-functions
(mod q), for ¢ > qi, does not have a Siegel zero then for x > ¢™%° and for any b co-prime
with ¢ we have that

T | (1—e)z (11)
©(q) v(q)

From now on log, x denotes loglog x. We also record the following theorem of Dusart [5]
Theorem 5.5] which plays a crucial role in the proof of our main result.

Y(z;q,0) —

Theorem (Dusart). Let M be the Meissel-Mertens constant given by the infinite sum
1 1
Mi=y+ 3 (og(1- ) +-). (12)
> p p
Then we have for x > 2278383,

’Z%—long—M‘ <

p<w

0.2
(log )3

One has M ~ 0.261497212847643, for more decimals see https://oeis.org/A077761.

(13)

3. A USEFUL LEMMA

For g a prime and b € {1,...,q — 1}, let

S = Y (14)

mp™
m>2 P
p™=b (mod q)

This quantity will play a role in the proof of Theorem [}

We will need the following lemma, the proof of which is similar to a well known result by
Ankeny and Chowla, see the estimate of Cy in [1].

Lemma 1. There exists a constant ¢ > 0 such that for every odd prime q and for every
be{l,...,q— 1} we have

Sq(b) <

where S,(b) is defined in (14)).

Proof. We split the sum in into three subsums according to whether p™ < ¢(log q)?,
q(log q)* < p™ < ¢* or p™ > ¢*. The contribution of the sums over the first range to the final
estimate will be less than ¢; /¢, with a constant ¢; > 0 that will be explicitly determined,
while the others contribute < 1/(qlogq).

We first consider the case p™ > ¢?. For any prime p > ¢ > 3 we have

1<43 18 c >7 (15)

= —-=((3
g \13 13C()+10gq

I
mp™ ~ 2p(p—1) ~ p*

m>2
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Moreover, for p < ¢, the condition p™ > q2 implies m > 3 and hence

1 1 1
S oS5 X e Saics
m m 3 _ 2
m>2;p<q mp 3 m23;p<q p J>0 3q p—1 q
p">q? p">q?

Combining these estimates, we have

Y oeyy iy y Loyt

m>2; p"r>q? p>q m>2 p<qg m2>2 p>q p<q
p™=a (mod q) pm>q?

% (¢ ot 1
:2/ %dt«/ < : (16)
q q

t?logt — qlogq

where we used the partial summation formula and the Chebyshev bound in the weaker form
7(t) < t/logt. From the proof of [§, Lemma 1], we have
[4logq]
1 1 m 1
2 T 2 mqllogq? ~ qlogq
m>2; q(log q)*><p™<q* m=2

p™=a (mod q)

We proceed now analogously to the proof of [8) Lemma 2|. Setting
1
2

a(m) = %(m —m), Blm) = Lm® +m)— 1
and A
/1::1—3——(( ) =1.64330..., (17)
we obtain

1 1ﬁ(m)
P R TE DIt

m>2;p™<q(log q)? m>2  r=a(m)

p=a (mod q)
( Z Z ) (18)

ram)

1
7’q—|—a<Z Z rq

r=a(m)

where we have isolated the contribution of the terms corresponding to m = 2 in the
penultimate step and the final estimate follows from the proof of [10, Lemma 1]. Now

follows on combining (16)-(L8)). O

Remark 5. By isolating more initial terms of the sum over m in equation the value
of the leading constant x in Lemma [1f can be reduced to 1.601. Directly computing the
involved sum for m < 5000, would lead to a value > 1.599688, and so the upper bound 1.601
is almost optimal (cf. Remark 1 in [I0] for the treatment of a similar case).

4. PROOF OF THEOREM [1I

Using the Euler product for L(1, x) with x # xo, and Taylor’s formula for log(1 — u), we

obtain
log R(q Z Z log ( )

X#Xo P Xx#xo p m>1

=X + 2o, (19)
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say, where ¥ is the contribution of the primes (m = 1) and X, that of the prime powers
(m > 2).
We first estimate 3. Using the orthogonality property of the Dirichlet characters, i.e.,
1 _ 1, b=a(mod q),
D DIRCITURE P

g—1 . otherwise,
x mod ¢

we have

m>2 m>2
p™=1 (mod q) pF£q

Recalling , it is easy to see that

1 =

P#q

and hence
q—1
- qu(b) <X < (¢ —1)5,(1).
b=1

On invoking Lemma [I] we then obtain

c
logq’
where ¢ is a positive constant and « is defined in ([17).

