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Abstract: We consider a Dirichlet problem for the Poisson equation in a periodically
perforated domain. The geometry of the domain is controlled by two parameters: a real
number € > 0, proportional to the radius of the holes, and a map ¢, which models the
shape of the holes. So, if g denotes the Dirichlet boundary datum and f the Poisson
datum, we have a solution for each quadruple (¢, ¢, g, f). Our aim is to study how the
solution depends on (e, ¢, g, f), especially when € is very small and the holes narrow to
points. In contrast with previous works, we do not introduce the assumption that f
has zero integral on the fundamental periodicity cell. This brings in a certain singular
behavior for € close to 0. We show that, when the dimension n of the ambient space is
greater than or equal to 3, a suitable restriction of the solution can be represented with
an analytic map of the quadruple (¢, ¢, g, f) multiplied by the factor 1/e"2. In case of

dimension n = 2, we have to add loge times the integral of f/2x.
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1 Introduction

The object of this paper is to study a singular perturbation of a Dirichlet-Poisson prob-
lem in a periodically perforated domain. The aim is to show that the solution can
be written as a combination of real analytic maps and—possibly singular but completely
known—elementary functions of the perturbation parameters. The geometry of the prob-
lem is controlled by two parameters: a positive real number e that determines the size
of the holes and a shape function ¢ that deforms the boundary of a certain reference
domain € into the shape of the holes. To wit, the holes are shifted copies of e¢(92) and
thus, for € that tends to zero, they shrink down to points. Next, we take a Dirichlet
datum g and a Poisson datum f in such a way that the problem has a unique solution for
each choice of the four variables €, ¢, g, and f. So it makes sense to ask ourselves what
we can say of the map that takes a quadruple (¢, ¢, g, f) to the corresponding solution.
In particular, we want to see what happens when € is close to zero and the holes are
shrinking to points.

The interest for periodic problems for the Laplace equations is (in part) motivated
by their relevance in the applications. For instance, problems of this kind arise in the
study of effective properties of composite materials. The reader may find some examples
in the works of Ammari, Kang, and Lim [2], Ammari, Kang, and Touibi [3], Drygas,
Gluzman, Mityushev, and Nawalaniec [I0], Gluzman, Mityushev, and Nawalaniec [14],
and Kapanadze, Mishuris, and Pesetskaya [15], [16].

Indeed, we have ourselves already written on this topic. In particular, the problem of
this paper is very similar to those of [34] and [35]. There is a critical difference though:
in [34] we take the Poisson datum f equal to 0 and in [35] the function f is required to
have zero integral on the periodicity cell, whereas here we abandon this assumption. As
a consequence, we have to deal with a specific singular behavior that appears for e close
to zero: If the ambient space has dimension n > 3, the solution shows a singularity of the
order of 1/€"~2, and, for n = 2, a (log ¢)-singularity. Also, in the previous works [34} [35]
the number e was solely responsible for the geometric deformation of the problem, and
thus only homothetic transformations of the holes were allowed. Here, instead, the holes
can change shape according to the function ¢ and we analyze the joint dependence on
the set of variables (e, ¢, g, f).

We now describe our problem in detail. We fix once for all
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where N denotes the set of natural numbers including 0. We set

a1 0 0
0 Qoo - 0 n
. . . . Jj=1

The set @ is the fundamental periodicity cell and the diagonal matrix ¢ is the periodicity
matrix associated with the cell Q.

We consider a set 0 C R” satisfying the following assumption:

Q2 is a bounded open connected subset of R™ of class C1®
(1)

such that R™\ Q is connected.

In , as well as in the rest of the paper, « is a fixed number in the open interval ]0, 1]
and the symbol * denotes the closure of a set. For the definition of sets and functions of
the Schauder class C7® (j € N) we refer, e.g., to Gilbarg and Trudinger [13].

The boundary 0 of € plays the role of a reference set and the boundary of the
holes is obtained rescaling and shifting the image of 92 under a suitable map ¢. The
set of the functions ¢ that we allow is denoted by Aé’g and consists of the functions
of CL*(9,R™) := (CT*(9Q))™ that are injective and have injective differential at all
points of 92. We can verify that Aé’g is open in CH(9Q,R") (see, e.g., Lanza de
Cristoforis and Rossi [26] Lem. 2.2, p. 197] and [25] Lem. 2.5, p. 143]). Moreover, if
¢ € Ag’& then the Jordan-Leray separation theorem (see, e.g, Deimling [9, Thm. 5.2,
p. 26]) ensures that ¢(9€) splits R™ into exactly two open connected components. We
denote by I[¢] the bounded one and we can verify that I[¢] is a set of class C1'® (cf. [25]
Lem. 2.6, p. 144]). To put it simple, the modified set I[¢] keeps the same regularity of
the reference set €. Incidentally, we observe that this might not be the case with sets of
a lower regularity. For example, a bi-Lipshitz image of the boundary of a Lipshitz set
might not be the boundary of a Lipschitz set (cf., e.g., McLean [33], Fig. 2 (iii)]).

