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Abstract. Let K be a finitely generated field over Q. Let X → C → B be

a family of nontrivial elliptic surfaces over K such that the configuration of

singular fibers of Xb → Cb is the same for each closed point b ∈ |B|. Let r be
the minimum of the Mordell-Weil rank in this family. Then we show that the

locus inside |B| where the Mordell-Weil rank is at least r+1 is a sparse subset.

In this way we prove Cowan’s conjecture on the average Mordell-Weil rank
of elliptic surfaces over Q and prove a similar result for elliptic surfaces over

arbitrary number fields.

1. introduction

In a recent paper Alex Cowan [4] formulated the following conjecture on the
average rank of elliptic curves over Q(t). Let µ be the Mahler measure on Z[t] and
let Pd(M) = {p ∈ Z[T ] | deg(p) ≤ d, µ(p) < M}. Define Sm,n(M) to be the set{

EA,B : y2 = x3 +A(t)x+B(t)

∣∣∣∣ A ∈ Pm(M2), B ∈ Pn(M3),
4A(t)3 + 27B(t)2 6= 0

}
.

Conjecture 1.1 (Cowan). For every pair of positive integers m,n we have

lim
M→∞

1

#Sm,n(M)

∑
E∈Sm,n(M)

rankE(Q(t)) = 0.

Battistoni, Bettin and Delaunay proved this conjecture for 1 ≤ m,n ≤ 2 and for
certain unirational subfamilies of S2,2, see [2].

In this paper we will prove Cowan’s conjecture for all (m,n) with m,n ≥ 1,
and generalize this to arbitrary number fields. The main ingredient for the proof
holds in a more general context: Fix a field K, finitely generated over Q. Fix a
smooth geometrically irreducible base variety B/K. Let X → B be a family of
elliptic surfaces with a section, with C → B the base curve of the elliptic fibration
(cf. Section 2). Let η be the generic point of B. Then the generic fiber of Xη → Cη
is an elliptic curve Eη/K(η)(Cη). Similarly, for a closed point b ∈ |B| the generic
fiber of Xb → Cb is an elliptic curve Eb/K(b)(Cb). There is a specialization map

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))

and a second map if one passes to algebraic closures of K(η) and K(b). We prove
the following result on these specialization maps:
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Theorem 1.2. Let K be a finitely generated field over Q, and let X → B be a
family of elliptic surfaces with a section over K. Then there exists a sparse set
Z ⊂ |B| such that for all b ∈ |B| \ Z the specialization maps

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))

and

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))
are bijective.

This result is a combination of Proposition 2.17 and Theorem 2.19. For a defi-
nition of thin subsets and of sparse subsets see Section 2.

The proof for the fact that σ is an isomorphism relies heavily on [6, Theorem
8.3] and the main result of [1]. The morphism σ is a restriction of σ and therefore
injective. It remains to show that σ is surjective. For this we use an argument
relying on an appropriate form of Hilbert’s irreducibility theorem.

In order to prove Cowan’s conjecture it remains to show that the universal elliptic
surface over Sm,n has finite (arithmetic) Mordell-Weil group Eη(K(η)(Cη)). If
m = 4k and n = 6k for some integer k > 1 then it follows from Noether-Lefschetz
theory [5] that the (a priori) larger group Eη(K(η)(Cη)) is trivial. This yields
Cowan’s conjecture almost immediately for these values of (m,n). However, for

certain other values of (m,n) we were not able to determine Eη(K(η)(Cη)) and,
moreover, in the range 1 ≤ m ≤ 4; 1 ≤ n ≤ 6 this larger geometric Mordell-Weil
group has positive rank.

To circumvent these issues we will use an argument involving quadratic twisting
to show that for all choices of m and n the universal elliptic curve over Sm,n has
arithmetic Mordell-Weil rank zero. More precisely, suppose X → B is a family of
elliptic surfaces over a number field K. Given a rational point b ∈ B(K) consider

tw(b) :=

d ∈ K∗/(K∗)2

∣∣∣∣∣∣
there exists a point b′ ∈ B(K)

such that Xb/Cb 6∼= Xb′/Cb′
and (Xb/Cb)K(

√
d)
∼= (Xb′/Cb′)K(

√
d)

 ,

the set of d such that the quadratic twist of Xb by d is also contained in the family
X → B. Then we show the following:

Theorem 1.3. Let K be a finitely generated field over Q and let X → B be a
family of non-trivial elliptic surfaces with a section.

Suppose there exists a point b ∈ B(K) such that tw(b) is infinite and such that
the configuration of singular fibers of Xb → Cb is the same as Xη → Cη. Then
Eη(K(η)(Cη)) is finite.

These two results are sufficient to prove Cowan’s conjecture over Q. In order to
generalize Cowan’s conjecture to number fields, we have to make several small ad-
justments. The Mahler measure of a polynomial is usually defined for polynomials
with complex coefficients. For a number field K let MK be the set of embeddings
τ : K → C. Given a polynomial p ∈ K[t] we define the Mahler measure of p to be
the maximum of the Mahler measures of τ(p), where τ ∈ MK . This allows us to
define for any M ≥ 0 the finite set

Pd,K(M) = {p ∈ OK [T ] | deg(p) ≤ d, max
τ∈MK

µ(τ(p)) < M}.
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We define Sm,n,K(M) to be the set{
EA,B : y2 = x3 +A(t)x+B(t)

∣∣∣∣ A ∈ Pm,K(M2), B ∈ Pn,K(M3),
4A(t)3 + 27B(t)2 6= 0

}
and Sm,n,K = ∪M∈Z>0Sm,n,K(M). The above two Theorems combined show that
on the complement of a thin subset of Sm,n,K the Mordell-Weil rank is zero, in
particular, we have:

Corollary 1.4. Let K be a number field. Fix positive integers m,n. The set of
elliptic surfaces in Sm,n,K with Mordell-Weil rank zero has density one.

