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PLUS/MINUS HEEGNER POINTS AND IWASAWA THEORY
OF ELLIPTIC CURVES AT SUPERSINGULAR PRIMES

MATTEO LONGO AND STEFANO VIGNI

ABSTRACT. Let E be an elliptic curve over Q and let p > 5 be a prime of good supersingular
reduction for F. Let K be an imaginary quadratic field satisfying a modified “Heegner
hypothesis” in which p splits, write Ko for the anticyclotomic Z,-extension of K and let A
denote the Iwasawa algebra of Ko /K. By extending to the supersingular case the A-adic
Kolyvagin method originally developed by Bertolini in the ordinary setting, we prove that
Kobayashi’s plus/minus p-primary Selmer groups of E over Ko have corank 1 over A. As
an application, when all the primes dividing the conductor of E split in K, we combine our
main theorem with results of Ciperiani and of lovita—Pollack and obtain a “big O” formula
for the Zp-corank of the p-primary Selmer groups of E over the finite layers of Ko /K that
represents the supersingular counterpart of a well-known result for ordinary primes.

1. INTRODUCTION

Let E be an elliptic curve over QQ of conductor N > 3. By modularity, F is associated with
a normalized newform f = fg of weight 2 for I'g(/N), whose g-expansion will be denoted by

f(q) = Zanq", an € Z.

n>1

Let K be an imaginary quadratic field in which all primes dividing N split (i.e., K satisfies
the so-called “Heegner hypothesis” relative to V) and let p > 5 be a prime of good reduction
for E that is unramified in K. Write K /K for the anticyclotomic Z,-extension of K, set
G = Gal(K«/K) ~ Z, and define A := Z,[G] to be the Iwasawa algebra of G&. Under
some technical assumptions, Bertolini showed in [2] that if the reduction of F at p is ordinary
then the Pontryagin dual of the p-primary Selmer group of E over K, has rank 1 over A and
is generated by Heegner points. In this paper we prove similar results for Pontryagin duals of
restricted (plus/minus) Selmer groups a la Kobayashi in the supersingular case.

Set Gg := Gal(Q/Q) and let
pEp: Gog — Aut(T,(E)) ~ GL2(Zy)

denote the Galois representation on the p-adic Tate module T),(E) =~ Zg of E. Assume that
FE has no complex multiplication and fix once and for all a prime number p for which the
following conditions hold.

Assumption 1.1. (1) p > 5 is a prime of good supersingular reduction for F;
(2) pEp is surjective.

Thanks to Elkies’s result on the infinitude of supersingular primes for elliptic curves over
Q ([12]) and Serre’s “open image” theorem ([27]), we know that Assumption [[T] is satisfied
by infinitely many p.
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Suppose now that N can be written as N = M D where D > 1 is a square-free product of
an even number of primes and (M, D) = 1. Let K be an imaginary quadratic field, with ring
of integers O, such that

Assumption 1.2. (1) the primes dividing pM split in K;
(2) the primes dividing D are inert in K.

In particular, Assumption [[.2 says that K satisfies a modified Heegner hypothesis relative to
N. In many of the arguments below, one only uses the fact that £ has no p-torsion over K.,
which, by [I6l Lemma 2.1}, is true even without condition (2) in Assumption [[T] provided
that p splits in K. However, in order to get better control on the field obtained by adding to
the m-th layer K,, of K /K the coordinates of the p™-torsion points of F we will make use
of this assumption. More generally, we expect that condition (2) in Assumption [[I] can be
somewhat relaxed, for example by just requiring that pg, has non-solvable image (as done,
e.g., in [7] and [g]).

The last assumption we need to impose, which holds when p does not divide the class
number of K, is

Assumption 1.3. The two primes of K above p are totally ramified in K.

This is a natural condition to require when working in the supersingular setting (cf., e.g.,
[11, Assumptions 1.7, (2)], [16, Hypothesis (S)], [26, Theorem 1.2, (2)]); for example, it will
allow us to apply the results of [16].

When D = 1, the results obtained by Ciperiani in [7] tell us that

e the p-primary Shafarevich-Tate group Ill,~(E/K) is a cotorsion A-module;
e the A-coranks of the p-primary Selmer group Sely~(E/Ko) and of E(K) ® Q,/Z,
are both 2.

Under Assumptions [LTHL3l the present article offers an alternative approach to the study
of anticyclotomic Selmer groups of elliptic curves at supersingular primes. More precisely,
following Kobayashi ([I7]) and Iovita—Pollack ([I6]), we introduce restricted (plus/minus)
Selmer groups Sel;)too (F/K4), whose Pontryagin duals XL turn out to be finitely generated
A-modules.

Our main result, which corresponds to Theorem [B.1], is

Theorem 1.4. Each of the two A-modules XL has rank 1.

This can be viewed as the counterpart in the supersingular case of [2] Theorem Al; as
such, it provides yet another confirmation of the philosophy according to which Kobayashi’s
restricted Selmer groups are the “right” objects to consider in the non-ordinary setting.

Our strategy for proving Theorem [[4] is inspired by the work of Bertolini in [2] and
goes as follows. First of all, we construct A-submodules £ of the restricted Selmer groups
Sel;,too(E /K ) out of suitable sequences of plus/minus Heegner points on E. On the other
hand, results of Cornut ([9]) and of Cornut—Vatsal ([I0]) on the non-triviality of Heegner
points as one ascends K., imply that the Pontryagin dual HE of ££ has rank 1 over A.
Finally, a A-adic Euler system argument, to which the largest portion of our paper is devoted,
allows us to prove that there is a natural surjective homomorphism of A-modules

XE— HE

whose kernel turns out to be torsion, and Theorem [[.4] follows.

It is worth remarking that the main difference between the ordinary and the supersingular
settings is that, in the latter situation, Heegner points over K, are not naturally trace-
compatible. In particular, there is no direct analogue of the A-module of Heegner points
considered in [2] and [25]. In this paper we explain how to define subsequences of plus/minus
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Heegner points that satisfy a kind of trace-compatibility relation of the sort needed to study
restricted Selmer groups as in [2].

As an application, combining our main theorem with results of Ciperiani and of lovita—
Pollack, we obtain the following “big O” formula (Theorem [61]) for the Z,-corank of the
p-primary Selmer groups of E over the finite layers of K, /K.

Theorem 1.5. If D =1 then corankz, (Sely(E/Ky,)) = p™ + O(1).

This is the supersingular analogue of a well-known result for ordinary primes; in fact,
Theorem [LH] proves [3, Conjecture 2.1] when p is supersingular and K is the anticyclotomic
Zy-extension of K. Here we would like to emphasize that, due to the failure of Mazur’s
control theorem in its “classical” formulation, knowledge of the A-corank of Sely~(E/K«) as
provided by [7, Theorem 3.1] is not sufficient to yield the growth result described in Theorem
(see Remark for more details). Moreover, assuming the finiteness of the p-primary
Shafarevich—Tate group of E over K,, for m > 0, standard relations between Mordell-Weil,
Selmer and Shafarevich-Tate groups of elliptic curves over number fields lead (at least when
D =1) to a formula (Corollary [63]) for the growth of the rank of E(K,,).

As already mentioned, the techniques employed in this paper are close to those of Bertolini
[2]. Similar results could presumably be obtained via different approaches, for example by
adapting the arguments of Ciperiani in [7] (which rely on the techniques developed in [g])
or, following Mazur—Rubin ([2I]), by using A-adic Kolyvagin systems as is done by Howard
in [I5]. In particular, we hope that extending the point of view of [I5] to the supersingular
setting would lead to an understanding of the torsion submodule of XE: we plan to come
back to these issues in a future project.

Acknowledgements. 1t is a pleasure to thank Mirela Ciperiani for helpful discussions and
comments on some of the topics of this paper. We would also like to thank Christophe
Cornut for useful correspondence on his joint work with Vinayak Vatsal.

2. ANTICYCLOTOMIC IWASAWA ALGEBRAS

We briefly review the definition of the anticyclotomic Z,-extension K, of K and then
introduce the Iwasawa algebras that will be used in the rest of the paper.

2.1. The anticyclotomic Z,-extension of K. For every integer m > 0 let H,m denote the
ring class field of K of conductor p™, then set Hpe := U,,>0H,m. There is an isomorphism

Gal(Hpo /K) >~ Zp x A

where A is a finite group.
The anticyclotomic Z,-extension K /K is the unique Z,-extension of K contained in Hpe.
We can write K := Up,>0K,,, where K, is the unique subfield of K, such that

G = Gal(K,,/K) ~Z/p"Z.
In particular, Ky = K. Set
Goo = lIm Gy, = Gal(Koo/K) > Zp.