Next we fix a point

peEQ,

which is the point where the hole in the reference periodicity cell shrinks to. It will be

convenient to consider perturbations around a fixed

1,
¢ € Aag.
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Figure 1: A 2-dimensional example of perforated reference periodicity cell. The hole
Q¢ 4 shrinks toward the point p when € tends to 0.

There is no loss of generality in this choice, because ¢y can be any function of Aé’f{. The
advantage is that there exist a real number ¢y > 0 and an open neighborhood Oy, of ¢g
in Aé’g such that

p+ellp] CQ V(e d) € ]—co, 0] X Og,. (2)

Then, for these €’s and ¢’s we can define the hole
Qe,¢ =p+ E]I[(Zﬂ V(E, ¢) € }_EO»EO[ X Od)o ’

which is contained in @, has size proportional to €, and shape determined by ¢. When
€ tends to 0, the hole shrinks toward the point p while its shape changes according to ¢
(see Figure [1)).

The periodic set of holes is given by

S[8e,¢] == U (g2 + Qe0) ,
zZEL™

and the periodic domain where we define the Poisson equation is

S[Q€7¢]7 =R" \S[QE@] V(G, (,25) S ]*60, 60[ X O¢0 .

In other words, the domain S[{), 4|~ is obtained removing from R™ the periodic set of
holes S[Tﬁb] (see Figure . When € approaches zero, the hole in the cell gz + @ shrinks
toward qz + p.

We now introduce suitable spaces for the functional data of the problem. For the

right-hand side of the Dirichlet boundary condition we take a function
geCcr(on),

which we properly transplant to be defined on 9Q, 4 = p + €(9). As for the Poisson
datum, regularity has to be chosen more carefully. Lanza de Cristoforis in [19] and

Preciso in [38][39] shown that Roumieu analytic functions produce analytic composition
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Figure 2: A 2-dimensional example of periodically perforeted set S[Q 4]

operators and analytic Newtonian potentials, a feature that will come handy later on
in our analysis. Moreover, since we are dealing with a periodic problem, we have to
take periodicity into account. So, the right-hand side of the Poisson equation will be a

function

fecy, R,

where p > 0 is fixed and Cf ,(R™) denotes the Roumieu class of g-periodic analytic

functions (see (B]) for the exact definition of Cf , (R™), see also [35]).
All the ingredients are now introduced and we can state our Dirichlet-Poisson prob-

lem. For a quadruple (e, ¢, g, f) €10, e[ x Op, x CH(02) x C2 , (R™), we look at

q,w,p

Au(z) = f(x) Vo € S[Qe.p] s
u(z + qz) = u(x) Vo € S[Qep| =, V2 € Z, (3)
u(z) = go V(e Yz —p)) Vo€ dy.

It is well known that problem (3)) has a unique solution in the space C1*(S[Qc 4] ) (see
Theorem see also [35 Prop. 2.2]). To emphasize the dependence on (e, ¢, g, f), we

denote it by
u[€7 ¢7 g? f] *

Then our goal is to describe the map

10, €0[ X Ogy x CH(9Q) x O, ,(R™) 3 (6,9, 9, f) = ule, 6,9, f] € CH(S[Qe ] ™) -

q,w,p



We observe, however, that the space in the right-hand side depends on ¢, and so it
is not suited to be the codomain of a function that depends on € itself. To fix this
inconvenience, we take an open bounded set V' compactly contained in R™\ (p + ¢Z™)
and for e sufficiently small we consider the restriction of ule, ¢, g, f] to V. In this way
ule, b, g, f]\V belongs to C2(V), a space that does not depend on e.

In our main Theorem we show that, up to taking a smaller ¢y > 0 and a smaller
open neighborhood Oy, of ¢¢, the map that takes (e, ¢, g, f) to ule, ¢, g, f]\V is described

by the formula

1 log e
u[€a¢7gaf]‘vz n_2u[€a¢agaf]+62,n / f({l:)d.f,
€ 2 Q
where 5 ,, is the Kronecker delta symbol and where

8 ]—€0, €0 x O, x CH2(0Q) x C°, (R™) — C2(V)

q,w,p

is real analytic (here C?(V) could be replaced with C*(V) for any k > 0). The formula
above makes evident that for n = 2 the singular behavior of the solution only appears
as soon as f has non-zero integral over ). The same is true for n > 3, as we can deduce
comparing this result with those in [35].

With the regularity chosen for f and g we can solve the problem in the framework of
Schauder spaces. It would be possible to use Sobolev spaces instead of Schauder spaces
(as in [4], for example, where we studied a perturbation near a vertex point). Doing so
we might relax the regularity assumption on g and-with a straightforward modification
of the analysis that we will present—obtain results similar to those in described above.
It seems more difficult, instead, to relax the assumptions on f.

