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Abstract In the recent papers [5, 18], respectively, the existence of motions where
the perihelions afford periodic oscillations about certain equilibria and the onset of
a topological horseshoe have been proved. Such results have been obtained using,
as neighbouring integrable system, the so-called two-centre (or Euler) problem and
a suitable canonical setting proposed in [16, 17]. Here we review such results.

Keywords Two-centers problem - Three-body problem - Renormalizable
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1 Overview

Inthe recent papers [5, 18] the existence, in the three-body problem (3BP), of motions
which by no means can be regarded as “extending” in some way Keplerian motions
has been proved. Indeed, the motions found in those papers can be better under-
stood as continuations of the motions of the so-called two-centre problem (or Euler
problem; 2CP from now on).

The motivation that pushed such researches was a new analysis of 2CP carried
out in [17], combined with a remarkable property—which we called renormalizable
integrability—pointed out in [16]. It relates the “simply averaged Newtonian poten-
tial” (see the precise definition below) and the function, which in this paper we shall
refer to as Euler integral, that makes the 2CP integrable. Roughly, such property
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states that the averaged Newtonian potential and the Euler integral have the same
motions, as they are one a function of the other. As, on the other hand, the motions
of the Euler integral are, at least qualitatively, explicit, and the averaged Newtonian
potential is a prominent part of the 3BP Hamiltonian, the papers [5, 18] gave par-
tial answers to the natural question whether the motions of the Euler integral can
be traced in 3BP. Let us introduce some mathematical tools in order to make our
statements more precise.

In terms of Jacobi coordinates [10] the three-body problem Hamiltonian with
masses 1, u, x is the translation-free function
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Here, (y',y, X, x) € (R)* (or (R?)*, in the planar case), | - || denotes Euclidean

norm and the gravity constant has been taken equal to one, by a proper choice of the
units system. We rescale impulses and positions
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_r
I+p
multiply the Hamiltonian by HT“ (by a rescaling of time) and obtain
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Likewise, one might consider the problem written in the so-called 1-centric coordi-
nates. In that case,
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with 7y, 6 and 3 analogous to (3), up to replace the factors (1 4+ p + ) with (1 + &).
Note that we are not assuming u, © < 1 (in fact, in our applications, we shall make
different choices), which means that Jacobi or 1-centric coordinates above are not
necessarily centered at the most massive body. In order to simplify the analysis, we
introduce a main assumption. Both the Hamiltonians Hy and Hy in (2) and (4) include
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the Keplerian term
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We assume that Jj is a “leading” term in such Hamiltonians. By averaging theory,
this assumption allows us to replace (at the cost of a small error) Hy and Hy with
their respective £-averages
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with i = J, 0, where £ is the mean anomaly associated to (5), and'
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In these formulae, the term — ﬁ will be referred to as “Keplerian term”, while terms
of the form _||x’—1—;3xH will be called “Newtonian potentials”. Therefore, Ug will be

called “averaged Newtonian potential”’. What we want to underline in that respect
is that the averages (6) are “simple”, i.e., computed with respect to only one mean
anomaly. Most often, in the literature double averages are considered; e.g. [4, 7, 8,
11, 14, 15].

Whether and at which extent the Hamiltonians (6) are good approximations of (2),
(4) is a demanding question, as, besides the mass parameters p, &, also the region of
phase space which is being considered plays a crucial role. We limit ourselves to some
heuristics, focusing, in particular, on the case considered in [5]. Here the Hamiltonian
(2) has been investigated, with © = 1 > k, or, equivalently, § = B > 1 (see (19) for
the precise values). Physically, this corresponds to a couple of asteroids with equal
mass interacting with a star, with x being the relative distance of the twin asteroids,
and x’ the distance of the star from their center of mass. In that case, the region of
phase space was chosen so that ||x'|| > 5||x]|, so that the two denominators of the
Newtonian potentials do not vanish. Expanding such Newtonian potentials in powers
of %, where a = A?, 1 := ||X'||, one sees that the lowest order terms depending on

! Remark that y(¢) has vanishing ¢-average so that the last term in (4) does not survive.
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1Ba
2
to the size é of the Keplerian term, provided that @ < 1.

We now turn to describe the main features of the Hamiltonians (6). Neglecting
the Keplerian term, which is an inessential additive constant for H; and reabsorbing
the constant v with a time change, we are led to look at the Hamiltonians ﬁ,- in (7),
which, from now on, will be our object of study. Without loss? of generality, we fix
the constant action A to 1.

For definiteness and simplicity, we describe the setting in the case of the planar
problem, in which case, after reducing the SO(2) symmetry, H; have 2 degrees-of-
freedom; all the generalisations to the spatial problem being described in Sect. 2. To
describe the coordinates we used, we denote as [ the Keplerian ellipse generated by
Hamiltonian (5), for negative values of the energy. Assume [ is not a circle. Remark
that, as the mean anomaly ¢ is averaged out, we loose any information concerning the
position of x on [E, so we shall only need two couples of coordinates for determining
the shape of [E and the vectors y’, X'. These are:

£ have size

~ % (as B ~ K,y ~ K2). So, such terms are negligible compared

e the “Delaunay couple” (G, g), where G is the Euclidean length of x x y and g
detects the perihelion. We remark that g is measured with respect to x’ (instead of
with respect to a fixed direction), as the SO(2) reduction we use fixes a rotating
frame which moves with x’ (compare the formulae in (37));

e the “radial-polar couple” (R, r), where r := ||x'|| and R := ﬁx—f‘u/

We now describe what we mean by renormalizable integrability [16]. Note first
that, in terms of the coordinates above, the functions Us(r, G, g) in (8) depend on
(r, G, g) and remark the homogeneity property

Us(r,G,g) = 37'UB 'r,G,g)  where U:=Uj. 9)

By renormalizable integrability we mean that there exists a function F of two argu-
ments such that the function U in (9) verifies

U(r, G, g) = F(Eo(r, G, g), 1), (10)
where
Eo(r,G, g) = G* +1v1 —G2cosg. (11)

By (10), the level curves of Ej are also level curves of U. On the other hand, the
phase portrait of Ej in the plane (g, G)—i.e., the family of curves

Eo(r,G, g) =G> +r1v1 —G2cosg =&, (12)

2 We can do this as the Hamiltonians Hy and Hy rescale by a factor 52 as (y',y) — 3y, y)
and (¥, x) — B%(x, x).
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inthe plane (g, G) accordingly to the different values of r—is completely explicit [17].
ForO <r < lorl <r < 2itincludes two minima (£, 0) on the g-axis; two sym-
metric maxima on the G-axis and one saddle point at (0, 0). When r > 2 the saddle
point disappears and (0, 0) turns to be a maximum. The phase portrait includes two
separatrices in the case 0 < r < 2; one separatrix in the caser > 2. These are the level
set Sy(r) through the saddle, corresponding to £ =, for 0 < r < 2, and the level
set S;(r) = {€ = 1}, for any r. Rotational motions in between Sy(r) and S;(r), do
exist only for 0 < r < 1. The minima and the maxima are surrounded by librational
motions and different motions (librations about different equilibria or rotations) are
separated by Sp(r) and S (r). The reader is referred to Fig. 1 for further qualitative
details about the portion of the phase space corresponding to [—7, 7] x [—1, 1].

