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ABSTRACT In power systems, the steady-state operations following any disturbance can be assessed by 
means of time-domain simulations, which consider the dynamic of the system without simplifying 
hypotheses. This paper proposes a formulation of the power flow problem with distributed slack bus model 
able to determine the steady-state impact on frequency and generation set-points of primary and secondary 
frequency regulation. This is done by deriving the real power balance expressions (including power losses, 
primary/secondary regulation, and the real frequency deviation) before and after the occurrence of any 
event or disturbance. This is achieved without resorting to the solution of a time-domain simulation. The 
performance of the proposed formulation is discussed through the standard WSCC 9-bus system and a 102-
bus model of the Sicilian grid. Solutions are compared with those obtained with conventional time-domain 
simulations. 

INDEX TERMS Dynamic power flow; distributed slack bus; primary frequency regulation; secondary 
frequency regulation. 

A. Sets and Indices 
·* Steady-state initial regime   
·' Steady-state value after PFR 
·'' Steady-state value after PFR + SFR 

I Set of generators providing PFR 

II Set of generators providing PFR & SFR 
slk Slack-bus  
 
B. Symbols 

pg  Power increment of the generator g [MW] 
k'g  Generator PFC [MW/Hz]  
kU Load PFC [MW/Hz] 
K' Sum of all generator and load PFC [MW/Hz]  
f  Steady-state frequency deviation [Hz] 
p  Disturbance [MW] 
pg Active power of the generator g [MW] 
ploss Network Losses [MW] 
pL Active power of the generator g [MW] 
f  Network frequency [MW] 
k"g Secondary control reserve [MW] 
K'' Sum of all secondary control reserve [MW] 
ΔL SFR Signal level [MW] 
σ Frequency droop constant [adimen.] 

 
C. Acronyms 
PF  Power Flow 
DSB Distributed Slack Bus 
PFR Primary Frequency Regulation 
PFC Power Frequency Characteristic 

SFR  Secondary Frequency Regulation 
PFPD-D Dynamic Power Flow of University of 

Padova 
AGC Automatic Generation Control 
TDS Time Domain Simulation 
QSS Quasi Steady-State 
vRES Variable Renewable Energy Sources 
TSO Transmission System Operator 

 

I. INTRODUCTION 

A. MOTIVATIONS 

In the classical power flow formulation, any power 
unbalance between generators and loads (including power 
losses) is allocated to a single generator, which serves as 
slack bus. However, this mathematical artifice is not 
consistent with the actual behavior of the system and 
could bring to misleading results in the study of steady-
state planning and operation analyses. In real power 
systems, in fact, all synchronous machines vary their 
power production, following a power unbalance, by means 
of their primary and secondary frequency controllers.  

In technical literature, this fact encouraged the 
development of Distributed Slack Bus (DSB) model, 
which distributes the power unbalances to different 
generators participating to a centralized regulation 
process. The main limitation of these approaches is that 
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the exact coefficients related to the contribution of each 
generator pg cannot be determined a priori, since they 
are weighted by the Power Frequency Characteristic 
(PFC), k'g, and by the secondary control reserve, k''g, so by 
the steady-state frequency deviation f and the SFR 
Signal level L reached after the actions of PFR and SFR, 
by the well-known relations (1):  

  = 
g g

p k f ' ' ;

 = 
g g

p k L'' ''  ; 
(1) 

However, f and L depends on the PFR and SFR 
contributions themselves. To overcome this limitation, f 

and L are typically estimated by the two following well-
known relations given by [1]: 

 p
f

K'


  ;   

p
L

K''


  ; (2) 

where K' [MW/Hz] is the sum of all the PFC of the 
generators participating to the PFR and of the load, K'' 

[MW] is the sum of all secondary control reserves, and Δp 

is the active power perturbation.  
However, the approximation (2) does not consider the 

actual new steady-state regimes derived from the actions of 
PFR and SFR. After these actions, indeed, a new allocation 
of the active power between the generators, considering 
also new power losses, should be considered, but it is 
neglected by (2). The new system power losses, after a 
frequency disturbance, in fact, have non-negligible impact 
on the contribution of each single generator output. 
Therefore, simple application of (2) could bring to a 
misleading consideration of the new active power set-point 
of the generators involved in the PFR, especially in large 
networks.  

To overcome the above-mentioned approximation, it is 
proposed a simple and accurate framework (PFPD-D) 
computing the power flow solution after the occurrence of a 
disturbance. Such formulations could be meaningful for 
design and planning predicting the effect of the regulators 
acting after a disturbance, without exploiting time domain 
simulations or complex formulations. Such disturbances 
(load/generator shedding, line tripping, etc.) are the ones 
occurring in real power systems and are increasingly 
frequent with the vRES integration, characterized by 
intermittent generation [2].  

B. LITERATURE REVIEW 

In 1986, the first contribution introducing the concept of 
dynamic power flow was presented in [3] being based on 
the DSB model [4]. The dynamic power flow models [2], 
[3], [5-9] consist in distributing any power unbalances, after 
the occurrence of a disturbance, among all the generators, 
by considering the frequency deviation inside the model.   