Corollary 1.5 (Cowan’s conjecture). Fix positive integers m,n. Then the average
rank of elliptic surfaces in Sm,n,Q equals zero.

We will also prove a generalization of Cowan’s conjecture to arbitrary number
fields, see Corollary 3.19. However, in this case we have to adjust the definition of
Sm,n,K in order to exclude trivial elliptic fibrations, i.e., elliptic surfaces which are
birational to E ×P1 as fibered surfaces.

The organization of this paper is as follows. In Section 2 we recall some stan-
dard results on families of elliptic surfaces. Moreover, we apply results from [6] to
determine the locus in the family where the specialization map on the Mordell-Weil
group is injective, and then to describe the locus where this map is bijective. In
Section 3 we study the universal Weierstrass equation over Sm,n and use the results
from the previous section to show that for K = Q the average rank is zero.

2. Families of elliptic surfaces

Let K be a field of characteristic zero.

Definition 2.1. An elliptic surface π : X → C over K consists of a geometrically
irreducible smooth projective surface X/K, a geometrically irreducible smooth pro-
jective curve C/K and a flat K-morphism π : X → C such that the generic fiber
of π is a smooth projective curve of genus 1, and none of the fibers of π contains a
(−1)-curve.

An elliptic surface with a section is an elliptic surface π : X → C together with
a section σ0 : C → X, defined over K.

Let E/K(C) be the generic fiber. Then the group E(K(C)) of K(C)-valued
points of E can be naturally identified with the set of rational sections of π. This
latter set can be made into an abelian group by fiberwise addition, where the zero
element of the fiber over a point p ∈ C is σ0(p).

We call an elliptic surface π : X → C trivial if there is an elliptic curve E/K
and a birational map ψ : X 99K E × C such that π = pr2 ◦ψ as rational maps.

Since C is a smooth curve we can extend every rational section to a section of
π, hence E(K(C)) is also the set of sections of π.

Definition 2.2. Let S be a smooth projective surface over an algebraically closed
field K. Denote with NS(S) the Néron-Severi group of S, the group of divisors on
S modulo algebraic equivalence.

Definition 2.3. Let π : X → C be an elliptic surface with a section. Let T ⊂
NS(XK) be the trivial subgroup, generated by the irreducible components (over K)
of the singular fibers not intersecting σ0(C), the class of a smooth fiber and the
image of the zero section. ([8, Section 6.1])
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We have the following results, which contains both the Mordell-Weil theorem
and the Shioda-Tate formula:

Proposition 2.4. Let π : X → C be an elliptic surface with a section. If X is not
a trivial elliptic surface then there is a natural isomorphism of groups

NS(XK)/T ∼= E(K(C)).

In particular, E(K(C)) is finitely generated.

Proof. See [8, Theorem 6.5]. �

Notation 2.5. Let B be a K-variety. Denote with |B| the set of closed points of
B and with η the generic point of B, with residue field K(η) = K(B).

Definition 2.6. A family of elliptic surfaces with a section consists of a smooth
geometrically irreducible K-variety B, a smooth geometrically irreducible projective
surface X → B, and a smooth geometrical irreducible projective curve C → B
together with morphisms π : X → C and σ0 : C → X of B-schemes, such that for
each closed point b ∈ |B| we have that πb : Xb → Cb is an elliptic surface over K(b)
with zero-section (σ0)b : Cb → Xb.

Remark 2.7. Let X → C → B be a family of elliptic surfaces. Then Xη is an elliptic
surface over K(η), and for every b ∈ |B| the surface Xb is an elliptic surface over

K(b). We denote with Xη the base change of Xη to K(η) and with Xb the base

change of Xb to K(b) = K.
Note that the base curve of the elliptic fibration is always assumed to be projec-

tive, but that the base variety of the family of elliptic surfaces is only required to
be geometrically irreducible.

Proposition 2.8. Let X → C → B be a family of elliptic surfaces. Suppose that
there exists a geometric point b of B such that the elliptic surface Xb → Cb is
not trivial, then there exists a nonempty open subscheme B′ of B such that for all
b ∈ |B′| the elliptic surface Xb → Cb is not trivial.

Proof. Suppose first that there is a geometric point of b such that that the j-
invariant of Xb → Cb is not in K(b), i.e., is non-constant. Then we can take for B′
the locus of elliptic surfaces with non-constant j-invariant, which is open in B.