Finally, for every m > 0 let I'y, := Gal(K«/K,,), which is the kernel of the canonical
projection Goo — G-
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2.2. Iwasawa algebras and cyclotomic polynomials. With notation as before, define
Ap, = Z,[|Gy,] and
A= @Am = Zp[Go]-
m

Here the inverse limit is taken with respect to the maps induced by the natural projections

Gms1 — Gpy. For all m > 1 fix a generator 7, of G, in such a way that 7m+1|Km = Ym;

then Yoo := (Y1,.+,Ym,...) is a topological generator of G,. It is well known that the

map A — Zpy[X] defined by 7o — 1+ X is an isomorphism of Z,-algebras (see, e.g., [24]

Proposition 5.3.5]). We will always identify these two Z,-algebras via this fixed isomorphism.
Let ®,,(X) = Z’i’:—ol X% be the p™-th cyclotomic polynomial and set

ah(X) =[] ®(1+X),  @u(X):= ] ®(1+X), wi(X):=X- a0n(X),
o ot
win(X) == wh(X) @f(X) =wf(X) - on(X) =X [[ ®(1+X)=(X+1" 1.

1<n<m
Then A, is isomorphic to Z,[X]/(wp,) under the isomorphism A ~ Z,[X] described above.
We also define
G = Zp[X]/ (wr).
There are surjections A — A,, — AE and a canonical isomorphism AE ~ @&FA,, given by
multiplication by @,.

Remark 2.1. If m is even then &, = @ |, hence w)f, = w ; and A}, = A} . On the
other hand, if m is odd then (IJ;L = pt in A, by which we mean that (IJ;L 41 and pwt have
the same image in A,, (hence in A and A, as well). Analogous relations (with the roles of

“even” and “odd” reversed) hold in the case of sign —.

For every integer m > 1 set Dy, := Gal(K,,/Q) and A, := Z,[D,,], then define D, :=
Gal(K~/Q) = lim Gal(K,,/Q) and let A := hm Ay, = Zp[Doo] be the Iwasawa algebra of
D, with coefficients in Z,. Recall that for every m > 1 there is a canonical isomorphism

Gal(Ky,/Q) ~ Gy, ¥ Gal(K/Q),

the natural action of Gal(K/Q) = (1) on G,, by conjugation being equal to v™ = y~! for all
v € Gpp. Similarly, Gal(K o /Q) ~ G x Gal(K/Q) with 47 =y~ for all v € G.

With this in mind, write A for the ring A viewed as a module over A via the action
of Gal(K/Q) given by 77 = £~~! for all ¥ € Gu, so that At) corresponds to the linear
extension of the natural action of Gal(K/Q) on G described above. Analogously, write
AP for the A,p-module A, on which Gal(K/Q) acts as 47 := £y~ ! for all v € G,,. One
also equips A with a similar structure of App-module by defining as above (Ai)(e) to be the
A,p,-module AE with 7 action by 47 := v~ L.

We also consider the mod p™ reductions of the above rings given by

Ry = Ay @2 Z/p™ 7, Ry =My, ®@zZ/p™Z, RE :=AL®,Z/p"L.
In particular, A = I&Hm R,,. Similarly, we define

R = A9 0, 7/p"Z,  (RE) .= (ALY g, Z/p"™Z,  RE:=RE®\A.
Finally, for any compact or discrete A-module M write MY := Hom%;nt(M ,Qp/Zy) for its

Pontryagin dual, equipped with the compact-open topology (here Honn}};‘;nt denotes continu-
ous homomorphisms of Z,-modules and Q,/Z,, is equipped with the quotient, i.e., discrete,

topology).
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3. PLus/MINUS SELMER GROUPS AND CONTROL THEOREM

In this section we define the Selmer groups that we are interested in and state a control
theorem for them.

3.1. Classical Selmer groups. For every integer m > 0 let Sely~(E/K,,) denote the p-
primary Selmer group of E over K,, (see, e.g., [I3 Ch. 2]). Moreover, let

(1) o+ () ® Qp/Zy —> Selye (B/K)
be the usual Kummer map and, for any prime A of K,,, with a slight abuse of notation write
(2) €Sy, ) : Selpoo (E/Ky) — E(Kpmx) @ Qp/Zy
for the composition of the restriction map with the inverse of the local Kummer map
Kma : E(Kp) @ Qp/Zy — HY (K n, Epo).
Similarly, for all n > 0 there is a Kummer map
(3) Emn @ E(Ky)/p"E(Ky,) — Selpn (E/Kpy,),

where Selpn (E/Kp,) is the p"-Selmer group of E over K.
More generally, given a prime number /, we set K, o := K, ®g Q; = HAM K, » and let

resm,e = @xpresm,x 1 H' (K, Epes) — H' (K g, Epee) = @3 eH' (K x, Epo)
be the direct sum of the local restrictions res,, y and
(4) TeSy, ¢ = DxreSm ) Selpeo (E/Kyy) — E(Kpp) ® Qp/Zy

be the direct sum of the maps in (2), where

E(Kpe) ® Qp/Zy = @ E(Kma) ® Qp/Zy
Y

and \ rages over the primes of K, above £. In the rest of the paper, we adopt a similar
notation for other, closely related groups as well (e.g., with obvious definitions, we write
res,, ¢ for the restriction map on E(K,, ) /p™ E(K, ) taking values in Hl(ij, E,m)).

Lemma 3.1. The group Eyn(Ky,) is trivial for all m,n > 0.

Proof. Since, by part (1) of Assumption [[L2] the prime p splits in K, this is [16, Lemma 2.1].
Alternatively, one can use the surjectivity of pg , ensured by part (2) of Assumption [[.T] and
proceed as in the proof of [14, Lemma 4.3]. O

In the next lemma we record some useful facts about Selmer groups.
Lemma 3.2. (1) For all m > 0 there is an injection
pm : Selpm (E/Kp) < Selym1(E/Kpy1)

induced by the restriction map and the inclusion Eym C Epm+1.
(2) For all m > 0 restriction induces an injection

I'eSKm+1/Km : Selpoo (E/Km) — Selpw(E/Km+1).
(3) For all m,n > 0 there is an isomorphism
Selpn (E/Kim) ~ Selpee (E/ Ky, ) -

Proof. All three statements follow easily from Lemma BT (see, e.g., [2], §2.3, Lemma 1]). O
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For all m,n > 0 there is a commutative square

(5) E(Kp) /9" B(Kp) "> Selyn (E/Ky,)

E(Kpn) @ Qp/Zy—"— Sely (E/Kp,)

in which the right vertical injection is induced by the isomorphism in part (3) of Lemma B21
Define the discrete A-module
Selyoo (/K o) = lim Selyoe (E/Kp,),

—
m

the direct limit being taken with respect to the restriction maps in cohomology, which are
injective by part (2) of Lemma B2

3.2. Restricted Selmer groups. Let pOx = pp with p # p; by Assumption [L3] both p
and p are totally ramified in K, /K. Write K, and Kj for the completions of K at p and p,
respectively. For all m > 0 let K, , and K,, 5 be the completions of K,, at the unique prime
above p and p, respectively. To simplify notation, in the following lines we let L, L,, denote
one of these pairs of completions (i.e., Ky, Ky, or Kp, Ky, 5); then Gal(L,,/L) ~ Z/p™Z.
For all integers m,n with m >n > 01let tr, /.. : E(Ly) — E(Ly) denote the trace map.

Following Kobayashi (7)), we define
- E*(Lp) :={P € E(Ln) | try,, /1, (P) € E(Ly_1) for all odd n with 1 <n < m},
E~ (L) :={P € E(Ly,) | try,, /1, (P) € E(Ly_1) for all even n with 0 <n < m}.

Definition 3.3. The plus/minus p-primary Selmer groups of E over K,, are

vesmp E(Km Z Zp
Seloc (E/Kp) = ker (Selpoo(E/Km) : Ei((K,:p 2 %p//zé @Ei ,pp @(3;9 %}{/Z )

where res,, , is the composition of the restrictions at p and p with the quotient projections.

In an analogous manner, replacing Sely~(E/K,,) with Sel,»(E/K,,) and Q,/Z, with
Z/p"Z, one can define Sel;tn(E/Km) for all n > 1.

Remark 3.4. In [16], the groups Selffoo (E/K,,) are defined in terms of the formal group E
of E. More precisely, if m and m denote the maximal ideals of the rings of integers of
Ky p and Ky, 5, respectively, Iovita and Pollack introduce subgroups Ei(m) C E(m) and
E*(m) ¢ F(m) as in [@). Then they use these subgroups to define Sel;)too (E/K,,) as in
Definition B3] replacing E(Ky,p) (respectively, EX (K, ,)) with E(m) (respectively, E=(m))
and E(K,,5) (respectively, E*(K,,5)) with E(m) (respectively, E*(m)). To see that their
definition is equivalent to Definition B3] recall that, by [29, Ch. VII, Proposition 2.2], the
group E(m) is isomorphic to the kernel E; (Km,p) of the reduction map E(K,,) — E(F)).
On the other hand, |E(F,)| = p + 1 because a, = 0, and E*(m) =~ E1(K,,,) N EX(Kp),
hence there are isomorphisms

E(m) ® Qp/Zy — E(Kmy) ® Qp/Zy, Ei(m) ® Qp/Zy — Ei(Kmm) ® Qp/Zp.
Analogous considerations apply to E (m) and Ei(ﬁ‘l), and the desired equivalence follows.