We call perihelion librations the librational motions about (£, 0) or (0, 0). Their
physical meaning is that the perihelion of £ affords oscillations while E, highly
eccentric anytime, periodically flattens to a segment in correspondence of the times
when G vanishes. After the flattening time, the sense of rotation on [E is reversed
(as G changes its sign). We remark that (see the next section for a discussion) the
potential U is well defined along the level sets of E, with the exception of Sy(r),
where U is singular. In particular, U remains regular for all r > 2.

Let 0 < (8, < [3* be defined via

ps for Hy max{(3, 3} for Hj

Bei=1 348 8 = { v (13)
3 for Ho B+ for Hy .

De-homogeneizating via (9), we see that, if r > 23*, then we fall in the third panel
in Fig. 1 for any Ug’s in (7) so that all of such potentials afford perihelion librations
about (0, 0) and (£, 0). The works [5, 18] deal precisely with this situation.

Before (and in order to) describing the purposes of such works, we informally
discuss the role of the total angular momentum’s length C := ||x x y + x’ x y/|.
This quantity enters in (7) via kinetic term ||y’ ||, according to

C-G)?
2 20

m2 __
IyI? =R >

(14)

(as |C — G is the Euclidean length of x’ x y’, assuming that x x y and x’ x y’ are
parallel). Combining (14) with an expansion

11 k
UH(L Gv g) = _; + ; Zum(Ga g) <5> s

r
k>1

of the Ug’s in (7) in powers of r~!, one can split the Hamiltonians ﬁ_] and ﬁo in (7)
in two parts, which we call, respectively, fast and slow:
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where fjﬂﬁ collects terms of order %, or higher, hence, retains the symmetries and
the equilibria of the Ug’s discussed above. We fix, in phase space, a region of initial
data where the terms in (15) verify (see [5] for an informal discussion)

Heasell 3> 10551 [ Hgow — U5l - (16)
3.6 3.6

b o

SIS ¥ SIS —— N _—_—
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Fig.1 Phase portraits of Ey given by (11) in the plane (g,G) for0 < r < 1 (top left), 1 <r < 2 (top
right) and r > 2 (bottom). The points corresponding to minima of Eg are labeled in blue, maxima
appear in green and separatrices correspond to red curves
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Then, the motions of R and r, mainly ruled Hg,q, are faster than the ones of G and g,
ruled by Hgjow. If C = 0, the smallest term Hgjow — U Js5 = S > 1S even with respect to
G, so Hyjoy retains the symmetries and equilibria of U 573 in Fig. 1, for the caser > 2.
However, in this case, Hg,g is unbounded below, so nothing prevents r to decrease
below 25* and the scenario rapidly changes from (c) to (b) or (a). In this case, one has
then to prove that perihelion librations occur in the full Hamiltonians (7) in such a
short time that it prevents the scenario to change. The following result was obtained:

Theorem 1 ([18]) Take, in (7), C = 0. Fix an arbitrary neighbourhood Uy of (0, 0)
or of (0, ) and an arbitrary neighbourhood V of an unperturbed curve ~y(t) =
(Go(t), g0(2)) € Uy in Fig. 1. Then it is possible to find six numbers 0 < ¢ < 1,
0<f_ <B4y, 0<a_ <ay, T >0, such that, for any B_ < B, < 0* < By the
prOJectzons Io(t) = (G(2), g(t)) of all the orbits F(t) = R(@®),G(@), (1), g(t)) of
H,, H, with initial datum (Ry, 1o, Go, g0) € [W JcT] X [ca—, at] x Uy belong
to Vg for all 0 <t < T. Moreover, the angle ~(t) between the position ray of I'y(t)
and the g-axis affords a variation larger than 2m during the time T.

The proof of Theorem 1 uses a new normal form theorem, together with the construc-
tion of a system of coordinates well adapted to perihelion librations, as reviewed in
Sect. 3.

If C # 0, Hg, is bounded below, attaining its minimum at

Ro=0, 1ry=C>. (17)
It is reasonable to expect that if the initial values of R and r are close to (17), they

will remain there for some time and the motions of G and g will be close to be ruled
by H Slow := Hiow|r=r,» Which reads, to the lowest orders,

-2CG+G*  ,(5-3GH ,15(1-GY
G.g = - - 2
Hiow (G, 2) = 217 p 8r) b R
+O(r;%). (18)

On the other hand, the equilibria of U0 have some chance of surviving in HY_,

for small values of |C|, but the symmetnes of U0 do not persist. As an example, in

Fig. 2, we report the phase portrait of HY_ for HJ, with

slow
C=25, B=p3=280. (19)

We call unperturbed motions the motions obtained combining (17) with the motions
in Fig. 2. The natural question now is whether and at which extent the motions
of (7) may be regarded as perturbations of such unperturbed ones. The question was
considered in [5], from the numerical point of view. Namely, in [5] the full motions
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Fig. 2 Phase portrait of
H(s)low given in_(lS) with

C=25p3=53=80

of ﬁ] were analysed, with C, § and B chosen? as in (19), and the initial values of R
and r close to (17). Numerical evidence of orbits continuing the unperturbed orbits
above, interposed with zones of chaos, was obtained.

The paper is organised as follows:

1. In Sect. 2, we review recent results on the two-centre problem. We discuss first
the existence of an invariant, referred as Euler integral, whose expression in the
asymmetric setting is also given. Taking advantages of canonical coordinates
lowering the number of degrees-of-freedom, coupled together with the renormal-
izable integrability property, the level sets of the averaged Newtonian potential
are discussed in the planar case.

2. In Sect. 3, we outline the proof of Theorem 1 following [18]. The proof relies
on normal form of Hamiltonians (7) free of small divisors, combined with an
expression of the Euler integral suited for large values of r.