We now proceed to define some quantities that will be useful later to estimate ;. For
any b€ {1,...,¢g—1} and x > 0 let

Sb) = Y & and S() :—Z%. (21)

p<z p p<z
p=b (mod q) pF£q

S| < K+ (20)

Using again the orthogonality of the Dirichlet characters, for any z > 0 we have

>SS - 18,10 - (o) (22)

X#X0 p<w

As a consequence we obtain

%y = lim ((¢ - 1)8,(1,2) — S(x)).
We begin by estimating S(z), followed by estimating S, (1, z) (which will bring the possible
Siegel zero into play). From now on we will assume that ¢ is a sufficiently large prime.
Substituting z = 21 = ¢“?@ in , we obtain

1 1
S(z1) > logy g + log £(q) + 0.261497 + ——~— — - 23
(1) > logy g + log (q) e (23)
and
1
S(x1) <log,q+logt(q) + 0.261498 + Togq (24)

We will use and — in the proofs of both parts of Theorem
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4.1. Proof of Theorem [1}, Part [2. We first prove Part 2] The starting point is (19). We
split the prime sum ¥; in three subsums Sy, S5, S3 defined according to whether p < x4,
71 < p <y o0rp> Ty with o = e? and z; = ¢*@.

We start by estimating S: recalling [10} eq. (26)-(27)] and using (21)), we obtain

(q—1)S,(1,2) < 2<log2<§) YO+ 10;q>’ (25)

where C} = —0.4152617906 and = > ¢*. Combining , — and we have

Si=Y Z XP)  Jog, g+ log £(g) + 2C; — 0.261497 +

X#xo0 P<T1 log q
<l log ¢(g) — 1.09202 9%
08, ¢ + log £(q) * Togq (26)
and
1
S; > —1 —logl(q) —0.261498 — —. o7
1 08, ¢ — log £(q) Ty (27)
We will now proceed to estimate Ss. By orthogonality and the partial summation formula,
we have
X 1
SDIDIE D SNEED D
XFX0 P22 P P
p=1 (mod q) p#q
_ Ly W= Drlye ) =) (g = Dm(eaig, 1) — m(an)
q Y—r00 y o
+/ (q )W(U;g, ) 7T(u)du < eV (28)

where ¢; > 0 is an absolute constant. In the final estimate, we have used both the prime
number theorem and the Siegel-Walfisz theorem.

It remains to estimate Sy. Recall now (see, e.g., [4, Ch. 19]) that if y is a non-principal
character modulo ¢ and 2 < T < x, then

Bo ’ 2
=> x(p)logp = —5/30:;—0 - x—p+0(w+\/§>, (29)

[y|<T p r

p<w

where d5, = 1 if the Siegel zero f3, exists and is zero otherwise, and . is the sum over
all non-trivial zeros p = § + iy of L(s, x), with the exception of 3, and its symmetric zero

1 — Bo.
By the partial summation formula and with T = ¢*, we have
0(xo, 0z, 2 1+ logu
SQ_Z ZX Z((zx)_(1x)+/ B(u, x) deu>
xologxe  x1logay - (ulogu)
X#X0 €1<p<z2 XFX0 !

:_5[30/%1‘5;:@—/ (XY w )10gu (¢ - 1)E,, (30)

x#xo |v]<q*

and
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By using [22, Lemmas 7 and 8E| we obtain
d 1
[(E S )<y 2
X0 < o8t

In this case we have that dg, =1 in ; we now proceed to evaluate the term depending
on (y. A direct computation using that logzs = ¢ gives

T2 UIBD*Q log x2 dt (1—Bo) log 21 dt
/a: d’U,I/l te(1=Po)t :E1<1_50>_/ F_El( (1_ﬁ0))7

1 log U og 1 1-po

where Ej(u) denotes the exponential integral function. Recalling that z; = ¢‘9, where £(q)
tends to infinity arbitrarily slowly and monotonically as g tends to infinity, we have

(o) log1 gy 1
/ . " <logyx; =logyq+logl(q) and Fi(q(l—pp)) < 7 (32)
Inserting — into , we finally get

|82 + E1(1 = Bo)| < log, g +log £(q) + o(1). (33)

Combining (26)-(28) and (33)), in this case we obtain
Y1+ Ei(1 = By) < 2logy g+ 21og €(q) — 1.0920 (34)

and

Y1+ Ei(1 = By) > —2log, ¢ — 2log £(q) — 0.2615. (35)

Part 2| of Theorem |1| now follows on combining , and — (recall that >, is
bounded in ([20))).