Therefore, it radically differs from the classical power 
flow problem [10-12], where the power balance is restored 

by the slack generator only, so bringing to unreliable 
solutions especially for large power systems, as remarked in 
[13], [14]. 

Regarding the commercial software solutions proposed 
for the dynamic power flow, some software considers 
different approaches to balance the power difference 
between the supplied and dispatch power, i.e., according to 
primary control [15]. However, these methods introduce 
some simplifying hypotheses, e.g., exploiting the first 
expression of (2) to compute the dispatch power of new 
steady-state regime after disturbances.  

To address the problem of distributing the incremental 
powers after the occurrence of disturbance, some 
contributions propose different criteria. In [3] and [16] the 
generator power mismatches implicitly contain the presence 
of the frequency deviation. In [17], participation factors are 
obtained by considering the costs of generating units, thus, 
implementing an economic dispatch of the power 
unbalance. References [18] and [19] proposes to distribute 
the power unbalance within each generator considering the 
contribution of the Primary Frequency Regulation (PFR).  

From a practical standpoint, the dynamic power flow 
problem is becoming important today, due to increasing 
presence of vRES in power systems. In [2], [8], [9] a 
stochastic approach to dynamic power flow is proposed, 
considering the PFR uncertainties in networks with high 
vRES penetration. In [7], an iterative dynamic power flow 
model attempts to update the power flow solutions based on 
PFR in presence of high wind generation. However, these 
formulations consider only the PFR, without exploiting the 
capability of generators to also perform SFR.  

Alternatively, instead of using dynamic power flow 
techniques, long-term responses to power system 
disturbance can be modelled by means of the Quasi Steady-
State (QSS) approaches [20-22], which simulate power 
system time evolution by means of a sequence of 
equilibrium steady-state points. However, such methods 
start from the complete dynamic model to derive the QSS 
approximations, differently from the dynamic power flows, 
as the one proposed in this paper (see Sect. I-C). Indeed, 
dynamic power flow methods must not be confused with 
the dynamized power flow methods lately developed to 
trace the power flow solutions by means of differential 
transformation, simulating the network dynamic evolution 
[23-25]. These algorithms [23-25], in fact, simplify the 
mathematical treatment of time-domain analysis but do not 
give a practical tool to forecast the real impact of the PFR 
and SFR on the steady-state power flow problem.  

C. CONTRIBUTIONS 

This paper proposes an alternative theoretical framework 
considering the action of dynamic processes, but inside a 
new steady-state algorithm (PFPD-D).   

PFPD-D is made of two simple outer-loop iterative 
methods (named as "Method A" and "Method B") 
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computing the steady-state regimes after the actions of PFR 
and SFR (i.e., the regulations happening after any network 
disturbance as load/generator shedding, line tripping, etc.). 
These outer-loop iteratively solves the classical power flow 
problem in which the new system power losses, the new 
frequency deviations, the new secondary regulation signal 
levels, and so the new contribution pg to be assigned to 
each generator are updated till exact convergence values. 

These iterative procedures allow considering the precise 
impact of PFR and SFR without recurring to model 
simplifications as in (2), QSS simulations, and Time 
Domain Simulations (TDSs). The steady-state results of 
PFPD-D, however, are consistent with the final values 
obtained with time domain integration of the fully-fledged 
dynamic model of the system.  

Indeed, it is important to highlight that this paper does 
not give any information about the dynamic evolution of 
the system after the disturbance. The iteration sequence is 
not representative of different power flow solutions over 
the time after the disturbance, instead it represents the 
iterative steps necessary to reach the convergence criterion 
of the algorithm (see Sect. II-A and II-B).   

Section II-A describes the theoretical passages to find 
the "Method A" algorithm of PFPD-D, whereas in Sect. II-
B the "Method B" algorithm of PFPD-D is explained. In 
sect. III-A simulation results of PFPD-D in the standard 
WSCC 9-bus system are applied, in sect. III-B, instead, 
results of PFPD-D are proposed in a real power system 
data, i.e., the Sicilian power system (102 buses). 
 
 
II. INCLUDING FREQUENCY REGULATION WITHIN PF 

SOLVERS 

In this section, the development of two iterative algorithms 
that find the steady-state solutions after the action of PFR 
(see Sect. II-A) and PFR+SFR (see Sect. II-B) following a 
power disturbance is presented. The formulations are derived 
by merging the classical power flow equations with the static 
characteristics of PFR and SFR regulators.  
 

A. PRIMARY FREQUENCY REGULATION (METHOD A) 

The active power balance in steady state, with the inclusion 
of the power losses, can be written as: 
 
 =

g L loss
p p p * * *

 (3) 

where Σpg
* is the sum of the generated active power; ΣpL

* is 
the sum of the power absorbed by the load and p*

loss are the 
network losses (they depend on the power flow solution).  