3. InSect. 4, we further complement the understanding of the dynamics in the regime
of large r: we retrace the steps of [5] in constructing explicitly an horseshoe orbit,
therefore introducing the existence of symbolic dynamics. The methodology relies
essentially on the construction of “boxes” stretching across one another under the
action of a specific Poincaré mapping, and uses arguments of covering relations
as introduced in [20].

3 The quantities 3, 3, 7, ¥, X, ¥, X, R, 1, G, g, C of the present paper are related to 3, 5, o, y’,

x',y,x,R, 1, G, g, Cin [5] via the relations (with “here” , “there” standing for “in the present

paper” and “in [5]”, respectively) fhere = (1 4 14) Bineres Bhere = (1 + 1) Biperer 0 (1 + ) =7,y =
/ I4+p s

A _ _ _ X _ Ripere 4 __ Tthere(14-10) _ G _
1+Ny » X = A2 X,y= Ay, X = A2 Rhere = ﬁ, There = meAiza Ghere = lAere, Zhere =
there

Ziheres Chere = ¢ Vi where A, p were chosen, in [5], 3.099 and 1, respectively. Note also the

misprint in the definition of o in [5, (1.4)], as the power of y at the denominator should be 3 instead
of 2. This misprint is inessential, as the number ¢ plays no réle in [5].




A New Analysis of the Three-Body Problem 55

2 Euler Problem Revisited

In this section we review the classical integration of the two-centre problem and
complement it with considerations that will be useful to us in the next. The 2CP is
the system, in R? (or R?), of one particle interacting with two fixed masses via Newton
Law. If £v, € R? are the position coordinates of the centers, m. their masses; v,
with v # %vj, the position coordinate of the moving particle; u = v its velocity, and
1 its mass, the Hamiltonian of the system (Euler Hamiltonian) is

_up? o m, m.

- . (20)
2 Iv+voll [lv—voll

Euler showed [13] that J exhibits 2 independent first integrals, in involution. One of
these first integrals is the projection

Vo
O=M- — (21)
lIvoll

of the angular momentum M = v X u of the particle along the direction vj. It is not
specifically due to the Newtonian potential, but, rather, to its invariance by rotations
around the axis vy. For example, it persists if the Newtonian potential is replaced with
a a-homogeneous one. The existence of the following constant of motion, which we
shall refer to as Euler integral:

E=||vxu||2+(vo-u)2+2v-vo< oy M- ) (22)
lv+voll  llv—woll

is pretty specific of J. As observed in [3], in the limit of merging centers, i.e., vo = 0,
J reduces to the Kepler Hamiltonian (5), and E to the squared length of the angular
momentum of the moving particle.

The formula in (22) is not easy” to be found in the literature, so we briefly discuss
it.

After fixing a reference frame with the third axis in the direction of v, and denoting
as (vi, v, v3) the coordinates of v with respect to such frame, one introduces the
so-called “elliptic coordinates”

2 Iy Ty 1) Iy

)\zl<r_++r_>, ﬂ:%(ri—r—>, w::arg(—vz,vl), (23)

where we have let, for short,

ro := [voll, 1+ :=[vEvol.

4 See however [6] for a formula related to (22).
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Regarding ry as a fixed external parameter and calling p), pg, p., the generalized
momenta associated to \, § and w, it turns out that the Hamiltonian (20), written in
the coordinates (py, pg, A, B) is independent of w and has the expression

1 PP =1  pRA=p8)  p2 o1
I(px, Pgs Pws A, B, 10) = [ A 3 »

A2 — 32 213 213 23 \1— /32
+A21_ 1) _ (s Jrrgm)A + e _r%m)ﬁ] NCYY
It follows that the solution W of Hamilton—Jacobi equation
J(Wx, Wg, pu, A, B,10) = h (25)
can be searched of the form
WX, B, pu. 10, h) = WO, puto, h) + W (B, pu, 1o, h)
and (25) separates completely as
FOWL N po.to.h) + FOWP, B, pu.to.h) =0 (26)

with FO F® defined via (24)-(25).
The identity (26) implies that there must exist a function E, which we call Euler
integral, depending on (p,,, 1o, i) only, such that

FO(pa, A, pusto, B) = —FP(ps, By pu»rt0, h) = E(pusto, ) Y (pr, pas A, B) .

After elementary computations, one find that, in terms of the initial position—impulse
coordinates, the Euler Integral

1

E=_(F"-F®) 27)

[\SY]

has the expression in (22), when written in the original coordinates.

The “asymmetric” case We are interested to find the expression of the Euler inte-
gral (22) when 2CP is written in the form

2 1 ’
_ llyll o M (28)

J
2 Ixl IIx" =x]|
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namely, when the two centres are in “asymmetric positions”, 0, x'. As we shall see,
in that case we have

M/(x/ —x) X

E=|M|>?-x-L+ -
X" — x|l

(29)

where

M:=xxy, L:=yxM eP 30)

Il

are the angular momentum and the eccentricity vector associated to the Kepler Hamil-
tonian (5) with e and P being the eccentricity and the perihelion direction (||P| = 1).
Notice that J reduces to a Kepler Hamiltonian in two cases: either for x' = 0, in
which case, as in the symmetric case above, E reduces to ||M||2, or for M’ = 0. The
latter case is more interesting to us, as J and E become, respectively, Jy in (5) and

Eo = [[M|*—x-L (31)

with Eq being—as well expected—a combination of first integrals of Jg.
To prove (29)—(30), we change, canonically,

1
X' =2vo, X=Vo+V, y/zz(uo—u), y=u

(where y’, uy denote the generalized impulses conjugated to X', vy, respectively) we

reach the Hamiltonian J in (20), with my = 1, m_ = M’. Turning back with the
transformations, one sees that the function E in (22) takes the expression

(x=3) ] #a oo (- 5) (- o)
2) Y Ta™ Y 2 ) \Ixl I —xi)

and we rewrite it as

2
E::‘

E=FEy+E +E

with
/_ . /
Eo:= [M|> =X -L, E = M’w
Ix" — x|
K1 M
By= ol (L - 22
2 2 x|l [Ix" = x|

where M, L are as in (30). Since E, is itself an integral for J, we can neglect it and
rename
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E :=Ey+ E; (32)

the Euler integral to J. Namely,
1.8} =0. (33)

A set of canonical coordinates which lets J and E in 2 degrees-of-freedom We
describe a set of canonical coordinates, which we denote as /C, which we shall use
for our analysis of the Euler Hamiltonian (28) and its integral E (32). This set of
coordinates puts J and E in two degrees-of-freedom (represented by the couples
(A, £), (G, g) below), precisely like the classical ellipsoidal coordinates (23) do,
both in the spatial and planar case.

