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AN EXPLICIT COMPARISON OF ANTICYCLOTOMIC p-ADIC

L-FUNCTIONS FOR HIDA FAMILIES

CHAN-HO KIM AND MATTEO LONGO

Abstract. The aim of this note is to compare several anticyclotomic p-adic L-functions for
modular forms and p-adic families of ordinary modular forms, which have been defined and
studied from different perspectives by Skinner–Urban, Hida, Perin-Riou, Bertolini–Darmon,
Vatsal, Chida–Hsieh, Longo–Vigni, Castella–Longo and Castella–Kim–Longo. The main
result of this paper is a comparison between the central critical twist of the two-variable
anticyclotomic p-adic L-function obtained as specialisation of the three-variable p-adic L-
function of Skinner–Urban and the two-variable p-adic L-function introduced by one of the
authors in collaboration with Vigni by means of p-adic families of Gross points.
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1. Introduction

1.1. Overview. Anticyclotomic p-adic L-functions attached to modular forms and p-adic fam-
ilies of modular forms have a long story and have been studied in many papers by several
authors; among others, Hida [12], Perrin-Riou [30], Vatsal [40], Bertolini–Darmon [1, 2, 3],
and, more recently, Skinner–Urban [39], Lei–Loeffler–Zerbes [24], Kings–Loeffler–Zerbes [23],
Büyükboduk–Lei [6], [7], Longo–Vigni [26], [27], Castella–Longo [9], Castella–Kim–Longo [8],
and, from a slightly different perspective, in Longo-Nicole [25]. However, it is rather unclear
whether these constructions give us the entirely same object since the choice of periods and
the fudge factors in the interpolation formulas of these p-adic L-functions would depend on
their own constructions.

To the best knowledge of the authors, the following two constructions have been mainly
used.

• p-adic Rankin–Selberg convolution ([12, 30] for a single modular form, [39, 14] for
families).

• Gross points ([1, 2, 3, 40] for a single modular form, [26, 9, 8] for families).
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Our main goal is to clarify the relation between these different constructions of p-adic L-
functions. We start by recalling the three-variable p-adic L-function of Skinner–Urban [39],
and their two-variable and one-variable anticyclotomic specialisations; this p-adic L-function
is constructed, as mentioned before, by means of p-adic Rankin–Selberg products for families
of modular forms. We then recall the construction of the p-adic L-function via Gross points,
following the description given by Chida–Hsieh [10], which generalises the constructions of
Vatsal and Bertolini–Darmon. In Theorem 7.1, we give a detailed proof of the well-known
relation between the one-variable anticyclotomic specialisation of Skinner–Urban’s p-adic L-
function and Chida–Hsieh’s p-adic L-function for the case of weight 2 modular forms. We
then recall Hida–Perrin-Riou’s one-variable anticyclotomic p-adic L-function, following the
construction of Büyükboduk–Lei [6], and compare it with (a twist of) the one-variable anti-
cyclotomic Skinner–Urban p-adic L-function (Theorem 10.1, which can also be obtained from
results of [6] via a more indirect method).

The main result of this paper is to give a more detailed and complete proof of [8, Theorem
5.3] in which we compare the two-variable anticyclotomic specialisation of the central critical
twist of the Skinner–Urban p-adic L-functions and the two-variable anticyclotomic p-adic L-
function constructed by one of the authors of this paper in collaboration with Vigni in [26] by
means of compatible families of Gross points.

1.2. Statement of the main results. Our main result applies to 2-variables p-adic L-
functions associated with the primitive branch I of p-adic Hida families, of tame level N and
trivial character, whose residual representation ρ̄ satisfies suitable arithmetic assumptions. We
clarify the set of assumption that we need by specifying the properties satisfied of one of the
arithmetic specialisations of I.

Let N ≥ 1 be an integer and p ∤ 6N a prime number. Fix embeddings ιp : Q̄ →֒ Q̄p and
ι∞ : Q̄ →֒ C. Let

g =
∑

n≥1

anq
n ∈ Sk(Γ0(Np))

be a weight k modular form of level Γ0(Np). Let L/Qp be a finite field extension which
contains ιp(an) for all Fourier coefficients an of g, and let ρ : GQ → GL2(L) be the p-adic
representation attached to g, where GQ = Gal(Q̄/Q). Choose a Galois-stable OL-lattice T ,
where OL is the valuation ring of L; then ρ is isomorphic to a representation (denoted with
the same symbol) ρ : GQ → GL2(OL) with values in GL2(OL). Denote by

ρ̄ : GQ −→ GL2(kL)

the associated residual representation, where kL is the residue field of OL. The representation ρ̄
depends on the choice of the lattice T , but its semisimplification does not, so if ρ̄ is irreducible,
then it its isomorphism class does not depend on the choice of T .

Let K/Q be a quadratic imaginary field of discriminant D such that (Np,D) = 1. Factor
N = N+N− where a prime number ℓ divides N+ (respectively, N−) if and only if ℓ is split
(respectively, inert) in K. We say that N = N+N− is the factorisation of N associated with

K.

Assumption 1.1. The modular form g =
∑

n≥1 anq
n ∈ Sk(Γ0(Np)) (normalised with a1 = 1),

and the quadratic imaginary field K satisfy the following conditions:

(1) k ≥ 2 is an even integer.
(2) N ≥ 1 and p ∤ 6N .
(3) g has trivial character.
(4) g is a p-stabilized newform: either g is an ordinary newform of level Γ0(Np) or g is the

ordinary p-stabilisation of an ordinary newform g0 of level Γ0(N).
(5) g is p-ordinary : ιp(ap) is a p-adic unit.
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(6) The discriminant D of K is prime to Np; denote by N = N+N− the factorisation of
N associated with K.

(7) N− is a square-free product of an odd number of primes.
(8) ρ̄ is irreducible.
(9) ρ̄ is ramified at all primes dividing N+ which are congruent to 1 modulo p.

(10) ρ̄ is ramified at all primes dividing N−.
(11) p splits in K.

Remark 1.2. Let ρ̄|GQp
be the restriction of ρ̄ to GQp = Gal(Q̄p/Qp), and denote by (ρ̄|GQp

)ss

the semisimplification of ρ̄|GQp
. Recall that ρ̄ is said to be ordinary if (ρ̄|GQp

)ss ≃ ε1 ⊕ ε2 for

characters ε1, ε2. Also, an ordinary representation ρ̄ is said to be distinguished if ε1 6= ε2 in
the above decomposition (see [39, §3.3.5]). The conditions in Assumption 1.1 imply that ρ̄ is
both ordinary and distinguished.

Let

f =
∑

n≥1

a(n)qn ∈ I[[q]]

be the primitive branch of the p-adic family of ordinary modular forms of tame level N passing
through g; so I is a local reduced finite integral extension of the Iwasawa algebra OL[[W ]] (where
W is a formal variable) and there exists an arithmetic morphism φ : I → OL such that

φ(f) =
∑

n≥1

φ(an)q
n = g.

Let Γ−
K ≃ Zp be the Galois group of the anticylotomic Zp-extension of K. Denote by S the

set of rational primes dividing NDp. We consider the following p-adic L-functions:

• LSU
S,I ∈ I[[Γ−

K ]]: this is the central critical twist of the two-variable anticyclotomic spe-

cialisation of the three-variable p-adic L-function of Skinner–Urban (see Definition 4.1
for details on the construction of this p-adic L-function, and especially on the role of
the critical twist).

• LLV
S,I ∈ I[[Γ−

K ]]: this is the two-variable p-adic L-function constructed by means of Gross

points in [26] and studied in [9] and [8], with Euler factors at all primes dividing S
removed (see §11 for more details).

Theorem 1.3. Under Assumption 1.1, we have (LSU
S,I) = (LLV

S,I) as ideals in I[[Γ−
K ]].

Applications of this result to some conjectures stated in [26] on the relation between LLV
I

and the characteristic ideal of the Selmer group of Hida’s big ordinary Galois representation
attached to f is given in [21]. The proof of Theorem 1.3 exploits the interpolation formulas
for special values of complex L-functions enjoyed by these p-adic L-functions. However, a
direct comparison between the interpolation properties of LSU

S,I and LLV
S,I is not available, be-

cause these two functions interpolate different special values. Our strategy is to first compare
these functions with other anticyclotomic p-adic L-functions introduced by Chida-Hsieh and
Büyükboduk–Lei, and then use the resulting relations to prove Theorem 1.3.