4.2. Proof of Theorem [1], Part [1. We proceed now to prove Part [I] of Theorem [I}
The quantities S, Sa, S5 are the same ones defined into Section [4.1 We first remark that
for S3 we can re-use eq. . We now estimate S,. In this case dg, = 0 and, arguing as in

—, we have

1
Uq)

We now estimate Si: since dg, = 0, we can use a sharper version of the Brun-Titchmarsh
theorem. In particular, we can use with e = 2€. Since 0(x;q,b) = ¥(x;q,b) + O(V/x),

we conclude that, for z > ¢™?% and b coprime with g,

Sy < (36)

0(x; q,b) < 2(1 — s)ﬁ + OV, (37)

where C' > 0 is a suitable constant. Using we can replace @ with

(¢—1)5,(1,2) < 2(1 — &) logyx +2C; + —— (38)

log q
for x > ¢®, where ¢ > 0 is an effective constant.
4Note that [22, Lemma 7] holds for every T and z; such that lim, . log(qT)/logx; = 0. This allows us

to choose T = ¢* and x; = ¢*(9), where £(q) tends to infinity arbitrarily slowly and monotonically as ¢ tends
to infinity. The final error term in [22, Lemma 8] is then <« 1/4(q) = o(1), as ¢ tends to infinity.
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A way to prove for x > ¢® is the following. By the partial summation formula and

using (37) we find
1 O(x;q,1 0(kq;q,1 v 1+ logu
(-1 ];z(q—l)(( )_ & )+/ 9(u;q,1)—g2dU)
k

kq<p<z zlog x kqlog(kq) q (ulogu)

p=1 (mod q)
1 * 1 du C
2(1 — 1 —

<2 £)<logx +/kq< + logu)ulogu) + q

< 2(1 — &) (logy x — logy(kq)) + é

<2(1—¢&)logyx — 2log, k + (39)

log q

where ¢ > 0 is an effective constant. In deriving we also used that z > ¢® is equivalent
to v/x < 2°/*/¢%. From eq. (25) of [10] we also have

k—1)/2 (k—1)/2

(
1 q—1 1 1 1
—1 - < < = - =—-H 40
(a—1) > = > 550=1 <3 > 5= g (40)
p<kq Jj=1 j=1
p=1 (mod q)

where H,, := Z?:l % is the n-th harmonic number. Inequality then follows on combining

(B9)-(@Ea).
Using , , — and arguing as in —, we can replace — with

Y < (1—2¢&)log,q+ logl(q) —1.0920 < (1 — &) log, ¢ — 1.0920, (41)

respectively
Y > —(1—28)logyq —logl(q) —0.2615 > —(1 — &) log, ¢ — 0.2615. (42)
Now Part (1| of Theorem 1| follows on combining , and —. O

5. NUMERICAL RESULTS

The numerical results were obtained using the Fast Fourier Transform method already
presented in [12], see also [15].

In particular, the fundamental formula for the odd Dirichlet characters case was already
fully described in [10] and reads

-1
q—1 log q —
Z log L(1,x) = T(logw - T) + Z log ‘Z 5)((@) (43)
x(—1)=-1 x(—1)=—1 a=1
For even y we used the formula:
(X $ a
L(1,x) = 2= "X(a) IOg(F(—)>,

¢ = q

where I" denotes Euler’s Gamma function and the Gauf sum 7(x) := >.¢_, x(a)e(a/q),

e(z) := exp(2miz), verifies |7(x)| = ¢'/? (see e.g., Cohen [3, proof of Proposition 10.3.5]).
Combination of these two formulas gives

q—3 log g
O s = — _—
g log L(1, x) 5 (1 og 2 )

X7X0
x(—1)=1 ( 1) 1

log< ))‘ (44)
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Hence, log R(q) is obtained by summing the quantities in (43)-([44) and R(g) is computed
as exp(log R(q)).

An alternative approach can be based on the formula L(1,y) = Za L Xx(a)F ( ), where
F(z) = (I'"/T)(z) is the digamma function. Very similar Computatlons then lead to

log R(q) = —(q—2)logg+ Y log )Zx ‘ (45)
XF#X0

In practice, though, it is better to use @—E because in half of the cases no evaluations of
special functions are needed there. Moreover, the logI' function is directly available in the C
programming language. Nevertheless, formula can be useful to double-check our results.