Suppose now that for every geometric point b of B the j-invariant is constant,
i.e., is an element of K(b) ⊂ K. Consider now the invariants c4, c6 ∈ K(Cb) of a
Weierstrass equation for Xb → Cb. Since the j-invariant is constant we have that

one of c4 = 0, c6 = 0, c34 = λc26 for some λ ∈ K∗ holds. The locus with trivial elliptic
fibration is the sublocus where c4 is a perfect fourth power and c6 is a perfect sixth
power. These conditions are closed conditions in B, hence we can take B′ to be the
complement. �

Let X → C → B be a family of elliptic surfaces. Suppose that there exists a
geometric point b of B such that the elliptic surface Xb → Cb is not trivial. From
the above proposition it follows that after replacing the base of the family of elliptic
surfaces by an open subset we may assume that all elliptic surfaces in the family
are not trivial.

Assumption 2.9. For the rest of this section assume that X → C → B is a family
of elliptic surfaces such that for all b ∈ |B| the elliptic surface Xb → Cb is not trivial.
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We have the following result by Maulik and Poonen [6, Proposition 3.6(a)]:

Proposition 2.10. With the same notation as before we have that the specialization
map

sp : NS(Xη)→ NS(Xb)
is injective with torsion-free cokernel for all b ∈ |B|.

One easily shows the following

Lemma 2.11. With the same notation as before. Then we have that sp(Tη) ⊂ Tb,
for all b ∈ |B| such that Xb → Cb is not trivial.

Proof. This specialization map obviously maps the class of the zero section to the
class of the section zero and the class of a fiber to a class of a fiber. Moreover, the
specialization of a fiber component is contained in a single fiber of the specialized
surface, hence sp(Tη) ⊂ Tb. �

The following statements can be found in [8, Chapter 5 and Section 6.1]: Let
π : X → C be an elliptic surface over a field K. Let ∆ be the discriminant. For
p ∈ ∆(K) let C0 be the irreducible component of (π−1(p))K intersecting the image
of the zero-section. Consider now the intersection paring on NS(X) restricted to

the subgroup Λp generated by the irreducible components of π−1(p)K \ C0. Then
this is a lattice of type An(−1) (for some n ∈ Z>0), Dm(−1) (for some m ∈ Z>3),
E6(−1), E7(−1) or E8(−1). The type can be easily read off from a Weierstrass
equation for the elliptic fibration π, namely it is determined by the valuations of
the standard invariants j, c4 and c6 at the point p. Then the trivial lattice T
associated with the elliptic fibration π is isomorphic with

Λ′ ⊕⊥
p∈∆(K)

Λp,

where Λ′ is rank two lattice generated by classes F and Z, with F 2 = 0, Z2 =
−χ(OX), F.Z = 1.

Definition 2.12. Let π : X → C be an elliptic surface with section over a field
K. The configuration of singular fibers is a finite multiset M, whose elements are
formal symbols An(−1), with n ∈ Z>0, Dm(−1), with m ∈ Z>3, E6(−1), E7(−1),
E8(−1), such that the multiplicity of Λ inM equals the number of p ∈ C(K) such
that Λp equals Λ.

Lemma 2.13. Let B′ be the subscheme of B such that for all b ∈ |B′| the configu-
ration of singular fibers of πb : Xb → Cb equals the configuration of singular fibers
of πη : Xη → Cη. Then B′ is nonempty open and for all closed points b ∈ |B′| we
have

sp(Tη) = Tb.

In particular, we have that for all b ∈ |B′| the specialization maps

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb)) and σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))

are injective.

Proof. Let b ∈ |B′| then sp(Tη) is a sublattice of Tb by the previous lemma. Since the
configuration of singular fibers are the same we have that rank(Tb) = rank(sp(Tη))
and det(Tb) = det(sp(Tη)) hold, hence sp(Tη) = Tb for all b ∈ B′.
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Using Tate’s algorithm [10] one easily sees that the type of singular fibers can
be determined by the valuation of three standard invariants of a Weierstrass equa-
tion (v(j), v(c4), v(c6)). In particular, the locus B′ is nonempty and open in B.
Moreover, for all b ∈ |B| \ (Z ′ ∪ Z ′′) we have the following chain of morphisms

Eη(K(η)(Cη))
∼−→ NS(Xη)/Tη ↪→ NS(Xb)/Tb

∼−→ Eb(K(b)(Cb)).

The first and third map are isomorphisms by Proposition 2.4. This shows that σ
is injective. The second (arithmetic) specialization map σ is a restriction of σ and
is also injective. �

Definition 2.14. Let K be a finitely generated field over Q. Let B be a K-
variety. Call a subset S of |B| sparse if there exists a dominant and generically
finite morphism π : B0 → B of irreducible K-varieties, such that for each s ∈ S the
fiber π−1(s) is empty or contains at least two closed points.

Definition 2.15. Let K be a field of characteristic zero. Let V/K be a K-variety.
A subset S of V (K) is called a thin subset of type I if S is contained in a Zariski
closed subset of V (K). A subset S of V (K) is a called a thin subset of type II if
there exists another K-variety V ′ such that dimV = dimV ′ and a finite morphism
ϕ : V ′ → V of degree at least 2, such that S ⊂ ϕ(V ′(K)).

A subset S of V (K) is thin if it is a subset of a finite union of thin subsets of
type I and type II.

Remark 2.16. If K is finitely generated over Q and S is a sparse subset of |An|
then S ∩An(K) is a thin set, see [6, Proposition 8.5].

Proposition 2.17. Let K be a finitely generated field over Q. Then there is a
sparse subset Z ⊂ |B| such that for each b ∈ |B| \ Z the specialization map

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))

is an isomorphism.