As a general notation, we denote f = φ(f) the specialisations of f at an arithmetic morphism
φ : I → Q̄p, leaving the symbol g for our fixed modular form as before, which will be one of
these specialisations; when f = φ(f) ∈ Sk(Γ0(Np)), we will usually denote f0 the modular
form of level Γ0(N) whose ordinary p-stabilisation is f when f is old at p, and let f0 = f
when f is new at p; observe that for k ≥ 4, any ordinary p-stabilised newform f of weight k,
level Γ0(Np) and trivial character is the ordinary p-stabilisation of a form f0 ∈ Sk(Γ0(N)) of
weight k, level Γ0(N) and trivial character.
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2. Hecke characters

2.1. Algebraic Hecke characters. Let K be an imaginary quadratic field of discriminant
D. Denote by d the different ideal of K, by OK the ring of its algebraic integers. For any
place v of K, let Kv be the completion of K at v and denote OKv the valuation ring of Kv.
For any finite place v of K, denote pv the associated prime ideal and let ̟v be a uniformiser
of OKv . Let A×

K be the idele group of K and write an element x of A×
K as x = (xv)v where

v ranges over all valuations of K and xv ∈ Kv. Write A×
K,f for the finite adeles of A×

K , and

write an element x = (xv)v as x = (xf , x∞) with xf ∈ A×
K,f and x∞ ∈ K×

∞ = (K ⊗Q R)×.
A Hecke character

χ : A×
K/K

× −→ C×

of K is a continuous group homomorphism χ : A×
K → C× (denoted with the same symbol χ)

that is trivial on the image of K× into A×
K via the diagonal embedding x 7→ (xv)v with xv = x

for all v. For any place v of K write χv : K×
v → C× for the restriction of χ to the image of Kv

into A×
K via the map x 7→ (xw)w with xw = 1 if w 6= v and xv = x. We often write χ =

⊗
v χv.

Let χ : A×
K/K

× → C× be a Hecke character. We say that χ is algebraic if the restriction

χ∞ : K×
∞ → C× of χ to the infinity component K×

∞ of A×
K has the form χ∞(z) = zt1 z̄t2 for

a pair of integers (t1, t2) ∈ Z × Z; in this case, we say that the algebraic Hecke character χ
has infinity type (t1, t2) ∈ Z × Z. We say that an algebraic Hecke character χ is unitary if
χ : A×

K → S1 where S1 is the unit circle, and that χ is anticyclotomic if χ(x) = 1 for all

x ∈ A×
Q. Note that unitary algebraic Hecke characters have infinity type (m,−m) for some

integer m. Let wχ = t1+ t2 be the weight of χ. The conductor of an algebraic Hecke character
χ is the OK -ideal fχ =

∏
v p

ev
v (the product is over all finite places of K) where ev ∈ Z is

the smallest non negative integer such that χv is trivial on 1 + pevv (note that ev = 0 for all v
except possibly a finite number, and therefore the definition of fχ makes sense).

For each prime number ℓ, fix an embedding ιℓ : Q̄ → Q̄ℓ. Let χ : A×
K/K

× → C× be

an algebraic Hecke character of infinity type (t1, t2). Denote by α
(t1,t2)
ℓ : K×

ℓ → Q̄×
ℓ the

continuous character uniquely determined by the condition α
(t1,t2)
ℓ (x⊗1) = ιt1ℓ (x)ι

t2
ℓ (x̄), where

Kℓ = K ⊗Q Qℓ and x 7→ x̄ denotes the action of the non-trivial automorphism of Gal(K/Q).
Define the ℓ-adic avatar

χ̂ℓ : A
×
K,f/K

× −→ Q̄×
ℓ

of χ to be the continuous character χ̂ℓ = χ · α(t1,t2)
ℓ . Since Q×

ℓ is a totally disconnected

topological space, ker(χ̂ℓ) contains the connected component of 1 in A×
K,f , and therefore gives

rise to a continuous character

σχ,ℓ : Gal(Kab/K) −→ Q̄×
ℓ

such that σχ,ℓ ◦ recK = χ̂ℓ, where Kab is the maximal abelian extension of K, and

recK : A×
K/K

× −։ Gal(Kab/K)
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is the geometrically normalized reciprocity map of class field theory (so recK(̟v) = frobv
where frobv is a geometric Frobenius element at v). We may also view σχ,ℓ : GK → Q̄×

ℓ as
a character of the absolute Galois group GK = Gal(K̄/K) of K via the canonical projection
GK ։ Gab

K , where Gab
K = Gal(Kab/K); also, σχ,ℓ takes values in E×

χ,ℓ, where Eχ,ℓ is a finite

field extension of Qℓ. See [34, Ch. I, §2.3], or [33, Lecture 3, §3].

Remark 2.1. When we consider the interpolation formula for anticyclotomic p-adic L-functions
of modular forms, the p-adic characters are assumed to be locally algebraic as reviewed in
§5. Note that the complex avatars of p-adic locally algebraic anticyclotomic characters are
algebraic Hecke characters.

2.2. Gauss sums. Let χ =
⊗
χv : A×

K → C× be an algebraic Hecke character. For each

prime ℓ of Q, we write χℓ for the character of K×
ℓ given by the product of the characters χv

for v | ℓ, where Kℓ = K ⊗Q Qℓ =
∏

v|ℓKv. Denote by cχℓ
the conductor ideal of χℓ, where,

following [39, §8.1.1], this is an ideal in Oℓ = OK ⊗ZZℓ; so when ℓ splits in K, cχℓ
is identified

with a pair of residue classes of integers in Oℓ ≃ Zℓ × Zℓ. Let dℓ be a generator of the ideal
dOℓ. Let e∞(x) = e(x) = e2πix and eℓ(1/ℓ) = e(−1/ℓ) for rational primes ℓ be the standard
additive characters ([39, §8.1.2]). The local Gauss sum of χℓ is given by

g(χℓ, cχℓ
dℓ) =

∑

a∈(Oℓ/cχℓ
)×

χℓ(a) · eℓ
(
TrKℓ/Qℓ

(
a

cχℓ
dℓ

))
,

and the global Gauss sum of χ is defined by

g(χ) =
∏

ℓ

χ−1
ℓ (cχℓ

dℓ) · g(χℓ, cχℓ
dℓ).

Lemma 2.2. Let χ be an anticyclotomic unitary Hecke character of conductor pnOK . Assume

p = pp̄ is split in K.Then g(χ) = ±pn.

Proof. We first claim that χp = χ−1
p̄ . Let x = (1, · · · , 1, x, 1, · · · ) ∈ A×

Q where x ∈ Q×
p and

all other components of x are equal to 1. Denote by xK the image of x in A×
K . Then both

components of xK = (xv) at p and p̄ are x and all other components of xK equal to 1. Since
χ is anticyclotomic, χ is trivial on A×

Q. Thus, we have

χp(xK) = χp(x) · χp̄(x) =
∏

w∤p

χ−1
w (1) = 1.

The claim now follows from the isomorphism Op/p
nOp ≃ Z/pnZ⊕ Z/pnZ since p splits in K.

In particular, since χ is unitary, we have

(2.1) g(χ̄p) = g(χp̄)

where we write χ̄p(x) = χp(x), g(χp) = g(χp, p
n) and g(χp̄) = g(χp̄, p

n).
We now compute the Gauss sum. Since the conductor of χ is pn, all terms g(χℓ, cχℓ

dℓ) with
ℓ 6= p are equal to 1. Also, χℓ(p

ndℓ) = 1 for all ℓ 6= Dp. If v | ℓ is a prime ideal of K dividing d,
where ℓ is a rational prime, then (d2ℓ ) = (ℓ). Since χ is anticyclotomic, this forces χv(dℓ) = ±1.
Finally, we study the local Gauss sum at p. Since p ∤ D, we have (dp) = (1), and, using that
p splits in K, one easily shows that

(2.2) g(χ) = g(χp) · g(χp̄).

By [28, Proposition 2.2(ii)], using that fχ = pn, we have

(2.3) g(χp) · g(χ̄p) = χp(−1) · pn,
and combining (2.1), (2.2) and (2.3) completes the proof because χ2

p(−1) = χp(1) = 1. �
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3. Complex L-functions

3.1. L-functions of modular forms. Let f =
∑

n≥1 anq
n ∈ Sk(Γ0(N)) be a normalized

eigenform where q = e2πiz . The complex L-function of f

L(f, s) =

∞∑

n=1

an
ns

converges absolutely for s ∈ C with ℜ(s) > k/2+1, satisfies a functional equation, and extends
to an entire function. In each domain ℜ(s) ≥ k/2 + 1 + δ for δ > 0, L(f, s) admits the Euler
product

L(f, s) =
∏

ℓ

Lℓ(f, s).

where Lℓ(f, s) = (1− aℓℓ
−s + ℓk−1−2s)−1 and ℓ runs over all primes. We refer to [11, §5.9 and

5.10]) for details.

3.2. L-functions of Hecke characters. Let K/Q be a quadratic imaginary field of discrim-
inant D, and let χ : A×

K/K
× → C× be an algebraic Hecke character of infinity type (m,n).

Denote by fχ conductor of χ. Write N = NK/Q for the norm operator on ideals of K; we
shall adopt the same symbol for the corresponding map on ideles, and for the norm map in
Galois theory, but the context will clarify the meaning. Recall the compatible system of Ga-
lois representations {σχ,ℓ}ℓ associated with χ and define the L-function of χ for s ∈ C with
ℜ(s) > 1 + wχ/2 to be

L(χ, s) =
∏

v∤fχ

Lv(χ, s)

where Lv(χ, s) = (1 − σχ,ℓ(frobv)N(pv)
−s)−1 and v runs over all finite places of K which do

not divide the conductor fχ of χ; here note that, since {σχ,ℓ} is a strictly compatible system
of Galois representations, and σχ,ℓ is unramified at all v ∤ fχ, we have σχ,ℓ(frobv) ∈ Q̄ for all
such v, and we view σχ,ℓ(frobv) ∈ C via the fixed embedding ι∞ : Q̄ →֒ C. The complex
function L(χ, s) of s can be extended to a meromorphic function on the whole C, satisfying a

functional equation which relates L(χ, s) and L(χ̄, wχ + 1 − s), where χ̄(x) = χ(x), and here
x 7→ x̄ denote the complex conjugation; see [35, Chapter 0, §6] or [33, Lecture 3, §3] for details.