Usually, boundary value problems in singularly perturbed domains are studied with
the methods of Asymptotic Analysis, as we can find in the works of Kozlov, Maz’ya and
Movchan [I7], Maz’ya, Movchan, and Nieves [30], Mazya, Nazarov and Plamenewskii [31]
32], Novotny and Sokotowski [37], and so on. In this paper we adopt a different approach,
named Functional Analytic Approach, which is more suited to obtain representation
formulas in terms of analytic functions (see [6] for a detailed introduction). For this
specific problem we will employ some periodic potential theory and we will exploit the
idea of [36] (later developed in [24] and [29]) of using the periodic Newtonian potential
corrected with a suitable multiple of the periodic fundamental solution of the Laplace

equation. The singular behavior that arises when f has non-zero integral over @ is



related to the fact that, in that case, the problem

Au(z) = f(z) Vo € R™, @

u(z +qz) =u(x) VYaeeR", VzeZ",
has no solution (as one can check applying the Divergence Theorem to u in Q). Problem
may be seen as the limit of as € goes to 0. Indeed, in a recent paper Feppon and
Ammari [I1] have related the appearance of singular behaviors to the failure of similar
compatibility conditions. The problems studied in [IT] are not too far from the one that
we analyze in this paper, but involve some specific generalized periodicity conditions.
We also mention that the result that we present here is, in a sense, a periodic counterpart
of a result obtained by Lanza de Cristoforis [20] 21] for a bounded domain with a single
small hole.

Incidentally, we point out that the application of the Functional Analytic Approach
to perturbations of parabolic equations is still an open problem (to us). The potential
theoretic tools to deal with periodic and non-periodic problems for the heat equations
have been developed in [22] 27, 28]. Nevertheless, the anisotropy between space and
time prevents from a direct extension of the method. It is a future goal of the authors
and collaborators to extend the methods of the present paper to parabolic problems,
starting from regular perturbation and then passing to singular ones.

The paper is organized as follows: In Section [2| we list some preliminary results of
periodic potential theory that are used in Section |3[ to transform problem into an

equivalent system of integral equations. In Section [4| we prove our main Theorem

2 Preliminaries of potential theory

As mentioned in the introduction, we use periodic potential theory to transform problem
into an equivalent system of integral equations. More precisely, we use the periodic
double layer potential, whose definition differs from that of the classical double layer
potential because we replace the fundamental solution of the Laplace operator A =
22;1 6‘%7, with a periodic analog. This will be a g-periodic tempered distribution Sg

such that

1
ASq,n = Z 5qz - W )

ZEL™



where 0,4, denotes the Dirac distribution with mass in ¢z and where | - |,, denotes the

n-dimensional measure of a set. To define S, ,, we can take

1 —
Sun@) == e
2€Zm\{0} [@lndm=lg~"2]

where the series converges in the sense of distributions on R™ (cf., e.g., Ammari and
Kang [I, p. 53], [6 §2.1]). It can be shown that S, , is real analytic in R™ \ ¢Z" and is
locally integrable in R™ (cf., e.g., [6, Thms. 12.3, 12.4]).

We will also find useful to write S; ,, as the sum of the classical fundamental solution

of the Laplacian

5.(@) = L log || Vz € R2\ {0}, ifn =2,
ahlelP Ve e R\ {0}, ifn >3,

and a remainder R, , := S, — S, which is regular around the origin. Here above s,,
is the (n — 1)-dimensional measure of the boundary 0B, (0,1) of the unit ball B, (0,1)
in R™. We note that R, , has an analytic extension to (R™ \ ¢Z™) U {0}, which we still

denote by R, ,, and that

1
ARq’n = Z (qu - @

z€Z™\{0}

in the sense of distributions (see, e.g., [6 Thm. 12.4]).

We now recall the definition of the classical (non-periodic) double layer potential. We
introduce another set 0, which we use as a dummy for our definitions: € is a bounded
open connected subset of R” of class C1* such that R™ \6 is connected. The classical

double layer potential supported on Q and with density 6 € C’lva(afl) is defined by
wa0)(t) = — / vo(s) - DSt — 8)0(s)do, Vi € R,
o

where v denotes the outward unit normal to 9 and the symbol “” denotes the scalar
product in R™. As is well known, the restriction wg[f] o extends to a function wg 0]

in C1 (6) and the restriction wg[6] extends to a function wg [0] in CLYR™\ Q).

[R"\$Q loc

Moreover, on the boundary we have the jump formula:

1 .
wa [0],06 = +50+wolflpn VO € Ch(0Q)

Q

(cf. Folland [12, Ch. 3], [6] § 4.5]).