Proof. Let B′ be as in the previous lemma. Let Z ′ = |B| \ |B′|. Since X → B is
smooth and projective, we have by [6, Proposition 3.6 and Theorem 8.3] that there
is a sparse subset Z ′′ ⊂ |B|, such that

sp : NS(Xη)→ NS(Xb)
is an isomorphism for all b ∈ |B| \ Z ′′. We can factor σ as in the previous proof,
i.e., for all b ∈ |B| \ (Z ′ ∪ Z ′′) we now have isomorphisms

Eη(K(η)(Cη))
∼−→ NS(Xη)/Tη

∼−→ NS(Xb)/Tb
∼−→ Eb(K(b)(Cb)).

Since Z ′ is a Zariski-closed proper subset of |B| and Z ′′ is sparse it follows from [6,
Proposition 8.5] that Z ′ ∪ Z ′′ is sparse in |B|. �

We will now prove a similar statement for the specialization on the arithmetic
Mordell-Weil groups, σ : Eη(K(η)(Cη)) → Eb(K(b)(Cb)). For this we aim to

compare the Gal(k(η)/k(η))-action on Eη(K(η)(Cη)) and the Gal(k(b)/k(b))-action

on Eb(K(b)(Cb)).

Remark 2.18. Fix a finite Galois extension L of K(η) = K(B) with Galois group
G. Let L0 be the algebraic closure of K in L. Suppose first that L0 6= L.

Then L = K(B′), for some integral K-variety B′, which may be not geometrically
integral. From the fact that L0 6= L it follows that there is a finite rational map
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τ : B′ → B of degree at least 2. By shrinking B and B′ if necessary we may assume
that τ is an unramified finite flat morphism. In particular, for every p ∈ |B| we
have that τ−1(p) consists of finitely many closed points p1, . . . , pt. Each point pi
yields a unramified field extension K(pi)/K(p). The locus of points for which t > 1
holds, defines a sparse subset S of |B| \ Z.

Hence for each point p ∈ |B| \ (Z ∪ S) we have that t = 1 and that K(p1)/K(p)
is Galois with group G. In this case we call K(p1)/K(p) the specialization of the
Galois extension L/K(η).

If L0 = L then for every b ∈ |B| we have that the extension L(b)/K(b) is Galois
with group G.

Theorem 2.19. Let K be a finitely generated field over Q. Let X → B be a family
of elliptic surfaces with base curve C. Then there is a sparse subset Z ⊂ |B|, such
that for every b ∈ |B| \ Z the specialization map

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))
is an isomorphism.

Proof. Let Z ′ be the sparse subset of |B| such that on |B| \ Z ′ the geometric spe-
cialization map

σ : Eη(K(η)(Cη))→ Eb(K(b)(Cb))
is an isomorphism.

Recall that the group Eη(K(η)(Cη)) is finitely generated. Moreover, for each

P ∈ Eη(K(η)(Cη)) we have that K(η)(Cη)(P ) ⊂ K(η)(Cη) is algebraic and finitely
generated over K(η)(Cη). In particular, there exists a minimal finite extension L
of K(η) such that L/K(η) is Galois and

Eη(L(Cη)) = Eη(K(η)(Cη)).

Let G = Gal(L/K(η)). Then there is a thin set Z ′ such that for all b ∈ |B| \ Z ′
the specialization L′ of L to K(b) exists. Then L′/K(b) is Galois with group G and

Eb(L
′(Cb)) = Eb(K(b)(Cb)).

Let P1, . . . , Ps be generators for Eη(K(η)(Cη)). Let H be a subgroup of the

group Gal(L/K(η)). If E(K(η)(Cη))H = Eη(K(η)(Cη)) then we call H irrelevant,
otherwise we call H relevant.

For every relevant subgroup H of Gal(L/K(η)), let

QH,1, . . . QH,tH ∈ E(K(η)(Cη))H

be points such that P1, . . . , Ps, QH,1, . . . , QH,tH generate E(K(η)(Cη))H .
For a relevant subgroup H of G let ZH ⊂ |B| be the locus of all b ∈ |B| such

that sp(QH,i) ∈ K(b) for all i = 1 . . . , tH . Then for every b ∈ |B| \ZH we have that
Eb(K(b)(Cb)) 6= Eη(L(Cη))H . Let

Z = Z ′ ∪
⋃

Hrelevant

ZH .

Then for all b ∈ |B| \Z we have Eb(K(b)(Cb)) = Eη(L(Cη))H for some subgroup H
of G but since b 6∈ Z, this group H is irrelevant. In particular,

Eb(K(b)(Cb)) = Eη(L(Cη))H = Eη(K(η)(Cη)).

From the construction of ZH it follows that ZH is sparse and therefore Z is sparse,
since is a finite union of sparse subsets. �
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3. Cowan’s conjecture

In this section we want to use Theorem 2.19 to prove Cowan’s conjecture and
generalize this result to number fields. As explained in the Introduction we will use
quadratic twists for this. For the moment let K be a field of characteristic zero.