We consider, in the region of (y, x) where Jj in (5) takes negative values and the
ellipse E(y, x) it generates starting from any initial datum (y, X) in this region is not
a circle. Denote as:

e a the semi-major axis;

e P, with |P|| = 1, the direction of perihelion, assuming the ellipse is not a circle;

e {: the mean anomaly, defined, mod 2, as the area of the elliptic sector spanned
by x from P, normalized to 2.

Finally,

e given three vectors u, v and w, with u, v L w, we denote as a (u, v) the oriented
angle from u to v relatively to the positive orientation established by w.

We fix an arbitrary (“inertial”’) frame

in R3, and denote as
M=xxy, M=x'xy, C=M+M,
where “x” denotes skew-product in R*. Observe the following relations
X-C=x-(M+M)=x"-M, P-M=0, [P|=1. (34)
Assume that the “nodes”
n:=kxC, m:=Cxx', my:=xxM (35)

do not vanish. We define the coordinates

ICZ(Z,C, @aG’R7A7<’gvl97garae)
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via the following formulae.

Z:=C-k
C:=|C| z ;= ak(i, ny)
R.= ¥ X g = ac(n, m)
Il ri= x| (36)
A=4a £ := meananomalyofx on [
G := M| g = am(m;, M x P)
9 = M- x' ¥ = ay(ng, n3)
X1l

The canonical character of K has been discussed in [17]. In the planar case, the
coordinates (36) reduce to the 8 coordinates

_ 7 7
C=lxxy+x xy| 'yzak(i,x/)-i-g

G = x>yl ,
¥y X g=au(X,P)+7 (37)
I r=Ixl

A=+/a £ = mean anomaly of xin £

Using the formulae in the previous section, we provide the expressions of J in (28)
and E in (31) in terms of K:

1 M
J(A,G,0,1,¢,g) = YV
\/r2+2ra,/l — g—§p+a292
=Jo+ 1

a2 G2

E(A,G,0,r1,0,8) = G411 — —/1 - —
, O, U, T, 6, 8) = r G2 Azcosg

+ M'r e l—g—fp
\/r2+2ra,/1—g—22p+a292

=:Ey+E, (38)

and, if £ = £(A, G, £) is the eccentric anomaly, defined as the solution of Kepler
equation

E—e(A,G)siné =4 39

and a = a(A) the semi-major axis; e = e(A, G), the eccentricity of the ellipse,
0=0(A,G,0),p=p(A,G,¢,g) are defined as
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a(A) = A?

e(A,QG):

Il
—_
I

0(A,G,8) :=1—e(A,G)cos&(A,G,¥)
p(4,G, ¢, 9) :

(cos&(A, G, £) —e(A,G))cosg — % siné(A, G, ¢)sing.  (40)

The angle
G .
v(A,G, ) = arg <cos £E(A,G, 0 —e(A,G), 1 sin&(A, G, Z)) 41

is usually referred to as true anomaly, so one recognises that p(A, G, ¥, g) =
ocos(v + g).

Observe that E and J in (38) do not depend on C, Z, (, 7, R, ¥, while the Hamil-
tonians (7), do not depend on Z, (, 7, £.

The details on the derivation of the formulae in (38) may be found in [17].

Renormalizable integrability In this section we review the property of renormalizable
integrability pointed out in [16].
We consider the function Ug in (8) with 3 = 1, which is given by

dat

2T
Ut 4.6.G. g) = / 42)

\/r2+2ra 1——p+a 0?

EO=G2+r\/1 \/ cosg

in (38). These two functions have the following remarkable properties:

and the function

(P1) they have one effective degree-of-freedom, as they depend on one conjugated
couple of coordinates: the couple (G, g);
(P,) they Poisson-commute:

{U, EO} —0. 43)

Relation (43) can be proved taking the ¢-average of (33), and exploiting that J,
depends only on A; see [16]. The following definition relies precisely with this
situation.

Definition 1 ([16]) Let 4, g be two functions of the form

hp,q,y,x) =h(p,q), y,%), &p,q,y, %) =8U(p,q),y,x) (44
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where

(p,q,y,x) €D :=BxU (45)
with U C R?, B C R?" open and connected, (p,q) = (P1, -+ Pus» 41> ***» qn)

conjugate coordinates with respect to the two-formw = dy Adx + Y -, dp; A dg;
and I(p7 ‘Z) = (Il (pv q)v D) In(Pa q))a Wlth

LL: B—>R, i=1,---,n
pairwise Poisson commuting:
{I,-,Ij}=0 Vi<i<j<n i=1,---,n. (46)

We say that & is renormalizably integrable via g if there exists a function
h: 1B) xgU) — R,
such that

h(p,q,y,x) =hl(p,q), gU(p, q), y, x)) (47)
for all (p,q,y,x) € D.

Proposition 1 ([16]) If h is renormalizably integrable via g, then:

1) Ly, ---, I, are first integrals to h and g;
(ii) h and g Poisson commute.

Proposition 2 ([16]) U is renormalizably integrable via Ey. Namely, there exists a
function F such that

U(r, A,0,G,g) =F(r, 4, 0,E(r, 4,0, G,g).

The proof of Proposition 2 is based on P; + P, above. Below, we list some
consequences.
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(1) If Fg, # 0, the time laws of (G, g) under U or E are basically (i.e., up to a

change of time) the same;

(ii) Motions of E corresponding to level sets for which Fg, = 0 are fixed points
curves to U (“frozen orbits™). In [16] we provided an example of frozen orbit
of U in the spatial case, forr <« 1;

(iii)) U and Ej have the same action—angle coordinates;

(iv) Fmay have several expressions, as well as U, which is defined via a quadrature.
Two different representation formulae have been proposed in [16, 18].

In the next section, we investigate the dynamical properties of E for the planar
case (® = 0).

The phase portrait of Ey inthe planar case Here we fix A = 1, = 0.Forr € (0, 2),
the function E(g, G) has a minimum, a saddle and a maximum, respectively at

2
P —(4+r,0), Py=(0,0), P,= (o,,/l—%)

where it takes the values, respectively,

2

£ =—r, &-=r, 5+=1+rz.