To define the periodic double layer potential we need some more notation about
periodic domains. If QQ is an arbitrary subset of R™ such that QiQ C @ (another

dummy set), we define

S := |J (42 +Q0) =4Z" +Qq,  S[Qg]l™ :=R"\S[Q].
ZEL™

Then a function u from S[Qg] or from S[Qg]~ to R is ¢g-periodic if u(z + ¢z) = u(x) for

all z in the domain of definition of u and for all z € Z™. For j € {0,1} and « € ]0,1],

we denote by CJ%(S[Qq]) and C7(S[Qq]~) the spaces of g-periodic functions of class

C7 in S[Qg] and in S[Qq]~, respectively (cf. [6, p. 491]).

If QQ is of class C1'®, then the periodic double layer potential with density p €
O (08)q) is defined by

Wy aolil@) = = [ va ) DSynle ~ ) d, Ve c R,
0

and we see that the expression in the right-hand side differs from that in the definition
of wg[u] because we replace S,, with Sg .

. . . N N . +
It is well known that the restriction w, g [u]s a,) extends to a function WG, (1]

of CL2(S, [Qg]) and the restriction Wy 6,15, (0]~ extends to a function w;QQ [u] of

C’;’Q(Sq [QQ]*) Moreover, on the boundary of QQ we have the jump formula

1 -
+ 1,
W Mot = F5h T W0 oa, Y ECH(00)

(cf., e.g., [6l, Thm. 12.10]).

As mentioned in the introduction, we will use Roumieu analytic functions. The

advantage is that the composition operator
(u,v) > uow

is real analytic in the pair of (u,v) if w is taken in a Roumieu class and v in a Schauder
space (see Proposition below). Also, Roumieu analytic functions produce Roumieu
analytic Newtonian potentials (see Theorem [2.1)). So, for all bounded open subsets Q of

R™ and p > 0, we set

0 () - 00 (7). P | B
Cu,p()i=quel (Q).Bsup —||D Ul oz < F00p




and

= = = 0 )
||UHCBYP(Q) N BeN CO(Q) Vu € Cw’P(Q) )

where |B] := 81 + -+ - + B, is the length of the multi-index § := (84,...,8,) € N*. Asis

well known, the Roumieu class (Cg,p(fl), [ )

(5)) is a Banach space.

If k € N, then we set
k o k . —
C;(R™) :={u e C"(R") : u(x+qz) =u(x) Ve eR" VzeZ"},

and

CrR"):=={ue C®R"): u(z+qz) =u(r) VreR" VzeZ"}.

Similarly, if p > 0, we set

181
p
O, (R :=<SueC®R"): sup —||D%ullqom < +00 ¢ , 5
q, ,p( ) { q ( ) Behin |5|'|| HCO(Q) ( )
and
plPl 8 0 N
||'UJ||Cf;’wyp(]R") = ﬁSéIRIT) W”D UHCO(@) Vu e Gy, ,(R").
We can see that the periodic Roumieu class (CY , (R™), ||'||ng.p(]Rn)) is a Banach space.

It is common to use Newtonian potentials to convert boundary value problems for
the Poisson equation into boundary value problems for the Laplace equation. To keep
this tradition alive we need to introduce a periodic analog of the Newtonian potential:

if h € CY(R™), then we set

P,[h)(z) := /Q Seqn(x—y)h(y) dy Vo e R™.
Some of the properties of the periodic Newtonian potential are listed in the following
theorem (we refer to [5] for an exhaustive overview).
Theorem 2.1. The following statements hold.
(i) Let f € C;(R™). Then Py[f] € CZ(R™) and

1
Qln

AR = 10~ g [ ft)dy ve R

(ii) Let p > 0. Then there exists p' € 10,p] such that Py[f] € O, ,(R™) for ail
fec)
CO

q-,wyp’(

(R™) and such that P,[] is linear and continuous from CO , (R™) to

,w,p q,w,p

R™).

10



Then we introduce a slight variant of Preciso [38, Prop. 4.2.16, p. 51] and [39
Prop. 1.1, p. 101] on the real analyticity of a composition operator (see also Lanza

de Cristoforis [I8, Prop. 2.17, Rem. 2.19] and [20, Prop. 9, p. 214]).

Proposition 2.2. Let m, h, k € N, h, k > 1. Let o € ]0,1], p > 0. Let ', Q" be
bounded open connected subsets of R", R¥, respectively. Let Q" be of class C'. Then
the operator T defined by

Tlu,v] :==uowv

for all (u,v) € CY, () x C™*(Q", Q') is real analytic from the open subset CQ, (') x

Cme (@7, Y) of CY, () x C™e (@7, R to O (QF).

Finally, we need a last technical lemma about the real analytic dependence of certain
maps related to the change of variables in integrals and to the pullback of the outer
normal field. For a proof we refer to Lanza de Cristoforis and Rossi [25, p. 166] and to

Lanza de Cristoforis [20, Prop. 1].
Lemma 2.3. Let a, Q be as in . Then the following statements hold.