Proposition 3.1. Let V be a Q-vector space. Let ρ : Gal(K/K) → Aut(V )
be a Galois representation, such that ρ factors through a finite group. For any
d ∈ K∗/(K∗)2, let χd be the quadratic character associated with the field extension

K(
√
d)/K. Let ρ(d) : Gal(K/K) → Aut(V ) be the twisted Galois representation

ρ(d)(g) = ρ(g) ◦ (χd(g)IdV ).
Then there exists at most dimV many d ∈ K∗/(K∗)2 such that ρ(d) has a non-

trivial invariant subspace.

Proof. Suppose first that V is the trivial representation then for all d 6= 1 we have
that ρ(d)(·) = χd(·)IdV has no non-trivial invariant subspace. Similarly, if V has
a twist which is trivial then all other twists (including the trivial one) have no
non-trivial invariant subspace.

We proceed now by induction on dimV . The case dimV = 1 is covered by the
above. Suppose now that dimV > 1. Suppose that for some d there is a non-trivial
invariant subspace then by Maschke’s theorem we can decompose V (d) = Q ⊕ V ′.
Then there are at most d−1 twists of V ′ which have a non-trivial invariant subspace
and only the trivial twist of Q has a non-trivial invariant subspace. �

Consider now a family of elliptic surfaces X → C → B. Given a rational point
b ∈ B(K) consider

tw(b) :=

d ∈ K∗/(K∗)2

∣∣∣∣∣∣
there exists a point b′ ∈ B(K)

such that Xb/Cb 6∼= Xb′/Cb′
and (Xb/Cb)K(

√
d)
∼= (Xb′/Cb′)K(

√
d)

 ,

the set of d such that the quadratic twist of Xb by d is also contained in the family
X → B.

Proposition 3.2. Let K be a finitely generated field over Q and let X → C → B
be a family of elliptic sufaces with a section, such that for all geometric points b of
B the elliptic surface Xb → Cb is not trivial.

Suppose there exists a rational point b ∈ B(K) such that tw(b) is infinite and
the configuration of singular fibers of Xb → Cb is the same as Xη → Cη. Then
Eη(K(η)(Cη)) is finite.

Proof. Our assumption on the configuration of singular fibers and Lemma 2.13 yield
that the specialization map

σ : Eη(K(η)(Cη))→ Eb(K(Cb))
is injective. Moreover, the assumption on the configuration of singular fibers is
formulated over K, hence for all d ∈ tw(b) we have that

σ : Eη(K(η)(Cη))→ E
(d)
b (K(Cb))

is injective.
Consider now the Gal(K/K)-representation V = Eη(K(t)) ⊗Z Q. The Ga-

lois representation on E
(d)
b (K(Cb)) ⊗Z Q is precisely V (d). Hence if the rank of

E
(d)
b (K(Cb)) is positive then V (d) has a non-trivial invariant subspace. Since there
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are only finitely many d ∈ K∗/(K∗)2 with this property it follows that there is a

d ∈ tw(b) with E
(d)
b (K(Cb)) finite and therefore Eη(K(η)(Cη)) is finite. �

Assumption 3.3. For the rest of this section let K be a number field, with ring
of integers OK .

Notation 3.4. Let R be an integral domain of characteristic zero. Let R[t]d be
the R-module of polynomials in t with coefficients from R and of degree at most d.

Let m,n be integers and let

Sm,n,K = {(A,B) ∈ OK [t]m ×OK [t]n|4A3 + 27B2 6= 0}.

Let k = dmax(m/4, n/6)e. To a pair (A,B) ∈ Sm,n,K we can associate an elliptic
curve E(A,B)/K(t) with Weierstrass equation

y2 = x3 +A(t)x+B(t).

Moreover we can associate a hypersurface WA,B in the P2-bundle P(O⊕O(−2k)⊕
O(−3k)) over P1, given by

−Y 2Z +X3 + s4kA

(
t

s

)
XZ2 + s6kB

(
t

s

)
Z3 = 0.

Remark 3.5. Consider the projection morphism ψ : WA,B → P1. Then for all
p ∈ P1 the fiber over p is irreducible and the general fiber is an elliptic curve. If
we resolve the singularities of WA,B and successively collapse all −1 curves then
we obtain an elliptic surface XA,B → P1 [7, Lecture III.3]. The collapsing of −1
curves is only necessary if the original Weierstrass equation is not minimal, or if
both deg(A) ≤ 4k − 4 and deg(B) ≤ 6k − 6 hold.

Notation 3.6. We define now the following subset

Um,n,K =

{
(A,B) ∈ Sm,n,K

∣∣∣∣ 4A3 + 27B2 is smooth in K[t] and
deg(4A3 + 27B2) = max(3m, 2n)

}
.

In the following we will identify R[t]n ×R[t]m with Am+n+2(R).

Remark 3.7. Let (A,B) ∈ Um,n,K . Since 4A3 + 27B2 is smooth and of positive
degree we have that the associated elliptic surfaces has max(3m, 2n) fibers of type
I1. In particular, the j-function is not constant, and the elliptic surface is not
trivial.

Lemma 3.8. There exists subvarieties Z ′ and Z ′′ of Am+n+2 such that Sm,n,K =
Am+n+2(OK)\Z ′(OK) and Um,n,K = Am+n+2(OK)\Z ′′(OK). Moreover, Um,n,K 6=
∅.