3.3. Theta series. As in the previous §, let K/Q be a quadratic imaginary field of discrimi-
nant D. Let χ : A×

K/K
× → C× be an algebraic Hecke character of conductor fχ and infinity

type (m, 0). We put

gχ(z) :=
∑

a

χ(a)e2πiN(a)z

where the sum runs over all integral ideals a of K. The formal series above can also be written
as gχ(q) =

∑
n≥0 bnq

n with bn =
∑
N(a)=n χ(a). Then gχ is a modular form of weight m+ 1,

level M = |D| ·N(fχ) and character ψgχ defined for x ∈ Z by

ψgχ(x) = χD(x)χ((x))sgn(x)
M

where χD is the quadratic character associated to K. Also, gχ is a cusp form unless m = 0
and χ is the composition of N with a Dirichlet character. See [29, Theorem 4.8.2].

Remark 3.1. The formulation in [29, Theorem 4.8.2] and other references, e.g. [18, §12.3], is
slightly different. One fixes a Hecke character ξ such that ξ((a)) = (a/|a|)u for a ≡ 1 (mod f)
and considers the modular form

∑
a ξ(a)N(a)u/2e2πiN(a)z . Since such a ξ has infinity type

(u/2,−u/2), we see that χ = ξ ·Nu/2 has infinity type (u, 0), and when gχ is a cusp form, we
have

L(gχ, s) = L(ξ, s+ u/2).
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By [18, p. 214] and taking into account the previous Remark 3.1, gχ satisfies the following
transformation formula:

(gχ)|m+1W|D|·N(fξ) =
g(ξ)

i2m−1N(fξ)1/2
· gχ̄,

where fξ is the conductor of ξ and W|D|·N(fξ) =
( 0 −1
|D|·N(fξ) 0

)
is the Atkin–Lehner involution;

note that in loc. cit. the action of a matrix γ =
(
a b
c d

)
∈ GL2(R) with positive determinant on

a modular form f is via the formula

f|ℓγ(z) = det(γ)ℓ/2(cz + d)−ℓf(γ(z)).

In particular, if ξ is an anticyclotomic unitary Hecke character of conductor pnOK , and p = pp̄

is split in K, then
g(ξ)

i2m−1N(f)1/2
= ±i2m−1.

3.4. Twisted L-functions. Let χ : A×
K/K

× → C× be an algebraic Hecke character. Let Vχ,ℓ
denote the one-dimensional Eχ,ℓ-vector space affording the character σχ,ℓ; recall that Eχ,ℓ is a
finite extension of Qℓ ([35, Ch. 0, §5]). Consider the induced representation

Indχ,ℓ = Ind
GQ

GK
(σχ,ℓ) := Vχ,ℓ ⊗Z[GK ] Z[GQ].

Since [K : Q] = 2, this is a 2-dimensional Eχ,ℓ-vector space which can be explicitly described
as a direct sum M1 ⊕M2 with M1 and M2 both isomorphic to Vχ,ℓ as GK -modules, and such
that the non-trivial element τ of Gal(K/Q) permutes the two components M1 and M2 in the
sense that τ(x, 0) = (0, x) for all x ∈M1. See [5, Ch. III, §5].

Let F = Q(an : n ≥ 1) be the Hecke field of f , and OF its ring of integers. For each prime
ideal λ of OF lying above a rational prime ℓ, consider the λ-adic modular Galois representation

ρf,λ : GQ −→ GL2(Fλ)

attached to f where Fλ is the completion of F at λ. Then {ρf,λ}λ forms a compatible system
of Galois representations.

Let L = L(ρf,λ, σχ,ℓ) be a finite extension of Qℓ containing Fλ and Eχ,ℓ. By extension of
scalars, we can view ρf,λ (respectively, Indχ,ℓ) as a representation of GQ on the two-dimensional
L-vector spaces Wf = Vf,λ ⊗Fλ

L, where Vf,λ is the representation space of ρf,λ (respectively,
the two-dimensional L-vector space Wχ = VIndχ,ℓ

⊗Eχ,ℓ
L, where VIndχ,ℓ

is the representation
space of Indχ,ℓ). We define the tensor product representation ρf,λ ⊗ Indχ,ℓ of GQ as follows:
put Wf⊗χ =Wf ⊗L Wχ, which is a 4-dimensional L-vector space. Define the representation

ρf,λ ⊗ Indχ,ℓ : GQ → AutL(Wf⊗χ)

by
(ρf,λ ⊗ Indχ,ℓ)(g) := ρf,λ(g) ⊗ Indχ,ℓ(g)

for any g ∈ GQ.
Define the L-function of f ⊗χ, following e.g [33, Lecture 3, §3], so follows: Let Wf⊗χ be as

above, for fixed λ | ℓ, and for each prime number q 6= ℓ, one may define the local Euler factors

Pq(X) = det
(
1−X · frobq|(Wf⊗χ)

Iq
)

where Iq is the inertia subgroup at q and frobq is the geometric Frobenius at q. Then Pq(X)
is independent of the choice of λ | ℓ, and (by varying ℓ) we may define

Lq(f, χ, s) = Pq(q
−s)−1

for each prime q, and set

L(f, χ, s) =
∏

q

Lq(f, χ, s)
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where the product is over all rational primes q.

3.5. Explicit Euler factors. We derive explicit Euler factors in the case when χ has infinity
type (m, 0) and corresponds to a theta series gχ. In terms of Euler factors of L(f, s) and
L(gχ, s), one may express the above L-series as follows. First, write the Euler factors of f and
gχ as

1− aq(f)q
−s + qk−1−2s = (1− αq(f)q

−s)(1− βq(f)q
−s)

and
1− aq(gχ)q

−s + ψgχ(q)q
m−2s = (1− αq(gχ)q

−s)(1 − βq(gχ)q
−s)

where recall that the weight of gχ is m+ 1. The L-functions are

L(f, s) =
∏

q

(1− αq(f)q
−s)−1(1− βq(f)q

−s)−1

and
L(gχ, s) =

∏

q

(1− αq(gχ)q
−s)−1(1− βq(gχ)q

−s)−1.

The complex function

D(f, gχ, s) :=
∑

n≥1

an(f) · an(gχ)
ns

converges absolutely for ℜ(s) sufficiently large, and extends to an entire function. If we put

Dq(f, gχ, s) = (1− αq(f)βq(f)αq(gχ)βq(gχ)q
−2s)

· (1− αq(f)αq(gχ)q
−s)−1 · (1 − βq(f)αq(gχ)q

−s)−1

· (1− αq(f)βq(gχ)q
−s)−1 · (1− βq(f)βq(gχ)q

−s)−1,

then D(f, gχ, s) admits the Euler product

D(f, gχ, s) =
∏

q

Dq(f, gχ, s).

See [19, Lemma 15.9.4] or [36, §3] and [37, §3]. We also observe that

1− αq(f)βq(f)αq(gχ)βq(gχ)q
−2s = 1− ψgχ(q)q

k−1+(m+1)−1−2s

= Lq(ψgχ , 2s + 2− (k +m+ 1))−1

where the weight of f is k and the weight of gχ is m+ 1. By [19, Sec. 15], we have

Lq(ρf,λ ⊗ σχ,ℓ, s) = (1− αq(f)αq(gχ)q
−s)−1 · (1− βq(f)αq(gχ)q

−s)−1

· (1− αq(f)βq(gχ)q
−s)−1 · (1− βq(f)βq(gχ)q

−s)−1.

Therefore, we have

Dq(f, gχ, s) = Lq(ψgχ , 2s + 2− (k +m+ 1)) · Lp(f, χ, s),

hence
D(f, gχ, s) = L(ψgχ , 2s + 2− (k +m+ 1)) · L(f, χ, s).

Remark 3.2. We have
Lq(f, χ, s) =

∏

v|q

Lv(f, χ, s)

with

Lv(f, χ, s) := (1− χ(v) · αN(v)(f) ·N(v)−s)−1 · (1− χ(v) · βN(v)(f) ·N(v)−s)−1

where v is a finite place of K dividing q, N(v) = N(pv), χ(v) = χ̂ℓ(̟v) and αpj(f) := (αp(f))
j ,

βpj(f) := (βp(f))
j .
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3.6. Partial L-functions. If S is a finite number of primes, one may define

LS(f, χ, s) :=
∏

q 6∈S

Lq(f, χ, s).

Obviously, one has (in the domain of absolute convergence)

L(f, χ, s) = LS(f, χ, s) ·


∏

q∈S

Lq(f, χ, s)


 .

Since each of the three factors can be extended to an holomorphic function, the principle of
identity of analytic functions tells us that the above equality also holds on all the domain C
of convergence. We will often write

LS
K(f, χ, s) = LS(f, χ, s)

to emphasise on the LHS the role of K, which is implicit (incorporated in χ) in the notation
on the RHS.