(i) For each ¢ € Aé’g‘, there exists a unique &[] € C%*(9Q) such that &[] > 0 and

/ w(s)dos = / wo(y)oY](y) doy, Yw € L' (¢(09Q)).
% (092) a0

Moreover, the map &[] from Aé‘g to C%*(9Q) is real analytic.

(i) The map from Aé’g to CO*(0Q, R™) that takes 1 to Vi) © ¥ is real analytic.

3 Formulation of problem in terms of integral
equations

First we convert problem into a Dirichlet problem for the Laplace equation. In order
to do so, we would like to use a function whose Laplacian equals the right-hand side
fe Cc(z)m ,(R™) of the first equation in problem . The natural candidate would be the

periodic Newtonian potential P,[f]. However, we have

AP [f](x) = f(x) -

1 _
ar /Q fw)dy Vo e Sl (6)

So we need to get rid of the term ﬁ fQ f(y)dy in equation @: We note that the

function from R™ \ (p 4+ ¢Z") to R that takes z to —S,..(z — p) fQ f(y) dy is g-periodic

11



and analytic, and that

A{Sq,n@p)/Qf(y)dy] —|Q1|R/Qf(y)dy Ve € R\ (p+ qZ").

As a consequence,

AVF[fl(x) = Sqn(z—p) | fy)dy| = f(x) Vo eS[Qcq]” (7)
Q

and we can use the corrected Newtonian potential

Bylf)(@) = Synlz — ) /Q f(y) dy

to transform problem into a Dirichlet problem for the Laplace equation, that in turn
we can analyze using the periodic double layer potential.

This is what we do to prove the following Theorem [3.1} first we transform the
Dirichlet-Poisson problem into a Dirichlet-Laplace problem, and then we represent the
solution as the sum of a constant and a double layer potential with a density that satisfies

a certain boundary integral equation pulled-back to 9S2.

Theorem 3.1. Let o € |0,1[. Let p > 0. Let p € Q. Let Q be as in (I). Let
(0, 90, fo) € Aé’g x CH(0Q) x CY | (R™). Let ¢, Oy, be as in , Let (¢,0,9,f) €

q,w,p

10, €0[ X O, x C1¥(0NQ) x CY, (R™). Then problem (3)) has a unique solution ule, ¢, g, f]

q,w,p

in Cy*(S[Qc,g]7), which is delivered by the formula

ule, b, 9, £1(2) = w(e 6.9, f,2) + Pylf1(x) — Sym(z — p) /Q F(y) dy
(8)
g [ ) dy Vo € Sl

where

CU(G, ¢7ga fv .I‘) = w;Qe,qs[o © (b(_l)(e_l(' - p))](x) +c Vo € S[Q€7¢]_

and where (0, c) is the unique solution in CH*(9) xR of the system of integral equations

500 = [ i 00() DS (6(0) — 6(5))0(5)5101(5) do 9)
oN
=t [ g 00(6) - DRy (el0(0) = 6)0()710)(5)do + ¢
=g(t) - o Sqn(p+ed(t) —y)f(y) dy

oS00 [ 10y Ryn(eow) [ sy e on,

12



05[¢) do = 0. (10)
o0

Proof. By we can see that a function u € C}*(S[Q,¢]~) solves problem if and

only if the function

u(@) — Pylf)(x) + Syn(a /f ) dy — 52n10g6/f Vo € SQeg]

is a solution of the following boundary value problem

Aw(z) =0 Vo € S[Qes]”,
w(z + qz) = w(x) Vo € S[Q.4]-,Vz € 2",
w(xz)=go ¢<*”(e*1(x —p)) — Plf](z)

+8S, P) Jo F()dy =620 8 [ f(y)dy Va € 0.

(11)
By [6l, Prop. 12.24] the solution of problem exists, is unique, belongs to C;*O‘ (S[Qe.6]7),

and can be written as
w@) =wgg, 006V (—p)l@) +e VreSQegl,
where (6, ¢) is the unique pair in C**(99Q) x R such that [, 65(¢] do = 0 and

100N @ - p) +wya, 000D (- () + o
— 906tV (e — p) - Polf)(x)
Sgn(z—p /f ) dy — 52n10g€/f Vo € 08 4.