Proof. The subvariety Z ′ is defined by the property that all coefficients in 4A3 +
27B2 vanish. Recall that for every (A,B) ∈ Sm,n,K we have that deg(4A3+27B2) ≤
max(2n, 3m). Hence Z ′′ is defined by the vanishing of the coefficient of td in
4A3 +27B2, where d = max(2n, 3m). It remains to show that Um,n,K is nonempty:
if 2n ≥ 3m then (1, tn) ∈ Um,n,K , if 2n < 3m then (tm, 1) ∈ Um,n,K . �

Notation 3.9. One easily checks that there is a scheme Um,n ⊂ An+m+2, defined
over Z such that Um,n(OL) = Um,n,L for all number fields L.
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For fixed (m,n) the singularities of WA,B depend on (A,B) ∈ Sm,n,K . Resolving
these singularities may lead to a non-flat family, and therefore is not a family of
elliptic surfaces as in Defintion 2.6. We avoid this issue by using Um,n as the base for
our family of elliptic surfaces. We will show that WA,B has only one singular point
for (A,B) ∈ |Um,n| and that the type of singularity is completely determined by
(m,n). Moreover, we will show that the configuration of singular fibers is constant
on Um,n.

Recall that k = dmax(m/4, n/6)e. Let α = 4k −m and let β = 6k − n. Note
that α, β ≥ 0 and that α < 4 or β < 6.

Lemma 3.10. Let (A,B) ∈ Um,n,K then pg(XA,B) = k−1. Moreover, all singular
fibers are of type I1, except possibly for the fiber at t = ∞. At t = ∞ we have the
following fiber depending only on (α, β):

α 0 ≥ 0 ≥ 1 1 ≥ 2 2 ≥ 2 ≥ 3 3 ≥ 4
β ≥ 0 0 1 ≥ 2 2 ≥ 3 3 4 ≥ 5 5

fiber-type I0 I0 II III IV I∗0 I∗0 IV ∗ III∗ II∗

singularity A0 A0 A0 A1 A2 D4 D4 E6 E7 E8

Proof. The statement about pg(X) is [7, Lemma IV.1.1]. For the fiber over infinity
we have v(c4) = α, v(c6) = β and v(∆) = 12k − max(3m, 2n) = min(3α, 2β). A
straight-forward application of Tate’s algorithm yields the type of fiber and the
type of singularity, see [10]. �

For a given (A,B) ∈ Um,n,K we constructed a Weierstrass model WA,B . This
yields a universal family over Um,n i.e., a morphism of schemes Wn,m → Un,m.

Proposition 3.11. Consider the universal Weierstrass model ψ : Wm,n → Um,n.
Then the resolution of the singularity of the generic fiber yields a family of elliptic
surfaces with a section Xm,n → Um,n such that for all b ∈ |Um,n| we have Tη = Tb.
Moreover, for all b ∈ |Um,n| we have that the configuration of singular fibers of
Xb → Cb is the same as the configuration of singular fibers of Xη → Cη.

Proof. From the previous lemma it follows that over Um,n all Weierstrass models
are smooth (if α = 0 or if β ∈ {0, 1}) or all Weierstrass models have a single singular
point, and the type of the singularity is the same for all members of the family (if
α > 0 and β > 1). In particular, if we manage to resolve the singularities of the
morphismWm,n → Um,n uniformly then we have that the trivial lattice is constant,
i.e., sp(Tη) = Tb for all b ∈ |Um,n|.

The singular point is located at the point ((X : Y : Z), (s : t)) = ((0 : 0 : 1), (0 :
1)). In the sequel we will work with the Weierstrass equation in the chart with local
coordinates x = X/Z, y = Y/Z and s, where by abuse of notation s is the quotient
s/t of the two coordinates on P1.

Suppose that the singularity is of type A1 or type A2 then a single blow-up
suffices to resolve the singularity, hence this can be done simultaneously for the
whole family. Suppose now that the singularity is of type D4 then we have a local
equation of type

−y2 + x3 + s2g(s)x+ s3h(s) = 0,

where 4g(s)3 + 27h(s)2 does not vanish at s = 0. To investigate the singularities of
the blow-up, we blow-up the ambient space and consider the strict transform. The
blow-up can be covered by three affine charts, each of which is isomorphic to A3.
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In the first chart the blow-up morphism is given by (x1, y1, s1) → (x1, x1y1, x1s1)
and the exceptional divisor is given by x1 = 0, in the other two charts we have
(x2, y2, s2) → (y2x2, y2, s2y2) and (x3, y3, s3) 7→ (s3x3, s3y3, s3). In the sequel we
will abuse our notation and replace (xi, yi, si) by (x, y, s) if no confusion arises.

To continue with the family with D4-singularities, substitute y = sy, x = sx in
the local equation. We then find that the strict transform has equation

−y2 + s(x3 + g(s)x+ h(s)) = 0

in the third chart. Since 4g(0) + 27h(0) 6= 0 holds, this surface has A1 singularities
at the three points in y = s = x3 + g(0)x+ h(0) = 0. The other two charts do not
contain singularities already contained in this chart. Hence this singularity can be
also resolved simultaneously.

One can proceed similarly for the remaining singularities E6, E7, E8. We will do
only the most complicated one, E8, the other two can be treated very similar. For
the E8-singularity we have a Weierstrass equation of the form

−y2 + x3 + s4g(s)x+ s5h(s) = 0,

with h(0) 6= 0. We first blow-up the origin. This leads to three different charts.
However, it is straight forward to check that the strict transform is smooth in two
of the three charts. The local equation in the third chart can be obtained by the
substitutions y = sy, x = sx and factoring out s2. In particular, we obtain that the
strict transform has local equation

−y2 + s(x3 + s2g(s)x+ s2h(s)) = 0.