Thus, the level sets in (12) are non-empty only for
2
Ee [—r, 1+ Z] . (48)

We denote as Sy, the level set through the saddle Py. When G = 1, E takes the value
1 for all g and we denote as S; the level curve with £ = 1. The equations of Sy, S
are, respectively:

So(r) = {(g, G): G*+r1y1—-G2cosg = r},
Si(r) = {G - j:l} U {G — im}. (49)

S is composed of two branches, which will be referred to as “horizontal”, “vertical”,
respectively, transversally intersecting at (+7, 1), with g mod 27. Note that, when
0 < r < 1, the vertical branch is defined for all g € T; when r > 1, its domain in g
is made of two disjoint neighbourhoods of £7.

When r > 2, the saddle Py and its manifold Sy do not exist, P_ = (7, 0) is still
a minimum, while the maximum becomes P, = (0, 0). The manifold S; still exists,
with the vertical branch closer and closer, as r — 400, to the portion of straight
g= j:% in the strip —1 < G < 1. In this case the admissible values for £ are
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£ e[-r,1].

It is worth mentioning [17] that, when O < r < 2, the motions generated by E along
So(r) can be explicitly computed, and are given by

_ g/
G(t)  coshoA(t—1t)°
1— o
2 _
g(t) — :|:COS71 cosh aAit 1) ’
g
- cosh? o A(t—tg)

where
o>:=r@2-r1), o’>:=2—-r, re(0,2). (50)

These motions—which have a remarkable similitude with the separatrix motions of
the classical pendulum—are however meaningless for U, which is singular on Sy (r).
The scenario is depicted in Fig. 1 to which we refer for further qualitative details.

3 Perihelion Librations in the Three-Body Problem

In this section we review the results of [16-18].

As mentioned in the introduction, the proof of Theorem 1 is based on two ingre-
dients: a normal form theory well designed around the Hamiltonians (7), where no
non-resonance condition is required, and a set of action—angle-like coordinates which
approximate well the natural action—angle coordinates of Ey when r is large. In this
section we briefly summarise the procedure. Full details may be found in [18].

A normal form theory without small divisors We describe a procedure for elimi-
nating the angles’ ¢ at high orders, given Hamiltonian of the form

H@ ¢,p.q,y.x) =h@, I, 9, y) + fL ¢.p.q, y, x) D
which we assume to be holomorphic on the neighbourhood
Prssre =l xTi xBsxV, x X DP=0IxT"xBxYxX,

for suitable p, s, d, r, £ > 0 and

J. Q= (p191, -, PmGm) -

5 Note that the procedure described in this section does not seem to be related to [2, Sect. 6.4.4],
for the lack of slow—fast couples.
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Here,l c R",BC R*",Y Cc R, X C R are open and connected; T = R/(27Z) is the
standard torus, and we have used the common notation A, := | J B, (x), where
B, (x) is the complex open ball centered in x with radius r.

We denote as O, 5 ¢ the set of complex holomorphic functions

xeA

¢ : Ppsdrf_) C
for some p > p,§ > 5,6 > 6,7 > r, £ > £, equipped with the norm

. s|k| sh+j
1Dl pssrne = Y lldunillprce’™ 6"

kih,j

where ¢ (I, y, x) are the coefficients of the Taylor—Fourier expansion6

=Yt y, )ep"d gl = sup 16, y,x).

ki j 0, xY, x K¢

If ¢ is independent of x, we simply write ||¢||,, for |¢ll,rc. If ¢ € O, 5,6, We
define its “off-average” d) and “average” ¢ as

Z dinj (L, y, x)e*p'q

k.h,j
(kAh—.i)#»(OvU)

— ~

p=¢—¢=

Myqo@, 0, J(p, @), y, x)dp,
Q™" Jioamp

with

Iy, @, J(P, @), y, x) = Z¢khh(l y, x)ekplq

We decompose
Op,s,é,r,£ = Zp,s,5,r,§ ® Np,s,&,r,{ .

where Z, ;5 r.¢, Njs.6..¢ are the “zero-average” and the “normal” classes

Zp,s,ﬁ,r,f = {¢ € Op,s,é,r,f : (b = 5} = {(b € Op.s.ﬁ,r,{ :
Np,s,ﬁ,r,f = {¢ € Op,sﬁ,r,f : (b =¢)={p€ Op,s,é,r,f

respectively. We finally let wy 1y := 0y pyh.

6 We denote as x”" ::)c?1 --vx,é'",whercx: (x1, - ,x,) €ER*and h = (hy, -+, hy) € N,
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In the following result, no non-resonance condition is required on the frequencies
wr, which, as a matter of fact, might also be zero.

Theorem 2 ([18]) For any n, m, there exists a number c, ,, > 1 such that, for any
N € N such that the following inequalities are satisfied

4NXHImﬂ <s, 4N)(Hﬂ <1
Wy p.r Wy p.r
CamN id (il ‘ 1 (54)
Cnm N — ,8,0,7, - <
d ’ ¢ Wy Il p.5,8,r,¢

with d := min {ps, ré, 52}, X = sup {|x| T x € Xf}, one can find an operator
Vet Opssire = O1300,5.6.06 (55)
which carries H to
H, =h+g. + fx

where g, € J\/’l/3(p,s,5,,,§), [ € O13(p.5,5.r.¢) and, moreover, the following inequalities
hold

I
w

y

”f”p,s,é,r,{

— . X
g« — fll1/300,5.6,r6) < 162C, m— ”
d .
p.8,0,1r,€

1
| fill1/3¢0.5,6,m6) < W”f”p.s,ﬁ,r,f' (56)

The transformation W, can be obtained as a composition of time-one Hamiltonian
flows, and satisfies the following. If

(I, (Pa p» qv y9 -x) = lp*(l*y (P*a p*s q*s R*v r*)

the following uniform bounds hold:

d {lI_I*| o — @il 1P—Psl 1d—qsl [y — sl |x_x*|}
max 5 )

P s 5 5 ro €
< max {sIL= LI, pleo— @.l. 0P = Pul. dla— aul. €1y =y, rlx = x.l}
f

Wy

5192('

. (57)
0,8,0,r,&

Hints on the proof of Theorem 2 may be found in Appendix A.
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Asymptotic action—angle coordinates The explicit construction of the action—angle
coordinates for Ey for any value of r and ® exhibits elliptic integrals. This is true
even in the case ® = 0, in which the phase portrait is, as discussed, explicit. As
we are interested to the case that r is large, we adopt the “approximate” solution of
integrating only the leading part of E. Namely, we replace Eq. (12) with

\/1—G2cosg=g. (58)

‘We show that, for this case, the action—angle coordinates, denoted as (G, y), are given
by

G=E, n=r7 (59)

where 7 is the time the flows employs to reach the value (G, g) on the level set g,
starting from (v/'1 — £2,0) (V1 — &2, ). Namely, for the Hamiltonian (58), the
action—angle coordinates coincide with the energy—time coordinates. Indeed, by (58),
the action variable can be taken to be

1 arccos\g\ g~2 -
—1—|——/ l———dg —1<&<0
g(g) — T J —arccos |€] COS~ g

1 arccos & gz -
l——/ l————dg 0<&<1.
_ cos?g

™ arccos €

We have defined g(5 ) so that G(0) = 0. Then the period of the orbit is given by
T(€) =27Gx(&).