By a change of variable, the last equation can be rewritten as

300 = [ o 0+ 6D DS o+ 0(0) — (04 e6(s))0NN) do + ¢
oN
- / Sam(p + 6 () — 1)1 (y) dy

1
+ Syn(p+ co(t) ./f )dy — ®n%6/j’ Vi € 90

Then we note that

Synles(t) /f

/f dy+52n1°g“/f

+ Ry n(ea(t)) /Q f)dy e oo

13



and, since

(cf., e.g., Lanza de Cristoforis [2I, Lem. 3.1]), equation can be rewritten as

=300 = [ 10 6(9)DS,n(el0(0) — 6()O(s)al6 () dor +
oN
- /Q Saum(p + c6(t) — 1) (y) dy

L s / F(5) dy + Ry n(c(®)) / f)dy Ve a9,
€ Q Q

which is easily seen to be equivalent to @D O

We denote by (0c,4,9.7, Ce.6.g,f) the unique solution of @7. We would like, how-
ever, to have integral equations that are defined also for ¢ = 0, and system @— is

not. So we rescale and take

OF 05 g p) =€ (Octg.f Cepgs)

for all (¢, ¢, g, f) €10,€[ x Og, x CH*(0Q) x C7 , (R™). We see that (95¢gf’ C60.f)
coincides with the unique pair (6%, c#) € C1*(99Q) x R such that
1 -
—507 () - /89 vig) © 9(s) - DSn(9(t) — 6(5))0% (5)5[¢](s) dors (13)

—e! /8 i © $(5) - DRyn(e(9(t) — 6(s)))0% (5)5[¢] (s) dors + c*
= e 2g(h) — e /s (0 + €d(t) — )/ (4) dy
/f Ydy + € 2Ry (eq(t) /f vt € 09,
/89 0% 5[¢)do =0, (14)
and (13)-(T4) makes sense also for € = 0.

Using the pair (Gj;g)f, Cﬁaﬁ,g,f) instead of (0c,¢,4.7, Ce.4.9,f) We Obtain from Theorem

the following alternative representation formula for ule, ¢, g, f].

Corollary 3.2. Let o € ]0,1[. Let p > 0. Let p € Q. Let Q be as in . Let

(¢0, g0, fo) € Aasz x CH(09) x ngp( ™). Let €y, Oy, be as in . Let (e, 4,9, f) €
10, e0[x Og, xC1*(Q)xCY , (R™). Then the unique solution ule, ¢, g, f] in C3*(S[Qe,¢] )

q,w,p

14



of problem (which is also given by ) can be written as

1 1
ule, 6,9, f1(2) = gy, [0F,,p 0 6 —pN@) + gty

+amuwﬂwm—méﬂm@

1 -
—Hknfe/f@ﬁw Vi € S gl
T JQ

where (eiﬁ,g,f’ cf¢7g7f) is the unique solution in C1*(0Q) x R of system (L3)-(14).

For (¢, ¢, g, f) that tends to (0, ¢o, go, fo) system — turns into the following

“limiting system of integral equations,”

_%9#(0 - / i) © $0(8) - DSn(do(t) — ¢o(5))0% ()5 [¢o](s) dos + c* (15)
20
= Gang0(t) = G20 [ Sunlo = 0)folw) dy
Q
Q Q
#5'[(;50] dO’ = O. (16)
20

In the following Theorem we prove that - has a solution and that such
solution is unique. As we shall see, system — is related to a specific boundary
value problem, which we call the “limiting boundary value problem.” The proof of

Theorem [3.3] follows the guidelines of the proof of [34] Lem. 3.4].

Theorem 3.3. Let o € |0,1[. Let p > 0. Let p € Q. Let Q be as in (I). Let
(60,90, fo) € Agg x CH(9Q) x C? , (R™). Let 7 be the unique solution in C%*(9Q) of

q,w,p

—57(t) + [50 Viige] © Po(t) - DSn(do(t) — ¢o(s))7(s)d[do)(s) dos =0 Vit € 89,

Joq T0d0ldo = 1.
(17)

Then the following statements hold.

(i) The limiting system (15)-(16]) has one and only one solution (0%, &#) in C1(OQ) x

R. Moreover,

&t = / g 76 [po) do
o

where, for all t € 9Q we have

= Jo Sam® = y)foly) dy + Sn(o(t)) Jq foly
g (1) = +&mwubh@My ifn=2,
n(o(t) fQ foly ifn>3.

15



(ii) The limiting boundary value problem

Au(z) =0 Vo € R™ \ I[¢o] ,
u(z) = gif o cﬁgfl)(x) YV € ¢o(09), (18)

lim, o0 u(z) = &%,

has one and only one solution @# in CLY(R™ \ I[¢o]). Moreover,

i () = wip, 0% 0 6y V](2) + ¢ Vo e R\ Igo]. (19)
Proof. By classical potential theory (cf., e.g., Folland [12 Ch. 3 ], [6, Lem. 6.34]) and by
the theorem of change of variable in integrals, we can see that problem has a unique
solution 7 € C%*(9Q). Then the validity of statement (i) follows by [6, Thm. 6.37 (i)]
and, once more, by the theorem of change of variable in integrals.

To prove statement (ii) we first observe that problem has at most one continuous
solution (this follows by a classical argument based on the Maximum Principle). Then,
by the properties of the classical double layer potentials and exploiting the fact that
(5#, &) is a solution of —, we can see that the function @# in is harmonic
and satisfies the second and the third conditions in (cf. [6, § 4.5]). Thus it coincides
with the unique solution of . O

We might be curious to know what is the constant é# that appears in Theorem 3.3

In the following remark we attempt an explanation.