4. Skinner–Urban p-adic L-functions

4.1. Hida families. Let f =
∑

n≥1 a(n)q
n ∈ I[[q]] be the primitive branch of the Hida family

passing through the modular form g fixed as in §1.2 and satisfying Assumption 1.1. In partic-
ular, recall that the character of f is trivial and I is a local reduced finite integral extension of
ΛW = Zp[[W ]], where W is an indeterminate, cf. [39, §3.3.9] (note that in the notation of loc.

cit. we take χ to be the trivial character).
We fix the notation and terminology from [39]. Let ΓK ≃ Z2

p be the maximal Zp-extension of

K, and denote by Γ+
K ≃ Zp the cyclotomic Zp-extension of K and Γ−

K ≃ Zp the anticyclotomic

Zp-extension of K. Define the Iwasawa algebras Λ±
K = Zp[[Γ

±
K ]] and ΛK = Zp[[ΓK ]]. Fix an

isomorphism Zp[[Γ
±
K ]] ≃ Zp[[W ]] sending a topological generator γ± of Γ±

K to W + 1.
An arithmetic character φ : I → Q̄p is a continuous Zp-algebra map whose restriction to

ΛW satisfies φ(1 +W ) = ζ(1 + p)kφ−2, where ζ is a primitive ptφ−1-root of unity, for some
integer tφ ≥ 1, and kφ is an integer; we call tφ the level of φ and kφ the weight of φ (see [39,
§3.3.8]). Any arithmetic φ : I → Q̄p corresponds to an eigenform

(4.1) fφ ∈ Skφ(Γ0(N) ∩ Γ1(p
tφ), χφ)

of weight kφ and character χφ defined as follows. Write χζ : Zp[[W ]] → Q̄p for the arithmetic
charachter defined by 1+W 7→ ζ. Then χφ = χζ−1 , so that χφ(γ+) = ζ−1. We finally view φφ
as a Dirichlet character of (Z/ptφZ)× as follows. Fix an isomorphism Γ+

K ≃ 1 + pZp. Identify

(Z/ptφZ)× with (Z/pZ)× ×
(
(1 + pZp)/(1 + pZp)

tφ−1
)

and let χφ : (Z/ptφZ)× → Q̄×
p to be

trivial on (Z/pZ)× and χφ on (1 + pZp)/(1 + pZp)
tφ−1.

Let IK = I[[ΓK ]] and I±K = I[[Γ±
K ]]. An arithmetic character of A for A = IK or A = I±K is

a continuous Q̄p-valued Zp-algebra map whose restriction to I is an arithmetic character and

such that φ(γ+) = ζ+(1 + p)
kφ|I−2

and φ(γ−) = ζ−, where ζ+ and ζ− are p-power roots of
unity.

Let εK be the canonical character defined by composition

εK : Gal(K̄/K) −→ ΓK −֒→ Λ×
K

of the canonical projection and the inclusion of group-like elements; then εK factors through
Gal(Kab/K), where Kab is the maximal abelian extension of K. Define similarly the character

ε
+
K : Gal(Kab/K) −։ Γ+

K −֒→ (Λ+
K)×.

Let
recK : A×

K/K
× −→ Gal(Kab/K)
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be the geometrically normalized reciprocity map of class field theory (so recK(ℓ) = frobℓ,
where frobℓ is the geometric Frobenius element). Define the characters

ΨK : A×
K/K

× recK−→ Gal(Kab/K)
εK−→ Λ×

K ,

Ψ
+
K : A×

K/K
× recK−→ Gal(Kab/K)

ε
+
K−→ (Λ+

K)×.

Let ξφ = φ ◦ (ΨK/Ψ
+
K) be the composition ([39, top of page 47]):

ξφ : A×
K/K

× recK−→ Gal(Kab/K)
εK/ε+K−→ Λ×

K

φ−→ Q̄×
p .

Note that ξφ is a finite order idele class character. Finally, define θφ = χ−1
φ · ξφ; we denote fθφ

the conductor of θφ. Note that θφ is a finite order idele class character.

4.2. Period integrals, canonical periods, and L-values of modular forms. We first
review period integrals and the canonical periods following [39, §3.3.3]. Recall that the Eichler–
Shimura period map

Per : Sk(N) −→ H1(Γ1(N),Symk−2(C2))

is defined by putting Per(f(z)) equal to the cohomology class represented by the cocycle

γ 7−→
∫ γ(τ)

τ
f(z)(zk−1, zk−2, · · · , 1)dz,

where the integration is over any path between τ and γ(τ). It is well-known that the period
map is Hecke-equivariant.

Let f ∈ Sk(Γ1(N)) be an eigenform, and denote by Q(f) the field extension of Q by adjoining
the Fourier coefficients of f . Define Z(f)(p) := Q(f) ∩ ι−1

p (Zp), where Zp is the valuation ring

of Qp and ιp : Q →֒ Q̄p is the chosen embedding, and

M(f)(p) := H1
(
Γ1(N),Symk−2(Z(f)2(p))

)
[℘f ]

where ℘f is the height one prime ideal of the full Hecke algebra over Z(p) faithfully act-
ing on Sk(N) corresponding to f . We now assume that f is a newform. Then M(f)(p) is
free of rank two over Z(f)(p). By using ι∞ : Z(f)(p) →֒ C, we regard M(f)(p) as a sub-

module of H1(Γ1(N),Symk−2(C2)) which spans the two-dimensional complex vector space
H1(Γ1(N),Symk−2(C2))[℘f ]. Fix a Z(f)(p)-basis (γ+, γ−) of M(f)(p) such that ι(γ±) = ±γ±
where ι is the involution associated with the conjugate action of

(
1 0
0 −1

)
on the cohomology

group H1(Γ1(N),Symk−2(C2)). We define the canonical periods Ω±
f ∈ C× of f by the equality

Per(f(z)) = Ω+
f · γ+ +Ω−

f γ
−

and these periods are well-defined up to units in Z(f)(p). See Vatsal’s paper [41] for more
details.

The connection between period integrals and L-values is as follows. For an eigenform
f ∈ Sk(N), we have identity

2πi ·
∫ 0

i∞
f(z)zjdz =

j!

(−2πi)j
· L(f, j + 1)

for 0 ≤ j ≤ k − 2.
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4.3. Three-variable p-adic L-functions. For the notational compatibility, denote by

LS
K(f, ξ, s) = LS(f, ξ, s)

as in [39, §3.4.2] the L-function LS(f, ξ, s) where ξ is a finite order Hecke character.
Under the condition that p is split in K and the assumptions (irred)f and (dist)f ([39,

§3.3.10]), Skinner and Urban prove in [39, Theorem 12.6] the existence of LS
f ,K ∈ IK , where

S is a finite set of primes containing all those primes dividing DNp, satisfying the following
interpolation formula for the complex L-function LS

K(fφ, θφ, s): for all arithmetic characters
φ : IK → Q̄p we have

(4.2) φ(LS
f ,K) =

ufφ · ((kφ − 2)!)2 · g(θφ) ·N(fθφd)
kφ−2

a(p, fφ)
ordp

(

N(fθφ)
) · LS

K(fφ, θφ, kφ − 1)

(−2πi)2kφ−2 · Ω+
fφ
· Ω−

fφ

where

• ufφ is a unit which depends only on fφ.

• Ω±
fφ

are the canonical periods of fφ, which are defined in §4.2 up to p-adic units.

4.4. Critical twists. Howard in the papers [16] and [15, §2] introduces several characters Θ,
θ and Θp, θp, χp for p ⊆ I for any arithmetic prime (i.e. p = ker(φ|I) for some arithmetic

character φ : IK → Q̄p). We recall the relevant definitions. Decompose the cyclotomic
character

χcyc : GQ −→ Z×
p ≃ µp−1 × Γ

(thus, here we use the unadorned symbol Γ for 1 + pZp; also, in [39] the cyclotomic character
is denoted ǫ, while in [16] and [15, §2] it is denoted by χcyc) into its tame part ω : GQ → µp−1

and its wild part χw : GQ → Γ. The choice of a square-root ω(k−2)/2 : GQ → µp−1 of ωk−2,
which we fix from now on, determines the choice of a critical character

Θ : GQ −→ Zp[[Γ]]
× ≃ Λ×

W ⊆ I×

defined by Θ = ω(k−2)/2 · [χ1/2
w ], where χ

1/2
w is the unique square-root of χw with values in

Γ and z 7→ [z] is induced by the inclusion of group-like elements Γ →֒ Zp[[Γ]] followed by the
isomorphism Z[[Γ]] ≃ ΛW = Zp[[W ]] which takes 1+ p to 1+W . Let θ : Z×

p → I× be such that

Θ = θ ◦ χcyc, and for each arithmetic prime p ⊆ I, let θp : Z×
p → Q×

p be the map induced by

the composition of θ with φ|I. In the same way, define Θp : GQ → Q̄×
p as the composition of

Θ with φ|I. Finally, recall that for all arithmetic p ⊆ I of weight 2 we have χ0,p = θ−2
p where

χ0,p is the restriction of χ to A×
Q.

We introduce the character Θ on the Galois group ΓK by the following diagram:

Gal(Kab/K) �
�

//

����

Gal(Kab/Q) // // Gal(Qab/Q)

χcyc

��

Θ

ww♦♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦

ΓK
Θ

// 33I× Z×
p

θ
oo .