With the change of variable
w=——tang, (60)
we obtain

- - arccoslgl
TE) = 4|5|/
0

2

1 dg _4/1 dw
cos’ g /1_L§_ o VI—w?
cos* g

which implies (59).
Looking at the (multi-valued) generating function
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Py(G)
sG.o= [ iy
Po(G) -~ cos

(where, as it is standard to do [1], the integral is computed along the Gth level set,
from Py(G) := (—arccos G, 0) to a prefixed point P,(G) = (g, -) of the level set, so
as to make S(G, -) continuous) we obtain the transformation of coordinates

G=+1-G%*cosy
(1 .
g=—tan! <§\/1 — G2 sm’y) + k7 61)

. _Joif0<G<1
with k_{lif—l<g<0.

Then, using the coordinates (G, ), one obtains the expression
Eo=Gr+ (1 —gz)coszy

which will be used in the next section.

The proof of Theorem 1 is a direct application of Proposition 2. As such, a careful
evaluation of the involved quantities is needed. Those evaluations are completely
explicit in [18]. For the purpose of this review, we report below the main ideas while
we skip most of computational details. The reader who is interested in them might
consult [18].

Sketch of proof of Theorem 1 For definiteness, we sketch the proof of Theorem 1 for
(0, 0). The proof for (0, ) is similar. For the purposes of this proof, we let H = HJ
and Hz = HO, where HJ and HJ are as in (7). It is convenient to rewrite the functions
H as

~ R? 1\ G 3 1
ARGy = (T 1)+ 50— 5557 (Fro(BuG o) -1)

_ﬁ:;B% (ﬁ—ﬁsm (E—ﬁem (G, g)> - 1)

~ R2 1 G? B 1/~ N
BR.Grg={5-2)+t37~ B+3r (F(am)e(r) <E<J3+E)e(r> @G, g)) - 1)

where
[ -1 T “1R—1 -1
er):=—, EdG,g):=¢eE(e,G, g, F():=¢ Fe,e1).
r
‘We next change coordinates via the canonical changes

Ci: G,7)— G,g, C: (y,x) = (R,1)
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where C; is defined as in (61), with k = 0, while C, is
/cos Ex)+1
R(y, D E———
. x) = 1 —cosé&'(x) (62)
r(y,x) =y (1 —cos &' (x))
where £'(x) solves

& —siné =x. (63)

R 1 1
=)ol =——.
<2 r>02 2y?

Using the new coordinates, we have

(> has been chosen so that

_ﬁ (ﬁ—ﬁe(y,n (E—Be@,x)(g’ 7)) - 1))

~ 1 1 1-63 5
Hz———-&-r(yx)((,) 7 o

B
[J’Jrﬁr(y X) ( (B+Pe(y x)( G+B0n0 G ’”) - 1))

having abusively denoted as e(y, x) := £(r(y, x)) and
E.G,7) =G +e(1 —G?)cos’ . (64)

A domain where we shall check holomorphy for ?I,- is chosen as

Ds.so.vam. v ==Y ja= x Lz x G5 x Ty, (65)

where
Y::{ye[R: L/of<y<@}, X::{xeR: x—m §7r—2\/5}
6:={ger:1-0<g<1] (66)

4,0<50<7T—2,O<<5<1.Ifco>Ois such that for any 0 <
€0 < 1 and for any x € X sz, Eq. (63) has a unique solution & (x) which depends

where 0 < a_ < &
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analytically on x and and verifies
|1 —cos&'(x)] = oo (67)

(the existence of such a number ¢ is well known) and if the following inequalities
are satisfied

2
, C*(s9)0 <1  C*(so) :i=16 <sup | sinvl)

50

a_gg >

(68)

with §* as in (13), then ﬁi are holomoEEhic in the domain (65). The proof is based on
the explicit evaluation of the function F.(¢) for complex values of its arguments, the
accomplishment of which is obtained using the explicit expression of E(t): see [18,
Proposition 3.1 and Proposition 3.3].

We aim to apply Theorem 2, withI = G, o =+, (¥, x) as in (62), h(y) = —57
and, finally

g
r(y ) <5(y, ) ! cos? y ﬁ (Fﬁs(y x)(Eﬁso 0, 7)) )

_% (ﬁ Be(y, x)( —Be(y.0) G 7)) B 1)) i=1

G, vy, x) = (s(y 1) 1=9) Q)COS ~

(69)

r(y x)

B = _ _
gk o) (Fsmre00 (Bipimenn@m) — 1) )
i=2

As h does not depend on G and the coordinates p, q do not exist, in order to apply
Theorem 2, only the last condition in (54) needs to be verified. Direct computations
show that such condition is verified provided that N = [Ny] — 1, where

3/2
1 B |1 B 1 |aY
A = C,max | — 25 — —( 32
0 Co€0950 Q_ C(%gé Q_ o’

with G, as in (13) and C, is independent of sy. Assuming also that

2e2a? 0

Ny
203
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we have, in particular, Ny > 2. We denote as

H, = h(32) + 20 Xu, Go) + (G Yo Y X) (71)

the Hamiltonian obtained after the application of Theorem 2 where, g, f satisfy
the following bounds:

lge—fll <24, Jgll<27VA
with ?(y*, Xy, Gy) the v,-average of f(y., X«, Gs, V%) and

m3aB,

* 227
CHEHO

A=C

is an upper bg\und to || | above. Let now I, (t) = (G (1), 4 (2), ¥« (1), x4(¢)) be
a solution of H, with initial datum I, (0) = (G.(0), 74(0), y.(0), x,(0)) € D and

verifying
§ 3 ‘/mga_ + ,/mgc)q_
1G:(0) — 1] = 5 Zympa- = [%(0)= 5

x(0) = 7. (72)