The summation over a in — can be handled using the FFT procedure and we
can also embed here a decimation in frequency strategy, see, e.g., [10] 12, 15] The FFT
procedure requires O(q) memory positions and the computation of log R(q) via . .
has a computational cost of O(qlog ¢q) arithmetic operations plus the cost of computlng qg—1
values of the logI' and logarithm functions and products.

For the evaluation of the computational error we refer to Section 6.3 of [10]. More statistics
and details on computations regarding L(1, x) can be found in [13] [14].

5.1. Comments on the plots and on the histograms. The actual values of R(q)
presented in the herewith included plots and histograms were obtained for every odd prime ¢
up to 107 using the FFTW [7] software library set to work with the long double precision (80
bits). Such results were then collected in some comma-separated values (csv) files and then
all the plots and the histograms were obtained running on such stored data some suitable
designed scripts written using Python (v. 3.11.7) and making use of the packages Pandas
(v. 2.2.0) and Matplotlib (v. 3.8.2).

Figure (1| shows the values for R(q) for q up to 107; it is clear that R(q) essentially behaves
as ¢/(log q)3/*, where 1/5 < ¢ < 2/3. This is compatible with the estimates in Theorem

In Figure [2| we present their normalized values R(q)(log¢)**. Figures [3| shows the
histograms of the same quantities.

5.2. Computing the prime sums over Dirichlet characters. Here we briefly show how
to compute log R(q) using prime sums over Dirichlet characters. This procedure is much
less efficient than the one that uses the Fast Fourier Transform. However, for small values of
q it can be used to double-check the results. Moreover, it also shows a way to independently
compute Y1 and Y.

Recalling , we first split the sum over primes (this is important to improve the
convergence speed, see Lemma I below) so that

s s(1-22) = Frop(1- M) 3y AU

p<P p>Pm>1 mpm’
_ 1g<1 xp> x

where P = Aq, A is a fixed positive integelﬂ and y is a non—pr1nc1pal character. Since the
principal character is not involved, there are no convergence problems. We also used the
multiplicativity of the Dirichlet characters.

Tn practical computations A, and hence P too, cannot be not too large since to perform this step the
whole set of prime numbers up to P must be generated.
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Hence

ogR(q) = > Y log(1 - ) >3- ZX :7(q, P)+ S(a. P),  (46)

X#Xo0 p<P X#Xo m>1 p>P

say. Let M > 2 be an integer. Splitting the sum over m, we obtain

s<q,P>:ZZ I DD DD IE L

x#xo m=1 p>P x#x0 m>M p>P
= S(Qava)+E1<Q7P7M)7 (47)
say. By trivial bounds on Yy, it is easy to prove that
P(g—1
|Ev(g, P, M)| < 4 —1) (43)

M(M —1)(P —1)P™"
Using the Mébius inversion formula, see, e.g., Cohen [3, Proposition 10.1.5], we can write

X Z’u log (Lp(km, x*™)),

p>P k>1

where, for R(s) > 1 and x # xo, we have defined the truncated L-function as

Lp(s,x):= H <1 — %)_1 = L(s,x) H (1 - %)

p>P p<P

Hence

S(q, P, M) = ZZ Z“ log (Lp(km, x*™)). (49)

XFEX0 M= 1 k>1
Remark that km = 1 only if k = m = 1. Recalling x # xo, in the previous formula we will

never encounter the pole at 1 of the Riemann zeta function.
Let now K > 1 be an integer. Splitting the sum over k in , we have

o~ 1o (k) om
S(q.P,M) =) ZE T log (Lp(km, x*™))
X#x0 m=1 k=1
M

=:S(q, P, M, K) + E5(q, P, M, K), (50)
say. Combining — and we obtain
IOgR(Q) = T(q,P) + S((L P)Mv K) +E1(Q7 P7 M) +E2(Qa Pa M7K> (51)

Both r(q, P) and S(q, P, M, K) are finite sums and can be directly computed, while
Ei(q, P, M) and FEs(q, P, M, K) must be estimated. For Fi(q, P, M) we will use (48). To
estimate Es(q, P, M, K), we will need the following lemma [17, Lemma 1].

Lemma 2. Let x (mod ¢) be a Dirichlet character and n > 2 be an integer. If P > 1 is an
integer then
Pl n

—

‘log(Lp n,x )| <
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Using this lemma it is easy to see that

2P(q —1)
(Eaa, M Bl < e =y — 1y

where the estimate does not depend on M.