Define the twist operator

TwΘ−1 : I[[ΓK ]] −→ I[[ΓK ]]

as the unique I-algebra homomorphism characterised by sending γ ∈ ΓK to

TwΘ−1(γ) := Θ
−1(γ) · γ.

Definition 4.1. Define the critical twist of the Skinner–Urban three-variable p-adic L-function

to be LS,†
f ,K := TwΘ−1(LS

f ,K).
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4.5. Anticyclotomic specialisations. The map ΓK → Γ−
K defined by γ+ 7→ 1 and γ− 7→ γ−

induces a surjective map πacI : I[[ΓK ]] ։ I[[Γ−
K ]].

Definition 4.2. The two-variable anticyclotomic specialisation of the critical twist Skinner-

Urban three-variable p-adic L-function is LSU
S,I = πacI (LS,†

f ,K).

Write fφ = f and consider the morphism φ|I : I → O, where O is the valuation ring of a

finite extension of Qp, containing the ring Zp[a(n, f)]. Similarly as above, the map ΓK → Γ−
K

defined by γ+ 7→ 1 and γ− 7→ γ− induces a surjective map πacO : O[[ΓK ]] ։ O[[Γ−
K ]]. Define the

morphism (φ|I ⊗ id) : I ⊗Zp Zp[[ΓK ]] → O[[ΓK ]] by (φ|I ⊗ id)(x ⊗ a) = φ|I(x) ⊗ a; composing
with the canonical isomorphism I[[ΓK ]] ≃ I⊗Zp Zp[[ΓK ]] we thus obtain a morphism

πacf : I[[ΓK ]]
φ|I⊗id
−→ O[[ΓK ]]

πac
O−→ O[[Γ−

K ]].

Definition 4.3. The one-variable anticyclotomic specialisation of the critical twist Skinner-

Urban three-variable p-adic L-function is LSU
S,f = πacf (LS,†

f ,K).

Remark 4.4. See also [39, §3.4.6] for similar definitions; we also note that φ|I(L
SU
S,I) = LSU

S,f .

5. Chida–Hsieh p-adic L-function

Let f =
∑

n≥1 an(f)q
n be a modular form of level Γ0(Np) and even weight k, with trivial

character satisfying Assumption 1.1; since Assumption 1.1 is formally only stated for our fixed
form g, we make the assumptions on f (which could be different from g, even if later on will
appear in the applications as arithmetic specialisation of the Hida family f) more precise. We
assume that

• f ∈ Sk(Γ0(Np)) has level Γ0(Np), even weight k ≥ 2 and trivial character;
• p ∤ N ;
• f is ordinary at p;
• f is a p-stabilised newform and we write f0 for the unique newform of level Γ0(N)

whose ordinary p-stabilisation is f if f is old at p, and f0 = f if f is a newform of level
Γ0(Np).

We keep the convention in §1.2, so in particular recall thatK is a quadratic imaginary extension
of discriminant D prime to Np, p is split in K, the factorisation N = N+N− is defined so
that a prime number ℓ divides N+ (respectively, N−) if and only if it is split (respectively,
inert) in K, and N− is a square-free product of an odd number of distinct primes.

In [10, Theorem 4.6], Chida–Hsieh construct an element Θp = Θp(f) in the Iwasawa algebra

OL[[Γ
−
K ]] satisfying an interpolation property which we now describe.

5.1. Setting the stage. Let χ : A×
K/K

× → C× be an anticyclotomic algebraic Hecke char-
acter of infinity type (m,−m) with

−(k/2− 1) ≤ m ≤ (k/2 − 1).

Write p = p · p in K and assume that p is compatible with the chosen embedding ιp. Recall
that A×

K,f is the subgroup of finite ideles of A×
K . By using the fixed embeddings ι∞ and ιp,

recall that the p-adic avatar χ̂ : A×
K,f/K

× → Q̄×
p of χ is defined by the locally algebraic

character

χ̂(a) = ιpι
−1
∞ (χ(ιfin(a))) · (ap/ap)m,

where ιfin : A×
K,f →֒ A×

K is the map sending x 7→ (x, 1) ∈ A×
K,f ×C×.

Assume that the conductor of χ is pn. Using the reciprocity map, χ̂ gives rise to a Galois
character, denoted by the same symbol, χ̂ : Γ−

K → Q̄×
p (as before, Γ−

K is the anticyclotomic



ANTICYCLOTOMIC p-ADIC L-FUNCTIONS FOR HIDA FAMILIES 13

Zp-extension of K). Let αp = αp(f0) be the unit root of the Hecke polynomial of f0 at p if f
is old at p, and αp = ap(f) if f is new at p. Define

ep(f, χ) =





1, if n ≥ 1(
1− χ(p) · p k−2

2

αp

)
·
(
1− χ̄(p) · p k−2

2

αp

)
, if n = 0.

Write uK = #O×
K/2.

5.2. Quaternionic modular forms and Gross periods. Write N+ = N+ · N̄+ as a fac-
torisation of coprime ideals in OK .

Let B be the definite quaternion algebra over Q of discriminant N− and R an Eichler order
of level N+. Let φf0 be an integrally normalized Jacquet–Langlands transfer of a newform
f0 ∈ Sk(Γ0(N)), i.e. a non-constant continuous function

φf0 : B×\B̂×/R̂(p),× → Symk−2(O2
L)

such that φf0(a · g · r) = r−1 ◦ φf0(g) for a ∈ B× and r ∈ R×
p , and the Hecke eigenvalues of

f0 and φf0 are the same at all primes not dividing N−. The integral normalization of φf0 is
determined by the mod p non-vanishing of the values of φf0 at the representatives of finite

set B×\B̂×/R̂×Q̂× in B̂×. Here, we used fixed embeddings ιp and ι∞. The space of such

functions is denoted by SN−

k (N+,OL). Recall that there is a pairing

〈−,−〉k : Symk−2(O)× Symk−2(O) −→ ((k − 2)!)−1O

defined in [10, §2.3], and define the pairing

(5.1) 〈−,−〉N+ : SN−

k (N+,OL)× SN−

k (N+,OL) → ((k − 2)!)−1OL

as in [10, (6.1)] by the formula, for ψ1, ψ2 ∈ SN−

k (N+,OL),

〈ψ1, ψ2〉N+ :=
∑

[b]

1

#
(
(B× ∩ bR̂×b−1Q̂×)/Q×

) · 〈ψ1(b), ψ2(bwN+)〉k

where wN+ is the Atkin–Lehner operator for level N+ (cf. [10, §3.3]), [b] runs over a set of

representatives of B×\B̂×/R̂×Q̂×.
Let ξφf0

(N+, N−) = 〈φf0 , φf0〉N+ be the quaternionic analogue of the cohomology congru-

ence ideal for φf0 using the above pairing (5.1) as in [32, §2.1] and [10, (3.9) and (4.3)]. Define
the Gross period by

Ωf0,N− =
(4π)k〈f0, f0〉N
ξφf0

(N+, N−)

where

〈f0, f0〉N =

∫ ∫

Γ0(N)\h
f0(z) · f0(z)yk−2dxdy

is the Petersson norm of f0; see [10, (4.3), Remark (ii) and §6] for details.

Remark 5.1. We can also repeat the process above for a p-stabilized newform f . When f is
the p-stabilization of f0, it is not difficult to see that Ωf,N− = Ωf0,N− up to a p-adic unit with
help of Ihara’s lemma for quaternion algebras [20, Theorem 5.13] under Assumption 1.1.(1).
See [31, Lemma 3.6] for the details.
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5.3. The interpolation formula. When f is the p-stabilization of a newform f0 of level
Γ0(N), let ǫp(f) = 1. When f is new at p, let ǫp(f) ∈ {±1} is the eigenvalue of the Atkin–

Lehner involution at p acting on f ; in particular, ǫp(f) = −p− k−2
2 · ap(f). Define

u(f, p) = u2K ·
√
D · χ(N+) ·Dk−2 · ǫp(f) · (−1)m.

Finally, let Γ(s) be the complex Γ-function; recall that Γ(j) = (j − 1)! if j ≥ 1 is an integer.
Then we have

(5.2) χ̂(Θ2
p) = ep(f, χ)

2−t · u(f, p) · Γ
(
k

2
+m

)
· Γ
(
k

2
−m

)
· p

n(k−1)

α2n
p

· LK(f0, χ, k/2)

Ωf,N−

,

where recall that f0 = f when f is new at p, in which case we put t = 1, and f is the ordinary
p-stabilisation of f0 when f is old at p, in which case we put t = 0.

Definition 5.2. Define the Chida–Hsieh p-adic L-function of f to be LCH
f = Θ2

p(f) in O[[Γ−
K ]].

Remark 5.3. In [10, §4] several theta elements Θ
[m]
n for −k/2 < m < k/2 and n ≥ 1 an integer

are considered. A priori, Θ
[m]
n (f) belongs to ((k − 2)!)−1O[[Gn]] for Gn ≃ Z/pnZ the quotient

of Γ−
K of order pn; however, if m = k/2 − 1, then Θ[k/2−1](f) is integral (see also [9, Remark

2.5]), and from [10, Corollary 4.5] it follows that all of these elements Θ
[m]
n are integral, so in

fact LCH
f belongs to O[[Γ−

K ]].