We look for a time T > 0 such that I',(t) € D for all 0 <t < T. Then T can be
taken to be

T — min {,/043_, —Vajo, 2N0%} (73)

as this choice easily allows to check

2—(N+1) A k)
[y« () = ¥ (0)] < [3:(0)| = Ja—, 1G.(t) — G.(0)] < =4 =3

50
1x:(1) = x.(0)] <7 — \/eo
for all |#| < T. In addition, at the time ¢ = T, one has

3 2.5/2 2 2.2 2
. a” ChEy O ChEqO”
¢° min 3 3, — %a/a_, 002 2Mog0 8
oy «

oy +

[7:(T) = 7+ (0)]

v

37

Ui
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with ¢° independent of a_, a4, 3, B, 4, €9 and 5. We then see that |7, (T) — v, (0)|
is lower bounded by 37 as soon as

n<l. (74)

The last step of the proof consists of proving that inequalities (68), (70) and (74)
may be simultaneously satisfied. This is discussed in [18, Remark 5.1]. O

4 Chaos in a Binary Asteroid System

This section describes the main steps of [5] in constructing explicitly a topological
horseshoe; henceforth providing evidences of the existence of symbolic dynamics.
The construction essentially relies on the introduction of a two-dimensional Poincaré
map from which invariants are computed. Following arguments presented in [20],
the introduction of ad hoc sets and the computation of their images provide the
self-covering relationships needed to conclude.

We fix 8 = B = 80, which corresponds to take ;x = 1 and k ~ 40; see (3). We
interpret the Hamiltonian H; with this choice of parameters as governing the (aver-
aged out after many periods of the reference asteroid) motions of a binary asteroid
system interacting with a massive body, with the Jacobi reduction referred at one
of the two twin asteroids. The parity triggered by the equality 3 = 3 reflects on the
Taylor—Fourier coefficients of the expansion

cC-G)2? 1
AR.Gr.g) = 2+(2) L Zng)() 75)

accordingly to

v/2
Z%(G) cos2pg if viseven

7,G.8) =1 .3 (76)
0 otherwise .

In our numeric implementations, we truncated the infinite sum in (75) up to a certain
order Vmax, chosen so that the results did not vary increasing it again. Moreover,
as the coefficients ¢, (G, -) in (76) are m-periodic, without loss of generality, we
restricted g € T/2 ~ [0, m). We describe the steps we followed in our numerical
analysis, recalling the reader to use Footnote 3 to relate the values in (77) and (78)
with the homonymous ones in [5].
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Construction of a 2-dimensional Poincaré map The motions of (75) evolve on 3-
dimensional manifolds M, labeled by the constant value c of the energy. The struc-
ture of Hj allows to reduce the coordinate R after fixing ¢ and hence to identify M. as
the 3-dimensional space of triples {(r, G, g)}. The dimension can be further reduced
to 2 considering a plane X' through a given P, = (r, G, g,) and perpendicular to
the velocity vector V, = (v}, v, vg) of the the orbit through P,. This leads us to
construct a Poincaré map, which we define as follows. We start by defining two oper-
ators / and 7 consisting in “lifting” the initial two-dimensional seed z = (G, g) to the
four-dimensional space (R, G, r, g) and “projecting” it back to plan after the action
of the flow-map Cblt?[, during the first return time 7. The lift operator reconstructs the
four-dimensional state vector from a seed on D x T /2, where the domain D of the
variable G is a compact subset of the form [—1, 1]. For a suitable (A, A) C R? x R?,
its definition reads

l: DxT/2D>DA—- DxT/2xA
2> 2=1(2),

where z = (G, g, R, r) satisfies the two following conditions:

1. Planarity condition. The triplet (r, G, g) belongs to the plane X, i.e.r solves the
algebraic condition v} (r —r,) + v§(G — G,) + vg(g —g.)=0.

2. Energetic condition. The component R solves the energetic condition
ﬁJ(R, G,1,g) =c.

The projector 7 is the projection onto the first two components of the vector,

m: DxT/2xA— DxT/2

2=1(21,22,23,24) > 7(2) = (21, 22) -
The Poincaré mapping is therefore defined and constructed as

P: DxT/2— DxT/2
’r_ _ 7(2)
z—> 7 =P(z) = (7ro<1§ﬁj ol)(z).
The mapping is nothing else than a “snapshots” of the whole flow at specific return
time 7. It should be noted that the successive (first) return time is in general function

of the current seed (initial condition or current state), i.e. 7 = 7(Z), formally defined
(if it exists) as

7(2) = inf |t e Ry, (r(t), G(), g(n)) € 2],

where (r(t), G(1), g(t)) is obtained through the flow.
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With C = 24.394, we fixed the initial values
R, = -0.0060, G, = —-0.804, r,=0652.256, g,=14524rad (77)

and we obtained the results plotted in the first panel of Fig. 3. We invite the reader
to compare this figure with the unperturbed phase portrait of Fig. 2. In particular,
due to the non-integrability of the problem, chaotic zones appear, mostly distributed
for positive values of G. This chaos was the object of our next investigations, as
discussed below.

Hyperbolic fixed points and heteroclinic intersections Equilibrium points of the map-
ping P (i.e.periodic orbits of the Hamiltonian system (75)) have been found using
a Newton algorithm with initial guesses distributed on a resolved grid of initial
conditions in D x T/2. We found more than 20 fixed points x,. The eigensystems
associated to the fixed points have been computed to determine the local stability
properties. The result of the analysis is displayed on Fig. 3 along with the following
convention: hyperbolic fixed points appear as red crosses, elliptical points are marked
with blue circles.

The local stable manifold associated to an hyperbolic point x,,

Joe.(X4) = {X [IP"(x) = xull > 0, n € Ny,n — oo},

can be grown by computing the images of a fundamental domain I C E;(x,), E;(x,)
being the stable eigenspace associated to the saddle point x,. The local unstable
manifolds Wy _ (x,) were similarly computed, but changing the sign of the time inte-

gration. See Fig. 3.