Now form the two discrete A-modules

Sel e (B/Koo) := lim Sel e (B/Kyn) C Sely (B/Koo),
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the direct limits being taken with respect to the restriction maps in cohomology. Note that,
thanks to part (2) of Lemma [3.2] these restrictions are injective. Furthermore, the fact that
the groups Selffoo(E /K,,) do indeed form a direct system follows directly from Definition
and the compatibility properties of the restriction maps involved.

3.3. Control theorem. The next result provides a substitute for Mazur’s original “control
theorem” ([20]) and extends [I7, Theorem 9.3] to our anticyclotomic setting.

Theorem 3.5 (Iovita—Pollack). For every integer m > 0 the restriction
(7) TeSK /Ky, Sel;)'i>o (E/Km)“”%l:0 — Selgoo (E/KOO)“”%ZO
is injective and has finite cokernel bounded independently of m.

Proof. Keeping Remark 3.4 in mind, this is [16] Theorem 6.8]. O

Note that, by definition, Selffoo (E/ Km)‘*”jﬁ:0 is a A -module. Consider the Pontryagin dual
X% := Hom®™ (Sel e (B/Koo), Qp/Zp)

of Sel;)l:oo (F/K), equipped with its canonical structure of compact A-module. Moreover, for
every integer m > 0 write

Xf; = HomCZ‘;nt (Sel;)l:oo (E/K), Qp/Zp)

for the Pontryagin dual of Selffoo (E/K,), so that X* has a natural A,,-module structure. By
duality, the map in ([7) gives a surjection

(8) res%oo/K Xi/wiXi —»Xi/wi/\,’i
whose finite kernel can be bounded independently of m.
Proposition 3.6. The A-module XX is finitely generated.

Proof. Since w is topologically nilpotent and X is finitely generated as a Zy,-module, the
claim follows from [®) and [1 Corollary, p. 226]. O

There are canonical commutative squares

TeSKoo/Km

+_ +_
Seltc (B/ Ky, )@m=0c Sel oo (B /Ko )“m=0

reSKm+l/Km 'im

resKoo/Km_H

Selt (B Ky gy )“ms1 =00 Qo] oo (B Ky )omt1=0
where i, is the natural inclusion (here observe that w |w™ 4+1) and

4
es
KOO/Km+1

+ + + + +
X, /wm—i—lX m+1/wm+1Xm+1
izm lresK +1/Km
\Y2
+ /4yt " Koo/ Km 4/ 4t
X /w X5 X /w X5

where, as before, the symbol ¢" denotes the Pontryagin dual of a given map ¢.
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4. IWASAWA MODULES OF PLUS/MINUS HEEGNER POINTS

In order to relax, as in Assumption [[.2] the Heegner hypothesis imposed in [2] and [7], we
need to consider Heegner points on Shimura curves attached to division quaternion algebras
over Q. These points will then be mapped to the elliptic curve E via a suitable modular
parametrization.

4.1. Shimura curves and modularity. Let B denote the (indefinite) quaternion algebra
over QQ of discriminant D and fix an isomorphism of R-algebras

i : B®g R — Ma(R).

Let R(M) be an Eichler order of B of level M and write 'Y (M) for the group of norm 1
elements of R(M). If D > 1 and H := {z € C | Im(z) > 0} then the Shimura curve of level
M and discriminant D is the (compact) Riemann surface

XP(M) =T M)\

Here the action of '} (M) on H by Mébius (i.e., fractional linear) transformations is induced
by i0o. If D =1 (i.e., M = N) then we can take B = M2(Q), so that T'§(M) = I'y(N) and
LYM)\H = Yy(N), the open modular curve of level N; in this case, we define X} (M) :=
Xo(N), the (Baily—Borel) compactification of (V) obtained by adding its cusps. By a result
of Shimura, the projective algebraic curve corresponding to XJ’ (M) is defined over Q.

Finally, thanks to the modularity of E, Faltings’s isogeny theorem and (when D > 1) the
Jacquet—Langlands correspondence between classical and quaternionic modular forms, there
exists a surjective morphism

(9) g XY (M) — E
defined over Q, which we fix once and for all (see, e.g., [I8, §4.3] and [30, §3.4.4] for details).

4.2. Heegner points and trace relations. Let us first consider the case where D = 1.
Choose an ideal N' C Ok such that Ox /N ~ Z/NZ, which exists thanks to the Heegner
hypothesis satisfied by K. For each integer ¢ > 1 prime to N and the discriminant of K, let
O. = 7+ cOf be the order of K of conductor c. The isogeny C/O, — C/(O.NN)~! defines
a Heegner point x. € Y5(IN) C Xo(IV) that, by complex multiplication, is rational over the
ring class field H. of K of conductor c. In the rest of the paper, ¢ will vary in the powers of
the prime p.

In the general quaternionic case, a convenient way to introduce Heegner points z. €
XP(M)(H,) is to exploit the theory of (oriented) optimal embeddings of quadratic orders
into Eichler orders. We shall not give precise definitions here, but rather refer to [, Section
2] for details. From now on we fix a compatible system of Heegner points

{zpm € X§ (M) (Hpm) }

m>0

as described in [0 §2.4].

Recall the morphism 7g introduced in (@) and for every integer m > 0 set
ypm = mp(xpm) € E(Hpm).
In order to define Heegner points over K, we take Galois traces. Namely, for all m > 1 set
(10) d(m) :=min{d e N| K,, C Hya}.
For example, if p { hg then d(m) = m + 1. In light of this, for all m > 0 define

Zm = tI‘de(m)/Km (ypd(m)) S E(Km)
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By the formulas in [25] §3.1, Proposition 1] and [5l §2.5], the following relations hold:

—Zm—o ifm>2,
(11) 0y /B (Zm) = p— 1

20 ifm=1.

4.3. Plus/minus Heegner points and trace relations. Starting from the Heegner points
that we considered in §4.2] we define plus/minus Heegner points zi as follows. Set zf)t = 2y
and for every m > 1 define

Zm if m is even, Zm—1 1if m is even,
+ . -
Zm = Zm =
Zm—1 if m is odd, Zm if m is odd.
As a consequence of formulas (), the points 2z € E(K,,) satisfy the following relations:
(a) trg,, /K., 1(er) = —2z" | for every even m > 2;
(b) tri,, /K (2 Pz,
(©) trr, /Ky (Zm
(d) trg,. /K1 (2m) = 2,1 for every odd m > 3;
(e) triey iy (21) = P32y = P3tan.
Finally, with £, ,, as in @) and x,, as in (D), for all m > 0 set
o = kmm ([25]) € Selym (B/Ky,), Bt =k (25 © 1) € Selye (E/Kp).

For every m > 0 let

; for every odd m > 1;
z

pz,,_; for every even m > 2;

m) =
)
)

pm 2 Selymi1 (E/Kypy1) — Selym (E/ Ky,
be the composition of coresg,, ,/x,, with the multiplication-by-p map. Moreover, write
b E(Km-‘rl)/perlE(Km—i—l) — E(Kn)/p" E(Km)
for the natural map induced by trg, ., /k,,. The resulting square

Km+1,m+1

(12) E(Kom1) /D™ LB (Ko 1) Sel s (B Ko y1)
tm Pm
E(K) /p™E (K e Selyn (E/Ky,)

is commutative.
The following result collects the properties enjoyed by the classes a:f under corestriction.

Proposition 4.1. The following formulas hold:

(a) pm—1(at) = —aj | for every even m > 2;
(0) pm—1(ah) =pat | for every odd m > 1;
(¢) pm-1(ay,) =pa,, | for every even m > 2;
(d) pm-1(0y,) = —a,, 1 for every odd m > 3;
(e) ﬁm—l(al_) = p%laa = p%lao

Of course, analogous formulas, with coresg, /k,._, in place of p,—1, hold for Bt

—1

Proof. Straightforward from the corresponding formulas for the points z listed above and
square (I2)). O

Now we can prove

Proposition 4.2. (1) The class o, belongs to Sel;,tm (]17)/1(,71)‘*’?’5:O for every m > 0.
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(2) The class B belongs to Sel;,too(E/Km)“i:O for every m > 0.