Remark 5.4. If k = 2, the square-root p-adic L-function Θp has a long story and has been
studied, among others, by Hida [12], [14], Perrin-Riou [30], Vatsal [40], and Bertolini–Darmon
[1], [2], [3] (with slightly different interpolation formulas); however, we decided the name of
LCH
f because we mainly follow the presentation of this p-adic analytic function settled by

Chida–Hsieh in [10].

6. Periods and congruence ideals

In this section we study the relation between periods and congruence ideals of modular
forms. In this section N is an integer, p ∤ N a prime number, K a quadratic imaginary field of
discriminant prime to Np, N = N+N− the factorisation of N where a prime number ℓ | N+

if and only if it is split in K. We assume as before that N− is a square-free product of an odd
number of primes.

Let Sk(Γ0(N),OL) be the OL-module of weight k modular forms on Γ0(N) with coeffi-
cients in OL with respect to the chosen embedding ιp. Let m be a non-Eisenstein maximal
ideal of the full Hecke algebra over OL acting faithfully on Sk(Γ0(N),OL). Let TN denote
the localization of the full Hecke algebra at m. In other words, TN is the OL-subalgebra
of EndOL

(Sk(Γ0(N),OL)m) generated by Hecke operators Tℓ for primes ℓ ∤ N and Uℓ for
primes ℓ | N . We also denote Tnew

N the quotient of TN acting faithfully on the submodule of
Sk(Γ0(N),OL)m consisting of forms which are new at all primes dividing N−.

Fix an eigenform f0 ∈ Sk(Γ0(N),OL)m which is new at all primes dividing N−. Let

θf0 : TN −→ OL

be the morphism associated with f0. Let ηf0 be a generator of the OL-ideal

θf0 (AnnTN
(ker(θf0))) .

The ideal (ηf0) is called the congruence ideal of f0. Since f0 is new at all primes dividing
N−, θf0 factors through the canonical projection TN ։ Tnew

N , and we obtain a morphism
θnewf0

: Tnew
Np → OL. Denote by ηf0,N− a generator of the OL-ideal

θnewf0 (AnnTnew
N

(ker(θnewf0 ))).



ANTICYCLOTOMIC p-ADIC L-FUNCTIONS FOR HIDA FAMILIES 15

See [32, §2.2] (when k = 2) and [10, §6] (for k ≥ 2) for details. Recall the canonical periods
Ω+
f , Ω−

f defined in §4.2 (these are well defined up to p-adic units) and the Gross period Ωf0,N−

introduced in §5.2 (under Assumption 1.1).

Proposition 6.1. Under Assumption 1.1, up to p-adic units, we have

(1) Ωf0,N− =
(4π)k · 〈f0, f0〉N

ηf0,N−

.

(2) Ω+
f0

· Ω−
f0

=
〈f0, f0〉N
ηf0

.

Proof. The first statement follows from [32, Proposition 6.4(2)] if k = 2. For k ≥ 2, this is [22,
Corollary 6.7] or [17, Remark 7.8]. The second statement follows from [39, Lemma 12.1]. �

The same result holds for p-ordinary p-stabilized newforms of level Γ0(Np). See also Remark
5.1.

7. Comparison between Skinner–Urban and Chida–Hsieh: weight two forms

In this section we compare the one-variable anticyclotomic specialisation of the three-
variable p-adic L-function of Skinner–Urban with the p-adic L-function of Chida–Hsieh, in
the case of modular forms of weight 2. Although this result is well-known to the experts, and
already stated in the case of elliptic curves (see [39, §3.6.3] but with no proof), we add a proof
which might serve as a reference.

Let f = fφ ∈ S2(Γ0(Np)) as in (4.1) the specialisation of a Hida family f at an arithmetic
character φ, with trivial character χφ and weight 2. Then f is either a newform of level Γ0(Np),
in which case we set f0 = f , or f is the ordinary p-stabilisation of an ordinary newform f0 of
level Γ0(N); let as before αp = αp(f0) be the unit root of the Hecke polynomial of f0 at p if f
is old at p, and αp = ap(f) if f is new at p, where f =

∑
n≥1 an(f)q

n.
Let K be an imaginary quadratic field of discriminant prime to Np in which p is split,

inducing the factorisation N = N+N− as before. Let χ : A×
K/K

× → C× be a finite order
anticyclotomic algeraic character and denote χ̂ be its p-adic avatar.

For any prime ℓ | S, we denote Lℓ(f0, χ, s) the local Euler factor at ℓ of the complex L-
function LK(f0, χ, s), so that we have LK(f, χ, s) =

∏
ℓ Lℓ(f0, χ, s), where the product is over

all prime numbers ℓ. The description of the Euler factors Lℓ(f, χ, s), following §3.5, is the
following. For each prime v of K, let ℓ be the rational prime lying below v and let αℓ(f) and
βℓ(f) the roots of the Hecke polynomial of f at ℓ; here, with a slight abuse of notation, we
understand that some of these roots may be zero. Define

Lv(f, χ, s) = (1− χ(v)αN(v)(f)N(v)−s)−1 · (1− χ(v)βN(v)(f)N(v)−s)−1.

Then for each rational prime ℓ, we have

Lℓ(f, χ, s) =
∏

v|ℓ

Lv(f, χ, s).

We also have the following alternative description of these factors. Let

Ψ
−
K : A×

K/K
× recK−→ Gal(Kab/K)

ε
−
K−→ (Λ−

K)×

be the map obtained from the reciprocity map and the canonical projections. Then χ̂ extends
to a homomorphism, denoted with the same symbol, χ̂ : Λ−

K → Q̄p. If pv is a uniformizer
element of v, then

Lv(f, χ, s) = (1− χ̂(Ψ−
K(πv)) · αN(v)(f) ·N(v)−s)−1 · (1− χ̂(Ψ−

K(πv)) · βN(v)(f) ·N(v)−s)−1.

Define for each prime ideal v | S of K the element Ev ∈ O[[Γ−
K ]] by

Ev = (1−Ψ
−
K(pv) · αN(v)(f) ·N(v)−1) · (1−Ψ

−
K(pv) · βN(v)(f) ·N(v)−1).
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Set Eℓ =
∏

v|ℓ Ev and ES =
∏

ℓ|S Eℓ. In particular, χ̂(E−1
ℓ ) = Lℓ(f, χ, 1), and therefore

(7.1) LS
K(f, χ, 1) = χ̂(ES) · LK(f, χ, 1).

Moreover, since S contains p, we have

(7.2) LS
K(f, χ, 1) = LS

K(f0, χ, 1).

Define LCH
S,f = ES ·Θ2

p(f).

Theorem 7.1. Let f be the p-stabilization of a p-ordinary newform f0 of level Γ0(N). Then

under Assumption 1.1 we have

(LSU
S,f ) = (LCH

S,f ) ∈ O[[Γ−
K ]].

Proof. We show that the powers series LSU
S,f and LCH

S,f agree when evaluated at infinitely many
characters χ, up to a p-adic unit which is independent of χ, and then the result follows from
the Weierstrass preparation theorem. Fix a finite order character χ̂ : Γ−

K → Q̄p of conductor
pn for some integer n > tφ, which is the p-adic avatar of a finite order anticyclotomic algebraic

Hecke character χ : A×
K/K

× → C× of conductor pn (so the infinity type of χ is (0, 0), and χ
and χ̂ are simply related by the geometrically normalised reciprocity map).

Choose φ such that its restriction to the anticyclotomic line Γ−
K is χ̂. Define

uSU(χ̂) = uf · g(θφ)/pn.
By Lemma 2.2, g(θφ) = ±pn, so uSU(χ̂) = ±uf and therefore uSU(χ̂) is a p-adic unit, which
depends on χ only up to a sign. We therefore have:

LSU
S,f (χ̂) =

uSU(χ̂) · pn
α2n
p

· L
S
K(f0, χ, 1)

π2 · Ω+
f0

· Ω−
f0

.

On the other hand, by Equation (5.2) and Definition 5.2, we have

LCH
S,f (χ̂) =

χ(N+) · uCH · pn
α2n
p

· L
S
K(f, χ, 1)

Ωf0,N−

,

where uCH is a unit which does not depend on χ. We thus have

LSU
S,f (χ̂) =

uSU(χ)

χ(N+) · uCH
· Ωf0,N−

π2 · Ω+
f0

· Ω−
f0

· LCH
S,f (χ̂).

Now uCH is a p-adic unit independent of χ. Thanks to Remark 5.1, Ω±
f = Ω±

f0
, namely,

the periods of f and f0 differ by p-adic units. By Proposition 6.1, the quotient between the
Gross periods Ωf0,N− and (4π)2 ·Ω+

f0
·Ω−

f0
is equal to ηf0/ηf0,N− , which is a p-adic unit under

Assumption 1.1 by [38, Lemma 9.2] with p > 2. Moreover, we have infinitely many Hecke
characters χ as above such that uSU(χ) = ǫ for at least one choice of ǫ ∈ {±1}, which we fix in
the following considerations. Therefore u = uSU(χ)/uCH is a unit independent of χ, for χ in an
infinite set of characters. Define α = recK(N+), so that χ̂(α) = χ(N+). The values u ·LSU

S,f (χ̂)

and χ̂(α) · ηf,N− ·LCH
S,f (χ̂) are equal for infinitely many anticyclotomic Hecke characters χ, and

therefore, using the Weierstrass preparation theorem, we see that u · LSU
S and α · ηf,N− · LCH

S,f

are equal in O[[Γ−
K ]]. Now α, ηf,N− and u are units, completing the proof. �

8. Hida–Büyükboduk–Lei p-adic L-function

We recall a variant of Hida–Perrin-Riou p-adic L-function in [12], [30], recently developed
by [24], [6], [7]. We will mainly follow the presentation of [6, §2], [7, Appendix B].