Let now A > 0 be an integer. Taking P = Agq, by exploiting and one can choose
M, K such that |Ey(q, P, M)|+ |Ex(q, P, M, K)| < 10~2. Taking P = Aq, by exploiting
and one can choose M, K such that |E;(q, P, M)| + |Ey(q, P, M, K)| < 10~2, where
A > 0 is any prescribed integer. Hence, by computing r(q, P) + S(q, P, M, K) in (51)), one
obtains log R(q) with an accuracy of (at least) A decimals.

(52)

We remark that the same idea can be used for ¥, since it is enough to let m start from 2
in the analogue of S(gq, P). For ¥;, the algorithm is simpler since there is no sum over m in
(@7, in S(¢, B,1) and in S(¢, B,1, K). Hence only Es(q, B,1, K) is present. Moreover, if
one has already computed log R(¢) with sufficient accuracy using the FFT, then it is enough
to obtain ¥ in order to have ¥y = log R(q) — ¥4 too.

6. CONNECTIONS AND ANALOGIES WITH THE MERTENS’ CONSTANTS
IN ARITHMETIC PROGRESSIONS

In this final section we establish some connections and analogies for the prime sum that
defines log R(q) with the ones involved in the definition of the Mertens and Meissel-Mertens
constants in arithmetic progressions: M(q,b), B(q,b),C(q,b), 1 < b < q, (b,q) = 1, since
they can be written with sums over Dirichlet characters that are similar to the one into .

Recalling that ¢ is prime and using eq. (1-1) in [I8], we have

1 logl
> o= Ma )+ 0y ),
P qg—1 log x
p<z
p=b (mod q)

where © — +00. Moreover, a direct computation and Theorem 428 of Hardy-Wright [9]

show that
(0= DM@ = M= Y0+ Y 3 A,
plg XF#X0 P

where M is the Meissel-Mertens constant defined in (12). From the previous equation, and
using , it is clear that

zlz(q—l)M(q,l)—M+Z%.

Moreover, R(q) is related with the constant for the Mertens’ product in arithmetic
progression. In [16, p. 38] it is proved that

1 C(g,b)
1— =)~ 02
1l (=3) (log )=
p=b (mod q)

as ¢ tends to infinity, where C(q, b) verifies

C(q, b)q_1 e H(l _ 1>a(p;q,b)’

» p
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and a(p;q,b) = ¢ — 2 if p = bmod ¢ and «a(p; ¢,b) = —1 otherwise. In [I7, p. 316] (or [I8,
eq. (2-4)]) it is also proved that

(4= 1ogClg.0) =~y +1og - = S xm Y L Y M

—1
q XFX0 m2>1 P

Besides some correction terms, the only difference between the formula for logC(g, 1) and
the one in for log R(q) is that x(p™) in (19 must be replaced by x(p).
Finally, for B(q, b) defined as
1

B(q,b) := Z <10g(1 — 1) + —),

p=b mod ¢ p p
in [18, eq. (2-3)] it is proved that

(4= DB(a.0) = Blo) = 3 %)Y - S M,

XF#X0 m22 p
where B(q) == = 50 o > (pa)=1 me’ represents the contribution of the principal character
Xo (mod ¢) and equals

Blo)= Y (10g(1—}9)+%> :B—pzm<log(1—%)+%>>

(pa)=1

where B := Zp (log(l — %) + %) = M —~. In this case too, besides some correction terms,
the only difference between the formula for B(q, 1) and the one in for ¥o is that x(p™)
in ((19) must be replaced by x(p).

The behavior of the prime sum over characters that involves x(p) — x(p) is studied in

[19], starting from eq. (6)-(7) there.
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FIGURE 1. The values of R(q), ¢ prime, 3 < ¢ < 10”. The maximal value (red
dot) is attained at ¢ = 3 and its value is 0.604599...; much larger than the other
plotted values. The red dashed line represents the mean value.

R(q) - (log q)**: scatter plot
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FIGURE 2. The values of R(q)(log q)3/4, q prime, 3 < ¢ < 107. The red dashed
line represents the mean value.
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Rlg): histogram R(g) - (logg)*"*: histogram
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FIGURE 3. On the left: the values of R(q) (cerulean bars), ¢ prime, 3 < g <
107, but the contributions of the primes ¢ > 5 such that 2¢ + 1 is prime (green
bars) or 2¢ — 1 is prime (yellow bars) are superimposed. On the right: idem,
but for the normalized values R(q)(log q)**. The red dashed lines represent
the mean values.
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