Proof. Fix an integer m > 0, let A denote either p or p, set L := K,, 5 and put ozf =
res;, \(ai;) € E(L)/p™E(L). The previous formulas show that [2;5] € E*(L)/pm™E*(L),
hence o3 € Sel;)tm(E /Kp). On the other hand, the fact that w;-at = 0 follows from a global
version of the local computations in the proof of [16, Proposition 4.11] (which is possible
because the points 2, as well as the trace relations they satisfy, are global). This proves (1),

and (2) can be shown in the same way. O

4.4. Direct limits of plus/minus Heegner modules. In light of Proposition 2] for all
m > 0 let &F := Rtal denote the RE-submodule (or, equivalently, the R,,-submodule)

of Sellfm(E/Km)“’i:O generated by aif. The inclusion Sel;,tm(E/Km)“*i”:O C SeI;tm(E/Km)
allows us to regard £ as a submodule of the whole restricted Selmer group Sel}tm(E JKm).
Note that, by the commutativity of (&), the injection SeI;tm(E/Km) — Sel;)'i>o (E/K,) given
by part (3) of Lemma B2 sends £ to the Af-submodule A 5 generated by SiE.
For the proof of the next result, recall the injection
Pm Selpm(E/Km) — Selpm+1 (E/Km+1)
of part (1) of Lemma[B2l If F’/F is a Galois extension of number fields and M is a continuous
G p-module then respr/p o corespr /g = trpr /g, where
trpypi= Y o:HY(F M)— H'(F, M)
oceGal(F'/F)

is the Galois trace map (see, e.g., [24] Corollary 1.5.7]). We immediately obtain

(13) Pm © ﬁm = PtTKm+1/Km
for all m > 0. For all m > 0 and n > 1 consider the canonical map
tp : B(Kp) /p"E(Ky) — E(Kp) /0" E(Ky), Q) — [pQ)

and, finally, denote by
Jm  E(Kp)/p"E(Kpn) — E(Kpt1) /P E(Km+1)
the obvious map.

Proposition 4.3. The map py, induces injections
+ + +
Pm - gm — ngrl
for all m > 0.

Proof. Fix an m > 0. We treat only the case of sign 4, the other being analogous. By part
(2) of Lemma B2 p,, is injective at the level of Selmer groups, so it suffices to show that
pm(EF) C &1, Suppose that m is even. Then 2}, = 2} .|, and the commutativity of the
square

Km,m

E(Km)/p"E(Km)S ’ Selpm (E/Km)

U410Tm Pm

Km+1,m
E(K 1) /P E(Kop 1) )" Sel yns1 (E/ K1)

implies that py,(a;)) = pa; 41 By definition of the Galois action on our cohomology groups,

it follows that p,,(EF) C 5:1+1' Now suppose that m is odd. By part (a) of Proposition [£.1]

ﬁm(o%H) = —a,’. Applying (I3) and using the fact that, by Proposition 2] the action of
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Rpny1on af factors through RY L, we get pm(osh) = —ptrg, /i (0054 1) € Rpgaoy) =
R;;Ha;_ﬂ. As before, we conclude that p,, (") C E;QH. U

Thanks to Proposition [£3], we can form the discrete A-module
EX =lim &,
o0 % m

where the direct limits are taken with respect to the maps p;f. of Proposition Moreover,
the commutativity of the squares

Selon (B/Kp) = Sel e (E/Kp,)

p’rjr:z resKm_H/Km

Sel;:m+1 (E/Km+1)c—> Sel;:oo (E/Km+1),

in which the horizontal injections are induced by the isomorphisms in part (3) of Lemma B.2]
shows that £ can be naturally viewed as a A-submodule of SeI;,—Loo (E/Kx).
Denote by
Mo, = (£5)Y =lim(E;,)"
[e.e] [e.e] % m

the Pontryagin dual of ££. We shall see below (Proposition EET)) that both HL and Hz, are
finitely generated, torsion-free A-modules of rank 1.

4.5. Nontriviality of Heegner points and the A-rank of HL. We want to apply the
results of Cornut ([9]) and of Cornut—Vatsal ([I0]) on the nontriviality of Heegner points on
E as one ascends K, to show that HEX have rank 1 over A. Similar ideas can also be found
in [7, Proposition 2.1] and [8, Theorem 2.5.1].

We begin with some lemmas.

Lemma 4.4. For m > 0 the point zL is not p™-divisible in E(K,,).

Proof. Results of Cornut ([9]) and of Cornut-Vatsal ([I0]) guarantee that the points z €
E(K,,) are non-torsion for m > 0. We prove the lemma for sign +, the case of sign — being
completely analogous. To fix ideas, define
mg := min {m € N | m is even and z, is non—torsion}.
We claim that zE is not p™-divisible in E(K,,) for even m > mg. First of all, the formulas
in §4.3limply that if n € N then
ter0+2n/Km0 (2747;04-277/) - (_]‘)npnz:’?:m

If 2} op = Pz with 2 € E(K g 42,) and we set y := (=1)™T s 4 on/Fomg () € E(Kim,)
then p"z} = p™ot2"y, that is, p"(z}, — P "y) = 0. On the other hand, by Lemma B1]
the torsion group Epn (K, ) is trivial, so we conclude that z}, is p™0*"-divisible in E(Kp,).
But the Mordell-Weil group E(Ky,) is finitely generated and z, is non-torsion, hence z,
is p'-divisible in E(K,,,) only for finitely many ¢ € N. The lemma follows. (]

Lemma 4.5. The R -module £ is non-trivial for m > 0.

Proof. By Lemma E4] the class [zE] of zE in E(K,,)/p™E(K,,) is non-zero for m > 0.

m
Finally, the injectivity of the maps ky,,, implies that aﬁ ﬁm,m([zi]) is non-zero in
Sel;,tm (E/K,,). In particular, £ is non-trivial for m > 0. O

As an immediate consequence, we get

Lemma 4.6. The A-modules EL are non-trivial.



12 MATTEO LONGO AND STEFANO VIGNI

Proof. By Proposition d.3] the maps pfm with respect to which the direct limits Eoio are taken
are injective, hence £X injects into £ for all m > 0. The lemma follows from Lemma @5l O

Now we can prove
Proposition 4.7. The A-modules HE are finitely generated, torsion-free and of rank 1.

Proof. For every m > 0 the natural surjections R,, — &= induce, by duality, injections
(EX) — RY,. Since R,, = Z/p™Z|G,,], there are isomorphisms R), ~ R,,, hence taking
inverse limits gives injections HZ = lﬁnm(&ﬁ)v — lim R, = A. Since A is a noetherian
domain, this shows that HZL are finitely generated, torsion-free A-modules of rank equal
to 0 or to 1. Now the structure theorem for finitely generated A-modules implies that if
ranky (HE) = 0 then HZ = 0, hence £ = (HZL)Y = 0. This contradicts Lemma L8] so we
conclude that ranky (HZ) = 1. O

5. A-ADIC EULER SYSTEMS
The goal of this section is to prove Theorem [ we restate it below.
Theorem 5.1. Each of the two A-modules XL has rank 1.
In other words, we show that
coranky (Sel;rOO (E/Ky)) = coranky (Sel o (E/Kx)) = 1.
The injection of A-modules €L Sel;)too (E/K) gives, by duality, a surjection of A-modules
m XE — HE,

Proving Theorem 5] is thus equivalent to showing that the A-module ker(n*) is torsion.
Equivalently, if 7 denotes the generator of Gal(K/Q) then we need to show that all elements
of ker(7*) lying in an eigenspace for 7 are A-torsion.

Choose an element # € XE such that 72 = ex for some ¢ € {4} and x is not A-torsion:
this can be done because the A-module HZ has rank 1 by Proposition BT and the map 7+
is surjective. As is explained in [2] p. 170], to prove Theorem [B.]it is enough to show that
every y € ker(m%)~¢ is A-torsion. To do this, in the next subsections we will adapt the A-adic
Euler system argument of [2].

5.1. Kolyvagin primes. Denote by
pm : Gog — Aut(Epm) ~ GLo(Z/p"Z)
the Galois representation on E,n and let K (E,m=) be the composite of K and the field cut out

by pm; in other words, K (Ep,m) is the composite of K and Qker(em) | In particular, K (Epm) is
Galois over Q.

Definition 5.2. A prime number ¢ is a Kolyvagin prime for p™ if £+ Np and Froby, = [7] in
Gal(K (Epm)/Q).

In particular, Kolyvagin primes are inert in K and hence split completely in K, for all
m > 1. Let £ be a Kolyvagin prime for p™. Define the R,,-modules

+)

(E(Kmt, E) /0" E(Kpnt)) ™ = R (E(Kop g, E) /0™ E(K )™

and
(H (Kot E)p )™ = R (H (Ko, E)pm) ™,

where the superscript + on the right denotes the submodule on which complex conjugation
acts as +£.

Lemma 5.3. Let ¢ be a Kolyvagin prime for p™.
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(1) The R,,-module (E(Km,g)/me(ng))(i) s isomorphic to R,(A,jf), hence there is a
decomposition E(Ky, ¢)/p™E(Kpp) ~ rSY e RY.

(2) The R,,-module (Hl(ng,E)pm)(i) is isomorphic to Rﬁ,f), hence there is a decom-
position HY (K, ¢, E)pm ~ RSP @ RS,

Proof. Part (1) is [2, §1.2, Lemma 4], while part (2) is [2, §1.2, Corollary 6]. O

5.2. Action of complex conjugation. In this subsection we study the action of Gal(K/Q)
on Selmer groups. These results will be used in §5.5]to show the existence of suitable families
of Kolyvagin primes.

The canonical action of 7 on XE makes it into a A-module. Recall the element z € XZ
chosen at the beginning of this section such that 7% (x) # 0 and 7(z) = ex for some € € {£}.
Now pick an element y € ker(7+)~¢ and consider the surjection of A-modules

AYGAC) s Az Ayc XEaxE  (&n) — (Ex,my).