Let now assume that a disturbance, Δp, occurs: if f 

* is 
the pre-disturbance frequency value, the steady-state 
frequency after the action of PFR is:  
 
  = f f f*

 (4) 

In this condition, generator g injects the following active 
power, by considering its PFC kg: 
 
   

g g g
p p k f

' *
 (5) 

 
and the overall network power balance after the occurrence 
of the disturbance is: 

  g g L U loss
p k f = p k f p p        * * '

 (6) 

 
where kU is the PFC of the load. By including (3) into (6), it 
yields: 
 

   =* * * '

L loss g L U lossp p k f p p k f p            (7) 

 

Defining g U
K k k   , (7) becomes: 

 

=
loss loss

p K f p p   * '
 (8) 

 
The expression of Δf can be derived knowing the 

disturbance Δp and the power losses before the disturbance 
and after the action of the PFR: 
 

loss loss
p p p

f
K K

 
  

* '

 (9) 

 
The first expression on the right side is a constant term 

and the second expression depends on the power losses p'loss 
after the primary frequency regulation: by naming A the 
constant term, (9) can be written as: 
 

loss
p

f A
K

  
'

 (10) 

Since the final steady-state regime after the action of 
PFR is unknown, so it is p'loss, to compute Δf an iterative 
scheme must be set. 

Fig. 1 shows the flow chart of the proposed algorithm 
computing the new steady state regime, after the action of 
the PFC distributed between the generators. The input data 
are the steady-state conditions of the network before the 
disturbance, Δp: the set of the power generated p*

g, the 
power losses p*

loss, and the K coefficient for PFC. Then, an 
initial Δf=A is set to compute the initial guess of the 
generator active power. Thus, a new power flow is 
computed so giving a new value for the losses p(n)

loss which 
can be exploited to update Δf by (9). As shown in Fig. 1, 
the procedure must be iterated till convergence, i.e., the 
difference between two consecutive frequency deviation 
settles at a constant value: 
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|Δf (n) – Δf (n-1) |<tol. 

It is worth noting that each power flow inside the iterative 
cycle must consider the generator power injection 
computed with the updated frequency, f = f* + Δf.  
The algorithm output gives the steady-state regime settling 
after a disturbance and after the PFR action, i.e., the new  
Δf ', p'loss, p'g. Note that the results are found without 
considering neither simplifying hypotheses nor dynamic 
simulations. 
 
 
 
 
 
 

 

FIGURE 1. Flow chart of the proposed iterative scheme computing the 
power flow solution for Method A. 

B. PRIMARY AND SECONDARY FREQUENCY 
REGULATION (METHOD B) 

A similar procedure to derive Δf can be applied to 
compute the steady-state condition after the PFR and the 
Secondary Frequency Regulation (SFR). In this case, two 
groups of generators should be identified: the ones 
performing the PFR service only (I) and the ones also 
performing the SFR service (II).  

The balance (3) happening before the disturbance, Δp, 
can be rewritten as: 
 

 
I II

* * * * *

g g g L loss
g g

p p p = p +p
 

    

 
 (11) 

The SFR perfectly tracks the frequency to restore the 
pre-disturbance frequency value f 

*, so each generator reacts 
to the frequency deviation -Δf by restoring the pre-
contingency power output p*

g according to the static power-
frequency PFR curve of each generator.  

The generators providing the PFR + SFR produce an 
incremental power with respect to the pre-contingency 
condition, so that their total contribution can be written as: 
 

   

II II II
 

g g g
p p k L'' * ''      

 (12) 

where ΔL represents a level signal sent to all generators by 
the central dispatch control and k''g are the weight 
coefficients determining the power share to be provided 
with the SFR. 

The level signal ΔL is a constant value for all the 
generators participating to the SFR. Note that ΔL is a value 
which could be important from a power dispatch 
standpoint: it forecasts the power share that each generator 
should provide to restore the pre-contingency frequency. 
Therefore, (12) gives the power share which can be 
computed with time domain simulation implementing 
Automatic Generation Controls (AGCs). 

In these conditions, the complete power balance after the 
SFR service is given by:  
 

  
I II

=
g Lg g loss

k L p pp p p        '' ** * ''
 (13)) (12

 
Defining '' ''

g
K k  , the expression of ΔL can be 

derived as it follows: 
 

 
loss loss loss

p p p p
L B

K K K

 
    

* '' ''

'' '' ''
 (14) (12

where the constant term on the right side of the expression 
is constant and has been called B. It is worth noting the 
analogies in the approach proposed in Sect. II-A.  

Similarly to the PFR procedure, the final expression of 

Compute the Power Flow solution, so 

the new power losses  

yes 

Estimate the new generator active 
powers: 

 

Input data: 

- Disturbance: Δp 
- Power flow solution (*) before disturbance 
- Total PFC: K=kg+kU 

- Initial guess (Frequency deviation) 
Δf (1) := (Δp+p*loss) /K   (9) 

 

Evaluate the new frequency deviation: 
 

Check the termination 
criterion 

|Δf (n) – Δf (n-1) |<tol 

 

no 

Begin 

Output results: 

Generator active powers after PFR: p'
g
 

New network power losses p'
loss

 

Network frequency deviation Δf ' 

End 
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ΔL can be computed starting from ΔL=B and updating ΔL 

based on the power losses obtainable with power flow 
solutions computed iteratively. Fig. 2 shows the flow chart 
of the proposed algorithm computing the new steady state 
regime, after the action of the SFR of the generators 
providing the secondary reserve service.  