The strict transform is smooth away from the origin. Blowing-up the origin yields
again three charts, in two of which the strict transform is smooth. In the third
chart we obtain

−y2 + sx(x+ s2g(sx)x+ s2h(sx)) = 0.

as the equation for the strict transform. This affine hypersurface has a singularity
at the origin, and is smooth everywhere else. Blowing up the origin yields again a
strict transform smooth in two charts, and singular in one.

−y2 + sx(x+ s2g(s2x)x+ sh(s2x)) = 0.

This is a D4 singularity. Blowing-up this singularity yields a strict transform with
three A1 singularities. The local equation in the chart obtained by the substitution
x = xs, y = ys is

−y2 + xs(x(1 + s2g(s3x)) + h(s3x)) = 0.

The strict transform is singular at points where two of the factors of xs(x(1 +
s2g(s3x)) + h(s3x)) vanish, i.e., (x, y, s) = (−h(0), 0, 0) and (x, y, s) = (0, 0, 0).
Both singularities are of type A1. (Recall that we assumed that h(0) 6= 0.) The
third singularity lies in the other chart with local equation

−y2 + xs(1 + x2s2g(s3x4) + sh(s3x4)).

Here we have A1-singularities at the points (x, y, s) = (0, 0, 0) and (x, y, s) =
(0, 0, −1

h(0) ). The latter point is in the intersection of the two charts, hence we

have three singularities in total. Blowing-up these three A1 singularities yields a
smooth model. Therefore the condition h(0) 6= 0 is sufficient to have a uniform
desingularization. In particular, if we resolve the singularity at ((0 : 0 : 1), (0 : 1))
then we obtain a family Xm,n → Um,n of elliptic surfaces over P1.
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For the final claim, take a closed point b ∈ |Um,n| then the discriminant of
the associated elliptic surface is smooth of degree max(3m, 2n) and therefore has

precisely max(3m, 2n) singular fibers of type I1 (over K(b)) and at most one further
singular fiber, which is at t =∞ and whose type is determined by Lemma 3.10. The
universal family over Um,n has also a smooth discriminant of degree max(3m, 2n)

and therefore over K(η) the same number of fibers of type I1 and the same fiber
type at t =∞. �

Theorem 3.12. Let K be a finitely generated field over Q. Let m,n be positive
integers. Let Xm,n be the universal elliptic curve over B = Um,n. Then Eη(K(η)(t))
is finite.

Proof. Fix a pair (A,B) ∈ Um,n,K ⊂ Um,n(K). Take now an element d ∈ K∗. Then

the Weierstrass equation of E
(d)
A,B equals

−Y Z2 +X3 + d2AXZ2 + d3Z3.

In particular, we have that E
(d)
A,B
∼= Ed2A,d3B as elliptic curves over K(t).

Recall that from (A,B) ∈ Um,n(K) it follows that ∆(A,B) := 4A3 + 27B2 has
degree max(3m, 2n) and is smooth. Since ∆(d2A, d3B) = d6∆(A,B) holds, also
∆(d2A, d43B) is smooth and of degree max(3m, 2n). Hence (d2A, d3B) ∈ Um,n(K)
and therefore tw((A,B)) = K∗/(K∗)2.

From Remark 3.7 it follows that EA,B is not trivial for all (A,B) ∈ Um,n(K) and
the previous proposition shows that the configuration of singular fibers is constant
on Um,n, hence we may apply Proposition 3.2 to conclude that Eη(K(η)(t)) is
finite. �

Remark 3.13. We would like to recall that Cowan’s conjecture is formulated over
Z[t] rather than over Q[t], and for this reason we work with OK [t] rather than with
K[t] in the sequel. This is only of minor relevance: Suppose A,B ∈ K[t] then there
exists a u ∈ K∗ such that both u4A and u6B are elements of OK [t]. Now EA,B
and Eu4A,u6B are isomorphic, hence to study all elliptic surfaces over K we may
restrict to (A,B) ∈ Sm,n,K .

Definition 3.14. For a polynomial p(t) = a
∏d
i=1(t − αi) ∈ C[t] we define its

Mahler measure µ(p) by

|a|
d∏
i=1

max{1, |αi|}.

In particular, µ(0) = 0.
Fix positive integers n,m, d. For any M ≥ 0 we define the finite set

Pd,K(M) = {p ∈ OK [T ] | deg(p) ≤ d, max
τ∈MK

µ(τ(p)) < M},

where MK is the set of embeddings K → C,
We define Sm,n,K(M) to be the set{

EA,B : y2 = x3 +A(t)x+B(t)

∣∣∣∣ A ∈ Pm,K(M2), B ∈ Pn,K(M3),
4A(t)3 + 27B(t)2 6= 0

}
.

Note that Sm,n,K (as defined before) equals ∪MSm,n,K(M).
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Remark 3.15. Let V ⊂ Sm,n,K be a subset and f : V → L then density of V in
Sm,n,K equals

lim
M→∞

#V ∩ Sm,n,k(M)

#Sm,n,k(M)

if this limit exists and the average value of f on V equals

lim
M→∞

∑
x∈V ∩Sm,n,k(M) f(x)

#V ∩ Sm,n,k(M)

whenever this limit exists.
In the following we will use results from [9] concerning the density of thin subsets.