Since HZ is torsion-free by Proposition BT} ker(7*) N Az = {0}, hence Az N Ay = {0}.
Therefore the canonical map of A-modules Az ® Ay — X% given by the sum is injective.
Composing the last two maps, we get a map of A-modules
(14) 9E A oA - xF
that sends (o, ) to ax + SBy.

By Lemma [B2] there is a canonical injection
(15) Sel: (B/Kp) — Selrc(E/Ky).
Let

Z; = Homg, (Selin (E/Kyn), Qp/Zyp)

be the Pontryagin dual of Sel;,tm (E/Ky,). One may then consider the surjection of compact
A-modules
(16) P+ X — X Jwm X — Xy Jwin Xy — 2o Jwrn 250,

where the first arrow is the canonical projection, the second is () and the third is obtained
from (3 by Pontryagin duality.
Let us define the following R::-submodules of Zf /wE Z:E:

Z = (0 0 9)(AY @ {0}))) N (o3 0 9) ({0} © A9)),
Wil = (o 0 0) (A @ {0})) /Zun,
Wi ©9 = ((pm 0 ) ({0} @ AT)) /Zp.

Set
v
S = (B /wmZm) | Zm)
The submodule Z:- being closed in Z% Jwk ZE Pontryagin duality yields a natural injection

m=m’

IS Sel;,tm (E/K,A,L)"J’j’iz0 of RE-modules. We obtain a chain of maps of A-modules
(17) A @ ACD) — WO gwh(ad y (nt)V

in which the surjection is induced by p,, o ¥ and the injection is given by the sum of the
components. By construction, the composition in (7)) factors through the surjection

AQ G ACD o A @ AL sy (RE)O @ (RE)).

Write
95 (RE)Y o (BRI — WO ewhHtd — (sk)Y



14 MATTEO LONGO AND STEFANO VIGNI

for the resulting map of R::-modules; if Z and 7 denote the images of z and y in (X)Y then
05 (e, B)) = az + By.
Lemma 5.4. There is an isomorphism of Ry -modules (R:)Y ~ wF R,,.
Proof. Since R, = Z/p™Z|Gy,], there is a canonical isomorphism
d: R, = R,
of R,,-modules (hence of A-modules). The surjection R,, — R induces, by duality, an

injection i : (RE)Y < RY, and we obtain an injection ® o : (RE)Y < R,,. The image of

m?
® o is annihilated by w’, hence ® o4 induces an injection of R,,-modules

T (RE)Y — OF Ry,

Now pick z € Ry, and consider &Lz € Of R,,. If ¢, € R), is such that ®(p,) = x then
O () pz) = @z, In order to show that U is surjective we need to check that @, ¢, factors
through RE. But this is clear: (@F¢.)(wi)) = @(wioEN) = 0 for all A € R, because
Wi = wi@E kills Ryy,. O

Taking the Gal(K/Q)-action into account, Lemma [5.4] yields isomorphisms ((Ri)v)(ig) o~
(wF Rpy)F) of RE-modules. Furthermore, ((Ri)\/)(id = ((Ri)(ie))v and (Wl Ry,)*9) ~
(R:)&*9) under the isomorphism w;f, Ry, ~ RE. Composing these isomorphisms, we get an
isomorphism of R;:-modules

Voo ~
(18) i@ ((RE)EI) =5 @R Rm)E) =5 (RE)®.
Set}'i = ii’(e) <) ii’(_g). Composing the Pontryagin dual (9;)Y of 19% with i, we get a map
of R:-modules that we still denote by
(19) (W) S — (R) @ (Riy) .

If Ei = %% /ker((9)Y) then there is an injection (J35)Y : ii s (RE)©) @ (RE) of
R:-modules. Define

==, (€ 3 —1 € —=+,(—€ 3 —1 —e
Zn = (@) (@9 e o), T = (00)Y) T (0 e (@),
Then there is a splitting
(20) T =T e T,

of RE-modules. Taking G,,-invariants, we obtain an injection

i,(ie))Gm SN ((R;tl)(iE))Gm ~ 7/p"Z

:I:,(:I:E)) Gm

(i
of Z/p™Z-modules, hence (f +,(+€)

0<mEE) <m (of course, nothing prevents (i

is isomorphic to Z/p™ 7Z for a suitable integer

:I:,(:I:e))

Gm . ..
" from being trivial).

5.3. Compatibility of the maps. In order to ensure compatibility of the various maps
appearing in the previous subsection as m varies, in the sequel it will be useful to make a

convenient choice of the isomorphism ii’(e) introduced in (I§]).
Let

7'('1:5 : Zfb/wmzrjfl —» Hi := Homg, (&%a@p/zz))

denote the dual of the inclusion £f C Sel;,tm(E/Km)w’j’i:O. Since y € ker(r*), we have
7 (ZE) = 0, hence there is a surjection 75 : (X£)V — HZ showing, by duality, that &=
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is actually a submodule of ¥, Since (7 o 9) ({0} @ (RE)("9)) = {0}, again because
y € ker(n™), the dual of 7> o 97 factors through a map

JEEE — (RE)9),

Proposition 5.5. One can choose the isomorphisms ii’(e) in (IX) so that if - denotes the
composition

7 ii,(e)
Un T ((B)9) s ()
then the R -modules ¥ (EX) are generated by elements 0L € R satisfying

O = (Om)in>1 € lim Ry, = A,
m
Proof. Here we consider only the case of sign 4, the other case being similar. Since the
statement is independent of the Gal(K/Q)-action (all maps are equivariant for this action),
we ignore it. For each m > 1 fix a generator 6}, of ¢} (£,/) and use the shorthand “cores” for
the corestriction map coresg,, ,/k,,- First suppose that m is odd. In this case w,, = w,, .,
and cores(c,’ +1) = —a;;,. There is a commutative diagram

+
wm«kl

+ + o\ +
gm-l—l (Rm+1) —>wm+1Rm+1 Rm+1

&M% ) i i

£ (Ry) G Ry ——— R},
5 (€)

where the vertical unadorned arrows are projections, and replacing i%’(e) with u,,in " for a
suitable unit wu,, gives the compatibility of 9:; 41 and 0% under projection. Now suppose that

m is even. In this case w,, | = pw,, in A, and cores(ai;wrl) = pa,h. Therefore there is a
commutative diagram

5;FL+1 frt (REH)V — Wy 1Bmp1 R;;Jrl
pr
£ —"" e (BE)Y 2 G R — 2 B}
that again shows the compatibility between 9:; 41 and 0. The result follows. O

From now on, fix the isomorphisms ii’(g) as in Proposition (.5} so that 6% € A. In the
following, we will implicitly identify (Ri)(e) and its Pontryagin dual by means of the above
maps. We will also identify (R;—LI)(*E) with its Pontryagin dual, but we will not need to specify
a convenient isomorphism in this case.

5.4. Galois extensions. We introduce several Galois extensions attached to the modules
defined in §5.2k in doing this, we follow [2, §1.3] closely. We start with a discussion of a
general nature.

For any Z/p™Z-submodule S C Sel,n (E/K,,) we define the extension Mg of K,,(E,n) cut
out by S as follows. Set

Gm = Gal(Km(Epm)/Km).

With a slight abuse, we shall often view G,, as a subgroup of GLo(Z/p™Z), according to
convenience. By [2, §1.3, Lemma 2], whose proof does not use the ordinariness of E at p
assumed in loc. cit., there is an isomorphism

' =~ GLo(Z/p™Z).
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By [2 §1.3, Lemma 1], whose proof works in our case too, restriction gives an injection
Selym (E/Kyn) — Selym (E/Kpp(Eym)) ™.
Define G?Pm(Epm) = Gal(K (Epm )™ /Ky (Epm)) where K, (Eym)® is the maximal abelian
extension of K, (E,m). It follows that there is an identification
Gm
Hl (Km(Epm)’ Epm) = Homgm (G?Pm(Epm)? Epm)
of Z/p™Z-modules, where Homg,_ (e, *) stands for the group of G,,-homomorphisms. Thus we
obtain an injection of Z/p™Z-modules
(21) S« Homg,, (G () Bpn)s 8+ @5,
and for every s € S we let M denote the subfield of K, (FE,=) fixed by ker(¢;). In other

words, My is the smallest abelian extension of K,,(E,~) such that the restriction of ¢, to
Gal( K, (Eym)® /Mj) is trivial. The maps ¢, induce injections

@5+ Gal(M, /Ky (Epm)) < Epm

of G,,-modules. Let Mg C Km(Epm)ab denote the composite of all the fields M, for s € S.
By [2, Lemma 3 p. 159], the map
(22) Gal(Ms/Km(Epm)) — Hom(S, Epm), gr— (s — ws(g\Ms))
is a Gp,-isomorphism and (2I]) induces an isomorphism
S —» Homg,, (Gal(Ms/Ku(Epm)), Epm )

of Z/p™Z-modules; here Hom(e,x) is a shorthand for Homgz,mz(e,x). One can show that,
given two subgroups S’ C S C Sel,m (E/K,,), there is a canonical isomorphism of groups
(23) Gal(Ms/Mg/) ~ Hom(S/S’, Epm)
and, conversely, for every subgroup S of S/S’ there is a subextension Mg/Mg: of Mg/Mg
such that
(24) Gal(Mg/Mg) ~ Hom(S, Eym).