The input data are the entities of the disturbance, Δp, the 
set of the power generated p*

g, the power losses p*
loss, and 

the K'' coefficient for SFC. Then, an initial ΔL=B is set to 
compute the initial guess of the generator active power (see 
Fig. 2). Thus, a new power flow is computed so giving a 
new value for the losses p(n)

loss which can be exploited to 
update ΔL by (14).  

As shown in Fig. 2, the procedure must be iterated till 
convergence, i.e., the difference between two consecutive 
signal deviation settles at a constant value: 

 
 

 

FIGURE 2. Flow chart of the proposed iterative scheme computing the 
power flow solution for Method B. 

|ΔL(n) – ΔL(n-1) | < tol 

Again, the output of the new steady-state regime occurring 
after a disturbance and the regulation of the PFR+SFR can be 
found (i.e., the signal level ΔL, p''loss, p''g) without 
simplifying hypotheses and without recurring on dynamic 
simulations.  
It is worth noting that, in this case, PFR and SFR act 
simultaneously. The action of the PFR is implicitly included 
in the procedure but no operating point related to the PFR is 
derived. In fact, the steady-state operating point reached after 
the SFR action is independent from the PFR behaviour. 
Indeed, input variables of this procedure depend only by pre-
disturbance parameters, and not by intermediate parameters 
resulting from the calculation with only PFR derived in 
Section II-A. 

 
III. SIMULATION RESULTS 

The algorithm PFPD-D is applied to the WSCC 9-bus system 
and to a real-world grid model, namely, the Sicilian 
transmission system (102-bus system). The WSCC 9-bus 
network is chosen, since it is a well-recognized benchmark 
for power system simulations developed by Anderson [26]. 
The 102-bus Sicilian network, instead, is chosen since it is 
significative large and real power system. This network 
contains together also the connection with the power 
system of the Malta island [27]. So, the effectiveness of 
PFPD-D is also tested to a real-world power system.  

The results of PFPD-D are always compared with a 
conventional time domain simulation. In fact, time domain 
simulations give the steady-state values settling at the end 
of the transients following any disturbance and the actions 
of both PFR and SFR.  

For the simulations of Method A, the comparison 
between the results obtained considering the frequency 
deviation of PFPD-D proposed in (10), the steady-state 
approximation of (2) and the results of TDSs performed 
with Dome [28] is performed. Dome is a recognized power 
system analysis software written in Python, C and Fortran 
and developed by Prof. Milano. Its distinguishing feature 
relies in its usability by the interested researchers, who can 
contribute to improve its modular structure for the sake of 
power system community.  

For the Method B simulations, the comparison between 
the new active power injected by the generators obtained by 
(12) and the results of TDS performed with Dome is carried 
out.  

A. CASE STUDY I: THE WSCC 9-BUS SYSTEM 

The scheme of the WSCC 9-bus system adopted for the 
simulations is shown in Fig. 3. It is supposed that each 
generator provides both the PFR and SFR service. 

For PFR, a PFC value of 50 MW/Hz (which corresponds 
to a droop constant σ=0.04 weighted on 100 MVA power 
base) is set. For SFR, a value of 100 MW for all the k"g 

Compute the Power Flow solution, so 

the new power losses  

yes 

Estimate the new generator active 
powers: 

 

Input data: 

- Disturbance: Δp 
- Power flow solution (*) before disturbance 
- Total secondary control reserve: K'' = Σ k''g 
- Initial guess (SFR signal level): 

ΔL (1 ):= - (Δp+p*loss) /K'' (14) 
 

Evaluate the new frequency deviation: 
 

Check the termination 
criterion 

|ΔL(n) – ΔL(n-1) | < tol 

no 

Begin 

Output results:  

Generator active powers after PFR+SFR: p''
g
 

New network power losses p''
loss

 
Network signal level ΔL' 

End 
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coefficients of all the generators is set. The base-case total 
dispatched power is 319.65 MW.  

Table I shows the frequency deviation and the active 
powers generated in steady state considering PFR and after 
a loss of load of Δp=9.6 MW (3% of the total generated 
power). Such results are performed by considering Method 
A (see Sect. II-A). The standard formulation (2) introduces 
an error respect to TDS for the frequency estimation of 
3.77%; differently, PFPD-D estimation is more in tune with 
the dynamic simulation, with an error of 0.30% with respect 
to TDS (see Tab. I). Moreover, the errors in the power 
deviation post-disturbance and after the action of the PFR 
always remain below 1% for PFPD-D. Differently, the 
corresponding errors for standard formulation (2) reach the 
value 6%. This confirm that PFPD-D is more in tune with 
TDS, so better matching the network reality (see Tab. I). 