Let f0 be a newform of level Γ0(N) with p ∤ N and even weight k ≥ 2. Let αp and βp
are the roots of the Hecke polynomial of f0 at p. Denote by αp the unit root and by f the
p-stabilisation of f0 with Up-eigenvalue αp, as before.
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Let χ be an algebraic Hecke character of K of infinity type (t1, t2) and denote

χ̂ : A×
K,f/K

× −→ Q̄×
p

the p-adic avatar of χ; using the same conventions as in Section 5, χ̂ is identified with a Galois
character, denoted with the same symbol, χ̂ : Gab

K → Q̄×
p by composing with the (geometrically

normalised) reciprocity map.

Denote by Σ(1) the set of Hecke characters of infinity type (t1, t2) with

−(k/2− 1) ≤ t1, t2 ≤ k/2− 1.

Fix an integral ideal f prime to p and denote Hfp∞ the ray class group of conductor fp∞,
by which we mean the inverse limit of all ray class groups of conductors fpmp̄n over all non-
negative integers m and n; then we have a projection map Gab

K → Hfp∞.
Consider the family of p-depleted theta series, following [24, §6.2], [6, §2.2], [7, Appendix

B]:

Θ =
∑

(a,p)=1

[a]qN(a)

where the sum is over all ideals a of K which are coprime to p and [a] is the class of a in
Hfp∞; so Θ is an element of O[[Hfp∞ ]][[q]], where O[[Hfp∞]] is the Iwasawa algebra of the p-adic
Lie group Hfp∞ with coefficients in O, where O is, as before, the valuation ring of a finite
extension of Qp. For any Hecke character χ of conductor fp∞, we then have

Θ(χ̂) = χ̂(Θ) =
∑

(a,p)=1

χ̂(a)qN(a).

For any Hecke character χ of prime to p-conductor f, such that χNj−k/2 belongs to Σ(1)

(so, 1 ≤ j ≤ k − 1), we introduce the following quantities:

• For each integer j,

E(f, χ, j) =
∏

q∈{p,p̄}

(
1− pj−1

αpχ(q)

)(
1− βpχ(q)

pj

)
;

• E(f) = 1− βp

pαp
;

• E∗(f) = 1− βp

αp
.

By [7, Theorem 2.1 in Appendix B] there exists a p-adic L-function

L(f/K,Σ(1)) ∈ O[[Hfp∞]]⊗O L,

where L is a sufficiently big finite extension of Qp with valuation ring O, satisfying the following
interpolation formula. If χ is a finite idele class character, and j is an integer such that
1 ≤ j ≤ k − 1, then:

• If the conductor of χ is prime to p, we have

L(f/K,Σ(1))(χ̂ ·Nj−k/2) =
E(f, χ, j) · u · Γ(j)2

E(f) · E∗(f)
· LK(f0, χ, j)

π2j · 〈f0, f0〉N
,

where u is a unit independent of χ;
• If the p-primary part of the conductor of χ is pn with n ≥ 1, we have

L(f/K,Σ(1))(χ̂ ·Nj−k/2) =
p2jn · τ(χ̂) · u · Γ(j)2
α2n
p · E(f) · E∗(f)

· LK(f0, χ̄, j)

π2j · 〈f0, f0〉N
,

where u is a unit independent of χ and τ(χ̂) is the root number of Θ(χ̂).
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We can view L(f/K,Σ(1)) as an element of O[[Γ−
K ]]⊗O L by composing with the canonical

projection π : Hfp∞ → Γ−
K , and the composition is independent of the chosen f as long as

p does not divide the cardinality of the ray class group of conductor f. Then define for any
O-algebra homomorphism χ : O[[Γ−

K ]] → Q̄p,

LHBL
f,j (χ) = L(f/K,Σ(1))((χ ◦ ι ◦ π) ·Nj−k/2)

where π : O[[Hfp∞]] → O[[Γ−
K ]] is the canonical map and ι : O[[Γ−

K ]] → O[[Γ−
K ]] is the O-algebra

map induced from γ 7→ γ−1 for γ ∈ Γ−
K . In particular, if χ is a finite idele class character

such that the p-primary part of its conductor is pn with n ≥ 1, and j is an integer such that
1 ≤ j ≤ k − 1, then

LHBL
f,j (χ̂) =

p2jn · τ(χ̂) · u · Γ(j)2
α2n
p · E(f) · E∗(f)

· LK(f0, χ, j)

π2j · 〈f0, f0〉N
,

where, as before, u denotes a unit independent of χ and τ(χ̂) is the root number of Θ(χ̂) (note
that, up to p-adic units independent of χ, the root number of the Theta series associated with
χ is the same as the root number of the Theta series associated with χ̄ by the explicit formulas
in §3.3).

9. Comparison between Hida–Büyükboduk–Lei and Chida–Hsieh

As in §7, let f = fφ ∈ Sk(Γ0(Np)) be the ordinary p-stabilisation of a newform f0 of level
Γ0(N). We assume that k ≥ 4 is even and f has trivial character. Let K be an imaginary
quadratic field of discriminant prime to Np as before, so p is split in K and the decomposition
N = N+N− satisfies the condition that N− is a square-free product of an odd number of
primes.

Theorem 9.1. Under Assumption 1.1, if k ≥ 4 we have (ηf,N− · LHBL
f,k/2) = (LCH

f ) as ideals of

O[[Γ−
K ]].

Proof. As in the proof of Theorem 7.1, we show the equality of the two p-adic L-functions
when evaluated at infinitely many characters χ, up to a p-adic unit which is independent of
χ, and then the result follows from the Weierstrass preparation theorem. Fix a finite order
character χ̂ : Γ−

K → Q̄×
p of conductor pn for some integer n ≥ 1, which is the p-adic avatar of a

finite order anticyclotomic algebraic Hecke character χ : A×
K/K

× → C× of conductor pn; thus
as before the infinity type of χ is (0, 0) and χ̂ and χ are related by the reciprocity map. For
j = k/2 in the formula for L(f/K,Σ(1))(χ̂) we obtain

LHBL
f,k/2(χ̂) =

pkn · τ(χ̂) · u · Γ(k/2)2
α2n
p · E(f) · E∗(f)

· LK(f0, χ, k/2)

πk · 〈f0, f0〉N
.

Here recall that u is a unit independent of χ. Since k ≥ 4, both E(f) and E∗(f) are both
p-adic units, independent of χ, so we may write

LHBL
f,k/2(χ̂) =

pkn · τ(χ̂) · uHBL · Γ(k/2)2
α2n
p

· LK(f0, χ, k/2)

πk · 〈f0, f0〉N
for a p-adic unit uHBL which is independent of χ.

On the other hand, by Equation (5.2) and Definition 5.2, and using that ep(f, χ) = 1 if
n ≥ 1, we have

LCH
f (χ̂) =

uCH · χ̄(N) · Γ(k/2)2 · pn(k−1)

α2n
p

· LK(f0, χ, k/2)

Ωf,N−

where uCH is a p-adic unit, independent of χ.
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Comparing with the expression in Theorem 7.1, we obtain

(9.1) LHBL
f,k/2(χ̂) = pn · τ(χ̂) · ũ

χ̄(N+)
· Ωf0,N−

(4π)k · 〈f0, f0〉N
· LCH

f (χ̂),

where ũ is a p-adic unit independent of χ.
We have

ηf0,N− =
(4π)k · 〈f0, f0〉N

Ωf0,N−

up to p-adic units by Proposition 6.1. The explicit formulas in [14, (5.5b)] (see also §3.3) show
that τ(χ̂) = p−n, up to a p-adic unit independent of χ; note that the action [6] and [7] of a
matrix γ =

(
a b
c d

)
∈ GL2(R) with positive determinant on a modular form g is via the formula

g|ℓγ(z) = det(γ)ℓ−1(cz + d)−ℓg(γ(z)),

which explains the discrepancy between the root numbers used in [6], [7] and [12], [14] since
the last two references use the action introduced in §3.3). The conclusion follows then from
Equation 9.1 in light of the observations made in this paragraph. �

10. Comparison between Skinner–Urban and Hida–Büyükboduk–Lei

As in §7 and §9, let f = fφ ∈ Sk(Γ0(Np)) be the ordinary p-stabilisation of a newform f0 of
level Γ0(N) of even weight k ≥ 4 and trivial character. Let K be an imaginary quadratic field
of discriminant prime to Np as before, so p is split in K and the decomposition N = N+N−

satisfies the condition that N− is a square-free product of an odd number of primes. Similarly
as before, and using the notation of §7, define

LHBL
S,f,j = ES · LHBL

f,j .