In this case, we say that Mg/Mg: is the extension associated with the quotient S/.S’.
Now we apply these constructions to the setting of §5.21 To simplify the notation, put

Seli, 1= Sel (E/K,,)“n =0, Sel% := lim el .
m

Let M* denote the field cut out by the subgroup Seli; then ME C Mi 41+ By construction,
there are canonical surjections
(25) Gal(MZE, | /K1 (Bynir)) — Gal(ME /Ky (Epm)).

Define
My =l My, Keo(Epee) := lim Ko (Eym),

so that
Gal (M /Koo (Ep<)) = lim Gal (M / Ko (Epm)),

the inverse limit being taken with respect to the maps in (25]). By ([22]), for every m > 0 there
is an isomorphism

Gal(M5 /Ky (Epm)) ~ Hom (Sels, Eym)
of Z/p™Z[G]-modules, hence there is an isomorphism of Z,[Gos]-modules

Gal(Moio/Koo(Epoo)) ~ Hom (Selfo, Epee),
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where Zp[Go] = @m Zp|Gp) is defined with respect to the canonical maps Gy, y1 — G-
Now recall the map (9;5)Y of (I8) and let L C M be the extension of K,,(E,m) cut out
by ker((ﬂi)v). Then there are canonical G,,-isomorphisms
Gal(LY /Ky (Epm)) ~ Hom (ker ((95)Y), Epm)
and

(26) Gal(Mz/LE) ~ Hom (35, Eyn) ~ Hom(Ei (9

Epm) &) Hom <§i7(_6)7 Epm) ;
here (26]) is a consequence of (24]). Moreover, write LE®9) for the subextension of ME/LE
corresponding to 3, =) (cf. @); then LEY N LH09 = £E and ME = L5 . 509

Finally, let L( 9 denote the extension of Li( 2 corresponding to (ii’(ie))Gm. We have
L A )ﬂLi( ) = = L and

Gal(LE®) /L) ~ Hom((fi’(i))Gm, E,,m) .

Furthermore, if Ei = Ei’(ﬂ . Ei’(_) then
Gal(LE/LE) ~ Hom((ii’(ﬂ)(}m, E,,m) ® Hom((iiv“))(;m, E,,m)

~ Hom((ii)Gm, Epm),

where the second isomorphism follows by taking G,,-invariants in (20). Since, by Lemma [3.2]
Sel£ injects via restriction into Selym+1(E/Kpi1(Epm+1)), restriction induces an injection

(Ei)Gm — (ii +1)Gm+1. It follows that for every m > 0 there is a canonical projection
(27) Gal(LE,,/LE ) — Gal(LE/LE).

To introduce the last field extensions we need, we dualize the exact sequence
(RO ® (R2)9) 225 () — ()" /im(3%) — 0
and get an isomorphism ker ((9%)) ~ ((Ei)v/im(ﬁi))v. Moreover, dualizing
0 — im(WE) — (Z5)Y — ker((95)Y)" — 0
gives a short exact sequence
(28) 0 — ker((02)Y) — 52 U7 )y o,

Finally, with maps 9* and p¥, defined as in () and (I8), write U2 for the R-submodule
of Sel such that there is an indentification

(29) 7= = im(pE 0 9F) = (SelE JUL).
Namely, consider the short exact sequence
0 — IE — (Sel)Y — (SelE)V/TE — 0.
Since Z: is compact, hence closed in (Seli)v7 dualizing the sequence above gives
(30) 0 — ((Sel£)V/ZE) — Self — (Z£)Y — 0.
Now define UZ := ((Sel;)V /I%)v and view U as an R} -submodule of Sel via (30). Then

there is a natural identification
(31) Sel® /UL = (1%)Y,
and dualizing B1I) gives (29).
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Write MZE for the field cut out by Ux. As pf o 9* factors through (RE)© @ (RE)(9),
there is a commutative diagram

IES

pi
XE "> (Sel)V

|

(2n)"

A @ A9

|

(Ry)© @ (Ry)

O

that induces a surjection Z — im(¢J;) and then, by duality, an injection im(9%)Y — (Z:£)V.
From this we obtain a commutative diagram with exact rows

(32) 0 — ker((955)Y) Efﬂ; im(zf;)v —0
0 U Sel (ZE)Y 0

whose upper row is (28]). Denote by LE* the field corresponding to ¥, so that Ei c Ly
by @3). Observe that ME and L are linearly disjoint over LE. To check this, note that
MENLE c MFE NLz" and that the second intersection corresponds to the subgroup U NY:E
inside Sel:. But diagram (B2) shows that ker((9%)Y) = U NSk, hence ME N L = LE;

we conclude that M* N LE = LE. It follows that
Gal(M7 - L /M) ~ Gal (L /My N L) ~ Gal(LE /L),

and then the inclusion M - L ¢ M induces a surjection

(33) Gal(MZE/ME) — Gal(L/LE).
It follows that for every m > 0 there is a commutative square of surjective maps
(34) Gal(Mz, | /ME ) —= Gal(L%, /L% )

Gal (M£/N2) Gal(L%/L%)

where the horizontal arrows are given by (B3] and the right vertical arrow is given by (21)).
One easily checks the surjectivity of the left vertical map and the commutativity of (34)).

5.5. Families of Kolyvagin primes. The purpose of this subsection is to show that one
can manufacture a Galois-compatible sequence (fi)mx of Kolyvagin primes. More precisely,
our goal is to prove

Proposition 5.6. There is a sequence /X = (€§)m>1 of Kolyvagin primes for p™ satisfying
the following conditions: -

(1) Frob,: = [rg5] in Gal(ME/Q) with g5 € Gal(ME /Ky (Eym)) such that
() mz1 € Gal(M5 /Koo (Bp<));
(2) restriction induces an injective group homomorphism
Tes T E(K,, ;) /p"E(K,, ;=)

(3) Pt (65 +1)? — .
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5 ¢

. To see the existence

Proof. Notation being as in §5.2] and §5.4], for each choice of sign + pick h% ) —p
Gal(l?i’(i)/Li) such that the period of (hgéc))Th?%) is pm(i) = pmi’(i)
of an element with this property, observe that if hg: ) corresponds to the homomorphism
¢ : (fi’(i))cm — E,m then (h%))ThSZE) corresponds to z — +£7¢(x) + ¢(x). In light of
this, to show the existence of such an h%ﬁ ) it suffices to choose a ¢ that takes a generator of
(fi’(i))cm to an element of order p™™ in Eym. Define hif, := (hﬁj),hﬁg)) € Gal(zi/Lfl)
and choose the sequence (k) -, so that the image of hi 41 Vvia surjection (21) is ht. Using
diagram (B4)), select also a compatible sequence of elements gz € Gal(MZE/K,,(E,m)) such

that the image of g in Gal(ii / Li) is hi. For every integer m > 1 choose a prime number
¢+ such that

(35) Frob,+ = [TgE] in Gal(MZ/Q).
Clearly, £ is a Kolyvagin prime and the required compatibility conditions are fulfilled by

construction, so (1) is satisfied. To check (2), we must show that the restriction is injective.
For this, fix a prime [ of ME above £ satisfying Frobi p+ = 7g;t. Then the restriction of

Frobs + to Gal(LE /L) corresponds to an injective homomorphism

—=Et\Gm
¢[$/z$ : (Em)

consisting in the evaluation at Frob« 6L namely, one has
m m

— Epm

‘ﬁ[i/z,in(s) = S(Fmb[rin/zrin)
for all s € (fi)am. and the
completion of K, at )\i is isomorphic to the completion K AL of K at the unique prime )\i

The choice of [ determines a prime A of K,, above (%,

of K above (. It follows that the canonical restriction map

(36) (Cn) ™ — B(Ky) /p"E(Kyz)
is injective, since the same is true of its composition with the local Kummer map and the

evaluation at Frobenius. Suppose now that s € ii is non-zero and Tes,= (s) = 0. In par-

ticular, the submodule (R s)%™ of (fi)Gm is sent to 0, via (36]), in the direct summand
E(KAi)/me(KA?,L) of E(ij%)/me(Km,zi) corresponding to S\i Up to multiplying s
by a suitable power of p, we may assume that s is p-torsion. Now Ris is a non-trivial Z/pZ-
vector space on which the p-group G, acts. By [28, Proposition 26], the submodule (R s)%m
is non-trivial, and this contradicts the injectivity of ([B6]). Summing up, we have proved that
all choices of a sequence (% = (£), ., satisfying (B5) enjoy properties (1) and (2) in the
statement of the proposition. a

The finer choice of a sequence (L satisfying (3) as well can be made by arguing as in the
proof of [23, Proposition 12.2, (3)]; see the proof of [19, Proposition 3.26] for details. O