Remark 3.4. By the computations of [8, Lem. 7.2], we can verify that if n = 2, then

¥ coincides with the unique solution of

Au(z) =0 Vz € R?\ I[¢o],
(@) = git o o\ M (x) Vi € ¢o(09),

SUPger2\1[go] |U(T)| < +00,
and that

& = lim a*(x).

Tr—r00

If, instead, n > 3, then an extension of the 2-dimensional argument of [8, Lem. 7.2] to

the (n > 3)-dimensional case shows that

# = g o)y (il Ho(e)
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where Hy is the unique function of CL%(R™ \ I[o]) such that

loc

AHy(z) =0 Yz € R™\ I[¢o] ,
Hy(z) =1 Yz € ¢o(09),

and where we can see that the limit

: n—2
ml;n;o |z|"~“Ho(x)

exists and belongs to |0, 4+o00[ (see, e.g., Folland [I2, Chap. 2, Prop. 2.74]). In particular,

we have

&* #£0 as soon as / foly)dy # 0.
Q

In the following Theorem we consider the map that takes (e, ¢, g, f) to the pair
(02:57 o f Cib, ’ f) and prove that it has a real analytic continuation in a neighborhood of
(0, 90, go, fo)- The proof of Theorem exploits the Implicit Function Theorem for real

analytic maps in Banach spaces (cf., e.g., Deimling [9, Thm. 15.3]).

Theorem 3.5. Let o € ]0,1[. Let p > 0. Let p € Q. Let Q be as in (1). Let
(60, 90, fo) € ApS x CH(ANQ) x CO, (R™). Let ey, Oy, be as in [@). Then there emist

q,w,p

ex1 € 10,60, an open neighborhood (’);)0 of ¢g in Aé’g, an open neighborhood Uy of
(90, fo) in C1¥(0Q) x CY (R™), and a real analytic map

q,w,p
(6#,0#) : }—6#’1,6#’1[ X O:bo X Uy — Cl’a(aQ) x R

such that

(6#[67¢7g7f]1O#[€a¢7gaf]) = (ezij;)g)facﬁ@gj) V(67¢ag7f) S ]an#,l[ X O:;bo X an

(9#[07 ¢0790a f0]7 C#[07 ¢O7gO7 fo]) = (é#a é#) .

Proof. Let Ay := (Ag 1, Ay 2) be the map from |—eg, o[ X Og, x C*(9Q) x C , (R™) X
C1(00) x R to C(99) x R defined by

Mpalesng £.0%,c)6) = =30 (0) = [ a0 6(5)- DS, (6(0) = 00610 (s)olel ) dor

_enl /89 Vg © #(s) - DRy n(e(o(t) — ¢(5)))9#(5)&[¢}(5) do, +
,enf2g(t) 42 / Sen(p+ed(t) —y)f(y)dy
Q
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—5,(6(1)) /Q F(y) dy — 2R, 1 (c6(1)) /Q f)dy  Vieoq,

Agole, ¢, g, f,0%,c*] = | 0%5(¢]do,
oQ

for all (¢, ¢, g, f,0%,c#) € =€, €9] x Og, x CH(0Q) x C?, (R™) x C1*(99) x R.

We first note that equation A4[0, ¢, go, fo, 0%, c#] = 0 in the unknown (6%, c#) €
C12(09) x R is equivalent to the limiting system —, which has one and only one
solution (6%, ¢#) in C1*(9Q) x R. Similarly, if (¢, ¢, g, f) € 10, o[ x Og, x CH(IN) x
CY , ,(R™), then equation Ayle, ¢, g, f, 0%, c#] = 0 in the unknown (0%, ¢#) € C1*(99) x
R is equivalent to the system - and has one and only one solution (GZZ)&J, cﬁ¢7g)f)
belonging to C1:%(9Q) x R.

Then we observe that A is real analytic in a neighborhood of (0, ¢o, go, fo, o#, ).
Namely, it is real analytic from |—eq, €o[ x Og, x C1*(9Q) x Cf , (R™) x C1*(9Q) xR to
C12(0Q) xR. This follows by the real analyticity results for the double layer potential of
Lanza de Cristoforis and Rossi |26l Thm. 4.11 (iii)], by real analyticity results for integral
operators with real analytic kernel (cf. [23]), by the regularity result for volume potentials
of Theorem by the analyticity results for the composition operator of Valent [40,
Thm. 5.2, p. 44], by Proposition by Lemma and by standard calculus in Banach
spaces.