By considering Method B, Fig. 4 shows the difference 
between steady-state active power generated before and 
after the action of the SFR for the WSCC 9-bus system. All 
the coefficients k"g are constant, so the same active power 
difference is injected by generators. Fig. 4 highlights a 
generator active power difference between PFPD-D and 
TDS of 0.30% and between PFPD-D and the analytical 
formulation (2) of 3.6%. 

B. CASE STUDY II: THE SICILIAN GRID (102-BUS 
MODEL POWER SYSTEM) 

Next, we consider a 102-bus model of the Sicilian grid, 
see Fig. 5. In this case, the disturbance is a 34.5 MW loss of 
load (3% of the total generated power) in the Malta island 
(see "Location 4" in Fig. 5).  

The total pre-disturbance dispatched power is 1150 MW.  
 

 

FIGURE 3. WSCC 9-bus test system. 

TABLE I 
RESULTS OF THE COMPARISON FOR THE 9-BUS CASE. THE PERCENTAGE 

VALUES ARE COMPUTED WITH RESPECT TO THE FREQUENCY AND POWER 

MISMATCH BETWEEN PRE AND POST DISTURBANCE. 

 
Pre-

disturbance 

Standard 

(2) 
PFPD-D 

Dynamic 

model 

(TDS) 

% error 
TDS - (2) 

% error 
TDS -

PFPD_D 

Δf [Hz] 0 0.0639 0.0662 0.0664    3.77 %     0.30 % 

pG1 [MW] 71.65 68.12 68.34 68.32    6.01 %     0.60 % 

pG2 [MW] 163.00 159.80 159.70 159.68    3.61 %     0.60 % 

pG3 [MW] 85.00 81.80 81.70 81.68    3.61 %     0.60 % 

 

FIGURE 4. Steady-state generation power difference computing Method 
B for the WSCC 9-bus system. 

 
 
FIGURE 5. Sicilian transmission network. 

 
 
In this case, all generators participate to the PFR service 

with a PFC of 50 MW/Hz. In fact, since this network is part 
of the Italian transmission system, the participation of all its 
generators is mandatory. According to the Italian grid code 
[29], indeed, all the generation units with nominal power 
higher than 10 MVA must provide PFR service. However, 
PFPD-D is completely general, so the case where some 
generators do not provide PFR can be easily handled by 
fixing a PFC equal to 0 MW/Hz. 

The results of the comparison are reported in Table II in 
terms of frequency deviation and active and reactive power 
provided by the slack bus. Such results, are performed by 
considering only PFR (see Sect. II-A). In this case, the 
frequency estimation error introduced by the standard 
formulation (2) is 4.5%, whereas PFPD-D estimates the real 
frequency deviation with an error of 0.39%.  

Regarding the estimation of the active power deviations, 
Tab. II shows that the errors of PFPD-D respect to the real 
dynamic TDS are always below 1 %, instead the errors 
between (2) and TDS, in some cases, reach 4.8 % of 
deviation. In Fig. 5, the comparison in terms of active 
power provided by all other generators computing Method 
A is shown. 

1
G2 

1
G3 

1
G1 

T2 T3 

T1 

1 

2 

7 

3 

9 

8 

4 5 

6 

L3 

L2 L1 

PFR + SFR Generation active power difference for 

WSCC 9-bus system 

20 km 

Location 1 
(Malta) 

Location 2 

Location 3 

Location 4 
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TABLE II 
COMPARATIVE RESULTS FOR THE SICILIAN GRID. THE PERCENTAGE 

VALUES ARE COMPUTED WITH RESPECT TO THE FREQUENCY AND POWER 

MISMATCH BETWEEN PRE AND POST DISTURBANCE. 
 Pre-

disturbance 

Standard 

(2) 

PFPD-D Dynamic 

model 

(TDS) 

% error 
TDS - (2) 

% error 

TDS -
PFPD_D 

Δf [Hz] 0 0.0493 0.0514 0.0516 4.5% 0.39 % 

pG1 [MW] 275.64 273.01 273.07 273.05 0.02 % 0.52 % 

pG2 [MW] 65.40 62.94 62.83 62.82 0.21 % 0.02 % 

pG3 [MW] 67.00 64.54 64.43 64.42 0.22 % 0.02 % 

pG4 [MW] 47.40 44.94 44.83 44.82 0.30 % 0.02 % 

pG5 [MW] 61.70 59.24 59.13 59.12 0.21 % 0.02 % 

pG6 [MW] 61.50 59.04 58.93 58.92 0.21 % 0.02 % 

pG7 [MW] 0 -2.46 -2.57 -2.58 4.8 % 0.40 % 

pG8 [MW] 71.20 68.74 68.63 68.62 0.12 % 0.02 % 

pG9 [MW] 131.50 129.04 128.93 128.91 0.10 % 0.01 % 

pG10 [MW] 62.50 60.04 59.93 59.92 0.21 % 0.01 % 

pG11 [MW] 0 -2.46 -2.57 -2.58 4.82 % 0.40 % 

pG12 [MW] 66.20 63.74 63.63 63.62 0.20 % 0.02 % 

pG13 [MW] 163.40 160.94 160.83 160.82 0.10 % 0.01 % 

pG14 [MW] 73.20 70.74 70.63 70.62 0.18 % 0.02 % 

 
Fig. 5 confirms that the error observed in the frequency 

estimation by (2) propagates itself also in the active power 
generated by each generator after the action of the PFR, as 
already shown in Tab. II. Contrary, the estimation made by 
PFPD-D returns errors always below 1%. 