5.6. Local duality. The aim of this subsection is to bound the A-rank of Az & Ay by a
A-module V(¢£) that surjects onto Az @& Ay; as notation suggests, V (/%) depends on the
choice of a compatible family ¢ = (6£),,>1 of Kolyvagin primes as in §5.5
By [22, Ch. I, Corollary 3.4], if F is a finite extension of Q, then the Tate pairing induces
a perfect pairing
<'7'>F : Hl(Fv E)pm x E(F)/me(F) — Z/me
that gives rise to a T-antiequivariant isomorphism

Sp : HY(F, E)yn — (E(F)/p™E(F))".
If F is a number field and v is a finite place of I then we also denote (-, ) p by (-, ) -
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Now let ¢ be a Kolyvagin prime for p™ and write d,, » as a shorthand for dg,, », where A
is a prime of K, dividing ¢. Taking the direct sum of the maps d,, x over all the primes A |/,
we get a T-antiequivariant isomorphism

(37) St + H (K, B) . — (E(Knyo) [P E(Kom)) "

Composing 6,,, with the dual of the restriction res,, , defined in (@) and the dual of the
inclusion Sel£ C Sel,m(E/K,,), we get a map

(38)  H' (K, E)pm Dmit, (B(Kp0)/p"E(Kpnp))’ ——*V”—S Selym (E/Kp)Y — (Sel)Y
whose image we denote by V. (¢). By construction, V= (¢) is an R;:-submodule of (Sel)Y.
Proposition 5.7. Let (X be a sequence of Kolyvagin primes as in Proposition [7.0

(1) For every m > 1 there is a canonical surjection Vi(ﬁi) —- Wn, £ g Wi( E)

(2) For every m > 1 there is a canonical surjection Vm+1(€m+1) — VEE).

Proof. Fix an integer m > 1. Composing the isomorphism 6, ,+ in B7) with the dual of the
map Tes,+ introduced in part (2) of Proposition 5.6 we get a surjection

res’

1 ém,li m v m,l% =t\V
HY (K s B) e~ (B(K ) [P B (K ) —% (5)

m

that, by definition, factors through VX (£E). Now (ii)v ~ im(¥;), which is isomorphic to
an;’(e) <) Ws@: (=9 Therefore we get an Ri—equivariant surjection
Vi) — Wi @ @ wip9),
which proves part (1).
As for part (2), let us define the map V= (ﬁiﬂ) — V.E(£E). Consider the diagram

+ —
Ry @Ry~ HY (K g 2By — Vi1 () —— (Seli )Y

R @Ry ~H\(K,, 1 E) ,

in which the left vertical surjection is a consequence of part (2) of Lemma and the right
vertical arrow is surjective because Sel¥ injects into Sel,jf1 41 via the restriction map denoted
by “res” (see Lemma and §3.3)). This diagram is commutative by the transfer formula
(see, e.g., [0l Ch. V, (3.8)]). In light of this, an easy diagram chasing shows the existence of
the desired (dashed) surjective homomorphism. O

In the rest of the paper, let (X = (££), -, denote a sequence of Kolyvagin primes as in
Proposition It follows from part (2) of Proposition [£.7] that we can define the A-module

V:I: g:l: L V:I: g:l:
Proposition 5.8. There is a surjection
VEUE) — Az @ Ay.
Proof. Taking the inverse limit of the maps in part (1) of Proposition [B.7] gives a surjection

39 VE(E) — Jm (W & W),
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where we use the fact that the projective system satisfies the Mittag—Leffler condition, as all
the modules involved are finite. On the other hand, with Z; as in (29)), there is a short exact
sequence

0— 2t —1F —swhOgewhId o,
and passing to inverse limits shows that there is a short exact sequence

0 — limZ;; — Az @ Ay — @(Wﬁ;’(e) e WEI) —o.

Since Az N Ay = {0} and @m Z= C Az N Ay, we have l&lm ZE =0, therefore Az @ Ay is
isomorphic to @m(Wi’(e) <) Wi’(%)). Combining this with ([B9) gives the result. O

5.7. Kolyvagin classes. We briefly review the construction of Kolyvagin classes attached to
Heegner points.

Let m > 0 be an integer and let ¢ be a Kolyvagin prime for p™; in particular, p™ | ¢ + 1
and p™ |a;. Assume also that p™*! t £ + 1+ ay. Let H; be the ring class field of K of
conductor ¢. The fields K,, and H, are linearly disjoint over the Hilbert class field Hi of

K and Gal(Hy/H;) is cyclic of order £ + 1. Let H'") be the maximal subextension of the

m,l
composite K, H; having p-power degree over K,, and set &, := Gal(Héfv)g/Km). By class
field theory, if ny := ord,(¢ + 1) then &, ~ Z/p™Z; in particular, m |n,.
As in [14] §3] and [B] §2.1], we can define a Heegner point xgym € X (M)(Hym) and, with
g as in @), set ygpm = wp(xpm) € E(Hgm). Let the integer d(m) be as in (I0), then take
the Galois trace

Oém(e) = tI‘ngal(m) /Hr(f:,)e (ygpd(m)) = E(ng’)z)

Now fix a generator o, of &, and consider the Kolyvagin derivative operator
p"t—1

Dy := Y o} € Z/p"Z[®].

i=1

One has (oy — 1)Dy = —t hence

CH K

&

D(an(0)] € (BE(HE),) /" B(HT))
where [*] denotes the class of an element x in the relevant quotient group. Now observe that,
thanks to condition (2) in Assumption [LT], E, (Hg;)z) is trivial (cf. [14] Lemma 4.3]). Taking

By-cohomology of the p™-multiplication map on E(H T(f)g) gives a short exact sequence

() () )\ 1 (v)

0 — B(Kn) /0" E(Ky) — (B(HD,) /o E(HT))) " — H' (8, E(HT),. — 0.

Composing the arrow above with the inflation map gives a map
L)

(40) (BHE) /p"BHD)) " — H (60, E(HE))) 0 — H (K, B)pn.
Definition 5.9. The Kolyvagin class dp({) € H' (K, E)pm is the class corresponding to
[Dy(ay,(€))] under the map (E0).

For any Kolyvagin prime ¢ for p™ fix a T-antiequivariant isomorphism of R,,-modules
(41) e+ H (Kt )y — E(Kng) /0™ B (Ko e)

as in [2) §1.4, Proposition 2]. If v is a place of a number field F and ¢ € H'(F, M) for a
Gp-module M, we write res,(c) for the restriction (or localization) of ¢ at v; if ¢ is a prime
number, we write res,(c) for the sum of the localizations at the primes of F' above g.
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For the next result, recall from §4.2] that z,, := try domy [ Em (ypd(m)) € E(K,).
P

Proposition 5.10. The class d,,(¢) enjoys the following properties:
(1) if v is a (finite or infinite) prime of K, not dividing £ then res,(d,,(¢)) is trivial;
(2) Gme(rese(dim(£))) = [rese(zm)].

Proof. See [14], Proposition 6.2] or [2], §1.4, Proposition 2]. O

5.8. Global duality. In this subsection we use Kolyvagin classes, combined with global
reciprocity laws, to bound the rank of the A-module V* (/L) that was introduced in §5.6] and
surjects onto Az @ Ay.

Fix a sequence of Kolyvagin primes (£ = (¢£) ., as in §5.61 For every m > 1 define

dpm (61) if m is even

dy, = dpp (05) ==
dm—1(€5 1) if m is odd

and
dm—1(£,,_1) if m is even

dm,(0:) if m is odd.

d =d;(l2) =

m m OO)

From now on, in order to ease the notation write

m if (the sign is + and m is even) or (the sign is — and m is odd)

p(m) =
m — 1 if (the sign is + and m is odd) or (the sign is — and m is even).

With this convention in force, d=, . belongs to H* (K m ,E) Now recall that if F'is a
n(m) p(m)

number field, s € H(F, E,;m) and t € H'(F, E),m then
(42) Z <resv(s), resv(t)>FU =0,

v

pﬂ(m) .

where v ranges over all finite places of F' and (-, ), is the local Tate pairing at v. By part
(1) of Proposition .10, the class di(m) is trivial at all the primes not dividing Ei(m), hence
equality (42]) implies that

+
(43) <5€i(m) o I'GSK:I:(m)> (du(m)) 0.
The morphism in (B8] defining Vi(ﬁi(m)) factors as

Hl(Ku(m)vff(myE) - Hl(K + 7E)pu<m)/(wf(m)) — VE(L,

£ \V
um)e2, uim)) © (Selim))

because the target is wi:(m)—torsion. Define Di(m) to be the Ri(m)—module generated by the
. + + : 1
image resp (du(m)) of iy I H (Kﬂ(m)véi(m)’
(2) of Lemma [5.3] induces a decomposition

1 + ~ (p* (e) + (-9
H (Ku(mmj(myE)pwm)/ (@imy) = (Bmy) ™ @ (Byi)

Now we collect two lemmas that will be used in the proof of Proposition B.13] below. First of

all, recall the map ¢= (m) - Ei( ) (Ri(m))(g) of Proposition

( ) = T/Ji (Ei )) Ri(m)ef(m) as }?ff(m)—modules.

pﬂ(m)

E) ph(m) / (wi:(m)). The decomposition in part

Lemma 5.11. res,+
p(m)
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Proof. We know from the discussion in §5.3] that é’ff(m) is a submodule of Ef(m), so there is
an injection

=
(44) Evimy/ (5jj(m) Nker((95,,)")) = m)

where (ﬂi(m))v is defined in (I9). Part (2) of Proposition 5.6l shows that composing (44]) with

the restriction map res,+  produces an injection
w(m)

Exomy | Exomy NV kex (F55)))) = B(E gy e ) /P B (K )

whose image is equal to respk (Eui( )) Finally, from the definition of i/)i(m) in Proposition

we see that ¢:(m (é’i ) (m)/( m) 1) ker((ﬁt(m))v)), and we are done. O

+ + (=9
Lemma 5.12. (1) D) = (Ru(m))

(2) D;:f(m) A <H1 (K,u(m),fj(m)’ )pu(m)/(wi:(m)) @ {0}> = {0}
Proof. For simplicity set

M:=F (K

ulm

Hi(m) as Rff(m) -modules.