Since we plan to use the Implicit Function Theorem, we now consider the partial

differential Oyg# c#)A40, ¢o, 9o, fo, 6#, &) of Ay at (0, ¢o, go, fo, 6#, &) with respect to

the variable (§7,c*). By standard calculus in Banach spaces we have

8(9#,5#)A#,1 [Oa ¢0a 90, f07 é#v 5#] (57 6) (t)

=380~ [ a0 0(5) - DS, (6n(t) ~ on()B(s)lenl(s)dor +e vt < 09,
1919)
6(9#,6#)A#,2[07 ¢Oa go, f07 5#7 5#](57 6) = g&[(bo] do B

[5}9]

for all (6,¢) € C1*(0Q) x R. By arguing as in the proofs of Theorem (i) and of
[6, Prop. 13.10], we can see that 8(9#70#)A#[0,¢0,go,f0,9~#76#] is a bijection. Then
by the Open Mapping Theorem, the operator dyg# .#)Ax[0, ¢o, 9o, fo, GN#,E#] is also a
homeomorphism from C1:*(9Q) x R to itself.

We can invoke the Implicit Function Theorem for real analytic maps in Banach
spaces (cf., e.g., Deimling [9, Thm. 15.3]) and deduce the existence of ey 1, O;O, Uy, and

(©4,C%) as in the statement. O
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4 A functional analytic representation theorem for
the solution

We are ready to prove our main Theorem As mentioned in the introduction, we
will write the map (e, ¢,g, f) — ule, ¢, g, fly7 as a combination of real analytic maps
of (e, 6,9, f) and—possibly singular but completely known—elementary functions of e. In
particular, we will focus on the case where (¢, ¢, g, f) is close to a quadruple (0, ¢, go, fo)
with the size parameter € equal to 0, which is interesting also because of the singular
behavior that appears when |, 0 fodz # 0. Theorem is a consequence of Theorem
on the analytic continuation of (e, ¢, g, f) — (9:@797}0, cf¢7g7f) and of the representation

formula for ule, ¢, g, f] of Corollary

Theorem 4.1. Let « € ]0,1]. Let p > 0. Let p € Q. Let Q be as in . Let
(60, 90, fo) € Aps x CH(9Q) x Chup(R™). Let ey, O , Uy be as in Theorem .
Let V' be a bounded open subset of R™ \ (p + qZ™). Then there exist ey o € ]0,€e4.1], an
open neighborhood Ogo of ¢o in Aég contained in (9;50, and a real analytic map L from

J =€ .2, 64.2[ X Og X Uy to C?(V) such that

Vv - S[Q€7¢]_ V(€, (Z)) S ]—6#,2, 6#,2[ X O(/ﬁ/o (20)
and
1 loge
u[€7¢7gaf]‘vzwi_gu[ea¢7gaf]+52,n? f(y)dy
@ (21)
V(e, 0,9, f) €10, ex2[ x OF x Uy
Moreover,

‘u[oa ¢07 90, fOK‘T) = 6# + 52,n,Pq[fO](x) - 52,nSq,n(x - p) L fO(y) dy Vo € V (22)

Proof. Clearly, holds true for €4 o and (’)g0 small enough. Then we note that

U[G,d),g,f](l‘) = - 6/vaQ V]I[¢] © ¢(8) : DSq,n(x —pP— 6(]5(8))@#[6,(b,g,f}(S)&[(;ﬁ](S) do-s

+ S5 Cale 009,11+ PAI@) = Synle —1) [ f(0)dy
Q
thuig [ sy
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for all z € V and all (¢, ¢, g, f) € ]0, ex2[ x O x Uy and we set

il[e, ¢7ga f](.%‘) = _En_l ‘/aQ UH[¢] o ¢(S) : DSq,TL(x a2 6¢(8))®#[67 (ba g, f](8)6[¢](8) das

+ Cyle, 6,9, f] + € 2B, f](z) — €28 n(z — p) /Q f(y) dy

for all z € V and all (¢,¢, g, f) € |—€x.2, €4 2] X Og, x Up. By Theorem by Lemma
by real analyticity results for integral operators with real analytic kernel (cf. [23]),
and by standard calculus in Banach spaces, we deduce that il is a real analytic map from
|—€x.2,€4.2[x Of XUy to C*(V) such that equality holds. Since C[0, ¢o, go, fo] =
&#  we also deduce the validity of . O

If we fix (¢, 9, f) = (¢0, 90, fo) € A5G x CH(dQ) x €9, (R™) with

q,w,p

/Qfodméo,

then formula shows that for n = 2 the function ule, ¢o, go, fo] displays a singular
behavior of order log € as € tends to 0. Under the same assumptions on the triple (¢, g, f),
we can see that, for n > 3, ule, ¢o, go, fo] has a singularity of order €2~ as e tends to
0. This can be deduced from and and remembering that é# # 0 (cf. Remark
3.4).

Also, the fact that [ is real analytic means that we can expand i[e, @, g, f] into a
power series that converges (in norm) for (¢, ¢, g, f) in a neighborhood of (0, ¢, go, fo)-
The approach presented in this paper can be used to compute the corresponding coeffi-

cients (see, e.g., [6] [, §]).
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