By considering Method B, Fig. 6 shows the difference 
between steady-state active power generated before and 
after the action of PFR + SFR for the Sicilian network. All 
the coefficients k"g are constant, so that the same active 
power difference is injected by generators.  

Fig. 5 highlights that the generator active power 
difference between PFPD-D and TDS is 0.35% for the 
Sicilian network. 
 

 
FIGURE 5. Percentage errors between TDS and PFPD-D and between 
TDS and (2) for the active power provided by all generators for Method 
A in the Sicily network (102-bus system). 

 

FIGURE 6. Steady-state generation power difference computing Method 
B for the Sicilian network. 

C. DISCUSSION ON THE CONVERGENCE OF PFPD-D 

Since Method A and Method B are iterative algorithms (see 
Sect. II-A and II-B), the problem related to their 
convergence properties must be addressed.  

Method A and Method B are outer loops computing the 
power flow problem (internal loop) iteratively. Thus, if the 
network under analysis is well conditioned, convergence is 
guaranteed as long as the power flow convergence is 
guaranteed. Moreover, several tests show that if the entity 
of the disturbance is too heavy, e.g., loss of a big amount of 
load centers or generation units, the power flow problem 
remains well-conditioned. This because before the power 
flow computation, the reassignment of the generation 
outputs (see (5) for Method A, and see (12) for Method B) 
restore the absorbed/generated power balance.  

Though any power flow solver could be used for PFPD-
D, in this work, we implement the proposed technique 
using the PFPD solver described in [30]. This choice comes 
from its convergence robustness and good computational 
performances [30].  

By considering the 9-bus case and the Sicilian network 
case, the convergence trend of Methods A is shown in Fig. 
7a (frequency tolerance of 10-6 Hz): the method converges 
in 5 iterations with a CPU-time of 70 ms for the WSCC 9-
bus network, and with 4 iterations with a CPU-time of 80 
ms for the Sicilian network. For each grid, the error of the 
approximate solution falls below 1% after the first iteration. 

Similarly to Method A, the convergence trend of Method 
B for the 9-bus case and the Sicilian network case, is shown 
in Fig. 7b (signal level tolerance of 10-6 Hz). The method 
converges in 4 iterations with a CPU-time of 70 ms for the 
WSCC 9-bus network, and with 4 iterations with a CPU-
time of 80 ms for the Sicilian network. Also in this case, for 
each grid, the error of the approximate solution falls below 
1% after the first iteration. Please note the CPU times for 
both Method A and B are the same, since the two iterative 
methods have the same structure. 

The method allows accurately calculating the frequency 
deviation value after the second iteration for both cases. 

PFR+SFR Generation active power difference for the 

Sicilian network 
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Fig. 8 shows the convergence speed of the iterative method. 
With the aim of verifying the robustness of PFPD-D 

algorithm, two parametric analyses are performed: the first 
by changing the entity of the disturbance (see Fig. 9) and 
the second by changing the PFC of all generators (see Fig. 
10). The results given by PFPD_D and by formulation (2) 
are compared with the results of the complete TDS in terms 
of percentage errors. Fig. 9 shows the results of the 
parametric analysis by varying the disturbance entity. The 
percentage error in the frequency deviation estimation of 
the formulation (2) increases with the decreasing of the 
disturbance entity, and it remains always above 3% for each 
grid under analysis. However, the error between PFPD_D 
and TDS remains below 1% regardless of the entity of the 
disturbance. 

 
 
 
 

 
FIGURE 7. Convergence trend of PFR (Method A) and for PFR+SFR 
(Method B) for the WSCC 9-bus system (a) and for the Sicilian network 
(102-bus system) (b). 

 
FIGURE 8. Convergence speed of Method A and Method B applied to the 
9-bus network and to the Sicilian network (102-bus system). 

 
FIGURE 9. Frequency deviation percentage error between PFPD_D and 
TDS (black lines) and between (2) and TDS (grey lines) by varying the 
power disturbance entity with Method A. 

Fig. 10 shows the results of the parametric analysis by 
varying the PFC of each generator. In this case, the 
percentage error in the frequency deviation estimation does 
not depend on the generator PFC and it remains always 
close to 4% with the classical formulation (2) but it 
decreases under 0.5% with the PFPD-D algorithm. The 
actual minimum error is reached for a PFC value of 88 
MW/Hz. 