Theorem 10.1. Under Assumption 1.1, if k ≥ 4 then

(1) (ηf · LHBL
S,f,k/2) = (LSU

S,f ),

(2) (ηf · LHBL
S,f,k−1) = (πacf (LS

f ,K)).

Proof. First observe that two formulas are equivalent under twisting by TwΘ−1(γ). The first
formula is proved in [6], where one first shows in Remark 2.2 that the values on anticyclotomic
characters χ of LSU

S,f and LHBL
S,f,k/2 differ by a p-adic unit, and then the proof of Theorem 3.20

shows that LSU
S,f divides LHBL

S,f,k/2. An alternative proof of the second equivalent statement

can be obtained by an explicit comparison of the interpolation formulas, as in the proof of
Theorems 9.1 and 7.1. For the reader’s convenience, and to fully explain the presence of the
congruence ideal which was missing in [6], we offer a complete proof.

As in the proof of Theorems 7.1 and 9.1, we show the equality of the two p-adic L-functions
when evaluated at infinitely many characters χ, up to a p-adic unit which is independent of
χ, and then the result follows from the Weierstrass preparation theorem. Fix a finite order
character χ̂ : Γ−

K → Q̄×
p of conductor pn for some integer n ≥ 1, which is the p-adic avatar

of a finite order anticyclotomic algebraic Hecke character χ : A×
K/K

× → C× of conductor pn.
Recall from the proof of Theorem 9.1 that τ(χ̂) = p−n, up to a p-adic unit independent of
χ, and that since k ≥ 4 both E(f) and E∗(f) are p-adic units, independent of χ. Thus for
j = k − 1 in the formula for L(f/K,Σ(1))(χ̂), we obtain

LHBL
S,f,k−1(χ̂) =

pn(2k−3) · uHBL · Γ(k − 1)2

α2n
p

· L
S
K(f0, χ, k − 1)

π2k−2 · 〈f0, f0〉N
,

where uHBL is a p-adic unit independent of χ. By Lemma 2.2, g(θφ) = ±pn, so, after setting

uSU(χ̂) = uf · g(θφ)/pn
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we see that uSU(χ̂) = ±uf , so uSU(χ̂) is a p-adic unit, which depends on χ only up to a sign.
Therefore we have:

πacf (LS
f ,K)(χ) =

uSU(χ̂) · pn(2k−3) · Γ(k − 1)2

α2n
p

· L
S
K(f0, χ, k − 1)

π2k−2 · Ω+
f0

· Ω−
f0

.

Recall that, by Proposition 6.1,

ηf =
〈f0, f0〉N
Ω+
f0

· Ω−
f0

up to p-adic units. Comparing these formulas, we obtain

πacf (LS
f ,K)(χ) = u(χ) · ηf · LHBL

S,f,k−1(χ)

for some unit u(χ) which depends on χ only up to sign. We now use the same argument as
in the proof of Theorem 7.1. We have infinitely many Hecke characters χ as above such that
u(χ) = ǫ for at least one choice of ǫ ∈ {±1}, thus u(χ) is a unit independent of χ, for χ in an
infinite set of characters. The values πacf (LS

f ,K)(χ) and u(χ) · ηf · LHBL
S,f,k−1(χ) are then equal

for infinitely many anticyclotomic Hecke characters χ, and therefore, using the Weierstrass
preparation theorem, we see that πacf (LS

f ,K)(χ) and u(χ) ·ηf ·LHBL
S,f,k−1(χ) are equal in OL[[Γ

−
K ]],

completing the proof. �

11. Quaternionic two-variable p-adic L-functions

As in §4.1, let f ∈ I[[q]] be the primitive branch of the Hida family of tame level N , fixed as
in §1.2. In [26], the second-named author and Vigni introduced a two-variable anticyclotomic
p-adic L-function LLV

I ∈ I[[Γ−
K ]] by means of big Gross points, an analogue in the definite

setting of big Heegner points first introduced by Howard [16]. The function LLV has been
further studied in [9] and [8], and we recall now some of its properties.

Let φ : I → O be an arithmetic morphism corresponding to the p-stabilization f of a
p-ordinary newform f0 ∈ Sk(Γ0(N)), and set

LLV
f = πf (L

LV
I ) ∈ O[[Γ−

K ]],

where πf : I[[Γ−
K ]] → O[[Γ−

K ]] is the identity map on Γ−
K and the map φ on I. Then by [8,

Theorem 3.14] we have (LLV
f ) = (LCH

f ). For each prime v | S in K, define the Euler factor

Ev(X) = det
(
Id−Xfrobv|(T†)Iv

)

in I[X], where frobv is a geometric Frobenius at v, Iv is the inertia subgroup at v, and
T† = T ⊗ Θ−1 is the central critical twist of Hida’s big Galois representation T attached to
f . Then set Ev = Ev(q

−1
v ), where qv is the cardinality of the residue field at v, and define

Eℓ =
∏

v|ℓ Ev and ES =
∏

ℓ∈S Eℓ. Finally define

LLV
S,I = ES · LLV

I .

Theorem 9.1 and Theorem 10.1 show that

(11.1) (LSU
S,f ) = ((ηf0/ηf0,N−) · LLV

S,f).

Let ηI be Hida’s congruence ideal defined in [13], which satisfies the property that

φ(ηI) = ηf = ηf0 ,

up to p-adic units, for all φ : I → O of weight k, level Γ0(Np) and trivial character. We also
denote ηI,N− the congruence ideal relative to the N−-new quotient of the Hida-Hecke algebra,
defined in [17, Definition 4.12], which satisfies the property that

φ(ηI,N−) = ηf,N− = ηf0,N− ,
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up to p-adic units, for all φ : I → Q̄p of weight k, level Γ0(Np) and trivial character. The
results explained in [17, §7] show that ηI/ηI,N− is a I-adic unit under Assumptions 1.1. We
thus have in particular that

(11.2) (LSU
S,f ) = (LLV

S,f ).

Theorem 11.1. Under Assumption 1.1, (LSU
S,I) = (LLV

S,I) as ideals in I[[Γ−
K ]].

Proof. If one of LSU
S,I or LLV

S,I is a unit, the result follows easily from (11.2) combined with [39,

Lemma 3.2], so assume in the following that no one of LSU
S,I and LLV

S,I is a unit.

Recall the following general form of the Weierstrass preparation theorem ([4, §3, Proposition
6]). Let R be a complete local ring with maximal ideal mR. We say that a polynomial
g ∈ R[X] is distinguished if g is monic of degree d and all the coefficients of Xi are in mR for
all i < d. Define Λ = R[[X]], and let f =

∑
i≥0 aiX

i ∈ Λ. Suppose that ad is a unit in R and
a0, a1, . . . , ad−1 ∈ mR for some integer d ≥ 0; if this condition is satisfied, we write f 6∈ mR

and put deg(f) = d. Then there there exist unique elements u, g ∈ Λ such that u is a unit in
Λ and g is distinguished polynomial of degree d such that f = ug.

We apply the Weierstrass preparation theorem recalled above with R = I and Λ = I[[Γ−
K ]].

First, note that if LSU
S,I belong to mI, the maximal ideal of I, then for any arithmetic morphism

the µ-invariant of LSU
S,f would be non-zero, and this is non the case, therefore LSU

S,I 6∈ mI;

similarly, LLV
S,I 6∈ mI. Since LSU

S,I and LLV
S,I are not units, then there are distinguished polynomials

GSU and GLV such that (LSU
S,I) = (GSU) and (LLV

S,I) = (GLV). Pick any arithmetic morphism

φ : I → Q̄p; since φ(GSU) and φ(GLV) differ by a p-adic unit, and both are monic polynomials,
we see that they are equal. We thus see that for each arithmetic morphism φ, we have
φ(GSU) = φ(GLV). It remains to show that the coefficients of GSU and GLV are equal, and
for this it is enough to show that if for an element x ∈ I we have φ(x) = 0 for all arithmetic
morphisms φ : I → Q̄p, then x = 0. For this, let C = ∩φ ker(φ) be the intersection of the
kernels ker(φ) of φ, where φ : I → Q̄p varies over all arithmetic morphism. It is clearly enough
to show that C is trivial. For each arithmetic morphism φ : I → Q̄p, denote φ|ΛW

: ΛW → Q̄p

its restriction to ΛW . We first note that the intersection of the kernels ker(φ|ΛW
) for φ : I → Q̄p

an arithmetic morphism is trivial. To show this, note that any morphism φk : ΛW → Q̄p which

takes W to ζpk − 1 for k ≡ 2 (mod p− 1), where ζpk is a pk-th primitive root of unity, arises

as restriction of an arithmetic morphism φ : I → Q̄p; since one immediately checks that
∩k ker(φk) = 0 (where the intersection is over all integers k ≡ 2 (mod p− 1)) we also see that
∩φ ker(φ|ΛW

) = 0. If C 6= 0, let P 6= 0 be a height one prime ideal dividing (C). Then by the
going down theorem (which holds because I is integral domain and ΛW is an integrally closed
domain) there is an ideal p 6= 0 such p = P ∩ ΛK . We thus see that p | ∩φ ker(φ|ΛW

) = 0, a
contradiction. Hence, C = 0 and the proof is complete. �
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