), H:=H'(K

)/p“( )E(K p(m), £ p(m) L5, E)pum) :

( u(m) p(m)

+
+ m) =0 m)=0 + i
We know that res,« (é’u(m)) - Mw“( )™ and that the map M“ktm ™ — M/Wu(m)M 18

p(m)

injective. On the other hand, the isomorphism ¢ = qﬁu(m ;t( : of {I) gives a commutative

diagram

(R @ (R~ <= ) j(w) @ B9 /() ——= M9 J(wf) & MO j(w) ——> (BE)9 & (1)
(R - (RE)

in which we have set p := p(m) and the right and left isomorphisms in the top row are a
consequence of parts (1) and (2) of Lemma|5:{|, respectively. By part (2) of Proposition 510
+ +
the class of reszic(m) (du( in H/( ) is sent to the class of [I‘GSK:I:( : (zﬂ(m))] in M/( W(m) )

Combining LemmaEII] with the dlagram above proves (1) and (2) simultaneously. O
We are now ready to prove the main result of this subsection.
Proposition 5.13. The rank of V*({L) over A is at most 1.

Proof. We prove the proposition for sign +, the other case being similar. For every m > 1
consider the Kolyvagin class d* () ( pu(m ),E) .my defined above and the submodule

e H
(£e)
D:(m) c H! ( um).eh )p#(m) ( : ) generated over R () by dt () Let fu(m) denote

,E)( 9 as R yu(m)-modules. The images 5(( ) of the classes of

generators of H' (K () 0+ pr(m)

w(m)

fu(m are generators of the quotients H' (Ku(m% oy

image of the cyclic R+(m)—module D:(m) is then generated by the image of an element of the

)p#(m)/( (m) ) as R (. )—modules. The

form 7(© 5 © ) T nt= e)f;%;)) for suitable n(*¢) e R, (m), and hence isomorphic to the principal

R+(m) module R:(m) (n(e),n(*e)). Using the isomorphism R:( ) ~ @ o Ry of Lemma [5.4]

o
we see that

+
Ru(m

p(m)

(=€) @ () ot o
(15 09) 2 Ry By (1)1 7) s ROy = Rom) ) Oy
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Applying part (1) of Lemma [512] we obtain an isomorphism

Rym)® Oy = Rs(om) @y (9, n9).

Now [2 §1.2, Lemma 7] shows that @ (m)HM | (m) (77( ),77(_5)), so there are p,(m), Vyim) €

R, (m) such that @ ( )(17(6),77( )) M(m)HZ( )(pu(m)”/u(m))' Since @;(m)Ru(m) o~ Ru(m),
this implies that Du(m) is generated over R:(m) by the image of an element of the form
Hz(m) (pﬂ(m),u“(m)). By part (2) of Lemma [B.12] we also know that v, € R:(m). Let us
define o
. pt €
Wﬂ(m) T R,u(m) <p,u(m é.,u(m + V(m)w é.,u(m >
Then

H 1( u(m),ef ) E);,u(m)/ (@pm)) 2Hl( ()L E)t;i(m)/ (Whitmy) & Wt

from which we deduce that

+ gl
O H (B o), oy’ E) )

Using ([43]) we see that the image of resﬁ( (dJr
p(m)

p(m

+
i)

)) via ([B8) is trivial. Thus we get

) p(m)

©
~ + 1
0y H <Ku( )f:(m)’E)pu(m@resf*

5“(’”)%0@ (Hj(m)H1< Mm)%(m)’E)p#(m)) 5"(’”)%(7@ (Hj(m)H1< 1),y E>(:‘<m>)'

Therefore, recalling the definition of V' (QL(m))’ we conclude that there is an isomorphism of

RT  -modules
p(m)

(©
oyt )~ + gl
Orsemy V" Comy) = Spm (au(mH <Kﬂ(m),€:(m)’E>pH(m)>'

It follows that 9+( )V+ (¢ (m)) is a cyclic R;r(m)—module for all m > 1. Since 1 € A and

= lim R “(m it follows that the A-module V(L) is cyclic, and then V1 (£1) is cyclic
over A as well. O

5.9. Completion of the proof of Theorem [5.3l Recall from the beginning of Section
that our goal is to show that the element y € ker(n¥) is A-torsion. But this is immediate:
the A-module Ax is free of rank 1 because x is not A-torsion, hence combining Propositions
B8 and shows that Ay is A-torsion, which concludes the proof.

We remark that the arguments described above give also a proof of

Corollary 5.14. The A-module VE (L) has rank 1.

6. APPLICATIONS TO SELMER AND MORDELL-WEIL GROUPS

As an application of Theorem Bl in this final section we prove results on the growth of
Selmer and Mordell-Weil groups along the finite layers of K. /K.

6.1. Growth of Z,-coranks of Selmer groups. In this and the next subsection it will
be convenient to use the “big O” notation: given two functions f,g : N — C, we write
f(m)=g(m)+ O(1) if | f(m) — g(m)] is bounded by a constant that does not depend on m.

Theorem 6.1. If D =1 then corankz, (Sely~(E/Ky,)) = p™ + O(1).

Proof. By [Tl Theorem 3.1], coranky (Selp~(E/K)) = 2 = [K : Q], so [16, Proposition 6.1]
guarantees that Hypothesis (W) of [I6 §6.1] holds in our setting. Moreover, by Theorem
B we know that ranks(X1) = ranky(Xy) = 1, and the desired formula follows from [I6]
Proposition 7.1]. O
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Remark 6.2. Once [7, Theorem 3.1] is extended to the case where D > 1, the assumption
“D =1” in Theorem (and in Corollary below) can be dropped.

Theorem proves [3l Conjecture 2.1] when p is a supersingular prime for E (subject to
the conditions of Assumption [[T]) and K is the anticyclotomic Z,-extension of K (since
we are assuming that E has no complex multiplication, in the terminology of [3] we are in
the “generic” case). The counterpart of this result for ordinary primes ([3, Lemma 4.4]) is a
consequence of a combination of Mazur’s “control theorem” (][20]; see also [13, Theorem 4.1])
with [2] Theorem A] and [9, Theorem, p. 496].

Remark 6.3. It is worth pointing out that a result like the one in [7, Theorem 3.1] alone does
not seem to yield the asymptotic growth of corankz, (Selpoo (E/ Km)) that was described in
Theorem This insufficiency is accounted for by the failure, in the supersingular case, of
the control theorem in its “classical” form. More precisely, what one can prove by combining
the equality coranky (Sely~(E/Kx)) = 2 with standard Iwasawa-theoretic arguments is that
corankz,, (Selye (E/Koo)'™) = 2p™ + O(1) (cf. [13, p. 457 for details).

Remark 6.4. Theorem could also be obtained independently of Theorem [5.1] by using the
results of [4] as in [7, §2.2], provided we knew that L'(E/, x,1) # 0 for all but finitely many
finite order characters x : Goo — C*. Unfortunately, the strongest non-vanishing result that
we are aware of is [I0, Theorem 1.5], which holds only for infinitely many .

6.2. Growth of Mordell-Weil ranks. In the following, let Il ,~(E/K,,) denote the p-
primary Shafarevich—Tate group of F over K,,. The usual relations between Mordell-Weil,
Selmer and Shafarevich—Tate groups of elliptic curves over number fields lead to

Corollary 6.5. If D = 1 and I, (E/Ky,) is finite for m > 0 then rankz(E(Kp,)) =
p™ 4+ O(1).

Proof. 1If e (E/K,y,) is finite then E(K,,) ® Q,/Z, has finite index in Sel,e (E£/Kp,), hence
coranky, (E(K,)®@Qyp/Zy,) = coranky, (Selp~(E/Ky)). On the other hand, rankz (E(K,y,)) =
corankz, (E(Kp) ® Q,/Z,), and the searched-for formula follows from Theorem O
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