These important results suggest that the frequency 
estimation given by (2), and the derived PFR contributions 
of the generators, are less accurate precisely for small 
disturbance, which is the situation in which they have the 
biggest impact, i.e., in the economic dispatch for the 
allocation of ancillary services. Otherwise, the proposed 
procedure allows to strongly improve the accuracy in a 
simple and effortless way. 

Eventually, Table III presents the results for the Sicilian 
grid of a parametric analysis performed by changing the 
disturbance entity and the location of the disturbance (for 
the locations of the disturbances refer to the geographic 
maps in Fig. 5). 

The percentage error between PFPD_D and TDS for the 
frequency deviation is always below 1%, whatever is the 
location of the disturbance. Differently, the errors obtained 
with (2), especially for Location 1 and Location 4, are non-
negligible and close to 5%. 

 

 

FIGURE 10. Percentage error between PFPD_D and TDS (black lines) 
and between (2) and TDS (grey lines) by varying the PFC of each 
generator. 

(a) 

(b) 

Method A 

Method B 

Method A Method B 
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TABLE III 
COMPARATIVE RESULTS FOR THE SICILIAN GRID BY VARYING THE DISTURBANCE ENTITY AND LOCATION . 

Disturbance 

Entity 

Location 1 Location 2 

 

Location 3 

 

Location 4 

[%] respect to 
the total load 

TDS- (2) 

% error on Δf 
TDS - PFPD-D  

% error on Δf  
TDS- (2)  

% error on Δf 
TDS - PFPD-D  

% error on Δf 
TDS- (2)  

% error on Δf 
TDS - PFPD-D  

% error on Δf 
TDS- (2)  

% error on Δf 
TDS - PFPD-D  

% error on Δf 
2.5  4.92 0.40 0.67 0.23 0.87 0.70 2.31 0.15 
5 4.40 0.39 0.59 0.23 0.77 0.69 2.10 0.14 

7.5 3.89 0.39 0.50 0.23 0.68 0.69 1.87 0.14 
10 3.38 0.34 0.42 0.23 0.57 0.68 1.65 0.13 

 
IV. CONCLUSIONS 

A novel dynamic power flow, named PFPD-D, is 
proposed in the paper. This algorithm is made of two 
iterative method (Method A and Method B) giving the 
steady-state solutions after the occurrence of a power 
system disturbance. PFPD-D method does not use neither 
any simplifying hypotheses nor QSS/TDS in the 
computation of the frequency deviations. In fact, the 
steady-state effects of the system control devices (primary 
and secondary regulators), the impact of frequency 
variations, and the impact on the system of the new power 
losses are considered without resorting to the whole system 
of differential algebraic equations describing the power 
system dynamic. Moreover, an evaluation of the power 
system signal level useful for a centralized secondary 
regulation of power system is performed in the paper. The 
high convergence speed of PFPD-D, together with its 
accuracy, makes PFPD-D preferable to time-domain 
simulations for planning and operation analyses.  

The paper shows that the frequency deviations and the 
power losses, computed by means of these new 
formulations, are in tune with the exact solution of the 
dynamic model both for a reference network and for a 
model of the Sicilian grid. Simulation results also show that 
the well-known distributed slack-bus formula (2), typically 
used to estimate the steady-state frequency deviation, could 
differ from the exact solution up to 6 %.  

The advantages of the paper are the ease of 
implementation, together with the precision of the results 
without resorting to the high computational cost of time 
domain simulations. However, only the steady-state 
operating points after the actions of PFR and SFR can be 
estimated. This paper is suggested for power system 
planners and designers involved in assessing the power 
system robustness and stability after the occurrence of any 
disturbance.  

Further researches are ongoing to assess the applicability 
of PFPD-D to real and large power systems (e.g., the Italian 
transmission power system and the ENTSO-E power 
system).  
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APPENDIX A  
Data of the WSCC 9-bus system of Fig. 3 are presented 

in this appendix, being classified in Bus data (Tab. IV), 
Transformer data (Tab. V), and Line data (Tab. VI). 
Regarding the Sicilian network shown in Fig. 4, its data 
cannot be published due to non-disclosure agreements with 
the Italian TSO Terna. Tab. VII shows some aggregated 
data about the Sicilian network. Both networks are operated 
at the European industrial frequency of 50 Hz. 

 
 
 
 

TABLE IV 
WSCC 9-BUS SYSTEM: BUS DATA  

Bus 
ID 

Type P 
[MW] 

Q 
[Mvar] 

Vnominal 
[kV] 

1 Slack - - 16.5       
2 PV 265 - 18.0  
3 PV 260 - 13.8  
4 PQ 125 50 230 
5 PQ 150 30 230 
6 PQ 100 35 230 
7 PQ 0 0 230 
8 PQ 0 0 380 
9 PQ 0 0 380 

(*) P is the active power injected (for PV buses) or absorbed (for PQ buses), Q is the 
reactive power injected (for PV buses) or absorbed (for PQ buses) 

 
 
 

TABLE V 
WSCC 9-BUS SYSTEM: TRANSFORMER DATA  

Transf. ID Sending 
bus 

Receiving 
bus 

Sending 
voltage 

[kV] 

Receiving 
voltage 

[kV] 

Vcc  
[%] 

Pcc 
[%] 

Pnom 
[MW] 

1 1 8 16.5       230 5.76 0 100 

2 2 7 18.0  230 6.25 0 100 
3 3 9 13.8  230 5.86 0 100 

(*) Vcc is the percentage short-circuit voltage, Pcc is the percentage short-circuit 
power, Pnom is the transformer nominal power. 
 