Covering relations Let us introduce some notations. Let N be a compact set con-
tained in R? and u(N) = s(N) = 1 being, respectively, the exit and entry dimension
(two real numbers such that their sum is equal to the dimension of the space con-
taining N); let cy : R? — R? be an homeomorphism such that cy(N) = [—1, 1717
let N, =[—1, 1]2,NC_ ={-1,1} x [-1, 1],N:r = [—1, 1] x {—1, 1}; then, the two
set N~ = cy'(N-) and N* = ¢! (N.F) are, respectively, the exit set and the entry
set. In the case of dimension 2, they are topologically a sum of two disjoint inter-
vals. The quadruple (N, u(N), s(N), cy) is called a h-set and N is called sup-
port of the h-set. Finally, let S(N)IC = (—00,—1) xR, S(N). =(1,00) xR, and
S(NY = ey (S(N)L), S(N) = ¢y (S(N)!) be, respectively, the left and the right
side of N. The general definition of covering relation can be found in [9]. Here
we provide a simplified notion, suited to the case that N is two-dimensional, based
on [20, Theorem 16].
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Definition 2 Let f : R> — R? be a continuous map and N and M the supports of
two h-sets. We say that M f-covers N and we denote it by M =f> N if:
(1) 3qo € [—1, 1] such that f(cy([—1,1] x {go})) C int(S(N)' UN U S(N)"),

2 fMHNN =9,
G fFMHANT=0.

Conditions (2) and (3) are called, respectively, exit and entry condition.

The notions of covering (including self-covering) relations are useful in defining
topological horseshoe [9, 20].

Definition 3 Let N; and N, be the supports of two disjoint 4-sets in R?. A continuous
map f : R? — R? is said to be a topological horseshoe for Ny and N, if

ML N, NvLN, DN, LN,

Topological horseshoes are associated to symbolic dynamics as discussed in
[9, Theorem 2] and in [20, Theorem 18].

The topological horseshoe Based on the couple of hyperbolic fixed points

{ql = (21, G1) = (0.203945459, 0.665706), %)

@ = (22, Gy) = (0.278077917,0.714484),
we define two sets Ni, N, C R? which are supports of two h-sets as follows:

Ny = g1 + Ajv] + Bvf,
No=q» + szg + Bzvg,

where v, v{, v}, vy are the stable and the unstable eigenvectors related to g;, g2,
respectively, and the A, A,, B; and B, are numbers suitably chosen in a grid of
values. Then the following covering relations are numerically detected

NI =5 Ny, N = N,, Ny== Ny, Ny = N,,

proving the numerical evidence of a topological horseshoe, i.e., existence of sym-
bolic dynamics for P. The obtained horseshoe associated to g; and g, with the
aforementioned parameters is illustrated in Fig. 3.
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Fig.3 Composite panels illustrating our main steps in constructing the topological horseshoe. (Top
left) The continuous flow is reduced to a 2-dimensional mapping by introducing a suitable Poincaré
map P. The phase space contains both elliptic (blue) and hyperbolic (red) fixed-points. (Top right)
Finite pieces of the stable and unstable manifolds might be constructed from the knowledge of the
eigensystem derived from the linearisation D P. (Bottom) Carefully chosen sets and their images
under P provide the covering relations and imply existence of symbolic dynamics. See text for

details
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Appendix 1: Outline of the Proof of Theorem 2

In this section we provide some technical details of the proof of Theorem 2. For the
full proof we refer to [18].

The proof is by recursion. We assume that, at a certain step, we have a system of
the form

HI, ¢, J(p,q),y) =h@ JP,q),y) + g@LIP.q),y,x) + fA @, I, @, y,x) (79)

where f € O,;5.,¢. 8 € N, At the first step, just take g = 0.
After splitting f on its Taylor—Fourier basis

£= fj@y x)e“epiql.

kh,j
one looks for a time-1 map
Ly _ —
@ =" = ;;F Ly(f):={o. f}

generated by a small Hamiltonian ¢ which will be taken in the class Z, ; 5 ¢ in (52).
Here,

m

{6 f}:= (01,005, f — O fOp,0) + Y _(Op,00q f — Oy, £ 0, )

i=1 i=1

+(ay¢axf - 8\fax¢)

denotes the Poisson parentheses of ¢ and f. One lets

o= > by x)e“ep'q. (80)
ke Li0.0)

The operation

¢ — {¢.h}
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acts diagonally on the monomials in the expansion (80), carrying
brnj = —(WyOxdrnj + Menjdrnj) ,  With Ny == (h — j) - wy + ik - wy . (81)
Therefore, one defines
{¢,h} =: —D,¢.
The formal application of @ = e** yields:

e“H=e*Mh+g+ f)=h+g—D.o+ f+P:(h) + D1(g) + D1(f)(82)

J

L .
where the @), := &, ==}, i’s are the tails of ek,

Next, one requires that the residual term —D,¢ + f lies in the class NV, 0.5,8,1,E
in (53)

(_Dw¢ + f) € Np,s,&,r,{ (83)

for ¢.
Since we have chosen ¢ € Z, 5,.¢, by (81), we have that also D¢ € Z, 5 ,.¢.
So, Eq. (83) becomes

—D,p+ f=0.
In terms of the Taylor—Fourier modes, the equation becomes

WyOx Prnj + MenjPrnj = finj Yk, b, j) o (k,h— j) #(0,0). (84)

In the standard situation, one typically proceeds to solve such equation via Fourier
series:

Jinj Ly, x) = Z finje@M ™, gy, x) = Z¢khj€(lv y)els
¢ ¢

Snje
Hkhje
one requires not to vanish via, e.g., a “diophantine inequality” to be held for all
(k, h, j,£) with (k, h — j) # (0, 0). In this standard case, there is not much free-
dom in the choice of ¢. In fact, such solution is determined up to solutions of the
homogenous equation

so as to find ¢ypje = with the usual denominators fij¢ := Aknj + i€w, which

Do =0 (85)
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which, in view of the Diophantine condition, has the only trivial solution ¢y = 0.
The situation is different if f is not periodic in x, or ¢ is not needed so. In such a
case, it is possible to find a solution of (84), corresponding to a non-trivial solution
of (85), where small divisors do not appear. This is

1 * M(‘rf)r) . .
— (0 y, @y d f (k,h — 0,0
wy/o S, y, T)e T if ( J) #(0,0) (86)

0 otherwise.

G (L, y, x) =

Multiplying by ¢*% and summing over k, 4 and j, we obtain

1 (% - wp o I
o, o, p.q,y,x) = 7/ f<1,<p+ﬂ(7—xxpe”«"(7 x),qe 5 x),y,7> dr.
wy Jo wy

In [18] it is proved that, under the assumptions (54), this function can be used to
obtain a convergent time-one map and that the construction can be iterated so as to
provide the proof of Theorem 2. The construction of the iterations and the proof of
its convergence is obtained adapting the techniques of [19] to the present case.
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