In these statements the measure on OK [t]m × OK [t]n is the naive height h. I.e.,

for p ∈ OK [t]d with p(t) =
∑d
i=0 ait

i we have that h(p) = maxi,σ:K→C{|σ(ai)|}. A
standard exercise shows that(

d

bd/2c

)−1

h(p) ≤ µ(p) ≤
√
d+ 1 h(p).

In particular, a subset of Sm,n,K has density zero with respect to the Mahler mea-
sure if and only if it has density zero with respect to the naive height. This enables
us to use the results from [9].

Corollary 3.16. The set

{(A,B) ∈ Sm,n,K | rankEA,B(K(t)) = 0}
is the complement of a thin set. In particular, this set has density one in Sm,n,K .

Proof. Combining Proposition 3.11 with Theorem 2.19 yields that there is a thin
subset Z of Um,n,K such that for all (A,B) ∈ Um,n,K \ Z we have that the rank
of EA,B(K(t)) vanishes. Now the complement of Um,n,K in OK [t]m × OK [t]n ∼=
Am+n+2(OK) is a Zariski closed subset. From [9, Theorem 13.1.3] it follows that
Um,n(OK) \ Z has density one in OK [t]m ×OK [t]n, and therefore also density one
in the smaller set Sm,n,K . �

Let s = bmin(m/4, n/6)c. Define

Ztrm,n,K =
{

(λu4, µu6) | λ, µ ∈ OK , 4λ3 + 27µ2 6= 0, u ∈ OK [t]s \ {0}
}
.

Proposition 3.17. Let K be a field. Let m,n be positive integers and k =
dmax(m/4, n/6)e. Let (A,B) ∈ Sm,n,K \ Ztrm,n,K . Then

rankEA,B(K(t)) ≤ 10k − 2.

Proof. Let (A,B) ∈ Sm,n,K . There there exists a u ∈ K[t] such that (A/u4, B/u6)
defines a minimal Weierstrass equation. From [7, Lemma IV.1.1] it follows that
either pg(X) = k − 1− deg(u) or XA,B is trivial.

In the former case we may apply the Shioda-Tate formula (Proposition 2.4) and
obtain rankE(K(t)) ≤ h1,1 − 2. From [7, Lemma IV.1.1] it follows that h1,1 =
10(pg + 1) ≤ 10k and we are done.

If XA,B is trivial then a minimal Weierstrass equation of the generic fiber
EA,B/K(t) is

y2 = x3 + λx+ µ,

with λ, µ ∈ K. Every other short Weierstass equation for E, in particular the
equation for WA,B , is of the shape

y2 = x3 + λu4x+ µu6,
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with u ∈ K[t]. In particular (A,B) ∈ Ztrm,n,K , which we excluded. �

Corollary 3.18. Let m,n be positive integers. Then the average rank of Sm,n,Q is
zero.

Proof. From Corollary 3.16 it follows that there is a thin subset Z ⊂ Sm,n,Q such
that on Sm,n,Q \Z the rank is zero. Let Z ′ = Z ∩Ztrm,n,Q. Let Z ′′ = Z \Z ′. By [9,

Theorem 13.1.1] both sets Z ′ and Z ′′ have density zero in Sm,n,Q.
On Z ′′ the Mordell-Weil rank can be bounded by 10k − 2 by Proposition 3.17.

Since this set has density zero it does not contribute to the average rank.
It is not known whether the rank on Z ′ is bounded or not. However, from [3]

it follows that on Ztrm,n,Q the average rank exists and is finite (cf. [2, Section 3]).
Since this set has density zero, it does not contribute to the average rank. �

We will now generalize Cowan’s conjecture to an arbitrary number field K. How-
ever we cannot control the average rank on Ztrm,n,K as in the previous proof, so we
need to exclude this density zero set.

Corollary 3.19. Let m,n be positive integers. Let K be a number field with ring
of integers OK . Then the average rank of Sm,n,K \ Ztrm,n,K is zero.

Proof. As in the proof of the previous corollary there exists a thin subset Z ⊂
Sm,n,K \ Ztrm,n,K such that on Sm,n,K \ Z the rank is zero. By Proposition 3.17 we

can bound the Mordell-Weil rank on Z by 10k − 2. From [9, Theorem 13.1.1] it
follows that the density of Z equals zero. Hence the average rank is zero. �

This approach to Cowan’s conjecture shows that if for a given member in the
family there are many twists contained in the family then the average rank is zero.
We will now give an example of a family where the average rank is positive.

Example 3.20. Fix a positive integer k. Consider the following subfamily X of
S2k,3k given by

{y2 − x3 + g3 − h2 | g ∈ Q[t]2k, h ∈ Q[t]3k, g
3 − h2 has 6k distinct factors}.

In this case we have that for any b ∈ |B| the set tw(b) = {1}.
In this case one easily checks that every member of X has 6 fibers of type II,

and therefore a torsion-free Mordell-Weil group. Moreover, the Mordell-Weil group
contains a non-trivial point (x, y) = (g, h). In particular, the average rank is at
least one.
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