 
 

TABLE VI 
WSCC 9-BUS SYSTEM: LINE DATA  

Line 
ID 

S 
end 

R 
end 

V 
[kV] 

r  
[Ω] 

l 
[mH] 

c 
[μF] 

g 
[nS] 

1 8 4 230 5.29 119.27 0.88 0 
2 8 5 230 8.99 129.10 0.79 0 
3 4 7 230 16.93 225.92 1.53 0 
4 5 9 230 20.63 238.55 1.80 0 
5 7 6 230 4.50 101.03 0.75 0 
6 9 6 230 6.30 141.44 1.05 0 

(*) r is the total longitudinal resistance, l is the total longitudinal inductance, c is the 
total transversal capacitance, g is the total transversal conductance 
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TABLE VII 
SICILIAN NETWORK (102-BUS SYSTEM): AGGREGATED DATA  
Number of buses 102 

Number of PV buses 13 

Number of PQ buses 85 

Number of lines 75 

Total line extension [km] 1930  

Line voltage levels [kV] 
150 
220 
400 

Number of two-winding transformers 47 

Number of three-winding transformers 4 

Number of reactive shunts 10 

 

APPENDIX B 
Although any power flow solver can be run for PFPD-D, 

in this paper, PDPF [30] has been exploited. The basics of 
PFPD [30] are briefly presented.  

PFPD is a power flow solver entirely based on a matrix 
approach only exploiting the nodal admittance matrix. 

 
Given a power system network with n nodes, the 

relationship between the entering currents (iN) and the 
voltages (e) at its nodes can be modelled by means of its 
nodal admittance matrix YN (n×n): 

 
 iN=YN e. (A1) 

 
If all the generators (slack and PV buses) and loads (PQ 

buses) are modelled as shunt admittances, a diagonal 
admittance matrix YSGL (n×n), giving the relationship 
between the entering current (iS) into the load/generators 
and network voltages and can be defined (e): 

 
 iS=YSGL e. (A2) 

 
By summing member-to-member (A1) and (A2), it is 

possible to write (A3), i.e.:  
 

 i=Y e. (A3) 
 
where Y=YN+YSGL is the total bus admittance network 
admittance matrix linking the external currents injected at 
all network buses and the nodal voltages. This matrix is 
also defined as "all-inclusive" matrix, as it contains the 
information of all the specific power flow problem. 

It is worth reminding that in PFPD the slack bus 
generator is modelled, for the first time in technical 
literature, as a current generator.  

Fig. A1 gives a graphical representation of (A3), in 
which it is introduced the block partition dividing 
generators and loads  

It is worth noting that i = [Ja 0 0 … 0 0 0]t is the column 
vector of the currents injected at buses in Fig. A1.  

By introducing the partition shown in Fig. A1, it follows: 
 

 iG=YGG uG + YGL uL 
0=YLG uG + YLL uL. 

(A4) 
(A5) 

 

 

gu  

ra,u  

bu  

YLG YLL 

YGL YGG 

uL 

uG 

iL 

iG 

= 

0 

0 

0 

0 

0 

0 

0 

0 

Ja 

u i Y=YN+YSGL 

... 

... 

... 

... 

hu  

mu  

 
FIGURE A1. Partitioned form of i=Y u . 

 
By applying the standard matrix procedure for variable 

elimination, (A5) can be rewritten as: 
 -1

L LL LG G
u Y- Y= u  

(A6) 

 

The substitution of uL in (A4) yields: 
 

  
 

-1

GG GL LL LG GeqG G Gi = Y -Y Y Y u = Y u  (A7) 
 

where YGeq is the admittance matrix as seen at the generator 
buses. It allows, by means of its inverse, computing the 
impedance matrix as seen at the generator buses i.e.: 
 

 -1

Geq GeqZ = Y   . (A8) 
 

The element ZGeq(1,1) of this matrix is the impedance as 
seen at slack bus and can give the current source Ja by 
means of:  
 

                               a,r 1,1GeqaJ u Z  (A9) 
 

From the computation of the matrix equations (A4)-(A9), 
the power flow of the entire system is determined.  

However, since all the voltage phasors (except the slack 
voltage) are unknown, (A4)-(A9) are computed starting 
from a reasonable power flow initial guess (flat start), and 
the convergence of the power flow solution is then found 
iteratively.  

The solution update is based on the correcting current 
method: suitable currents are injected into the network 
buses, in order to adjust the nodal voltages, which are the 
actual solutions of the power flow problem. Please refer to 
[30] for the detailed iterative formulation. 
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